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EXISTENCE OF SOLUTIONS FOR A BI-SPECIES KINETIC MODEL
OF A CYLINDRICAL LANGMUIR PROBE*

MEHDI BADSIt AND LUDOVIC GODARD-CADILLACH

Abstract. In this article, we study a collisionless kinetic model for plasmas in the neighborhood of
a cylindrical metallic Langmuir probe. This model consists of a bi-species Vlasov-Poisson equation in
a domain contained between two cylinders with prescribed boundary conditions. The interior cylinder
models the probe while the exterior cylinder models the interaction with the plasma core. We prove
the existence of a weak-strong solution for this model in the sense that we get a weak solution for the
two Vlasov equations and a strong solution for the Poisson equation. The first parts of the article are
devoted to explaining the model and proceed to a detailed study of the Vlasov equations. This study
then leads to a reformulation of the Poisson equation as a 1D non-linear and non-local equation and
we prove it admits a strong solution using an iterative fixed-point procedure.

Keywords. Cylindrical Langmuir probe; stationary Vlasov-Poisson equations; boundary value
problem; non-local semi-linear Poisson equation.
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1. Introduction

The Langmuir probe is a measurement device that is used to determine the local
properties of a plasma, such as its density, temperature and plasma potential, known as
plasma parameters. It is used in a wide range of applications. In practice, to determine
the plasma parameters, the probe voltage is varied within a sufficiently large range and
the collected current is recorded. The curve of the collected current versus the applied
probe voltage is called the characteristic of the probe. It is the main object of interest
in the probe modeling theory. The modeling of probes has been the aim of a lot of
physical theories and several works aim at studying in detail these theories (see for
instance [1-3]). For a kinetic modeling of the Langmuir probe, we refer the reader to
the monograph of Laframboise [4] for a general overview where both cylindrical and
spherical probe models based on the stationary Vlasov-Poisson equations are proposed.
Some discussions on the particles orbits and numerical simulations can also be found.

At the mathematical level, existence theories for kinetic equations modeling plasma
particles interacting with a probe in a two dimensional setting is not well-known. There
are nevertheless several results concerning stationary solutions for the Vlasov-Poisson
equations. The more relevant within the context of probe is the work of Greengard and
Raviart [5] which deals with the one dimensional stationary solutions of Vlasov-Poisson
boundary value problem where a very complete analysis of particles trajectories is made.
An extension of this work by Degond et al. to the case of a cylindrically symmetric
diode can be found in [6]. On the contrary to the model that we study here, their work
considers one species of particles and the analysis of existence uses a maximum principle
for the Poisson equation. Our approach is different and is based on explicit expression of
the macroscopic densities. This approach gives a good understanding of the trajectories
of the particles and of the effective electrical potential as it is a constructive approach.
This is also of particular interest in view of the numerical simulations. We also mention
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the work of Bernis [7] which is concerned with the existence of stationary solution with
cylindrical symmetry for the Vlasov-Poisson equations in the whole space. Others works
on stationary Vlasov-Poisson equations can be found in the non-exhaustive list [8-12].

In this work, we consider the modeling of a cylindrical probe immersed in a plasma
made of one species of ions and of electrons, and its analysis. We use a collision-
less kinetic description to model the transport of particles under the action of the self
consistent electric potential. The unknowns are assumed to obey the stationary Vlasov-
Poisson equations written in polar coordinates. To model the interaction with the probe,
we assume that particles are emitted from the core plasma while at the probe particles
are absorbed. The probe potential is fixed to some arbitrary value while in the plasma
the electric potential is taken equal to a reference potential value. To construct weak
solutions of the Vlasov equation, we assume the rotational invariance of the distribu-
tion functions of incoming boundary particles so that the solutions also are. We then
use the method of characteristics and the conservation of the local energy and angular
momentum to decompose the phase space for each species of particles. This decomposi-
tion of the phase space yields the definition of two distinct regions: one corresponds to
trajectories of particles that reach the probe, the other one corresponds to trajectories
that do not reach the probe. Because this decomposition is made in full generality, it
introduces the study of the potential barrier (both its height and position) that sepa-
rates the trajectories of the particles that reach the probe from the others. On closed
trajectories (not connected to the boundaries), our solution is taken to be zero though
it could be any other distribution function.

The study of these different regions of the phase space eventually gives a compact
reformulation of the source term in the Poisson equation that involves non-linear and
non-local terms. To deal with non-local terms, the strategy consists first in replacing
them by parameters. In such a situation, the existence of a solution follows by standard
variational arguments. In a second time, we adjust these parameters in such a way that
we can recover the initial non-local equation. We proceed by using a fixed-point proce-
dure so that the parameters are expected to converge towards the associated terms. The
main technical difficulty lies in obtaining the convergence of the solution itself during
this fixed-point procedure. The convergence is obtained using three main ingredients:
a general L> estimate on the macroscopic density that is uniform in the electric poten-
tial, a Holder estimate on the non-linear term and continuity properties on the non-local
terms. These estimates are obtained provided the incoming distribution functions obey
some appropriate integrability properties in velocities which is reminiscent of the work
of [5]. The obtained sequence is then proved to converge towards a solution of the orig-
inal problem. The qualitative description of the solution and its numerical simulation
will be the purpose of a future work.

2. Modeling the probe

We consider a non-collisional and unmagnetized plasma made of one species of ions
and of electrons, and in which a cylindrical probe is immersed. The radius of the probe
is 7, >0 and the length of its axis is L > 0. We assume L > 1), so that an invariance along
the probe axis is assumed. Then, we only model the planar motion of particles in the
open set Q= {(x,y) eR?: 7‘127 <z?+y*<ri} where r, >7, is an outer boundary radius
(see Figure 2.1). Outside the radius ry lies the plasma core whose density is assumed
to have a rotational invariance.

2.1. The Vlasov-Poisson equations in polar coordinates. In cartesian
coordinates, particles positions are denoted x:=(z,y) and velocities are denoted v:=
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Fic. 2.1. Sketch of a trajectory of a particle into a radial force field entering at r=r, with a
velocity v.

(vg,vy). In polar coordinates, particles positions write x = (x,y) =re, with r= /22 +y?
and e, = (cosf,sinf), and particles velocities write v:=(vg,v,) =v,€, +v9€¢ With v, =
Ve, vg=v-ep and eg=(—sinf,cosf). The unknowns are the nonnegative particle
distribution functions of ions and electrons in the phase space (r,v,,vp) € [rp,7p] X R?
and the electrostatic potential which are assumed to have a rotational invariance. They
are thus denoted f;(r,v,,v9), fe(r,v.,v9) and ¢(r) and are assumed to obey the Vlasov-
Poisson equations, which in polar coordinates, write:

VrVg

2
vrarfi—ravefi+<zf—niar¢) Bo f:=0, V(r,v,,v9) € (rp,r) xRZ  (2.1)

Vg vi | a 2
vrarfe—Tﬁvgfe—l— T—FH(‘?»,‘(]S Oy, fe=0, Y(r,v.,vg) € (rp,mp) xR (2.2)

_%dir (Tcdlf) (r)= %/}RQ (fi(r,vr,vg) —fe(r,v,ﬂ,vg))dwdvg7 Vr e (rp,Ts), (2.3)
where ¢>0 is the electrical elementary charge, £9>0 is the vacuum electrical per-
mittivity and m; >m, >0 are respectively the mass of one ion and of one electron.
Equations (2.1)-(2.3) model the transport of the charged particles under the action of
the self-consistent electrostatic potential. For the sake of conciseness, we denote for all
r € [rp,7p] the macroscopic charge densities of ions and electrons by:

ni(r)zq/ fi(r,v.,v9) dv,. dog, ne(r):q/ fe(r,vm,v9) dv,. dvg. (2.4)
R2 R2

In the context of the Langmuir probe theory [1,4] the radial current density is an
important quantity to be computed. For each species s=i,e and all r € [rp,rp] it is
defined by:

Ts(r) =js(r)er, (2.5)

jS(T)ZZQ/ fs(ﬁvr,ve)vrdvrdve- (26)
R2
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2.2. Boundary conditions in the plasma and at the probe. We assume
that far away from the outer boundary radius r > r; there exists an ionizing source of
particles (the plasma core) that makes both ions and electrons enter at r =r,. We model
these incoming particles from the plasma core by the following boundary condition

V(UNUB)GR*_ xR, fi(rmvrave):fib(vrvve)a fe(rb7v7’>v9):f£(v7‘>ve)7 (2'7)

where f2:R; x R—R* and f*:R; x R—R™* denote arbitrarily given distribution func-
tions of the incoming particles. These functions are independent of 6 in accordance with
the rotational invariance. They are also symmetric with respect to the angular velocity
vy to ensure the absence of ortho-radial current. The zero-potential reference is taken
to be at r=ry:

@(rp) =0. (2.8)

We assume the probe to be non-emitting, that is at »=r,, no particles are emitted in
the direction to the plasma. We also consider that the potential of the probe is fixed at
a value ¢, € R. The boundary conditions at r=r, then write

V(UTWU@)ERjXR7 fi(TZHUTaUQ):Ov fe(rpav7'7v\9):05 (29)
¢(rp) = bp- (2.10)
REMARK 2.1. Since f!(v,,v9) and f°(v,,ve) are both symmetric with respect to

vg then the solutions of the Vlasov Equations (2.1) and (2.2) are also symmetric with
respect to vg. There is not any ortho-radial current: ng fs(ryve,v9)vgdv,.dvg =0, for
each species s=1,e and for all r € [ry,r].

2.3. Dimensionless equations. Consider the following physical constants
A=+/eokvT./(q* Nog) (Debye length) and c¢s= +/kyTe/m; (ion acoustic speed) where
T.>T; is a reference electron temperature, Ny >0 is a reference plasma density and k;
denotes the Boltzmann constant. We define the rescaled variables

T . U . Vg

=l g= = (2.11)
Tp Cs Cs

We also define the rescaled particle distribution functions and the rescaled electrostatic
potential

Fi0,50) = = Firorve), Fotms) =2 fulrovne), d() =220 (21
Z7T39_NOZ7T‘797 e\, Ur, Vg N0€ ry V0O ka .

The rescaled unknowns verify the dimensionless Vlasov-Poisson equations which
after dropping the dimensionless notation ~ write:

Ur Vg

2
Urarfi a’ugfz (T_8T¢> avrfi:Oa V(T,vr7vg)€(1,7"b)><R2, (213)

2

1
v 0r e ”T”eawfe (?+Mar¢>av,,fe=o, V(rorve) € (L) x B2, (2.14)
<2

St (E) 0=, e, (215)
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where p=m./m; is the mass ratio and A=\/r, is a normalized Debye length. An

additional re-scaling of the velocities space for the electronic Vlasov Equation (2.14) is
given by the change of variables and unknowns

ﬁr:\/ﬁvrv 60:\/7“)03 fe(r’ﬁraﬁé’):ﬂfe(ravraWG) (216)

which yields again after dropping the notation ” the same Vlasov Equation (2.14) with
pw=1. In the Poisson Equation (2.15), the dimensionless macroscopic densities are then
given by

n;i(r) Z/ fi(r,vp,09) dvpdvg,  me(r) :/ fe(r,0p,06) dvy. dug (2.17)
R2 R2
and the dimensionless radial currents are given by
1
]z(r):/ fi(r,’Ur,Ug)’Urdvrd’Ug, ]e(r)zi/ fe(ravr;UO)vrdvrdve' (218)
R2 VH Jre

The factor 1/,/i is natural in view of the difference of mobility between ions and
electrons. The obtained problem is

0O fi = 25200y, fit (= 0,0) 00, fi=0,  V(rvp,v9) € (1) x R?,
OO fu = 252200, fort (2 40,0) 0, fo =0, V(rvr,v0) € (1) X R2,

—iﬁir%)ﬁr=m00—naﬂ7 vre(l,r), (2.19)
fi(rbavrvve):fib(vrvve)v fe(T‘b,’UT,UQ):fg(’UT,Ue), V(UNWG)ER;XRa
fiLve,vg) =0,  fo(l,v.,09)=0, V(v,,v9) ERF xR

¢(Tp>:¢pa ¢(Tb):0'

Since in the proof of the existence of solutions the physical parameter \ is of little
interest, we consider in the following A=1. We nevertheless mention that in the qual-
itative description of the solutions the physical regime X small is important because a
boundary layer known as the Debye sheath exists in the vicinity of the probe. See for
instance [4,13-15] for further physical and mathematical details.

3. Main result

We first define the notion of solutions that we consider for the Vlasov-Poisson
equations with the boundaries and then state our main result. In this regard, we need
some notations, we introduce the set of outgoing particles, the set of incoming particles:

2= ({r} xRT xR)U ({1} xR™ xR), "= ({r} xR, xR)U ({1} xR} xR)

and denote the domain of work @ :=(1,r,) x R%. Observe that X°% =9Q\ %i¢. Define

also
_J1if s=i,
P Jlif s=e.

Solutions of the Vlasov equations with boundaries are not necessarily classical even
though the incoming boundary data f? and f° are smooth. This is due to the geometry
of the characteristic curves (they are defined in Section 4) and the boundary conditions
(2.7),(2.9). A discontinuity in the solution at the boundary can occur and be propagated
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by the characteristics into the interior of the domain. Therefore, we shall generically
consider weak solutions for the Vlasov equations.

DEFINITION 3.1 (Weak solution to Vlasov equation). Let ¢ € WH°(1,1y). Let s=i,e.
Let fs€ LY(Q) and fbe LY (Z™°). We say that fs is a weak solution of the Vlasov
equation with the boundary condition f° if for every € C* (@) compactly supported on
Q and such that YPyzou =0, the following equality holds:

Tp “+o0 +oo
/ / fs(r,00,00) U (1,05, 09) dvy dvg drr
1 —00 —00

“+oc0 0
z/ / ff(vr,vg)¢(rb,vr,vg)Urdvrdvg (3.1)

where

2

\I/(T7'U7-,U9) :vr&«d)(r,vmve) + (1;9 - Usar¢(r)) 31)#/)(7“,%,119)

Uy

B 731;9 (Vo) (7, vr,v0).

This weak formulation of the Vlasov equation (3.1) can be reformulated in terms of
duality brackets:

<\I’afs>Loc(Q),L1(Q) = < (’UT’w‘Zinc))f:>Loc(Einc)’Ll(Einc)

The solution for the studied Vlasov-Poisson problem are weak solutions for the
Vlasov equation and point-wise solution for the Poisson equation:

DEFINITION 3.2 (Weak-strong solution of the Vlasov-Poisson problem).  Let ¢, €R.
Let f° and f° be two integrable functions on . We say that a triplet (f;,fe,¢) is a
weak-strong solution of the Vlasov-Poisson Langmuir problem (2.19) if:

o ¢eW>>(L,m) and fi,fe € L'(Q).

e f; and f. are weak solutions of the Viasov equations in the sense of Definition
3.1.

e ¢ satisfies the Poisson Equation (2.15) pointwise almost everywhere in [1,13)
and the Dirichlet boundary conditions (2.8),(2.10).

In the above definition the boundary data are assumed to be in L'. The regularity
»€W?2>(1,r,) is sufficient to ensure the existence and uniqueness of the characteristic
curves defined in Section 4.

Concerning our main result, we make use of, for technical reasons, extra integra-
bility conditions on the incoming fluxes. For that purpose we define the Banach space
L} (L2 (wdw)) as being the space of measurable functions of R? such that the following
norm is finite:

1128t () = / sup |w f(w,L)|dL. (3.2)
RweER

We also define the Banach space L} (L°;dw/|w|”) where 0<v <1 from the following
norm:

dw
”f”L}U(Lz";dw/lw\’Y) ::/ sup |f(w,L)| — . (33)
R LeR

|wl|
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Note that these two norms are finite if, for instance, we have the following estimate:

1

L)eR? L)<
V(w, )G ’ |f(w’ )|_|w|+|L|2+1

The main result of this article is the following:

THEOREM 3.1.  Let ¢p€R. Let 1P and f° be two non-negative integrable functions
defined on R_ xR symmetrical for the second variable. Suppose moreover that, with
s=i,e,

HngLlL(Lz?(wdw)) <+o0 and ||f§||Li,(Li°;dw/|w|v) < +o0.

for some 0 <y < 1.
Then the Vlasov-Poisson problem (2.19) with boundary values f° and f° admits a
solution in the sense of Definition 3.2.

4. The linear Vlasov equations

We consider for this section only the linear Vlasov Equations (2.13) and (2.14) where
for now the potential ¢ is fixed independently of the influence of the particles. The aim
of the work done in this section is to reformulate the Vlasov equations to reduce the
initial problem to a non-linear 1D Poisson equation. We assume that ¢ € W2°°(1,ry),
so that its derivative is Lipschitz continuous.

4.1. Tonic phase diagram. The characteristics associated with the Vlasov
Equation (2.13) are the solutions to the ordinary differential equations
d
—r(t)=vr(t),
i v do
Vg
. Yr t)= - 5 t ) .
o 0="1 G (41)
d —vp(t)vg(t)
—vg(t) = ——F——=.
v r(t)

Since d¢/dr is Lipschitz continuous, for each initial condition (rg,vy.0,v4,0) € (1,75) x R?,
Equation (4.1) admits a unique solution (r,v,,v9) € C*((tine(0,vr,0,70,0),tout (10,Vr.0,v0,0)) ;
[1,75] x R?) where

tine(T0,0r0,v9,0) :=Inf{t' <0 : r(¢) € (1,r) VE € (t',0)},
tout (T0,Vr,0,v0,0) :=sup{t’ >0 : r(t) € (1,ry) Vt € (0,t)}

denote respectively the incoming time and the outgoing time of the characteristics in the
interval (1,75). They can be either finite of infinite. Additionally, one has two constants
of motion: the total energy and the angular momentum. Indeed, the characteristics
satisfy for all ¢t € (tinc(r0,Vr,058,0),tous (705 Vr,0,v0,0)) ,

d (vi(t)+vi(t)
dt ( 2

d

o (r(t)ve(t))=0.
Therefore the characteristics are contained in the following level sets defined for L € R
and e€R by

+olr()) =0,

24 .2
vy +vg

CLe:= {(7",1)7«,1}9) €(1,ry) xR?:rug=L and +o(r) :e}.
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These sets give a description of the phase space according to the values of L and e. In
this regard, it is convenient to introduce for L € R the effective potential defined by

Vre(l,r] Up(r):= QL—:Q +o(r). (4.2)

Since Uy, is a continuous function on [1,7], it reaches its maximum value at some point
in [1,7p]. Its maximum value is denoted

Ur:= max Ug(r).

rell,ry]

The maximal value U, defines a global potential barrier for which a particle located at
r € (1,rp) with velocity v, and vy :% such that % +Ug(r) < Ug cannot cross a point a
such that Uy (a) =Ur. Indeed, arguing by contradiction, one would have by conservation
of the total energy % +UL(r)= é +Ur(a) for some v, € R and thus % +UL(r)>Ug
which is a contradiction. Since we cannot make any assumption on the monotonicity
of the function Uy, it may have many oscillations. In such a case, there exist several
local potential barriers which yield the existence of trapping sets for the particles as
sketched in Figure 4.1. To construct a solution, we shall thus carefully decompose the
phase space (r,v,) for each L € R. Namely, we shall distinguish between characteristics
that intersect the boundaries from those which do not and correspond to trapping sets
(see for example [16] for a definition of a trapping set). An illustration of the phase
space (r,v,.) corresponding to an effective potential Uy, having several extrema is given
in Figure 4.1.

Characteristics that originate from r=r,. Of particular interest, are those
characteristics that originate from the boundary r =1, because they correspond to tra-
jectories of particles coming from the plasma. One has two cases:

e Characteristics with energy level e >Ujy. A point of the phase space
(r,v,) such that e= %E—i—UL(r) >Uy, is on a characteristic that crosses r=ry.
Especially, if v, <—4/2(U,—Up(r)) there is a unique characteristic curve
passing through (r,v,) that originates from r, with a negative velocity v, =
—\/1)7%+2(UL(T)—UL(7"17)).

e Characteristics with energy level e € [yL(rb),ﬁL]. If Uy has several

local maxima, the level curves of equation %T+U 1 (r)=e may be associated
with either closed characteristics or characteristics that originate from r=ry.
To distinguish between them, we consider the number

ri(L,e):=min{a €[1,7mp] : Ur(s) <e,Vs€|a,rp]}. (4.3)

By continuity of the function Uy this number is well defined and the interval
[ri(L,e),rp] is the largest interval containing the point r;, in which Uy, is be-

low the energy level e€[UL(ry),Ur] . If (r,v,.) is such that % +Up(r)=e€
[UL(rp),Ur] there is a unique characteristic curve passing through (r,v,) that
originates from 7, with a negative velocity v, = —+/v2 +2(UL(r) — Uy (1)) if and

only if r>r;(L,e).

The above discussion leads to the following decomposition of the phase space between
characteristics that have high energy and characteristics that have low energy:

DY(L):=D"(L)uD"?(L), (4.4)
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ta
vy

F1G. 4.1. Schematic (r,v) phase space decomposition corresponding to an effective potential Uy, .
Dotted lines correspond to trajectories of energy level greater than Up,. The dashed line corresponds
2

to a separatriz curve of equation % +Ur(r)=Up. The solid lines correspond to trajectories of energy

level lower than U7,.

’Df’l(L) = {(r,vr) €(l,my) xR:v.<—4/2(U —UL(T))}7 (4.5)
D2 (L) = {(r,vr) € (L,rp) xR :Ug(rp) < §+UL(T) <Up,r >n-(L,e)}- (4.6)
—_———

=:e

For each point (r,v,)€D?(L) there exists a unique characteristic curves that
passes through (r,v,) and originates from r=r; with a negative velocity wv,=
—/v2+2(UL(r)=Ur(rp)).

Characteristics that are closed or originate from r=1. Other trajectories
are either closed or originate from r=1. They correspond to point of the phase space
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(7,v,-) which are in the complement set of D?(L), that is
DP*(L)=((1,r5) xR)\D}(L).

The function f; defined by (4.7) is taken to be zero on closed characteristics. It could
have been any arbitrary function that one may interpret as the trace of some transient
solution. Accordingly with [4], we assumed these closed characteristics to be unpopu-
lated. From a mathematical point of view, considering the distribution function to be
non-zero would add some additional terms in the expression of the macroscopic density
that we discard for the sake of conciseness of this work.

Then one has for L €R the phase space decomposition

(1,7) x R=D?(L)UDI*(L).

Using this phase space decomposition and the fact that the solutions of the Vlasov
Equation (2.13) are constant on the characteristics, we define

0 if (r,v,) € DY*(L) with L=rvy,

fP (—\/UE+2(UL(T)—UL(rb));%) if (r,v,) € DY(L) with L=ruvy.
(4.7)

fi(rﬂfrﬂ]e) = {

In view of the above construction, one has the following:

PROPOSITION 4.1.  Consider f?:R; x R—R* a distribution of velocities for incoming
positively charged particles (ions) that is essentially bounded. Therefore f; defined by
(4.7) is a weak solution of the Vlasov equation in the weak sense given by Definition
3.1.

Proof. See the Appendix B. ]

One can express the macroscopic density explicitly in terms of the effective potential
Ur. This will be of great help for the analysis.

PROPOSITION 4.2.  Consider f:R; x R—R* a distribution of velocities for incoming
positively charged particles (ions). With f; defined by (4.7) the macroscopic density is
given by

( ) /’+00/—\/2(UL—UL(7‘17)) |wT| fb< L) o dL
™\ T ) = i Wy, — Wy
coo Jooo Vw2 =2(Ur(r)=Uw(rs)) "o
e |wy| b L
+2/ Liv, (ry)—UL (r) <0 / fi (wT;—> dw, dL
e TEOULDSO) W (L) Vw?—=2(Uc(r)=Ur(rs)) T
e |wr| b L
+2/ vy (ry) UL ()20 / fi (wr;—) dw,.dL (4.8)
—o0 () =0r (=0} Wi, (L) Vw2 =2Ur(r)=UL(rs)) Tb
where

Wi (r,L):= {wr ER:—/2(Ur—Ug(ry)) <wr<—\/2(UL(T)—UL(rb))

w2
and 1r>71; <L,2T+UL(7’b)> }7

2
Wij2(r,L):{wT€R: 2Ur—Ur(ry))<w,.<0 and r>ri<L,u;T+UL(rb)>}
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and the radial current density is given by:

1 L=t p=v 2(UL—UL(r)) L
Ji(r)= f/ / fe (wr; ) wydw, dL. (4.9)
T _ Ty

=—00 oo

Note that we only integrate non-negative quantities so that the manipulated integrals
are always well-defined (finite or not). Assumptions on the distribution f? that make
rn;(r) be a finite quantity are discussed in the next section.

Proof. Let re€(1,r,). One has by definition and using Fubini-Tonelli theorem

ni(r):= szi(r,vr,vg)dvrdvg:AAfi(r,vr,vg)dvgdvr.

Using the change of variable L =rwvg, one has

rni(r):/R/Rfi (r,vr,f) devT:/R/Rﬁ <r,vr,f> dv,dL.

In view of the definition of f; at (4.7), the macroscopic density only integrates on the
two sets

Df’l(r):{(me)ERzivr< Q(ULUL(T))}v
DY (r) = {(UT,L) €R?: Up(ry) —Us(r) < %2 <Ur—Uw(r)
and r>r; (L,DZZJrUL(T)) }

Using the definition of f;, one therefore obtains

mitr)= [ :O | T, <¢v2+2<UL<r>UL<rb>>;L) dv,dL

[e%S) b

s (\/vz+2<UL<r>UL<rb>>; L ) doydL.
D}*(r)

Ty

For the foregoing computation, one sets

+oo p—1/2(UL—-UL(T))
n=["] 12 (~VEFRO Ui ) vt

o0

e[ g (VERR Ui ) duvd.
DH2 (1) Ty

For the first integral I1, one uses the change of variable w, = —+/v2 +2(UL(r) = UL(r))
so that one gets

oo /2T o —Ur () |w, | v(,, L
I =/ / T ' (w> durdl
1 —o0 J—oo \/w%*Q(UL(T)*UL(Tb))f T
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Regarding the definition of the set D?’Q(T’), one splits it in two parts according to the
sign of U (ry) — UL (r). Consider for L € R being fixed, the two sets of radial velocities

Vi,l(r,L)::{vreR:|vr|<\/2(UL—UL(r)) and r>ri<L,Uj+UL(r)>},

Via(r,L):= {vr ER: 2(UL(ry) —Ur(r)) < |ve| < \/2(UL —UL(r))

02
and r>ry <L,2T+UL(7‘)> }

One therefore splits the second integral I into Io =157+ I3 2 with

o0 L
12,1r=/ ]l{UL<m>7UL<r><o}/V ( L)ff’ (—\/v3+2(UL(T)—UL(Tb)); )dvrdLa
i,1(Ts

oo T

Ty

+oo L
12,21=/ ﬂ{UL(rh)fULWZO}/ ( )ff’ (—\/113+2(UL(7“)—UL(7“b)); )dvrdL-
— 00 V,'qg T,L

One now computes the first integral I3 ;. One remarks that the set Vy(r, L) is symmetric
with respect to v,, =0 and that so is the integrand. By symmetry one therefore has

— 00

+oo L
21 :2/ ﬂ{UL(m—UL(rko}/ it (—\/v? +2(UL(r) =Uw(r)); > dv,dL
Vi, (r,L) Ty
where one now considers only the negative velocities:

K3

2
Vfl(r,L)::{vreR:— 2(Ur—UL(r))<v,<0 and T’>’/‘Z‘<L,U2T+UL(T)>}.

Using the change of variable w, =—/v2+2(UL(r) —UL(ry)), one gets

o /Mﬂ [ | o (w L)dw L
2,1= UL(rp)—UL(r i "y '
A Y A D R AT MY

where the set W, (r,L) is the image of V;(r,L) by the change of variable v, wy,
namely:

W;l(r,L) = {wr ER: —\/2(Ur—Ur(rp)) <w, < —\/Q(UL(T)—UL(Tb))

w2
and r>7; (L,2T+UL(7"1,)) }

One now computes the second integral Ipo. The set V;o(r,L) is decomposed as
Vio(r,L):= VIQ (r,L)UV, 5(r, L) where

VIQ(T,L): {vr eR: \/Z(UL(rb) —UL(r)<v,.<\/2(UL—UL(r))

02
and r>71; (L,;+UL(T)) },

Vio(r,L)= {vr ER: —\/2(UL —UL(r)) <v, < —/2(Us(rp) = UL (7))
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02
and r>r; (L,2T+UL(7")) }

This yields the following splitting of the integral I o,

+oo L
fz,z:/ R{UL(”)—UL(TQO}/ i (—\/713+2(UL(7‘)—UL(%));> dv.dL
Vi2(T7L) Tb

— 00

“+oo L
+/ ]l{UL(rmUL(r)zO}/ )ff’ (—\/v3+2(UL(T)—UL(rb));m) dv,dL.
—0o0 o (r,L

i,2

For each integral, one uses again the change of variable w, = —\/v2+2(UL(r) — UL (1))
so that one eventually obtains

122—2/+001{U< ) U<)>0}/ - f'b(w.L>dw “
B TR ey VT =20 (0 Ui ()

where the set W, ,(r,L) is the image of the set V;,(r,L) by the change of variable
Uy — Wy, Namely:

2
WZ2(T,L){wT€R: 2(UL —UL(rp)) <w,.<0 and r>m<L,U;T+UL(rb))}.

Gathering all the integrals together yields the expression of the macroscopic den-
sity (4.8). For the current density, using a similar decomposition of the integral and
symmetry arguments one is led to the expression (4.9). d

REMARK 4.1. In the expression of the macroscopic density (4.8), the first integral
corresponds to the density carried by characteristics that travel from r=r, to r=1.
These characteristics also carry some current density. The other integrals correspond to
a density carried by characteristics that start from r =7, and go back to r =7, because
they correspond to low energy levels. Particles on these characteristics do not have
enough energy to overcome the global potential barrier Ur. On these characteristics
there is no current. This eventually explains why the current density (4.9) has only one
contribution.

4.2. Electronic phase diagram. Concerning the electronic phase diagram,
the reasoning is similar as for the ionic phase diagram except that, since the electronic
charge is now negative, the particles interact with the external electric field with an
opposite sign. In other words, d¢/dr is replaced by —d¢/dr. We make use of this
analogy to simplify the presentation of the electronic phase diagram.

The characteristics associated with the Vlasov Equation (2.14) are the solutions to
the ordinary differential equations

%r(t) =v,(t),

d B ve(t)?  do
ivg(t) _ —v,.(t)vg(t)
dt r(t)

Since d¢/dr is Lipschitz continuous, for each initial condition (rg,v,.0,v9.0) € (1,75) x R?
there exists a unique solution (7,v,,v9) € C* ((tinc(r0,vr.0,v0.0)s tout (T, Vr.0,v0.0)); [1,75] X
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R?) to Equation (4.10), where

tinc(’/’o,’ur’o,l}g,o) =inf{t’ < 0: r(t) S (1,1"(,) YVt e (t/,O)},
tout(T0,Vr,0,v0,0) =sup{t' >0 : r(t) € (1,m) Vt € (0,¢')}

denote respectively the incoming time and the outgoing time of the characteristics in
the interval (1,7). They are finite or infinite. One has two constants of motion: the
total energy and the angular momentum. Indeed, the characteristics satisfy for all

t € (tinc(70,0r,0,00,0)5 tout(T0,0r,0,v6,0)),

'1)2 '1)2
& (0 o) o,
3 (rayote =0,

Therefore the characteristics are contained in the following level sets defined for L €R
and e R by
2,2
Cre:i= {(T,’l}r,ﬂg) €(1,7p) xR?: rvp=L and Yty o(r) :e}.
These sets are used to describe the phase space according to the values of L and e. In
this regard, it is convenient to introduce for L € R the effective potential defined by

L2
Vr € [1,m), VL(T)Zﬁ—QS(T)

The continuity of V7, follows from the continuity of ¢. The function Vi, therefore reaches
reaches its maximum at some point in [1,7p]. It maximum value is denoted
Vi := max Vi(r).
re(l,rp]
Similarly as for the ions, it defines a potential barrier and without further monotony
assumption on V7, there may exist several local potential barriers. To construct a weak
solution, we shall thus carefully decompose the phase (r,v,.) for each L € R. Namely, we
shall distinguish between characteristics that intersect the boundaries from those which

do not and correspond to trapping sets. The construction is analogous to the previous
one for the ions. We refer the reader to the previous section for the details. We define

re(L,e):=min{a € [1,1p] : VL.(s) <e,Vs€[a,rp|} (4.11)
and consider the following sets

DY(L) = DV (L)UDP(L),
Dg’l(L) = {(T,UT) €(1,rp) XR:v. <—1/ Q(X/L—VL(T))} ,

2
DZQ(L) = {(r,vr) €(1,rp) xR : VL (rp) < %—&—VL(T) <Vr, r>re(L,e)},
—_——

=:e

DPe(L):=(0,1) x R\ D2(L).
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One has the following decomposition:
(1,7p) x R=DP(L)UDE(L).

The domain D?(L) corresponds to characteristics that originate from the boundary
r=rp. The domain DP¢(L) corresponds to characteristics curves that either originate
from the probe or are closed and do not intersect the boundaries. Using this phase
space decomposition and the fact that the solutions of the Vlasov Equation (2.13) are
constant on the characteristics, we define

0 if (r,v,) € DP¢(L) with L=rvy,
fe (‘\/UEJFQ(VL(?“) VL(?"b))'%) if (r,v,) €D(L) with L=rvy.
(4.12)

fe(r,v.,v9) ::{

Following the same reasoning as for the ions one has,

PROPOSITION 4.3.  Consider f*:R; x R—R™* a distribution of velocities for incoming
negatively charged particles (electrons) that is essentially bounded. The function f.
defined by (4.12) is a weak solution of the Viasov equation in the sense of Definition
3.1.

PROPOSITION 4.4.  Consider f?:R; xR—R* a distribution of velocities for incom-
ing negatively charged particles (electrons). With f. defined by (4.12) the macroscopic
density is given by

+o0 2(VL—Vi( Tb))
ne(r / / |wr| ff <w, L> dw,dL
Vw2 =2 —Vi(r)) T

|w, | b L
+2/ Livy (r)-vi(r / e, et
oo VEODTVEOSO [ VR —2(Vi () — Vi (1)) "
—1—2/ Lve (ry) Vi (r)>0 / 7 I (wT;) et
TR f ey Va2Vl

(4.13)

where

We. 1(r L) = {wreR : —\/2(W—VL(rb))<wr<—\/2(VL(r)—VL(rb))

w2
and r>71, (L72T +VL(rb)> },

2
W&Q(T,L)Z{wTER:— 20V —=Vi(rp)) <w,.<0 and 7°>re(L,u;T—|—VL(rb)>}

and the radial current density is given by:

L=+o00 Q(VL VL(T‘b)) b L
e (T o | wr;— | wyrdw,dL.
=z Lo ()

5. Reformulation of the nonlinear Poisson equation
In this section, we consider f°:R; x R—R™* a distribution of velocities for incom-
ing positively charged particles (ions) and f?:R; x R—R* a distribution of velocities
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for incoming negatively charged particles (electrons). It is natural to be interested
in hypothesis on these incoming fluxes so that the quantities n;(r) and n.(r) defined
respectively at (4.8) and (4.13) are finite so that their difference makes sense. Neverthe-
less, we delay this study to the next section. We first need to state the Poisson problem
associated to the Vlasov equations of the Langmuir probe and give a satisfactory refor-
mulation of the problem. Recall that we are interested in solutions ¢ € W2°(1,7},) to:

i ()1 =rtoe -
B(1)=0, (ry) =0,

where n; is given by (4.8) (Proposition 4.2) and n. is given by (4.13) (Proposition 4.4).
The main difficulty to obtain existence of solutions lies in the presence of non-local
terms in the definition of the right-hand side of (5.1). The idea is to reformulate the
problem and to replace the non-local terms by parameters. In the next section, we prove
a general existence result whatever value the parameters have. Secondly, we make a
good choice for these parameters so that we get back to the original equation.

To ease the reading, the variable of integration w, will now be simply denoted as
w since it is now understood that we fully concentrate on the radial behavior.

5.1. Reformulation of the problem.

5.1.1. A first reformulation. To deal with the problem raised by the presence
of non-local terms (with respect to ¢) in the formulation of n; and n., we proceed first
to a reformulation of the problem. This involves the replacement of the non-locality
by parameters that are adjusted later on. To this purpose, we first define, for any
measurable function ¢ defined on [1,r3], the function p[y)]:R—[1,r] by the following
formula:

plv)(e):=inf{a€[l,r]: for a.e s€la,r], ¥(s)<e}. (5.2)
It can be directly checked from the Definitions (4.3) and (4.11) that
ri(L,e)=p[UL](e), and re(L,e)=p[VL](e).

The function p can be understood as a generalization of r;(L,e) and r.(L,e). It will
be studied for itself later on to make use of its properties. It is possible to rewrite the
quantity rn;(r) obtained at (4.8) as follows:

400 —\/m |’LU| b L
Tni(r)._/—oo /—oo \/wz—Q(UL(T)_UL(Tb))fi (w,r’) it

V2L () =UL(r)) __ Jwl £ (wil /1)
+2f Lup (ro)- UL(T‘)<0}f V2T —Untra) N 2—2Ur(r)-Us(m)) 1T25[UL](%+UL(%)) dwdl

lw] £ (wiL/ry)
+2f ]l{UL(”) UL(’”)>0}f \V2(UL UL (1)) Vw2 —2(UL (1)UL (rs)) ITZE[UL](%‘FUL(Tb))dde.
(5.3)

Similarly, the quantity rn.(r) obtained at (4.13) rewrites:

400 —\/m |w| b L
rne(r).—/_oo /_OO \/wz—Q(VL(T)_VL(Tb))fe (w’rb) dwdL
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vV 2(VL(r)=VL (b)) \w|f§’(w;L/7‘b)
+2 [T v, =iy <oy | g T L) (42 + v ) A04E

[w] £&(w;L /1)
+2f ]l{VL(Tb) VL(T)>0}f V2(Ve =V (13)) \/wz 2(VL (1) =V (b)) ﬂy-zﬁ[VL](%JrVL(rb))dde'
(5.4)

5.1.2. The non-linear term. To have a formulation that is shorter and easier
to manipulate, we introduce the function

B:Rx[1L,rp] xR — R

1 1 5.5
(v,r,L) '—>21/+L2(2—2). (5:5)

r2 g
We now recall the definition of the positive part of a number x €R (x) :=max{x,0}
and the negative part (z)_:=max{—z,0}. We then use the function 5 above (5.5) to

define:
D:Rx[Lrp] xRxR — R
(w)_ e 92
——  ifw*>pB(v,rL), 5.6
(vrwl) s { VB D) b 00
0 otherwise.

Using these definitions, we can rewrite the formulation of rn; given at (5.3) in a more
compact way as follows:

rni(r) =rn; 1 (r)+rng o (r) +rng 3(r)

with
+oo  p—y/2UL—L2/r} I
;1 (T) ::/ / F(qb(r),r,w,L) fib <w,r> dwdL (5.7)
—o0 J—00 b
™y, Z(T) 72]‘ ]l{ﬁ (¢(r),r,L >0}f \/%F(¢( ) T7w>L) flb (w7%> 17,25[UL](WT+2L%) dde7
(5.8)
rn4,3(r) —2f Lip(p(r),rL <0}f mf( (r),r,w L)f (w,fj) 1@5[%](%@%) dwdlL.
(5.9)

Note that we used U (rp) = L?/2r? (consequence of ¢(ry) =0). Similarly we can rewrite
the formulation of rn. given at (5.4) by

e (1) :=1Ne,1 (1) + 1N 2(1) + 77 3(7)

with

too o TET
e[ (=00 ) £2 (w2 ) dwar

=/ B(=¢(r),r,L)
TneZ *2_[ IL{B( ¢(T)TL)>O}f \/W F( ¢(T‘),7‘,U},L) ( L

’V‘Tleg —2f ]l{/g( o(r), rL)<0}f, /72‘/}‘ L2772 F( ( ) T, )fb( 7?"1)) HTZZ;[VL]("’TQJr%) dwdL.
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Using the positive part function (-)4 allows us to sum the two last terms (5.8) and (5.9)
and obtain this more simple formulation:

+oo VB(@(r),r L) b L
rni2(r) +rnis( / / I'(¢(r),r,w,L) f; <w,r—b> HTZE[UL](' 2 g2 )dde

V2UL—L2/r2 %+ig
/+00/ B(gp(r),r L)+ ¢( ) - L) fb< )]_ . dwdL
+oo +oo L
_2/ / er)fZ( ’rb>1w2+%f<2w1r>ﬁ[UL](“§+;%)dde’

where for the last equality we used the fact that I is equal to 0 whenever w? < 3(v,r,L)
or w>0. Concerning the first term, we write

+oo +oo b L
rn1(r) :/ / L(¢(r),r,w,L) f; (w,rb> ]lw2+%>2U—dedL
— 00 — 00 g T

+oo oo \ I
:/_oo /_OO P(¢(T)7T7w,L) i (w’rb) ]]-w2+f—522U7L HTZE[UL](%JFLQ) dwdlL,

27

o

where for the last equality we use the following property of p:
U,<e = plULl(e)=1

If we now make the sum of these two terms and use the general property 14+ 1 4. =1,
we are led to

L
rng(r) :/RZ)F(WT) W L)f (w 7"b> (1+1w2+f§<2UL) ]lrzﬁ[UL](%JrL—Q) dwdL.

2rg
(5.10)
Similarly,

L
_ b
e (r) = /]R2 I(=¢(r),r,w,L) f& (w, Tb) <1 +1,.. ﬁg <2VL> ILT>p[VL] (224 22) dwdL.
b
(5.11)

2. Replacement of the non-locality by parameters. Now that we have
a compact formulation of the right-hand side of (5.13), there remains to prove the
existence result. Nevertheless, one difficulty arises due to the presence of “non-local”
terms in the equation. Throughout this article, we say that a given expression depending
on r and ¢:[1,r] >R is “local”, if at a given point r € [1,73], this expression depends
only on r, ¢(r) and on the derivatives of ¢ evaluated at point r (or any quantity that
can be computed knowing ¢ only on arbitrarily small neighborhood of point 7). In this
case, the “non-local” terms in (5.1) are Ur, Vz, p[UL](e) and p[Vz](e). Indeed, these
terms are computed using a max operator which involves the knowledge of the value of
the function ¢ on a full interval.

The strategy is to temporarily get rid of these non-local terms and replace them by
parameters. We then prove a very general result of existence using standard variational
techniques. Since the minimization argument of Section 6.2 does not allow the presence
of non-local terms, the parameters then are adjusted later on in Section 6.3 in such a
way that the initial problem is recovered.
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5.2.1. The max-parameters. The first parameters that we introduce, called
magz-parameters, are used to remove the dependency of n; and n. with respect to Uz,
and V7, respectively. These parameters are denoted respectively U7 and Uy, (the Gothic
version of the letters U and V). We are going to solve a relaxed problem involving these
parameters ; and Uy, supposed fixed and, later in the proof, we adjust the value of
these parameters in such a way that for almost every L,

U, =4y, and, Vi=2y.

It is then natural with such a strategy to define, in the view of (5.10),

L
o[ (r) == /RQF@(’")”"’W’L) i (wr> (1+11w2+i§<2m> lrzﬁ[UL](%+£) dwdL.
b

b 2r2

(5.12)

We do observe that in the particular case Uz, = Uz, (and we prove a . posteriori that such

a case exists), we recover the initial studied quantity: rn;[{r =Ur](r)=rn;(r). We
define analogously the quantity rn.[U](r) from (5.11) by replacing Vi, by Ur.

5.2.2. The barrier parameters. The second terms that are non-local with
respect to the function ¢ are r;(L,e) and r.(L,e) that give the position of the bar-
rier of potential. Recall that we rewrote these terms using p. We consider now the
“barrier-parameters”, denoted R;(w,L) and R.(w,L). We introduce rn;[Uz,R;](r)
with the same formula as for (5.12) except that the indicator function for the case
r>plUL] (%2 +UL(rp)) is replaced by the indicator function associated to r>R;(w, L).
The function (w,L)—MR;(w, L) is chosen to be any fixed function (in this sense it is seen
as a parameter) and once again, we recover the previous expression in the particular
case (proved a posteriori to exist) where %i(w,L):ﬁ[UL](%Q—i—UL(rb)) for all r,w, L.
An analogous construction gives the definition of rn.[U,R.](r).

5.3. The semi-linear problem.

5.3.1. A local equation with parameters. Now that have replaced all the
non-local terms by parameters in (5.1), we are reduced to studying the equation:
d( d ~
wrelinl, g (v )0 =a(otrr), (5.13)

where g:R x [1,rp] = R is defined by
5(1/,7") Iigi(l/,’l") 7ge(1/,1"), (514)
with

L
gi(v,7) ::/RQI‘(V,T,U/,L) fP (w,rb) <1+1w2+%<2uL) 1>, (w,z)dwdL (5.15)
7'b

and

L
- b )
ge(v,1) .—/R2F(—V,’I“,’LU,L) fe (w, Tb) <1+]1w2+£§ <2%L> 1,>%, (w,r)ydwdL.  (5.16)

With such a formulation at hand, we can expect to obtain the existence of a solution
using standard variational arguments.
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5.3.2. A change of variable.  One last transformation consists in setting, for
€[0,1],

V(@) =¢((r)") - ¢p(1—2)

so that ¥(0) =¢(1) — ¢, =0 and (1) = ¢(r,) =0. With the change of variable r = (1),
we get

—w”u):—(rb)w1og<rb>2(¢'(<rb>w)+<m>$¢>"(<rb>w))
— ()" toxtr)* 4 (2 ) 0.

The studied equation (5.13) is therefore equivalent to

vaeo,1], —%(m) —g(va).2). (5.17)
where
9(v,) i= () 10g(r) 5 (v + 6, (1~ ), (12)" ). (5.18)

It is possible to recover ¢ from 1 with the formula

Vre[l,ml,  olr)=1 < 1?5(2)) +6p <1 - lfgg((;)) ) . (5.19)

One interest of this last formulation (5.17) is that it directly involves the second deriva-
tive of 1 (which is easier to manipulate) and the Sobolev space H}([0,1]). This for-
mulation also allows to proceed to qualitative description of the solutions v invoking
convexity arguments (such a study will be done in forthcoming articles).

6. Existence of a solution

6.1. A priori estimates. The first main question concerning (5.17) is the
definition problem for the function g and, the equivalent function g. Recall that g is the
difference between g; defined at (5.15) and g, defined at (5.16). It is possible to prove
with elementary computations that

—+oo +oo
sup sup / / erL)|dde ~+00.

veER re(l,rp]

It is therefore not enough to ask f? and f to be in L if one wants the functions g;
and g, to be finite. Similar manipulations give that assuming f? and f? to be in L! is
not enough and extra integrability assumptions are required.

To start with, we prove the following estimate:

LEMMA 6.1 (Functions g; and g, are finite). Let f:R? —R measurable and let p € [1,2).

Then,

+oo  ptoo |w|p

sup sup / / = |f(w,L)|dde
vER re(l,ry] L2 %—%)—2142

b

< 2||f||L1+7||f||L 2 (wdw))
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where L} (L (wdw)) is defined at (3.2).
Proof.  Let pell1,2) and let b€ (0,1/2]. Let L,v€R and let r€[1,r,]. We define

the set
oF" .= R:|w?—r2( L -1 < buw?
b = WER W — 32 —2v| <bw* ;.

By definition of ObLT”,
+o0

/ lw|? - ]f(w,L)]dw < ig/ |f(w,L)|dw. (6.1)
R\OL¥ w2—L2(T%—T%)—2y‘2 b2 J -

b

On the other hand,

11
weoyy (b—l)u)QgLQ(r—2 —2)+2u<(b+1)
b
(k- byt LR k)t (6.2)
e 11b =ws 1-b

We see that, for A a positive number,

A p—1 A p—1 A
/ |wP~tdw - 1/ dw < A £/ dw ]
)\2| A |A+w)A—w)|? A= Ay [ A-w|?

V1+b
L AT
_ LI (63
‘1+_ 1 2 1-%
V1+b
Similarly,
f 2 |w\p71dw APT1 f dw < A5 f £ dw
T TSP - o
T e S B S S B R
1_2
1—v1-0b °*
1| | 1 (6.4)

IR R A

where for the last inequality we used b<1/2. We note that (6.2) implies that ObL) Vs
non-empty if and only if L?(1/r*—1/r?)+2v>0. In this case we can choose A such
that A>=L?(1/r?—1/r2)+2v. Then the computations (6.3) and (6.4) imply

P )
Oy w (712 7‘1!2) V|2

b,r

jw]P!

(sluljp|w||f(w,L)|)/O£f T E T
b

IN

IN

133 (Sgplwl |f<w,L>|)~ (6.5)

If we now gather (6.1) and (6.5) and integrate these two estimates for the variable L:

e ol
/ﬁ /ﬁ 1 1 2|f(w7L”dde
—00 7x>|w2_lﬁ(22_47)_2yv

2
b
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1 2 [T
<gelfl iy [ (swpllse ]z

Plugging this back into (6.6) concludes the proof (choosing b=1/2). d

COROLLARY 6.1.  Suppose that the functions f? and f° are in L*NL} (L (wdw)).
Then, the functions g; and g. defined at (5.15) (5.16) are well-defined and bounded with
a bound that depends only on ||f°||z: and Hfb||L1L(L,<;f(wdw))~

This implies that g=g; — g. is also well-defined and bounded and so is the function
g given at (5.18).

Proof. The definition of " at (5.6) implies
+oo  ptoo
/ / T (v,r,w, L) || f(w,L)|dwdL

+oo  ptoo |w|
g/ / | f(w,L)|dwdL. (6.6)
—0o0 — 00 | 2_L2(ri2_ri2)_2yy2
b

The fact that g; and g. are well-defined, and bounded is then a direct corollary of
Lemma 6.1 with p=1. 0

Now that the functions g. and g; are well-defined, we study their regularity:

LEMMA 6.2 (Regularity of the function g). Suppose that the functions f° and
fb are in LY(R?). Suppose also that there exists 0<vy<1 such that f° and f° be-
long to L} (L (wdw))NLL (LY ;dw/|w|?). Recall the these spaces are defined by the
norms (3.2) and (3.3). Define the functions g; and g. with (5.15) (5.16). Then we have
for all v,v" €R such that v/ —v| <1 and for all r€[1,1y),

‘gi(y/,r)fgi(u,rﬂ
C(r)
=309

where C is a function of r that blows up as r—ry,. The same estimate holds for the
function g. and then for the function g.

(1+ N+ 112 (2o (o)) + Hfzb||L}U(Lz°;dw/|wm) V' —v| 26

Proof. Let v’ <veRsuchthat v—v' <1 and let r €[1,r). We consider the number
1<p<2such that y=(p—1)/(3—p). We define

Py :{(w,L)ER2 : ‘w2L2<112) - >—

P
v,

Step 1: Regularity property on P By convexity inequality, we have that for all

a>0 and for all h>0,

1 1 h
—_—— < =.
Va \/cL—|—h*2\/c?3

Thus,

I;,’l’i/ ::fpr,p I‘(z/,r,w,L)fl‘(ur,w,L)‘

Jid (w fz) ' (1 + 1wz+b§<2m> 1,598, (w,1) dwdL
b
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/!
PIr, w2—L2(}2— ) 2u| T
P(y_ b I
g/ [l (v =) _ ff’(w,)’dde, (6.7)
e fut L2 ()~ T\
b

where for the last inequality we used the definition of PV ., since it implies

w7 (v =)

22~ ) ~2v/|

<1.

We now simply make use of Lemma 6.1 to obtain that the term studied at (6.7) is
bounded by

Hfb”L FA M L1 (Lo (wdw))

I < - (v=v)""
y+1 o
=C (182 W2y oty ) 57 (=) (6.8)

Step 2: Regularity property on R2\’P;:fj,, We need first to separate the analysis
into two cases. For that purpose, we introduce

1 1
N, :={(111,L)E]R2:u}2—L2 <2—2> —21/>O}.
: r2 2

The positiveness of I" gives

/N,:‘ NP
S/‘
NP

On the other hand, outside ./\/Z"’V, we have I'=0. Thus,

F(V/7Taw7L) *F(I/,T,U),L)’

fz( , b)‘(lﬂl 2+L722<2uL)]1r-zmi<w,L)deL
"b

i ( )‘dde (6.9)

I‘(V',r,w,L)’

(v, ryw,L) 7F(V7T,w,L)‘

fzb( 7”)’(14’1 2+L§<2uL>1TZmi(w-,L)dde
"b

Jid (w m) ‘dde (6.10)

Jeo (7 omp2)
< / T rw.1)|
me\ (A7, P
Therefore, the two cases (6.9) and (6.10) reduce to studying
g ::/ ]
’ RAP)Y, w2 — L2 (&% — & ) QV‘

By the Holder inequality (with ¢>2 and 1/¢+1/¢'=1),

blw, L) |a dL>q< o]
fl (w Tb)‘ v fR2 |w27L2(T%*L)72V %

2
"b

'];.’V/ S (fRZ\pr=PI
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1 (L 3
< b(w, 2 ) | dwdL ( b ) . (612
gL [ (0 £ ) 12+ 1y o) T (612
The announced Holder estimate is

where Lemma 6.1 is used for the last inequality

Jid (w,L) ‘dde.
Ty

1120

given by the study of

P ._
KV v’ ‘_/2 p
RAP

We now observe that
!
V—V 1 1 V—U
w =2 — —— <L? 5 - | <w-2'+ —.
gp—1 r2 2 op=1
|w|"5=> b lw|"5=»

(w,L)¢P,T, <=

The Fubini theorem then gives
+oo p(M2, DY L
Kb _2/ / " f}’ <w ) ’dew, (6.13)
/ ’rb
where
-1
ML= 1.1 w2721/71/;y/ and
v = \E T W=
1 1\*! v—v'
2 o 2
M’u),l/ o= <7‘2_7‘2) <'I.U _2I//+ p )
b jw|*®
= fhw-

The number 2 in factor of (6.13) comes from the use of the symmetry f?(w, L)

L). Equation (6.13) gives
+oo
K;’5,<2/ ’(Mi,”,)l/2 (M&”,V)l/z‘sup’f wL‘dw
dw
_CHffHL}U(L;o;deWM)VV*V’,

"V — v’/ sup | f} (w, L)| —= =
oo LeR ‘w|37p
=(p—-1)/3—

where for the last equality we used that p has been chosen to have -~y
p). The function C(r) is equal (up to a multiplicative constant) to 1/(r~t—r, ')1/2,
Plugging this estimate back into (6.12) and choosing ¢=2/(p—1) > 2 gives
C( ) =
) (HfbHL +Hfb||L1 (Lm(wdw))) Hf HLl (L sdw/|w]|7) (V V) 4
— V)T (6.14)

v,v =

( ) A1 b7
(”fbHLl + Hfb”Ll (LS (wdw)) ) 7 ||fzb||£;:(Lzo sdw/|w|7) (
Conclusion of the proof: If we now gather the two estimates obtained respectively
in Step 1 with (6.8) and Step 2 with (6.14), we get (using v —v' <1)

|gi(v,7) — gi (V)|
C(r)

—7(1_ )(1+Hfz HL1+||fz ||L1 (Lo ( wdw))+||fz ||L1 (L dw/|w|7))( - )2(v+1) (615)

A similar reasoning works for the function g, ]
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6.2. Existence with minimization argument. It is a standard technique to
build solution to Poisson equations when under semi-linear form (5.17) with variational
argument. Indeed, being a solution to (5.17) is equivalent to being a critical point of
the following functional:

Lldi
3|7z @

G(w(x)7x)}dx, (6.16)

where G(v,r) fo
‘We now recall

Hy([0,1]) := {¢:[0,1]—>R :(0)=0, (1)=0, dw

dx<—|—oo}

The Poincaré inequality implies that H}([0,1]) € L?([0,1]) and the Rellich-Kondrachov
theorem states that this injection is compact. We are interested in the following mini-
mization problem:

Does there exist ¢* € Hj(]0,1]) such that JW= inf JH) ? (6.17)

YEH;([0,1])
LEMMA 6.3 (Existence of a minimizer).  The function J satisfies the following in-
equality:
a 2
d <2 — - 6.18
3 [ |5 @ <zawe Lol (618)

In consequence, the minimization problem (6.17) admits a solution ¢* € Hg([0,1])
and this function is a solution of (5.17).

Proof. First, we observe that

/‘G ‘dm / /Ow(x)g(u,m)du

<Nl o @x 0,10y 11 L1 0,17y < gl zoe [|0]| 22

dzx

where the last inequality is the Cauchy-Schwarz inequality. We continue this estimate
using the Young inequality (with € >0) and the Poincaré inequality (the constant of
Poincaré of [0,1] being 1/7) in that order:

Ld
Tw>3 [ | 5@ o= gl
Yd
>3 L —||g||%m—s||¢||i2
1 & 1
2 (5-9) [ | %] @ Lol (6.19)

The announced inequality (6.18) is then obtained by taking e =n/4 in (6.19).

Consider now (¢,,), a sequence of functions belonging to H{([0,1]) that minimizes
the studied quantity J. Equation (6.18) implies that di),, /dz is a bounded sequence in
L?. Therefore there exists ¢* € H([0,1]) such that, up to an omitted extraction,

dipy dy*

72
= 4 weakly in L=, (6.20)
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and, by compact embedding,
Y — YT, strongly in L.

This last convergence result implies, using the Lebesgue dominated convergence theo-
rem,

/0 <¢n( dx — / dm as n— +oo.

Moreover, the convergence (6.20), since ) — fol |4? is convex on H}([0,1]), gives

|

These two facts together imply, since 1, is a minimizing sequence for 7,

2

d¢ dx.

dx

o 0)

dx

(z)

n—-+oo

1
dx <liminf /
0

JW*) < inf

 wEH([0,1])
which eventually gives the existence of a minimizer for J. The function ¥* satisfies
Equation (5.17) because, as a minimizer, it is a critical point of the functional J. 0

6.3. Passing to the limit in the parameters. We have now the existence
result for Equation (5.17), and then for (5.13), for any choice of parameters ;, Uy,
R;(w,L) and R.(w,L). To conclude to the existence of a solution for the initial prob-
lem (5.1), there remains to adjust these parameters in the view of Section 5.2.

6.3.1. Study of the barrier parameters problem. The idea to adjust
the barrier parameters R;(w,L) and R.(w,L) in such a way that for almost every
(w,L) € R?,

D)= (i ) and D) =) (G

— 6.21
2 22 2 27“5)7 ( )

is to do a fixed-point procedure. For that purpose, we need to study more precisely p
defined at (5.2) to obtain continuity properties.
For ¢:[1,1] = R to be a continuous function, we define

(;ST(T) = max ¢(r'). (6.22)

' €lr,rp]

The function ¢! is the smallest non-increasing function such that ¢! > ¢.

LEMMA 6.4. Let ecR and let ¢:[1,7] =R be a continuous function. We have
plol(e) = plo"(e).
Proof. To start with, we recall that
plo)(e)=min{a€[1,r]:Vs>a,d(s) <e}.
We point out that if e >max ¢ then,

{a€[l,rp]:Vs>a,¢(s)<e}=[1,r], (6.23)
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so that we have pl¢](e)=1. In this situation we also have e>maz¢=q¢'(1)>of(r),
where the last inequality is given by the monotony of ¢!. Therefore (6.23) also hold for
¢ and then p[pT](e) =1.

We now focus on the case e <max¢. This implies that p[¢p|(e) >1. For this case,
we first observe that, since ¢ < ¢, by definition of p,

plol(e) < plot(e). (6.24)

For the reverse inequality, we start by observing that (by continuity of ¢) the definition
of p is equivalent to the two following propositions:

Vrzplglle),  ezo(r), (6.25)
and
36>0,Vre [plgl(e)—8;pld](e)], o(r)>e. (6.26)

Indeed, (6.25) holds for all the elements of the set {a€[l,r]:Vs>a,d(s)<e}
while (6.26) characterizes the fact that p[¢](e) is the smallest element of this set. By
continuity and since p[¢](e) > 1, Equations (6.25) and (6.26) give that,

¢(Plo)(e)) =e. (6.27)
Equations (6.25) and (6.27) together imply

max  ¢(r) =o(pl¢](e)).

r>p[$](e)
Thus,

o' (plol(e) =6 (Plel(e)). (6.28)
On the other hand, since ¢ is non-increasing, Equation (6.24) implies

o' (Plel(e)) > o' (p"](¢))- (6.29)

Suppose now by the absurd that pl¢T](e) > p[¢](e), then (6.26) and (6.29) (since ¢' is
non-increasing) give

o' (plo)(e) > ¢ (ploT](e))
This last inequation with (6.27) and (6.28) lead to
e=9(plo)(e) =o' (plgl(e)) > o' (plo](e)) =,
which is eventually contradictory. 0
We have also the following continuity property for the  application:

LEMMA 6.5 (Application 1 is Lipschitz). Let ¢ and v be two continuous functions on
[1,7p). We have

¢ =T | Lo < |l — ]| Loe. (6.30)

Proof. Let re€[l,r], we have

|67 (r) = ! (r)|=| max ¢(y)— max ¢(y)|< max |6(y) Y (y)| <[l

yE[r,rp) yE[r,rp) y€Elr,rp]
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taking the max at the left-hand side above gives (6.30). O
We are now in position to give the convergence result for the non-linearity p:

LEMMA 6.6 (Convergence property for p). Let (¢r) be a sequence of continuous
functions that is uniformly converging towards ¢. Then for almost every e €R,

plon](e) — pld](e).

Proof.  Since we have ¢, — ¢ in L™=, then by Lemma 6.5 we have ¢! — ¢' in
L>™. Let ecR, suppose that there exists r€[1,ry] such that ¢f(r)>e. By uniform
convergence, there exists § >0 such that for all n €N large enough: ¢ (r)>e+4. By
definition of 5, we deduce that r <p[pl](e). In the view of Lemma 6.4, this gives
r < pl¢n](e). By taking the liminf we conclude:

P(r)>e = T§Ii§}rnfﬁ[¢n](e).

Thus, with ¢ being non-increasing,

inf {r & [1,7y]: 6/ (r) =€} < liminf 5{s,] e).

Similarly,
sup{re[1,ry]: 7 (r) =e} > limsupplgn(e).
n—-+0oo
Since ¢! is non-increasing, if we have meas{r € [1,ry]:¢!(r)=e} =0 then this set is a

singleton. In this case, the two estimates above give the convergence of p[¢,](e).

We now remark the following general fact: if f:R? =R is a measurable function,
then the set of y € R such that meas{z € R?: f(x) =y} >0 is a set of measure 0. Indeed,
using the layer-cake representation [17, chap.1] (direct corollary of the Fubini theorem),

/ 0dx = / meas{yeR f(z y}dx
Rd
:/ L{(,y)eRIxR: f(2)=y} ALY
R2 xR
:/meas{xG]Rd:f(I):y}dy. (6.31)

From this we conclude that the set of e € R such that meas{r el,m): 0t (r)= e} >0 has
indeed its measure equal to 0 and therefore the announced convergence holds for almost
every ecR. 0

COROLLARY 6.2.  For almost every (w,L) € R?,

~ L? w?  L? ~ L? w?  L?
==+ ) — | (=+=). 6.32
] (ram) el (5oam) o
Proof. Let LER be fixed. If ¢, — ¢ in L>([1,73]) then ¢, + L5 converges in L
to ¢+ QL—Z; As a consequence of the previous lemma, the set of w G]R, such that (6.32)

does not hold, is of measure 0. Corollary 6.2 then follows (using the Fubini theorem). O

Recall that ¢(r)+ 5 fUL( ) so that the convergence above is exactly the one
needed to adjust the parameter R;(w,L) in the view of (6.21). The arguments are

similar for R, (w, L) with —¢(r)+ % =Vi(r).
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6.3.2. Passing to the limit with the parameters. = We can now consider pass-
ing to the limit with barrier-parameters and obtain (6.21). For that purpose, we suppose
that the functions f? and f° are in L'NLL (L (wdw)) and also in L (L ;dw/|w|Y)
for some 0 <y <1.

We also have to adjust the max-parameters to obtain

— L2 — L?
ﬂLzUL::TIer[lﬁicb]qb(r)—Fﬁ, and ‘DL:VL::Tg[lﬁi(b]—gb(r)—Fﬁ.
For that purpose, we proceed with an iterative fixed-point argument. We construct
sequences of parameters (R (w,L))nen, (R (w,L))nen, (U} )neny and (B} (w,L))nen,
a sequence of functions g, :Rx [0,1] = R, a sequence ¥, :[0,1] =R and a sequence ¢, :
[1,r5] =R as follows. The first element of the sequences can be chosen freely without
importance. Suppose that for n € N, we have already built the n'” term of the sequences:
R (w, L), R (w, L), U7 and V7 (w,L), gn, ¥n and ¢,. We define for all (w,L) € R?

LQ U)2 L2
n+1 L):=7 = o=
R (w,L): p{¢n+2_2]< 5 +2T3>, (6.33)
I? w?  L?
n+1 5 — [N T —
R (w,L).—p[ ¢n+2.2}( 5 —1—27%)7 (6.34)
+1._ 7w L
U= E:rér[lﬁfb]¢n(r)+ﬁ’ (6.35)
L2

Pt .=V = max —¢,(r)+

—. 6.36
rell,rp] 27"2 ( )

We now define g, 11 :R x[0,1] = R using (5.18) where the associated function g, 1 is de-
fined by (5.14) (5.15) (5.16) with parameters {7, 07+ R+ (w, L) and R+ (w, L).
We now define the function 4,11 :[0,1] — R as being a minimizer on H{ ([0,1]) of J de-
fined at (6.16) with function G =Gp41 defined by [ gn+1(v,2')da’. Such a minimizer
exists and is a solution to (5.17), as stated by Lemma 6.3.

Note that there may exist infinitely many minimizers so that this step of the proof
requires the axiom of choice. From 1,11 we define ¢, with (5.19) and ¢,41 is a
solution to (5.13) with function gp11.

The sequences being well-defined, we study their limit. The fact that ¢, sat-
isfy (5.17) implies in particular that for all n €N,

d2
—_ < oo
|z <lanle
b L b L
<Csup [ T'(v,ry,w,L)f;| w,— |dwdL+C sup F(—Z/,r,w,L)f6 w,— | dwdL
v,r JR2 T v,r JR2 Tp
<C(If2 e + N £20pr + ”fib”LlL(Lﬁ?(wdw)) + ”fé)”LlL(Lg?(wdw))) (6.37)

where the last estimate is given by Lemma 6.1. In particular, d?¢,,/dz? is a bounded
sequence in L°°. By compact embedding, we obtain that, up to an omitted extraction
of subsequence, the function 1),, converges in H} towards some function 1)*. As a conse-
quence, ¢, converges towards ¢* where ¢* is deduced from ¢* with (5.19). By Sobolev
embedding, the convergence of ¢, also takes place in L> and therefore Corollary 6.2

implies
L2 w? L2 L2 w? L2
To s P 2 e B (L P
”["”2&](2*2@) ”[‘“2~2K2+2@)
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for almost every (w,L)€R? As a consequence of (6.33), we also have R?(w, L) con-
verging for almost every (w,L) € R? towards a limit R} (w, L) and

L2 ’LU2 L2
* L =7 * —_— —_— — ).
R} (w,L) p{qﬁ +2.2K2 +2T§)
Similarly,

. _ L2 (w? L2
%Z(w,L) — %e(w,L):p[—¢*+22] (2+27’§)

For almost every (w,L)€R2. Concerning the convergence of the max-parameters, we
write

- L2 L2
007 || (s 000+ 15 ) - (L o)+ 1)

re[l,ry] rell,rp)
* L2 L2 *
<¢ (r)+2r2> - <¢n(r)+2r2)‘”¢ —bnllLe-

Thus, the convergence of ¢,, towards ¢* in L> implies the convergence of U} to U} for
all LeR. Using (6.35), we get

< max
rell,ry]

— L2
T — U =Uf :Tg[lﬁ)r(b]ﬁ(r) + 2,2
A similar reasoning with (6.36) gives the analogous result for 7.

We now define ¢* with (5.18) where the chosen parameters are U, 0%, R (w, L)
and R:(w,L). The Lebesgue dominated convergence theorem gives that for all v,x
we have g,(v,z) converging towards ¢g*(v,z). Invoking now Lemma 6.2, we get that
the family of functions (v g, (v,%))nen is uniformly equi-continuous for every fixed
x €[0,1). Therefore, by Arzela-Ascoli theorem, we have for all z €10,1),

Sup|gn(V7$)—g*(l/,x)| —0, asn—4oo.
Thus,

Vzel0,1),  gn(¥n(z),2) — g* (V" (2),).

Using again the bound (6.37), we get that the convergence above also takes place in L2
Therefore, with the Equation (5.17), we deduce that d?4),,/dz? converges strongly in L?
towards d?i* /dz? and the following equality holds:

Y ) =g (v @).a).

Thus, ¢* is a solution to (5.17) with function ¢g* and ¢* is a solution to (5.13) with
function g*. Since the convergence of (1) towards ¥* takes place in H{, the Dirichlet
boundary conditions for 1* are satisfied and so is the case for ¢*.

Vael0,1),

COROLLARY 6.3.  The Langmuir problem written in terms of Poisson Equation (5.1)
admits a solution and therefore the initial Langmuir- Viasov-Poisson problem (2.19) ad-
mits a weak-strong solution in the sense given by Definition 3.2.
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Appendix A.
LEMMA A.1 (Countability of the locus of left strict local maxima). Let f:R—R be
a function. Let

Ar:={a€eR:36>0, Vze(a—d,a) f(z)< f(a)}. (A.1)

Then Ay is at most countable.

Proof. If Ay is empty the conclusion follows. Otherwise, let a € A;. By definition,
there exists d, >0 such that for all x € (a—d4,a), f(x)< f(a). It is equivalent to the
existence of n, € N* such that for all x € (a— i,a), f(z)< f(a). One then considers
the map a€ Ag—n,. Therefore one has Ay= |J A, where A,:={a€Af:n,=n}.

neN*
Let neN*. If a,a’ € A,, are such that a#a’ then necessarily (a'—a)sgn(a’—a)>+.
Otherwise this would yield that f(a)< f(a’) and f(a)> f(a’) and one would get a
contradiction. Invoking the density of Q in R, for each a € A,, one can choose a rational
number p, such that a— % < pq <a. Then for each a#a’ the numbers p, and p, are
distinct because (a’—a)sgn(a’ —a)> L. Therefore the map a € A, —p, €Q is injective
and thus A, is at most countable by countability of Q. Eventually Af is at most
countable as the the union of at most countable sets. |

PROPOSITION A.1 (Additional properties for the transformation f).  Let p€[l,4+c0]
and ¢ €WVP(1,1y,). Consider ¢ defined by (6.22) and the set
Ali={be (1,ry) : 36> 0,Ya € (b—8,b),¢(z) < d(b) and & (b) = (b))}

One has then has following:
(a) ¢! is continuous in [1,7).
(b) Let 1<a<b<ry such that ' —¢>0 on (a,b). Then ¢' is constant on (a,b).
(c) {xe(,mp): ¢T(x)—¢(x)>0}:nL€JI(an,bn) where (by)ner s a bijection from a

subset I CN into AZ) and the sequence (an)nN is given by
vnel, a,:=inf{ac(1,m3): Yz € (a,by),d(z) <o (by)}.

Moreover, for all n€1 such that ¢'(b,) is not the mazimum value of ¢, one
has ¢(an) =t (a,) =t (bn). The intervals ((an,bn))ner are disjoints.

(d) oTeWrP (L), (67) }:(ﬁ}% and [|(¢)' || <[l¢'|| o-

Proof.
(a) Let x,y€[1,7] and assume without loss of generality that z <y. The function ¢
being nonincreasing, one has

l:
{¢

|67 (2) =" (y)| = |max () —max(a")| =max(z') —maxe(z").

z' E[z,mp) z'" €ly,rp) z' €[z,7p) z'' €ly,rp)
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If max ¢ =max ¢ then the difference in the above equality vanishes. Otherwise, one has

[Iarb} [977"5]
max ¢ >max ¢ and therefore max ¢ =max ¢. It yields,
[xﬂ‘b] [y,rh] [x"’“b] [:v,y]

|67 () =o' (y)| = max ¢(x') —maxe(z")

z'€[z,y z'" €y,

< max @(z')—o(y) < max (p(z')—o(y)),

Tarela,y] Tz,

where one has used the fact that ¢(y) <max@(z”). The conclusion then follows from
@'’ €ly, o]
the continuity of ¢.

(b) Let 1<a<b<r, such that for all z € (a,b), ¢(z)<¢'(x). Moving b if necessary,
one assumes that ¢(b) = ¢ (b). One shows that for all x € (a,b), ¢'(z):= m[ax | o(z)=
'€z

»T'b

m[%x ](;5(33’) =:¢T(b). Assume for the sake of the contradiction it is not the case. Then
z'e[b,rp

there is z € (a,b) such that max ¢(z')> m[%x ]¢(x’). Therefore there is c€ (z,b)
z’'€fb,rp

SR

such that ¢(c) > m[%x ]qS(x’) =¢T(b) =¢(b). One can thus consider the point ¢ given by
z'e[b,rp
c=argmax ¢(r) (this point exists by continuity of ¢). At this point, one has ¢(c)=

r€lz,b)
max ¢ =max ¢ =max ¢ where the last equality holds because ¢(c) > max ¢(a’). One
[2,b] [e,b] le,rp] z' €b,r)
eventually remarks that by definition one has max ¢ = ¢'(c) and thus ¢(c) = ¢'(c) which

STy
yields a contradiction.

(¢) In virtue of Lemma A.1, the set of points in (1,7}) that are strict left local maxima of
¢ is at most countable so is the case for the subset AL. Therefore there exists a bijection
b:1 _>A<T;s where I CN. One now justifies the existence of the sequence (a,)ner. For each
nel the set {a€ (1,m): Vo€ (a,b,) ¢(x) <¢f(by)} is not empty since b, corresponds
to a strict local maxima of ¢ that is ¢'(b,) = @(b,,). Since it is moreover lower bounded,
the infimum exists. Therefore the sequence (a,)nen is well-defined. Since ¢f(b,) is
not a maximum value of ¢., by continuity of the function ¢, one has ¢(a,)=¢"(b,).
Using the property (a) and (b), ¢' is constant in the interval [a,,,b,], one has then
o' (an)=¢(a,)=6'(b,). One now proves that the intervals ((an,b,))ner are disjoints.
If n,m € I are such that n#m then b, # b, because b is bijective. One assumes without
loss of generality that b,, <b,,. Then necessarily b,, < a.,,, otherwise if b,, > a.,,, one has
on the one hand ¢(b,,) < ¢f(b,,) = $(b,,) and on the other hand ¢(a,) < o' (b,) = d(by,).
But one has also by definition ¢(a,,)=¢'(b,,) =d(b,,), therefore one has both ¢(b,,) <
¢(by,) and ¢(by,) < ¢(by,) which is a contradiction, thus b, <a,,. Consequently, the open
intervals (a,,b,) are disjoints. One shows the equality of the sets. By definition of the
sequences (an)ner and (by)ner one has nLéI(an,bn) c{xe(1,m): ¢f(x) — p(x) >0}. For

the reverse embedding, one takes z € (1,73) such that ¢'(x) > ¢(x). By continuity there
exists 1<a<xz<b<ry such that for all y € (a,b), ¢'(y) > #(y). Therefore consider the
two numbers

a* =inf{a' <a:¢'(y)>(y)Vy € (d,7)},

b* =sup{b/ >b: ¢'(y) > d(y)Vy € (z,b')}.
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By continuity of the function ¢ — ¢, one has ¢ (a*) =¢(a*) and ¢f(b*)=¢(b*). More-
over, using the point (a) and (b), ¢! is constant on the interval [a*,b*]. There-
fore for all y € [a*,b*], ¢f(y) =0T (b*)=¢(b*). Thus, it implies that for all y € (a*,b*),
d(y) < o (y) = ot (b*) = p(b*) thus b* EAL. Since the set AL is at most countable there
exists n €I such that b, =b,. By construction one also has a* =a, which shows that

{we (L) s 61(2) () >0} C U (an,bn).

(d) Using the point (a) ¢' is a continuous function on the compact set [1,73], it is
therefore bounded and thus in LP(1,rp). Let ¢ € C°(1,73), then one has

K () (x)dx = ()Y (x)dx z)Y (z)dz.
[ dewman= [ dev@d [ e

Using the point (c), one has {¢T —¢ >0} = Ul(an,bn) where I CN and the two sequences
ne

(an)ner and (by)ner are such that a, <b,, ¢ (a,)=¢(a,)=¢(b,)=¢'(b,) for all nel.
If I is finite then {¢" — ¢ >0} is a finite union of disjoints intervals. The conclusion then
follows after decomposing the integral into a finite sum of integrals on each interval and
using integration by parts. If I is not finite then 7=N and {¢! —¢ >0} is countable
union of the disjoint intervals (ay,b,). One therefore obtains

brn
[ dew@i=3 [ el
{¢t—¢>0} neNY an
where the above sum is convergent because it is absolutely convergent. Indeed for N €

N b
N, the partial sum Sy = Z/ |pT ()9’ (z)|dz is nondecreasing and upper bounded:
n=0"9n

for all N€N, Sy < [ [¢ (_x)w’(x)\dx< +00. Using the fact that ¢! is constant in the
interval [ay,,b,], one has

Tm/$dx: Tbn bn_ an)).
/W_M}W W @)z =3~ 61 (b)) (6 (bn) —(an)

neN

On the complementary set {¢pf =¢} = ﬂN(Lrb) \ (@n,by), one has also
ne

) (z)dx = (b, an)—(by)) | — "(2)(x)de.  (A.
[, e <Z¢< )((n) — >>> [ s 1o

Gathering the two integrals together, the boundary terms eventually cancel and one
obtains

/ " ot (@) () dr = / " Lty (@) (@) ()

Since ¢’ is in LP(1,73,) so is the case for the function Lyyt—4y¢’. One thus deduces
that ¢! is in W1P(1,7,) and that its weak derivative is given almost everywhere in
(L,rp) by (¢1) =1(41—41¢'. One therefore easily gets the inequality [|(¢1)'||r <||¢']|Le-
It concludes the proof. O
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Appendix B. Proof of Proposition 4.1.

Proof.  Let f? be an essentially bounded function, therefore f; defined by (4.7)
belongs to Li .(Q). Let 1€ C'(Q) compactly supported on @ and such that YPzoue =0.
Consider the function ¥ defined for all (r,v,,v9) € Q by

2

U(r,0,,v9) = 0,0, (r, v, 09) + (1;9 - arqzs(r)) o, (1, 0y, 05) — ”78 (0610 (7,07, v9)

where the function ¢ is in the space W2°°(1,r3). One has using the Fubini theorem,

/\I/(r,vr,vg)f,'(r,v,«,vg)dwdvgdr:/ //\IJ(T,UT,Ug)fi(T,’Ur,’Ug)dvgdvrd’f‘.
Q 1 JRJR

Using the change of variable L =rvy in the integral with respect to vy one obtains,

T L L\1
\Il(r,vhvg)fi(r,vr,vg)dvrdvgdr: v(rov.,—|filrv.,— | —dLdv.dr
1 RJR T T T
+oo L
/ / <T Upy — ) fz (7' Vpy— ) d'l)r,«d'f'dL
1 Tb]XR r

For L € R being fixed, the function (r,v,) — fi(r,v,,L) vanishes on DY“(L), one therefore
has

/ U(r,vp,09) fi (r,0p,v9)dvpdvgdr

/M/Dh(m = (T vT,L> 1P (‘\/v$+2(UL(r)—UL(rb))’TLb> dv. drdL
/+00/Dh1(L)T (r UT,L>fib (—\/U3+2(UL(7”)—UL(Tb)),i) dv,drdL
/+OO/Db2 \Ij(r Ur )fb( Vo2+2(UL(r)—=UL(re)), L)dvrdrdL

where the sets DP'(L) and D>?(L) are defined respectively in (4.5) and (4.6). To
continue the computation one considers for (r,L)€ (1,r,) xR the two sets of radial
velocities

DOl (r L) = {vr ER: v, <— 2(UL—UL(7“>)}7

2 2
Df’z(r,L) = {vr eR:UL(ry) < %+UL(T) <Up,r>r; (L,UQTJrUL(r)) }

For each couple (r,L), these sets amount to picking the radial velocities that are on
characteristics originating from the boundary r =r,. One thus obtains

/ U(r,v,,v9) fi(r,v,,v9)dv.dvgdr
Q

Ty p+oo 1 I I
:/ / / *g’ <T7UT‘7> fzb <_\/'U2+2(UL(T)—UL(TI)))7> dvrde’f’
1 —oo JDVY(rL) T r ™

::Il
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/ /+Oo/pb2(rL)r <TU“ )fib(_\/”3+2(UL(T)—UL(7’1))).TLI)>dvrder.

2212

To ease the reading, one sets for (r,L) € (1,r) xR,

1 L L
Il(TaL) ::/ -V Ty Upy — fzb _\/v%+2(UL(T)_UL(Tb))77 d'[}r,
DY (L) T r Ty

IQ(T,L)::/ 1\I/ r,vr,é fP —\/11%+2(UL(7")—UL(7“17))7£ dv,.
D2 (L) T r T

One first computes Iy, so let (r,L) € (1,75) xR, one has

—V2(UL—-UL(r))
I (r,L):/_ %\Il <r7v,«,f> Jid (—\/vf—l—?(UL(r)—UL(rb)Lf;) dvy..

oo

Using the change of variable w, = —/v2+2(UL(r) —UL(r)) yields

—V2(UL—-UL(ry)) 1 ( \/11)2 UL(Tb)) L) L

Il(r,L):/ - f(wr,> w,-dw,..
e r —y/w?2— —UL(r))

The integrand in I; has an apparent singularity at each point r € (1,7,) such that U, (r) =

Ur. This singularity is integrable because the product ¥ fib is bounded. To go further,

one considers for (w,, L) € R? such that w, < —1/2(U —UL(r)), the restriction of the

function ¢ to a characteristic curve of equation v, =£/w2 —2(Uy(r) — UL (rp)). Then,
we set

5 €(1,rp)—— ’L/J(T i\/w2 (Ur(r)— UL(rb)),f>. (B.1)

Using the chain rule, one verifies that for all r € (1,74),

d (1wi)(r> 10 (raya?=2 UL( ) UL(rb));%).

dr \r N —UL(r))

One therefore obtains (permuting the derivative and the integral) that

—/2(UL—UgL(rp))
oy Ly (wr,L> wyd,
dr Tp

Ii(r,L)= .

—0o0
After an integration with respect to L and with respect to r, one eventually gleans

L=

Tp d +oo —1/ 2(?L7UL(T},)) 1 L
/ — / / —p~(r)fP (wr, ) wyrdw,dL | dr
1 dr T

r

+oo p=/2UL—UL(re)) q I
/ / 7/1/} (Tb)be <wT‘aT> wrdwrdL
b
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+oo  p—/2(UL—UL(rs)) 1 L L
:/ / 711) (Tbvw’l”v) fzb <w’r‘7) wr‘dw?”dLa
—o0o0 J—o0 Ty T Ty

where one has used the fact that ¢~ (1) =0 because 9 vanishes on ¥°%. One deals with
the computation of I5. One sees that I splits as

+oo too
Iy :/ / ]l{UL(Tb)*UL(T)<O}IZ(TaL)deT+/ / ]1{UL(Tb)*UL(T‘)ZO}IQ(T7L)deT.
1 —00 1 o

For the sake of conciseness, one restricts the computation in the case where for all
LeR, Up(r)>UL(ry) for all r€(1,7,). The other case can be treated with similar
computations. So consider

“+oo
I, = / / /D”(TL)T (7‘ UT,L)fib (\/U%Jr?(UL(r)UL(rb)),f;) dv,.dLdr

where

D2 (r,L) = {vT ER v | </2(TUr—UL(r)),r>r (L,UijUL(r)) }

One recalls that this set is associated with characteristics curves that originate from
2
r=r, and go back to r=r,. One remarks that the condition r >r; (L,%—&-UL(T)) is

2
equivalent to Uz(r) < F +UL(r) where Uz is the smallest nonincreasing function such
that Uz >Up. Tt is in particular given by (6.22). Therefore one has,

D2 (r,L) = {vTER Hoe| <\/2(UL=UL(r)), lv,| > \/2 (U;(r) _UL(T)) }

One decomposes this set into DY (r, L) =D"** (r, L)UDY® ™ (r, L) with

D2 (r, L) = {vr ER: \/2 (Uz(r) — UL(r)) <vp<y\/2(UL—UL(r)) }

D> (r,L) = {vTER c—\/2(T L= Up(r)) <v, < —\/2 (Uz(r)—UL(r)) }

Using the change of variable w, = —+/v2+2(UL(r) —UL(ry)) one gets

rp U r)—=Ur(r — 2—-2(U -U ,%
I= ; f —/2(Uf () -UL(m)) ® (7“ Vw2=2(UL(r)=UL()) >flb (wr,%>wrdwrder

\/2 (TL-UL(m)) —/w2=2(UL (r)=UL(rs))
\/ﬁql r/w2—2(Ur(r)-Ur(r ,%

f (r)=Ur(ry ) ( \/ (UL(r)=UL(r)) ) Zb(wT’L) wydw,dLdr.
\/2 UL UL(T‘b) \/w$72(UL(T)7UL(Tb)) b

Using again the identity (B.2), one obtains

400 p—4/2 U (r)=Ur(rs)
n= ) E

—/2 UL UL(?”b d’)"

( (¥~ w*)(r)) 7 (w i) wydw,dLdr.

One now justifies the regularity of Uz in order to use the chain rule. Since ¢ belongs to
W2°°(1,1,), it belongs in particular to W°°(1,7). Therefore for all L € R, the function
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Uy is in the space W1°°(1,7,). One can thus apply the property (d) of Lemma A.1 with
p=-+o00. So one has Uz € W1o(1,r). Since moreover, for all r € (1,7,), UL (r) > UL(rp),
one has also U] (r) > Uy (r3). Thus, for each L € R, one obtains using the chain rule that
for almost every r € (1,rp),

d [~ 2(Uf (r)—Uw(r)) 1 L
Y ) (w )i,
—/2(TL-UL(r)) r Ty

_r\/z(;i(:)),(U)L (r) [ (r _\/2 ULr) = VL) ’£> ( \/2 UL =02 ))#)}

Q(Uz(r)—UL(Tb ) d N , L ;
AT ) i (70— )(’")>fi (12

One remarks that the first term, which is a product, vanishes almost everywhere in
(1,7): in the set where U}: and Uy, are equal, the term in brackets vanishes because

the difference vanishes. In the complementary set, (Uz)’ vanishes almost everywhere
because of the property (d) of Lemma A.1. Thus, integrating with respect to L and r
one gets

L +oo U (r)— UL(n,)) 1 I
b= / / —(T =) () f} (wr, ) wydw,dLdr.
\/W r Ty

The integration with respect to r eventually gives only the boundary term at r=rm,
because the other one vanishes since v vanishes on X°"*. One eventually gleans

L
b (wr, ) w,-dw,dL
Tp

o0 L
IQ / / ( Ty, Wr, — ) i
V2(UL- UL(Tb Tb

where one uses the equality Uz (ry) =UL(rp) and the fact that 1)sew =0. Gathering the
integrals I; and Iy together, one eventually concludes

/ U (r,v,.,09) fi(1,0:,09)dv,dvgdr =11 + I
Q

+oo (0 1 L I
=/ / — (Tb,wm ) fb (wr, ) wydw,dL
—0o0 —co b Ty Ty

“+o0 0
=/ / Y (rpywy,v9) 7 (W, v9) wydw,dvg.
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