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GLOBAL-IN-TIME CLASSICAL SOLUTIONS TO TWO-DIMENSIONAL
AXISYMMETRIC EULER SYSTEM WITH SWIRL*

GENG LAI' AND MI ZHU?

Abstract. We study global-in-time classical solutions to the two-dimensional (2D) compressible
Euler system with axial symmetry. We derive several groups of suitable characteristic decompositions
for the 2D axisymmetric compressible Euler system. Using these characteristic decompositions, we find
several classes of expanding initial data to ensure the existence of global-in-time classical solutions.
These solutions have an expanding vacuum region centered at the origin.
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1. Introduction
We consider the two-dimensional (2D) compressible Euler equations

pe+(pur)z, +(puz)z, =0,

(pur)e+ (pui +p)az, + (puitg)e, =0,

(puz):+ (puiua)e, + (pu3 +p)z, =0,

(PE)i+ (pur E+uip)s, + (puz E+usp)., =0,

(1.1)

where (u1,us) is the velocity, p is the density, p is the pressure, F = %(u% +u3)+e is the
total energy, and € is the internal energy. We choose the equations of state

p
(v=1)p’

where s is the entropy and + is an adiabatic exponent between 1 and 3.

It is well known that the solutions of the Cauchy problem for the compressible Euler
equations may blow up in finite time, no matter how smooth and small the initial data
are; see, e.g., [1-3,5, 16,21, 30,35,37]. It is natural to consider what type of initial
data are possible to guarantee the existence of global-in-time classical solutions for the
compressible Euler equations. For the results on the existence of global-in-time classical
solutions for the one-dimensional compressible Euler equations, we refer the reader to
[4,6,19,28,41]. Serre [36] first obtained the existence of global-in-time classical solutions
for the compressible Euler equations for ideal gases in multi-dimensions, provided that
the initial velocity is close to a linear field and the initial density is sufficiently small.
Subsequently, Grassin [10] obtained the existence of global-in-time classical solutions
for the multi-dimensional compressible Fuler equations, provided the initial velocity
forces particles to spread out and the initial density is sufficiently small in some norm.
Magali [31] extended the result of [10] to a van der Waals gas. Godin [11] studied
the lifespan of the classical solutions to the spherically Euler equations for ideal gases
with initial data that are a small perturbation, with compact support, to a constant

p=e’p? and e= (1.2)
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state. Subsequently, Godin [12] obtained the global existence of classical solutions to
the spherically symmetric Euler equations for Chaplygin gases with initial data that are
a small perturbation, with compact support, to a constant state. Recently, Hou and Yin
[13,14] obtained the existence of global-in-time classical solutions to the axisymmetric
non-isentropic Euler equations of Chaplygin gas with swirl.

In this paper we study axisymmetric flows of the system (1.1). That is, we assume
the flows have the property

p(x,0,t)=p(x,t), s(z,0,t)=s(x,t),
up(z,0,t) cosf —sinf u(z,t) (1.3)
uz(x,0,t) )~ \ sinf cosé v(z,t)

for allt>0, 6 €[0,27), and = >0, where x and 6 are the polar coordinates of the (x1,x2)-
plane. With this symmetry, system (1.1) can be reduced to

U

u2—v2
(pu)e + (pu* +p)e + % =0,
puv

:0’

pul
T

(p0)e + (puv)s + 2

U
(PE):+(puE +up), + ==+ L =0.
Notice now that w and v in (1.4) represent the radial and pure swirl velocities in the
flow, respectively.
For 2D isentropic axisymmetric flows without swirl, system (1.4) can be reduced to

U
pect (pu)+ =0,

2 (1.5)
(pu)s+(pu* +p)s + = =o0.

There are a lot of important works on the global existence of weak solutions to the
system (1.5); we refer the reader to [7-9,22,32-34] and the references cited therein. We
also refer the reader to the survey paper [15].

For 2D isentropic axisymmetric flows with swirl, system (1.4) can be reduced to

pr+ (pu)x + % =0,
2 2
(u)e+ (pu? 4 )+ 2L g, (16

2
P .

(pv)e+ (puv)e +

As far as we know, the global existence of weak solutions to the Cauchy problem for
the system (1.6) is still a difficult problem. However, the Riemann problem for (1.6)
for polytropic gases has been solved completely by Zhang and Zheng [38]. We also refer
the reader to [39,40] for some other related works.

We are concerned with global-in-time classical solutions to the system (1.4). It is
well-known that the 2D axisymmetric Euler system usually does not have global classical
solutions, even with an initial data that is a small perturbation of a constant state; see
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Alinhac [1,2]. So, a natural question is what type of initial data are possible to ensure
the existence of global-in-time classical solutions. We consider (1.4) with data

(w,v,p,8)(2,0) = (4,0,p,5)(x), > ¢;
(u v,p,8)(x, ) (10,0, 00,50), 0<x <e; (1.7)
(pu)(0,t) = >0,

where (ﬁvl_}ap7§)(x) GCl[s,+oo), (aﬂ_)vﬁ,g)(g):(u0307p0750)3 (UOaOaPO,SO) is a constant
state, and up >0. We aim at finding some sufficient conditions on (@,v,p,5)(z) to ensure
the existence of global-in-time classical solutions.

t

Vacuum

Fic. 1.1. Wawve structure of the solution to the problem (1.4, 1.7).

Let us briefly describe the main approach to solving the problem (1.4, 1.7). See
Figure 1.1. We first consider (1.4) with data

{ (uvvapvs)(xao): (Uo,O,po,So), x> 0;

(pu)(0,t) =0, t>0. (1.8)

By the result of Zheng [40], we know that the problem (1.4, 1.8) admits a global self-
similar solution. Moreover, there exists a u, >0 which depends only on pg, sg, and ~
such that when ug > u, the self-similar solution expands to a vacuum, i.e., there exists
a circular vacuum region expanding with a constant speed u, >0. Thus, when uy > u,
we obtain the solution of the problem in a domain §2; bounded by CS?, T =1uyt, and
the z-axis, where C9 is a C_ characteristic curve issuing from the point Q= (g,0). We
next solve a Cauchy problem in a triangle domain 3 bounded by the z-axis and a
C. characteristic curve C’f issuing from Q. Finally, we solve a Goursat problem in a
triangle domain 5 bounded by Cf and C9.

The main difficulty for the global existence is that the a priori C! estimates for
the solutions to the Cauchy problem and the Goursat problem are hard to obtain.
In the paper we use the method of characteristic decompositions. This method was
first proposed by Li, Zhang, and Zheng [24] in investigating simple waves of the 2D
compressible Euler equations. Recently, this method was used to study the interactions
of rarefaction waves; see [17,18,23,25-27]. Motivated by a recent work of Lai and
Sheng [20], we derive a group of suitable characteristic decompositions for the system
(1.4). Using these characteristic decompositions, we find a sufficient condition on the
initial data to ensure the existence of global-in-time classical solutions.

The rest of the paper is organized as follows. In Section 2 we construct the self-
similar solution to the Riemann problem (1.4, 1.8). In Section 3 we consider (1.5) with
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data

(u,p)(,0) = (u,p)(x), x>¢;
u,p)(@,0)=(uo,p0), 0<z<e; (1.9)
(pu)(0,t) =0, t>0.

We find a sufficient condition on (@,p)(z) to obtain the existence of a global-in-time
classical solution. The result is stated as Theorem 3.1. In Section 4 we consider (1.6)
with data

A

(u,v,p)(2,0) = (4,0,p)(x), ©>¢;
(u,v,p)(x,0) = (ug,0,p0), 0<x<e; (1.10)
(pu)(0,t) =0, t>0.

We find a sufficient condition on (%,7,p)(x) to obtain the existence of a global-in-time
classical solution. The result is stated as Theorem 4.1. In Section 5 we study the problem
(1.4, 1.7). We give a sufficient condition on (u,¢,7,5)(x) to obtain the existence of a
global-in-time classical solution to the problem. The result is stated as Theorem 5.1.

2. Self-similar solution to the axisymmetric Euler system
In this section we consider (1.5) with data

{ (u,p)(m,O) = (anPO)v .T>O;

(pu)(0,t) =0, t>0. (2.1)

Problem (1.5, 2.1) admits a self-similar solution which depends only on the self-similar
variable ¢ = /t. By the self-similarity, system (1.5) can be written as
_dp  d(pu)  pu

€t ag e Y

where we use the equation of state p=e®0p7.
A direct computation yields

du P (p)u
d "(p)—(u—8)2]"
di_ f[z;ifi_(g) £)?] (2.9)
dg - &[p'(p) = (u—8)?]
Let n=1/£. Then the system (2.2) can be converted into
du _— p'(p)un
dn - (en)? = (L—un)*’ (2.3)

dp _ pu(l—un)
dn (en)? = (1 —un)?
The initial condition (u,p)(z,0) = (ug,po) can be converted into
(u, p) [y=0= (0, po). (2.4)
For the initial value problem (2.3, 2.4), we have the following result.

LEMMA 2.1. There exists a u, >0 such that when uy>u, the problem (2.8, 2.4)
admits a solution (G,p)(n) in (0,n,) for some 1, > u%) Moreover, the solution satisfies
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e lim 4(n)=wu, and lim é(n)=0, where é(n)=+/ve0pr—1(n) and u, = ?7%"

n=, n—,
1
e nNc(n)<—=(1—nu or 0 <N <Ny,
ne(n) <7 (1=na(m) for0<n<n
e p'(n)<0 and @' (n) <0 for 0<n<n,.
Proof.  This lemma is due to Zhang and Zheng ([38], Section 5) and Zheng [40].

We also refer the reader to the work [39]. |

REMARK 2.1. Actually, the u, in Lemma 2.1 depends only on pg, sg, and ~; u,
depends only on ug, po, So, and . Moreover, for any fixed « and ug and sqg, u, —0 and
Uy — ug as pp— 0. We also know 4'(n) <0 for ne (0,n,).

3. Axisymmetric isentropic Euler system without swirl

3.1. Main result. In this section we consider the problem (1.5, 1.9). In (1.5) we
take the equation of state p=e®0p?7, where s is given in (1.7). The main result of this
section can be stated as the following theorem.

THEOREM 3.1. Assume ug >uy and

-1
cy= sup &(xz) < (L)uv, (3.1)
z€[e,+00) 2

where the constants u, and us are determined in Lemma 2.1. Assume as well that there

exists a constant B € (%,min{%,ﬁ ) such that

(A1) (59)B° = ()B+ 3+ (3 +7) 2 <05
(A2) |¢(z)] - (52)d (z) + (B 1) 072D <0 for z e [e, +00).
Then the problem (1.5, 1.9) admits a global-in-time classical solution.

REMARK 3.1. It is easy to check that the roots of (7—;1)1"2 — (’YT”)T+ % =0 are r:%
and r= % Thus, one can find an expanding initial data such that the assumptions

in Theorem 3.1 can be satisfied.
3.2. Characteristic equations and decompositions for (1.5). For smooth

flows, system (1.5) can be reduced to

U
pt+pux+wx+%:0,

3.2
ut—i—uuz—l—p—mzo. (32)
P

The eigenvalues of system (3.2) are
Ay=u+c and A_=u-—c.

The left eigenvectors corresponding to At are I+ = (¢,£p). Multiplying (3.2) on the left
by [+, we get the characteristic equations

c@ip:tpaiuz—%, (3.3)

where

0r =0+ (u=£¢)0;.
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From c? =~e*°p?~! we have

2c0+c
== 4
Osp Y(y—1)esopr—2 (34)
Inserting this into (3.3), we get
2
8+’U/— —718+C— %7
. v (3.5)
uc
O_u=——0_c+—.
v—1 T
LEMMA 3.1.  For the system (1.5), we have the commutator relation
a+a,—a,a+=(—2 (Ot o c)—f)(a+ a_), (3.6)
where
2_—1
H=55T
Proof.  Using (3.5) and 0, = By Ca‘ we have
8+8, - fL&r = ( +)\+8 )(at + )\761) - (at + )\7830)(815 +)\+8m)
= (04 A= —0_A;)0y,
=(0yu—01c—0_u—0_¢)0,
1
= ( e (Ore0-0)= 7) (94 —0_). (3.7)
This completes the proof. 0
ProrosiTiON 3.1.  We have the characteristic decompositions
1 3 1 uc  c? (y—1)u?c?
c0_0pc= 2—M2(8+c+8_c)8+c+(26+c+ 23 c)— i %(&rcfa_c) t—a
1 1 uc 2 (y—1)u?c?
c@y?,c:ﬁ(&rc—i—@,c)a,c—&—( O_c+ = 8+c) %(6+c—6,c)+T.
(3.8)
Proof.  Using the commutator relation (3.6) for the variable ¢, we have
y+1 cu
c040_c—cO)_0ic= =D (O4c+0_c)(04c—0_c)— . (Oyc—0_c). (3.9)
Using the commutator relation (3.6) for the variable u, we have
1 U
0+0_u—0_0iu= 502 (Oyc+0_c)— o (Oyu—0_u). (3.10)

Inserting (3.5) into this, we get

_ ! 2, 2cu e 2(y—1)c*u?
c0+0_c+cd_0ic= 2(7_1)(8+c+876) + (Oyc+0-c)+ - (Oyc—0-c)+ 2 .
(3.11)
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Combining (3.9) and (3.11), we get the first equation of (3.8). The second equation

of (3.8) can be proved similarly. This completes the proof.

It is convenient to write (3.8) in the form

@7(%) _ ! (% %)%+(§%+1%)

c_ﬁc c/ c 2 ¢ 2 ¢

2
M%) . ;ﬁﬂ(xawﬁcy?u(wcg@w)

c c c 2 ¢ 2 ¢

c c

2z \ ¢ c 2

Let A> B be a fixed constant to be determined. We define

e Oy e Aol
C T C T

R, =
Then by (3.12) we have

0yR_=a11R%2 +a12RR_+a13R_+aaRy +ass,
0_ R+ = aglRi_ + Cl22R+R_ +CL23R+ + Cl24R_ +ass,

where

(y—3 1 l.eyu
ai={T5 AR5 - @A-5)T )

v—3 1 l.cyu

p— —_— -_ 2 - ) -

424 { g Aty t4 2)u}x’
(v—1)u?
2 b

s :{2,42 C3A+1-2A4(1— A) c}

U T
and

(v—Du?
z2

g5 = {2A2—3A+1+2A(1—A)§}

We define

~  Oyc Bly—-1u ~ 0_c (y=1u
7_’_7 .
c T c 2z

Then by (3.12) we have
{ 8+]§_ :&11§2_ +d12§+§_ +CAL13§_ +EL14]§+ +ass,
8_§+ = dglﬁi_ + d22§+§_ +d23§+ + d24}/%_ + ass,

where

+£(%_Q)+(7—1>u2_%Q

2 c c

¢ (%_g)m—wug_%g

C C

d

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)

(3.17)

(3.18)

(3.19)

(3.20)

(3.21)
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R v—3 1 l.cyu
— Z4+(2B=)=\Z .22
a4 { 5 B+2+(B 2)u}x’ (3.22)
. (l=vy, v+1 1 B 3 cy(y—1u?
‘“5_{ Bt st 4)u} 22 (323)
and
. Y41 o y+7, 3 B 1. c) (y—1)u?
D Sy N e A i ) O i 24
ass { B B 4 B+4+(2+4)u x2 (3 )

REMARK 3.2. From (3.1) and (A1) we immediately have that if 0 <c<e¢,, and u>u,
then a4 > 0, Qo4 > 0, ais < 0, and ass < 0.

3.3. Solution in domain ;. Let C9:2=x_(t;¢) be a C_ characteristic curve
issuing from the point @ = (¢,0), i.e.
dz_(t;¢)
dt
x_(t;0)=¢.

=a(t/z_)—é(t/z-), t>0; (3.25)

We are going to show that C% does not meet the vacuum boundary x =1wu,t, t>0.

LEMMA 3.1. For the self-similar solution (u,p)=(4,p)(t/x), we have

2 2)(y—1 _ -1
_@HVIO-Du _dc_ (=Du - o (3.26)
2z c 2z
Proof. A direct computation yields
1 (u—c)n\ d
o_=-————"——. 3.27
(w z ) dn (3:20)
By the second equation of (2.3) we have
d -1 1-—
de -1, cull—un) . (3.28)

dp 2 (en)?—(1—un)?

Thus, by Lemma 2.1 we have

¢ 2x 2x en)?—(1—un)?

(y=Du e

=% a1 (3.29)
and
Doy GO 0708 [ (um o] w22
_Q ;wl)“ . (2+\/§i;cz;n¢lf (11 ~) (3.30)

along C“. This completes the proof of the lemma. ]
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From Lemma 3.1, we have

% > — (2+\/§2):£7_ Lu =— (2+£)£70)_ 1)“8, Inz on C9. (3.31)

This immediately implies that C% does not meet the vacuum boundary z=wu,t, t>0.
Let ©; be a domain encircled by Cg, the vacuum boundary, and the z-axis. Then the
solution in the domain €, is the self-similar solution (u,c)=(4,¢)(t/z).

3.4. Solution in domain Q3. We first consider (1.5) with data
(u,¢)(x,0)=(w,¢)(x), e<z<r, (3.32)

where 7 >¢ is an arbitrary constant. The local existence of classical solution to the
Cauchy problem (1.5, 3.32) can be obtained by the method of characteristics (cf. [29]).
In order to extend the local solution to a global solution, one needs to establish an a
priori C! norm estimate of the solution.

LEMMA 3.2.  Assume that the Cauchy problem (1.5, 3.32) admits a classical solution
in some region. Then there exists a sufficiently large constant A such that the solution
satisfies

~ 0 -1
Ry <0, %C>fw, 0<c<c,, and u,<u<u(r)+1. (3.33)

Proof. We shall prove this lemma by the method of continuity. The proof proceeds
in two steps.

Step 1. From ¢ =~e®* p’~! we have

2cey 2cey

= d r — .
P Dep2 M PTG e 2

Inserting this into the first equation of (1.5) we get

-1 —1lcu
ct:fuczf%cuzf%;. (334)
Hence,
v—1 ¥—1 cu
Orc=ci+(utc)ey =dce, — ——cuy — —— —. (3.35)
2 2 x
Consequently, we have
~ -1 1 —1)u
Ri,0) =7 () = Tl () + (B~ i)w (3.36)

and

D —/ Y- 1 —/

R_(x,0)=—¢(z)— —5 @ (). (3.37)
By assumption (A2) we have

R_(2,0)<0 and Ry(z,0)<0 for e<z<r. (3.38)
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From (3.35) we have
-1 —1)u
Ry (2,0)==+2 (z)— ”Ta’(x) +(A-2) G=Du@) (3.39)

By assumption (A2) we have @'(x) >0 for  >e. Hence, @(x) > ug. Consequently, when
A is sufficiently large,

R_(x2,00>0 and Ry(z,00>0 for e<z<r. (3.40)

Then the inequalities in (3.33) hold on {(z,t)|t=0, e<z <r}.

t

Fi1G. 3.1. Domain Q.

Step 2. Let P be an arbitrary point in the domain. The backward C'y and C_ character-
istic curves issuing from P intersect the x-axis at some points P, and P_, respectively;
see Figure 3.1. The backward trajectory line Cj issuing from P intersects the x-axis
at a point P;. We denote by Qp a closed triangle domain closed by ]ZTD, Jg,\P7 and
P, P_. We are going to prove that if the inequalities in (3.33) hold for all points in
Qp\ {P}, then they also hold at P.

From Ry <0 in Qp\{P}, we immediately have d1c<0 on Qp\{P}. Hence, we

have c<c,, at P. Since Ry >0 for all points in Qp\{P}, we have %> —W in
Qp\{P}. Integrating this along }5073 from P, to P, we have
2(P) \ ~AG(-1)
P)> (P, ( ) 3.41
o(P) () (£ (3.41)

In view of (3.5), we have

2Cﬁ+ 1. 2uc

_ 2R +(B-5)=—>0 in Qp\{P}

Y1 <0 and 8+u=—fy_1

O_u

Thus, we have
Uy <u(Py) <u(P)<u(P-)<u(r)+1.

Suppose R_ (P)=0. Then by the assumption that the inequalities in (3.33) hold
for every point in Qp\{P}, we have 9y R_ >0 at P. While, by the first equation of
(3.20) and Remark 3.2, we have

8+}AL :d14§++d15 <0 (342)
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at P. This leads to a contradiction. Then we get R_(P)<0. Similarly, we have
R, (P)<0. From Ry (P)<0 we also have

R, < A(vy—1u

at P (3.43)

Suppose Ry =0 at P. Then by the assumption that the inequalities in (3.33) hold
for any point in Qp\{P} we have 0_R, <0 at P. While, by (3.43) and the second
equation of (3.14), we have

A(v-1)

U +1
—|—CL25>{’Y

y+1 (y—Du?
2

5
O_Ry > as A?—§A+&} >0 a2 <0

D2 (3.44)
a_R+>a%>{2@—%%)A?—@—2%M)A+1}9%ﬁki>o if gy > 0.
This leads to a contradiction. We then have Ry (P)>0. Similarly, we get R_(P)>0.
We then prove that if the inequalities in (3.33) hold for every point in Qp\{P}
then these inequalities also hold at P. Therefore, by an argument of continuity we have
that the solution satisfies (3.33). This completes the proof of the lemma. a

Lemma 3.2 gives a C° norm estimate for (c,u) and a gradient estimate for c¢. The
gradient estimate for u can be obtained by (3.5). We then establish an a priori C!
estimate for the solution. Thus, the existence of a global classical solution can be
obtained by the classical extension method (cf. Li [28]). We then get the following
conclusion.

LEMMA 3.3. The Cauchy problem (1.5, 3.82) admits a global classical solution.
Moreover, the solution satisfies (3.33).

Since r > ¢ can be arbitrary, we obtain the solution in {23 bounded by Cf and the

z-axis, where C’f is a (4 characteristic curve issuing from ). Moreover, the solution
satisfies

Ri<0, 0<c<e,, and u>u,. (3.45)

3.5. Solution in domain 2. Take any points Q4 and Q_ on C’f and CE?,
respectively. We now consider (1.5) with data

(u(ﬁzz{(ﬁxﬂ@/x)OD G5
| (@,¢)(z,t) on @;

where (@,¢)(z,t) denotes the solution in Q3.

Problem (1.5, 3.46) is a Goursat-type boundary value problem, and the existence
of a local C! solution is known by the method of characteristics (see [29]). In order
to extend the local solution to a global solution, we need to establish an a priori C!
estimate of the solution.

(3.46)

LEMMA 3.4.  Assume that the Goursat problem (1.5, 3.46) admits a classical solution
in some region. Then there exists a sufficiently large A>0 such that

= 0 -1
Ry <0, %C>—w, 0<c<ce,, and u,<u<2u(Qi). (3.47)

Proof. The proof of this lemma proceeds in two steps.
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Step 1. We first prove that the inequalities in (3.47) hold on Q/@_ U@.
Firstly, from Lemmas 3.1 and 3.2 we have 0 <c¢<¢,, and u, <u<2u(Q4) on 6@: U
QRQQ—-, R_<0on QQ_, and Ry <0 on QQ.

We next prove ]TLF \§@<0 and R_ < 0. Suppose that there exists a “first”

point @1 on Q@+ such that R_(Q1)=0 and R_ <0 on QQ;. Then we have 9L R_ >0
at Q1. While, as in (3.42), we have 0; R_ <0 at (1, which leads to a contradiction.

Thus R_ |Q/Q\+< 0. Similarly, we have R |Q/Q\_< 0.

t

Fic. 3.2. Global classical solution to the Goursat problem.

When A is sufficiently large, we have R | 0.~ 0and R_ >0. We next prove

‘aQT —_—
Ry |Q/Q\_>O and R_ |Q/Q\+>O. Suppose that there exists a “first” point @1 on Q@+
such that R_(Q1)=0 and R_ >0 on 6—@ Then we have 9y R_ <0 at @Q;. While,
as in (3.44) we have 0_R; >0 at @1, which leads to a contradiction. Thus we have

Ry |Q/Q\+> 0. Similarly, we have R_ >0. We then prove (3.47) on Cj@_ UCTQ\_.

o=
Step 2. Let P be an arbitrary point in the domain. The backward C; and C_ char-
acteristic curves issuing from P intersect QfQ\_ and CTQ\JF at some points P, and P_,
respectively. The backward trajectory line Cy issuing from P intersects 676—2: UC?Q\_ at

some point Py. We denote by (2p a closed quadrilateral domain closed by ]ﬁ, 17_?,,
QP_, and QP;; see Figure 3.2. As in the proof of Lemma 3.2, we know that if the
inequalities in (3.47) hold for every point in Qp \ {P}, then they also hold at P.

Therefore, by an argument of continuity we complete the proof of the lemma. 0O

By Lemma 3.4 we get an a priori C'! estimate of the solution to the Goursat problem
(1.5, 3.46). Thus, the existence of a global classical solution can be obtained by the
classical extension method (cf. Li [28]). We then have the following global existence.

LEMMA 3.5. The Goursat problem (1.5, 3.46) admits a global classical solution.
Since @@+ can be arbitrary, we obtain the solution in a domain {25 bounded by
characteristic curves Cf and C?. We then complete the proof of Theorem 3.1.

4. Axisymmetric isentropic Euler equations with swirl

4.1. Main result. In this section we consider the problem (1.6, 1.10). The
main result can be stated as the following theorem.
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THEOREM 4.1. Let

0= sup — and ¢,,= sup c(x).
T€[e,+00) C(éL‘) M z€le,+00)

Assume 1<y<5—2v/2 and there exist constants D€ (%,min{%,ﬁ}) and D' €
(D,%) such that

. L (y=Duz) _~y-1_ » 1\ (v=Dau(z)

/ D= "(z) < —|& p )T ME g
)+ (0 ) T ) < e )]+ (2 - 5) T (41)
for x€le,+00). Then when § and c,, are sufficiently small the problem (1.6, 1.10)

admits a global-in-time classical solution.

REMARK 4.1. It is easy to check that when ¢ and c,, are sufficiently small, the

following properties hold:
(S0) S <21 (v4+1)s.

Uy 2 21,‘1’ 9
(51) DI04 (B ]) e+ (59D -9 <o
(52) 0 - (3§ 2)CH1-2 > 0
(83) 2(1—%ar)C2— (3+2%)C+1- D20 5 0

(S4) |&(z)] - G2a () + (D - L)a=Lul@) W;;(fff) <0 for z € [e,+00);

(S5) |¢/(x)] — 5 @ () + D552 <0 for 2 €[, +00);

(S6) —|7(x)| - 32w (x) - WG ® 4 (€~ 1) 070D 5. for w e, +00).

Here, the constant

REMARK 4.2. From 1<+ <5—2v2 we have C>1+§.

4.2. Characteristic equations and decompositions for (1.6).  For smooth
flows, system (1.6) can be simplified to

U
putpuz +ups+ 2= =0,

2
e U

Uy +uuz+p— ——=0, (4.3)
p T

uv
v +uv, + — =0.
xr
The eigenvalues of the system (4.3) are
Ay=u+c, M=u, A_=u—c.

The left eigenvectors corresponding to Ay are Iy =(¢,%p,0). Multiplying (4.3) on the
left by [+ we get the characteristic equations
cou  pv?

cOrpEtplrtu=——=x—, (4.4)
x x
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where
O+ =0+ (utc)0,.

Inserting (3.4) into (4.4), we get

3+u:——6+c—%+vf,
-1 T
e 02 (4.5)
8716 = j67 +—+—
REMARK 4.3. From (4.5) we immediately have that the bound of |Vu| can be
controlled by the bounds of Ve, u, v, ¢, and %
LEMMA 4.1.  For the system (1.6), we have the commutator relation
1 U
0+0_—0_0+= ( e (3+c+3_c)x) (04 —0-). (4.6)
Proof. The proof is similar to that for Lemma 3.1, we omit the details. O
PROPOSITION 4.1. We have the characteristic decompositions
(y—1)v? ue c?
cd_ (8+c - ) W (Dsc+d_c)drc+ (2 3+c+ Ly o) =4 (0re—0c)
Lo ) ¢ (=Dt 3(7—1)cuv
x? 2x2 222 ’
cd (a 0+M) (D4ct+0_c)o_ c+( D_ct- a c)“C S Bre—0_0)
+ 2x 22 B + 2+ B
Lo ) ¢ (=1 _3(7—1)cuv
x? 222 222 '
(4.7
Proof.  Using the commutator relation (4.6) for the variable ¢, we have
040 c—cd_dre=——TL (@i ct0 ) Ore—0_c)— Lldre—0_c).  (48)
2(y=1) @
Using the commutator relation (4.6) for the variable u, we have
1 U
040_u—0_0 u= —W(3+c+3_c) — (Oyu—0_u). (4.9)
Inserting (4.5) into (4.9), we get
v+1 Y43 cu
c@+8,c+00,8+c:m(8+c+8,c) +?7(8+ —|—8 C)
2ut(y—1)  ce(y—1) cu cu
g (2 (5) +o-(T))]
=D, (N (v
2 [a+(x> a_(m)] (4.10)
Combining (4.8) and (4.10), we obtain
v —1)v? v+1 y+3)cu
Ca_ (8+c ( 2.’1:‘) > = 2(7 )(8+c+8 c)8+c+%(5‘+c+8_c)
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o000 (%) 0. (2)

Au?(y—1) c(y—1) v? v?
— — _(— - 4.11
* 212 4 [8+(a:)+a (x)} (4.11)
By a direct computation, we have
v? v? 2v 2uv? 6uv?
Oy | — |+0-|— )=—(0 O_v)— = 4.12
() (5)=Fowron-tEts A
and
cu cu U 2c 2cu?  2cv?
00 () +0- () = 2(0re+0-0)— o (Bpe=Dc) = -+ T (413
+ LI,‘ + z JJ( e+ C) (’7—1).’1,‘( +C C) 72 + 2 ( )
Inserting (4.12) and (4.13) into (4.11), we get the first equation of (4.7). The second
equation of (4.7) can be proved similarly. This completes the proof. O

It is convenient to write (4.7) in the form

dic  (y—1)02 1 s0r¢c 0_¢\Oyc /301c 10_c\u
8_ _— = — — _— ) _— _— ) =
(c 2cx ) 2/},2(C+ c) c+(2 c+2 c)x
c (Oyc O_c\y (y—Du?2 (y—1)?
2m( c c )+ x2 222
3(y—Duwv? 0,c0_c (y—1)w%0d_c
222 2 + 2cx ¢
d_c (=12 dyc  D_c\ 0 B o 14
_c¢  (y—1)v 1 L c _c\ 0_c 30_c 104c\u
8 _— _— = — — _— ) _— _— ] =
+(c+ 2cx ) 2u2(c+c)c+(20+20)x
c (Oyc O_c\y (y—Du? (y—1)?
+2x( ¢ ¢ )+ 22 222
3= 1)uv? _04c0_c (y— Dv? dyc
2cx? c? 2cx c
We define
0 —1)v? C(y—-1 0_ —1)v? C(y—-1
W+:ﬁ_(7 Jv . (v=Du W_:70+(7 Jv n (v=Du (4.15)
c 2cx T c 2cx T
Then by (4.14) we have
8+W_ :bHWE —I—b12W+W_ +bisW_ —|—b14W+ +b15, (4 ]_6)
O_ Wy =y W2 + boo W W_ +bog W +bag W_ +bas, '
where
v=3, 1 l.e (y+1)v*)u
D S SV R O A e 41
bus { 2 C+2 (2 2)u 4eu z’ (4.17)
by — ﬁc+1+(gc_1)f+w u (4.18)
2 2 2 27w deu x’ '

b15{2C23C+120(1C) +(~yc2)”2}(7_1)u2 (4.19)

¢
u cu x2
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and
) c v?) (y—1)u?
bos =14 2C"=3C+1+2C(1-C)~ —(1C~2)— p —5—. (4.20)
u cu T
We define
- —1)2 D(y-1 —~ 0 —1)v? -1
W+:%_(7 Lt O S 1 G L o L (4.21)
c 2cx T c 2cx 2x
Then by (4.14) we have
{8+/W7_ 21311/‘/173 +1A)12/V[7+W_ —l—émﬁ/\— +614/W++i7157 (4.22)
C(LWJr = Ezlwf + 522W+Wf + ZA723W+ + 824W7 + 3257
where
. y—=1 ¢ (y+1)v2\ u
Dia— S O e/ (e 4.2
1 { 4 2u deu x’ (4.23)
3 1 l.e (y+1)v*)u
=D (2D D) b — 4.24
ba4 { 2 +2+( 2)u+ 4eu z’ (424)
. 1—7 y+1 1 D 3. ¢ y/y+1 3y—17\v?) (y—1)u?
blS_{ T Pt 1t 4)u+( 1 P )cu = (4%
and
y+1_o y+7 3 D 1l.c (1-3y =15\ 02\ (v —1)u?
— DP——— D4+ (=—+ ) (—D-L— ) — > — . (4.2
bas { 2 4 +4+(2+4)u+( 4 8 )cu 2 (426)

REMARK 4.4. From % <D<min{%,ﬁ , (S0), and (S1), we have that if 0 <c<e¢

U > Uy, and % < then 1314 >0, 324 >0, and 825 <0. Meanwhile, if 0 <c<c¢,,, u>u,, and
2 ~
% <4 then % +5o+ % < 0. Thus by5 is decreasing with respect to D. Inserting

D:% into 515, we also have that if 0 <c<c,,, u>wu,, and %gé then 1315 <0.

M

4.3. Solution in domain 3.  Since (u,v,p)(x,0) = (uo,0,p0) for 0 <z <g, the
solution in the region € is the self-similar solution (u,v,p)=(4(t/x),0,5(t/x)), where
the function (@,p) is the solution to the Riemann problem (2.3, 2.4). Moreover, from
Lemma 3.1 we also have that the solution satisfies (3.26).

We first consider (1.6) with data

(u,v,¢)(x,0)=(a,v,¢)(x), e<z<r, (4.27)

where r > ¢ can be arbitrary.

LEMMA 4.2. Assume that the initial value problem (1.6, 4.27) admits a classical
solution in some domain. Then the solution satisfies

Wi<0, Wi>0, 0<c<c,, and u,<u<u(r)+1. (4.28)

Proof.  We shall prove this lemma by the method of continuity. The proof proceeds
in two steps.
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Step 1. From ¢ =~e% p7~! we have

2cct d 2cey
== al =Y.
PG Denpn2 P D)esopr2
Inserting this into the first equation of (1.6) we get

v—1 y—1cu
€t =—UCy = —o—Clig — —5— .

Hence,
_ _ gl
Orc=ci+ (utc)e, =Fce, —

and consequently

W+(.’I;,O) :E/(.’IJ)— %_1@/(1,)_’_ (D— %) (’7 i)a(w) _ (’Y;El(.);;x(x)
and
T o y—1, (7*1)@2(‘%)

Thus, by (S4) and (S5) we have

Wi(x,0)<0 for e<z<r.

Similarly, by (4.30) we have

W (0.0) = £0(0) - 2 (@) + (0 - 1) EDHD) O UT(),

Thus, by (S6) we have

Wi(z,0)>0 for e<ax<r.

845

(4.29)

(4.30)

(4.31)

(4.32)

(4.33)

(4.34)

(4.35)

Step 2. Let P be an arbitrary point in the domain. The backward C'y and C_ character-
istic curves issuing from P intersect the z-axis at some points P and P_, respectively.
The backward trajectory line Cj issuing from P intersects the z-axis at a point Py. We
denote by Qp a closed triangle domain closed by ﬁ, ﬁ, and P, P_. We are going
to prove that if the inequalities in (4.28) hold for all points in Qp \ {P}, then they also

hold at P. We shall prove this by the method of contradiction.

From W_ <0 in Qp\{P}, we immediately have 0_c<0 in Qp\{P}. Hence, we
have ¢<c¢,, at P. From Wi >0 in Qp\{P}, we have %>—@ on Qp\{P}.

Integrating this along ]%TP from Py to P, we have

z(P) )—C(v—l)

c(P) > c(Py) (m )

From the third equation of (1.6) we have

Oplnv=—0pInz.

(4.36)

(4.37)
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Integrating this along F/’073 from Py to P, we get

_z(R)
v(P) = TPO)U(PO). (4.38)

Combining (4.36) and (4.38) and recalling C = % and z(P)>x(F), we get

v? x(Py)\2-COr—1) o?
In view of (4.5), we have
- 2cW_ - 20W+ 1. 2uc
_u= o <0 and Jju= po— +(D 2) . >0 (4.40)

in Qp\{P}. Thus we have
Uy <u(Py) <u(P)<u(P-)<u(r)+1.

Suppose W_=0 at P. Then according to that the inequalities in (4.28) hold in

Qp\{P}, we have 8, W_>0 at P. While, by the first equation of (4.22) and Remark
4.4, we have

8+/W\_=(A)14/W\++i)15 <0 (441)

at P. This leads to a contradiction. We then get W_ (P)<0. Similarly, we have
W, (P)<0.

Suppose W_=0 at P. Then according to that the inequalities in (4.28) hold in
Qp\{P}, we have 0,W_<0 at P. While, using (S2), (S3), azc <0, and the first
equation of (4.16), we have

Cly—1
8+W_ > bl4u +b15
T ifb14<0'
Y+l (5, 3¢ \o,q_ 201 (= Du? ’
>{ 5—C (2+2%)c+1 u} >0 (4.42)
— 206y (v— 1)u?
8+W,>b15>{262—(3+2%)6+1—hcu | }(7 xQ)” >0 if by >0.

This leads to a contradiction. We then have W_(P) > 0. Similarly, we have W, (P) > 0.
We then prove that if the inequalities in (4.28) hold in Qp \ {P} then they also hold
at P. Therefore, by an argument of continuity we complete the proof of the lemma. 0O

From Lemma 4.2 we actually have that the solution satisfies
Wi<0, Wi>0, 0<c<ec,, —<94, and u>u,. (4.43)
c

This gives a CY norm estimate for (u,v,c) and a gradient estimate for c. The gradi-
ent estimate for u can be obtained by (4.5). In order to estimate |Vv|, we use the
commutator relation

090z — 0,000 = —Og u0,0.
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Inserting the third equation of (1.6) into this, we get

uv VO U

00(0zv) + <% +3zu) Oyt = — —

- (4.44)

T

Thus, the value of d,v can be obtained by integrating (4.44) along Cj characteristic
lines. The gradient estimate for v can be obtained by 0,v and the third equation of
(1.6). We then establish an a priori C! estimate for the solution. Thus, the existence of
a global classical solution can be obtained by the classical extension method (cf. Li [28]).
We then have the following global existence.

LEMMA 4.3. The Cauchy problem (1.6, 4.27) admits a global classical solution.
Moreover, the solution satisfies (4.43).

Since r > ¢ can be arbitrary, we obtain the solution in a domain 23 bounded by Cf
and the z-axis. Moreover the solution satisfies (4.43).

4.4. Solution in domain 2. Take any points Q4 and @_ on C’f and C?,
respectively. We now consider (1.6) with data

(4.45)

where =0 and (4,?,¢)(z,t) denotes the solution in Q3.
Problem (1.6, 4.45) is a Goursat problem. In order to obtain a global solution, we
need to establish an a priori C'! estimate of the solution.

LEMMA 4.4. Assume that the Goursat problem (1.6, 4.45) admits a classical solution
in some domain. Then the solution satisfies

Wi<0, Wi>0, 0<c<ec,, and u,<u<u(@Qi)+1. (4.46)

Proof. The proof of this lemma proceeds in two steps.

Step 1. We first prove that the mequahtleb in (4 46) hold on QQ+ UQQ_

By (4.28) we know that W, >0, W+ <0, & <5 and 0<c<cM on QQ+ By (4.40)
we know that u, <u<u(Q+)+1 on QQ+. By (3.26) we have W_<0and W_>0 on
RQ-.

We now prove W+ |/\<O and W_ < 0. Suppose that there exists a “first”

|QQ+
point @1 on QQ+ such that W_ (Q1)=0 and W_<0on Cj@ Then we have &:W, >0
at Q1. While, as in (4.41), we have Dy W_ <0 at @, which leads to a contradiction.
Thus we have W_ |Q/Q\ < 0. Similarly, we have W+ |QQ <0.

We next prove W, | @) Q,>0 and W_ > (0. Suppose that there exists a “first”

lQQ+
point @1 on CjQ\+ such that W_(Q1)=0 and W_ >0 on Q/Q\l Then we have 0, W_ <0
at Q1. While, as in (4.42), we have 0; W_ >0 at @1, which leads to a contradiction.
Thus we have W_ | aa: >0 Similarly, we have W |®j> 0.

Step 2. Let P be an arbitrary point in the domain. The backward C. and C_
characteristic curves issuing from P intersect Cjé)\_ and 676—2: at some points P, and
P_, respectively. The backward trajectory line issuing from P intersects Cj@r UC?Q\_
at some point FPy. We denote by Q2p a closed domain closed by E\P7 1@, QP_, and
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QP,. Then, as in the proof of Lemma 4.2, one has that if the inequalities in (4.46) hold
for every point in Qp \ {P} then they also hold at P.
Therefore, by an argument of continuity we complete the proof of the lemma. 0O

LEMMA 4.5. The Goursat problem (1.6, 4.45) admits a global classical solution.

Proof. This lemma can be proved by Lemma 4.4 and the classical extension
method. We omit the details. 0

Since Y+ can be arbitrary, we obtain the solution in a triangle domain 25 bounded
by C’f and C“. We then finish the proof of Theorem 4.1.

5. Axisymmetric non-isentropic Euler equations with swirl

5.1. Problem and main result. We now consider the problem (1.4, 1.7). Let

€(1,2) be a constant such that (7 1*1) =——. Then we have
1 T—r 3 1
S< <min{—,—} for 7, <7y <3. 5.1
2520y +1) ~+1'3—~ =T (5-1)

The main result is stated as the following theorem.

THEOREM 5.1. Let

v (x) o .
dy= sup ——=, = sup |zc§]|, and c¢,,= sup &(z).
z€[e,400) C(JC) z€[e,4+00) z€[e,+00)

Assume v, <7y < 5—24/2 and there exists a constant K € (1, %) such that

@ (@) + (”_;;f‘(””) <R (@) < e ()| + (K- %)w (5.2)

for x €le,+00). Then when &1, 02, and c,, are sufficiently small the problem (1.4, 1.7)

admits a global-in-time classical solution.
REMARK 5.1. Let }‘e( “/+1) ) min{%7 ﬁ}) be a constant. It is easy to check that

when §; and J5 and ¢,, are sufficiently small the following properties hold:
(HO) G <25t = B — i

(H1) L r+ 2t - 14 8200 o,

(H2) %5 3]-"+f— %2 (;

Ay,

1 7 1-3 =154 2F—1)0
(H3) %‘F2_%‘F+Z+<§+i>%+‘ 47‘/—_._78 ui,—’_( 8'yu)2<0;

(H4) 1ic2— (g+%%+%+g—;v)c+1—%>o;
(H5) 2(1— )2 (3+292)c+1- 220 5,

(H6) |&(z)]| - 52a (x) + (F — §)o=u@) _ (7;61();)296(””) + E(I)‘;Y/(x)l <0 for z € [g,+00);

(HT7) [&(z)| - G ' (v) + (’Ygél()f;(z) + E(r)‘;(z)l <0 for z € [g,400);

(H8) —|7/(a)] - 13 () — i) - Al g (¢ — ) Do) 0 for e [e,400),

where C = =1



5.2. Characteristic equations and decompositions for (1.4).

flows, system (1.4) can be simplified to

The eigenvalues of the system (5

Ay =u+tc,
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For smooth
U
2
Pe U
“t““‘”;_?_o’ (5.3)
Uy Fuvy +— =0,
T
St +us; =0.
.3) are
o=u, I_=u-—c.

The left eigenvectors corresponding to Ay are Ix = (¢, £p,0, %p%l ). Multiplying (5.3)

on the left by [+ we get the characteristic equations

c@ip:tpaiu:tpyessz:—@i&, (5.4)
x T
where
0r =0+ (u£c)0,.
From c? =~e*p?’~! we have
2c0rc—yp 10se®
Orp= P
Y(y—1esp?
Combining this with d1s=+cs,, we have
2p0 Vet
c0Lp= p icqimsm.
-1 v—1
Inserting this into (5.4), we get
2 2
Oru= Oyc+ < S ue U—,
) 2 oL g UV |
_u=——0_ Sp+—+—.
R RO Vi z
LEMMA 5.1.  For smooth flows, we have commutator relation
0,0 —0_0 L 0reta o)=L (0, -0) (5.6)
_—0_0y=|—=——=(0+c+0-c)—— —0-). .
+ + 20”2 + T +
Proof. The proof is similar to that for Lemma 3.1, we omit the details. |
LEMMA 5.2.  For the system (1.4), we have
S U Sy
80(2>:' 2 (5.7)
cr—1 T cy-1

where Oy =0y +udy.
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Proof. By (5.5), we have

000,58 =(000y — 02:00)8 = (O + 10z,) D8 — O (O + 10y ) s
(Oyc+0-¢c)sy

Thus, by dp = % we have

50( 82 >: 028— ;800 :%' l (5.9)

cv—1 cr—1 v—1 cy—1

71
This completes the proof. 0
PROPOSITION 5.1.  We have the characteristic decompositions
(y—1)0?% 2 1 3 1 uc
Ca_ <8+c— T — ﬂsw> = ﬁ(a+c+(‘3_c)8+c+ (§8+C+ 58_0)
c? (y=1Du?c®  (y—1)c??
+ %(8+C—8_C)+ .’E2 — 2.’1)2
3(y—1)cuv? _ cts, B Aus,
222 2vx  2vyx
B A(0yc+0_c)s,
2(y=1) 7
(y—1)v? 2 1 3 1 uc
Ca_t,_ (a_C+ T + ZS;C) = ﬁ(@+6+6_0)8_0+ (53_64— 584_0);
c? (y—1Du2c?  (y—1)c*0?
+ %(&rc—@_c)Jr .1'2 - 2.’132
30— 1)cuv? - ctsy  Ausy  A(0pc+0-_c)sy
22 2vx  2vyx 2(v—1)
(5.10)
Proof.  Using the commutator relation (5.6) for the variable ¢, we have
1 U
8+8_C—8_6+C: —W(a,_c—&-@_c)—; (8+c—8_c). (511)
Using the commutator relation (5.6) for the variable u, we have
1 U
8+3,u—8,8+u: —W(&rc—&-a,c)—; (6+’U1—87U> (512)

Inserting (5.5) into this, we get

v+1 2

_ 2o
ca+3,c+ca,8+0—2@_1)(8+c—|—8,c) + . (Oyc+0_c)+

(5+c— 870)

C
T

(7;1)03+ <7(0728—11)> " (7;1)68_ (V(C'vzs—ml))

c* 2(v—1)c2u? —1)cv?
~ St (v 2) (=1

T x2

7(7—271)0(% <f>+(7_21)ca_ (f) (5.13)
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Combining (5.11) and (5.13), we get

cO_ (6+c— M ¢ S )

20 % *
o+l 3 1 uc  c? (v —1)u?c?
=3 -1) (8+c+8,c)8+c+(2(9+c+ 2870) . + 57 (Oyc—0_c)+ 2
B (771)2021)2 (=1 {34_ < s, > +a. ( s, ﬂ
2z 4 Y(v-1) v(y-1)
(v=1)c v? v? ct
A T voo (2] - s, 14
4 O+ T +0 z 273:8 (5-14)
By (5.8), we have
v? v 20 2uv? 6uv?
R B e s ) — = 1
00 (D) +0- (D)=L (00 40.0) - 25 =% (5.15)
and
s s 2c 2¢2
0 <z>+5‘_ T )= Orc+0_c)sy+————5;. 5.16
AR Crceey) LR T L
Inserting (5.15) and (5.16) into (5.14) we get the first equation of (5.10). The second
equation of (5.10) can be proved similarly. This completes the proof. O

It is convenient to write (5.10) in the form

o (% (-1« )=y (B 0y Bee (B0 10-eyu

c 2cx 2y :ﬁ c c 2 ¢ 2 ¢c/x
i(g_g)m—w_w—w
2z \ ¢ c x? 2x2
3(y—1)uw? 34_08_0_'_(771)1)2% &
2ca? c2 2cx c 2’yxsx
cu €Sy O0_c c (3+c 8_c>
—— Syt ——— ——— [ — + — ) 54,
2v x 2y ¢ 2v=D1\ ¢
o_c (y=1)0% ¢ 1 s04c 0_c\O_c 30_c 104c\u
LT
+c—i_Qca: +28 2/,LQC+C c+26+26x
+i(%_g>+(v—l)u2_(v—1)v2
2z \ ¢ c x? 222
B 3(y—1)uv? ~ O4c0_c (y—1)v? Osc i
2cx? c2 2cx c  2yx °
cu  _CsaOyc  c (% %)5
2vax " 2y ¢ 20y—-1)\ ¢ *
(5.17)
We define
Z+:8+C_(7_1)U2_CSJ C(V—l)u’ Zﬁ_g_’_(v—l)ﬁ_’_c% Cly—1u
c 2cx 2y T c 2cx 2 T
(5.18)
Then by (5.17) we have
3+Z— :dllzz +d122+Z_ +d13Z_+d14Z++d15, (5 19)
3_Z+:dglz?i_—|—d22Z+Z_—|—d23Z+—|—d24Z_—|—d25, '
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where
=3, 1 l.e (y+1)v? a8, clu
du=1"2cy- (¢S T T Ll 2
14 { 2 C+2 (2c Z)u 4deu Jr4'y ulfz’ (5-20)
=3, 1 l.e (y+1)v? s, clu
S S N % S U W ? Ll ) et 21
a4 { 2 C+2+(C 2)u+ 4eu 4y uf a2’ (5:21)
2 -1 2
d15:{2C2—3C+1—2C(1—C)C+(7C—2)U}w, (5.22)
u cu x
and
2 (y—1Du?
cu x
We define
5 _O0rc (=D ¢ Fly-lu 5 O (y=1)* c  (y=Du
Z+= c 2cx 2781+ T » 4= c + 2cx +2781+ 2r (5.24)

Then by (5.17) we have

§+C§13%+aj14%+ +C§157 (5.25)

8+2, = 621123 +(i122+
_+desZ i +dosZ_ +dos,

0- Z+ = 62212% + CZ222+

where
e -
c224={7;3f+;+(2f—;)2+w—“Z”-Z}Z, (5.27)
0215:{1;’Y7+’%8|—1_i+(~§_i)z+(71'1f+37;17)i} (7;;)112
(01 cJo- s
and
o= {2 e G i (R ) R
e ot
REMARK 5.2.  From (v+1) < F <min{ 2~ Eak= w} and (HO)—-(H3), we know that if

2 ~
0<c<cey, u>uy, % <01, and |zcs,| <dp then d14>0, doy >0, di5 <0, and doz < 0.
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5.3. Solution in domain Q3.  Since (u,v,p,s)(z,0) = (uo,0,p0,80) for 0 <z <e,
the solution in the region €5 is the self-similar solution (u,v,p,s) = (a(t/x),0,p(t/x),s0)-
Moreover, the solution satisfies (3.26).

We first consider (1.4) with data

(u,v,¢,8)(z,0)=(u,0,¢,5)(x), e<x<r, (5.30)

where r >¢ can be arbitrary.
LEMMA 5.3.  Assume that the initial value problem (1.4), (5.830) admits a classical
solution in some domain. Then the solution satisfies

Z.<0, Zi>0, 0<c<c,, and u,<u<u(r)+1. (5.31)

Proof. 'We shall prove this lemma by the method of continuity. The proof proceeds
in two steps.

Step 1. From c? =~e*p?~! we have

_ 2cey —'yespvflst 2ccy — ’yespw’lsz
P Despr 2

Inserting this into the first equation of (1.4) and using the fourth equation of (1.4), we
get
v—1 vy—1cu

r———. 5.32
cu 5 ( )

Hence, we have

-1 -1
aic:ct—l-(u:l:c)cz:iccz—%cux—(%)ﬂ. (5.33)
x

Consequently, we get

= - —Da(x —1Do%(z)  é(x)d(x
Z+(x,0):é’(:r)—%1ﬂ’(x)+(.7-"—1)(W Du(z) (y—Dv¥(z) ¢&(z)s'(z) (5.34)

and

5 IR et S (y=1v*(z) | c(@)5'(2)
Z_(x,0)=—¢ (z)—Tu (x)+ 2ew)r e (5.35)

Thus, by (H6) and (H7) we have

Zi(2,0)<0 for e<z<r. (5.36)
Similarly, by (5.33) we have

2 (2,0) =+ (z) VT”a’(zH (c-L

T . (5.37)

Thus, by (H8) we have

Zy(x,0)>0 for e<a<r. (5.38)
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Step 2. Let P be an arbitrary point in the domain. The backward C;. and C_ character-
istic curves issuing from P intersect the z-axis at some points Py and P_, respectively.
The backward trajectory line issuing from P intersects the z-axis at some point Py. We
denote by Qp a closed triangle domain closed by f/’+73, f/’_TD, and P, P_. We are going
to prove that if the inequalities in (5.31) hold for all points in p\ {P}, then they also
hold at P. We shall prove this by the method of contradiction.

From (5.7) we have

doln <3m> —dpIna. (5.39)

cr1

Integrating this along F/’OTD from Py to P, we get

52(P) _ s2(Bp)  x(P)

T (P) 1 (Ry) @(Po)’ (5.40)

Since Z4 <0 in Qp\{P}, we have % <—(§+i)w in Qp\{P}. Integrating
this along Py P from Py to P, we have

2(P)\~(F+D0-1)
(P) < c(Py) (z(PO)) >0. (5.41)
From F > ﬁ we have 2— (£ +1)(v+1) <0 and z(P)>z(P). Then we obtain
2(P)\2-(F+1)(+1)
(xesy)(P) < (zesy)(FPo) (x((Pg))) o < ds. (5.42)
As in (4.39), we get
v2 2(Py)\2-COr=1) o2
—)(P — ) (Po) < d1. 4
(c)( )<(x(P)) (c)( b) <41 (5.43)
In view of (5.5), we have
27 202+ 1, 2uc
Cue __ Ly 44
U 771<O and Oyu o (F Q)x >0 (5.44)

in Qp\{P}. Then we have
Uy <u(Py) <u(P)<u(P-)<u(r)+1.

Suppose that Z_=0 at P. Then by the assumption that the inequalities in (5.31)

hold in Qp\ {P}, we have 8, Z_ >0 at P. While, by the first equation of (5.25) and
Remark 5.2, we have

0. 7_=d14Zy+dis < 0 (5.45)

at P. This leads to a contradiction. We then get Z,(P)<O. Similarly, we have
Z.(P)<O.
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Suppose that Z_ =0 at P. Then by the assumption that (5.31) holds in Qp\ {P}
we have 04 Z_ <0 at P. While, by (H4), (H5), and the first equation of (5.19), we have

d14C(’}/ - ].)U
T

0, Z_> +di5

1 5 3 P 26 —1)u?
> ic2—(7+—cﬂ+ 2 )c+1f71 O=D% o i a <0
2 2 2w, | dyu, Uy x?

and

>0 if dia>0.

2 Cyu
_ M _
8+Z >d15>{26 (3+2 )C—I—l

Uy Uy

[yC— 26, } (y—1u?

2

This leads to a contradiction. We then have Z_(P)>0. Similarly, we have Z, (P)>0.

We then prove that if the inequalities in (5.31) hold for every point in Qp\{P},
then they also hold at P. Therefore, by an argument of continuity we complete the
proof of the lemma. O

From Lemma 5.3 we actually know that the solution satisfies
Zy<0, Zy>0, 0<c<c,,, —<d, |zesy|<dy and u>uy,. (5.46)
c

This gives an a priori C° norm estimate for (u,v,c) and gradient estimates for ¢ and s.
The gradient estimate for « can be obtained by (5.5). Like (4.44), one has

Bo(8uv) + (g —&—@cu) fp= W0 VOzu

2 x

(5.47)

The gradient estimate for v can be obtained by d,v and the third equation of (1.4). We
then establish an a priori C! estimate for the solution. Thus, the existence of global
classical solution can be obtained by the classical extension method (cf. Li [28]). We
then have the following global existence.

LEMMA 5.1. The Cauchy problem (1.4, 5.80) admits a global classical solution.
Moreover, the solution satisfies (5.31).

Since r>¢ can be arbitrary, we construct the solution in a triangle domain 23
encircled by C’f and the z-axis. Moreover the solution satisfies (5.46).

5.4. Solution in domain ). Take any points Q4+ and @_ on C’f and C’?,
respectively. We now consider (1.4) with data

{(a,@,m)(t/x) on QQ_;
(u,v,¢,8) = o
(11,17,6,5)(30,75) on QQ+7

where =0, §= s, and (@,7,¢,8)(x,t) denotes the solution in Qs.

Problem (1.4, 5.48) is a Goursat problem, and the existence of a local C! solution
is known by the method of characteristics. In order to extend the local solution to a
global solution, one needs to establish an a priori C' norm estimate of the solution.

(5.48)

LEMMA 5.2.  Assume that the Goursat problem (1.4, 5.48) admits a classical solution.
Then the solution satisfies

2i<0, Zy>0, 0<c<e,, and u,<u<u(Qi)+1. (5.49)
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Proof. The approach to proving this lemma is similar to that of Lemma 4.4, we
omit the details. 0

From Lemma 5.2, (5.5), and (5.47), one can get an a priori C* norm estimate of the
classical solution to the Goursat problem (1.4), (5.48). Then by the classical extension
one gets the following global existence.

LEMMA 5.4. The Goursat problem (1.4, 5.48) admits a global classical solution.

Since )+ can be arbitrary, we obtain the solution in a triangle domain 25 bounded
by C_(‘B and C?. Then we complete the proof of Theorem 5.1.
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