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A WASSERSTEIN NORM FOR SIGNED MEASURES, WITH
APPLICATION TO NON-LOCAL TRANSPORT EQUATION WITH
SOURCE TERM*

BENEDETTO PICCOLIT, FRANCESCO ROSSI{, AND MAGALI TOURNUS#

Abstract. We introduce an optimal transportation interpretation of the Kantorovich norm on the
space of signed Radon measures with finite mass, based on the generalized Wasserstein distance for
measures with different masses. With this new interpretation, we obtain new topological properties for
this norm. We use these tools to prove existence and uniqueness for solutions to non-local transport
equations with source terms, when the initial condition is a signed measure.
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1. Introduction

The problem of optimal transportation, also called Monge-Kantorovich problem,
has been intensively studied in the mathematical community. Related to this problem,
Wasserstein distances in the space of probability measures have revealed to be powerful
tools, in particular for dealing with dynamics of measures like the transport Partial
Differential Equation (PDE in the following), see e.g. [2,3]. For a complete introduction
to Wasserstein distances, see [27,28].

The main limit of this approach, at least for its application to dynamics of measures,
is that the Wasserstein distances W,(u,v) (p>1) are defined only if the two positive
measures p,V have the same mass. For this reason, the generalized Wasserstein distances
Wb (p,v) are introduced in [24,25]: they combine the standard Wasserstein and total
variation distances. In rough words, for W;’b(/l,,l/) an infinitesimal mass du of p can
either be removed at cost aldu|, or moved from p to v at cost bW, (du,0v). An optimal
transportation problem between densities with different masses has been studied in
[9,15], where only a given fraction m of each density is transported. These works were
motivated by a modeling issue: Using the example of a resource that is extracted and
that we want to distribute in factories, one aims to use only a certain given fraction of
production and consumption capacity. In this approach and contrarily to the generalized
Wasserstein distance [23], the mass that is leftover has no impact on the distance between
the measures p and v. In another context, for the purpose of interpreting some reaction-
diffusion equations not preserving masses as gradient flows, the authors of [16] define the
distance Wby between measures with different masses on a bounded domain. Further
generalizations for positive measures with different masses, based on the Wasserstein
distance and its Benamou-Brenier formulation, are introduced in [11,19,20]. See [10]
for a unifying framewok for unbalanced optimal transport.

Such generalizations still have a drawback: both measures need to be positive. In
the present paper we introduce a norm, parametrized by two positive numbers (a,b),
on the space of signed Radon measures with finite mass on R?. Such norm, based
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on an optimal transportation approach, induces a distance generalizing the Wasserstein
distance to signed measures. We then prove that for (a,b) =(1,1) this norm corresponds
to the extension of the so-called Kantorovich distance or Bounded-Lipschitz norm (BL
norm) for finite signed Radon measures presented in [17] in the dual form

lullpr = sup fdp. (1.1)
1fllee <111 £l <1 /R

This formulation, already given in [17], enables us to propose new proofs for the main
topological properties and characterizations of the BL norm.

The main contribution of the paper is the statement of Theorem (1.1) and lies in the
use of the (a,b) norm to guarantee well-posedness of the following nonlocal transport
equation

Oppur () +div (v[e] () pe () = hlpe] (), Hyi=0(x) = po(z), (1.2)

for x € R? and pp € M*(RY), h[u] € M?*(R%), where M?*(R?) is the space of signed Radon
measures with finite mass on R?. We recall some instances of (1.2):

e The equation has already been studied in the framework of positive measures,
for modeling several different phenomena; see a review in [26]. In particular:

— in crowd modeling, the presence of negative sources allows to describe
pedestrians exiting a door [26];

— in opinion dynamics, it allows to describe increase/decrease of populations
associated to a given opinion or role, such as in the leader-follower models
proposed in [1,12];

— in mathematical biology, it models morphogen and tissue dynamics. Even
though in [22] the dynamics is based on a second-order operator, methods
based on optimal transportation can be adapted to this setting too, see
e.g. [13].

e Again for dynamics of positive measures, it is still useful to generalize to signed
measures, either for computations around steady states or for approximations
of the dynamics in which (small) negative masses can appear, see e.g. [24].

e Signed measures appear in a model coming from the hydrodynamic equations of
Ginzburg-Landau vortices, where the vortex density p; (which can be positive
or negative depending on the local topological degree) in a two-dimensional

domain occupied by a superconducting sample inducing the magnetic field v[p]
satisfies (1.2) (see [4,21]) with

{h[u] =0,
ol =~ (VA ) (@)n(a),

where n is the Radon-Nikodym derivative of |u| with respect to p.

e Another motivation to study Equation (1.2) in the framework of signed mea-
sures is the interpretation of u; as the spatial derivative of the entropy solution
p(x,t) to a scalar conservation law. A link between scalar conservation laws and
nonlocal transport equation has been initiated in [6, 18], but until now, studies
are restricted to convex fluxes and monotonous initial conditions, so that the
spatial derivative u; is a positive measure for all ¢ > 0.



B. PICCOLI, F. ROSSI, AND M. TOURNUS 1281

To deal with generic scalar conservation laws, one needs a space of signed mea-
sures equipped with a metric of Wasserstein type, see e.g. [5].

Formally, the spatial derivative u; of the one-dimensional scalar conservation
law associated with flux f €C!(R) satifies (1.2) with

hlp] =0,

olul = J" ( /( ]du(8)>-

Motivated by Ginzburg-Landau vortices, the authors of [4] suggested to extend the
usual Wasserstein distance W; to the couples of signed measures p=p*—p~ and v=
vt —v~ such that |ut|+|v~|=|u~|+|vT]| by the formula Wy (u,v) =Wy (u"+v~,u~ +
vT). This procedure fails for p# 1, since triangular inequality is lost. A counter-example
to the triangular inequality is provided in [4] for d=1 and p=2: Taking pu=4y, v =44,
10 =01 — 09+ 03, we obtain Wy (u,v) =4 whereas Wy (u,n) +Wa(n,v) =v24+ /2.

We use the same trick from [4] to turn the generalized Wasserstein distance W' b
into a norm for signed measures, by setting

[l = WE et ) =i (a4 =) bW 3.9)).
ll=17|
where pt,u~ are any positive finite measures such that y=pu™ —pu~, and where |y is
the total variation of u. For the reason mentioned above, this construction only defines
a norm for p=1.
Notice that we need to restrict ourselves to Radon measures p with finite mass.
The regularity assumptions on the vector field and on the source term are the following;:

(H-1) There exists K such that for all u,v € M*(R%) it holds

[o[u] = v[V]llcomay < K ||u—v||**. (1.3)

(H-2) There exist L, M such that for all z,y € R?, for all u€ M?*(R?) it holds

[vlpl(z) —vlpl()| < Lle =yl |vlu](z)] <M. (1.4)

(H-3) There exist @, P, R such that for all u,v € M?*(R9) it holds

1h[w] =R * < Qllp—v(|*®,  |Alu]|< P, supp(h[u]) C Bo(R). (1.5)
The main result of the paper is the following.

THEOREM 1.1 (Existence, uniqueness and stability in (M*(R?),|.||**)). Letwv and h
satisfy (H-1)-(H-2)-(H-3) and po € M?*(R%) compactly supported be given. Then, there
exists a unique distributional solution to (1.2). In addition, for pg and vy in M*(R?),
denoting by py and v, the corresponding solutions, we have the following property for
t€[0,1] of continuous dependence with respect to initial data:

@b < || o — 10 “’bexp(Klt), K1 =2L+2bK(P+min{|uo|,|v0|}) +Q,

Hﬂt—l/t|

the following estimates on the mass and support:

|| <|pol+ Pt,  supp{p} C B(O,R' +tM) for R's. t.(supp{uo}UBo(R))C Bo(R').
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Moreover, the solution is Lipschitz in time:

Ittt 4r — ]| <Ko, Ky=aP+bM(P+|pol), 7>0,  t+7<1.

REMARK 1.1. 'We emphasize that the assumptions (H-1)-(H-2) are incompatible with a
direct interpretation of the solution of (1.2) as the spatial derivative of a conservation law
and need to be relaxed in a future work. Indeed, to draw a parallel between conservation
laws and non-local equations, discontinuous vector fields need to be considered.

The structure of the article is the following. In Section 2, we state and prove
results of measure theory, which are needed for the rest of the paper. We also recall the
definition of generalized Wasserstein distance. In Section 3, we to define the norm || - ||%®
on the space of signed Radon measures with finite mass, state a Kantorovich-Rubinstain
type duality for this norm, and we end Section 3 by proving some topological properties
for this norm. Section 4 is devoted the proof of Theorem 1.1.

2. Generalized Wasserstein distance

In this section, we introduce the notations and state preliminary results. Through-
out the paper, B(R?) is the space of Borel sets on R%, M(R?) is the space of Radon
measures with finite mass (i.e. Borel regular, positive, and finite on every set). We
denote with M?* (Rd) the space of such signed Radon measures, that are measures
i that can be written as p=p, —p_ with py,u_ € M(R?). For pec M*(R?), we
define |pu|=|p]|+|p’| where (u,p”) is the unique Jordan decomposition of 4, i.e.
p=pi —p? with pf L /. Observe that |u| is always finite, since u?,pu? € M(R?).

For a sequence of probability measures, different notions of weak convergences are
equivalent. It is not the case for signed measures and we precise here what we call
narrow and vague convergence. In the present paper, C°(R%R) is the set of continuous
functions, CY(R%;R) is the set of bounded continuous functions, and C2(R%;R) is the set
of continuous functions with compact support on R¢.

DEFINITION 2.1 (Narrow and vague convergence for signed measures).
o A sequence (pin)nen of measures in M?*(R?) is said to converge narrowly to u
if the following holds: for all o € Cf(RER), [oup(@)dpn () = [pap(x)dp(z).
o A sequence (in)nen of measures in M*(R?) is said to converge vaguely to u if
the following holds: for all ¢ € CO(REGR), [ruo(x)dpn(x) = [gao(@)du(z).

Notice that in [14], vague convergence is called weak convergence. In [17,27] how-
ever, weak convergence refers to what we define here as narrow convergence. Notice
that if a sequence of positive measures pu, converges vaguely to p and if (uy,), is tight,
then p, converges narrowly to u.

We now recall definition and key properties of the standard and generalized Wasser-
stein distance. For more details on these topics, see [25,27].

DEFINITION 2.2 (Transference plan). A transference plan between two positive
measures i and v of same mass is a measure m € M(RYR?) which satisfies for all
A,BeB(R?)

T(AxRY=p(A), 7R%xB)=v(B).

Note that transference plans are mot probability measures in general, as their mass
is |u|=|v|, the common mass of both marginals. We denote by II(u,v) the set of
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transference plans between p and v. The p-Wasserstein distance for positive Radon
measures of same mass is defined for p>1 as

Wyt = (_in [ Je-alante)
Re x R4

mE€(p,v)

It was extended to positive measures having possibly different mass in [24,25], where
the authors introduce the distance Wz‘f’b on the space M(R?) of Radon measures with
finite mass. The formal definition is the following.

DEFINITION 2.3 (Generalized Wasserstein distance [24]). Let p,v be two positive
measures in M(R?). The generalized Wasserstein distance between p and v is given for
p>1,a>0 and b>0 by

1/p
ab _ . ~ - oy
Wet(uy)= | inf @ (-l +-o)P WD) | . (2)

A,vEM(RY)
|al=|7|

PROPOSITION 2.1 (Scaling and dilation formulae for the generalized Wasserstein dis-
tance). Consider a>0 and b>0 and let p,v be two measures.

(1) The following scaling formula holds for p>1
Aa,\b b
W2 (u,v) = AW (u,v),  A>0. (2.2)
(2) Define Dy:x— fx with £>0 the dilation in R™, then it holds

Wi (Do, Dedtr) = Wi (p,v). (2.3)

Proof. The first statement is directly deduced from Definition 2.3. For the second
statement, define

€ i) =al =gl v ~71) + [ oyl dn(z.y),

where 7 is a transference plan in II(&,7). It holds

CY(Dy#tft, De#t0,(Dy x Dy)#m; Do, Do)

:a(|De##—Dz#ﬁ|+|D4#V—Dz#l7|)+b/|17—y|d(De x Dg)m(z,y),
:a(|ﬂfﬁ|+|V*l7\)+b/|€93*€y|d7f($,y):Ca’%(ﬂ,ﬂaﬂ;#w)-

As a consequence, (2.3) holds. |

Notice that the first statement of Proposition 2.1 implies in particular that

b 'y a Cl/
b b _
W;)l —yW; 5 fOI' g—y (24)
The following lemma is useful to derive properties for the generalized Wasserstein
distance.
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LEMMA 2.1.  The infimum in (2.1) is always attained. Moreover, there always exists
a minimazer that satisfies the additional constraint p<p, v <wv.

The proof can be found in [24].
For f€C)(R%R), we define

fle=sup [£@)] iy —sup LT
z€R? ety Ty

We also denote by C%LP(R%:R) the subset of functions f € C?(R%;R) for which it holds

1fllzip < +o00.
The following result is stated in [25, Theorem 13].

LEMMA 2.2 (Kantorovitch-Rubinstein duality for W,"').  For p, v in M(R?), it holds

W) =sup{ [ odu—r) o €€, ol <L ollip <1}

LEMMA 2.3 (Properties of the generalized Wasserstein distance). Let p,v,n, 1, io,V1,V2
be some positive measures in M(RY). The following properties hold for p>1, a>0 and
b>0

(1) Wt (pn + po,v1 +va) SWEP(un,vn) + WP (p2,va),
(2) Wi (u+n,v+n) =W ().

Proof.  The first property is taken from [24, Proposition 11]. For a=b=1, the
second statement is a direct consequence of the Kantorovitch-Rubinstein duality in
Lemma 2.2 for Wll’l. For general a>0,b>0, we use the results of Proposition 2.1.
Indeed, also applying Kantorovich-Rubinstein duality for I/Vl1 1 and setting o/ =1, =
¢="2_it holds

b
W (u+n,v+n) ZGWE’ “(utn,v4n)=aW " (Detu+ Didtn, Do#tv+ Doden) =
b
= aW, " (De#tu, Dettv) = aWy = () = Wi ().

O
DEFINITION 2.4 (Image of a measure under a plan).  Let u and v two measures in
M(R?) of same mass and © € (pu,v). For n<p, we denote by f the Radon-Nikodym
derivative of n with respect to p and by my the transference plan defined by m¢(z,y) =
f(x)m(z,y). Then, we define the image of n under w as the second marginal ' of 7y.

Observe that the second marginal satisfies ' <v. Indeed, since n < p, it holds f <1.
Thus, for all Borel sets B of R? we have

7' (B)=m;(R%x B) <n(R¥x B)=v(B).

3. Generalized Wasserstein norm for signed measures

In this section, we define the generalized Wasserstein norm for signed measures,
by generalizing [17]. We introduce general weight parameters a and b (Definition 3.2),
that might be useful for modeling issues. We also prove the Kantorovich-Rubinstein
duality for ||.||'"!, adapting similar results in [17] and [24, Lemma 14], that allows to
interpret the norm in the framework of optimal transportation. We finally list the main
topological properties of the normed space of signed Radon measures.
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3.1. Definitions.
DEFINITION 3.1 (Generalized Wasserstein distance extended to signed measures). For
w,v two signed measures in M*(R?), we define

a,b a,b
Wi (pv) =Wy (p4 +v—,p—+vy),
where py,pu_,vy and v_ are any measures in M(R?) such that p=p, —p_ and v=
Ve —v_.

ProrosiTiON 3.1.  The operator W‘f"b is a distance on the space M*(R%) of signed
measures with finite mass on RY.

Proof.  First, we prove that the definition does not depend on the decomposition.

Indeed, if we consider two distinct decompositions, p=p4 —p— :ui —p’, and v=

Vy—Vv_= Vi —v_7, with the second one being the Jordan decomposition, then we have

(g +vo)— (] +v?)=(p- +vy)— (ul +v7]), and this is a positive measure since pu4 >
,ui and vy > VJJF. The second property of Lemma 2.3 then gives
Wit (el v ! vl
b . . , ,
=Wl +v? + (py +vo) = (L +v?)nl v+ (pe+v) = (pl +v]))
=W (g +vope +vy).

We now prove that W¢°(;,v)=0 implies p=v. By choosing the Jordan de-
composition for both p and v and observing that W} s a distance, we obtain
by +v_=p_+vy, thus p=wv.

We now prove the triangle inequality. We have W4 (11,7) = W (g +1—, i— +14).
Using Lemma 2.3, we have

b b
W (o) =W (g 10—+ v +v pe g +v4 +vo)
SWI (g +ve, pe+ ) + WP (- 4wy g +vo)
b b
=W () + WY (v,m).

We also state the following lemma about adding and removing masses.
LEMMA 3.1.  Let p,v,n, i1, po,v1,v2 be in M*(R?), then the following properties hold
o Wi (ptn,v+m) =W (uv),
o WP (1 -+ prz,vnv2) SWT (p,00) + W (a2, ).
Proof. The proof is direct. For the first item, it holds

W (utnv+n) = Wi (g +03] + - +0-], v +04] + [ +19-])
=W (g v+ s +n-L vy +p+ g +n-1)

which by Lemma 2.3 is equal to WP (uy +v_, pu_+v,) =W (u,v).
For the second item, it holds
W (1 + a1 +v2) = W (a4 + piz, g 01, v, 0 g Vo4 -+ iz, )
SW (1 g+ v vy ) W (o g 2 e g a2, )
=W (1) + WP (o, ),
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where the inequality comes from Lemma 2.3. a

DEFINITION 3.2.  For € M*(R%) and a>0,b>0, we define

a,b a,b
2l = W (10,0) = W (pg o pi ),

where pi and p_ are any measures of M(RY) such that p=pi, —p_.

It is clear that the definition of ||u||*? does not depend on the choice of u,u_ as
. a,b

a consequence of the corresponding property for W;"".

PROPOSITION 3.2.  The space of signed measures (M*(R?),||.|*?) is a normed vector

space.

Proof.  First, we notice that ||u||*®=0 implies that Wf’b(u+,u_):O, which is
e =p— so that p=py —p_=0. For triangular inequality, using the second property
of Lemma 3.1, we have that for p,n€ M?*(R%),

it nll® = Wi (u+9,0) S W2 (,0) + W (1,0) = | al| ™ + [l -
Homogeneity is obtained by writing for A>0, [|Au]® =W (Aw,0) = WP (Apy, Au_)

where p=p4 —p—. Using Lemma 2.2 combined with Definition 2.3 and the notation of
Proposition 2.1 we have

Qo

a 1,
WP (i, A ) = aWy e (g, A )
—aW ! (DQ#AM,DQ#AN,)

—asup{ [ (Dt Dyt )i o €U il <1y <1
Rd a a

—xaswp{ [ pa(Dytus Dyt ) 0€C2H ol < Lol <1

=AW (g, i)

d
We provide here an example that illustrates the competition between cancellation
and transportation. This example is used later in the paper.

EXAMPLE 3.1. Take u=0d,—0y. Then

a,b a,b . ~ ~ - o~
P =W;""(0,,6,)= inf a(|6z — | + 10, —0]) + bW (1, 0) }.
Il =W 68 =t (a8~ il 16, ~71)+ Wi )
1al=17]
Using Lemma 2.1, the minimum is attained and it can be written as fi=€6, and U =e€d,
for some 0<e<1. Then

ab _ : _ _
= min {2a(1—e€)+belz—y|}.

The minimizers depend on the distance between x and y. For blx —y| < 2a, the minimum
is attained for e=1 and ||u||*®=0blx—y|. In that case, we say that all the mass is
transported. On the contrary, for blx —y|>2a, the minimum is attained for e=0 and
|l l|*® =2a, and we say that all the mass is cancelled (or removed). For b|x—y|=2a,
we can both transport and cancel.
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3.2. Topological properties. In this section, we study the topological prop-
erties of the norm introduced above. In particular, we prove that it admits a duality
formula, that indeed coincides with (1.1). We first prove that the topology of ||.||**
does not depend on a,b>0.

PROPOSITION 3.3.  For a>0,b>0, the norm ||.||*? i I

Proof. For pe M*(R%) denote by (m®° 7 m® ®) the positive measures such that

a, a,b a,b a,b
Il = alpas — 2|+ alp —m®) + 5W (m%?, m),

and similarly define (mfrl,m1 1). Their existence is guaranteed by Lemma 2.1. By

definition of the minimizers, we have

b ,b
ll|*? = alpy —m3P| +alp —m®® |+ bWy (m% ,ma)

<alpy —m ! alu —m" bW (ml ) < masc{a, by ]

In the same way, we obtain

1<l < max{a, by ||l

|
We now give an equivalent Kantorovich-Rubinstein duality formula for the new
distance. For f€CP(R%R), similarly to CO(R%;R), we define the following

710 = 1 1£(2)] 1llsy = sup L =S W

rH#y |$_y‘ ’
and we introduce
Cy P ={f €CYRER) ||| £l Lip < 00}

In the next proposition, we express the Kantorovich-Rubinstein duality for the norm
W', This shows that W}' coincides with the bounded Lipschitz norm introduced
n [17], also called Fortet Mourier distance in [28].

PROPOSITION 3.4 (Kantorovitch-Rubinstein duality for ||.||}t).  The signed generalized
Wasserstein norm ||.||* coincides with the bounded Lipschitz norm: For u in M*(R%),
it holds

il =1lull 5L

We emphasize that Proposition 3.4 does not coincide with Lemma 2.2, since it involves
non-compactly supported test functions.

Proof. By using Lemma 2.2 we have
lall Pt =W (e o) =Sup{/d pdp; p€CXMP olloo < 1, llellLip < 1} :
R
We denote by

5sup{/ sodu,soec“w,||so||ms1,|sonupﬂ}.
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First observe that S < +oc. Indeed, it holds [, ¢ du <[ ¢lls|p| < +o0. Denote with ¢,

a sequence of functions of Cg’up such that f]R” @n dp— S as n— 00. Consider a sequence
of functions p,, in CL such that p,(z)=1 for x € Bo(n), pn(z)=0 for x ¢ Bo(n+1)
and ||pn|leo < 1. For the sequence 1, = ¢, p,, of functions of C2-L%P it holds

/Rdwndu—S’S‘/Rd(wn—wn) du‘+‘/ﬂgd¢ndu—3’

/ dp / Ondp—>5 ‘
R\ By (n) R

since ||@n|loo <1. The first term goes to zero with n, since u, being of finite mass, is
tight, and the second term goes to zero with n, by definition of S and ¢,,. Then

<2

+

S=sup{/ds0du; eeCI lolloo <1, [0l Lip < 1}7
R

and Proposition 3.4 is proved. 0
In the rest of the section, we state topological properties for the norm |[.||%.

REMARK 3.1.  We observe that a sequence s, of M?*(R) which satisfies ||u,[|*®* — 0
n— oo

is not necessarily tight, and its mass is not necessarily bounded. For instance, we have
that

As explained in Example 3.1, depending on the sign of 2a— 3—2, we either cancel the
mass or transport it. For n large enough, 2a > 3—2, so we transport the mass. Thus for
n sufficiently large it holds

2bn
Hﬂnna’b:ig — 0
n2 n—oo

whereas |u,|=2n is not bounded.

We now show that norm ||.||''! does not metrize narrow convergence, via a coun-
terexample based on unboundedness of the space. This is in line with the classical fact
that weak*-convergence cannot be metrized [8, p. 76, Remark 20].

REMARK 3.2. Take ané\/2ﬂn+1 —5\/27m+3l. We have
2 2

/ / 3
27rn—|—%— 27m+?7r

i <

— 0,
n—oo
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even though for p(z)=sin(z?) in C2(R), we have
/(pdun:l neN.
R

REMARK 3.3. We have as a direct consequence of Proposition 3.4 that
b=l > 0 = V@ECE’L”’(Rd),/ odiin — / e, (3.1)
— 00 Rd n—roo Rd

However, the reciprocal statement of (3.1) is false: define

P = 1.COS(NT) X [0,] -

For
1
pni=— cos(nx),
it is clear that

/cpndunz/ cosZ(nx)dw:EﬁO.
R 0 2

In particular,

m
sup / pd(pn—0)2 3,
pecy) P (R) YR

hence by Proposition 3.4, ||u, —0[| > § does not converge to zero. We now prove that,
for each ¢ in C"P(R), it holds Jr@dpin —0. Given el P (R), define

o(—z), when z€[-m,0],
o(x), when x €10,7],

and extend f as a 27-periodic function on R. We have

/sodun=/fdun~
R R

Since f is a 2w-periodic function, it also holds f fdu, =na,, where a,, is the n-th
cosine coefficient in the Fourier series expansion of f. We then prove na,, —0 for any
2m-periodic Lipschitz function f, following the ideas of [29, p. 46, last line]. Since f is
Lipschitz, then its distributional derivative is in L°[—m, 7] and thus in L*[—n,7]. Then

L f( )cos(nx) dxff—/ f/(z)sin(nx)dx =— b—

a il
n= 2T 2nm

where b/, is the n-th sine coefficient of f’. As a consequence of the Riemann-Lebesgue
lemma, b/, — 0, and this implies na, — 0.

We recall from [25] that the space (M (Rd),Wg*b) is a complete metric space. The
proof is based on the fact that a Cauchy sequence of positive measures is both uniformly
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bounded in mass and tight. This is not true anymore for a Cauchy sequence of signed
measures.

REMARK 3.4.  Observe that (M*(R?),||.||**) is not a Banach space. Indeed, take the
sequence

n

= (5i+i —51-_%) :

=1

It is a Cauchy sequence in (M?*(R%),|.|**): Indeed, by choosing to transport all the
mass from " + g, ONEO u:+k+ufl with the cost b, it holds

b (e =1
WP (k) <20 Y 55 <20 D o 0.
i=n+1 i=n+1

However, the sequence (i), does not converge in (M*(R?),|.||*?). As seen in
Remark 3.3, the convergence for the norm |.||*® implies the convergence in the sense of
distributions. In the sense of distributions we have

400

o= pt =3 (60 =01 ) EME(R).

i=1

Indeed, for all p €CP(R), since ¢ is compactly supported, it holds

[ewrme-aew= 3 (o(iv4)~(i-2)) 20

1=n+1
The measure p* does not belong to M*(R), as it has infinite mass.
Nevertheless, we have the following convergence result.

THEOREM 3.1. Let p, be a Cauchy sequence in (M?*(R),|.|%°). If pn is tight
(in the sense of Definition A.3) and has uniformly bounded mass, then it converges in

(M (R), [[[**).

Proof.  Take a tight Cauchy sequence (i), € M*(R%) such that the sequences
given by the Jordan decomposition |u}| and |u, | are uniformly bounded. Then,
by Lemma A.2, there exists ut and g~ in M(R?) and ¢; nondecreasing such that,

“;1 (n). = pT vaguely. Then, |u| being uniformly bounded, there exists @2 nonde-
n—0o0

creasing such that for ¢ = 0¢s it holds

Hep () o u- vaguely.

Since p;f and p,, are assumed to be tight, the sequences Hep () and ,u;(n) also converge

to = and pt narrowly, and it holds Wf’b(u;(n),pﬂ — 0 and Wf’b(usp(n),p*) — 0,

due to [24, Theorem 13]. We then have
‘a,b

|a,b |a,b

<lpn = o) 1+ oy — (1 = 7))
a a,b - =

< H,un_,usa(n)” ’b+W1 (IUJ:(VL)_FPJ ’utp(")+u+)
" b by, - -

<t =t 1+ WA (o 1)+ W (i o1a™) =2 0.

gt — (u* =)
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Here, we used the fact that (u, ), is a Cauchy sequence. O

We end this section with a characterization of the convergence for the norm. If a se-
quence /i, of signed measures converges toward p € M*(R%), then for any decomposition
of w, into two positive measures i, = ;7 — - (not necessarily the Jordan decomposi-
tion), we have that each .7, u is the sum of two positive measures: m;", 2 and m , 2,
respectively. The measures m;” and m,, are the parts that converge respectively to ™
and p~. Both m,} and m,, are uniformly bounded and tight. The measures z; and z,,
are the residual terms that may be unbounded and not tight. They compensate each

other in the sense that W*(z},z) vanishes for large n.

4. Application to the transport equation with source term

This section is devoted to the use of the norm introduced in Definition 3.2 to
guarantee existence, uniqueness, and stability with respect to initial condition for the
transport Equation (1.2). We denote the set of test functions (i.e. C*° with compact
support) on a given space X by D(X).

DEFINITION 4.1 (Measure-valued weak solution). A measure-valued weak solution
to (1.2) is a continuous map with respect to the weak-* topology of measures (i.e p€
CO([0,1]; M*(R4)) such that for all p€D([0,1) x RY) it holds

1
/O dt/Rd (dut(atw(t,fﬂ)ﬂ[ut]~V<P(t,x))+dh[ut]w(t,w))=—/

dpop(0,-). (4.1
Rd

Equivalently, v satisfies ps—o = p1o and for all ¢ € D(RY) it holds
d
2 o0 = (e, vle] - Vo) + (hlpel, ), (4.2)

where
)= | pla)du(o).

The equivalence of definitions is classical, see e.g. [3, Chap 8]. We will also use the
following classical fact: For p; solving the transport equation with source (1.2), any
interval [t1,t2] C[0,1) and all p € D([t1,t2] x R?), it holds

[t [ aus@upt) ol Vip(ta)) + .ol

:/Rddutw(tz,')*/w dp,p(t1,°). (4.3)

4.1. Estimates of the norm under flow action. In this section, we extend
the action of flows on probability measures to signed measures, and state some estimates
about the evaluation of ||u||*® under a flow action on . Notice that for ue M*(R?)
and T a map, we have T#u=T#u" —T#u~, where p=pu® — p~ is any decomposition
of p. Observe that in general, given u€ M?*(R%) and T:R%—R? a Borel map, it only
holds

| T#p| < |pl, (4.4)

even by choosing the Jordan decomposition for (u*, ™), since it may hold that T#u™
and T#u~ are not orthogonal. However, if T' is injective (as it will be in the rest of the
paper), it holds T#ut | T#u~, hence |T#u|=|pl.
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LEMMA 4.1.  For v(t,x) measurable in time, uniformly Lipschitz in space, and uni-
formly bounded, we denote by ®7 the flow it generates, i.e. the unique solution to

d
S =0t %)), ef=1s

Given po € M*(RY), then, p;=®V#uo is the unique solution of the linear transport
equation

0
etttV (vt 2)ne) =0,

Hit=0= Ho
in C([0,T],M*(R?)).

Proof. The proof is a direct consequence of [27, Theorem 5.34] combined with |7,
Theorem 2.1.1]. o

LEMMA 4.2.  Let v and w be two vector fields, both satisfying for all t€[0,1] and
z,y €R? the following properties:

ot z) —o(ty)| <Llz—yl,  |o(t,z)] <M.
Let pu and v be two measures of M*(R?). Then
[@F - <e
|0 — Py #ul| P <bt M|pl,
@y #tp— @y < bl L o =l e 10
| @yt — @y #tv| 0 < et =] +bming |, [} 2o — 0]l o 0,150
Proof.  The first three inequalities follow from [25, Proposition 10]. For the first
inequality, we write
v a a,b v v -
197 # ol = W (DY ™, DY #17)
<eMWsb(ut, ) by [25, Prop. 10]
= e

For the second inequality,

= @Y #pa| 0 =W (4 Byt + O H ")
éWf’b(u DY)+ WP (0 Dy #pT)  (Lemma 2.3)
<btlfvfleo(|u*[+]u~[) by [25, Prop. 10]
=bt||v||Le(0,1;c0m) 1l since (u,p7) is the Jordan decomposition.
The third inequality is given by
|7 #pu— By ]| 0 =W (D) T + B ™ B #u T + Dy H )
SWEP (@Y, DY #pT) + W (@ ™, Dy #p™)

<b(Wi(RyH#uT, O #u™ )+ Wi(RF #u ™, By H#p7)
( Lt

(et =1
<b(urt+

[v=wlllze~(o,1;c0m))
by using [25, Prop. 10] with p=w.
The last inequality is deduced from the first and the third ones using triangular

inequality. ]
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4.2. A scheme for computing solutions of the transport equation. In
this section, we define an approximation scheme for solutions to (1.2). This will be
useful to prove existence of solutions. We then prove Theorem 1.1.

Fix po€M?*(R?) such that supp(ug)CK, with K compact. Let ve
CoOLir (M3 (R),COLP(RY)) and helCOLP(MS(RT),M*(RY)) satisfy (H-1)-(H-2)-
(H-3). We now define a sequence (uf);, of approximated solutions for (1.2) through the
following Euler-explicit-type iteration scheme. For simplicity of notations, we define a
solution on the time interval [0,1] only.

SCHEME
1
Initialization. Fix k€ N. Define At= ok Set 11k = po.

Induction. Given pf,, for i€{0,1,...,2% —1}, define vf,, :==v[uF,,] and

HE=@Ua Hpba + (E—IADRES), tEliA (i+1)Ad. (4.5)

REMARK 4.1.  The flow ®;_;a; encodes the transport part Oyp+div(vu) =0 while
(t —iAt)h encodes the reaction Oyp=h.

We now prove equi-Lipschitz continuity of the sequence (u,’f ). We also define the
following sup-norm on curves in C°([0,1], M*(R%)) by writing

el := sup [|pel| .
te0,1]

PROPOSITION 4.1.  The sequence (uf) €CO([0,1], M*(R%),|.||) is equi-Lipschitz with
respect to time, i.e. there exists L' =aP +bM (P + |uo|) independent of k such that for
all t,s€[0,1] it holds

luf = k| < L'[t—s. (4.6)

Moreover, the sequence is uniformly bounded in mass and compactly supported, i.e.

|uf| < Pt+|pol,  supp{p} C B(0,R'+M) (4.7)

for R' such that (supp{uo}UBo(R)) C Bo(R/).

REMARK 4.2. Estimates (4.7) are expected at the discrete level from the PDE (1.2)
with the assumptions (H-1), (H-2), (H-3). Indeed, the transport part preserves mass,
while the reaction term gives a mass growth that is at most linear. Likewise, the support
estimate is expected from the PDE since h has support in Byg(R) (no mass created out
of this ball) and transport cannot expand the support with a speed faster than |v| < M.

Proof.  We first prove (4.7). The sequence built by the scheme satisfies
|ug | < Pt+|pol,  t€[0,1], (4.8)

where P is such that |h[u]| < P by (H-3). Indeed, it holds directly from (4.5) and from
(H-3) that

vFa,
|Mé€i+1)At| < |¢&$,#Mfm‘ +At|h[N§At]| < ‘N?At| +AtP,
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then by induction on 4 (for k fixed), we have
|iael < Pilht+|pol. (4.9)

Thus for t € [iAt, (i+1)At], using again (4.5) and (H-3)

‘Mt ‘ < |(I)t1AztAt#:qut| + (t_iAtNh[NfAtH < |N§At| +(t—iAt)P <|po| + Pt,

using (4.9) for the last inequality. This proves the first estimate of (4.7), as t<1. We
now prove the second statement of (4.7). First observe that supp{u}=supp{p™}U
supp{p~}, where (uT,u”) is the Jordan decomposition of pu. Choose K such that
supp{po} C K and use (4.5) and (H-2)-(H-3) to write

supp{ps } S Ke,na,
with
Kinpi={rcRY x=xx p+a', xxc R €ECUB(R), ||2'|| <tM}.

Take now R’ such that KUBy(R)C By(R'). Then, it holds K¢y ,r C B(0,R' +tM).
Again by recalling t <1, we have the second statement of (4.7).
We now prove that (,uf) . is Lipschitz with respect to time. We have two cases:
o Let t,s€[iAt,(i+1)At] for some i€{0,1,...,2F —1}. By applying (4.5), the
triangular inequality and Lemma 4.2, we have

< H(I)tmztm#/‘?m slAztAt#MzAtHa b
It = iA) Alpiag] = (s — i) h[uia ]|
— ([ @78 e — v || 11t — )] +va — o |
<[t = s|bM |v1| +alt — s| [B[pias]| < [t — | (DM |pin | +aP)
<|t—s|(bM(Ps+]uol) +aP),

[k — s

where v =®_* lAt#ulAt and vo = (s —iAt)h[uk,,]. Recall that s€[0,1] and
observe that this implies Lipschitz continuity on [iAt, (i+1)At].

e Choose now any t,s€[0,1] and assume ¢ <s with no loss of generality. Then
choose i,5€1{0,1,...,2F —1} the unique indexes so that

INt<t<(i+1)At<...<(j—1)At<s<jAt.

By applying triangular inequality and the estimate of the previous case on each
term, it holds
it = S 1 <Nt = Gy a1 + g1y ar — iy an |
+HM(J 1At~ Hs et
<L((i+1)At—t+(i+2)At— (i+ 1) At +...
+s—(j—1)At)=L"(s—t).
This proves uniform Lipschitz continuity. ]

We now prove that uf is an approximated solution of (1.2).
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PROPOSITION 4.2.  There erxists L' such that, for each k and ¢ € D([0,1) x R?) satis-
fying

ot Moo <1, et )lLip <1, for all te[0,1], (4.10)
it holds
! . . L
a | (duf(atw(tw)ﬂ[u?]-Vw(tw))erh[u?]w(tw))+/Rdduo<p(0,~)’ <op (411

Proof. By using the formulation (4.3), for each interval [{At,(i+1)At] and p€
D([iAt,(i+1)At] x R?) it holds

(i+1)At |
[ [ a0ttt ) V()
iAt

o[p® ; .
= [ aot st pttie nan - [ dibyetiae)

and

(i+1)At
/ dt /R ) (d((t—iAt)h[pias)) (Dpp(t,-) + dRlpia) o (t, )

1At

- / ARl D+ )AL ) - / (i)

By adding on both sides and recalling the definition of p* in (4.5), it holds

(i+1) .
[ [ (o) +ao 3 s sl V(e ) + it ott.))
1At

- / At mep(i+ )AL, ) — / dyibs o (iAE,).
Rd Rd

Recall that p, =, [ile#ufm + (t—iAt)h[uky,] and sum all terms i=0,...,2¥ —1. By
recalling that ¢(1,-) =0, we have

2 (i+1)
3 /A dt / (di (Brp(t, ) +vlbn,]- Tip(t, ) +dhlbs ) ()
i=0 /1At

2 (i+1)At
== Z/ dt/Rd(t7iAt)h[:qut]v[/u'é€At]'v@(ta'))*/ﬂwdﬂoip(o,’). (4.12)

— Jint

Recall that (4.6) implies that for each t € [iAt,(i+1)At] it holds ||uf — ks, [|@ < L'At,
hence by (H-1)-(H-3) it holds

o[k —vliflcoray S KL'At,  |[hlufag] — Rl < QL' At.

By using (4.12), we have

1
it [ (A @up(t) o1 Vi) + anlitlio(e) + [ (0.

Rd
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2511 L(i+1)At
<SON[ ] (- in0hldsJoluis] V(e
—o |Jiat Rd

2k -1

+y /(iﬂ) tdt/ (duf (v[pf] = vlpbad)) - Veo(t,)) + d(hluf] — hlufas)) e(t,-))
im0 |/iAt R ' t = | t a |

1
< [ araep vt ovies
0

1
+ [ e [ At LR ATt oogm + QAP com
0
<AtPM+AtL'((P+ o] ) K +Q).

Here we used that h[uF,,] and p¥ have bounded mass, see (H-3)-(4.7), as well as bounded
CY norm of v, due to (H-2). Observe that ||[Ve(t,)||cowa) =|l¢(t,)]|Lip and recall
At= . By choosing L":=PM +L'((P+|uo|)K +Q) not depending on k, we have

2k
the result. O
4.3. Proof of Theorem 1.1. In this section, we prove Theorem 1.1, stating

existence and uniqueness of the solution to the Cauchy problem associated to (1.2). The
proof is based on the proof of the same result for positive measures written in [25]. We
first focus on existence.

Step 1. Existence. Recall Proposition 4.1: The sequence given by the scheme
(1)), is uniformly Lipschitz continuous, uniformly bounded in mass and tight. Since
uk = po for all k, this implies that the sequence is also uniformly bounded and equi-
continuous. By Ascoli-Arzela theorem, this implies that the sequence is relatively com-
pact in C0 ([0,1},/\/15(]1%”1)), hence there exist converging sub-sequences. By passing to
one of such subsequences, for which we use the index j, we define

pe = lim pd. (4.13)
j—o0
We now prove that p, satisfies (4.1) for all ¢ €D(]0,1) x R?). Observe that each ¢

satisfies sup,cio.1)[|0(t,")[lco ey, |9 (t,-) || Lip < +00. Moreover, by homogeneity of (4.1)

and of [|p(t,-)[|co(ray, l¢(t )| Lip, 10ep(t,) leomay, 0o (t,) || Lip With respect to = Ap,
it is sufficient to prove that ju; satisfies (4.1) for all ¢ € D([0,1) x R?) with the additional
constraint

() lleo ey, 1t ) Lip, 10ep(Es )l coray, 1o (ts )l Lip <1 for all t€[0,1). (4.14)

Observe that for each € D(]0,1) x RY) satisfying (4.14) it holds

1
dt

(dpe(Opp(t, @) + ] - Vep(t,x)) +dhlpe] o (t, 7)) +/ dop(0,-)
R4 Rd

<&+ )fo At fa (g = 1) 00 (t,) + dpsolju) - Vip(t,) = duafolpad ]V p(t,0) + d(hljae) = d]) (8,

Since such estimate holds for any j, it is sufficient to prove that the right-hand side
tends to zero for j —4o00. We have

c<L—+Hu—mnwpt€oumax{uatw( Moo 1ot ip} + | fy dt fa dlpze = ol Vep(,)|
1

dt dp] (o] = v[iif]) - Voo (t, ))‘+Ilh[u} A < 2+ =i

=5

Rd
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1
= 1M sup [loft)laip+ [t [ dldlLle = ] ot iy + Qa1
te[0,1] 0 Rd

L// .
< o5 Hllp=p [+ M+ (P+[uo) L+ Q).
By letting j — +oco and recalling that (4.13) is equivalent to ||u— p’|| — 0, we have the
result.

REMARK 4.3. From this construction, we do not prove uniqueness of the limit for the
sequence p*. Yet, we will prove uniqueness of the solution to (1.2) in Step 4, that will
in turn ensure uniqueness of the limit.

Step 2. Any weak solution to (1.2) is Lipschitz in time. In this step, we
prove that any weak solution in the sense of Definition 4.1 to the transport Equation
(1.2) is Lipschitz with respect to time, since it satisfies

lptegr —pel|* < L', £>0,7>0, (4.15)

with L' defined in Proposition (4.1). To do so, we consider a solution u; to (1.2). We
define the vector field w(t,z) :=v[u](x) and the signed measure b; = h[u:]. The vector
field w is uniformly Lipschitz and uniformly bounded with respect to x, since v is so.
The field w is also measurable in time, since by definition, p; is continuous in time.
Then, p; is the unique solution of

Oppua () +div(w(t, o) e () =be (), pp=o (@) = po (). (4.16)

Uniqueness of the solution of the linear Equation (4.16) is a direct consequence of Lemma
4.1. Moreover, the scheme presented in Section 4.2 can be rewritten for the vector field
w and the source b, in which dependence with respect to time is added and dependence
with respect to the measure is dropped. Thus, the unique solution p to (4.16) can be
obtained as the limit of this scheme p*.

For each k>0 it holds

@0 <2 pF||+ L',

WOt = i 170+ iy = e |

llpesr — pell < e — e |

where we used (4.6) for Lipschitz continuity of p*. By letting k — +o0o we have ||u—
p*|| =0, thus (4.15) holds.

Step 3. Any weak solution to (1.2) satisfies the operator splitting esti-
mate: There exist K’,7/ >0 such that for all t€[0,1) and 7€ (0,7) saisfying t+7 <1,
it holds

e — (B g4 wh[p )| < K72, (4.17)

To this end, consider yu; as the solution to the non-autonomous linear Equation
(4.16), as in Step 2: This allows to define the trajectory u¥ given by the scheme presented
in Section 4.2 and to prove that p; is the limit of u¥. We now prove an estimate similar
to (4.17) for uk.

Fix k€ N* and let t =iAt, 7 =nAt <log(2)/L for some i€ {0,...,2¥ —1}, n€N and
t+7 <1 This ensures e <1+ 2L7. Define

vluk ; a
= |1y e — (PR B, + AR ]|,
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Observe that it holds a; =0, while for n>2 it holds

’U[iu’k'i n— t] PAt PiAt a
Q< Byl (@ (@I g (- 1) Ath [l )|
AL 1 ar) — AR+ [ S35 4 (1 — 1) Athlpky) — (n— 1) Athluky |

<ehAt ||/”Lé€i+n—1)At - (‘I’U ﬂjl)At#ﬂfAt +(n—1)Ath[ufa])[|*
LAt

e
+b|MfAt|7”v[ Hipn— 1)At] [ﬂfAt]”CU"‘AtQHNI(CHn—l)At_N?At
+(n— )AL (AM |hluia,]|
(14+2LA) a1 + (0| + P)2Atayn 1+ AtQay, 1+ (n—1)At> M P
(1+ K At)a,—1 + KiTAt.

a,b

<
<

Here, we used (H-1)-(H-2)-(H-3), Lemma (4.2) as well as Lipschitz continuity and bound-
edness of mass proved in Proposition 4.1. Observe that K7, K} do not depend on n or
k, with K; > L. Thus, choose 7/ =log(2)/K; independent of k£ and observe that for all
7€ (0,7") it holds

|ab

[T S NN TN
(I1+ KA —1 K2

K| At K
<2K}72. (4.18)

< KorAt (1T —1)

We are now ready to prove (4.17). For t€][0,1) fixed, build the sequence iy €
{0,...2% —1} such that |t —ix27%| <27, Similarly, for 7€ (0,7’) fixed, build the se-
quence ny € {0,...2%} such that |t — (ip +nk)27%|<27%. Observe that limg_, oo ||pt —
u*|| =0, together with (4.6), implies

|a,b

e = 11 my2 o 1% < Mo = e |0 e = 1 y2 - 1

<p—p*+L27F 0.

and similarly ||z —,uka_,c |4 — 0. By using (H-1)-(H-2)-(H-3) and Lemma 4.2, this in
turn ensures

13,27 k] V|t a
||<I>nk2kk Bl — |
ol 4]

k]
<||¢)nk£k2k #Mka—k_ T # iy 0— k||a7b

it i ,
Ty #ufzk—é“[“‘]#ui? ||"”’+||<I>““"]#u?kw—<I>”[’*‘]#ut||“”’

<[k k| M2 7]+ ah k| —— K- iy o[ 0 €T e —

as well as

a2 Rl oon] = Thlp|*°
k27 hlpf k] = Th[pf o |+ T 5] = Thue][|*
<Pl 2 " =7+ 7Q|pk ok — pue| " — 0.
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Since 27 — 7€ (0,7'), for k sufficiently large one can apply (4.18), thus

g7 — (@D g 4 7h[pe]) |
—+o0

k
. k \b
= kgrfoo (”/”LHT ~ Bitnz—+ll*

k
U[Niszk]

i oz — (B a5n ko F k27 R D)

U[.U‘sz—k]

2 o = @ | 2R -] = Tl )
<0+2K57%+0+0.
that is (4.17) for K’ =2K},.

Step 4. Uniqueness of the solution to (1.2) and continuous dependence.
Assume that p; and v are two solutions to (1.2) with initial condition pg, v, respectively.
Define &(t):= ||pts — v¢||*?, that is a Lipschitz function by Step 2. We denote

R, (t,T) = pteyr— (@2 +Thle]),  Ru(t,7)=vier — (@2 40, +7h1y)).
Fix 7 <7/ <log(2)/L, that ensures e/” <1+2Lt. By Step 3, it holds

e(t+7)= s = verr | = |97 pue + mhlpe] + Ryu(t,7) — DT v — Thive] = Ro (8,7
<NNB g1 — BT | | fpae] = AL | R (8, 7)1 | R (8,7)
el 1

<eMlpe —vel|*? + (P4 min{| ol [vo | }) S [v[se] — vl lco +TQIlpre — vel|** + 2K
< (" +b(P+min{luol, o2 K +7Q) e(t) +2K'7* < (14 7Ks)e(t) + 2K

for Ko =2L+2Kb(P +min{|uol,|v0|})+ Q. By letting 7— 0, we deduce &' (t) < K3e(t)
almost everywhere. Then, () <e(0)exp(K2t), that implies continuous dependence with
respect to the initial data.

Moreover, if f19 =g, then £(0) =0, thus £(t) =0 for all ¢. Since ||.[|*" is a norm, this
implies pu; =y for all ¢, that corresponds to uniqueness of the solution.

Appendix. Measure theory and signed measures. In this appendix, we recall
standard results of measure theory and signed measures. In this section, y and v are
either in M(R?), i.e. they are unsigned measures, or in M*(R9), i.e. they are signed
measures.

DEFINITION A.1.  We say that p,v € M(R?) satisfy
o u<<v if YA€ B(R?), (v(A)=0)= (u(A)=0)
o u<v if YAEB(RY), u(A)<v(A)
o u Lv if there evists E € B(R?) such that p(R%) = u(E) and v(E)=0

The concept of largest common measure between measures is now recalled.

LEMMA A.1. Let p,v € M(R?). Then, there exists a unique measure pAv which
satisfies

uAv<p, pAv<v, N<p andn<v)=n<pAv. (A1)

We refer to uAv as the largest common measure to u and v. Moreover, denoting by f
the Radon Nikodym derivative of u with respect to v, i.e. the unique measurable function
f such that p= fv+v,, withv, 1L v, we have

pAv=min{f,1}v. (A.2)
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Proof.  The uniqueness is clear using (A.1). Existence is given by formula (A.2)
as follows. First, it is obvious that min{f,1}r <v and using u= fr+v,, it is also clear

that min{f,1}v <p. Let us now assume by contradiction the existence of a measure 7
and of A € B(R?) such that

n<p, n<v, n(A)>/min{f,1}dV~ (A.3)
A

Since v, L v, there exists E € B(R?) such that v(R?)=v(F) and v, (E)=0 (see Def-
inition A.1), then v(A)=v(ANE) and v, (A)=v, (ANE®). Since n<v, we have
n(ANE®) =0, thus n(ANE)=n(A), and using (A.3)

n(AﬁE)>/AmEmin{f,1}du.
We define
B=ANEN{f>1}.
Then
n(B)+n((ANE)\B)=n(ANE)

>[4mEmin{f,1}du(x)
:/ min{f,l}du(:c)+/ min{ f,1}dv
(ANE)\B

/ 1du+/
AmE)\B

=v(B)+u((ANE)\B)

which contradicts the fact that both n<v and n<pu. This implies that n satisfying
(A.3) does not exist, and then Lemma A.1 holds. d

LEMMA A.2 (Weak compactness for positive measures). Let i, be a sequence of mea-
sures in M(RY) that are uniformly bounded in mass. We can then extract a subsequence
He(n) Such that piye,) converges vaguely to pu for some peM(RY).

A proof can be found in [14, Theorem 1.41].
We finally recall two definitions for signed measures.

DEFINITION A.2 (Push-forward). For € M?*(R%) and T:R?*—R?% a Borel map, the

push-forward T#u is the measure on R? defined by T#u(B) = u(T~1(B)) for any Borel
set BCRY.

DEFINITION A.3 (Tightness). A sequence (fin)nen of measures in M(RY) is tight if
for each € >0, there is a compact set K CR? such that for all n>0, p,(RI\K)<e. A
sequence (fin)nen of signed measures of M?*(R9) is tight if the sequences (i1} )nen and
(1, Jnen given by the Jordan decomposition are both tight.
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