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GLOBAL DYNAMICS IN A CHEMOTAXIS MODEL DESCRIBING
TUMOR ANGIOGENESIS WITH/WITHOUT MITOSIS IN
ANY DIMENSION*

JIAWEI CHU', HAI-'YANG JINf, AND TIAN XIANGS

Abstract. In this work, we study the following Neumann-initial boundary value problem for a
three-component chemotaxis model describing tumor angiogenesis:

ut=Au—xV- (uVv) +&6 V- (uVw) +ula—pu?), z€Q,t>0,

v =dAv+&V - (vVw)+u—w, zeN,t>0,
0=Aw+u—1u, [w=0, ﬂ::ﬁfﬂu, z€N,t>0,
o o o

Se=Gr=Cgw_y, z€dN,t>0,
U(I,O)Zuo(ﬁ), U(I,O)Z’Uo(l'), IGQ,

in a bounded smooth but not necessarily convex domain QCR™(n>2) with model parameters
£1,62,d,0 >0,a,x,u>0. Based on subtle energy estimates, we first identify two positive constants
&o and po such that the above problem allows only global classical solutions with qualitative bounds
provided one of the following conditions holds:

8+2n 2
(1) &> (2)0=1, uZmaX{L X 5t }uox“”; (3) 6>1,u>0.

Then, due to the obtained qualitative bounds, upon deriving higher order gradient estimates, we show
exponential convergence of bounded solutions to the spatially homogeneous equilibrium (i) for u large
if >0, (ii) for d large if a=p=0 and (iii) for merely d >0 if x=a=p=0. As a direct consequence
of our findings, all solutions to the above system with x =a=p=0 are globally bounded and they
converge to constant equilibrium, and therefore, no patterns can arise.
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1. Introduction and statement of main results
To describe the branching of capillary sprouts during angiogenesis, Orme & Chap-
lain [32] proposed the following reaction-advection-diffusion system

ur=di Au—xV-(uVv)+£6 V- (uVw),
vy =da Av+£V - (VVw) +au— o, (1.1)
wy = dgAw +yu — dw,

with positive parameters dy,ds,ds, x,&1,€2,5,0,a,7, where u,v and w denote the density
of endothelial cells (ECs), adhesive sites, and the matrix (including fibronectin, laminin,
and collagen IV), respectively. Different from the classical mathematical models of tu-
mor angiogenesis with chemotaxis as the principle mechanism of cell motion ([8, 36]),
the model (1.1) was proposed based on the experimental observations that during an-
giogenesis process ECs secrete a matrix consisting of fibronectin, laminin and collagen
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IV [34] and the movement of ECs is affected by the distribution of adhesive sites on
this matrix. More specifically, the following two processes are essentially incorporated
n (1.1) (see [32,34]):

ECs secret matrix and adhesive sites;

The spreading of matrix with the convection of ECs and adhesive sites with it.

That is, the movement of ECs is governed by a combination of random motility, chemo-
taxis and convection.

Before proceeding to our motivation and main results, we first recall some most
relevant results to the system (1.1) under homogeneous Neumann boundary conditions
and nonnegative initial data (IBVP).

(i)

(i)

&1 =& =0: In this case, the first two components of (1.1) reduce to the well-
known classical (minimal) Keller-Segel chemotaxis model:
ur=d1Au—xV - (uVv), (12)

=doy Av+ au— P,

whose solution behaviors have been extensively studied in various perspectives
in the past five decades including boundedness, blow-up, large-time behavior
and pattern formation. One can find more details from survey articles [5,6,10]
and the references therein. More precisely, the boundedness and blowup of
solutions for (1.2) have been established in two or higher dimensions [11,31,41,
43] based on the following Lyapunov energy functional:

gl(u?v):dl/ulnu—x/uv_FﬁX/ Xd2/|V |2
Q2 Q

£5=0: This case means that the convection effect of matrix on the adhesive
sites is neglected, and then the system (1.1) reduces to the following widely
studied attraction-repulsion Keller-Segel (ARKS) model

up=d1Au—xV-(uVv)+& V- (uVw),
v =do Av+ au— v, (1.3)
wy = d3Aw +yu—dw.

The ARKS model (1.3) has been proposed to describe the aggregation of Mi-
croglia in Alzheimer’s disease in [28] and to describe quorum effect in chemo-
taxis [33]. In one-dimensional space, the existence of global boundedness of
classical solution [14,27] and time-periodic patterns as well as steady states
patterns [25] were established. In high dimensional spaces (n>2), it has been
found that the sign of © :=ds&;v —dsxa plays an important role in determining
the solution behavior of (1.3). More precisely, if © >0 (i.e., repulsion dominates
or cancels attraction), the 2D fully parabolic ARKS model [13,26] or higher D
parabolic-elliptic-elliptic simplification of the ARKS model [40] admits only
global bounded solutions. However, if © <0 (i.e., attraction prevails over re-
pulsion), based on the availability of Lyapunov functional, 2D critical and 3D
generic mass blow-up phenomenon have been detected (see [9, 15,20, 21] for
more details). Recently, in the repulsion dominated case, i.e, © >0, the global
stability of constant steady state has been studied in [16,23].
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(iii) &;1,£2 > 0: Due to the strong coupling of chemotaxis and convection in a cascade-
like manner, which increases the complexity of mathematical analysis, the Lya-
punov functional as constructed for the system (1.3) does not work anymore.
To the best of our knowledge, the existing results on the system (1.1) seem
at a rather rudimentary stage: in one-dimensional space, the global existence
of classical solution was very recently established in [22] based on semigroup
estimate technique. Furthermore, based on an appropriate energy functional,
the 1D bounded solution was shown to converge to constant steady state un-
der some restrictions on the model parameters like &, being small [18]. Very
recently, for a parabolic-parabolic-elliptic simplified model in a bounded convex
domain QCR"(1<n<3), Tao & Winkler [39] used a Moser-type iteration to
derive the global boundedness of classical solution for large & without qualita-
tive information.

In summary of the above related results, some interesting questions naturally arise:

(Q1) Tt follows from [39] that large repulsive convection prevents blow-up phe-
nomenon in <3D (lower dimensional) conver domains. Hence, it is natural
to ask whether or not large repulsive convection can prevent blow-up of solu-
tion in any dimensional bounded smooth but not necessarily convex domains.

(Q2) In one-dimensional space, due to nice Sobolev embeddings, a small £ (€ (0,1])
-independent upper bound of solution is available. This makes the small &o-
global stability toward constant equilibrium possible [18]. However, in higher
dimensions, solution bounds typically depend on & (actually with a complex
relation containing & and its inverse &5 *, cf. (1.7) and (1.8) for instance), and
thus the method used in [18] does not work anymore. Hence, it is challenging
to study long-time dynamics of bounded solutions in higher dimensions.

(Q3) Although there may be no significant increase in the rate of ECs mitosis during
the first stages of angiogenesis, the mitosis occurs after the first spouts have
formed [32]. Moreover, cell division also plays an essential role when repairing
and remodelling of large wounds [34]. Thus, it is interesting and practically
needed to explore the effect of mitosis for the system (1.1).

To study the impact of convection more deeply and to provide relatively complete
answers for the three questions above, for simplicity and clarity, based on the assumption
that matrix diffuses much faster than adhesive sites and endothelial cells, we shall use
a quasi-stationary approximation procedure as in [12,42] (& =w —w, and then the w-
equation becomes d:;lu?t :Au?—i—vdgl(u—ﬂ) —5d§1121; then assuming + has the same
order as d3 and J has lower order than ds, and finally, sending d3 — oo and dropping the
tilde notation) to arrive at the following version of parabolic-parabolic-elliptic problem:

ug=Au—xV-(uVv)+£& V- (uVw)+u(a—pu?), x€Q,t>0,

ve=dAv+ &V (vVVw)+u—w, €N, t>0,
0=Aw+u—1u, [qw=0, a::ﬁfﬂu, reN,t>0, (1.4)
Gu—Gv—Jw_, x€0Q,t>0,

u(z,0) =up(x), v(z,0)=vo(x), req,

where 2 CR" is a bounded domain with smooth boundary. Here we keep the parameters
X,€1,&2 as above and simplify other parameters in an obvious way, for convenience. The
kinetic term u(a— pu?) with a,p>0,6 >0 is incorporated to exhibit the effect of ECs
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mitosis. We shall henceforth assume that
(u0,v0) €CO(Q) x W with ug>0,v9>0, and ug Z0. (1.5)

Then our main findings on qualitative boundedness and convergence are stated as fol-
lows.

THEOREM 1.1 (Qualitative boundedness).  Let QCR"(n>2) be a bounded and
smooth domain, the model parameters £1,€2,d,0 >0,a,x,1 >0, and, let the initial datum
(uo,v0) satisfy the regqularity (1.5). Then there exist positive constants & and po (cf.
(3.61) and (3.62) for details) depending on d,&2,m,uq,v0,9 such that the IBVP (1.4)
admits a unique global classical solution provided one of the following conditions holds:

8+42n

b (1) 51 Z&OXz; (2) 9:17 MZHI&X{]., Xﬁ}ﬂoxﬁ; (3) 9>]~7/J’>0
Moreover, the global solution is qualitatively bounded in the following way:
()l + () llwree +lw (-, 8) [wree < M, vt >0, (1.6)

where, up to a multiplier depending only on n,ug,vy and §2, the positive constant M
is explicitly expressible in terms of the model parameters d,a,0,x1,£1,82, 1, see Lemmas
3.1, 3.5, 3.6 and 3.7. In particular, the qualitative bounds for ||v||L~ and |Vw| e,
crucial to derive large-time behaviors of bounded solutions for (1.4), are bounded as
follows:

(1+é) (1+£z+(§)%£§+%), if p=0,
o)z~ < Ko 1y5 4 1 141 1y2ro1yd 4 - 1.7
1+ +4) 1+ Dre+HER) el ), a0, 17
*M07
and
2(n+1)\ ;-1 21 71-n c T
IV (-,t)|| e < Ko (1+(1+dQM0 )d X2M] +Ml(n)> . (1)

where K;(i=1,2) depend only on n,ug,ve and Q, Mf(n)=M¢ is defined by

gla Zf/j/:()? fl 2§0X27
. 8+2n 2
ME(n) =4 Mu(1), if6=1, u>maX{1, X o }uox“m (1.9)
(6-1) 1 21 M
MM@*‘@ [(1+ 725 ) (1 + Mo&a) Mox?] s if 0>1,u>0,
=1

the function M, and the symbol do=dlq, with 1o being the indicator whether ) is
non-convez, are defined by

)é) (l)nT-H’ dg:dlg:{o’ if Q is conver, (1.10)

d, if Q is non-convex.

REMARK 1.1. When QCR! is an open interval, using simpler arguments than those
of [18,22], one can easily obtain global boundedness without any parameter restrictions.
For fixed parameters and initial data, we also mention that the infimums of &, and pg
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depend indeed on % instead of n, see Lemma 3.6; this is comparable to the widely known
L% *-criterion [6,44]. Moreover, we note that the upper bounds for ||v|| . and || Vw|| -,
cf. (1.7) and (1.8), are bounded for large d and, in particular, it can be non-increasing
in d in the case that 2 is convex. This makes the study of global stability possible in
the case of a=p=0. Finally, we remark, when =1 (resp. 6> 1), our boundedness
holds for any & >0 as long as (2) is satisfied (resp. pu>0).

Thanks in particular to the qualitative bounds for ||v|| L and ||[Vw]| L~ in (1.7) and
(1.8), upon successfully deriving higher order gradient estimates, we are able to prove
convergence and exponential convergence rate of bounded solutions in the following
ways.

THEOREM 1.2 (Global stability). The global bounded classical solution (u,v,w)
obtained from Theorem 1.1 enjoys the following convergence properties:

(C1) In the case of a=pu=0, there exists do(x)>0 with do(0)=0 depending on
n,u0,v0,£1,82,x such that whenever d>dy(x) with x>0, the global bounded
solution (u,v,w) converges uniformly to (to,uo,0):

[u(-t) = ol +[Jo(-,8) = tol[Le +[[w( D) [wre =0 as t—=o0.  (1.11)

If, in addition, d> do(x), the above convergence is exponential: for some K3,( >
0,

lu(-,t) =g || Lo + [v(-,t) — o || Lo + [|w(-,t) lyree < K3e™¢F, VE>0. (1.12)

(C2) In the case of a,u>0, let Cp denote the Poincaré constant defined by

C’;innf{/|Vw|2:/w:0,/w2=1} (1.13)
Q Q Q

and let
dx?+d*C2&+C2¢32
Az) =X pSitCytar (1.14)
2d?a"e
Then, whenever
,u>maX{Ag (supM(?), A¥m ( sup (Mg,uuen))}, (1.15)
p>1 0<p<1
the solution (u,v,w) converges exponentially to ((%)%,(%)%,0): for some Ky4,n>
0,
a. 1 a., 1 —nt
Hu(',t)*(;)" [z~ + ||”U('at)*(;)9 [z +[[w(t) [lwree < Kqe™™,  VE>0.
(1.16)

In the above texts, the positive constants K;(i=3,4),(,n depend on
n,ug,v0,$2,d,a,0, x1,£1,&2,1t; we also have used the following short notations like

50l = [ stera ) " ([iseor) '
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REMARK 1.2.

(i) Compared to the global boundedness in [39], we first remove the technical
assumption that 2 is convex, and then we provide more qualitative information
by digging out the dependence of solution upper bounds on the involving model
parameters. Lastly, we extend lower dimensional spaces to any dimensional
ones.

(ii) Even though we cannot apply the arguments in [18] to obtain large-time be-
haviors of bounded solutions in that fashion, due to especially the qualitative
bounds for ||v||p~ and [[Vw| g~ in (1.7) and (1.8), upon successfully estab-
lishing higher order gradient estimates, we are able to show convergence and
exponential convergence of bounded solutions in qualitative ways.

As a direct consequence of our main results, we obtain unconditional boundedness
and convergence to constant steady states of (1.4) with y=a=pu=0.

COROLLARY 1.1.  All solutions (u,v,w) to the IBVP (1.4) with x=0 are globally
bounded. Moreover, if a=pu=0, they converge exponentially to (ug,uo,0) as t— oo.

It can be easily seen from Theorem 1.1 that the dynamics of (1.4) with small & >0
or simply & =0 remain largely open. We shall leave this as a future project.

In the rest of this section, we outline the plan as well as main ideas of this article.

In Section 2, we first state the local well-posedness and extensibility criterion and
then derive some basic properties for (1.4). Next, we extend the interpolation-type
inequalities in [39, Lemma 4.2] to general setting in Lemma 2.4. Finally, we collect
some abstract functional inequalities including well-known smoothing LP-L? estimates
of the Neumann heat group in €2, etc.

In Section 3, we aim to show the proof of qualitative boundedness in Theorem 1.1.
Our subtle analysis, inspired from [39], begins with the qualitative control of ||v| L~ via
Moser-iteration in a careful manner, c¢f. Lemma 3.1. Then, thanks to the generalized
interpolation-type inequalities in Lemma 2.4, under one of the conditions in Theorem
1.1 and upon some skillful treatments, we successfully establish a key ODI (ordinary
differential inequality) for the time derivative of the coupled quantity |lul/%, +[Vv||%k,
for some k>mn/2, which allows us to derive qualitative bounds for ||u||pr + || Vv|| 2, cf.
Lemma 3.5. Thereafter, with subtle analysis via semigroup estimates, elliptic estimates
and Sobolev embeddings, we finally conclude the desired uniform-in-time qualitative
bounds as stated in (1.6).

In Section 4, we proceed further to derive Schauder-type estimates of u and L?"-
estimate of Vu so as to study long-time dynamics of bounded solutions to (1.4). Since
both the u- and v-equation in (1.4) have cross-diffusions, the derivation of boundedness
of ||[Vul| 2» becomes lengthy and technical. Roughly speaking, motivated by [24, Section
3.3], we first establish an ODI for the time evolution of the coupled quantity ||u%.+
|Av||2, to obtain a bound for ||Av||z2. And then, we directly derive an ODI for || Vu||3.
so as to obtain a bound of ||Vu||rz. This enables us to handle the emerging boundary
integral and thus allows us to derive an ODI involving ||Av||?%, for the time derivative
of |Vu||?%,. Finally, applying the widely known maximal Sobolev regularity to the
v-equation in (1.4), we obtain the boundedness of ||Vu|| f2n, see Lemma 4.2.

With qualitative bounds in Section 3 and enhanced regularity properties in Section
4, in Section 5, we aim to study the large-time behavior of bounded solutions to (1.4). In
the absence of ECs mitosis (a=p=0), based on the important fact that upper bounds
of ||v]|p~ and ||Vw| L~ are bounded for d away from zero (cf. (1.7) and (1.8)), for d
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suitably large, we deduce a Lyapunov functional for the coupled quantity

/uln?—!—z/|Vv|27
o u 2Jg

which enables us to derive the L2- convergence and decay rate of (u— g, Vv) to (0,0).
Then using the Gagliardo-Nirenberg inequality together with the enhanced regularity of
(u,v) and standard elliptic estimates, we achieve the convergence properties of bounded
solution (u,v,w) as in (1.11) and (1.12) of Theorem 1.2, see details in Section 5.1.

The convergence analysis for the case a,u >0 follows in a similar manner. Indeed,
for p satisfying (1.15), we are able to derive a Lyapunov functional for the coupled
quantity

u bx? 9 _a
/Q(u—b—blng)—&-ﬂ [(w=b? b= (1,

=

which yields the key starting L?-convergence of (u—b,v—b) to (0,0). Then we can
easily use the Gagliardo-Nirenberg interpolation inequality to lift this L2-convergence
to L*-convergence. Finally, the convergence property of w follows from the elliptic
estimate applied to the w-equation in (1.4), thus achieving (1.16) of Theorem 1.2, see
Section 5.2 for details.

2. Local existence and preliminaries

In the sequel, the integral [, f(z)dz and | f||1r(q) will be abbreviated as [, f and
|| fllLe, respectively. The generic constants ¢; (defined within the proofs of lemmas) or
C; (defined in the statements of lemmas) for i=1,2,---, depending on n,{2 and the initial
data ug,vg but they are independent of ¢ and of the model parameters x,&1,&2,d, 1, will
vary line-by-line. The existence and uniqueness of local solutions of (1.4) can be easily
shown in a fixed-point theorem framework by means of the Amann’s theorems [3,4] and
the parabolic/elliptic regularity theory, as similarly demonstrated in [18,22,39,42].

LEMMA 2.1 (Local existence). Let QCR™(n>1) be a bounded and smooth domain, the
model parameters x,&1,€2,d>0,a,1,0 >0, and, let the initial data (ug,vo) satisfy (1.5).
Then there exist a mazimal time Tyaq € (0,00] and a unique triple (u,v,w) of functions
with u and v positive which solves (1.4) classically on Qx (0,Tynqaz), and satisfies

€ CO(QX [0, Tnaz)) NC>H Q2 % (0, Thnae)),
V€ MpsnC?([0, Trnaz ); WHP(Q)NCHH(Q % (0, Trnaz),
w € C?0(Qx (0, Thnaz))-

Moreover, if Tpnar <00, then, for any p>max{n,2},

i sup{lfu(0)lz 4 [o(-0) o} = co. (2.1)

max

LEMMA 2.2 (Young’s inequality with €). Let 1 <p,q< o0, %—&— % =1. Then

Y4
XY <exP+ - (X,Y >0, £>0).
q(ep)”

LEMMA 2.3.  Let (u,v,w) be a solution of (1.4) obtained in Lemma 2.1. Then

Qa=u(-,t)|pr <mi, Vt€(0,Tmaz), (2.2)
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where
oz, i a=p=0,
my= 146 1\1, 9 \1 ¢ .
luollLr + (A +a) 7 ()7 (557) 7 557 12, if >0,
and
()L <ma+ ool (2.3)
Proof. Integrating the first and second equations of (1.4) over {2 respectively, one
has
4 6+1_
utp [ w=a | u, (2.4)
dt Jo Q Q
and

— v—l—/vz/u. (2.5)
tJa Q Q

If a=p =0, one can easily check that (2.2) and (2.3) hold by integrating (2.4) and (2.5).
Next, if © >0, it follows from the Young’s inequality with ¢ in Lemma 2.2 that

o 0+1 140 1 1 2 1 0
<2 o (= -
(0 [uzh [w e (0} () 5ol

which, upon being substituted into (2.4), gives
1 2 0
/u+/u+ / 01 < (1+a) ?’(f)%(—)% 9. (2.6)

Then multiplying (2.6) by the factor €' and then integrating, we simply get

e, 1.1, 2 1 0
<(1 o (=)o 0
/Qu_( +a)® (u)9(9—|—1)99+1| |—|—/u0,

which entails (2.2). Then substituting (2.2) into (2.5), one has

1 2 1 9
< o(——)° . .
/v+/v (1+0) (D} G g l2l+ [ w (27)

Solving this ODI or using Gronwall’s inequality again, then (2.7) implies (2.3). O

For our later boundedness purpose, let us generalize the interpolation-type inequal-
ities in [39, Lemma 4.2] to the general case as follows.

LEMMA 2.4. Let QCR™(n>1) be a bounded and smooth domain and let g,h € C?()
wzth oo = |aQ =0. Then, for allp>1,

/Q Vg 2Vg-V(Vg-Vh)

n
< (gp’ﬂ) 102 1) [ D s, 2.8)
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and
‘ / gAhV-<|v92“v9)’
<2p-1+vn) lgllL=Vall? 200 | ARl Lo (/QIVQIQ”_QD%IQ) g (2.9)
as well as
19600 < ot i) Ll [ 90200 D% (2.10)
Proof. Using the following two facts
V(Vg-Vh)=D?g-Vh+D?h-Vg,
and
V|V =p|Vg|*P~DV|Vg|* =2p|Vg|**" VD% Vg, (2.11)

we thus use the symmetry of D?¢ and integration by parts formula to derive that
[ 19829497591
:/Q|Vg\2p72Vg- (DQQ-Vh—FDQh-Vg)
= /Q Vg =*(D?g-Vg) Vh+ /Q Vg ~*Vg- (D*h-Vg)

1
— 5 [ V199 et [ [VgPr Vg (0%
2p Ja Q

1
:7%/9\Vg|2p'Ah+/ﬂ|Vg|2p’2Vg~(D2h~Vg)~ (2.12)

Noting the fact |Ah| <+/n|D?h| and using Holder’s inequality, from (2.12) we have

] / |Vg|2p—QVg-V(v9~Vh>]<ﬁ / Vg[* D] + / Vgl D21
Q 2p Jo Q

—(Y L [ 19afr i
2p Q

Vn 2
<(=+DIVgl L ID?R] o1,

2p

which is our desired estimate (2.8). Similarly, we infer that
[ 9219 (waPr2v0)
Q

=\ [oarvwale=2)-vg+ [ gAh|Vg|2p—2Ag‘
Q Q

= Q(p1)/gAh|Vg2(p2)vg.(D2g,vg)+/9Ah|vg|2p2Ag‘
@ Q
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<(2(p—1)+v/n) / gl |AR|-[Vg 2. D%l

<@ =1 +vV)lgllz= AR Loss Vgl i V917~ [D?g] | 2,

which gives rise to (2.9).
Finally, we use (2.11) to estimate the term [, |Vg|?P*1 as follows:

/|V9|2(p+1):/|Vg\2pVg-Vg
Q Q
— / gV Ag— / GV (IVgl)-Vg
Q Q
:—/gIVQ\Z"Ag—ZD/gIVQIQ(”’”Vy(DQng)
Q Q

< (2p+ Vi) /Q 9l [V | D?|

< (2p+ i) gl o~ ( /Q |Vg|2<p“>) ( /Q |Vg|2<v1>|D2g|2) ,

which upon simple algebraic manipulations entails (2.10). |

Now, for convenience of reference, we collect the well-known smoothing LP-L? esti-
mates of the Neumann heat group in €2, which can be found in [7,41].

LEMMA 2.5. Let (em)tzo be the Neumann heat semigroup in 2, and let Ay >0 denote
the first nonzero eigenvalue of —A in Q under Neumann boundary conditions. Then
there exist some positive constants ¢; (i=1,2,3,4) depending only on Q such that:

(i) If1<q<p<oo, then
e fllr < e (1+t‘5 - ) MY fll e for all t>0 (2.13)

holds for all f € L9(Q) satisfying [, f=0.
(i) If 1<g<p<ooc, then

Vet fllpe <o (1+t*r%<%">) e M| fll e for all t>0
is valid for all f € LI(§2).
(iil) If 2<q<p<oo, then
Ve fllr <c3 (1 +t72 577)) e MYV || La for allt>0
is true for all f € WHP(Q).
(iv) If 1<q<p<oo, then
12V - fllor <ca (1+t*§*% 5">) e M fllza for all t>0 (2.14)
is valid for all f € (W1P(Q))".

LEMMA 2.6 ([16]). Let f(z,t) be a positive function for (z,t) € Qx (0,00) and define
|Q‘ Jo f- Then it holds that

fo1
_2f||f f. < /fln}— L.

KH-
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3. Qualitative boundedness: Proof of Theorem 1.1

In this section, we are devoted to proving the qualitative boundedness in terms of
model parameters as stated in Theorem 1.1. To this end, we first use the convection
effect to show the boundedness of ||v||L~ based on some ideas in [39].

LEMMA 3.1.  Let (u,v,w) be the solution of (1.4) obtained from Lemma 2.1. Then
[o(s )]l
1 1.» 1+
<Cpmax m1+||UO||L17Z2,||Uo||L°c 1+m1§2+(g)2(m1§2) 2 ):=Mo, (3.1)

for all t €]0,Tpaz); here Co >0 is defined in (3.13), which depends only on n and Q.

Proof. For p>1, multiplying the second equation of (1.4) by vP~!, integrating the
result over {2 by parts and combining the equation Aw=—u+u, we obtain that

1
d/vp— /Av P~ 1+§2/V vVw)oP ! 4 /uvp_l—/vp
pdt Q Q
——(p—l)d/ UP_Z\VUF—{Q(p—l)/vp_1Vv-Vw+/uvp_1—/vp
Q Q Q Q
——(p—l)d/ vpfz\Vv|2+w/vaw—F/uvp*l—/vp
Q p Q Q Q
——(p—l)d/ vp’Q\Vv|2+7£2(p_1)/vp(—u+ﬂ)+/uvp’l—/vp,
Q p Q Q Q

which upon using the fact v?~2|Vv|? = 1%|va |2 gives

d 4d(p—1 »
— v”—l—(pi)/ |Vv5|2+£2(p—1)/uvp+p/ vP
dt Jo P ) Q Q
:52(p—1)a/ vp—i—p/ uvP L, (3.2)
Q Q

Applying Young’s inequality with e (cf. Lemma 2.2) and the facts |Ju(-,t)||,r <my and
U= |Q‘ fQu< \??I’ we infer

p/ uvp_lﬁfz(p—l)/uv”—&-f;(p*l)/u
Q Q Q

SfQ(P—l)/QUUp-*-mlfé_p, (3.3)
and
fg(p—l)ﬁ/ﬂvp<€27n1|§2p|_l)/ﬂvp. (3.4)

A substitution of (3 3) and (3.4) into (3.2) shows that

%/ /|Vv2\2+p/ ngléﬁ 1)/va+m1§§p~ (3.5)

For £ >0, there exists ¢; >0 depending only on n and Q such that (cf. [40,44])

1UNZ2 <ellVU[Z2 +er(1+e72)|U]17. (3.6)
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We choose U=v% and e = 4:;2' in (3.6) to derive that

bmib-1) [
Q

1€
o e i (e () ()
SM Lottt ([ ) (37)
p Q Q
where ¢y := Willclmax{l (é’lgll)%} Then substituting (3.7) into (3.5) and noting the

fact (1+p2)<2(1+p)?, we obtain

d . 2\ _
P UPJFP/ vP <2¢p(1+4p)2 </ ’U"‘> +m &7,
Q

which implies that

d n p 2
i@t </ ) <2eMepp(1+p)* </ ) +ePmagy " (3.8)
Q Q

For any T € (0,Tmax), we integrate (3.8) over [0,¢] for 0<t<T to obtain

2 1—
/Qw < /Qvo+zc2<1+p> s (/Q <7t>) ; ,

p
which immediately yields

(o)

2
< [202(14#?)3 sup (/ vg('»b‘)) +m&y " +(9||vo |
Q

(NS

1
P

0<t<T

0<t<T

< (max(2ezmiga ) 495§ swp ([ 0560) 4L+ ol .
Q €2

Therefore, it follows with c3:=3max{2ca,m12,|2|,1} that

1
ro 1
max{ sup (/Up('7t)) ;= llvoll=
0<t<T \JQ 13

1 N ) P
Scé’(l—i—p)ZPmax{ sup (/ v2(~,t)> , —, ||’U0|Loc}. (3.9)
0<t<T \JQ &

Upon setting

H(p)::maX{OzlggT(/QUp('vt))pa é7 |’Uo||L0<>},
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then (3.9) becomes
1 n p
H(p)<c3 (1+p)> H(3),
Taking p=27 (j=1,2,---), we obtain inductively that

Vp>2.

H@) < (1+2)32 H(2™)
ch_jJrQ_(j_l)(1_,_2]4)%‘277'(1+2j—1)%‘27(j71)H(2j—2)
2 .
ZQ*(]*’) J . ‘
<e I a+28)e EE 23
=j—2

TH(1). (3.10)
On the one hand, using the fact that In(1+z) <./z for all z>0, we have

j J k o) k
In(1+2 1
ln][(1+2k)2%=§ :MS () <6, Vj=1,2,,
k=1

k
k=1 = 2 V2
and so,
j 1 . n
lim JJ(1+2%)2F % <e. (3.11)
Then the combination of (3.10), (3.11) and (2.3) with cg:= %Tl‘clmax{l, (ifi’l?zl‘ )2 } gives
[o(- )] Lo < lim H(27)
j—o0
<cze®H(1)
1
:3max{202,m1§2,|Q|,1}e3”max{ sup /v(-,t), —, ||UO||LOO}
0<t<TJa &2
1
<363"(1+|Q+m1§2+202)maX{M1+ ||v(1||L1757 UO||L°°}
]- 1 n 1+ﬂ
< Cpmax m1+\|vo||L1757\|Uo||Lw (1+m1§2+(a)2(m1§2) 2
(3.12)
for all t€[0,T7], where
261 201
CO::3e3nmax{1+|Q,1+,"}. (3.13)
120" (4| = (€|

Since T € (0,Tiax) is arbitrary and the upper bound in (3.12) is independent of T', the
desired estimate (3.1) follows from (3.12) and (3.13). |
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3.1. Qualitative LP-estimates. In this subsection, by means of the key esti-
mate on ||v||re in (3.12), we shall establish further coupled LP-energy estimates with
dependence on key parameters. Here, we shall stress that our arguments are applicable
to both cases: a,;>0 and a=pu=0.

LEMMA 3.2.  For p>1, the local-in-time solution (u,v,w) of (1.4) obtained in Lemma

2.1 satisfies
d (p_]') p—2 2 gl(p_]')/ p+1 p/i/ 0+p
dt/ Py—"— 5 /Qu |Vul”+ 5 Qu +5 Qu

—1
_%/umwum(p), for € (0, Thnaz), (3.14)
Q
where
p % 2a % apb

gt (e Y (3)F () a0l 0,
M (p):= p+1 \[2[(p+1) , I p+0 ) p+o (3.15)

+1 (p—1) 2 =

UGN .(‘Q|(Pp+1)) ’ a=p=0.

Proof.  For p>1, multiplying the first equation of (1.4) by uP~! and integrating
the result over ) by parts, we conclude that

1d/ / —2)9. |2 / o+
—— [ WP+ (p—1) [ WP Vul"+p [ u"TP
pdt ) (p—1) ; |Vul*+p .
—xp-1) [ Ve Vo =) [ @ VeTuta [ o
Q Q Q
—1
:X(p—l)/up_1Vu~Vv+7€1(p )/upAw—i—a/uP
Q p Q Q

which together with the fact Aw=1u—u gives
1d -1
/up+(p 1)/ uP~ 2|Vu\2+u/ 9+p_’_7§ 1(p—1) /u”+1
pdt Q Q
zx(p—l)/up 'Vu- Vv—i— /up—i—a/ uP. (3.16)
Q
Applications of Hoélder’s inequality and Young’s inequality yield that
-1 2(p—1
x(p— 1)/ uP 1 Vu- Vo < M/ u”‘ﬂVuF—i—w/ uP |Vol?, (3.17)
Q 2 Q 2 Q

and noting from @ = ﬁ Jou< for that

G-1_ [ ,_&p-1m [ ,
p u/ﬂug 219 /Qu

&1(p—1) s} pr1 (p—1) 2p b
S [t <p+1><|ﬂ<p+1>)’ (3.18)

as well as, in the case of a,u >0,

2ap 5 ah
Pt p+0 Ql. 3.19
/u / ( p+9)) p+9| | (319
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Substituting (3.17), (3.18) and (3.19) into (3.16) and noting the definition of M (p) in
(3.15), we end up with (3.14) directly, thus proving this lemma. d

LEMMA 3.3. For k>1, the local-in-time classical solution of (1.4) obtained in Lemma
2.1 satisfies, for t €[0,Taz), that

d
—/|Vv|2k+2k:/ |Vv|2k+2kd/ |Vv|2k*2|D2v|2+k(k—l)d/ Vo254V V22
dt Jo Q Q Q

g%gz/ |Vv\2k*2Vv'V(Vv~Vw)f2k§2/vAwV~(|Vv|2k*2Vv)
Q Q

0|Vv|?

5 (3.20)

+2k(2(k—1)+\/ﬁ)/u|Vv|2k—2|D2v|—|—dk;/ Vo[22
Q o

Proof. For k> 1, differentiating the second equation of (1.4) and multiplying the
result by |Vo|?*~2Vv, we obtain via integration by parts that

1 d

——/ |Vv|2k=/ Vo272V - V(dAv+ &V - (vVw) —v+u)
2k dt Jq Q

:d/ \vu|2k—2w.vm+§2/|VU|2k—2vU~V(v-(va))
Q Q
+/|Vv\2k_2Vv-Vu—/\Vv|2k
Q Q
::11+12+13—/ |V . (3.21)
Q

Using the identity Vv-VAv=1A|Vv|?—|D?v|? and integrating by parts, we compute

]1:§/|V’U|2k72A|V’U|2—d/ ‘V,U|2k72|D2v|2
2 Q Q

2 —
-4 |vv|2’€*28‘§:| _ 21)d/|Vv|2k’4|V|Vv\2\2—d/ Vo2 DR (3.22)
o Q Q

Similarly, we use integration by parts to rewrite I as follows:
[2:52/ |Vo|?*2V0 -V (V- Vuw +vAw)
Q
:52/ |Vv|2’€*2vu~V(w.vw)+§2/ |Vo|2F2V0 -V (vAw)
Q Q
:52/ |Vv|2k72Vv-V(V’u~Vw)f§2/’quV~(|Vv\2k*2Vv). (3.23)
Q Q
As for I3, using the fact |Av|<+/n|D?v| and the identity (2.11), we have
13:/ Vo2V - Vu
Q
:—/uV|Vv|2k_2-Vv—/u|Vv|2k—2Av
Q Q
:—2(k—1)/u\VU|2k_4VU-(D2v-Vv)—/u|Vv\2k—2Av
Q Q

< (k- 1)+\/ﬁ)/9u\vu|2k—2|p%\. (3.24)
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A substitution of (3.22), (3.23) and (3.24) into (3.21) shows (3.20). O

Next, we use the L*°-bound of v provided by Lemma 3.1 to control the terms on
the right-hand side of (3.20).

LEMMA 3.4.  For k>1, the local-in-time classical solution of (1.4) obtained in Lemma
2.1 satisfies, for t €[0,Thnaz), that

/\Vv|2k+2k/|VU|2k * 3a— dQ)/\vUPk—?m%\?
Q
+k(k—1)(d—dg)/ |Vo|?=4|V|Vo|?)?
C
d—;(1+M§ YL pE— 1/Quk+1+cldQM§k, (3.25)

where C1 >0 depends only on n,k,ug,vg and Q and dq is defined by (1.10).
Proof. By (2.8) and (2.10) and the fact ||v(-,t)||p < My in (3.1), one obtains that

Ji: :2/@/ |Vo|?*2Vy-V (Vo - Vw)

< 2]@‘52(£ + 1)||VU| L,2(k+1) ||D2wHLk+1

k
721@ (/ |w2<’€+1>> | D?wl| 1

lc

gwgg e+ v ol ([ w02 ) D2,

k

k+1

2k
gzkgg(‘;—gﬂ)(zkﬂ/ﬁ)%w“ (/Q|Vv|2(k1)|D2v|2> | D%w|| pess (3.26)
for all t € (0,Tnaz)- On the other hand, by the uniqueness of the elliptic problem
Aw—u—ain Q2 20 on o0, /w:(), (3.27)
81/ Q

the well-known W2P-elliptic estimate (cf. [1,2,19], indeed, A~': LP = WP, the sub-
space of WP with average zero, is a homeomorphism) shows, for some c5 = c5(n, k,Q) >
0, that

[[Aw|| pr+1 < \/E”DZUJ”LkJrl < C4\/E||’LL—’[_LHLk+1 < 204\/’EHUHL1€+1 =csl|ul|prr. (3.28)
Then we substitute (3.28) into (3.26) to get

k+1
J1<205k:§2( )(Qk—i—\f)wlMOHl (/ |V |2k 1>|D%2> |l pesr. (3.29)

2% " n

Furthermore, using (2.9), (2.10) and the fact (3.28), one can derive

Jo = 72k§2/ vAwV - (Vo[ 72V0)
Q

<2k (2(k— 1) +v/n) 0] = | VoIl 26, (/QIW%QD%F) [Awl| s+
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k
BT
< k€ (2(k = 1) /) 2k + V) EF [ T < / Vo 2|D2v|2) lAw g
k

< 2eshéa(2(k— 1)+ Vin) 2k + ) EFE (/ ok 2|D2v2)' .
(3.30)

In addition, applying Hoélder’s inequality together with (2.10), we have

Jy:=2k(2(k— 1)+\/ﬁ)/ u|Vo|*$ 2| D?y|
Q

§2k‘(2(k—1)+\/ﬁ) (/ u2vv|2(k—l)> (/ |vv|2(k—1)|D2v|2)
Q Q

1

2
<2R(2(k— 1)+ V) [ull e | V0l ( /Q |Vv|2<’“>|D%2>

<2k(2(k— 1)+ /n)(2k + /) K71 M (/ (p[20k- 1)|D2U|2>k+1-||uye+1.
(3.31)

Now, summing over (3.29), (3.30) and (3.31), we infer

Ft1
J1+Jo+J3<cq (/ |VU|2(]€_1)|D2112> ||uHLk+17 (332)
Q
where

86—265]€§2( )(2k+\/>) k‘*'l My *+1 "*1

2%
+2e5kEa(2(k — 1)+ /) 2k + /) B Mo T
+2k(2(k — 1) +/n) (2K + /) 5T Mo F5
<GC5k§2(2k+\f)k+1M’““+2k(2k+\f) T
— 2(1 + Besa M) (2k 4+ v/m) B M (3.33)

Therefore, by means of Young’s inequality, we infer from (3.32) and (3.33) that

Ji+Jo+Js

<ﬁd/ v |2(k71)|D2 ‘2+C§+1 2 k/ k+1
=94,V e \aEen ) S

k 2kt . .
ggd/ (Vu)2k=D | D2y? + (1+3c5§2MO)"+1(2k+\/ﬁ)QkM(’f*I/uk+1. (3.34)
Q Q

To control the boundary integral on (3.20), we first state the following well-known fact
due to homogeneous Neumann conditions:

Vol

5 <20q|Vu|* on 09, (3.35)
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where 0 =0lg with o being the maximum curvature of 9 and 1¢ being the indicator
whether € is non-convex defined by

Lo 0, if Q is convex [29, Lemma 5.3],
e 1, if © is non-convex [30, Lemma 4.2].

Now, combining (3.35) and using the trace inequality |[|¥||2(00)<el|Vi|L2) +
Cc Y|l p2 (o) for any € >0 (cf. [37, Remark 52.9] and [45, (3.19)]), we have

_,0|Vv|?
kd/m\VvF’“ 27§2kd09|||Vv\k||2L2(3Q)
Sk(k—l)dg/|Vv\2(k’2)\V|Vv|2\2+C7dQ/|Vv|2k, (3.36)
Q Q

where dg is defined by (1.10). By (2.10), Young’s inequality with ¢ and the fact
lo(-,t)||pe < My in (3.1), we infer that

kd
c7dQ/ Vo — 28 /|V'U|2(k+1)+cngM02k
a 2(2k+/n)* M2
k‘
5 /|VU\2(k YD + cado M2~ (3.37)

Finally, substituting (3.34), (3.36) and (3.37) into (3.20) and then keeping key param-
eters like & and My, we accomplish our desired estimate (3.25). O

LEMMA 3.5. Let QCR"(n>1) and (u,v,w) be the solution of (1.4) obtained in Lemma
2.1. Then, for any k>1, there exist two positive constants &.(k) and p.(k) defined

respectively by (3.52) and (3.57) such that whenever one of the following conditions
holds:

(1) & >& (k)X (2) 0=1, uZmaX{L X5

}u*(k)x#; (3) 0>1, u>0, (3.38)

there exist three positive constants Ca,Cs,Cy independent of t,x,pu,d and & (i=1,2) but
depending on ug,vg,0,a,k,n and Q such that, for t € (0, Thaz),

/uk <Oy (L+my+ M (k) + (L+doMg*)d ' x* M3 ™" + M5 (k)) := CoMa(k),  (3.39)
Q

and
Cs My (k
/ Vo 3Ms (k) — (3.40)
1+Mo§2) kd=1x2 M}
as well as, if k>n,
1
lw(-t)[[w.e < CaMy (k) (3.41)
where MS is defined by
07 fol Zf*(k>X2a
. 8+2n 2
M5 (k)= 0, 0=1, quzmaX{l, X }N*(@X"’i"a (3.42)

k+6 9

= (L ) (L Mo) Mox®] 7, if 0> 1, >0,

I~
)
—
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Proof. 'We apply the estimate (2.10) and the fact ||v(+,t)|| L~ < My to deduce that

2 _
x*k(k 1)/uk|vv|2§61/uk+1+ch2(k+1)€1—k/ Vo[ 20D
2 Q Q Q

<e / Pt oo 2R M2ek / IVo]2E=D D22, (3.43)
Q Q

where 1 >0 to be chosen in (3.47) below. On the one hand, using the widely known
Gagliardo-Nirenberg inequality (cf. [40, Section 3]), we can find a constant ¢1; >0 only

lj €(0,1) such that
2

oz

depending on k,n and 2 and o=

k
2

1
k k k — k

/“’“zlluz|\%2§cu<||w2Hi%nuzn?‘; D luF)? )

Q L% Lk

k2 * a
=cu <4/“k_2Vu2> my T eqymh
Q

k(k—1)

<
- 2

/uk_2|Vu|2+cum’f. (3.44)
Q
Then substituting (3.43) and (3.44) into (3.14) with p=k, one has
d k k fl(k—l)/ k41 ]W/ O+k
dtﬂu—i—/ﬂu—i— 5 Qu —‘rQQU
Sel/uk+1+clox2(k+1)M02€1_k/ Vo2 5= D22 4 ¢1omk 4 My (k). (3.45)
Q Q

On the other hand, it follows from Lemma 3.4 and the fact dg <d that

d
—/ |Vv|2k+2k/ \vv|2k+kd/ |Vo|?=2| D?y|?
dt Jo Q Q

C
<G Moga) A [ Cudah, (3.46)
Q
Let us first set
~ Cicpo _ 2 T
ciy=——,  e1=(1+Mo&)Mox"(keiz) =, (3.47)
and then we put
crox 2t AR2eTE ¢ o _ ok
B(er) = HA I = SO (14 M) AT MG (ko) TFT, (348)
and
y(t)::/uk+5(51)/ |Vl (3.49)
Q Q

Then we multiply (3.46) by d(e1) and add the result to (3.45) to obtain
-1
0+l + L [ per BT o
2 Q 2 Ja

41
1 _
< {013 (d(1+M0§2)M0X2> €1 k+51}/ uF ey
Q
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1 1
~(kesa) 5 (14 ey ) (L Mo Mo® [ o e, (350)
where
014:clgm’f+M1(k)+5(51)01dQM§k. (351)

To show that the first term on the right-hand side of (3.50) can be absorbed by the
terms involving [, u*™! or [,u’T* we first define

¢, (k)= 2(k£1_3)1m (1+ kdiﬂ) (14 Mo&) Mo. (3.52)

Case 1: & >&.(k)x?. In this case, notice that My is independent of &; by (3.1) and
(2.2), in view of (3.50) along with (3.51) and (3.52), we deduce that

Y (t) +y(t) < cromh 4 My (k) +0(e1)Crdo M2 (3.53)

Solving this ODI and using (3.48) and (3.49), we get that

/uk—l—%(l-i-Mofz) FATIEME T  (keys) ™ /|Vv|2k
Q

< l[uollfe +e15(1+ Moge) = x* Mg~ [ Vol 2
o exymb + My(k) + exs(1+ Moga) ™d = x> Mg +2dgy
< exp [1mb + My (k) + (14 do M) d M. (3.54)

Case 2: #=1 and p >0 is suitably large alone. In this case, we first observe from
(3.1) and (2.2) that My is bounded by O(1)(1+ p~(3t7/2)) and therefore,

44n
(1+Mo&a) Mo <O(1) <1+ (i) ) )

This enables us to infer that

N 2(]43613)%‘*'1 1 4+
«(k)= 1 (1+ M, M, .
fix (k) ? + Oiligl{'u (14 Mo&a) Mo } <400 (3.55)
and
_ 2(key3) B 1 .
b (k) = ? 1+ s Zlé};{(1+M0£2)MO}<+oo. (3.56)
Now, we define
pra () =max { (e () 757, i () } < +oc. (3.57)

Then, under (2) of (3.38), we see from (3.57) that

84+2n

pzmae {1 x5 L (Rt 2 ma { (i (0) 77 xR
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and so (3.55) together with (3.56) implies

1
2(kcy3)*+T 1
P 1,2’) (1+ - dk+1)(1+M0§2)M0X2- (3.58)

Then in light of (3.50) along with (3.51) and (3.58), we derive an identical ODI as (3.53)
for any & >0, and then we get the same estimate as (3.54).

Case 3: >1 and p>0. Let

1 1 k
ci7 —sup{(kq:),)’“+1 (1+ kdkH) (14 Mo&) Mox?s ktl_ 2'usk+‘9}

0 () oot (o] o

Then, combining (3.59) and (3.50) along with (3.51), we end up with
y' () +y(t) < cramy + My (k) +6(e1)Crdo MG* + 17|19,
which in conjunction with (3.54), (3.59) and (3.48) allows us to deduce that

/ +?(1+M0§2) FATINE MG  (keys) /|VU|%
Q

<eig [L+my + My (k) + (1+doMg*)d > Mg ]

(#-1) 1 N

teas— | [ 1+ JEH (1+Mo&2)Mox . (3.60)
,U,ﬁ

The desired qualitative (L*,L?*)-bounds of (u,Vv) in (3.39) and (3.40) result from

(3.54) and (3.60) upon simple algebraic manipulations. Finally, if k¥ >n, then the W2*-

estimate (3.28) and the Sobolev embedding W2 «— W1 together imply (3.41).

|

3.2. Qualitative (L°>°, W1 >°)-boundedness of (u,v). Before proceeding, based
n (3.52) and (3.57), we first define

50— inf 5*( )_ inf {2(1351_3)1“1 (1+ k‘di'H) } (1+MO£2)MO (3'61)

k>2 k>2
and, with fi.(k) and fi.(k) defined by (3.55) and (3.56),

po= jnt (k) = inf {mas{ ()77, (k) }}. (3.62)

k>2

LEMMA 3.6. Let QCR"(n>2) and (u,v,w) be the local solution of (1.4) obtained in
Lemma 2.1. Suppose that one of the following conditions holds:
842n

(1) & > &% (2) 0=1, ,u>max{1, xm}uoxs%n; (3)0>1, u>0.  (3.63)

Then the L -norm of the u-solution component is uniformly bounded on (0,Tpqz). In
particular, if one of the following conditions holds:

84+2n

(1) &>&Bn)x% (2) 0=1, uzmaX{L XW}M*((?”)X%; (3) 0>1,>0, (3.64)
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then there exists Cs > 0 independent of t,x,u,d and &(i=1,2) but depending on n,ug,vo
and ) such that the local solution (u,v,w) of (1.4) obtained in Lemma 2.1 satisfies, for
t€(0,Tnaz), that

[u(t)]| Los < Cs M3 (3n)

2
XM (3n) i
((1+Mo&z)—3nd—1x2 Mg %) 3n

1 2
Lo M (3n) 60 M (3) + SR CYs)
:205 2
X]\/123” (3n)

—3nJ—127\f2—3n 3%7 Zfa,/,l/>07
((1+M052) d=1x2 M2 )

5 2
14+ (1) +& Mg (3n) +

where Ms(+) is defined by (3.42).

Proof. By the definitions of & and pg respectively in (3.61) and (3.62), it is easy
to see that the corresponding case of (3.63) implies that of (3.38) for some k> %. Then
an application of Lemma 3.5 shows

1

Hu< )” <c19 2,lc (k) ” ’U( t)H <c ( + Moo (k> ) ) (3 )
S6)|| Lk M ; Vo(-, 2k . .66
o ! L 20 ( Mo ) kd 1X2.7\407]C

Therefore, the W2 *-estimate (3.28) yields

l[w(-t)[lwew < caollult) =l e < 2ea0[|ul-,t)l| L < 2c19c20 M5 (K),
and so the Sobolev embedding W2* < W14 for some ¢ >n shows

dnk

[w( D) [wra <ca My (), = 3=kt

(3.67)

We now use similar spirits as used in [17,45] to derive the L*°-bound of u. To that
purpose, we use the variation-of-constants formula to the u-equation in (1.4) to write

t
u(-,t)= A=y, —|—/ A= Dt=9)y. {u(-,8)(&Vw(-,8) —xVo(-,s)) }ds
0

t
*/ A [(at Dyul-,s) — pu’ ()] ds
0
= ul(-,t) —l—UQ(',t) +US(~,t).
We next estimate uq,us and us. First, the nonnegativity of u shows, for t € (0, Tinax),

[lu(-,t)|| L =supu(x,t) <supuj(x,t)+supuz(x,t)+supus(z,t). (3.68)
zeQ zeQ e zeQ

By the order property of the Neumann heat semigroup (e**);~o due to the maximum
principle, we estimate u; and us in the following ways:

Jlur (- 8) | e =[]~ Dug|| e < e~ [luo | e < JJugl| o= (3.69)

and, the semigroup estimate (2.13) in Lemma 2.5 and (3.66) yield

u3(-,t):/0 ATV [(a+1)u(-,8) — pu? T (-, 5)] ds
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fge(A_l)(t_s)u(-,s)ds, ifa=pu=0,

1
Jye@ ) (el ) @8 as,ifaz0, p>0,

k) [L+ (t—s)~#)e==9)ds, i a=p=0,
<co1

D=

e t=9)eht=9) (i) ds, ifa>0, pu>0,

M (k), i a=p=0,

<ca (3.70)

=

(%) , ifa>0, p>0.

For convenience of reference, we list two Holder-type interpolation inequalities:

1

1
p q

)

. 1
Ifgller <Ufllzellglze with p,g,r=1, ==

and

; (k—mt
Wl <l HﬂV“k” o with k> 1

Employing the semigroup estimate (2.14) in Lemma 2.5, Holder’s interpolation inequal-
ities above and (3.67), we deduce, for k> %, that

‘ Lo

t (k) ¥
SCQS&/ <1+(t—s)_1+k G )e_(t_s)qu ank __ds
0

L 3k+(n—k)t

t
(n)
<oy [ (14G—s) " TF T eyl s V| e ds
0 LEk—(n—k)*t

t
fl/ A=Y (yVw)ds
0

LE+3(n—k)T

i 1 Gl e 0 M (norromt)”
2n

k—(n—k)Ft+(2n—k+(n—k)t)H]|k

< casy My ) < sup u(s)| L
s€(0,

— 2nk (k') (Supse(w) ||U(S)HLoc) . ifk<2n,
=c2561 ;

My k), if k>2n,

2n+k—(n— k)+

sup, e ()]l +eas€l T MO (), ik <an,

(3.71)
2
cas&i My (k), if k>2n,

where we used the fact that

||u|| P (] [——
—k) T Lk+3(n—k)t
+k (n—k)T - 2n—kt(n—k)T )T
< eopul| T ER T V|

Lk+3(n—k)T
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2k72(n7k)++(2n7k+(n7k)+)+
k—(n—k)++(2n—k+(n—k)+)+]k

(2n—k+(n—k)+)+

< C28M2[ Jull g 2"

and the finiteness of gamma integral due to the fact that k—(n—k)*

¢
/ <1+(t )~ 1 A )e(ts)ds/ (1+T1+k et )6Td7‘<00.
0 0

Similarly, using the boundedness information in (3.66), we infer

¢
Hx/ A=V (uVo)(-,5)ds
0

Lo

¢
Sczgx/ (1+(t—s)_1+ Ein)e_(t_s)H(UVv)( )|| ank ds
0

t 2k—n
<ean [ (L (=) ) )], g [900,5) s
0

4k—2n+(5n—2k)T (5n—2k)T
R2hontGnozk)T] I T
XMk[zk +(5n—2k) k
<y — X ®)_( sup Jfu(-5)|
((1+M0§2)*kd*1X2M§_k)’“ 5€(0,t)
2k+3n
2k an(2k n) .
15WPse(0,0) lu(s) Lo +c32 o . 2,,& )k o, k<
< ) ((1+Mogz)~Fd—1x2 Mg~ ") FEk=m) (3.72)
ca1 My (k) T, if k>3

((+Moga)~*d=1x2 M7 ")

In the case of k> 322, substituting (3.69), (3.70), (3.71) and (3.72) into (3.68), we ac-
complish that

* i AMF (k) .
L4+ My (k) +& My (k) + T, if p=0,
(14 Mo&2)~*d=1x2 Mg~ ") %
[u(®)|| L= <32 s . o (3.73)
1+ (1) e mf () + My i 0.
14 61 2 ( ) ((1+M0§2)’kd’lx2Mg_k)% 1
Similarly, in the case of k € [2n, 57"), we have
1 2 ;f(’z“;fsﬁ)
e () e b () 4 2T g,
14+ M, kq—1 2M k(2k—n)
Ol <end s
(l)9+§1Mk k) + T )
a ((14+Mogz)—kd—1x2 M3~ ") F2k=m)
(3.74)
And in the case of k € (5,2n), we get
;) S
2k—n -n
Ju(t) = e | 14— Mo T
((1+M0§2)7kd71X2Mgfk) E(2k—n)
2n 2n+k7(n7k')+ M2% (k)7 if ‘LL - 07
+C34£k (n—k)t M2[k*<n7k)+]k (k)+c34 (375)

( )%, if 10> 0.

==
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Combining (3.73), (3.74) and (3.75), we see either one of (3.63) implies that ||u(-,t)|| L
is uniformly bounded for t € (0,T}hax). In particular, if one of (3.64) holds, then the
desired qualitative bound of « in (3.65) follows upon setting k=3n in (3.73). ad

LEMMA 3.7. Let QCR™(n>2) and (u,v,w) be the solution of (1.4) obtained in
Lemma 2.1. If one of (3.63) holds, then ||Vv(-,t)||Le is uniformly bounded on (0,Tqz)-
In particular, if one of the following conditions holds:

(1) 626G (2) 0=1, p=max{1, x5 pu.(3n)x77; (3) 0> 1,u>0, (3.76)
then, for t € (0,Tyaz), there exists C >0 depending only on n,ug,vy and Q such that
[Vo(, )]l

M;3" (3n)
d b

1
M3 (3 &
SCG 1+ 52 2 (n) . +§—2M0M231”(3n)+

A ((1+Mo&)—rd-1y2 M=) e 4

(3.77)

where My and Ms(+) are defined by (3.1) and (3.39), respectively.

Proof.  Using the time scaling = dt, we rewrite the second equation in (1.4) as
follows:

1 1
W:AU—gUJr%Vw'VUJr%v(ﬁ—u)JrEu.

Then an application of the variation-of-constants formula yields

) P
U("t)ze(A_é)t’UO—l—%/ e(A_E)(t—S)(Vw.VU)(.’S)dS
0

d 1P 1/t 1\(f
+%/ e(A_E)(t_S)v(-,s)(ﬂ(s)—u(-,s))ds—i—g/ A=) =9y (. s)ds. (3.78)
0 0

Under one of (3.63), we first see from Lemma 3.6 and its proof, for some k> 3, that

Ja-8) o+ IV0(,B) o6 Sz, VESO. (3.79)

Then the elliptic estimate applied to Aw =14 —wu along with Lemma 3.1 shows that

o, )|l Lo + [[Vw(-,t)|| Lo < 36, Vi >0. (3.80)

Then, with (3.79) and (3.80) at hand, we can apply the smoothing LP-L? semigroup
estimates in Lemma 2.5 to (3.78) to infer that |Vv(-,¢)| L is uniformly bounded. We
next aim to derive a qualitative bound for ||Vu(-,t)||L~ under one of (3.76). In this
circumstance, Lemma 3.5 allows us to see, for € (0,dT}ax), that

1
C38 Mzﬁn (Sn)

(- B)llzsn < es7 M (3n), [ Vo(,8)]on < —
((1+Mo§2)’3"d’1X2M0 —?m) on

(3.81)

Next, with the aid of (3.81) and (3.41) with k=3n, and keeping in mind that

[lv(-,t)||Le <My by Lemma 3.1, we utilize the Holder inequality and the semigroup
estimates in Lemma 2.5 to (3.78) to deduce that

: ¢ -
190 D)l <NV Do+ 22 / [Vela= @) (Vo Vo) (-, s)l| .~ ds
0
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& [1 1 gea-hi-s 7
o [ VeI s)(als) —uls))llpeds
0

1/t .

+’/ [VeA= Dy (. 5)]| - ds
d 0

ca0é2
d

¢ .
<cgol| Vool + / (14 (F=5)75)e Vo] gon | Ve onds
0

t

. i )

- 42152/ (14 (=) 5)e M) [o]| oo —u| on ds
0

t ~
+%0 1+ (F =)~ H)e 219 |jy| Londs
0
1
§a M3 (3n) n (14-&2Mp)

<cq1 | 1+ T d
d((14+ Mo&)=3nd—1x2My—>") "

MQ%" (3n) |,

which is our desired qualitative bound in (3.77) since £ € (0,dTyax) Was arbitrary. d

Proof of Theorem 1.1. Based on the extensibility criterion (2.1) in Lemma 2.1,
the qualitative boundedness described in Theorem 1.1 can be traced out from Lemma
3.1, Lemma 3.6 and Lemma 3.7. The qualitative bound for ||v||ze in (1.7) can be easily
seen from Lemma 3.1. The bounds for |Vw||p~ in (1.8) come mainly from Lemma 3.5
with k=n+1.

4. Higher order regularity of solutions

In Section 3, we have established the qualitative boundedness and thus global ex-
istence of solutions. To study large-time behavior of global bounded solutions, we need
further to enhance regularity properties of bounded solutions.

LEMMA 4.1. Let (u,v,w) be the global and bounded classical solution of (1.4) obtained
in Theorem 1.1. Then there exist o € (0,1) and C7 >0 such that

Hu("t)||C”’%(Q><[t,t+1])§C7’ V> 1. (4.1)
Proof. In light of Theorem 1.1, the global classical solution (u,v,w) satisfies
u>0, v>0, u+v+|Vo|+|Vw| <M on Q2 x (0,00). (4.2)
We now rewrite the first equation of (1.4) in the following form:

uy=V-D(z,t,Vu)+ R(z,t), (z,t) €Q x (0,00),

where D(z,t,1n) =n—x(uVv)(z,t)+& (uVw)(z,t) and R(z,t) = (au— pud+1)(x,t).
In view of the boundedness in (4.2) and the Young inequality, we readily deduce

2 4
D(x,t,m)-n> 3|2 = CFM Dt )| < [l + (x + &) M2,
|R(x,t)| <aM +puMO*t V(x,t,m) €Qx (0,00) x R™.

Then (4.1) follows from the Holder regularity for parabolic equations [35, Theorem 1.3].
|
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LEMMA 4.2.  There exists a constant Cg >0 such that the global bounded solution of
(1.4) obtained in Theorem 1.1 fulfills

IVu( )| <Cs,  WE>1. (4.3)

Proof. Inspired from [24, Section 3.3], we first establish an L2-bound for Av. To
this end, we first recall from (4.2) and (3.14) with p=2 of Lemma 3.2 that

i/u2+/u2+/ |Vul? < . (4.4)
dt Jo Q Q

Next, we take V to the v-equation, and then take dot product with —VAw, and finally
use the w-equation and repeatedly use integration by parts to derive from (1.4) that

1d
—— [ |Avf Avl? d/ VAv[?
531 180 [ 180k +a [ [vau
:—52/V(VU-Vw+ﬂv—uv)~VAU—/Vu-VAv
Q Q
:—52/ (D%-Vw+D2w-w)-vm+§2/(u—a)vu-vm
Q Q
+/ (&v—1)Vu-VAuw. (4.5)
Q
Based on (4.4) and (4.5), by the boundedness (4.2), the elliptic estimate ||D?w| g2 <
cas||u| L2 < caa, the Gagliardo-Nirenberg interpolation inequality and the H3-elliptic es-
timate (cf. [44, (4.19)]), we obtain that
—{2/ (D*v-Vw+ D*w- Vo) VAv
Q
d
SM&[ D012 [V AV 2+ [ VAV 72 +eas
2 1 d
<ess (ID%0l Ealloll o2 IV v+ 21V A +ess
2 d
< carl|oll s IV AV 2 + Sl VAVIZ: +car
2 d
<cas([Av]m +oll2)* [IVAV]| L2 + £ VAVIE: +car
2 d
<can (VAU L2 +[[vll2)* VAV ] 12+ S VAV 72+ a7
d
< SV A0l + eso (46)
In easier ways, we again use the boundedness (4.2) to estimate
52/(u—12)VU-VAv+/(fgv—l)Vu-VAv
Q Q

d 14 M&y)?
g?’—/ |VM|%M/ |Vl +cs1. (4.7)

Substituting (4.6) and (4.7) into (4.5), we conclude that

d 1+ Mé&)?
7/ |Av\2+2/ |AU|QSM/ |Vul? 4250+ 2¢51. (4.8)
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An obvious combination from (4.4) and (4.8) enables one to derive that

2 2
%/ <(1+]C\l4£2)u2+|Av|2) —|—/ ((1—’_];/‘[52)1&2—|-|Av2) < cs2,
Q Q

which along with H?2-elliptic estimate yields a uniform H?2-bound for v:
ID2v(-,t) || 2 4[| Av(-,t)|| L2 < cs3, Vt>1. (4.9)

Next, we proceed to derive an L2-bound for Vu. For this, we compute from (1.4) that

d
—/|Vu|2+/|Vu|2+2/|Au|2
dt Jo Q Q

:2x/(Vu~Vv+uAv)Au—2§1/ (Vu-Vw—l—ua—uQ)Au
Q Q
—2/ (au—uueﬂ)Au—F/ |Vul?. (4.10)
Q Q

Using the boundedness (4.2), (4.9), the Gagliardo-Nirenberg inequality and the H?2-
elliptic estimate, we deduce that

2x/ (Vqu+uAv)Au—2§1/ (VuVw+ut—u?) Au
Q Q
72/(aufpu9+1)Au+/ |Vul?
Q Q
g/|Au|2+[1+4M2(X2+§§)}/|Vu|2+4M2X2/|Av|2+c54
Q Q Q
2 2,113 3 2
< [ 18upP +ess (ID2ul 3o lull 32 + llullz2 ) +ess
Q
§/|A’UJ|2+C56”D2U”L2 +Cs56
Q
< [ 180+ esr (1Bl + 1)+ s
Q

§2/ |Au|? + css.
Q

Substituting this into (4.10) entails a simple ODI as follows:

— Vul|*+ Vul|* <css,
o [ [ o

yielding immediately a uniform L2-bound for Vu:
[Vu(-t)|lr2 <eso,  VE>1. (4.11)

We are now ready to show the uniform boundedness of ||Vu(-,t)||p2n. Again, we
apply integration by parts to compute from (1.4) that

1 d

——/ |Vu|2":/ \Vu\Z"_ZVwVAu—X/ |Vu|*""2Vu-V(V- (uVv))



J. CHU, H. JIN, AND T. XIANG 1083
+§1/ |Vul|?"2Vu-V (V- (uVw))
Q

|Vu|2"_2Vu-V(au—,uu0+l)::ZJi. (4.12)
Q —

For Ji, noticing the fact that 2Vu-VAu=A|Vu|? —2|D?u|? and the L2-boundedness
of Vu in (4.11), we employ the way to control boundary integral as done in (3.36) and
the Gagliardo-Nirenberg inequality to estimate that

1
lef/ |vu|2”*2A|vu\2—/ V22| D22
2Ja Q

1 n— I Vul? (n_ 1) n— n—
=5 [ w2 D g wiwap - [ (gupipp
o0 4 Q Q

-1 1
<—M/ |Vu|2"*4|V|VUI2|2—*/ [Vul*" =2 D?ul® + ceo. (4.13)
3 Q 2 Q

By the inequality |Au| <+/n|D?u| and the boundedness (4.2) and (4.9), we use integra-
tion by parts to bound Js as follows:

Jo :X/QWWF”*?.Vuv-(qu)+X/Q|vu|2”*2Auv-(uvu)
:X(n—1)/9|vu|2<7l*2>ku\2-vu(w-kum)
+X/Q|Vu|2"_2Au(Vu~Vv+uAv)
<SMx(n=1) [ [V SVITufl (Tl A0

+Mx¢ﬁ/ V22| D2u|(|Vu| + | Ao))
Q

IA

-1 1
(Tl )/|Vu|2"*4|V|Vu|2|2+f/|Vu|2”*2|D2u|2
8 Ja 8 Ja
—|—4(2n—1)M2X2/ |Vu|2"+4(2n—1)M2X2/ |Vu*" 2| Av]?. (4.14)
Q Q

In a similar way, since |Aw|=|u—u|<2M, and using Young’s inequality, we estimate
J3 as follows:

o= /V|w|2" 2. VUV (uVw) — /|Vu|2" 2 Au-V (uVw)
SM&(”—l)/|VU|2"73\V|VU| |(|VU|+|AW\)+M$1\/E/|VU|2TL72\D2U|(|VU\+\AW|)
Q

<

/|v 2l + L /\VuF” 2| D2y ?

+4(2n—1)M .51/ |Vul*" +16(2n—1)M* 51/ |Vu>" 2

w2 VP + /\v 22| D2y |2 4 2(4n — 1) M2§1/\Vu| + s,
(4.15)
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At last, the term Jy can be easily computed:
J4:a/ |Vu|2"—u(0—|—1)/ | Vuf2n. (4.16)
Q Q

Substituting (4.13), (4.14), (4.15) and (4.16) into (4.12) and using Young’s inequality,
one has a differential inequality of the form:

d —1
—/\VU\Z"—FQn/ |vu|2“+u/|vu|2n*4|V|vu|2\2

+@/ V"= D2ul?

2 Ja

§062/ |VU|2n+062/ [Vl 2"~ | Av[? + co2
Q Q

§063/ |VU|2n+063/ | Av[?" +cg3. (4.17)
Q Q

Since ||Ju(-,t)||r <M in (4.2), Young’s inequality enables one to deduce that

2063/ ‘Vu‘2n:2063 (_(n_l)/u|vu|2n_4V|VU|2'vU_/uV’U,|2n_2Au>
Q Q Q
§2063M ((n—l)/ |vu|2n—3|v|vu|2|+\/ﬁ/ |vu|2n—2D2u|)
Q Q

-1
<n(n )/|vu|2n74|v|vu|2|2+ﬁ/‘Vu‘2n72‘D2u|2+c64/‘vu‘2n72
6 Q 2 Ja 0

-1

<n(n )/|vu|2n—4|v|vu|2|2+ﬁ/‘Vu‘Zn—Z‘DQUP
6 Ja 2Ja

+063/ [Vul*™ + cos,
Q

which, upon being substituted into (4.17), allows us to conclude

d
@/ |Vu|2”+2n/ |Vu|2"§063/ |AV)?™ + cg6.
Q Q Q

Solving this simple differential inequality via integrating factor method, we get

t
/|vu(-,t)\2ngcﬁ+/ |Vu(-,1)|2"—|—063e_2"t/ 62"8/ Av(s)2ds, V> 1.
Q 2n Q 1 Q
(4.18)
Next, we apply the widely known maximal Sobolev regularity to the v-equation to
bound the third term on the right. To this end, with the help of the w-equation, we
first rewrite the v-equation in (1.4) in the following form:

ve=dAv—v+&EVu-Vw+Ev(a—u) +u. (4.19)

Let h(xz,t):=&Vv-Vw+E&uv(a—u)+u. Then it follows from the boundedness (4.2)
that

|h| < M2&+2M?€+ M =3M?*¢+ M on Q x (0,00). (4.20)
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Now, an application of the maximal Sobolev regularity to (4.19) with (4.20) shows that

t
J e vt e (o [ 1soeprs [fen [ ae)
1 Q

W (3M2&+ M)
§067( /|A |2 ( 522n ‘ | 2nt)

which, substituted into (4.18), gives, for V¢ >1,

3M2 MZnQ
[iwutapr<ies [ |w<-,1>2”+c63c67( [ 18 pyen 4 B l),
Q 2n Q o on

yielding our desired gradient estimate (4.3). 0

5. Global stability: Proof of Theorem 1.2

Given the enhanced regularity properties in the preceding section, we shall examine
the long-time dynamics of bounded solutions as obtained in Theorem 1.1. Under certain
conditions, we shall show convergence and exponential convergence of bounded solutions
to the unique constant steady state as time goes to infinity.

5.1. Case 1: a=p=0. In this case, the system (1.4) becomes

=Au—xV-(uVv)+& V- (uVw), z€Q,t>0,

ve=dAv+& V- (vVw)+u—w, x€),t>0,

0=Aw+u—1iy, [ow=0, €N t>0, (5.1)
gu = 0v = Juw ), x €00,t>0,

U(LZI,O):U()(I), ’U(l’,O):’Uo(ZE), x €.

LEMMA 5.1.  The global classical solution of (5.1) satisfies the following identity:

C‘;(/ uin® /W |2> /|Vu|z+dx/ |AU|Q+X/|W|2+§1/|M|2

—2x/Aw Av— ng/V (vVw)Aw.

Proof.  Multiplying the first equation of (5.1) by Inu—Ina, we have

d |Vu|2
dt/ uln E /Vu Vo — gl/w V. (5.3)

We multiply the second equation of (5.1) by —Awv to obtain

th/\v |2+d/ |Av]? + /|Vv|2 /Vu Vo — EQ/V vVw)A (5.4)

Then multiplying (5.4) by x and adding it to (5.3), and using the facts u=1uy— Aw and
fQ Av=0= fQ Aw due to homogeneous boundary conditions, we obtain

i(/ ang 3 [ 90 |2> /'W|2+dx/ Ao [ 9o

=2x/ Vu-Vv—gl/Vu-Vw—Xé“g/V-(va)Av

Q Q Q

:2)(/ Aw-Av—gl/ |Aw|2—x§2/V~(UVw)Av
Q Q Q
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which gives rise to (5.2). |
In the limiting case of x =0, there is no bad term to be estimated by (5.2), we can
directly jump to (5.15) below, and hence its proof is simpler. We proceed to treat the
hard case of x >0, for that purpose, we denote
A=A(d)= sup v(x,t), B=B(d)= sup [Vw(z,t)|. (5.5)
(z,t)€Q2x(0,00) (z,t)€Qx(0,00)

Then by the qualitative bounds for v and Vw in (1.7) and (1.8) with (1.9) and (1.10),
we see that they are bounded for large d and hence

2 2¢2
dO(X):inf{d0>0: (d— (2_'_;4;12) X B4§2> X >0 for all d>d0} <+o0. (5.6)

This allows us to include the limiting case of x =0, which corresponds to dy(0)=0.

LEMMA 5.2. Assume & >&ox? and d>do(x). Then the global classical solution
(u,v,w) of (5.1) satisfies the following estimate:

t 2
//ﬂgcg, s 1. (5.7)
1Jo U
In addition, if d>dy(x), then there exists (1 >0 such that
Hu(~,t)—ﬂ0\|L1+||Vv(~,t)||L2 §C’1067<1t, Vvt > 0. (58)

Proof.  Using the definitions of A and B in (5.5), we infer from (5.2) of Lemma 5.1
that

d 2
(/ uln &+ X W|2)+ 'V“‘ +dy \Av|2+x/ |VU|2+51/\Aw\2
dt \Jo u 2 ]Jg Q Q Q Q
:2x/ Aw~Av—X§2/vAw~Av—§gx/ Vou-Vw-Av
Q Q Q

< (24 AG)x /Q |Awl|Av|+ Bxé, /Q V]| Avl. (5.9)

Using Young’s inequality, we readily derive

(24 A&) /|Aw||Av|<§1/|A 2+A52 /|A 2, (5.10)

and
B2
By [ (Vellavl (1) [ Vol + 02, PR (5.11)
Q Q 4(1—¢1)
where, due to d>dy(x) with do(x) defined by (5.6), e1 €[0,1) is defined by
0, it d=do(x), (5.12)
1= 2 2,2 2.\ —1 . 5.12
(o= 28) (2985t o)

A substitution of (5.10) and (5.11) into (5.9) gives

j(/uln 4 X /|v |2) +€X/|Vv|2
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(24 A&)%x B2¢3 2
—i—(d— TR 51> /|Au\ <0. (5.13)

Since d > dy(x), using the definitions of dy and €1 in (5.6) and (5.12), one has

<d— (2+A&)*x B3 )XZO,

451 4(1—61)
which, substituted into (5.13), yields
d (/ 2> / [Vul? 2
— In f-i- Vo +e1x [ |Vv]© <0. (5.14)
dt\Jo u ‘ | Q

Then an integration with respect to ¢ over (1,t) shows that

/Quln +2/|v 24 /t/ﬂwjpg/Qu(.,Um“(Jol)+’2‘/Q|W(.,1)|2. (5.15)

A use of Lemma 2.6 along with the fact ©=1ug entails

U 1
In—>—|lu—1pll?. > 1
/Qunrmnu 0|2 >0, (5.16)
and
L)1
/u(.,1)1nMg,—||u(-,1)_a0||;. (5.17)
Q Uo Uo

Substituting (5.16) and (5.17) into (5.15), we obtain (5.7) directly.
On the other hand, using Lemma 2.6 again and noting the fact that ||u|/p~ <M,
we use the Poincaré inequality to derive that

u 1 Ce8 CﬁgM Vu2
[ uin® <2 fu-alfs < 2 vulz. < 52 Vul”,
Q U u ug Q u

which yields

- 2
1o ulngg/ [Vul® (5.18)
cesM Jq u Jo u

Substituting (5.18) into (5.14), and recalling the fact €1 >0 due to d>do(x), then we
find a positive constant cgg :=min{—"%—,2¢;} such that

cM’

d u X 9 9
- A <
t(/uln_+2/|vv|>+069</uln +5 /|Vv> 0,

which immediately entails, for ¢ >1,
1
) +§/Q |VU(~71)|2> e~ceot=1  (519)

fom e

Then the combination of (5.16), (5.17) and (5.19) implies (5.8). 0

LEMMA 5.3.  Under Lemma 5.2, the u,w-components of the global bounded classical
solution of (5.1) fulfill the following properties:



1088 CONVECTION EFFECTS IN TUMOR ANGIOGENESIS MODEL
(ucl) If d>do(x), then (u,w) decays to (@g,0) uniformly:
[lu(-,t) —tol| Lo + [Jw(-,t) [wrc =0 as t— oo. (5.20)
(uc2) If d>do(x), then (u,w) decays exponentially to (uo,0): for some (23>0,
l[u(-,t) = @ol| L + [[w(-,t)[|wie <Crie™*, V>0 (5.21)

Proof.  Notice from Theorem 1.1 that ||u(:,t)|pe~ is uniformly bounded, and thus
the space-time estimate (5.7) along with Poincaré’s inequality ensures

/ /|u—ﬂ0|2§069/ /lvu|2§070. (5.22)
1 Q 1 Q

Then the uniform continuity of ||u—ug||%. implied by (4.1) shows that
HU7’(7,0||L2 —0 as t— o0. (523)

Thus, with the boundedness of ||Vu| pz» in (4.3), the Gagliardo-Nirenberg inequality
gives

lu(-st) i o <er (||Vu<',t>||z;;||u<-, 0 — ol 7 +|U('ﬂf)ﬂo||L2>
<cro (||u(, )— uo||”+1 —|—||u(-,t)—u0||L2) —0 as t— o0. (5.24)

This establishes the u-convergence in (5.20). We also provide here an alterative short
proof based on [38, Lemma 3.10]. Indeed, assume to the contrary, then there would
exist some sequences (z;);jeny C 2 and ( )jGN C (0,00) satisfying t; — 0o as j — oo such
that

\u(mj,tj) —ﬂ0| > crs3, V] eN.

The uniform continuity of u due to Lemma 4.1 warrants there exist » >0 and ¢ > 0 such
that, for any j €N,

|u7ﬂ0|26§ on By(z;)NQx (t),t;+0). (5.25)
The smoothness of 9€) shows that
|BT(1}]‘)QQ‘ > Cry, V.J?j c . (526)

Therefore, for all j €N, it follows from (5.25) and (5.26) that

t; +46 t; +4 2 (5
/ /\u o >/ / a0|22%, (5.27)

which clearly contradicts the following fact due to (5.22):

t_7‘+5 ()
/ /|u—a0|2§/ /|u—ﬂ0|2—>0 as j—oo.
t; Q t; Q

This contradiction gives rise to (5.21).
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In the case of d>dy(x), we shall apply Lemma 4.2 and (5.8) to show the L>°-
exponential decay (5.21). Indeed, employing the Gagliardo-Nirenberg inequality, the
L'-exponential decay (5.8) and the boundedness of || Vu/||;2» in Lemma 4.2, we conclude
that

_2n 1
lu(-st) o] o <ers (nw-,t)n B (- 1) — 0| FE 4 lu(-11) ﬂo||L1>

€1 4

<crge 2t

which shows our u-exponential decay estimate (5.20).

Finally, by the W2m 1l estimate applied to (3.27) and the embedding W27t
W1 we obtain that

[w(-,t)[lwree <crzllw(,t)lwaner <ezsllul:,t) —toll Lo,
hence, the convergence for w follows directly from the convergence of u. ]

LEMMA 5.4. Under Lemma 5.2, the v-component of the global bounded classical
solution of (5.1) enjoys the following convergence properties:

(vel) If d>do(x), then v decays to uy uniformly:
lo(-,t) — ol —0 as t—oo. (5.28)
(ve2) If d>dy(x), then v decays exponentially to iy uniformly: for some (3>0,
v(-,t) —Tio|| o < Croe™ %, Vt>0. (5.29)
Proof.  We first rewrite the v-equation in (5.1) as
(v—"10)e =dA(v—19)+ &V - ((v—1T0) Vw) + &t Aw +u— Ty — (v —1p). (5.30)

Multiplying (5.30) by v — 4o, integrating over 2 by parts and using the fact Aw=1ug—u
by (5.1), we compute that

1d 2 2 / 2
th/ﬂ(v Uo) +d/Q|VU|+ Q(v o)

:%2/Q(v—ﬁo)QAw+§2ﬂo/Q(v—ﬂo)AUH'/(U—QO)(U—TLO)

Q
:%2/(U—ﬂo)Q(ﬂo—u>+§2ﬂo/(v—ﬂo)(ﬂo—u)—i—/(u—ﬁo)(v—ao)_ (5.31)
Q Q Q
The fact ||u—1ag||p=~ —0 as t— oo by (5.20) shows there exists t; >0 such that
1
[u(,t) =tollp~ < 5=, t>t. (5.32)
26,

On the other hand, using Young’s inequality, we derive

521_1,0/9(’0—1_1,0)(1_10—’&)é%/S)(U—’L_Lo)2+2§§ﬂ%/gz(u—ﬁo)2, (533)
and

/Q(u—ao)(v—ﬁo)Sé/ﬂ(v—ﬁo)2+2/g(u—ﬁo)2. (5.34)
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Combining (5.32),(5.33), (5.34) and (5.31), we conclude, for all ¢t >t;, that

d
Ly REEALEEY /Q|W|2+ /Q (0—i10)? < 4(1+ E202) /Q (u—10)?,

dt J,,

which, upon being solved and the fact (5.23), implies

t
[o(-18) = 10|22 < [[0(-, 1) — tip||22e~ ) +4(1 4+ €3ud) / et / (u(-,5) — @)% =0
1 Q
as t — oo. (5.35)

Then, with the L?-convergence (5.35) at hand, replacing v with u in the Gagliardo-
Nirenberg inequality (5.24), we readily obtain (5.28).
In the case of d > dp(x), to show v decays exponentially, we first see from (5.1) that

v —1ig= (Vg —1g)e”t, Vt>0. (5.36)
Now, we use Poincaré’s inequality and the exponential decays (5.8) and (5.36) to deduce

[o(-+8) = ol 2 <[lv =02 + |0 — o 2
1 _
< ero|| V| L2 + B0 — o[ Ze ™
<egoe Ml 1y,
Now, since ||Vv||p2» is uniformly-in-time bounded by Theorem 1.1, replacing v with

u in the Gagliardo-Nirenberg inequality (5.24), we readily improve this L2-exponential
decay to L*°-exponential decay of v as in (5.29). d

5.2. Case 2: a,u>0 In this subsection, we shall study the large-time behavior
of solution for the complete system (1.4) with a,p>0. For convenience, we rewrite it
here:

ug=Au—xV-(uVo)+ & V- (uVw)+u(a—pu®), xeQ,t>0,

ve=dAv+ &V - (vVw)+u—w, x€eQ,t>0,
0=Aw+u—1u, [qw=0, xeN,t>0, (5.37)
Gu_gu—guw_y, z€00,t>0,
u(an)ZUO(x)a U(.I‘,O):’Uo(l'), €.

LEMMA 5.5.  Let C, denote the Poincaré constant defined by (1.13) and (u,v,w) be

the solution of the system (5.37). Then

a1

— §.

)

(5.38)

Proof. By the w-equation in (5.37) and Poincaré’s inequality due to wi =0, we

infer

[Vwl|lpe <Cpllu—bllzz, [[Aw|z <[lu—b|rz, [wlw22<Cizllu—blg2, b=(

[ el = [ @b =) [ ws fu-bloafulze <Cylu=bl 2| Vol
Q Q Q

which shows

[V z2 < Cpllu—bl| 2. (5.39)
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Next, we deduce from the third equation in (5.37) and the fact that [, Aw=0 that

/|Aw|2 /b ) Aw+ (7 — b/Aw
— [w-naws ([ o) </Q|Awl2>§7

which along with the W?22-elliptic estimate applied to (3.27) yields

Nl=

w|lwz2 <csi]|Awl|Lz <csalu—b[ 2.

This together with (5.39) gives rise to (5.38). |

LEMMA 5.6.  The classical solution of (5.37) satisfies

d b 2 b 202
dtA(u—b—ban)w/Q(u—b)(u@—be)<’;/Q|W|2+§12”/Q(u—b)2. (5.40)

Proof. 'We use integration by parts to deduce from (5.37) that

d [Vul? 0 _ 10
In _ —
7 (u b—b b)—i—b " +M/Q(u b)(u’ —b%)
be/ Vu-Vv_bgl/ Vu Vw. (5.41)
Q u Q u
Using Young’s inequality, one has
Vu-Vo _ |Vu|2 bx? 5
- 42
/ <5 [ e vk (5.42)
and, due to (5.38) of Lemma 5
Vu- Vw |Vu|2 bfl 2 Vu2  bEICT )
- —b)”. A4
e [ T < [ B /|v wp<g [ 200 [ubp. (5a9)
Then we substitute (5.42) and (5.43) into (5.41) to obtain (5.40). 0

LEMMA 5.7.  The global bounded classical solution of (5.37) fulfils

d 2 2 2 ggMOZCz% _1)\2
it .= +/Q(v—b) +d/Q|Vv| §<1+ y )/Q(u b)2. (5.44)

Proof.  From (5.37), we use integration by parts, the fact ||v(-,t)|| L < My in (3.1),
the Hélder inequality and Young’s inequality to estimate

jt (v—b)> +2/(u b) +2d/|Vv|2
:—2§2/QUVU-Vw+2/Q(u—b)(v—b)
< 26, MoV 2| V]| 2 + /ﬂ<u—b>2+ / (0—b)?

Q

2, M 2 Y 12
<d [ |Vv|*+ [Vwl“+ [ (u=b)*+ [ (v—0)7,
Q d Jo Q Q



1092 CONVECTION EFFECTS IN TUMOR ANGIOGENESIS MODEL

which in congunction with (5.38) shows (5.44). |

We are now ready to show the exponential decay of global bounded solutions.
LEMMA 5.8.  Let (u,v,w) be the global solution of (5.37) obtained in Theorem 1.1. If
w>0 satisfies (1.15), then (u,v,w) decays exponentially to (b,b,0): for some >0,

u(-8) = b|| Lo + |[0(-,) = b|| oo + | (-, 8) [ wrce <Crae” T 0. (5.45)

Proof. By the estimate for My in (3.1) or (1.7), we first infer that

MZ<0(1) <1+ (;) t) ,

and then, we find that our assumption on p in (1.15) along with (1.14) implies

(5.46)

CRes Mg 0
[(1+ 25 ) 0 o3¢ A2 +d?C2E3 4+ C263 M2\ 2
> 2b9 5 = pu> o

Now, multiplying (5.44) by % and adding the resulting inequality to (5.40), we obtain

Z(/(u b—bln 3)+% (v—b)2)+b2xd2 (v—Db)?

g—u/g(u—b)(ue—be)jtg <1+02i2lM°>+02§1 /Q(u—b)2. (5.47)

Notice, since 6 > 1, by examining monotonicity, one easily sees that

2
— 1
sup (z—0)

€(0,b)U(b )(sz)(zf’fb"):befl@_(Z_b)(za_be)S_ba_1<z_b>2’ vz>0.

Applying this inequality to (5.47), we immediately arrive at

jt(/(u b—bln )+ b;;/(v—b)2>+62xj/ﬂ(v_b>2

e ~ [(14» C2§2M0)X72+Cz%£%] /(u—b)QSO- (5.48)
Q

H 2p0—2

We first integrate (5.48) from 1 to ¢ and then we use our derived condition (5.46) and
the elementary algebraic fact that z—b—bIn3 >0 for 2 >0 to obtain that

t
/1/9(u—b)2<083, vt>1. (5.49)

Given (5.49), using the same arguments as in Lemma 5.3 for u, one can easily show that

lu(-,t) = bl e =0 as t— oo. (5.50)
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Next, observing the following elementary fact that

. (sz)2 B
lﬂz—b—blng_zb

)

we infer from (5.50) there exists t2 >0 such that

u("t)
b

b [u(-,t) —b—blnu(é)’t)} <Ju(-t)—b]* <3b [u(~,t) —b—bln

]  Vt>ty.  (5.51)

Substituting (5.51) into (5.48), we end up with an important ODI:

d u,  by? 2 u,  by? 2
— —b— — = — —b— — A — < >
pr </Q(u b blnb)+ ¥ /Q(v b)) +o /Q(u b blnb)+ 2 /Q(v b)° ) <0, Vi>ta,

(5.52)
where, due to (5.46),
242 2
[(1+250) ¢ el
o:=min{ 1, b’ |pu— 5502 >0.

Solving the ODI (5.52), we simply get the following exponential decay estimate:

/(u—b—bln%)—&—/(v—b)2§084e_"(t_t2), Vit >to,

Q Q

which combined with (5.51) gives

u(-t) =bll g2 4+ 0(-,t) = bllz2 <csse 2t >t (5.53)

Now, it is easy to improve this L2-convergence to L>-convergence as in Lemma 5.3.
Indeed, by the boundedness of ||Vu||pz» in (4.3) and the Gagliardo-Nirenberg inequality,

(5.53) entails

n
nt1

L2n

u(-18) = bll e < s (nw-,t) w(et) b +||U(',f)—b||L2>

<cgre TNVt >t (5.54)

Similarly, using the W1*-boundedness of v guaranteed by Theorem 1.1, we use the
Gagliardo-Nirenberg inequality to improve the L?-convergence of v in (5.53) to its L>°-
convergence as follows:

_n_ 2 - B
lo(-,8) =Bllee < essllvC, Ol llo(-,8) = bl 137 Sesge™ 752071 >ty (5.55)

As for the W1 >_convergence of w, applying the W2+l estimate to (3.27) along the
embedding W21 — W1 and using (5.54), we see that w decays to zero exponen-
tially:
l[w(-t)[lwr.ee <egollw(-,t)lw2ntr < corl| Awl| s <cop ([lul-t) =bll Lo +[b—1ul)
< 2092||u(-,t) —b”Loo <cgsz€ 2<”a+1)t, Vit >ts. (556)
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Our desired exponential convergence (5.45) follows from (5.54), (5.55) and (5.56). 0O

Proof of Theorem 1.2. The respective convergence and exponential convergence
in (C1) and (C2) of Theorem 1.2 have been fully contained in Lemmas 5.3, 5.4, and 5.8.
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