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POINTWISE WAVE BEHAVIOR OF THE NON-ISENTROPIC
NAVIER-STOKES EQUATIONS IN HALF SPACE*

HAI-LIANG LIT, HOU-ZHI TANG!, AND HAI-TAO WANGS#

Abstract. In this paper, we aim to study the global well-posedness and pointwise behavior of the
classical solution to one-dimensional non-isentropic compressible Navier-Stokes equations in half space.
Based on H® energy method, we first establish the global existence and uniqueness. To derive the
accurate pointwise estimate of the solution, Green’s function for the initial boundary value problem is
investigated. It is shown that Green’s function can be expressed in terms of a fundamental solution to
the Cauchy problem. Then applying Duhamel’s principle and nonlinear analysis yields the space-time
estimate of the solution under some suitable assumptions on the initial data, which exhibits the rich
wave structure. As a corollary, we prove that the solution converges to the equilibrium state at an
algebraic time decay rate (1 —&-t)’l/2 in L°° norm with respect to the spatial variable.

Keywords. Navier-Stokes equations; pointwise estimate; Green’s function; half space; non-
isentropic.
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1. Introduction

It’s known that one-dimensional full compressible Navier-Stokes (CNS) equations
describe the motion of a viscous, compressible, heat-conductive, and Newtonian poly-
tropic fluid. In Lagrangian coordinates, it is written as follows

Vg — Uy =0,

i
urtpe = (St (1.1)

1, K i
(e+ U )i+ (pu), = (591 + Euum)z,
where v(z,t) >0, u(z,t), p(x,t), e(z,t) and (x,t) denote the specific volume, the veloc-
ity, the pressure, the internal energy and the absolute temperature respectively. Assume
the viscosity fi and the coefficient of heat conductivity x are positive constants. For
simplicity, the monatomic gas model is considered in this paper, which means

RS
_U

P , e=c,0, (1.2)

where R is a positive constant and ¢, = T}L > 0.
Most of the interesting phenomena in fluid dynamics are in connection with the

presence of a physical boundary, such as slip boundary layer, thermal creep flow, and
curvature effects. To this end, we are devoted to the study of the global existence and
pointwise wave behavior of one-dimensional compressible Navier-Stokes equations in
a half-line. According to the result of numerical simulation and physical experiment,

*Received: January 30, 2022; Accepted (in revised form): August 14, 2022. Communicated by
Yaguang Wang.

tSchool of Mathematical Sciences and Academy for Multidisciplinary Studies, Capital Normal Uni-
versity, Beijing 100048, P.R. China (hailiang.li.math@gmail.com).

¥School of Mathematical Sciences and Academy for Multidisciplinary Studies, Capital Normal Uni-
versity, Beijing 100048, P.R. China (houzhitang@126.com).

§School of Mathematical Sciences, Institute of Natural Sciences, MOE-LSE and CMA-Shanghai,
Shanghai Jiao Tong University, Shanghai 200240, P.R. China (haitallica@sjtu.edu.cn).

795


mailto:hailiang.li.math@gmail.com
mailto:houzhitang@126.com
mailto:haitallica@sjtu.edu.cn

796 POINTWISE ESTIMATES OF NAVIER-STOKES EQUATIONS IN HALF SPACE

the no-slip boundary condition for velocity and the adiabatic boundary condition for
temperature are commonly used, which are described as

(1,02)|2=0=1(0,0), (v,1,0)|2 100 = (v4,0,0s), (1.3)

where v, and 6, denote the positive constants. Define E:e+%u2. Then, the system
(1.1) is reformulated as

vy —ug =0,
R E u? i
R uE u? 1 & Iy — K
E —(— = )e=—(—-Ez z)x-
t v( v 21)) cv(v + )
It is obvious that the boundary condition (1.3) becomes
(uyEz)|w:0:(0aO)a (U7uaE)‘x—>+oo:<v*aOaE*)a (15)

with F, =c¢,0,. We supply (1.4) with the following initial data
(U7U7E)|t=0:(U07u07E0)' (16)

When the Cauchy problem is taken into consideration, there is much important
progress on the global existence and large-time behavior of classical solutions to the com-
pressible fluid models. The global classical solution of isentropic compressible Navier-
Stokes equations has been studied by Kanel [9] with positive initial density. Later,
Kazhikhov made an important contribution to the non-isentropic case in [14]. It should
be noted that the above references focus on big initial data. When it comes to small ini-
tial data, the global smooth solution of compressible Navier-Stokes equations in 3D was
initiated by Mastumura and Nishida [21] and in one-dimensional space was proved by
Kawashima and Nishida [12]. The optimal L? time decay rate for the three-dimensional
full CNS system was investigated by Mastumura and Nishida [22] and the L?(p>2)
time decay rate was established by Ponce [24] under the assumption that the initial
data is a small perturbation of constant state in H3(R?)NL}(R3). Kawashima [10,11]
obtained the L? time decay rates of several general hyperbolic-parabolic systems with
applications to related models.

In order to reveal the wave propagation related to hyperbolic properties of com-
pressible flow, Zeng [25] initially studied the large-time behavior in L' norm of the
compressible, isentropic, viscous 1-D flow. Their results show that the solution behaves
like a heat kernel with convection, which propagates with the sound speed in opposite
directions. Later, the pointwise estimates of general quasilinear hyperbolic-parabolic
systems of conservation laws were established by Liu and Zeng [20]. To describe the
wave propagation for compressible fluids in multi-dimensions, Hoff and Zumbrun [5, 6]
constructed the Green’s function of an artificial viscosity system related to linearized
isentropic CNS system and investigated the space-time structure of the solution. Liu and
Wang [19] analyzed the Green’s function for isentropic compressible Navier-Stokes equa-
tions and derived the pointwise convergence of the solution to diffusive waves with the
optimal time decay rate, which reveals the important phenomenon of the weaker Huy-
gens’ principle due to the existence of the stronger dispersion effects in odd-dimensional
space. Afterwards, David Li [17] generalized their work to the non-isentropic CNS sys-
tem on the linear level, where additional new waves are introduced to show the Huygens’
principle.
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Once the boundary is involved, there are many important mathematical results.
The global existence and uniqueness of classical solution for 1D full CNS system with
boundary were investigated by Kazhikhov and Shelukhin [15]. Matsumura and Nishida
[23] proved the global existence of this system in three-dimensional half space with small
initial data. Later, Kagei and Kobayashi [7, 8] obtained the convergence rate of the
solution to the equilibrium state based on the delicate analysis of semigroup and energy
method for isentropic CNS system with Dirichlet boundary condition to the momentum.
On the other hand, there are a few results carried out on large-time behavior in the
pointwise sense for the IBVP to compressible models. The pointwise estimate for p
system with damping in a half-line was investigated by Deng [2]. It is shown that
the solution decays exponentially with respect to space and time under some suitable
assumptions on the initial data. This was generalized later to high dimensional space in
Deng and Wang [1], and in Du [3]. It should be emphasized that the methods applied in
previous works are not applicable to the compressible Navier-Stokes equations due to the
existence of the viscosity term. To this end, Du-Wang [4] and Li-Tang-Wang [18] were
devoted to the study of the space-time pointwise estimate of one-dimensional isentropic
CNS system in half space, where the rich wave structure of the solution is observed.
When the perturbation state is non-constant, Kawashima and Zhu [13] analyzed the
stability of nonlinear waves for the outflow problem of the compressible CNS system
in half space. Recently, Koike [16] studied the large-time behavior of the motion of a
point mass moving in isentropic compressible fluid based on Green’s function and energy
method.

Nevertheless, it remains challenging to study the pointwise wave behavior of the so-
lution perturbed around a given constant state to 1D non-isentropic CNS system (1.4)
with boundary. The first challenge is to estimate the second-order spatial derivatives of
the solution, which can not be obtained by directly differentiating the integral represen-
tation of the solution twice due to the existence of boundary. To resolve this difficulty,
we employ a similar idea applied in the proof of global existence. Once the estimates
of the solution and the first derivatives in space are established, we follow in a similar
manner to derive the decay rates of the first derivatives in time. Then utilizing the
elliptic structure of the velocity and temperature yields the decay rates of the second
spatial derivatives to close the assumption on the ansatz. The second difficulty lies in
that the highest order terms coming from the nonlinear part can not be bounded by
the ansatz since the compressible Navier-Stokes system is quasilinear. To settle the
problem, we make use of the results on the global existence, which provides that the
highest order terms are bounded by the initial data. As a price, the time decay rates
of derivatives become slow. Moreover, the biggest challenge is induced by the degener-
ation of the characteristic velocity for Green’s function. Compared with the previous
work [18] on the isentropic CNS equations, the boundary terms have slower time decay
rates so that we can not close the assumption of the ansatz when taking integration by
parts to obtain the nonlinear stability. Fortunately, we observe the special structure of
Green’s function for IBVP, in terms of the no-slip boundary condition for velocity and
the adiabatic boundary condition for temperature. Indeed, our results show that the
Green’s function G(z,t;y) of the initial boundary value problem can be expressed as
below

100
001

where G(z,t) denotes the Green’s function of Cauchy problem that has been well studied
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in [20] and [25]. After we transform the derivative into G(x,t;y) to obtain the nonlinear
estimates, it is observed that the most troublesome boundary term vanishes due to the
fine structure of Green’s function.

This paper is organized as follows. In Section 2, some notations and auxiliary
lemmas are introduced for later use. In Section 3, we present the main theorems of this
paper. The global existence of the classical solution is proved in Section 4. The estimate
of Green’s function to the initial boundary value problem is investigated in Section 5.
In Section 6, we obtain the nonlinear pointwise estimates of the solution.

2. Preliminaries
In this section, we firstly introduce some notations, which will be used throughout
this paper. Let

100 0 —% 0
Iy={000 |, II; = —% 00 (2.1)
000 0 00
In Section 5, we will use the notations as follows
0 —c0 000
A=|-0c 0n], B=|0po], (2.2)
0 noO 00v

where the positive constants o,v, u,n are defined by (3.2).
The Fourier transform of f is denoted by f

f)= [ fe o (ceR).

R

The inverse Fourier transform of f is given by F~1[f]
5@ =20 [ fOes @eR)
R
The Laplace transform of f is written as L[f]
LIAE)= [ fwear (tery).
0

Two functions are introduced to state the main results (i=1,2,3)

Yoz, til) = (1+t+ @ —L1+8)2) "2 alatil) = 1+t +|o—L(1+8)]) 7,
(2.3)
where 1 =—c¢, l3=0, l3=c and the constant ¢>0 is defined in (2.12).
The diffusive wave function F(z,t) is given by
3 3
F(a,t) =Y (14+)5 ¢ (2, t:1)¢bs (,t51;). (2.4)

1=2

Through this paper, C' denotes a generic positive constant that may vary in different
estimates. A S B and A=0O(1)B mean that there exists a uniform positive constant C
such that A<CB.
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Next, we introduce some lemmas that will be used in the proof of the main theorems.
LEMMA 2.1. It holds for k>0, C1 >0 and x €Ry that

_ztt —k
e O <C(1+1)" s (x,t50),
_ (e—1;(1+1)? 3

4

e Gl <C(1+t) w%(x’t;li),

e o (14+a2) 7% <O +t) " o1 (x,t;0)s (2, t;0),

e T (14+6) 72 SC+1) 11 (w0, 0)ps (v, 8c).

3
1

Proof. 1In order to prove the first inequality, after a direct calculation, we have

_ ot ot _ztt
e” C1 <e 2071 e 2C%
- . b3 (2.5)
<CA+t) " "A+t+(z+t+1)*) 1.
Note that if ¢<1, then (x+t+1)2> (z+c(t+1))2. For the case ¢>1, it holds
1
(z+t+1)2> C—Z(x+c(t+1))2. (2.6)
Then it is easy to verify
¢ E <O s (a.650). (2.7)

The second inequality is proved by using the fact e=* < (1 —+—z)’% for z>0. Concerning
the third inequality, we have
e TT(1+22) f <e T (1+4a2) 2 (1+2%) ¢
SO+t ¢ (2, ;0)s (2, t5¢). (2:8)
The last inequality can be treated in a similar argument as above. This completes the
proof. 0
Let G(z,t) be Green’s function of the Cauchy problem (3.11) satisfying

{atG(x,t)—i—A@wG(m,t):BaiG(x,t), zER,E>0, 29)

G(z,0)=0(x)Is,
where I3 represents a 3 x 3 identity matrix and the constant matrices A and B are given
by (2.2).

LEMMA 2.2.  The Green’s function G(x,t) of the Cauchy problem (3.11) satisfies the
following estimate for x e R,t >0

3

" _11 _-lLin? 2,
G(z,t)=G*(2,t) +O(1)(1+1) 7t 2 Y e o +e o '§(x)y, (2.10)
i=1
where the function G*(x,t) is defined by
G (2,1) = L5 p (2.11)
x, —Z 47Wite it P .
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The matriz Iy is given by (2.1) and the projections P;(i=1,2,3) satisfy

1 o? oc —on 1 n? 0o 1 0?2 —oc—on
Pi=—| oc ¢ —-cn |, Po=—11 000 |, P3s=—| —0oc c? cn
202 2 62 2 262 2
—on —cn on0o —on ¢y 1

The constants l; and p; satisfy

lh=—c, Il3=0, I3=c, c=+0%2+n2

_ny, un? Vo2 (2.12)

M=Hm=5T53 M2= "3
Proof.  Since matrix A is symmetric, applying Theorem 6.2 [20] completes the
proof. O

LEMMA 2.3. The Green’s function G(x,t) of the Cauchy problem (3.11) has the
property for x e Rt >0

(z—1;6)2 z t)2

OCG(x,t) —OCG* (x,t) —e™ ZW D)L ()| <C(1+1)~ 2t_7Ze

where G*(x,t) is given by (2.11), 8% is the k-th derivative of the Dirac delta function
and I1; =11;(t) is a 3 x 3 polynomial matriz. Especially, the matrices I1y,I1; are given
by (2.1).

Proof.  Thanks to Theorem 6.15 [20] and Lemma 2.2, combining them together
completes the proof. ]

To gain a better understanding of interactions between different waves, we provide
some lemmas as below for z € R, which can be found in Lemmas 3.7, 3.8 in [20].

LEMMA 2.4. Leta>0,0<8<2, >0, and X\ be constants. Then for x€R, t>0, we
have

o _(zoy-A—s)? _8
t—s)H(1+t—s5)"Ze” T (145)72d1(y, 5003 (y,5:))dyds

:{O )(1+t) Flog(2+t)p1 (2, )2 (w,1:),  if a=1, or 1<B<3

O(1)(141)~ 7 o1(z, NV (2,8 0), otherwise,
O(1)(1+4)~F log(2+t)ibs (5 A), if a=1, or f=3,
O(l)(1+t)_772¢§(x,t;/\), otherwise,

where vy, =min(q, 1)+ (min(, 1)+m1n(6,2)) 1, 2 =min(c, 1)+m1n(6,2) 1.

LEMMA 2.5.  Let the constants «>0,0<38<2,u>0 and \#NX. Then for any fized
K>2|)\—)\’| and all x €R,t>0, we have

B RPN R ) _8 Y. Y
(t—s)'(1+t—s)"%e m0  (148) 21 (y, 5N )3 (y, 5\ )dyds

o1

1+t) B
G1(2, 55 M) Y3 (2,50) + @1 (2, 55X )hs (2,6 )), if a#1,0¢[15],

3
2
log(2+1)¢1 (a,t; M) (x,t,A)+¢1(z,t,X)wg<z,t;A’), if a#1,6€(L,3],
log 2+ 6)[61 (2, 6\ ) (2,50 + 61 (2,6 N )3 (2,6 V)], if a=1,
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Y3 (2, 150) + g (z, 1)), if a#1,8#3,
+O(1)(1+1)# log(2+t) (aft)\)er (z,;X),  if a#1,8=3,
log(2+1)[¢3 (x,t,A)+w§(x,t;A’>], if a=1,
O(1) |z — A1 +1)|"2minBD =4y (1 4¢)[~Fmin(el) =3
~char{min(A\,X")(1+¢)+ Kv1+t<z<max(A\N)(1+t) — KV1+t},
where  y; =min(q,1)+ 2(mm(ﬂ, )—l—min(ﬁ,%))—1,72:min(a,1)+min(6,%)—1,
and € >0 can be arbitrarily small.

3. Main results
In this paper, we consider a small perturbation of the solution near a constant state
(vs,0,E,). Denote

V— Uy U E—-FE,
= = — = 3-1
and
RE, R 1 K il RVE,
C1= -, C2= — O0=—, V= y U=, N= . (32)
Co Cy Vs CyUs Vs CyUs
Then, the system (1.4) is reformulated as
ny —ow, =0,
1+02q§> _(uwz> ( ociw? )
wH_U( 1+n /o \14n . 2(1+n)/a’ (3.3)
w(1+62¢)) _ ( s ) (Cz(uw)wwm) (?70§w3 )

We equip (3.3) with the following boundary condition
(w,¢2)]a=0=(0,0), (1,w,9)|z—+o0 =(0,0,0). (34)
The initial data is given by
(n,w,)|t=0 = (no,wo,do). (3.5)

To state the theorem of global existence, we introduce the definitions of energy £(t) and
dissipation D(t)

Et) = Inll ey + 1wl gy + 1Ol maryys

(3.6)
D(t) =zl ms ey + lwell maey ) + |Gzl mages )-

Since the classical solution is taken into consideration in the present paper, the following
compatible conditions are needed

wo(0) = ¢p(0) =0,
2,,,2
{r() (1) - Gy ).
3

B 2
() (i) - () () ),

:0’
z=0
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THEOREM 3.1 (Global existence). Assume the initial data (ng,wo,¢0) € H*(R,)
satisfying the compatibility conditions (3.7). There exists a small positive constant such
that if

[[(no,wo, o) (e ) < <o (3.8)

then the initial boundary value problem (3.3)-(3.5) admits a unique classical solution
(n,w,@) satisfying

neC([0,00); H*(R4))NCH([0,00); H (R4 ),
wE (0,00} H (R:)) NC(0,00) H(R.), 5
¢ € C([0,00); H'(R+))NCH([0,00); H(R+)), '
ng € L2([0,00); H? (R4 ), wa, 6 € L*([0,00); H (R4.)).
Furthermore, it holds that for any given time T >0
sup E(t / D(t)%dt < Ce?, (3.10)
0<t<T
where C' is a positive constant independent of time.
We consider the linearized system of (3.3)
ny—ow, =0,
Wy — 0Ny + NPy = PWag, (3.11)

d)t +77U)$ - V¢mma
with the initial data
(nvwﬂ¢)|t:0 = (novaad)O)v
which satisfies the following boundary condition
(wa¢w)‘$:0:(0’0)7 (n7w7¢)|w%+002(0’0v0)' (3'12)
The Green’s function of the linear system (3.11)-(3.12) satisfies
0G(,t;y) + ADG(w, t;y) = BO;G(x,ty), ©>0,y>0,¢>0,
G(x705y):5(x_y)137 x>07y>0a
(0,1,0)G(0,t;y) = (0,0,0),
{(0,0,1)9,G(z,t;y) }lo=0 = (0,0,0),

(3.13)

where A|B are defined in (2.2) and I3 represents a 3 x 3 identity matrix. The second
theorem is stated about the estimate of G(z,t;y).

THEOREM 3.2.  The Green’s function G(z,t;y) of the linear system (3.11)-(3.12) has
the following estimate for x,y Ryt >0

02 G(a,ty) — tz(s(aﬂ =)L (1)
(3.14)

3
717& (== y l it)? (z+y—1;1)?
2 2 E 6 Ct )7

1=1
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where 6%) is the k-th derivative of the Dirac delta function and II; =II,(t) is a 3x3
polynomial matriz. Especially, I1y,I1; is given by (2.1) and the constants l; is introduced
n (2.12).

Based on the above theorems, nonlinear pointwise estimates of the solution are
obtained.

THEOREM 3.3. Under the assumptions in Theorem 3.1 and define Uy= (ng,wo,¢o)*
satisfying

5

109Uy ()| < Ceo(1+22)7 s,

5

/mUo(y)dy’§050(1+x2)_§, (3.15)

for a=0,1. Then the solution obtained in Theorem 3.1 obeys the following pointwise
estimate

|(n,w,¢)(z,t)| < CeoF(x,t), (3.16)

where F(x,t) represents the diffusive wave given by (2.4). Furthermore, the decay rates
of spatial derivatives of the solution satisfy

|(Npy Wary B2 ) (2,8)] < Ceo(14+1) " Hog(2+1), ((Wyz, Pzz) (T, 1)] SOEQ(1+t)7%. (3.17)

COROLLARY 3.1. Applying the assumptions in Theorem 3.3 and the definition of
F(x,t), we have the following LP time decay rate of the solution

[(nyw,8) (2, t)|| oy ) < Ceo(1+8) 7217 pe(1,+oq]. (3.18)

In what follows, we describe a brief explanation of the main steps of the proof. The
global existence is established firstly based on the classical H® energy method applied
n [23]. To capture the pointwise behavior of the solution, the delicate structure of
Green’s function is needed to be investigated in the first place. Then applying Duhamel’s
principle yields the accurate expression of the solution. By defining a suitable ansatz,
we anticipate obtaining nonlinear stability. Applying the results of energy estimates
and the Green’s function together close the estimates of the highest order derivatives.
With the strong wave interaction, the nonlinear analysis exhibits a rich wave structure.
As a result, the perturbed solution behaves like a diffusive wave, which propagates with
different wave speeds. Meanwhile, we also derive the algebraic time decay rate of the
solution in L° norm about the spatial variable.

4. The Global existence of classical solutions
The local existence of solutions are established as follows.

THEOREM 4.1 (Local existence).  Assume the initial data (ng,wo,¢o) € H*(Ry) sat-
isfying compatibility conditions (3.7). Then, the initial boundary value problem (3.3)-
(3.5) admits a unique local classical solution (n,w,d) satisfying the following estimates
for some T\, >0

neC((0,T.];H* (Ry))NCH ([0, T.]; H*(Ry ),
weC([0,T.); H (Ry))NCH([0,T.]; HA(R+)),

i ) (4.1)
o€ C([0,T.]; H*(Ry.))NC ([0, T3 ); H

(R-‘r))v
ng € L*([0,T.); H3(R)),we, b € L2([0,To]; H* (RL)).
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Furthermore, it holds for some given time Ty >0
T.
sup E(1)2+ / D()2dt < CE(0)?, (4.2)
0<t<T, 0
where C is a positive constant independent of time.

Proof. The construction of local-in-time solutions is based on an iteration scheme
in [23]. Here we omit the details. |

To extend the short-time classical solution to be a global one, it is essential to
establish the uniform estimates. Hence we provide the a-priori assumption that for any
given time 7' >0, it holds

sup E(t) <o, (4.3)
0<t<T
where § is a suitably small positive constant. We first give the basic L? energy estimate
of the solution.

PROPOSITION 4.1.  Assume (n,w,®) is the classical solution of the initial boundary
value problem (3.3)-(3.5) satisfying the assumptions in Theorem 3.1 and the a-priori
assumption (4.3). Then, we obtain the following estimate for any given time T >0

T
sup (Hnlliﬁ\leliz+\\¢lliz)+/ (lwell7e + [l pll72)dt < Ceg.
0<t<T 0

Proof. To derive the L? energy estimate, we employ the following equivalent form
of system (1.1)

Vg — Uy =0,
_ (P
Up+ Py = (Eum)xv (4.4)
~a,2
K U
Cv0t+puz:(*ax)m+ﬂ =,
v v

Using (3.1) provides
v=(14n)v., u=cjw.
Moreover, we define
0=(1+c20)0,.
Then system (4.4) is reformulated to

ng —ow, =0,

1+62§ MWy
we+ol 14+n )I_(lJrn)w7 (4.5)
_ 1+cof 0, pcaw?
0 T = T :1:7
e+ 1+n Jw V(lJrn) + 14+n

where the positive constants ca,0,v, 1,7 are given by (3.2). Define the total energy X (¢)
as

X(t):/lR [R(n—log(1+n))+%sz+cv(02§—log(1+02§))]dx. (4.6)
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Applying (4.3) gives rise to
1 _
X(t)ng/ (n? +w?+6%)dx. (4.7)
Ry

Taking integration by parts yields

d uRw? vRH?
thJr/ _ plwg ,d+/ VW% o 48
prRC w, (L4 (1400) " o, O+n)(1+e0)2" (48)

Then we integrate time from 0 to ¢ and take supremum with respect to t€[0,7] to
prove

T
sup (Hnlliz+Hw||2m+|\9||iz)+/ (lwell7 2 + 1102 72)dt < Ce3. (4.9)
0<t<T 0

Due to ¢ =0+ 1cow?, we immediately obtain

T
sup (IIHH%HIIwI\%z+||9||2Lz)+/ (w72 + 16zl 72)dt < Ces. (4.10)
0<t<T 0
This completes the proof. 0

To capture the estimates of high order derivatives, one rewrites (3.3) as below

ny—ow, =0,
Wy — 0Ny + Ny = gy + N1, (4.11)
qst +77wx :V¢II+N27

which satisfies the following boundary condition
(w,02)|z=0=(0,0),  (n,w,$)]2 40 =(0,0,0). (4.12)
The initial data is given by
(n,w,9)|i=0 = (n0,wo,¢0)- (4.13)

Nl,Nl,N27N2 represent nonlinear terms satisfying

N, =8, N, = (nd)n— on? —pnw,  ociw? ) 7
1+n 2(14n)/ (4.14)
~ nnw —conwp —vng,  co(p—v)ww, — nedwd '
Ny =0, Ny = ( ) .
1+n 1+n 2(1+4n)/=
For later use, set
N =(0,Ny,Ny)t, N =(0,Ny,Ny)*. (4.15)

Let U= (n,w,$)" be the solution of nonlinear system (4.11). Then we rewrite the
nonlinear system (4.11) into a simple form

(4.16)

.U (z,t) + A0 U (z,t) =BO>U (2,t) + N (1),
U(:L',O) = Uo,
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where UO = (no,w0,¢0)t.
In what follows, we are prepared to deduce the energy estimates of the time deriva-
tives of the solution.

PROPOSITION 4.2.  Assume (n,w,@) is the classical solution of the initial boundary
value problem (3.3)-(3.5) satisfying the assumptions in Theorem 3.1 and the a-priori
assumption (4.3). Then, we obtain the following estimate for any given time T >0

2 T
S~ (sup 0kl -+ 1okl + kol E) + | (okwa s+ 10F0. s at)

k=1
<Ce? +05/ D(t)2dt
0

Proof. Differentiate the system (4.11) with regard to ¢, then multiply the resulting
equations by ns,w; and ¢; respectively. Adding and integrating these equations yield

1d
5 dt(Hnt||L2 +[lwell 7 + el Z2) + pllwie 72 + vl deal 72
= atletdZ‘—F 8,5N2¢td$

=— 3tN1u)tmdx— 8tN2¢mdx, (417)
Ry R4

where the last step has used integration by parts. Applying the a-priori assumption
(4.3) leads to

106N | 2
<OJwwy 4+n¢p 4 dng +nng +ngwe +nwig|| 12 + Ol (w? +nd+n +nw, )ng|| g2
SC(lwllzelwell2 + @l zoe el 2 + Inllzoe el L2 + el L2 lwa | Lo
+nllpellwea | 22) + Clwl[F o + 10l oo @] oo + 2117 + 2]l Lo [lwe [ Lo ) 7] L2
<CVE®)D(t)+Cn| oo |[wia | L2
<CVEM)D(t)+Cd|wia | 2 (4.18)
It also holds

10Nz 22 <CVEBD(E) + OO bl - (4.19)

Then we immediately compute

— 8t]\~f1wmdx—/ atN2¢tIdx
R+

R+
<10 N1|| 2|l wie || 2 + [|0eNa | 2 || b || 2

<e(|[wial|Ze + I 6ual2) + Ce(l0eN1 |72 +[10: N2 72)
< (e+CC0%)|Jwes |32 + (e + CC=82) | 10|22 + CEX)D(1)?, (4.20)
which, together with (4.17), also leads to

1d
5 el el 22 + 190]32) + llwee 13+ vl |3

< (e+CC0)||wiz||F2 + (e + CC6) || pra|| 72 + CE()D()?.

(4.21)
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Integrating (4.21) with respect to time from 0 to ¢, then taking supremum in ¢ € [0,T
and making use of the smallness of €,§ give rise to

T
sup (Ilntlliﬁl\wt\\%ﬁ||¢t||%z)+/ (lweall72 + lpeall 72 )dt
0<t<T 0

T
<Ce? +C§/ D(t)?dt. (4.22)
0

Since the case of k=2 can be treated in a similar argument as k=1, we omit the details.
This completes the proof. ]

PROPOSITION 4.3.  Assume (n,w,@) is the classical solution of the initial boundary
value problem (3.3)-(3.5) satisfying the assumptions in Theorem 3.1 and the a-priori
assumption (4.3). Then, we obtain the following estimate for any given time T >0

1

T
A s 107wz |72 + 10F ¢ 172) + /0(||3f+1wH%z+||3f+1¢lliz)dt)

k=0
gcsg+ccs/ D(t)%dt
0
Proof. Multiplying (4.11)2, (4.11)3 by wy,¢; respectively, then integrating the

resulting equations with respect to x in Ry reaches the following equality

ld(
2dt

”/&”m“’tdf”’? /Rf%wﬁwmt)dw | @wirNaoae. a2

Ry

pllwal|Z2 + vl dolliz) + lwell7z +llon] 2

Using integration by parts, the first term is computed as

d
0’/ nwwtda::—o/ nwtlda::—/ nnttda::——/ nntdx+02||w$||2L2. (4.24)
R R R, dt Jr,

With the help of Young’s inequality, it provides

77/ (pzwi +wy)da

Ry

<l ¢zl 2 lwel L2 +nllwel L2 (| ft | 2
<e(llwellzz+6ell72) +Ce(ll a2 + wallF2)- (4.25)

In order to deal with the nonlinear terms, by the definition of N7, Ns, we obtain

/ (Nywi + Nogy)da
Ry

<|IN1l[zz[lwell 2 + ([ Nall 2 (| fell o2
<e(|lwellzz+ [ éelZ2) +CER)D(H)?. (4.26)
Since € is sufficiently small, it is easy to confirm
1d
2dt

d
<— = | mudeto?|we|ja+Ce(ll @7z +Ilwal72) + CEBD).
R

1
—(pllwe 172 +vllal72) + §(Ilwtlliz+\|¢tlliz)
(4.27)
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Making use of Proposition 4.2 gives

T
sup / [nnildz < sup ||n||pz sup ||nt|\L2§C’€(2)+C’(5/ D(t)?dt. (4.28)
0<t<T JR, 0<t<T 0<t<T 0

Integrating (4.27) with respect to time in [0,¢] and taking supremum in ¢ €[0,77], then
applying (4.3), Proposition 4.1 and Proposition 4.2 yields

1 1 (T
L sup (ullwals +vl6x25) + = / (lwel 2 + 6022t
20<t<T 2Jo

T
< sup/ |nnt|d33+C€(2J+o2/ (w7 2dt
0<t<T JR, 0

T T
+c€/ (H%HZLQ+||wz\|%2)dt+05/ D(t)%dt
0 0
T
§05§+05/ D(t)2dt.
0
As a result, we deduce
T
sup (a3 +1al3e)+ [ (lualfs + oel)as
0<t<T 0
T
<Ce3+C§ / D(t)%dt. (4.29)
0

The case of k=1 can be treated in a similar way as k=0. Hence, we complete the proof.
a0

Based on the above propositions, we shall establish L? energy estimates of spatial
derivatives.

PROPOSITION 4.4.  Assume (n,w,d) is the classical solution of the initial boundary
value problem (3.3)-(3.5) satisfying the assumptions in Theorem 3.1 and the a-priori
assumption (4.3). Then, we obtain the following estimate for any given time T >0

T
sup ([l s + [lwa 3 + 1 follZs) +/ (el Zrs + 1waellFrs + | daa 7y )dt
0<t<T 0
T
<Cej+C6 / D(t)%dt.
0
Proof. Write (4.11)2, (4.11)3 into the following form

Wy = (wt_Unz +77¢ZL’_N1)7

(4.30)

RI= =

¢x:r: = (¢t + Nwy _N2)o

It is easy to verify

ntx=%(wt—0nx+ﬂ¢z—N1)~ (431)
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Multiplying (4.31) by n,, then integrating with respect to z in R, yields

1d

0'2 g
3 gplnalet Slnalta =2 [ (wino — Noynada. (432

Ry

By Young’s inequality, we derive

g/ (wt"‘n(bw_Nl)na:dx
IR,

<Cllwill 2zl £z +Cligs 22 [n]l 2 + CE#)D(t)?
<elnolliz +CelllwelZz + l¢allZ2) + CE®)D(E). (4.33)

Integrating (4.32) with respect to time from 0 to ¢ and taking supremum in ¢ €[0,77,
then making use of Proposition 4.1 and Proposition 4.3 gives rise to

T T
sup anH%z-i-/ an||%zdt§C’ag+Cc5/ D(t)%dt. (4.34)
0<t<T 0 0

Utilizing Proposition 4.3 proves

T
sup (||wz\|§2+||¢z||iz)gcsg+05/ D(t)%dt. (4.35)
0<t<T 0
Take L? inner product on (4.30); to show
1
lwazllee < 2 (hwellz +olinallez +nlellee +[1Ne2)- (4.36)

In the same way, we have

1
|prellz < ;(H@HL? +nl|we| L2 4[| Na[2). (4.37)

By (4.34), (4.35) and Proposition 4.3, we obtain
T T
/ l|wes |3 2dt < ce§+ca/ D(t)%dt, (4.38)
0 0
and

T T
/ ||| 22dt < Ce? +C(5/ D(t)2dt. (4.39)
0 0

It then deduces from the above results that
T
sup (|72 172 + [[wz |72 +||¢w||%z)+/ (InellZ2 + lweell72 + | Goall7 2 )dt
0<t<T 0
T
<Ce3+Co / D(t)2dt. (4.40)
0

As for high order derivatives, we apply a similar argument as above. This completes
the proof. ]
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4.1. The proof of Theorem 3.1.
Proof. Making use of Propositions 4.1, 4.2 and 4.4 together yields

T T
sup 5(t)2+/ D(t)thSC’sg—i-Cé/ D(t)2dt. (4.41)
0<t<T 0 0

Since ¢ is sufficiently small, we obtain

T
sup 5(t)2+/ D(t)?dt < Cel. (4.42)
0<i<T 0

Let the initial data satisfy Ce? < %527 which closes the a-priori assumption (4.3). Based
on the continuity argument, the global existence of the solution is established. The
reader can refer to [23] for details. This completes the proof of Theorem 3.1. O

5. The estimate of Green’s function for IBVP
To obtain the Green’s function for IBVP (3.11)-(3.12), we construct a specific so-
lution for x e R, ,t>0

Olat)=(1,0.8) = | Glo=y)Ua(y)dy, (1)
0
where G(z,t) is Green’s function of Cauchy problem satisfying

0:G(z,t) + A0, G (x,t) =BI?G(x,t), wcR,t>0,
G(z,0)=0(z)1s.

It is obvious to verify that U(z,t) solves the following problem

Ny —ow, =0, >0, >0,
wt_o—ﬁx""nézzﬂwmza
ta“i’nﬁ}x = V(;:vm7

(ﬁﬂz}aé)‘t:o = (n07w0a¢0)7

with the following boundary condition

(w’ém”mzoz(m(t)’j(t))v (ﬁawvé) w—>+oo:(0>0’0)’ (54)

where m(t),j(t) are given by

m(t) = (0,1,0) /0 " Gy t)Uo(y)dy,

i0=10.0.0) [~ 2.6y}

=0

Denote

U=U-U=(nw,¢) =(A—n,0—wd—0), (5.6)
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where U = (n,w, ) is the solution of linear system (3.11). After a direct calculation, a
new system is derived as follows

ny—ow, =0,2>0,t>0,

Wy — Oy + Ny = Py

_ - _ (5.7)
Gt + N0y =VPya,
(71, @, 9)|t=0 = (0,0,0).
Meanwhile, the boundary condition becomes
(@,¢2) a0 =(m(1),5(t)),  (1,@,0)]s+00=(0,0,0). (5.8)
Through an appropriate combination, we derive the equation of w
et — (LA V) Wptae — (07 +1° ) Bt + 1V Dt + VO Wz = 0. (5.9)
Then, taking Laplace transform in time gives
V(02 + 18) L[0] ppe — (a5 +b5) L[0)] 4 + 5> L[] =0, (5.10)
where a=pu+v, b=0%4n2. Solve this ordinary differential equation to give
L[w] = c1e™ M 4+GeM% 4 cpe™ 2T 4 gpet2?, (5.11)

The unknowns ¢;,é;(i=1,2) are determined by boundary data. Let A1, Ao satisfy

)

= as?+bs—+/(as2+bs)2 —4v (o2 + us)s3
' 2v(02+ pus)

N — as?+bs+/(as?+bs)? —4v(o? + ps)s?
> 2u(o2 + us) '

We take the branch such that Re); >0 when Re s> 0. It should be mentioned that the

solution of L[] can also be obtained identically. Hence, we deduce that it can be stated
as

L[p]=die™M* +d1eM " +dye™ 2" 4 dye " (5.12)

Note that the first equation of (5.7) tells us

>
=

1= 2 L[], (5.13)

In virtue of (5.8), one obtains

o

c1=ca=0, 51252:().

Making use of (5.8), (5.11) and (5.12) gives

(5.14)

c1+co =L[m],
Ady+ Aads = —[:[j]



812 POINTWISE ESTIMATES OF NAVIER-STOKES EQUATIONS IN HALF SPACE

Taking Laplace transform on system (5.7)2 and (5.7)3, then combining (5.14) yields

(15 +0°) (1A +eaA3) = s> L]m] +nsL[j], (5.15)
n(ci A +cada) + (VA2 = 8)dy + (VA3 — 5)dy =0. .
By a direct calculation of (5.14) and (5.15), we obtain
1= s (oo X))+ 2]
1_/\%—)\3 o24pus 2 o2+ pus J» (5.16)
1 52 ns '
= A2 - i
2= 5533 (N~ ol = o £
and
d ! S N
- m
TGk (0% ps)
1 Aosn? .
— s—UN2+ L[7],
()\1 —)\2)(S+V>\1)\2) [ 2 (02+M8)(>\1 +)\2) []] (5 17)
B 1 nA15> 2 .
= 3 (s ) [02+,u5 FALA] L[]
1 /\18772 .
—vA] Llj].
e TN T o s on o) AV

Finally, the remaining task is to calculate L|G](—y,s). Taking Fourier and Laplace
transforms in (5.2) provides

s  —io 0 R
—iof s+p&® iné | L[G](E,s) =13. (5.18)
0 iné  s+uvE?

After taking inverse of the matrix, we get

. L (82 (as+17)8% + pvgt io(s+vE?) ong?
LG =5 | i) s(srve) —ings |,
oné? —ings 2+ (0% +pus)€?
where
A=v(0%+ps)E* + (as® +bs)E2 + 5°. (5.19)

It is easy to verify

A=v(0®+ps)(E+ M) (E+A3).
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In terms of Residue Theorem, the following results hold for x #0

i/ elzé dgi /\167)‘2@' 7)\267/\1@'

2 Jr (2 +A7)(62+A3) 220 02(AF=A3)

1 i&et®s g = sign(x) (e~ M=l — e=A212l)

2m Jr (€2 +A1)(62+A3) 2(M1 = A3) ’
i/ 6262'955 df_ /\167/\1\z| 7/\267>\2\z|

2 Jp (E2+M)(E2+A3) 20 -A) 7

i/ i&3eivs i — sign(x)(Age 2212l — \Ze—Mlzl)
2 Jr (2 +AD)(E2+A3) 2(AF—A3) ’
1 §4€ir§ /\ge—Ag\:d _/\1136—)\1@|
27T/R(€2+)\?)(§2+>\§) B 2(AF = A3) ’

where sign(z) is a symbol function.
Thus, we obtain the Laplace transform of the Green’s function of the Cauchy problem

L[G](z,s)

o—Hlal _Aslz + (as—|—172))\1 — X3 sign(m)(—as—i—al/)\%) oni
. 2 .
= 20(02 Fus) (N2 —A2) sign(z)(—os+ovAl) S trsh . sign(z)ns
onii sign(x)ns 5=+ (0% 4+ ps) A1
o~ 2lel % —(as+n*) A2+ w3 sign(z)(os—ovA3) —onAs
+ 20(0% + ps) (A2 — A2) sign(z) (s —ovA3) 33— VsA2 . —sign(x)ns
—onA2 —sign(x)ns Sy (0% 4+ ps) Az
(5.20)

Then, if y >0, we could obtain

L[G](=y,s)

_ 2
o=y S+ (as+n7) A — At —Uf—km/)\% onA
= — 2 —s°
2007 + 15) (02— 22) 0s+0ovA 5 trsh » n2s
onA ns 5o+ (0% +us)h
S f\% —(as+n*) Ao+ uv3 08— 2y —onAg
—ov\2 ERP o
* 2v(02+us) (A3 —\3) gETOVA X TVSA2 2 2775
—onAs —ns 3 — (07 +us)A
(5.21)

We are in a position to capture the accurate expressions of £[m],L[j].

il = | (0, L0)LIC) (—y. )V w)dy

0

1 o 2 s
:2V(O'2+/LS)(>\%>\%){/0 e 1-”((au)\1—os)no+(us)\1—A—l)wo-i-nsqﬁo)dy
e} 2
—|—/O e—Azy((gs—UuAg)no—i—(%—us)\g)wo—n&bo)dy}, (5.22)
and
clj)= /0 [0.0.0)£1C) @ y.5)Us()dy}|
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1
~ 20(0? + ps) (N~ )

e’} 2
{/ Ale_’\ly(an)\lno—i—nswo—l—(—if—i—(02+us)/\1)¢0)dy
0 1

o] 2
—|—/ Aoe 2V (—anlang —nswo + (i— —(o? +M5))\2)¢0)dy}. (5.23)
0 2
After a tedious computation, we are able to prove
L[w](z,s)
1

0o 2
= *>\1(I+y) _ 2 _i d
21/(02—1—,113)()\%—/\%){/0 e (( os+ovA])no+( N +1/5/\1)w0—|—ns¢0) Yy

o0 ?
/ o N2 (@+y) ((as—au)\g)ﬂ@"‘(i
; Ao

In the same way, £[7] is calculated as

L[n](x,s)

—Vs)\g)wo—nsgbo)dy}. (5.24)

1

00 2
= e~ M(E+y) (2 A 23
2V(02+MS)(A%—A%){A (()\1 (GSJFU ) 1+ pv 1)”0

2

+ (s —ovAT)wo — anA1¢o)dy+/ e Pe(ety) ((*i* +(as+n%) Ay — pA3)ng
0 2

—|—(—as+au)\§)wo+an)\g¢o)dy}. (5.25)

In a same manner for £[¢], one has

_ 1 oo
L[o)(x,5) = {/ M) (ZgpAyng —
[¢]($ S) 21/(0_24_#8)(/\%_)\%) o € ( OTnA1T Y — N)SWo
2 oo
—l—(% —(0? +Ms))\1)¢())dy+/ e~ A2(z+y) (Un)\2n0+nsw0
1 0
2
(3 + (0% )Xo o) dy . (5.26)
Meanwhile, by (5.20), we also obtain
LIG)(z+y,s)
2
A 3=+ (as+n2)/\12— U3 —0;9—1—01/)\% oA
721/(02—1—;45)()\% ) —05+0ovAT =, trsh » n2s
onA1 ns 5=+ (0% +ps)h
o Pa(ty) )\— —(as+n?)Aa+uvi 08— DY —onAs
— 2 = _ —
+ 20 (024 15) 2 —\2) 08 —0VA; 55 —VSA2 . 2ns
—0onA2 —ns %, — (07 +us)As
(5.27)
According to (5.24)-(5.25) and (5.27), it is significant to observe

£lnle,) = (-1.0.0) [ L1615 (o),
L[w](z,s)=(0,1,0) /000 LIG)(x+y,s)Us(y)dy, (5.28)

i) =(0.0.-1) [ " LG +y.5)Uo(y)dy.
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As a result, it holds

~ S -10 0
[U]:/ £la+ys) | 010 )ty (5.29)
0 00—
Therefore, we derive the solution based on (5.1) and (5.6)
oo 00
LO)ws)= [ (EG)a9.5)+ £IG)w+ 9.9 010 Uty (s0)
0 001

Then, the Laplace transform of G(z,¢;y) has the following form

100
L[G|(z,s;y)=L[G](x—y,s)+ LIG](x+y,s) [ 0-10 |. (5.31)
001
Taking Laplace inverse transform, we ultimately get
100
Gz, t;y)=G(x—y,t) +G(z+y,t) [ 0-10 |. (5.32)
001

According to Lemma 2.3 and the formula of G*(z,t), the leading part of G(xz,¢;y) has
the following estimate

0O (x,t;y) —e " Z(Sa])a: y)II ()‘

N3

1
2

3 _ (z— v zt) (zt+y—1;1)?
> (e tem ot ). (5.33)

i=1
We hence complete the proof of Theorem 3.2.

6. Nonlinear pointwise estimates
In this section, we are devoted to the study of nonlinear stability. We first define

Woa)= [ "oy dy. (6.1)

To investigate the poinwise behavior of the solution, we introduce the ansatz as follows

M(t)= sup {IUF 1z +(1+5) (10g2+8)) " 10s e + (145) | (wras )l 1x |

0<s<t
(6.2)
The wave function F(z,t) is defined as
3
F(z,t)=> (1+t) )E by (.51, s (w,t:1,), (6.3)
1=2

where 4 (x,t;1;), b0 (x,t;1;) are given by (2.3) and the constants [; satisfy I =0, l3=c.
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By the definition of M (t), it is easy to see

\U(z, )| <M(t)F(z,1),
|Up(,)| < (1+1) " Hog(2+t) M(t),

_1 (6.4)
|waa (2,)| < (1+1) 72 M(2),
[ (,£)] < (14+8) 72 M (D).
Applying (4.14) and (6.4) yields
IN (2, t)| SCM () (1+1) "2 ¢ (2,t51)0bs (w,t51,). (6.5)
i=2
According to the boundary condition (4.12), we immediately obtain
N(0,t)=(0,N,,0)". (6.6)

Once the spatial variable is ignored, the time decay rates for N(z,t) and N(x,t) are
computed as follows

IN(2,t)| SC(14+6) 7" M ()2, [N(2,t)| <C(14+6)""M(t)%. (6.7)
For later use, we decompose the Green’s function G(z,t;y) into two parts
G(a,t;y) 2 G*(x,t;y) + G (z,t:y), (6.8)

where G®(x,t;y) is the short wave part corresponding to the singular part of G(z,t;y)
satisfying

G (a,try) = e 7 ' 350 (@ — )L, (1), (6.9)
§=0

G*(x,t;y) represents the long wave part, which dominates the large-time behavior. It
holds for any integers ky,ko >0 that

.3 112 wty—1;6)2
1051952 G (2, 1) | = O() 37523 (e e e e ), (6.10)
=1

We are prepared to develop the pointwise estimate of the solution U(z,t).

PROPOSITION 6.1. Under the assumptions of Theorem 3.3, there exists a positive
constant C' such that

|U(z,t)| < C(eo+M(t)*)F(,t), (6.11)
|Up(2,8)| <C(141) " og(241) (e0 + M(t)?), (6.12)

where the wave function F(x,t) is defined in (2.4).

Proof. By Duhamel’s principle, the solution U(z,t) of nonlinear system (4.16) is
written as

U(x,t):/OOOG(m,t;y)Uo(y)dy—l—/O /OOO(G(sc,t—S;y)N(y,s)dyds. (6.13)
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We begin it by applying (6.8)-(6.10)

/MG@wWﬂ%@My=/MG%%twwmm@+/mG%%thdw@
0 0 0

2L+ D.

817

(6.14)

Since the case when ¢ <1 can be handled easily by using the assumption of Theorem
3.3, we assume ¢ >1 in the proof of (6.11). To estimate I;, we change the initial data

Uy into W, then taking integration by parts yields

3
1 (z— lt)
[L[=0(1)t 2§ e [Wo(0)]

_ (== l it)? (z+ z )2
/"t1§j T ) dy

£ i+ o
Making use of (3.15) and Lemma 2.3 yields

(z—c(1+t))? 22 (ztec(1+1))?

]11§C’50(1_|_t)*%(6* T+t 4e CUFDH 4 CUFD )
< Ceo(1+0)F (3 (w,8:0) + s (2,150) + g (2,6 <)
SCEoF(:E,t).

It is easy to verify

oo 3 2 2
(z=y=1;(1+1)) _ ety=l;(0+1) 5
I12§050/ (1+t)~* E (e” D +e e Y(1+9%) " 8dy.
0 i=1

For simplicity, we define

o0 (z—y—1;(148))2 5
A1=/ (1+0)"te™ et (1+y%) Ry,
0

o0 (z+y—1;(1+t))2
A2=/ (14+¢)Le™ ot (1+y2) 3dy.
0

(6.15)

(6.16)

(6.17)

(6.18)

(6.19)

In order to estimate A1, it is essential to divide the integration domain into three cases

(1) |z—1;(14+t)| <+/1+¢, it holds
A SCO+) 7T <CA+1) 305 (2,651;)
<CA+) (@ ti)s (2,1) <CF(x,t).

(2) V1+t<|z—1;(1+1t)|<14t, we have
. _(z;éi(lutt))? o\ _5
A <C(141) e a0 (1+y°) sdy
lyl< \z—li2(1+t,)\
+C(1+t)*1/ e’(%yci(llii‘lt;rt)) (1+y2)*%dy
|y|>\l‘*l‘(1+f)\
(z=1;(1+1))?
<C(+t) tem aarn 4+ C(A+t) 2 (14 |z —L(1+8)]?)
< CF(x,t).

(6.20)

5

8

(6.21)
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(3) |z —1;(1+¢t)] >1+t, one has

(z—1;(+1)?
A1§C(1+t)*1/ e~ D (1442) Rdy

lo—L; (148
ly|<—H5—=

(z—y—1;(1+1))2 5
rory | e~ ST (14y7)~Ray

le—1;(148)]
ly|> ===

_q _@lia+n)? 1 s
<CO+t) e wwurn  +C(1+t) 2 (14 |z —1(1+1)]) "1
< CF(x,t), (6.22)

where we use the fact that when |x—1;(1+¢)| >14¢, it holds

(1o —L(1+))) % <Cou (z,t51:) 03 (,t51:).
The estimates of A1 and Ay are similar. Then, we immediately obtain
Lo <CeoF(x,t). (6.23)
It then follows from (6.16) and (6.23) that
|[1|=T11+ 112 < CeoF(z,t). (6.24)
For Iy, we immediately deduce the following estimate from Lemma 2.1

cr2
|I| < Cege™ Tt (1+22) % <CeoF(x,t). (6.25)

Consequently, we summarize above results together
’/ G(z,t;y)Uo(y)dy| < |I1]+ 12| < CeoF(x,t). (6.26)
0

The next goal is to deal with the nonlinear term. Applying integration by parts yields
t o)
/ / G(z,t—s;y)N(y,s)dyds
0 Jo
t 5 t o] B
:—/ (G(J:,t—s;O)N(O,s)ds—/ / 0,G(x,t—s;9)N(y,s)dyds
0 0 Jo
£ T+ Js. (6.27)
By (5.32) and (6.6), it is crucial to observe
t 100 y
J1 :f/ (G(x,t—5)+G(a,t—s) | 0 =10 |)(0,N1(0,5),0)"ds=(0,0,0)". (6.28)
0 001

In view of (6.8), we rewrite Jo as

t oo t [e'e)
Jz:-/ / 3yG£(x,t—s;y)N(y,S)dde—/ / 8,G* (z,t — s;y)N (y, s)dyds
0 0 0 0

£ Jo1 + Joa. (6.29)
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By the definition of G*, in terms of integration by parts, it is easy to verify

J22:_// 9,G* (,t — 539) N (y,5)dyds
/(GS ,t—s;0) (08)d8+// G*(z,t—s;y)N(y,s)dyds

/ S5 (@) TN (0, ds+// 76(z — y) Mo N (y, 5)dyds
00, (6.30)

where we have used the fact that

100
N(0,5)=1{ 000 | (0,N.(0,5),N2(0,5))*
000

(0,0,0)*, (6.31)

and

100
HON(y75) =({000 (07N1(y75)aN2(ya5))t = (0,0,0)t. (632)
000

With the help of (6.5), we ensure

t o0 3 2 2
(z—y—1;(t—s)) (ety—1; (f 5))
"’21'“’/ / (t—s5)1 S (e~ AT e ST ) N (g, ) dyds
0 0 .

t o 3 L ()2 ) (a2
)2/ / (t*S)il Z(ei (z yC(ltZ—(ts) ) +ef quyC(lfj'_(ts) )) )
- 1=1

XZ (I4+s)~ ¢1 y,8;1; )w%(y,s;li)dyds. (6.33)

Without loss of generality, we only consider the following two terms.
Substituting «=0,8=1,A=c and =C into Lemma 2.4 yields

—c(t—s))2

// t—s)"'(145)"2 ’%%(yﬁw)w%(y,s;@dyds
1)[log(2+1)p1 (z,t; c)z/J (x,t,c)—i—?/} (z,t;0)]
—0(1)[(1+t) ¢1(x,t;c)wg(x,t;c)+(1+t)iwg(x,t;c)]
_O(l)(1+t) ¢)1(£L',t;c)1/}%(l',t;0)
~ O F(w.1). (6.3
Let «=0,86=1,A=c,N =—c,i=C. Via Lemma 2.5, we are able to show
/ / t—s) '(1+s) %e” ~ e ¢1(y,s;6)¢g(y,s;6)dyd5
10g(2+t)¢1(1’,t,0)’(/} ($,t,0)+¢1( C)wg(%t;—c)]
+O( )W%(Sﬂat;c)‘H/)g( ) 7_0)]
O()|a—c(1+t)|" T |z +c(1+1)| 2
-char{—c(1+t)+K\/1+t§x§c(l+t)—K\/l—i—t},
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where € >0 can be arbitrarily small and K > 2¢. Choosing €= %, we have

1 _(@—yte@—s)?
t—s)"H(14+s)"2e 0T gi(y, 850003 (y,53¢)dyds

1+w3wuxt@w<xt@ +é1(@ti—c)is ()]
0(1)\%@(1“)\—5\x+c(1+t)|—% .char{ —e(l+t)+evIFi<a<c(l+t)—eyT +’t}
= O(1)F(z,1),

where we use the fact that when —c(14+t)+cev1+t<z<c(1+t)—cy/1+t, it holds

eV1+t<|z—c(1+1)| <2e(1+1),

VIF+E<|z+c(1+1)] <2e(1+1). (6.35)
As a result, one can deduce
|x—c(1+t)\—%|x+c(1+t)\—a
(1+t) [P1 (@, t;0) s (2, t50) + @1 (@, —c)ba (.8 —c)]. (6.36)

It should be pointed out that the remainders in (6.33) can be treated in a similar manner.
We hence obtain

| Jo1| < OM (t)*F (,t). (6.37)
As a consequence, it provides
| J2| <|Jo1 |+ [ Joa| S CM (8)*F (x,), (6.38)

which, together with (6.28), also leads to

t o)
‘// G(m,t—s;y)N(y,s)dyds‘§|J1|+|J2|§C’M(t)2F(:c,t). (6.39)
0 JO

Therefore we derive the pointwise estimates of the solution U(x,t) satisfying

xt|<’/ G(z,t;9)Uo(y dy’+‘// (z,t—s;y)N(y,s)dyds

< C(eo+M(t)?)F(z,t). (6.40)

In what follows, we plan to derive the estimate of the spatial derivative U,(z,t). Theo-
rem 3.1 provides

|Up(2,8)| <C|U(z,t)|| g2 < Ceyp. (6.41)
Thus, for 0 <t <2, we easily deduce
Uy (2,t)] < Ceo < Ceo(1+t) log(2+1). (6.42)

In the following, we will focus on ¢ > 2. First, U,(x,t) can be written as

[e%s) t [e%s}
Uat)= [ 06 tntowis+ [ [ 0.6t —sNusduds. (6.43)
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According to (6.8), the first term on the right-hand side of (6.43) is decomposed into
two parts

/ 8zG(x,t;y)U0(y)dy:/ 8$G€(x,t;y)UO(y)dy+/ 0:G®(x,t;9)Up(y)dy. (6.44)
0 0 0
By the definition (6.10) and the assumption in Theorem 3.3, we get
‘/ 8xG£(x,t;y)Uo(y)dy‘SC(1+t)’1/ Uo(y)ldy < Ceo(1+1)7". (6.45)
0 0

In terms of integration by parts and (6.9), we obtain

/ 0:G*(z,t;9)Uo (y dy‘<‘/ THEW (& — )T + 6 (2 — y), ) U (y)dy
< Ce™ 5 (|Up(@)|+ |Un(a)))
<Ceo(1+t)~ 1 (6.46)
Therefore, we deduce
/ Oy G Ly Uo( )dy §C60(1+t)71. (647)

Similarly, it is easy to verify

/ | / " 0,6 @ — siy)N(y.)dyds
// 0,6 (z,t—s3y)N(y, s )dyds+// 8,G*(x,t — 5;9)N(y,s)dyds.  (6.43)

To avoid the singularity of time, it is natural to divide the domain of time into [0,t—1]
and [t—1,t]. We write the first term in (6.48) as below

t e}
// 0.G*(x,t — 5;9)N (y,5)dyds
0o Jo
t—1 o'} t oo
:/ / 81G£(x,t—s;y)N(y,s)dyds+/ / .G (z,t— s;9)N(y,5)dyds. (6.49)
0 0 t—1Jo

Integrating by parts, we observe
t—1 poo
| ot Ns)dyas
0 0
t—1 0 B t—1 N
——/ / 6I8sz(m,t—s;y)N(y,s)dyds—/ 0,G*(z,t—s;0)N(0,s)ds. (6.50)
0 0 0
Thanks to (6.7) and (6.10), which leads us to obtain
t—1
‘/ / 0,0,G" (.t — s;9) N (y, )dyds‘

gCM()/ (t—s)" (145)"'ds

0



822 POINTWISE ESTIMATES OF NAVIER-STOKES EQUATIONS IN HALF SPACE

<OM(t)? /

0
<C(1+t) tlog(2+1t)M(t)% (6.51)

(t—s)_l(l+s)_1ds+CM(t)2/t_1(t—s)_1(1+s)_1ds

In the same way, we have

t—1
’/ 0,G*(z,t — 5;0)N(0,5)ds
0

gCM(t)2/t_1(t—s)_l(l—i—s)_lds
0
<C(1+t) tog(2+t)M(t)?, (6.52)

which, together with (6.51) and (6.50), also guides to

t—1 00
’/ / 0. G (z,t — s;5)N (y, s)dyds
0 0

Now we are in a position to estimate the second term in (6.49). That is

t e}
[ 0wt sN s
t—1J0
t
SCM(t)2/ (t—s)"F(14+5) " ds

< C(1+t)_1;\4(t)2. (6.54)

<C(1+t) " log(2+t)M(t)% (6.53)

Thus, combining (6.53) and (6.54) together gives

t e’}
’/ / 0,G (.t —s;9)N (y, s)dyds
0 Jo

For the second term in (6.48), we have

t [e'e)
/ / 0.G* (,t — 533N (y, 5)dyds

<C(1+t) tlog(2+1t)M(t)% (6.55)

// (6™ (@ —y)To+6(x — )T )N (y, s)dyds
// e *)6(z —y)IL N (y, s)dyds

:/ e~ (t S)HlN(Z‘ s)ds, (6.56)
0

where we have used (6.32).
Since II; is a constant matrix given by (2.1), we have

t o2
’ / e T I N(x,5)ds

<C/ o (- |N(z,s)|dx
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t 2

SCM(t)z/ e~ T ) (146)ds
0

<CO(+t) " M ()2 (6.57)

Hence, we have

t poo
’/ / 5‘IGS(x,tfs;y)N(y,s)dyd$’ <C(1+t) " log(2+t)M(t)%
0 Jo

Combining above results together provides

’/t/oo 9.G(x,t— s;y)N(y,s)dyds’ <C(1+1) M log(2+ 1) M(1)2. (6.58)
0 JO

To this end, we finally derive the estimate of U,(z,t) from (6.47) and (6.58)
|Up(2,8)| <C(1+1) " Hog(2+1t) (e0 + M(t)?). (6.59)

This completes the proof. ]

To close the ansatz, it remains to get the estimates of w,, and ¢,,. Thus, we will
complete it in the next proposition.

PROPOSITION 6.2. Under the assumptions of Theorem 3.3, there exists a positive
constant C' such that
W (2,8)| < C(141) "2 (20 +20 M () + M(1)?), (6.60)
| (,)| < C(1+1)72 (60 +0 M () + M (t)?). (6.61)

Proof. By Theorem 3.1, we easily check that for 0<t<2
[U| <C|U|| s < Ceo < C(1+1) 2 e,
Waa| SC|U || s <Ceo < C(1+1) 2eg, (6.62)
|6we| < C||U|| g4 < Ceo < C(1+1) 2 &y,

Thus in the next section, we will assume time ¢ > 2. Differentiate the system (3.3) with
respect to time

Nyt — oW =0,

Wit — 0Ny +NPte = PWize +O0p N1,

Gt + MWtz = VPt + 0; Na,

(nt,we, Ot [t=0 = (n4(,0),we (2,0), ¢ (2,0)),

with following boundary condition

(wt7¢tx)|$20:(070)7 (nttha¢t)|$—>+00:(070’0)' (664)

For simplicity, we write it into the operator form

(6.63)

(6.65)

atUt(LII,t) —I—A(%Ut(x,t) :IBS(‘ﬁUt(x,t) +Nt(l‘7t>,
Ut($7t:0) :Ut(it,O)
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Since the Green’s function for (6.65) is the same as G(z,t;y), with the help of Duhamel’s
principle, we obtain

o] t oo
8,5U(x,t):/ G(m,t;y)@sU(y,O)dy—i—/ / G(z,t—s;9)0s N (y,s)dyds. (6.66)
0 o Jo

Via the compatibility condition (3.7), one has

nt($70) :Uwz(xao)a wt(x,O) =Yz, ¢t(x70) =hyg,

(6.67)
where the functions g(x) and h(z) are introduced below
g(l‘):—a(1+62)¢0 HWog ac%w%
1+ng 1+ng  2(1+4mng)’ (6.68)
h(x):_nwo(1+02¢o) n VPow n ca(p—v)wowox | nc3wy .
1+ng 1+ng 14+ng 2(1+no)
Using (6.8) yields
/ G(a,t;y)05U (y,0)dy
OOO o0
~ [ Gt U 0+ [ 6w ti)0.U (.0 (6.69)
0 0

Applying integration by parts with respect to = and (6.68), we get

[ e wnnaveon

< |60 eun(0).90).hO) |+ [ " 0,6 (2. :3) (0w (v). o). () dy
<Ceo(1+t)72.

(6.70)
According to the definition of G*(z,t;y) and assumptions on initial data, we are able to
show

‘/ Gs(m;y)@sU(y,O)dy‘ <Cep(1+1)7%.
0

(6.71)
Combining the above estimates together shows

‘/ G(%t;y)@sU(y,O)dy} <Cep(1+1)72.
0

In order to estimate the nonlinear term in (6.66), we write it as

t o0
/ / G(z,t—s;y)0sN(y,s)dyds
0 0

t o] t oo
:/ / Ge(x,t—s;y)@sN(y,s)dyds—i—/ / G®(x,t—s;9)0sN(y,s)dyds.  (6.73)
o Jo o Jo

We divide the time domain into [0,£—1] and [t—1,¢] to avoid the time singularity.

t [e'e)
/ / G'(x,t—s;y)0s N (y,s)dyds
0 0

(6.72)
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t—1
/ / G*(z,t— ;)95 N (y,s)dyds
/ / G (z,t— ;)05 N (y,s)dyds. (6.74)
t—1

Taking integration by parts with regard to time, one has

t—1 o)
/ / G'(z,t—s;y)0sN(y,s)dyds
0 0
t—1 [e%e)
:/ / 0:G*(z,t — s;y) N (y,s)dyds
0 0
[ G lNue-Day- [ CetpNEod. (61
0 0

Integrating by parts with respect to , the first term in (6.75) can be handled as below

t—1 poo
[ ] ottt -spN@.sdds
0 0

t—1 poo
<[ o8 et- s N s)ayds
0 0

SCM(t)Q/Ot_l(t—s)‘1(1+s)_1ds+CM(t)2/O (t—5)"L(1+5)"1ds

<C(1+t)" 7 M(1)% (6.76)

t—1
+‘/ 0:G*(x,t—5;0)N(0,5)ds
0
t—1

The remaining terms in (6.75) can also be treated in a similar method

’/OOOGZ(I,I;y)N(y,t1)dy/ooo((}[(:c,t;y)]\7(y,0)dy’ SC’(Ith)*%M(t)Q.

To this end, we ultimately deduce
t—1 o) 1
‘/ / Ge(x,t—s;y)ﬁsN(y,s)dyds‘SC(1+t)_5M(t)2. (6.77)
0

By the definition of N(x,t), applying integration by parts with respect to x gives rise

to
/ / GZ (z,t—s;9)0s N (y,s )dyds’
t—1

< / 3 G*(x,t—s;y)dsN(y,s)dyds :0)05N(0,5)ds
SO(@OM(t)+M(t)2)/t (t—s)"2(14s)" %ds
<C(148)"2 (eoM(t) + M(t)?), (6.78)

where we use the fact that

0N (y,5)| <C(1+5)"2 (egM(t)+ M(t)?), |9:N(0,5)] <C(1+5)"2 (eoM(t)+M(t)?).
(6.79)
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Combining it and (6.77) also leads to
t poo N
‘ / / G*(x,t — 8;9)0sN (y,5)dyds| <C(1+1)72 (g M (t) + M (t)?). (6.80)
0 Jo
Via (6.9), the second term in (6.73) is calculated as
t o]
/ G*(x,t —s;y)0sN (y,s)dyds = (0,0,0)". (6.81)
o Jo

As a result of (6.80) and (6.81), one has
Uy (2,8)| SC(1+1)"2 (g0 +eo M (1) + M(1)?). (6.82)

Now we are in a position to deal with w,, and ¢,,. Making use of (4.30) and Proposition
4.1 yields

e .01 < (] ] +3107 ]+ )
<C(141)"2 (eg+eoM(t)+M(1)?), (6.83)
and
(G0 <~ (el Vo))
<C(1+4)"2 (eg+e0 M(t)+ M(1)?). (6.84)
This completes the proof. 0

6.1. The proof of Theorem 3.3.
Proof. Combining (6.4), Proposition 6.1 and Proposition 6.2 together proves

M(t) < Ceo+CeoM(t) +CM(t)2. (6.85)

Since ¢ is sufficiently small, we deduce that there exists a constant C' >0 independent
of time such that

M(t) < Cey. (6.86)
Therefore the pointwise estimates of the solution are written as
\U(x,t)| <CeoF(2,t), |Uy(x,t)] <Ceo(1+1t)" log(2+1),

| , (6.87)
Wae (2,8)| < Ceo(14+8) 72, |dan(a,t)| < Ceo(l+t)72.

This completes the proof of Theorem 3.3. O
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