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EMERGENT BEHAVIORS OF
THE KINETIC LOHE HERMITIAN SPHERE MODEL*

JUNHYEOK BYEONT', SEUNG-YEAL HA, GYUYOUNG HWANG!, AND HANSOL PARKY

Abstract. We study a global well-posedness of measure-valued solutions to the kinetic Lohe
Hermitian sphere (LHS) model derived from the Lohe tensor (LT) model on the set of rank-1 complex
tensors (i.e. complex vectors) with the same size and investigate emergent behaviors. The kinetic LHS
model corresponds to a complex analogue of the kinetic LS model which has been extensively studied
in the literature on the aggregation modeling of Lohe particles on the unit sphere in Euclidean space.
In this paper, we provide several frameworks in terms of system parameters and initial data leading
to the local and global well-posedness of measure-valued solutions. In particular, we show emergent
behaviors of the kinetic LHS model with the same free flows by analyzing the temporal evolution of
the order parameter.
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1. Introduction

Emergent behaviors are ubiquitous in biological complex systems, e.g., aggregation
of bacteria [36,37], schooling of fish, flocking of birds, the synchronous firing of fireflies,
and neurons [1,7,31] etc. These collective phenomena were first modeled by two pioneers,
Arthur Winfree [40] and Yoshiki Kuramoto [26], almost a half-century ago. Since then,
several mathematical models were proposed and studied from various points of view.
Among them, our main interest lies in the LHS (Lohe Hermitian sphere) model [23]
corresponding to the special case of the LT (Lohe tensor) model [22]. The LT model
is a higher-dimensional extension of low-dimensional aggregation models such as the
Kuramoto model [1,5,9,10,13-15,20], swarm sphere models [8,18,24,28-30,35,42], and
matrix models [6, 11,12, 25,27] (see survey articles and books [2,4, 14, 32, 34, 38, 41]).
Before we move on further, we introduce some notations:

z=(z4--, 2N eC!, w=(w', -, wl)eC? (w,2) Zw’

l2ll:=V/{z.2), HS:={z€C’|||z| =1}, [N] 51{172,-“ N},

where w is the complex conjugate of w’ € C.
Consider the LHS model [23]:

Mz

N
0

2=z + Nz 25,252 — (2, 25) %5 ((zj,26) — (2k,25)) 25, (1.1)
k=1

k:
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where kg and k1 are constant coupling gains coined as “Lohe sphere coupling gain” and
“rotational coupling gain”, respectively. Here, €); is a d x d skew-Hermitian matrix:

Q;:_Qja ]G[N]a

where Q;r is the Hermitian conjugate of €2;.

In this paper, we are interested in the situation in which the number of particles
is sufficiently large so that system (1.1) can be effectively approximated by the corre-
sponding mean-field model. To be more precise, we set a phase space =:

(1]

:=HS?! x SkewyC, SkewyC:={AcC¥™: At =_A},

and let f= f(t,2,9Q) be the one-particle distribution function of the Lohe infinite ensem-
ble at the phase space point (z,€) at time ¢. Then, by the standard BBGKY hierarchy
(see Appendix C), the spatial-temporal dynamics of the kinetic density function f is
governed by the kinetic LHS model:
Ohf+V.-(LIf]1f)=0, t>0, (20)€eE, (12)
L{f](t,2,0) =Qz+ [Z[ko(2s — (24,2)2) + £1((2,24) 2 = (24, 2) 2)] f (£, 24, Qs )dO - A '

Here, do,, and df), are volume forms in HS? ! and Skew,C, respectively.
For this kinetic model, we are interested in the following two questions:

e (Q1) (Global well-posedness): Under what conditions on system parameters
and initial data, can we guarantee a global well-posedness of measure-valued
solutions?

e (Q2) (Eemergent dynamics): Under what framework, can we show collective
behaviors?

The main purpose of this paper is to answer the above two questions (Q1) and (Q2).
In fact, our main results can be summarized as follows. First, we provide an improved
exponential aggregation estimate for the LHS model (1.1) under the following system
parameters and initial data (see Theorem 2.2):

Ko

2
and  max [1—(z0,2")| <1~ Iral

1.
2 1<k, I<N Ko %, (1.3)

‘H1‘<

for a constant ¢ € (0,1—2%1'), and let Z=(z1,---,zn) be a solution to (2.5). Then,

one has

— <o(Z° - > 0.
15123}3{N”Zk(t) 21| < C(Z%)exp(—kodt), t>0

Note that the condition (1.3) allows k1 to be negative which is different from earlier
results in [22].

Second, we provide a global well-posedness of measure-valued solutions to (1.2).
More precisely, if system parameters and initial measure pg satisfy

2
kal<™ o< sup [1—(zw)<1— 2l

5 —d, m(supp(po))={L},
z,wEsupp(po) 0
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for some positive constant § and 7 is the projection map 7 HSY ! x Skewd(C—>HSd71,
then there exists a unique measure-valued solution to (1.2) in the whole time interval
[0,00) satisfying

lim Sup WQ(Mthu;ﬁN):O7
N—=oop<t<oo

where Wy is the Wasserstein-2 distance (see Theorem 3.1), p; is the unique measure-
valued solution to system (1.2), and u is an empirical measure associated with the
particle system (1.1). For measure-valued solutions p and v to (1.2) with the initial
data 1o and vy, respectively, we derive a finite-time stability estimate (Corollary 3.1):

WP(/J'th) SC(T) 'WP(IU'07V0)7 te [O7T)'

Third, we consider the case in which natural frequency matrices are the same, say
Q; =Q. In this case, thanks to the solution splitting property (see Proposition 4.1), we
can set

p(t,Z) = Pt(z) = 77#ft(279)7

where 7 is the projection map 7:HS? ! x Skew,C — HS? . Then, p satisfies the fol-
lowing continuity equation with a nonlocal flux on R, x HS? !

Oip+V.-(Llplp)=0, t>0, zeHS" ',
L[P}(t,z)Z/Hsdil[/@o(Z*—<Z*,Z>z)+/€1(<z,z*>z—(z*,z>z)]p(t,z*)doz* (1.4)
P(Oaz):po(z).

Fourth, we deal with the emergent dynamics of kinetic system (1.4). More precisely,
let p be a smooth solution of system (1.4) and coupling strengths satisfy

ko>0, Ko+2Kk1>0.

We introduce an order parameter R:

R(t)=

/ zp(t,z)do,
Hs4—1

Note that R denotes the modulus of the averaged points (centroid). By direct estimates
in Proposition 4.1, one can derive monotonicity of R? and uniform bound for the second
derivatives of R2.
dR? d’*R?
——2>0 and su ‘—
t = b ae

< o0.
d 0<t<co ‘

Then, thanks to Barbalat’s lemma [3], one obtains the following emergent estimate (see
Theorem 4.1):

lim (IT,11% = |2+ T, 1) p(t, 2)do, =0, Jp::/ zp(t,z)do.
Hs?—1

t—o0 HSd—1

Note that for a fixed ¢ >0,

/Hﬂsd71(||‘]p||2_|Z'Jp|2)P(Z)d0z=0 — (||Jp||2—|z~Jp|2)EO a.e. in supp(p),
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and meanwhile unit modulus of z and Cauchy-Schwarz inequality imply
|2 T2 < N2l 7,12 = 11,1,

where the equality holds if and only if z and J, are parallel. Therefore, an emergent
estimate indicates that every z €supp(p) tends to be parallel to J,, which means the
emergence of either bi-polar state or complete aggregation (see Definition 4.1).

The rest of this paper is organized as follows. In Section 2, we briefly review
emergent dynamics of the LHS model and the kinetic LS model which corresponds to
the real counterpart of the kinetic LHS model (1.2). In Section 3, we study a global
well-posedness of measure-valued solutions to the kinetic LHS model via the uniform
stability estimate with respect to initial data, and then we employ a standard particle-
in-cell method together with the uniform stability estimate, we derive a global well-
posedness of measure-valued solutions. In Section 4, we provide emergent estimates
for the continuity Equation (1.4) by analyzing the temporal evolution of the order
parameter. Finally, Section 5 is devoted to a summary of our main results and some
remaining issues for future work. In the appendix, we provide proofs for Theorem 2.2,
Proposition 3.2, a formal BBGKY hierarchy for the derivation of the kinetic LHS model,
and proof of Lemma, 4.3.

Notation. For complex vectors w=(w?!, -+, w%),z=(zt,--,2%9) eC? we also use an
p b 9 b 9 b b

inner-product type operation:

d
wezi= Z (Rew'Rez’ + Imw'Imz"). (1.5)
i=1
Note that (-,-) and - are complex-valued and real-valued functions, respectively.

Throughout the paper, we also use handy notations:

max:= max , Inax:= max .
2 1<4,j<N i 1<i<N

2. Preliminaries

In this section, we present the Lohe Hermitian sphere (LHS) model and review the
kinetic Lohe sphere (LS) model and their basic properties in relationship with well-
posedness and emergent dynamics.

2.1. The LHS model.  First, we begin with the Lohe tensor (LT) model [22]
which is the first-order aggregation model on the space of rank-m complex tensors with
the same size following the presentations in [22,23]. This incorporates aforementioned
low-rank aggregation models such as the Kuramoto model, the Lohe sphere model, and
the Lohe matrix model.

For a rank-m complex tensor 7' with size dy X dg X -+ X d,,, we denote [T]q,...a,,
by the (a1, ,am)-th component of T. We also set T' to be the rank-m tensor whose
components are the complex conjugate of the components in T":

[Tlaram = [Tlayam-

Let 7,,(C;dy---d,,) be the space of all rank-m complex tensors with size dy - d,,
For simplicity of presentation, we introduce several handy notations as follows: for
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TEeTn(Cidy x---xXdyp,) and A€ T (Cidy X+ X dyy X dy X -+ X dyy,), We set

[T, = [T]alazwama [T]mo = [T](110(120"'(¥m0’ T)a,, = [T]auammamu

[T]Ol*i* = [T]aul Q2o " Ay ) [T]a*(lﬂ',‘) = [T]al(l—il)QZ(l—iz)"'am(l—im)’

N
1
[Ala. s, =[AlarazamBisBms  Tei= N ZTk~
k=1

Now, we are ready to provide the LT model. Consider collections {T;}}_, and {A4;}5,
consisting of N-collection of rank-m complex tensors with size di---d,, and skew-
Hermitian rank-2m complex tensors with size (dy X -+ X dp,) X (d1 X -+ X d,y, ) satisfying

[Aj]a*oau = _[Aj]a*la*oa

for all a,g, 1. Then, the component-wise form of LT model can be expressed as follows:

[Tj]a*o = [Aj}a*oa*l [Tj]a*l
+ 2w (Ba T, Blosy =Tl o, Tl ) (2
i €{0,1}m
T,0)=T0, [Te=1, jE[N], t>0,

where {k;, } is a set of nonnegative coupling strengths, and || -||¢ is the Frobenius norm
defined as follows:

MWw=< > IWhWTumf>a

1,02, ,0m

Here, A; is a rank-2m complex tensor with size (dy X da X -+ X dp,) X (d1 X dg X -+ X dpy,)
satisfying the relation:

[Aj]o‘*(la*l = _[Aj]a*la*07

for all aug,y1-

Note that the first and second terms in the R.H.S. of (2.1), represent a free flow
and cubic aggregation couplings, respectively. Despite the structural complexity of
(2.1), system (2.1) can exhibit emergent collective behaviors under suitable frameworks
(see [22]). Among others, one of the main purposes of this paper is to derive a sufficient
framework for complete aggregation of the LT model:

lim max |[T() — T (1) [ = 0, (2.2)
t—oo 1,5
under the special situation:
Tj=2€Ti(C;d)=C"% and A;=Q;€T(C;dxd)=C™>

In this setting, system (2.1) reduces to the Lohe Hermitian sphere (LHS) model:

. +HO(<zj,zj>Zc* <Zc,Zj>Zj) + k1 ((zj,zc> - <Zij>)Zj7 t>0, (2.3)

z(0)=z7, l#l=1, je[N],
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where z.:= %Zgzlzk, and Q; is a skew-Hermitian d x d matrix. It is shown in [23]
that system (2.3) preserves the modulus of z;:

lz;®)l=1, t>0, je€[N].
Next, we present results from [23] on complete aggregation for the LHS model without
proofs for the comparison with result to be presented in later sections.
THEOREM 2.1 (Complete aggregation [23]).  Suppose system parameters and initial
data satisfy

1 N -2 .
0<k1< 170> |z (0)|| > — 2,=Q, je[N],

and let {z;} be a global solution to (2.3). Then complete aggregation emerges asymptot-
ically:

Jim max||2;(t) — 2; ()| =0.

Proof. Detailed proof can be found in Theorem 4.1 of [23]. 0

Next, we present an exponential aggregation estimate for the LHS model with the
same free flow §); =) with a relaxed sign condition on ;. For this, we define functionals
F and G as follows:

f::%%X|1—<zk,zl>|, g::r%%x||zk—zl||.

)

It follows from the following inequality:
25 — 211> = 2Re(1 = (24, 25)) <2/1 = (2, 25)]
that
G<2V'F. (2.4)

For complete aggregation, it suffices to show the exponential decay of F. Note that for
a homogeneous ensemble, without loss of generality, we may assume Q=0 (thanks to
the solution splitting property) so that z; satisfies

N N
Ko

%= N Z(Zk — (2, 2i)2i) + % Z(<2u2k> — (2, 2i)) - (2:5)

k=1 k=1
Below, we provide an improved version of Theorem 3.1 of [23].

THEOREM 2.2 (Exponential aggregation). Suppose system parameters and initial data
satisfy

2|I€1‘ .

0

9

Ko
ol <G 0<max|1— (o, 2) <1-= =

for some positive constant 0 <J <1— 2%', and let Z=(z1(t), -+ ,zn(t)) be a solution to
(2.5). Then, one has
F(t) <FPexp(—2kodt), G(t) <2V FOexp(—rodt). (2.6)

Proof.  Since the proof is rather lengthy, we leave it to Appendix A, whereas the
second estimate in (2.6) follows from the first estimate and (2.4) directly. 0

REMARK 2.1. Note that the framework in this theorem allows the coupling strength
K1 to be negative (i.e. repulsive coupling).
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2.2. The LS model. Consider the LS model on R? for rank-1 real tensors
which corresponds to the real counterpart of the LHS model (2.3) for z;=x; € R%. In
this case, one has

(2j,2c) = (%e; 25) =0.

Thus, system (2.3) can be reduced to

j}j:Qj.%‘j+l‘io(<$j,l‘j>l‘c—<.TC,.’L']'>.TJ‘), t>0, 27
z;(0)=2€S¥1 i [N].

Note that once the initial data z? lie in S?~1, one can see that system (2.7) conserves
the unit modulus. Thus, system (2.7) can be regarded as an aggregation model on the
unit sphere S4-1.

For a homogeneous ensemble with O = for all k € [NV], system (2.7) enjoys the solution
splitting property (see Lemma 2.2 and Proposition 2.3 of [22], respectively). Without
loss of generality, we can assume 1=0 and system (2.7) can be rewritten as

i =ro (e — (Te,x;) ;) = KoP s 2o, (2.8)

where P, is a projection on the orthogonal complement of a unit vector = given as
follows:

P, u=u—(u,z)x, ucR?

Since kg is linear in (2.8), we may set ko=1 by time scaling if necessary. Thus, z;
satisfies

&5 =Py .. (2.9)

Since the R.H.S. of (2.9) belongs to T;,,S?™!, system (2.9) can be regarded as a particle
model on S?~!, as its governing equation describes the interaction between particles on
the unit sphere. Let p(t,-) be a probability measure on S¥~!. Then, by the BBGKY
hierarchy for the particle model (2.9), one can derive the continuum aggregation model:

Oip+Va-(pP,LJ,)=0, with J,= zpdo;, (2.10)
Sd—l

where V, and do, are divergence operator and standard surface measure on S,
respectively. Here, p(t,-) can be understood as a measure-valued extension of X (t)=
{z;(t)} in the sense that:

(1) For a dirac mass ¢, concentrated at z, we have the following equivalent state-

ment:
X (t)={z;(t)} is a solution of (2.9) <
| N
the empirical mesure p(t):= N Z‘Swi(t) is a measure-valued solution of (2.10).
i=1

(2) If p is a probability density function of , then J, = fsd* 1 zpdo, can be regarded
as the expected value E[z;S?!]. In this sense, J, is a generalized concept of a
centroid z,. for the particle model (2.9).
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Now we present an analogue of (2.2). We first provide definitions of Wasserstein spaces
and distances.
DEFINITION 2.1.  Let (E,||-||) be a normed space, and p € [1,00).

(1) The Wasserstein space of order p on E is defined as a collection of probability
measures with a finite p-th moment:

Pp(E) = {uEP(E) s [P =/: 1yl p(dy) < OO}~

(2) Let p and v in Pp(E) be two measures. Then, the Wasserstein metric W, of
order p between p and v is given by

= inf —7|P i)
Wyt)i=(nt [ =il

where T(u,v) is the collection of probability measures on =X E with marginals
p and v. Such v €ll(pu,v) are called the transport plans, and those achieving
the infimum, if any, are called the optimal transport plans.

REMARK 2.2. If (X,d) is a Polish space and p € [1,00), Wy-metric metrizes the weak
convergence in P, (X )(See Theorem 6.9 of [39]). In other words, if (u,,) is a sequence of
measures in P,(X), then for pePy(X),

i converges weakly to pin Pp(X) as k—o0 <= Wp(ug,p) =0 as k— oo,

and this justifies to equip W), distance on Pp(Z). Furthermore, this directly implies the
continuity of W, (X); if (i) and (v,) converge weakly to p and v in P,(X), respectively,
WP(/-“faVk) _>WP(:U7V)'
As an analogue of (2.2), one can verify the following result.

THEOREM 2.3 ([16]). Let py be a probability measure on St CR?, and let pe
C(Ry,P(S*™1)) be a solution of (2.10) with initial condition p(0,x)=po(z). Suppose
that J,(0) #0, then the following assertions hold.
(1) The mapping t—|J,(t)| is nondecreasing, so that y(t):= ‘528‘ €St s well
defined, and there exists y(t) €S and yoo €S such that

Ji ()=
(2) There ezists a unique w €S~ such that the solution of
t=P,1J, (t)
z(0)=w
satisfies limy_s oo ©(t) = —Yoo. Furthermore, if m is the mass of {w} with respect
to measure pg, then

1
0<m< 3 and p(t,") = (1—m)d, +md_,  weakly ast— oo.

Proof.  For a proof, we refer to Theorem 1 in [16]. o

REMARK 2.3. Note that Theorem 2.3 is analogous to (2.2) in the following sense: if
p° has no atoms(i.e. m=0) and satisfies J,, #0, then the measure p converges weakly
to a Dirac mass concentrated at yoo.
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3. A global well-posedness
In this section, we study a global well-posedness of measure-valued solutions to (1.2)
on HS?!. Recall the Cauchy problem to kinetic LHS model becomes

Of+V.-(LIf1f)=0, t>0, (2,Q)€E,
L{f](z,Q)=Qz+ fE [ko(zs — (24, 2)2) + K1 ({2, 24 ) 2 — (24, 2) 2)| [ (£, 24, Qs )dO , A (3.1)
f(O,Z7Q):f0(Z,Q)7

where we use the notation V, as a covariant derivative on HS?™! with respect to z.

3.1. Preparatory lemmas. First, we study a canonical identification ¢:C% —
R2? defined by

z=(2' 2 = (Re 28, Im 2!,--- Re 2¢,Im 2%).
Then the restriction L’Hsd_l is a one-to-one map between HS? ! (CC?) and S?¢~1. First,
we introduce an inner product on C? as follows.

DEFINITION 3.1.  Let z=(2%,---,2%) and w= (w',--- ,w?) be vectors in C?. Then, the
inner product “-” between z and w is defined as follows:

d
z-w= Z { (Rez')(Rew") + (Imz*) (Tmw") |, (3.2)

i=1
where dot product in 1(2)-1(w) is the natural dot product in R4,

Next, we study elementary properties of a dot product “” between two complex
vectors.

LEMMA 3.1. Let z=(z',---,2%),w= (w',--- ,w?) be vectors in C* and B,y€C. Then,
one has

(iz) w=—z-(lw), (iz)-(iw)=2z-w,
(Bw)-z=Reflw-z+ (Imp)(iw) -2,  (Bw)-(yz) = (Fyw)-2

Proof.
(i) Note that

1(iz) = (—~Imz',Rez!, ~Imz2 Rez?,---, —Imz¢,Rez?).
By (3.2), one has
d
cw = Z [ (Imz")(Rew®) + (Rezk)(Imwk)}
k=1
d
Z[ —Rez")(Imw") + (Imzk)(Rewk)} =—z-(iw).
This yields the first relation.
(ii) We use the first identity to obtain

(i) (lw)=—z-(i(lw)) =—z- (—w) =z w.
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(iif) and (iv): By direct calculation, we have
(Bw)-2= ((ReB)w+ (ImB)(iw)) 2= (ReB)(w-2) + (mB)((iw)-2),  (3.3)
and
(Bw)- (v2) = ((ReB)w+ (Imp) (iw)) - ((Rev) -+ (Imy) iz)
(Ref)(Req)(w-2) + (ImB) (Rey) ((iw) -2
+ (Re) (Imy) (w- (i2)) + (Im 3) (T ( (i) - (i2) ).

Now, we use the results of (i) and (ii) to obtain

(Bw)- (72) = ((ReB) (Rex) + (ImB) (Imy)) (w- ) + ((ImB) (Ren) — (ReB) (Tnny) (i) - =)
=Re(B7)(w-2)+ Im(9)((w)-2):

Then, we use (3.3) to get the last identity:

(Bw)-(vz) = (Byw) - . 0

In what follows, we introduce definitions of the covariant derivative for scalar and
vector-valued functions, respectively and divergence operator on HS?!. To find the
covariant derivative V, on HS? ! at the point z € HS? !, we use the covariant derivative
V on the unit sphere S2~1. Let f and F be differentiable real-valued and vector-valued
functions on HS? ™!, respectively. Then, we define f and F on R2 by

f::fofl, F:=10Fo, 1

c / R c c
Pt v ‘
b f=fou™t R2d . R2d

R F=10Fo;, !

DEFINITION 3.2.  Let f and F be a differentiable real-valued function and a vector
field on HS*™!, respectively.
(1) The covariant derivative of f at zeHSY ! is defined as follows.

Vo f(2) =0 (Vi) F(u(2))).
(2) The divergence of F' at zeHSY ! is defined as follows.

V. F(2):=V, - F(u(z)).

(3) The surface measure do, on HS? 1 s defined as a push-forward of the surface
measure doyx on S**~1 wvia the inclusion map v:

do, :=t.(dox).
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i.e. Ly 18 the push-forward map induced by ¢, and do, =1.(dox) is a measure on
HS?!. Then we have the following property:

where doy is the usual surface area measure on the spherical surface S>3,
In the following lemma, we provide elementary identities for a later use.
LEMMA 3.2.  The following assertions hold.

(1) Let F be a vector field on HS®™'. Then one has
/ V. F(z)do,=0.
Hs1

(2) If ¢(2)=z-e, then we have the following relation:
V.p(z)=e—(e-2)z.

Proof.
(i) By Definition 3.2 and Stokes’ theorem, we have

/ V. F()do. = / Vo) F(2))do. = / V- F(x)dor =0,
HS4-1 HSd—1

§2d—1

(ii) Recall that for a differentiable function f € C*(R?4), we have
Vif(x) =Py (Vf(x)), forall xeS?1 (3.4)

where V denotes a standard gradient on R??, and P,.. is the projection onto the hyper-
plane {y e R??:y-2=0}:

Poiv=v—(v-x)x, forall veR* xe§*!CR*, (3.5)
It follows from (3.4) and (3.5) that
Vief (%) =V f(x) = (Vf(x) - %)x.
Thus, for any g € C'(C%,R), one has
Vo9(2) = (Vi) 3(1(2) =01 (Va(u(2) = (V(u(2) - (2))e(2))
=17H(V3(u(2))) = (V3(u(2)) - 1(2)) 2.
Now, we substitute g(z) =¢(z) =z-e for a constant complex vector e € C? to get
Ve2a(1(2)) = Vizar(e) - 1(z) = u(e).
This yields the desired estimate:
Vao(2) =17 (1le)) = (t(e) - 1(2))z=e— (e-2)2.

ad
Next, we introduce the crucial lemma to derive a weak-solution formulation of (3.1).
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LEMMA 3.3. Let ¢ and F=(F*,---,F%) be a smooth real-valued function and complex
vector field on HSd_l, respectively. Then, the divergence of ¢F satisfies

V. (¢(2)F(2)) =¢(2)V. F(2)+V.¢(2) - F(z), z€HS"".
Proof. Recall that for zec HS? 1,
F(z2):=(F1(2),-- Fa(2),  (9F)(2):=(2)F(2).
Now, we define ngAF :
OF:1(z)=(Re 2, Im 2',--- Re z%,Im 2%
= (¢(@)Re F'(2),¢(z)Im F'(2),--,6(z)Re F*(2),¢()Im F(2)) = d(1(2) F(:(2))
so that

(OF)(t(2)) = 6(e(2)) F (1(2)). (3.6)

Therefore, one has

)
((2))) (by (3.6))

)
:L_l @L(Z)d;(b(z
6L(Z)QE(L(Z))) F(Z)+¢(Z) (@L(z) F(L(Z)))

= V.0(2) F(2)+6(2)V. F(z2),

where the equality = holds from the product rule for the divergence on S2¢-1. O

Finally, we combine Lemma 3.2 and Lemma 3.3 to derive an integration by parts
formula.

ProproOSITION 3.1.  Let ¢ and F' be a smooth real-valued function and a complex vector
field on HS®™!, respectively. Then the following identity holds:

/ $(2)Vs - F(2)do, = — / V.0(2)- F(2)do-.
HS—1 HSd—1

Proof. By Lemma 3.2 and Lemma 3.3, one has

0= /Hsd—l V. (¢(2)F(2))do. = /Hsd—l (p(2)V.-F(2)+V.¢(2)-F(2))do..

This yields the desired identity. ]

3.2. A measure-theoretic formulation. In this subsection, we present a
measure-theoretic formulation for the Cauchy problem (3.1). Let Cy([0,T);P(Z)) be
the set of all weakly continuous probability measure-valued functions from [0,T) to
P(2).

Next, we recall a concept of measure-valued solution to the Cauchy problem (3.1)
as follows.

DEFINITION 3.3.  For T €[0,00], p€Cy([0,T);P(E)) is a measure-valued solution to
(3.1) with the initial measure pg € P(Z) if p satisfies the following properties:
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(1) p is weakly continuous:
ts (ue, f) is continuous for all f € CA(Z). (3.7

(2) et satisfies the following equation for all the test functions ¢ € CZ([0,T) x Z):
t
.0 = (0,00, = [ G0, 2.6+ L) Voihds, (33)
where L[] is defined as

Lip)(2,02) = Qz+

o

|:I€0(Z* — (24, 2)2) + K1 ({2, 26) 2 — (24, 2) 2) | A1 (24, 80).

REMARK 3.1. Note that an empirical measure made of particle solutions to (2.3) is
in fact a measure-valued solution of (3.1) in the sense of Definition 3.3. More precisely,
let (2;,€;) be a solution of system (2.3). Then we define the empirical measure pl¥ as
follows:

() ®5Q (3.9)

an

Note that for the empirical measure (3.9), the alignment force L[1)] can be simplified
as follows.

L) (2,0) = Q2 + / [0 (20 — {20r2) ) 01 (2202 — (202 2)2) il (20, 22)
N

=Qz+ % Z[no(zk — (21, 2)2) +k1({z,26) 2 — (21, 2) 2) . (3.10)

k=1

Next, we check the defining relations (3.7) and (3.8) one by one.
e (Verification of the relation (3.8)): We use (3.10) to see

t
/0 (1N, 056+ Lips) - V. ¢)ds

¢ N
:/O <Méva3s¢+ (QZWL;;[HO(%<Zk,Z>Z)+K1(<szk>Z<Zk,2>z)]> 'Vz¢>d5

1Lt
= xF s 7,7Q
N;/0< o(8,2:,8)
| N
+NZ ko(zk — (2K, 2i)2:) + k1 ((ziy 26) 20 — (21, 20) 20) ] - V2 0(8, 24, l))ds
k=1
1L [t dz;
:NZ/O (3s¢(572i79i)+;9-v #(s,2;,9 )ds_ Z/ —q&szl,

= Z<¢(tazi(t)aﬂi)_¢(Oazi(0)79 )>:</~Lt 7¢( ) )>_<M(1)V?¢(07'7')>'
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o (Verification of the relation (3.7)): Since z;(t) and f are continuous, £2; is a
constant matrix, and

N
:u“t 7f Z

we can easily obtain that the map ¢+ (ul¥, f) is continuous. Therefore, the empirical
measure p!V is a measure-valued solution of the Cauchy problem (3.1).

3.3. Measure-valued solutions. In this subsection, we present a uniform
mean-field limit of the LHS model (2.3) and using this, we show a global well-posedness
of measure-valued solution to the Cauchy problem (3.1) for some class of initial data.

First, we provide ¢P-stability estimates. For a state configuration Z={z;}€
(HS? )N | we define the ¥ norm of Z as follows:

N v
||Z||p5=<ZIIZkII”> , pe[l,00),
k=1

where ||z|| is a standard ¢? norm of a complex vector z € C%.

PROPOSITION 3.2 (¢P-stability). Let Z=1{z;} and Z=1{%;} be two solutions of system
(2.3) with the initial data Z°={2)} and Z0= {29}, respectively. Then, the following
assertions hold.

(1) For any fized constant T € (0,00) and p€[1,00), there exists a time-dependent
constant Gr:=exp (2T(|ko| + ko +2k1])) >0 which is independent of N such
that

sup [|Z(t)— Z(t)|l, <GrlZ(0)— Z(0)|l,.
0<t<T

(2) Suppose Z and Z exhibit complete aggregation exponentially fast, i.e., there
exist positive constants A and B such that

mac{ max|[z(6) — 25 (D], max||z () =2 (0] }<Ae?"

Then, there exists a positive constant G independent of t such that

sup || Z(t) = Z(t)|2 <G| Z(0) = Z(0)[|2, tE€R.

0<t<o0o
Furthermore, if A and B are independent of N, then so is G.
Proof. Since the proof is rather lengthy, we leave it to Appendix B. 0

REMARK 3.2. By Theorem 2.2 and Proposition 3.2, one can derive a uniform stability
estimate for a homogeneous ensemble. More precisely, we assume that

2|k1]
Ko

Q;,=Q, |/€1|<%, %%x\1—<z2,z?>\<1— -0,

for some positive constant d € (0, 1— 2'%01‘) Then, there exists a positive constant G
independent of N such that

sup (| Z(t) = Z(t)]l2 < Goo||Z(0) = Z(0) 2.

0<t<oo
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Next, we provide a global well-posedness of measure-valued solution to the kinetic LHS
model. First, we recall the concept of a mean-field limit which provides a construction
of measure-valued solution to (3.1).

DEFINITION 3.4. We say the kinetic LHS model (3.1) is derivable from the LHS
model (2.3) in [0,T), if the following two properties hold.
(1) For given initial measure po € Pp(E), po can be approzimated by a sequence of
empirical measures plY of (2.3) in Wasserstein metric:

. Ny _
i Wy (o, g ) =0.

(2) There exists a unique measure-valued solution p of (3.1) with the initial data
to, and for each t€[0,T), u; can be approximated by a sequence of empirical
measures {uN} of (2.3) in the time interval [0,T):

lim  sup W, (ue,pi¥ ) =0.
N—=ooielo,T)

Next, we are ready to state our second main result on the unique solvability of (3.1).

THEOREM 3.1. The following two assertions hold.
(1) (Finite-in-time mean field limit): For T € (0,00), the kinetic LHS model with
identical natural frequency matrices (i.e. mw(supp(po))={Q}) is derivable from
the LHS model in a finite time interval [0,T) in the sense of Definition 3.4.

(2) (Uniform-in-time mean field limit): Suppose system parameters and initial mea-
sure o satisfy

2|:‘i1| _

K
k)<=, 0<  sup [1—(zw)|<1—
2 z,wesupp(jo) ko

6, m(supp(uo)) = {2}

for some positive constant §. Then the kinetic LHS model is derivable from the
LHS model in the whole time interval [0,00) with respect to Wa-metric.

Proof.

(1) (Proof of the first statement): We modify the proof of Theorem 3 of [19]. First,
we construct a sequence of empirical measures converging to a measure-valued solution
for (3.1) in Wasserstein metric, and then, we verify the validity and uniqueness of the
measure-valued solution. Since the proof is rather lengthy, we divide it into two parts.

e Part A (Construction of approximate solutions): First, we recall the result of
Theorem 6.18 in [39]. For a Polish space (X,d), let P(X) be a space of probability
measures on X, which can be equipped with Wasserstein metric from Remark 2.2. For
any given p € [1,00), the set

{Zai@i :VneN, 0<a,€Q, Zaizl, I is a finite subset of N}
i€l iel

is a dense subset of P,(X). Therefore, we can approximate the initial measure po by a
sequence of empirical measures {u}:

Z&EIIOOWP(M(J)V7MO) =0,
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where ' is the sum of N suitable Dirac measures uniformly weighted by % To
approximate the quantity W2 (ug,ug"), we denote

n

1 1 —
B =D Ongs BB =) Oy
j=1

i=1

Since above measures are concentrated on the finite number of particles, infimum in the
definition of W, (u,ug) is achieved and therefore, one has

n m

W (MO’/’LO Zzaljnzlo ZJO”

zljl

for some optimal plan (a;;) satisfying
n m
> arj=n, Y ag=m, 0<aj€eR, ije[N].

By perturbing a;;, we can also approximate optimal strategy by rational strategy:

n m
Zrkj:n, an:m, OS’I’Z'J' EQ, i,jE[N], (311)
k=1 =1
in the sense that
1 n o m B ) o m
0< %erﬁnzio _zj0|| _Wp (:uO »Ho ) <e
i=1j=1

for arbitrary € >0. Next, we introduce a common denominator D

N..
Tij Z:%, NU,DEZ+,
to rewrite rational strategy:
1 n m 1 n m
o 2 2l =2l =05 3 3 Nl =23l =00 D ek =2 P
1=17= =1 : =
(3.12)

where || z;, — Zj, |5 is counted N;; times when k runs through 1 to mnD in the last term.

On the other hand, we can associate rational numbers (7;;) satisfying (3.11) to a
transport plan with marginals pf and pf*. Therefore, by the same procedure as in
(3.12), we have

mnD

W (i) < Dank — a0

Let T'€(0,00) be given. Then we use Proposition 3.2 and obtain a constant C=
max (Gr,1) to see

mnD

WP (ui'spi*) < Z”Zk )=z
(3.13)

nmD
k=1

Cp mnD
< Z||zko—zko||p<cp( <uo,uo>+s),
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for any t € (0,77, where € —0 as (r;;) — (as;)-

Since W (ug,pup') can be taken arbitrarily small by enlarging n and m, we can
conclude that W, (u?,p") is a Cauchy sequence. From the completeness of P, (Z) (see
Theorem 6.18 of [39]), we can define a measure-valued solution p with the initial data
Lo, as a weak limit of p¥ in the Wasserstein metric.

o Part B (weak limit p is a unique measure-valued solution): First, we show that
the defining relation 3.7 of Definition 3.3 is satisfied (see [21] for the detailed arguments).
To check (3.8) in Definition 3.3, we need to show that u satisfies the following equation
for all the test functions ¢ € C}([0,T) x Z):

</1't’¢(t7'7')> - <M07¢(07'a')> :A </~stas¢+L[;U's]vz¢>ds

where L[u] is defined by
L{p](t,2,9) ZQZ—F/:[HQ(Z* —(24,2)2) + K1 ({2, 24) 2 — (24, 2) 2) | d 1 (24, 2 ).

Since p!V is a measure-valued solution (see Remark 3.1), one has

02 0.0~ 0 000,0) = [ 00+ L) Vet (310
Due to Remark 2.2, L.H.S. of (3.14) becomes
(g’ s (ts-5)) = (i s 0(0,0,)) = (e, &(t,+,-)) = (p0,0(0,-,)) as N —oo.
For R.HLS. of (3.14), we claim:
(U 0.0+ LIul]-V.¢) = (1,056 + L{us) - V) uniformly with respect to s. (3.15)
Proof of (3.15): Again from Remark 2.2, we have

|<Névvas¢>*<ﬂsaas¢>| —0 as N —oo.

Therefore, it is enough to make the following term arbitrarily small:

(s LIpd]- V20) = (s, Llns] - V29) |-
This can be obtained from the following estimate:
| .u“s 7 v ¢> <N93L[u9]v2¢>|
= (1 = sy L] - V20) + (s, (L[] = Llps)) - V=)
<|{wd

— s, Lpts] - V2 9) |+SUP((L[N5]_L[US])'vz¢)-
Recall that p¥ converges weakly to us and this convergence is uniform from the fact

that the estimate (3.13) is time-invariant. Therefore, the estimate (3.15) is achieved
and this implies

t t
/0 (1 0sbt LIN] V. 6)ds — / (112,056 + Lljts]- V2 6)ds
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for any test function ¢ € C}([0,T)x Z). Therefore we have an existence of measure-
valued solution. The uniqueness can be followed by the same argument as in [16].

(2) (Proof of the second statement): Let ul = %Ziléz? be the initial empirical
measure and po be the given initial measure. Since supp(uo) is compact, we may restrict
the domain HIS?™! to supp(u°), so that support ud is a subset of po (See [39] for the
detailed argument). Therefore, by a priori condition on supp(xp) and Remark 3.2, the
estimation (3.13) is valid uniformly for any ¢ € (0,00]. 0

As a corollary of Theorem 3.1, one obtains a finite-time stability estimate for
measure-valued solutions with respect to initial measures.

COROLLARY 3.1 (Finite-in-time stability). For finite T >0, let u,v € C,,(R1;P(E)) be
the measure-valued solutions to the kinetic LHS model with the initial measures pg,vo €
Pp(E), respectively. Then, there exists a positive constant C=C(T) such that
Wy (pe,ve) <C(T) - Wy (po,v0),  t€[0,7T).
Proof. This is a direct consequence of (3.13) and the triangle inequality. O

REMARK 3.3. For p=2, we get a uniform-in-time stabiltiy of N-particle system in
Proposition 3.2. It follows that under the same assumption with Corollary 3.1 except
for the finite-time condition, we have

WQ(Mt,Vt)SC'WQ(MO,VO), tE[0,00),

where C is independent of .

4. Emergent behaviors of the kinetic LHS model

In this section, we study emergent behaviors of the kinetic LHS model. In [17],
emergent dynamics of the mean-field kinetic model for the LM model has been inves-
tigated. Although the LM model and LS model are different, we basically follow the
same strategy in [17] to analyze emergent dynamics of the kinetic LHS model for a
homogeneous ensemble.

Consider the LHS model (2.3) with the same natural frequency matrix:
Q,=Q for all j€[N].

First, we define the notion of complete aggregation in a kinetic setting. Let 7 be the
projection map 7 : HS? ! x Skew,C —HS? . Then we define a distribution function p
by the push-forward of f with respect to m:

p(t,2)=pi(z) :==7#fi(2,2),

where fi(z,Q) = f(t,2,Q). For any measurable set ACZE, we have

p(t,A) = f(x~(t,4)).

Now we can write the aggregation force in terms of p :

L[f](z,Q):Qz—i—/[Ho(z*—<z*,z>z)—|—/<;1(<z,z*>z—(z*,z>z)]f(t,z*,Q*)dUz*dQ*

= Qz—l—/ (ko (24 — (24,2)2) + K1 ({2, 24 ) 2 — (24, 2)2) | p(t, 24 )dO ., .
HS4-1
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Then, Equation (3.1) can be rewritten in terms of p as follows:

Qip+ V.- (L[plp)=0, t>0, zcHS" ',
L[p](z):QZJF/HSd,I[RO(Z*7<Z*’Z>Z)+“1(<sz*>2*<Z*,Z>Z)]p(t,z*)daz* (4.1)
P(Oaz)zpo(z),

where we abused the notation L[p]|(z):=L[f](2,£2). Note that for the particle model
(2.3), we have the following equivalent formulation of complete aggregation (2.2):

Jim ma[2:(t) 2 (£)]| =0

(4.2)

— tg%lomkaxﬂzk(t)—zc(t)ﬂzo — tli,lgom,?xwp(ézk(t)’ézc(t)):0’

where the second arrow follows from W,(d,,d,) = ||z —y||.

The last formulation in (4.2) can be interpreted in terms of measures. This motivates
the following concept of complete aggregation for the kinetic LHS model (4.1).

DEFINITION 4.1 (Complete aggregation). The kinetic LHS model (4.1) exhibits com-
plete aggregation, if for any measure-valued solution p=p(t,z) of (4.1), there exists a
time-dependent Dirac measure 0,y such that

lim Wg( ( ) §w(t)):0

t—o0

Our third main result is the following result on emergent dynamics.

THEOREM 4.1. Suppose coupling strengths satisfy
ko>0, Ko+2k12>0,

and let p be a solution to (4.10).Then, we have

im [ ()2 =z Jp[2) pr(2)dor. =0,

t—o0 HSd—1

where J, is the expectation of z:

Jp:/ zp(t,z)do. (4.3)
HSd-1

Proof. We leave its proof in Section 4.3. ]
4.1. Solution splitting property. In this subsection, we study a solution

splitting property for (4.1). Consider the continuity Equation (4.1):

8tp+V (L[p)p)=0, t>0, zeHS

/ lro(ze — (20 2)2) 4 1 (mr2)2 — (22Dt 2o, (44)
(o z>

In the following proposition, we clarify the solution splitting property of (4.1) more
precisely.
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PROPOSITION 4.1 (Solution splitting property). Let p be a smooth solution to (4.1).
If we set

plt.2)=p(t.e2), (4.5)
then p satisfies (4.4).
Proof. Tt follows from (4.5) that
p(t,2)=p(t,e”"2).
Recall that p satisfies
dip+V.-(Llplp)=0, t>0, zcHS",
D=0+ [ ol (o224 (2,202 = (e 2) 2ol ) o

d—1

Then, we use (4.5) to see

Op(t,w) = d—( p(t,e w)) (Qemw) V.p(t, e w) + o p(t,etw),
w= [ o= o))+ (w0 )= (o) w)l e ),
/Sd ) — (e, w)w) + k1 (W, W )w — (wy, wyw)] p(t, e w, ) do,

= / [mo (et w, — (M w,, M w) e w)
HSd—1
4k (M w, e, Y et — (emw*,emw>emw)] p(t,eMw,)do,, . (4.6)

Now, we use (4.6) and the fact that e** is a rotational operator which preserves the
surface area (i.e. roughly doy,, =dSea¢,,, ) to obtain

e L[3)(ew) = /H ol — (e w)w) i (w10, )
— L[p](t,w) - Qu
to see
Lip)(w) = e~ L{p] (¢, w) — Q.
This implies
Lipla(t,w) = e~ Liplp(t, e w) — p(t, e w) Q.

Now we have

V.- (L[plp)(t,w) =V - (Llplp) (¢, w)
— (Qe®w) -V, p(t, et w) — p(t, et w) (V,, - Qu). (4.7)

From w=x+iy and simple calculations, it follows that

V- Qu=Vg -Re(Quw)+V, - Im(Quw) = %Re (Qapws)+ %Im (Qapwg)
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0 0 0 0
= Q ——Im((i2 =— Q — Q
Dz ( aﬂxﬁ)+aya m (iQa5Y5) Bz Re(Qapzp) + e Re(Qapys)
= Re(Qagéaﬁ) —i—Re(Qaﬁ(sag) = 2Re(Q,m) = Qtr(Q) =0. (4.8)

Here we used the fact that € is skew-Hermitian.

If we combine (4.7) and (4.8), we have
V.- (L[p]p)(t,w) =V - (L[p]p) (t,ew) — (QeHw) - V. p(t,eHw).
Finally, we have the following relation:

Oup(t,w)+ V.- (L [ 0]p) (¢, w)
— (26 1w) V. p(t,e 1) + Qyp(t, e2w) + V.- - (Llplp) (t,e%w) — (Qew) -V . p(t,e )
= dip(t, e w) + V.- (L[plp) (t,ew) =0.
In the last equality, we used the fact that p is a solution of (4.1). |
4.2. Order parameter. Recall the definition of the order parameter R:

/ zp(t,z)do.|.
HSd—1

In the rest of this subsection, for notational simplicity, we suppress ¢ dependence in R, f
and p:

R(t):=|],|=

/Ezf(t,z,ﬂ)dazdﬂ‘ = (4.9)

R:=R(t), [f(z)=f(t,2), p(z)=p(tz2).
Then, we see that

2
Lo =([ i, [ ot )
Hs 1 HS—1 HS4—1

://(Hgd_l)z<Zl’zz>p(z1)p(z2)d0z1d022~

In what follows, we will show

R?=

dR2 2R2
——>0 and sup ‘ < 00.
dt 0<t<o0

Then, these estimates yield the desired estimate in Theorem 4.1. Thanks to the solution
splitting property in Proposition 4.1, we may assume =0 without loss of generality.
Thus, p satisfies

dp+V.-(pLlp)) =0, zeHS' ' >0,

Lip](z) = /Hsd—l [0 (2s — (24,2)2) + K1 ({2, 24) 2 — (24, 2)2) | p(24 )dO ., - (4.10)

In what follows, we present three elementary lemmas for the proof of Theorem 4.1.

LEMMA 4.1. Let z and w be complex vectors in C®. Then, the functional introduced
in (1.5) satisfies

(z,w)y=z - w—i(z- (w)),
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where iz:= (iz1,---,iz4) € C4.
Proof. By definitions of (1.5), one has
d d
(z,w)= szwk = Z (Rez" —iIm2*) (Rew" +ilmw")
k=1 k=1

d
= Z (Reszewk + Imzklmwk) +1 (Rezklmwk — Imszewk)

9= I

= (Reszewk +Imz"Imw*) —i (Resze(iwk) +Imz"Im(iw"))

Il
-
™~
Il
-

O
DEFINITION 4.2.  For ze HS* ' cC? and veC%, we define three C-valued maps on
C? as follows.

(1) Define a map Q, :C4—C? by
Q. (v):=ro(v—(v,2)2) +r1({z,0) — (v,2))z, VveC
(2) Define linear operators P, and P,. :C%— C? by
P.(v):=(z-v)z, P,i(v):=v—(z-v)z.

In the following lemma, we study basic properties of the maps introduced in Defi-
nition 4.2.
LEMMA 4.2. For ze HSY ' cC? and veC?, one has
(i) P2=P, P2, =P,..
(ZZ) Pz:Lilo]P)L(z)OL, IPZL :Lilo]P)L(z)i OlL.
(111) Lp]=Q:(Jp), Q:=roP.1+(ro+2k1)Piz,
where P,y and P,y are projection operators defined on R24,

Proof.
(i) The first two estimates follow directly from Definition 4.2:

P2(v) =P, ((z-v)2) = (2 (2-v)2)z=(2-v)2 =P, (v),

P2, (v)=P,1(v—(2-0)2)=v—(2-v)2—(2- (v—(2-v)z2)z

=v—(z-v)z—(z-v—(z-0v))z=v—(2-0)z2=P,1 (v).
(ii) Recall that ¢ is an inclusion map defined by
1:CEsR¥M, (21 27— (Re 21, Im 2%,--- \Re 2¢,Im 29).

From the definition of ¢, we get the following identity for any v € C?,

0By 0a(0) = () e(01(2) ) = () o) () = (-0)s= o)
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Similarly, one has
! oP, .y ou(v)= ! <L(’U) —(t(2)- L(’U))L(Z))
=07 (1(v) = ((2) () (1(2)) =v = (2 v)2 =P,1 (v).

Thus we have the desired result.
(iii) First, we substitute J, in (4.3) into Q. to see

Q:(Jp)=rko(Jp—(Jp,2)2) +r1({2,Jp) = (Jp,2))2

~ ko ( /H o < /H . z*p(z*)d02*7z> z)
. <<2/HS eop(2)do. > - </HS z*p(z*)doz*,z>> .

=/ [Ko(2: = (24, 2)2) + 51 ((2,24) 2 — (24, 2) 2) ] p(24 ) do,
HSd—1
=L[p](2).

For the last estimate, we use Lemma 4.1 to get that for ve C?,

Q:(v) = ro(v—(v,2)2) +r1({2,0) = (v,2))2
=ko(v—(v-2)z—1i(iv-2)2) + K1i(iz-v—iv-2)z
=ko(v— (v-2)2)+ (ko +2K1)(iz-v)iz
=kolP,1 (V) + (ko +2k1)Piz (V).

LEMMA 4.3.  Let p be a solution to system (4.1). Then, we have

a
dt HSe—-1

SEp= [ V0@ (),

for peCHHS ).
Proof. By Lemma 4.2 (i), the continuity Equation (4.1) becomes

We multiply ¢ and use integration by parts to find

/ (0up+ V= (0Q:(J,))) b(2)dz =0
HS?-1

or equivalently

[, oweed=— [ (V. (0Q.0,)0(:)dz
HS—1 HS—1

By Proposition 3.1, we can also simplify R.H.S. as follows:

—/ (Vz‘(sz(Jp)))czﬁ(Z)dz:/ Vi ((2) - (pQ=(J,))d=
HS4—1 HS4—1
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Finally, we get the desired estimate:

a
dt HS4—1

o= [ o= [ V.00)-Q.()ple)i

d
REMARK 4.1. Let p be a solution to system (4.10). Then, for any test function
peC (R xHS™), we have

| o@owea= [ V.00)-Q.0)p()d
HSd-1 HSd-1
In next lemma, we provide a uniform bound for the second derivative of R2.

LEMMA 4.4. Let p be a solution to (4.10). Then, we have

) BE <2 [ (117~ 2 JiPe)do 2+ 200) [ 162)- 0,z
d’R?
6 2 |G| <o
Proof.

(i) By (4.9), one has
R?*=1J,-J, where Jp:/ zp(z)do .
Hs?—1

o (Estimate of %): for a fixed e € C¢, we set
L.(z)=e-z.
Then, it follows from Lemma 3.2 that
V.L(z)=e—(e-2)z2=P_1(e).

Then we have
dJ, d d

e _ 2 . =— L
e Srmg [ e onn =g [ L@pee.

- / (VLe(2))- Q- (J,)p(2)do = / P, () Q. (J,)p(2)do,
HSd-1

HSd—1

where we used Lemma 4.2 in the third equality. From this result and the fact
Q=(Jp) =roP. (Jp) + (ko +2k1)Piz (Jp),

we get

dJP —

- W _/HSLH]}»zL(e)-(EOPZL(Jp)+(/~eo+2m)lP’iz(Jp))p(Z)d0z

:/ P..(e) koP.1 (Jp)p(z)daz—i—/ P, (e)- (ko+2k1)Pi.(J,)p(2)do
HS—1 HSd—1

:KJ()/ P, (6)'PZJ_(Jp)p(Z)dUZ+(I€0+2FC])/ P.i(e)-Piz(J,)p(2)do.
e e (4.11)
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Since e is arbitrary, we substitute e=J, to obtain

d
7, e, / P, (J,) Pus (J,)p(2)do
dt HSd_l
=71
Hrorzm) [ P () Bl o) o
HSd—l

=:72

Next, we estimate [J; and J> separately.

o (Estimate of J7): By direct calculations, we have

Fimrio [ Peld,) B (Tp)pl)do
HSd—1
Y I L/ AR Oy N (AR AT O
HSd71 Hgd—l
where we use the fact that z-J, is a real number.

o (Estimate of J2): First, we simplify the part of an integrand in J> as follows.
Since z-w is real number for all z,w € C%, we have

where we used z-(iz) =0 in the last equality. Thus we have

ng(m0+2/11)/ |(i2) - J,[*p(2)do.
Hs?~1

We combine all the estimates for J; and J> to get

dJ .
Jp S =ra [ (WP D)o o+ 2e0) [ 1)+, Pole)do
HS4—1 HSd—1
This yields
dR® 2 2 . 2
O oo [ (I~ 12 JP)ple)do.+ 20 +261) [ [(12)-,Po(z)dor >0,
t Hsd—l Hsd—l
where we used |z-J,|> < |22 ||J,|1> =],
(ii) We leave its proof in Appendix D. d

REMARK 4.2. By Lemma 4.1 of [23], if {2;} is a global solution to the following
system:

Z\O

N N
g — (2, 2)2) + g (2j,28) — (Zk:24)) %5,
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then we have

N N
d 2= 2K0 oy 4(ko+kK1) )
prilEd g — (26 2¢)] )+T;|Im<zi,zc>| :

where z. = % Z;\Ll z;. This and the relation
(26, 2¢)[* = [Re(zi, 20)[* + Im (2, 2c) %,
imply the desired result:
N N
2k0 2(ko+2kK1)
H ell? =57 D (llzel® = IRe(z, ) ) + == ) Mm(zi, 20) .

N ‘
i=1 =1

4.3. Proof of Theorem 4.1. It follows from Lemma 4.3 and Lemma 4.4 that
R%=|J,|? is increasing and its second derivative is uniformly bounded. Then we can
apply Barbalat’s lemma [3] to obtain

. d 2
Jim 2=

Note that 4 |J,||* can be expressed as follows:

d||J,]? .
WBAE o [ W =1 2o + 200 +2m) [ 162)- I,
HSd—l Hsd—l
Since

200 [ (=2 I Pt 2)do. 20, 2sa200) [ 1), Polt ) 20,
HS4—1 HSd—1

we have the desired estimate:

Jim [ = gy () o =0
Theorem 4.1 indicates that almost every z in the support of p, tends to be parallel
to a vector J,, where J, is nonzero because ||.J,||? is increasing and its initial value is
nonzero from the support condition in Corollary 4.1. Therefore, in terms of probability
measure, this indicates that the solution converges to a sum of two weighted Dirac
measures on antipodal points. So, as a corollary of Theorem 4.1, one has complete
aggregation.

COROLLARY 4.1 (Emergence of complete aggregation).  Suppose system parameters
and initial measure satisfy

2|k

K
k<=, 0<  sup |1—(zw)|<1—
2 z,wesupp (ko) ko

—5, Q=0

for some positive constant 0, and let p be a solution to (4.10). Then there exists a curve
z(t) on HS? ! such that for the probability measure p(t)do. and Dirac measure 0,
we have

lim WQ( ( )do‘z,éz(t))z

t—o0
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Proof. For notational simplicity, we take u; as p(t)do,. Then, by the same
procedure as in the proof of the second part of Theorem 3.1, there exists a sequence of
empirical probability measures {u¥ } yen such that

Hm Wa(pepy')=0, t>0, and supp(uy)Csupp(po),
N0 (4.12)
1 is derivable from p!v in [0,00) with respect to W —metric.

By (4.12), for any >0, there exists a positive integer N such that
Wo(ps,py)<e for n>N, independent of t €[0,00).

Again, by the a priori condition, for each N, the empirical measure corresponds to N-
particles and the dynamics of N-particles following the LHS model exhibits the complete
aggregation: there exists path 2z :[0,00) = HS? ! which satisfies

tli}m |zi(t) = 2N ()| =0 for all i€ [N], or equivalently tli)m Wa(pt 6.5 (1)) =0,
where Z ={z;} be a solution of the LHS model. We use the triangle inequality to find
Wa i, 0.n (1)) < Walpe, il ) +Walpr 0. 1)) <e+Walpy 6.5 )-
Hence, we get

limsup Wa (g, 0.n5 (1)) < (4.13)

t—o0

We prove the statement via the proof by contradiction. Suppose that u; weakly con-
verges to the measure md, ) +(1—m)d_.) for 0<m < 1. Then we have

Wo (e, m0, 1y + (L —=m)0_ 1)) = W8,y 1), MOy + (1 —=m) o)) — Wa (6 (t)5 12)-
Since the only measure which takes ¢, and md, +(1—m)d, as marginals is
My @y +(1—m)d; R0,
we have
W3 (83 (s M) + (L =m)d_-(s))
=m|[z" (t) —2(1) [ + ( —m)||2N () = (= 2(1)|I?

=[N @)1 + 2011 +2Re((1 —m) (" (1), 2(2)) —m (2" (1), 2(2)))
=242(1—2m)Re((z" (1),2(1))) >2—2|1 —2m| =4min{m,1—m}.

Therefore, for any 0 <m <1, we first choose € to satisfy
0<e<2y/min{m,1—m}.
Then, there exists sufficiently large N satisfying (4.13), so that

2¢/min{m,1—m} <limsup Wa(u(t),0.~ ) <e,
t—o0

which gives a contradiction. So we can conclude either m=0 or m=1. Therefore, a
bi-polar state cannot emerge. ]
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5. Conclusion

In this paper, we have studied the well-posedness and emergent behaviors of the
kinetic mean-field model for the LHS model which corresponds to the complex analogue
of the LS model for aggregation. The LS model is the first-order aggregation model on
the unit sphere in Euclidean space. The LHS model also reduces to the LS model on
the unit sphere in complex Euclidean space. The kinetic LHS model can be formally
obtained via the BBGKY hierarchy from the LHS model. In this work, we have dis-
cussed three issues. First, we presented exponential aggregation estimates to the LHS
model with relaxed coupling strengths for some restricted class of initial data. Second,
we provided a global-in-time well-posedness of measure-valued solutions to the kinetic
LHS model using the particle-in-cell method and uniform-stability estimate. Third, we
presented the emergent dynamics of the kinetic LHS model. In general, the particle-
in-cell method provides a measure-valued solution in any finite-time interval for generic
initial data. However, this type of mean-field limit cannot be extended to the whole
time interval due to the lack of a suitable uniform stability estimate. As long as the
initial data and system parameters satisfy some admissible conditions, we can see that
the uniform stability estimate follows, and the kinetic LHS model can be derivable uni-
formly in time from the LHS model. Of course, there are several issues to be discussed
in future work. For example, in our work, the uniform stability estimate was obtained
for some admissible class of initial data and system parameters. Thus, the extension of
uniform stability to a relaxed setting will remain an interesting problem. In addition,
our emergent dynamics in Section 4 has been studied only for the homogeneous ensem-
ble with the same natural frequency matrices. Clearly, extension to a heterogeneous
ensemble will be interesting to pursue in future work.
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Appendix A. Proof of Theorem 2.2. It follows from the solution splitting
property of the LHS model that we can set =0 without loss of generality, and z;
satisfies

{ =K <zj,zj>zc—(zc,zj>zj)—&—m((zj,zc)—(zc,zj))zj, t>0, (A1)
Zj(o):Z?’ 122]=1, je[N].

Next, we introduce two-point correlation like functionals:
hijZ: <ZZ',Z]‘>, Rij:Re(hijL Iij ::[Hl(h”)7 Z,]G[N]U{C} (AQ)

Here, the index ¢ stands for the centroid of the ensemble. Then, we can rewrite system
(A.1), using (A.2) as
N
Ko

N
K
Zz:N (Zk_<zkazz Zi +ﬁlz Z“Zk Zkazz>)zz

k=1 k=1
:KO(ZC hczzz)"_"il( hcz)zz ( (Rcz +IICZ)ZZ) +21/€1]ch7,
=KoZe — (H0R61+1(I€0+2H1)Im) (A.3)
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Here, we used the relation I.; = —I;. in the last equality. Again, we use (A.3) to derive
the time derivative of h;;:
hij = (2,25) + (2, 25)
= <I€()ZC — (KORci + i(/@o + 2/4,1)]02‘) Zi, Zj> + <Zi7 KoZe — (KJ()RCj + i(/ﬂ?o + 2%1)ch)2j>
= ﬁOhcj - (HQRCi - i(lﬁ:o + 2/431)[@)}11']' + Ii()hic - (HOch + i(lfo + QHl)ch)hij
=Kg (hcj +hie— Rcihij — chhij) + i(/ﬁo + 2/‘61)([@ — ch)hij. (A4)
Now, we take the real and imaginary parts of (A.4) to find

Rij=tko(Rej+ Rie — ReiRij — RejRij) — (o +201) (Iei — Ioj) I
=ro((Rje+Ric)(1—Rij)) — (ko +261) (Lei — 1) Lij, s
Iij=ro(Iej+ Tic — Reilij — RejLij) + (ko +2k1) (Iei — Ij) Ry )
=(Iej+1Lic) (/@0 — (ko + 2/@1)Rij) —kolij(Rei+ Rej).
Next, we note that if complete aggregation occurs, then one has
z;—z;—0 ast—oo hence h;;—=1 ast— o0,
or equivalently,
(Rij,1i;) = (1,0), ast—o0.
Thus, it is convenient to work with the following functional J;;:
Jiji=1—-Ry;.
We substitute R;j =1—J;; into relations (A.5) to get
Jij=—Rij=—r0(2— Jje— Jic) Jij + (ko +261) (I — L) Lz,
Lij= I+ Iic) (—2k1+ (ko +2k1)Ji5) — kolij (2 — Jei — Jej).-
Therefore, we have

1d
2 dt
= ((ch +Lic) (— 261+ (ko +261) Jij) — kolij (2— Jei — Je ‘))Ii j

(I3 4+ J5) = Lij Ly + Jij Jig

- (50(2—ch—Jic)Jij — (ko +2K1)(Lei _ch)Ii')Ji'
=(=2r1(Lej+ Lic) = kolij (2= Jei — Jej) ) iy — (0 (2= Jje — Jic) Jij ) Jij
=—ho(2— Jje = Jic) (I} + J35) = 261 (Lej + Lic) Lij. (A.6)
For ¢ >0, we choose time-dependent indices ¢ =1; and j = j; such that

(i,7) € argmax(IZ + JZ). (A.7)
(k)

Then, one has

[Tl SI%{:}yX‘IB,Yl <\ /Iin-l-ij, Jacgrgaﬁ/x,]ﬂv S\/Ifj—i—Ji?j, (A.8)
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for any index «. It follows from (A.6) and (A.8) that
1d

th(IZZJJFJzQJ)*—”O(? Jje = Jic) (I3 + J55) = 261 (Iej + Lic) I (by (A.6))
< —r0(2 = Jje = Jic) (I + J53) + 21w | (| Lej | + | Licl) | 5]
< —r0(2— Jje—Jie) I+ J5) +4|k1 (I + TF) (by (A.8),)

A9
sl (A.9)

- )(I%Hfj)

2|k
=—2ko (1—,/Ifj+J3j—L—Ol|) (I3 +T5) (by (A.8),).

On the other hand, by (A.7) one has

=—Ko (2_ch_Jic_

F= max|1 (21, 21) |—\/max I+ J2) (A \/]2 +J3

Then we can rewrite (A.9) and obtain the following inequality:

. 2
F<—2kq (1—?— |’“'>f

Ko

FO<FY<1-— 2kl s for some positive § >0, then we can see that F is decreasing for

K
all t>0. So, we (gbtain Gronwall’s inequality:

2|k |

F <=2k (1—]—"0
Ko

) F < —2kKodF.

This implies the exponential decay of F:

F(t) < Flexp(—2kgdt), t>0.

Appendix B. Proof of Proposition 3.2.
(i) Let z; and Z; be solutions to (1.1). Then, z; and Z; satisfy

N N
ZZZQinF%Z(Zk—<Zk,Zi>Zi)+%Z(<2i,Zk>—<Zkazi>)2i
k=1 k=1
N
0
=0 N; zkzz +21 ZIlk)ZZa

and
N Ko N
~ =0+ ~
22 = Qzéz + ,;\(7) k?_l(ék - Rzkgz) + 214( 2 NHI,) kg_llikéi,

where R;; =Re(z;,2;), Ii; =Im(z;,2;). Then, Z; — z; satisfies

d
a(gi—zi)
N Ko N
- Q N e Zk - Zk zk:Zz lezl)) + 21 zkzz zkzz

k=1
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N N
:Qi(gi_zi)‘f‘%z Z — 2k) Z Zi—2)+ (Rix — Ri) %)

This yields
d N
<dt(2i—zi),2i—zi>:<Qi(2i—zi NOZ: Zk—Zk,Zl—Z1>
N Ko N
K 5 s 5 - A5tk . .
_ﬁoz<Rik(zi_Zi)+(Rik_Rik)Ziyzi_zi>_21MZ<IikZi_IikZiaZi_Zi>

N
— 2k, Zi— %)
NkZ b

I
—~
o)
.
—~
W
N
N
s
\o

N
K . ~ -
~ 2Rkl = zill® + (Rik — Ran) (24,5 — 22)

ko N
%Z (Im@uéi — 2y — Lix(zi, % —Z¢>).

k=1

—2i

Since €; is skew-Hermitian, we can see that (Q;(Z; —z;),2; —2;) is purely imaginary.
Thus, one has

N
=N > (Re<5k — 2k, % — 2i) = Rikl| 2 — 2> + (Ra — Rir)Re(zi, 2 — Zi>)

Zhn( ik{Zi, 2 —zi) — Izk<zi,,§ifzi>). (B.1)

=T k

Note that

Tip=Tm | L ((Z,%) —(Zi,2)) — Lk ((z0,2) — (23, 2:)) | =Im (—fik<5i,2i> - Izk<Zu§z>)
—— ——
-1 =1

=—Im | Li((Zi, 2) + (2, 5)) +(Lik — L) (20, Z2) | = — (Lo — L) Im (24, 55). (B.2)
=real number

We combine (B.1) and (B.2) to obtain

N
d 2K . - L ~ -
||zl zi||* = —NO (Re(zk — 2k, 2 — 23) — Rig|| 2 — 2|2 + (R, — R )Re({24, ;) — 1))
k=1
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Iio +I€1 N
Z zk Im zz7zz>
k=1
Now, we use
|| 2i — Zi|?

|Re(Zr — 2,2 — zi)| < |2 — 2|l |12 — 2zill,  Rezi, i) —1=— 5

to get

2|’40

d N
@Ilil‘*zzﬂ2 Z 125 = zell- 1125 = zill + [l — Z11%)

2|ko + 261 | al = -
+%;‘(Iik:_lik)'lm<zi7zi>’-

To bound the last term, we use the Cauchy-Schwarz inequality and unit modulus of z;
and z; to get
| L — Lire| = Tm((2i, 21) — (Zi, Z))|
= [T ((zi = Zi, 21) + (Zi, 20— 2)) | < |20 = Zill + 26 — 2],
Tm(2;, ;)| = Tm(z; — 2, 2:)| < [(2i — 25, Z0)| < |21 — Z] -

To sum up, we have

d o] — Ko+ 21| o
%Héi_zz‘”SWOI;(H%C_Z}c”+||Zi_2i||)+%2(“2i_2i”+sz_§k||)

_ |Iio|—|—|l€0—|—2f€1|

N
(ST Y ERSEN )

k=1

We multiply pl|Z; — 2;]|P~! to the above relation and sum up the resulting relation over
all ¢ € [N] to obtain

N
Kol =+ |k +2l<& B N _ N
||zz <RIl 2D S™ (s N sl 0P ).
dt

i,k=1

By Holder-type inequalities, one has

N

~ ~ =1 7
S lz—zll=1Z- 2|, <NF |12 2|,
k=1
X = -1 7 p—1 7 ) |2 -1
SlE-aulrt =12 - 217 < (12 - 20, M550 ) =N IZ- 2057
=1

These imply

N
> llz =zl 12— zlIPT <N Z - 2], (B.3)
ik=1



BYEON, HA, HWANG, AND PARK 1203
We combine all the estimates altogether to derive
d . - .
%HZ*Z”]’; <2p(|Kol + ko +2k1)[|Z = Z]I7,
or equivalently
d - _
212 = Zlp = 2(Iro| + ko + 261} 1 Z = Z ]l

Finally, we apply Grénwall’s lemma to get

1Z(t) = Z (1)l < exp (2t(|ro| +[ro +251])) [ Z(0) = Z(0) -

This yields the first desired estimate:

sup [|Z(t) = Z(t)||p < exp (2T (|o| + ko +2k1)) [ Z(0) = Z(0) |-

0<t<T

(ii) For the second statement, we combine (B.1) with the following relations:

- _ . — RO 1
’Re(zk—zk,zl—zlﬂ§||zk—zk|\-||zl—le, Re(zl,zz)—l——72
to derive
d 20 Ri+R;
dtlzi—zink;;(nzk—zunz—zm—ani—zin%)
N
2|ko 42K
+%ZIM (B.4)

k=1

To estimate the last term, we rewrite (B.2) by

1k)Im<zz,zz>
iz —1Z;-Z)(izi - Z)
( (2= Z) (2 — 20)) + (20— Z) - 20) + (12 (2 — Z))) (2 %)
(121*21 2p—2)) — (1% -2) + (% (21— Z1))) (izi- Z;)  (by iz-2=0)
—(i(zi = Z) - (2 — 2:)) (25 - %) — (1% - 2)2
—(i(Zi —2k) - (2 —21) + 12k - (21— 28))) (125 - 25)
=—(i(zi — %) (2 —2i) +1(Zi — Zn) - (26 — Zn)) (12 - Zi) — ((i2i- Z) — (zn- Z0) ) (125 - Z) -

=:Ti.k

1k*

(ZLi
—(izi

In particular, one has

(izi 2 —izg - 21)% > 0.
1

DN | =

Tik=

)

N
k=1 i,

N
. e

K2

Therefore, as we define Z‘,k =Tk +Tik,

N
ZLk<Z 2i— %) (e —2) +i(Z — Zk) - (21— Z)) (2 %) Z (B.5)

i,k=1 i,k=1 i,k=1



1204 THE KINETIC LOHE HERMITIAN SPHERE MODEL

Since ¢ is an isometry, for complex vectors a and b, we have
|a-b]=1c(a) - c(b)] <Ile(a)]ll[e(b) ]| = [alll|b]-
Thus we obtain
\izi . 21" = |iZi . (21 —Zl)| S ||§Z —Z,H

Recall that we assumed the exponential decay of max; ;||z; —z;||. Then, from this
and 1— Ry = %sz —2||?, we have the exponential decay of maxy (1 — Ry). So, there
exist positive constants A and B such that

max{matzi -z, H]lcaix(l—Rkl)} < Ae B
i ;

i . (B.6)
3. 5. _ —Bt
max { max % — % |, max(1—Re) } < A2,
Therefore, one has
Zii,k < Z ’ji,k‘
ik ik
SZ|—(i(Zi—Zi)-(zk—zi)—i—i(fz}—ék)-(zk—ék))(izi-éiﬂ
ik
<Y (1(izi = 7) - (2 — 20) |+ | (1(Ei = 20) - (20— 2)) (25 2) )
ik
<Ae™BY (|12 —Z P + 12— 2 - [l2n — Z]) - (B.7)

ik
To sum up (B.4) and (B.6), we have
N N
d - 2[{0 ~ _ - ~ 2‘H0+2I€1|
@HZi—ZiHQSWZ(H%—%HHAe Bt—1)||2i—zi||))\|2i—Zi||+TZL‘,k-
k=1 k=1

Again, we sum up the above relation over all i € [N] to obtain

a
%ZH%—%\F
i=1

2K, - - _ N 2|ko+ 2K
<250 S (24 — 2l 13— 2|+ (Ae B )|z — 5:]2)) + 220l
i,k

- N — N
2K0 . . _ . 2|k + 2k1 | ~
<20 5™ (= zall 12— 2l + (A= 1) = 2) + 22 Sy 5))

i,k ik
<2/€0 - ~ A — Bt ~ 112
<= (12— 2zlllZ — 2l + (Ae™ PF = 1)]| 2 — 21%))

ik

2A€_tB|K/O +2I€1|

Yz =2l + iz =2l 1z —=ill)  (by (B.7)).
N

ik

On the other hand, it follows from (B.3) that

N
S 15—zl 15—zl <N Z - 2%
ik=1
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Now, we collect all the estimates to derive
d, —Bt > 2
17 2] <2467 (s + 2o+ 261 )| 2~ 21,
or equivalently
d, —Bt >
12~ 7)) < Ae™ P (mo+2 o+ 261 )| 2~ 2|

Finally, we apply Gronwall’s lemma to get

||Z(t)—Z(t)||§eXp</0 Ae_BS(K0+2|m0+2m1|)dS)|Z(O)—Z(0), t>0.

This completes the proof.

Appendix C. A formal derivation of the kinetic LHS model. In this ap-
pendix, we use the standard BBGKY hierarchy to derive the mean-field kinetic model of
the LHS model formally (see [17,21,33] for related results). Here, we briefly summarize
the main steps of the derivation for the convenience of readers.

Consider the LHS model:

N

, 1

2 =02+ NZ (Ko(zk = (2k,25)25) + K1 ({27, 20) = (20, 25))25), >0,
k=1

Q;=0, je[N].

Let fN=fN(t,21,01,22,Q9,---,2n,Qn) be the N-particle distribution function which
is symmetric, i.e., for any permutation s in a symmetric group Sy, we have

fN(t?28(1)798(1)725(2)598(2)?'” aZs(N)aQs(N)):fN(tvthlaZ%Q%”' 7ZNaQN)'

Then, it satisfies

N
N+ V.-

i=1

N
(Qizi +%ZK/O(ZI€ — (2, 2i)2i) + k1 ({2, 28) — <Zkazz>)zz> le =0.
= (C.1)

For notational convenience, we write
Zi::(ziaQi)a Z:(ZI7Z27"'7ZN)7

and set the measure dZ; on = as follows:

N
dZ;:=do.,®dQ; and dZ':=]]dZ.

k=1
k#i
Then we can simply write

fN(tﬂZ) :fN(t7Z13227”' JZN):fN(t7217QI7227QQ7"' 7ZN7QN)-
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Now we integrate (C.1) with respect to variables Zs,- -, Zn to get

O:Gt/ N (t,2)dz?

+§;/ENlvzi'((Qizi+Jbé(ﬁo(zk_<zk’zi>zi)+ﬁl(<zi7zk>_<Zk,zi>)zi)>
X fN(t,Z)) dz*.
(C.2)

Then, by divergence theorem on HS? !, we have

/ V- (Q Z
HSd 1
o aZN)>dZi

Z ro(zk = (2hs 200 20) + k1 ((zis21) — (21, 20)) 20) 1 (E, 21,22,

2

i<N. (C.3)

|/\ H

:O’

If we integrate above relation (C.3) over Skew,C x Z
measure df); Hle, we have the following relation:

(=2
£

2 with respect to the product

1 N
2

Then, this relation simplifies the R.H.S. of (C.2) as follows:

R.H.S. of (C.2)
:8,5/_ fN(t,Z)le—i-/_ B Vzl-<(91z1
N
Z Koz — zk,zl>z1)+m((zl,zk>—<zk,z1>)z1)>fN(t,Z)>le
k:
zat[ _ fN(t,Z)dZH—L ) Vzl-<(lel)fN(t,Z))le
=75

=7,
. ( ko(zk — (zk,21)21) + K1 ({21, 2K) — <zk,zl>)zl)fN(t,Z)>le.

.

::Ig

On the other hand, by the symmetry of fV, we get

fN(tuZIaZ27"'7Z ,"'7ZN):fN(t,Zl,Zk,"',ZQ,"'
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This yields

N—-1

i

V., ((mzk (o)) 1 (21, 20) — (1)) 21)
fo(t,Zl,Z%---,Zk,---,ZN)>dZ1

T

o T (o2 = Gaviban) (o200 = (a))

XfN(t7Z17Zk‘7"'a227"';Z7L)>dZ1

_ Nlvzl.((KO(ZQ_<zz,zl>zl)+m(<zl,Z2>—<22,zl>)z1)

[

XfN(tath27"'aZk:7"',ZN)>dZ1.

We sum up the above relation over all k to get
N
Z/N V... <(n0(zk—<zk,zl>z1)+f<:1(<zl,zk>—<zk,z1>)21)fN(t,Z))dZ1
E=1/EN"!

N
= Vo (ko(z2 = (22,21)21) + k1 ((21,22) — (22,21)) 1) [N (, Z) ) dZ*
S L )

:(N—l) o Vzl . <(K30(ZQ—<22,21>21)+I€1(<217ZQ> —<22,Z1>)21)fN(t,Z)>dZ1.
B (C.5)

Now, we set fN*(t,Z,,--- Z}) to be the marginal distribution function of fV defined
as follows:

N

fN:k(taZIa"'aZk)::/ fN(t7Z17"'aZN) H dZ@
(E)YN-k t=k+1

From this definition, we can obtain the following;:
Lo T (satea = Gavihon) a0 = o)) on) ¥ 0,2) ) a2
=N-1

:/:1\771 Vzl . ((/QO(ZQ—<22,21>21)+K1(<21722>—<22,21>)Zl)fN(t,Z)>ngdZ3...dZN

I
—

v;;l . ((KO(ZQ — <22,Zl>21)+H1(<21,22> — <227Z1>)21)fN:2(t7Zl,ZQ))dZQ. (06)

Below, we estimate Z,, one by one.
o (Estimate or Z;): Note that

Il:at/ fN(t7Z)d21:8t/ N, 20, 2o, ZN)dZodZs - dZ
=EN-1

=EN-1

:at/_fN:Q(t,Zl,ZQ)dZQ. (C.7)
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o (Estimate or Zy): Similarly, we have

n= [ e (s e ) )z
:/—N—1 vzl . ((lel)fN(t7Z17Z2,--- 7ZN))dZ2'“dZN

= Vzl . <(lel)fN:2(t,Z1,Z2)> dZ2

(C.8)

o (Estimate or Z3): If we apply (C.4), (C.5), and (C.6) step by step, we have

Is= ifiv:/ﬂvl Vi (("io(zk — {2, 21)21) + k1 ({21, 21) — <zk,z1>)z1)fN(t7Z)> dz!
B NN1> /:N1v21'<("0(z2<22’Zl>21)+'f1(<21722><22,Z1>)21)fN(t,Z)>d21

=(8) 2V - ((“0(22 —(22,21)21) + K1 ((21,22) — (22,21)) 21 ) FV2 (2, Zl,Zz))dzz-
(C.9)

It follows from (C.7), (C.8), and (C.9) that

Ti+1o+13
—6t/fN:2(t,Z1,Z2)dZQ+/vzl'<(QlZl)fN:2(t,Zl,Zg)>dZ2

+ (&) J=V.,- ((HO(ZQ —(z2,21)21) + K1 ((21,22) — <Z2;21>)21)fN:2(t7Zl;ZQ)> dZ,
=0.
Now we take the mean-field limit N — oo and obtain f':= Jim N4, Z)) and f2:=
— 00

lim fN2(t, 2, Zy) which satisfy
N—00

at/EfQ(t,Zl,Zg)ng+/EV21~((lel)fQ(t,Zl,Z2)>dZ2
+/EVZ1 : <(/<;0(22<zz,zl)zl)+/{1(<zl,zg>(zz,zl>)zl)f2(t,Z1,Z2)>ng—0. (C.10)

Finally, from the molecular chaos assumption which implies that f2(t,Z;,Z;)=

fY(t,Z1) fH(t, Z3) as N — oo, it follows that

(C.1o)at[fl(t,zl)fl(t,zg)dz2+val.((lel)fl(t,zl)fl(t,ZQ))d22
+/:V21 . ((/Qo(ZQ—<ZQ,21>21)+I€1(<21,22>—<22,Z1>)Zl)fl(t,Zl)fl(t,Zg))dZQ

= 3tf1(t,Z1) +Vzl : ((lel)fl(t,Z1))
i) [ vzl~<(no<@<zQ,zl>zl>+m<<zl,zQ><zQ,zl>>zl)f1<t,zg>)dZQ
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=0.
In conclusion, one-particle distribution function f(t,z) satisfies the following equation:
0=0,f(t,2,2)+ V.- (L[f](t,2,2)f(t,2,9Q)),
L{f](t,z,8) :QZ—F/_ (Fao(z* —(24,2)2) +K1({z,24) — (z*,z>)z)f(t,z*,Q*)dz*dQ*.

This is consistent with the kinetic LHS model (3.1).

Appendix D. Proof of the second statement of Lemma 4.4. Recall that the
order parameter R is given by

R*=1J,-J,, Jp::/ zp(t,z)do.
Hs—1
This yields

d?R* d d*J,

A dt a2
Next, we estimate the first and second derivatives of J,. Let e € HS*"! be an arbitrary
unit vector.

e Case A (Boundedness of ‘%

+2Jp

): Tt follows from (4.11) that

dJ,
e- ——no/ P..(e) P, (Jp)p(t,z)daz+(/<;0+2/<;1)/ P..(e)-Pi.(Jp)p(t,2)do.
dt HSd—l HSd—l

Then, we use ||.J,|| <1 to obtain the following inequalities:

P.s(e) P (Jp)| < I[Bar(e)l-IPs () < lell- 1ol <1,
-1 (e) Piz ()| = [P () |- Piz (Jp) | < lel] - | ol <1.

These yield

<ho [ (o) B ()t 2)do
dt Hsd—l

Hror2ze) [ B (e) Pl ol

HSd—1

gno/ p(t,z)daz+(ﬁ0+2/€1)/ p(t,z)do, =2(ko+K1).-
Hs—1 Hsd—1

Since e was an arbitrary unit vector, one has

e Case B (Boundedness of < dtQ £): It follows from (4.11) that

d?J, d
e- P Ko p </Hsd1 P,.(e)-P,. (Jp)p(t,z)dgz)

=:K1

<2(ko+kK1).
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+(f€0+2/<;1)% ( /H P (e)'Piz(Jp)p(t,z)daz) .

:ZICQ

Since J, and p depend on time ¢, we have

ICl:~/H—HSd*1PZL(e).<8tPZL(Jp))p(t7z)do'z+,/H P, (e)-P,.(J,)dp(t,z)do-,

Sd—l
=:Lq =:Ls
ngz/ le(e)~(BtIP’iZ(Jp))p(t,z)daz—i—/ P.i(e)-Pi(J,)0p(t,2)do .
HS4—1 HSd—1
::l:;; ::£4

o Case B.1 (Estimate of £y and L3): Since P,.(J,) and Pi,(J,) are continu-
ously differentiable functions defined on the compact domain B??:={zeC?:|z| <1},
VealP, 1, VealPi, are bounded on B2?, i.e. there exists a positive constant M such that

IVeaPoillop <M, [[VeaPizllop <M

for all ze HSY™!. This yields

dJ dJ
Joxe. (7)1 = |[Verr.- (42 H < IVerP, oy \dt <2M (sg-+ 1)
and
dJ, dJ,
0P ()1 = | Vetis (52 ) | < 19ebiclop | 42 | <2000 ),

Finally, we have

|£1] <

/ P..(€)- (P (J,))p(t, 2)do
s~

< [P 10B () ot )i
HS4-1

§2M(/@0—0—l-§1)/ p(t,z)do, =2M (ko + k1)
HSd—1

and

|L3| < ‘/Hgd_leL(e)~(8tPiz(Jp))p(t,z)dUz

< /Hsd—l (|Pi-(e)|| - |0:Pi= (J,) || p(t, 2)do-

§2M(/{0—|—n1)/ p(t,z)do, =2M (ko +K1).
Hs4—1

o Case B.2 (Estimate of £5): It follows from (4.1) that
Ly= /Hsdfl P..(e)-P,.(J,)0p(t,z)do, = 7/Hsd*1 (Pr(e)-P,.(Jy)) (V- (Liplp))do..

By Remark 4.1, we have
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It follows from Lemma 3.2 that

P.i(e)-P,o(Jy)=(e—(2-€)2) - (J,—(2-J))z)
e dy(ze)(zd)) = (2 J)(e )+ (2-0) (- Jp) (-2)
=e-J,—(z-e)(z-J,).

This yields,
IV (P.s(€) Pos (Jp)) | =P Vica (e Jp = (2-€) (2 Tp)) |

<Ves(e-d,—(z-0)(z- ) = [ Vea(z- )z,
= (- Jp)et (z-e)J, ] <2.

Here we used |le||,||J,],]|2]| <1 and the triangle inequality. Finally we have

L] <2 / |L{plo(t,2)do
Hsd—1

2 / k0 (T = (Jp-2)2) + (o +2k1)(i2) - J,) i2) | (L, 2)dor
HSd—1

<2 [ (sall gy Uy 2)al+ (o 20)(G2)-1,)62) D 2o
<2ko+2(ko+2k1) =4(ko +K1)-
o Case B.3 (Estimate of £4): Similar to the previous cases, |L£4] is bounded as follows:
|L4] <4(ko+K1).

If we sum-up all the estimates of £, (j=1,2,3,4), we have

2 Jp
dt?

e-

§H0|K1‘+(K0+2I€1)|K2|

< ro(|La]+[Lal) + (ko +261)(|Ls] +[Lal)
S H0(2M(I€0+I{1)+4(I{0+:‘{1))+(H0+2K/1)(2M(I{0+I{1)+4(I{0+I{1))
=4(ko+r1)*(M+2).

Since above inequality holds for any unit vector e e HS? ™!, we have

Finally, we have a uniform boundedness for the second derivative of R:

aJ,
at2

<4(ko+r1)*(M+2).

2

?R* _||dJ, d?J, 2 2
dt2:2‘ | 27— < (20m0+61)) " +A(ko + 1)} (M +2)
=4(ko+£1)*(M+3).

This completes the proof.
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