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A CLASS OF GLOBAL LARGE SOLUTIONS TO THE
OLDROYD-B-TYPE MODEL WITH FRACTIONAL DISSIPATION*

YICHEN DAI", ZHONG TAN#, AND JIAHONG WUS$

Abstract. The global existence and regularity problem on the Oldroyd-B-type model with frac-
tional dissipation is not well understood for many ranges of fractional powers. This paper examines this
open problem from a different perspective. We construct a class of large solutions to the d-dimensional
(d=2,3) Oldroyd-B-type models with the fractional dissipation (—A)®u and (—A)?7 when the frac-
tional powers satisfy a+ (3 >1. The process presented here actually assesses that an initial data near
any function whose Fourier transform lives in a compact set away from the origin always leads to a
unique and global solution.
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1. Introduction

The viscoelastic system has attracted numerous attention in recent years and lots
of excellent works have been done both in the macroscopic and microscopic regimes.
The Oldroyd-B model is a basic macroscopic model which describes the motion of some
viscoelastic flows such as the system coupling fluids and polymers. The formulation
about viscoelastic flows of Oldroyd-B type was originally introduced by Oldroyd [26].
We refer to [6,16] for more detailed physical background and the derivation of the
Oldroyd-B type model and related models.

This paper examines the global existence to the 2-D and 3-D incompressible
Oldroyd-B-type model with fractional dissipation,

Outu-Vu+v(—A)u+VP=rV-1, xR t>0,

T +u-VT+n(—=A)P14+pur=vyDu+Q(Vu,r), xR >0,
V-u=0, zeR t>0,

u(z,0)=ug(z), 7(x,0)=m9(2),

(1.1)

where u, P and T represent the velocity, the pressure and a symmetric tensor which is
the non-Newtonian part of the stress tensor, respectively, and v >0, k>0, >0, u >0,
~v>0, >0 and >0 are real parameters. The fractional Laplacian operator (—A)? is
defined via the Fourier transform,

(ZA)F(&) =€ F(©),

where

Fi&)= gmys e e
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Sometimes we also write A=(—A)z.
Here, Du is the deformation tensor and is the symmetric part of the velocity gradient

Du=—(Vu+(Vu)")

N |

and @ is a given bilinear form which can be chosen as
Q(Vu,7)=Q71 —7Q+b(Dut +7Du),

where
Qu)= % (Vu—(Vu) ")

is the skew symmetric part of Vu and b€ [—1,1] is a constant.

The system (1.1) with the fractional Laplacian operator may be physically relevant.
The fractional Laplacian operator can model various anomalous diffusions. Especially,
(1.1) allows us to study long-range diffusive interactions. In addition, (1.1) with hy-
perviscosity can be used in turbulence modeling to control the effective range of the
non-local dissipation and to make numerical resolutions more efficient ([13]). Mathe-
matically (1.1) allows us to examine a family of models simultaneously and the study
of (1.1) may provide a more complete picture on the behavior of solutions relative to
the sizes of the parameters o and f3.

There have been extensive studies on the well-posedness of the Oldroyd-B model.
Guillopé and Saut in [14, 15] showed that the strong solutions are locally well-posed
in Sobolev spaces. The global existence of weak solutions when b=0 was proven by
Lions and Masmoudi [23]. Chemin and Masmoudi [6] obtained later the local and
global well-posedness results in the frame of critical Besov spaces. Elgindi and Liu
[11] established the result about the 3D global well-posedness for smooth solutions
with small initial data. Zhu [36] proved the global existence of small smooth solutions
without damping on the stress tensor. In 2D case, Constantin and Kligl [8] examined the
global well-posedness of strong solutions with y=0 and b=—1. A range of global well-
posedness results on (1.1) have been obtained. Ye [31], and Ye and Xu [32] established
the global regularity problem of the 2D Oldroyd-B-type model with partial dissipation
for a4+ 8=2. Yuan and Zhang [33] have shown the d-dimensional global regularity of
strong solutions if « and S satisfy

d

a>—-+—, (>0, a+521+§.

| =
A~

In addition, some interesting results for related Oldroyd-type models of viscoelastic
fluids can be found in [2,5-7,12,17,19,22].

The issue of whether smooth solutions of the Oldroyd-B-type model (1.1) with large
initial data can develop singularity in finite time is still a challenging open problem when
« and B are not in the ranges mentioned above. We remark that the local existence result
in Sobolev spaces for this system can be obtained by following a standard procedure
as in the book of Majda and Bertozzi [24]. The perspective of this paper is different.
Our goal here is to offer an effective approach of constructing large solutions of (1.1). A
special consequence of our construction assesses that any initial data close to a function
whose Fourier transform supported in a suitable domain away from the origin always
leads to a unique global solution of (1.1). We now describe the construction in some
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detail. There are some differences between the 2D and the 3D cases, so we split our
consideration into two cases, one for the 3D case and one for the 2D case, for the sake
of clarity. We begin with the 3D case.

To construct large solutions for the Oldroyd-B-type model, we define a suitable
vector field ¢§ € C§°(R3) with its Fourier transform satisfying

356 = (o8 ) x(6), ¢er, (12)

where 0 <e <1 is a small parameter depending on v and n and will be specified later.
Here x is a smooth cutoff function,

suppyCC andxy=1 on C(Cy,

where C and C; denote the annulus sections,
={§GR3||§Z-—£]-|Se,i,j=1,2,3,1<|£\2<2}
cii={eeR? |6 -¢<e/2,0,=1,2,3,2 <\g| }

We remark that the set C can be realized by restricting £ € R? to the cylinder of radius
% centered on the line x; = x5 =x3. Suppose ¢ € R? satisfies, for any r €R,

,
TI=T2=T3 =, §1+6+8=r, (1.3)

(G1—21)* + (ba—2)? + (&3 —13)2 <

Then it is not difficult to see that |§; —&;| <e,4,j=1,2,3. In fact, we have from (1.3)
and (1.4)

(1.4)

OJ\'—‘

(61 —21)% 4+ (&2 —20)2 + (&3 —3)?
=€+ E3+E2 221 (6 + &9+ E3) + 323

2
T 12

=1 +86+& - g 3¢

Then,
(61— &)+ (& — &)+ (&L —&)?
=2(§ + &5 +83) —2(L1&2 + 6183+ £283)
=2 +E+E) H(E+E+6 1)<,

which implies |§; —§;| <e,4,j=1,2,3.
Our global existence and regularity result for the 3D Oldroyd-B-type model can be
stated as follows.

THEOREM 1.1.  Assume ¢§ is given by (1.2). Define Uy and By by
UOZVX¢S, B():O. (15)

Letv>0, >0, 7>0, p>0, y=0, >0, >0 and a+B>1. Let s> 5. Consider the
Oldroyd-B-type model in (1.1) with the initial data

up=Up+vg and 719=Bgy+hog.



1352 GLOBAL LARGE SOLUTIONS OF THE OLDROYD-B-TYPE MODEL
If vy and hg satisfy
(Covnlivollt + ol +llg5l3yva )2 15012 419800es2) < Omin {0}

for suitable constants C1 >0, Co >0 and C5>0, then (1.1) has a unique global solution
(u,7) satisfying

u, 7€ C([0,00); H¥(R?)), A”‘u,AﬁTELQ(O,OO;LQ(}RS))7

1

where A=(—A)z.

The initial data (ug,70) in Theorem 1.1 is not small. In fact,

luollzz > [[Uol| 2 — ||lvol| L2

=| [ Pz~ ol

=

> [ / | |§|2|$s<s>|2df} " ool

1
>C (ellog&_) e —||vo| g+
1
> i
_C’log(S C’gymax{n,z/}, (1.6)

which can be really large when & small enough. Similarly any homogeneous H*® norm
is not small neither. In addition, as we shall see from the proof, Theorem 1.1 remains
valid when the annulus in the definition of C is replaced by any compact set supported
away from the origin.

A similar result also holds for the 2D Oldroyd-B-type model in (1.1). There are some
minor differences in the construction process. We define a scalar function 1§ € C§°(R?)
satisfying

—~ 11
B = (= ou1 ) (o), €€ (17)
where x1 is a smooth cutoff function,

suppx1 CD andy;=1 on Dj.

Here D and D; denote the annulus sections,

D= {¢eR?||6 - gl <z ij =12, 1<|¢ <2},

. 5 7
Dl = {§€R2||62_€j|§8/2727]:1725Z§|£|2§7}

The global existence and regularity result for the 2D Oldroyd-B-type model can be
stated as follows.

THEOREM 1.2.  Assume 1§ is given by (1.7). Define Uy and By by

Up = Vg := (o005, —0105),  Bo=0. (1.8)
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Letv>0, k>0, n7>0, >0, v=0, a>0, >0 and a+p>1. Let s>2. Consider the
2D Olrdroyd-B-type model in (1.1) with the initial data

UQZﬁo—f—’UQ and T():Eo-i-ho.
If vy and hg satisfy

(Cuwmllvollde + ol + <l ssa ) e (Wallwsz t1i0ses2) < Gmin {0}

for suitable constants 5'1 >0, 52 >0 and 53 >0, then (1.1) has a unique global solution
(u,T) satisfying
u, 7€ C([0,00); H*(R?)), A%, AP L?(0,00;L*(R?)).
Again the initial data (ug, 7o) is not small in H*(R?). As in (1.6),

1 -~

llwollzz, |70l 2 = C logg - ng/max{n, V}.
Theorem 1.2 remains true if the annulus in the definition of D is changed to any compact
set supported away from the origin.

We mention some related results. Lei, Lin and Zhou [18] constructed smooth large
solutions to the 3D Navier-Stokes equations with the initial data close to a Beltrami
flow. More information on the Beltrami flow can be found in [9] and [24]. Zhou and
Zhu [35] obtained a class of large solutions to the 3D damped Euler flow near the
Beltrami flow. Families of large solutions have also been obtained for the damped MHD
equations and the Hall-MHD equations (see [10,20,21,34]). Our construction presented
here is somewhat different and does not involve Beltrami flow for «, 3 #£0.

To prove Theorem 1.1, we seek a solution of the form
u=U+v, 7=B+h,
where U=V x ¢ and B=0 are the solutions of the corresponding linearized equations
U +v(—A)*U=kV-B,
0:B+n(—A)’B+uB=0,
V-U=V-B=0,
U(z,0)=Uy(z), B(z,0)=0.
By the definition of Uy and By in Theorem 1.1, U can be written as
U(t)=e VA", = e ("AT x 5. (1.9)
The equations of (v,h) are given by
Ow+u-Vo+v-VU+v(-A)*v=—-VP+xV-h—U-VU,
Oth+u-Vh+n(—=A)Ph+ph=Q(V(v+U),h),
V-v=0,
v(z,0)=vo(x), h(z,0)=ho(x).

(1.10)

Then it suffices to show that (1.10) has a unique global solution. Since the local well-
posedness follows from standard procedure, we focus on the global bound via the boot-
strap argument. Details on how to obtain suitable energy inequalities and how the
bootstrap argument is applied are given in Section 3. The proof of Theorem 1.2 is simi-
lar and is sketched in Section 4. Section 2 provides the definitions of the inhomogeneous
Sobolev space, the Besov spaces and related tools.
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2. Preparation

This section serves as a preparation. We recall the definitions of the inhomogeneous
Sobolev space H® and of the Besov space B3,. The norms of these two spaces are
equivalent. More details on these definitions and related basic facts can be found in
several books and many papers (see, e.g., [1,3,25,27,29]).

DEFINITION 2.1. Let S denote the Schwartz class and S’ its dual, the space of tempered
distributions. The inhomogeneous Sobolev space H*(RY) with s €R is given by

H*(RY):={f €S'(RY): || fll e mety < 00}

with the norm

ey i= ([ 0 1ePyIF@)Pde)

DEFINITION 2.2. The inhomogeneous Besov space B, , with 1<p,q<oc and s€R
consists of functions f €S’ satisfying

1£15;, =127 145 fllze ||, < oo,
where A; denotes the standard inhomogeneous dyadic block operator with j=—1,0,---.
The norms of these two spaces H* and B3 , are equivalent.
LEMMA 2.1.  For any s€R,
H*~B3 5.
We will also make use of the following commutator estimates.

LEMMA 2.2 (Lemma 2.6 in [30]).  Let s>—1 and (p,r) €[1,400]?. Assume u is a
divergence-free vector field, namely V-u=0. The following inequality holds,

1277014 w- Vol ol < CIVule=llolzg, +1V0ll [Vl ga).

where
[Aju-Vv=A;(u-Vv)—u-V(Ajv).

We also recall the paraproducts (see, e.g., [1,4]). Let S; denote the corresponding
inhomogeneous low frequency cutoff operator,

Si= > A

k<j—1

In terms of the operators A; and S;, we can write a standard product of two functions
as

where

Trg=3 SifAj9,  R(L.9)=32 > AefArg

J J k2j-1

with Ek =Ap_1+Ar+Aky1.
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3. Proof for Theorem 1.1

This section proves Theorem 1.1. As described in the introduction, it suffices to
establish that the solutions of (1.10) remain bounded in H® for all time. This is verified
by deriving suitable energy inequalities and applying the bootstrap argument. As a
preparation, we first present some bounds on U(¢) given by (1.9).

LEMMA 3.1. Let ¢g and g be given by (1.2), Uy and By by (1.5) and U(t) by (1.9).
Then the following estimate holds. For any s> g,

U 1z+ < Ce™ |65 || gy, (3.1)
VU s <Ce™ |5 || e,

£ ]|+ < Cee™ |65 1130,

where f=—-U-VU.
Proof. (Proof of Lemma 3.1.) To prove (3.1), we rewrite the terms in f so that
each term contains a difference 9; —9; with i,j=1,2,3. Clearly, for gb:e*”(’A)%d)g,

U=V x¢= (0203 — 0302, 03¢1 — 0193, 0192 — O2h1).
Then, direct calculations show that the first component of —U - VU becomes

—U-VU"' =—02¢30,0203+ 0193020503 + 029301032 — 0130205
+ 0302010293 — 012030203 — 0302010302 + 01 20303h2
— 0301020203 + 021030203 + 030102032 — D2910303 92
= [(01 — 02) 9301023 4 019302 (02 — 01 ) 3]
o5

+[(02 — 01) $30103¢2 + 01$303(01 — 02 ) P2]
+[(03 = 01) 201023 + 01$202(01 — 03 ) P3]
+[(01 — 03) 2010302 + 01$205(03 — 01 ) P2
+[(02 — 03) 102023 + 02102 (03 — 02 ) p3]
+[(03 — 02) 102032 + D21 03 (02 — 03 ) p2].

Taking the H*-norm yields,

|=U-VU | g <C(||(01—02) 9|

Ol o+ + 1B zro+11/(92 — 01) )

( Ollms+2 + |l e+ (| (01 — O2) B ro+1

+ /(05 = 01) ¢l 1= [| @l mrs+2 + |0l pro+1 (| (01 — O3) | o+

+[[(01 —03) @ =Dl zrs+2 + | Dl £r5+1 (| (O3 — O1) Bl s+

+ /(92 = 03) @ 1= | Dl zro+2 + | Pl £r5+1 (| (O3 — D2) Bl o4+
( ) )
)é )

Hs
+11(92 — 1)l =

Hs+1

Hs

HS
+ /(03— 02)¢| Bl stz + 1| @ grs+1 ][ (02 — O3 ¢HHS+1)
<C(||(8; - 95 Ol vz + |0l o 10 — ;) Pl gro+1),

Hs
|

where 7,7 in the last line are summed over i,j=1,2,3. Similarly,

I flere <C (1105 = ;) Bl| 2| D | o2 + || Bl| gro1 |0 — 05) bl 1)
<Ce 21105 — 0;) 5 || 11+ |65 || o2 + || 8 | rs+1 1 (0 — 9;) b | pre+1 )
<Cee 2! ([| 65 |l e | 95| zro+2 + 1|5 | =1 | 65

Hs

Hs+1)
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<Cee™ 054

This proves (3.1). d
We are now ready to prove Theorem 1.1.

Proof. (Proof of Theorem 1.1.) Let #>0 be a small parameter to be chosen
later. Applying A; to (1.10) and dotting with 6A ;v and Ajh, respectively, we have

3 (1Al +118h]1F2) +062227 | AjollF e +02°%| Ak +pll AjhlFe <300y Lms (3:2)

where
L= 0 [Aj,thwAjvda:—/ [A;,u- Y]k A;hdz,
R3 R3
Ig::—@/ A;(v-VU)-Ajvde,
R3
13::,%9/ (V-Ajh)-Ajvde,
R3
142:9/ Ajf'Aj’UdCC,
R3
15::/ A;Q(V(v+U),h)-Ajhda.
R3

The reason that we need the factor € is to bound the linear term I3 above suitably.
Multiplying (3.2) by 22/¢ and summing over j > —1 yield

5
d js
%(HHUH%{SJFH}L“%IS)+V0|‘U||?{S+a+n||h“§{s+5 FulhlFe < D250 L (3.3)

i>—1 m=1

N

We estimate the terms on the right of (3.3). By Holder’s inequality, Young’s inequality
and Lemma 2.2,

Z 2%5 [ =—0 Z 2235/ [Aj,u-Vv-Ajvdr — Z 2275/ [Aju-V]h-Ajhdz
R3

i>—1 i>-1 jz-1
<0 2%°|[Ag,u- Vvl g2 l|Agvll 2+ D 250 [Ag,u- VIR g2l Ak o2
j=-1 jz-1
=6 % 207 [A5,u- Vel -2 Aol 2
j>—1
+ 37 267 (A u- Va2 207 Az s
j>—1
1 1
se( 3 2—2“1225j||[Aj,u-V]v\liz) i ( > 22(s+a)j||Aijiz) i
j>—1 j=—=1
1 1
+( 3 2—213122””[Aj,uV]hllszz) ’ ( > 22(3*‘3”\\Ajhlli2) )
j>—1 j=—-1

< COIVul o= [0l ol o+ CIVul o [ 11l o
v n
< Z ol et + PN + NVl Ol + )




YICHEN DAI, ZHONG TAN, AND JIAHONG WU 1357

v U
< Ol Ereva + L IR Fes + CUNU N + ll0lF:) (OllvlFe + 1R 17:)

v U
< GO0l Ereva + L IRl e + CHU G (Ol10l1Zr- +[171F-)

+CablvlIe [0l Feva + Cs [0l 12| Fpes (34)
By Holder’s inequality, we get
> 25 h=—0)" 22]3/ A;(v-VU)-Ajode < COVU|| o] 4 (3.5)
j>—1 j>—1

I3 can be bounded by

Z 2275 [3 = K0 Z 22j5/ (V-Ajh)-Ajvdz

j>-1 §>—1 R
<CkO Y 272 Ajh L2 - 1A 2
jz—1
=Ckb Z 2(=a=B)i o(s+BJ|| A k| 12 - 26T Ajv]|
j=>-1
n
< ZHhH%{sw +C602 (0] et (3.6)

The term with 14 is bounded by
S 22— 3 2/ Asf-Agvde
j>—1 j>-1

<O 2T A g2 2 Aol
j=-1

< Ol fll a0l -+
12
< 2 0)0)3ern + O f e (3.7)

It remains to bound I5. By the notion of paraproducts and Bernstein’s inequality,

> 2= 2218/ A;Q(V(v+U),h)-Ajhdx
ji>—1

j=—1 Jjz
<CIVU a0l + D7 221 85hl1sa (D7 1Sk-1hllze | AxT0]| 2
Jj=-1 |i—k|<2
+ 0 ARk ISk -1 Vellie + D0 IAkR] 2| Ak To] 1 )
l7—k|<2 k>j—1

<CIVU e[l + 3 229 Aghllza (D0 28" |Awhllga 27| Ago] 2

j>-1 m<j—1
+ 3 Akl 20D Al + ST 20T DR A 2 | A 12
m<j—1 k>j—1
= C||VU ||z 1Al 3 + IV + 12 + 18 (3.8)

The term with Iél) is bounded by using Holder’s inequality, Young’s convolution in-
equality with i +1= % + % and the assumption of a4/ >1 and s> %

V=37 22 Agnl e > 28" Al Le 27| A e

j>—1 m<j—1
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= 3 2 A Bl e Y 2 M A b 2 A

ji>-1 m<j—1
= 3" 2t ahl
i>-1
= Z 2(1—a—/3)(j—m)+(%—s+1—a—/3)m28mHAmh”L2_2(s+a)j||AjU||L2
m<j—1
<( 3 e iamn) (3 2 )
i>-1 j>-1
x| 32 20me e A L b |
m<j—1
1 1
<Ol oo ol rese - (30 2207270) (37 229 Asn)3L )
j>-1 j>-1
scuhnwnhum ol gt
e (3.9)

2)

Similarly for I, é , we have

=5 0% Aghl e S 1Az 20 D™ Ao 2

j>-1 m<j—1
=D 2| AsR| e Y 2Pt ma A | a2 || A e
j>-1 m<j—1
= 3 2 AR e
i=-1
x D0 27Ttk E e Bme Ay 2 29| Al 1o
m<j—1
< > 2| Ak Y 2T PO A ] a2 Ash e
j>-1 m<j—1
1 1
< (D 22 anlE:) " (D 2 lIA )
j=>-1 j=-1
% 9—B(j—m)g(s+a)m| A
| = 1Amolze
m<j—1
1 1
< Clllggess [Rle - (D2 2729) 7 (D0 22 aslf3a )
j>-1 j>—1
<Cll g [l e 0] e
Cr
S A [ (3.10)

The term involving I, é is bounded by
V= 3 2 ARl e YT 2R A e Aro] e
i>-1 k>j—1
= D7 29 Ashllps Yo 2R DR N Ay 2 Ay 2

i>-1 k>j—1
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=D 27| Ah|

j>-1
« Z 2(1+%fsfafﬁ)j+(1+%f2sfafﬂ)(kfj)2(s+a)k||§kv”L2.2(s+ﬁ)kHAkh”L2
E>j—1
< 29| Ajh| e Y 27 ORI OR A y|| o 2R AR 2
i>-1 k>j—1
< ( Z 22sj||Ajh||%2>§.H Z 2*(jfk)2(s+a)k||&U||L2.2(s+ﬁ)k”Akh”L2 ]
=1 k-1 :
1 1 . )
< (D2 2aghlEe) " (30 279) |2 Al g -2 A e |
i>-1 i>-1 :
1 1 1
j 2 s ; 2 L~ 3
< (D 22agnlia) - (30 22 A" (DD 22 Ao
i>-1 i>-1 i>-1
S Clhllgs+s ]| = (V] rose
n Cr
Sg”hll?{ﬂﬂf+?Hh”%{5|‘v”%s+a; (3.11)

where we have used Young’s convolution inequality.
Combining these estimates from (3.3) to (3.11) and using the Lemma 3.1, we have

d
= Ol + 1hl%e) + (v = CabllvlE. = Co6% = Cr bl Yol

n
+ (= Callolid ) 1hll3ers + 20l
IS +CIVU e + N0 I) (B0l + 1A%
< Cee™ 100 g5 v+ Ce™ O (95l srov2 + 195 1 s2) (Ol +10lF)-  (3.12)

We now choose 6 satisfying

v
0= —
2Cs’
for which
1
v —Cgh? = §V9.

We apply the bootstrap argument to (3.12) to establish that 8||v(t)]|%. +||h(t)]|%. re-
mains uniformly bounded if 8||vg||%. +|/hol|%. is taken to be sufficiently small. The
bootstrap argument starts with an ansatz that 0||v(t)||%. +[|h(t)||%. is bounded, say

Ollo(®)lI7- + IR ()l <o

and shows that 0||v(t)||%. + ||h(t)||%. actually admits a smaller bound, say

g

Ollo@) 7+ 1A @) 17 <5
when 6||vo||%. + ||ho||%- is sufficiently small. A rigorous statement of the abstract boot-
strap principle can be found in T. Tao’s book (see [28, p.21]). To apply the bootstrap
argument to (3.12), we assume that

n v v

Ollo(0) e + IR0y <o :=min{ 37, 7225 10, (3.13)
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Clearly, when (3.13) is fulfilled, we have
V0 — Cu0|v]|%. — C02— Cr ||h]|%. >0 and Z—cs [v]/%. >0.

It then follows from (3.12) that

1d
gg(ﬁllvllﬂs + A7)
<Cee |5 |1 Frera +Ce™ " (95| mrovz + |95 Frovz) (Bll0 1 Fre + [1Rl1F+)-
Integrating in time and using the assumption in Theorem 1.1 yield
Ollo@®)1 -+ a0 17

e 112
<O (ol + ol + 671 s ) e U98ms2 4195 15res2) < G

Choosing

. n v v
5= 0
mm{ga—,cs’ 8C,Cs 807(]8} ’

then we have

g
Ollo ()17 + 1)1z < 5-

This proves Theorem 1.1. ]

4. Proof of Theorem 1.2
This section proves Theorem 1.2. Since the proof shares many similarities with that
for Theorem 1.1, we shall just provide the details for those parts that differ.

As a preparation of the proof, the following lemma provides upper bounds for U
and f in the 2D case.

LEMMA 4.1.  Let ¢ be given by (1.7), and Uy and By by (1.8). Let U(t) and B(t) be
given by

Let f be given by
f=-U-VU.
Then the following estimate holds. For any s> 1,
[T )| a2s < Cem % [l | o2, (4.1)
IVT [ rs <Cem @ |45 | o2,
[ fllre < Cee™ 2t Y51 Fasa

Proof. (Proof of Theorem 1.2.) The first part of the estimates can be similarly
proven as in the proof of Lemma 3.1. To prove (4.1), we write

Y= CNYS U=V xy
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and rewrite the first component of f as
im0V
= 01102021 — 021001027
= (01 — 02)102021) + 021p Do (02 — 01 ).

By Holder’s inequality and Sobolev embedding, for s> 1,

£ e < C (181 = B2)| e |9 o2 + 90| o1 ]| (D2 — O )| s
< Ce™ 20 ([1(01 — Oo) g || 11 195 | o2 + 196§ | s+ | (D2 — 81 )65 || o)
< Cee (|| o 106 | e + 105 e 1905 | o)

< Cee |51 Fosa-

The second component of f admits the same bound. Therefore,
1 lere <1 e+ 12 e < Cee™ 2900|4553

This completes the proof of Lemma 4.1. ]

The proof of Theorem 1.2 is close to that for Theorem 1.1 and we omit the details.
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