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VANISHING VISCOSITY LIMIT FOR COMPRESSIBLE
MAGNETOHYDRODYNAMIC EQUATIONS WITH TRANSVERSE
BACKGROUND MAGNETIC FIELD*

XIUFANG CUIt, SHENGXIN LI}, AND FENG XIE$

Abstract. We are concerned with the uniform regularity estimates and vanishing viscosity limit
of the solution to two-dimensional viscous compressible magnetohydrodynamic (MHD) equations with
transverse background magnetic field. When the magnetic field is assumed to be transverse to the
boundary and the tangential component of magnetic field satisfies zero Neumann boundary condition,
even though the the no-slip velocity boundary condition is imposed, the uniform regularity estimates of
the solution and its derivatives still can be achieved in suitable conormal Sobolev spaces in the half plane

R%r, and then the vanishing viscosity limit is justified in L°° sense based on these uniform regularity

estimates and some compactness arguments. At the same time, together with [X. Cui, S. Li, and F.
Xie, Nonlinearity, 36(1):354-400, 2022], our results show that the transverse background magnetic field
can prevent the strong boundary layer from occurring for compressible magnetohydrodynamics whether
there is magnetic diffusion or not.
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1. Introduction

In this paper we consider the vanishing viscosity limit of the solution to two-
dimensional viscous compressible magnetohydrodynamic (MHD) equations in the half
plane R? :={(z,y)|z €R, y>0}:

Op®+V-(p°ve) =0,
O (p°ve)+div(p*veE @ Vve) —epAve —e(pu+ A V(V-vE) + Vp* = (V xB®) x B,
0B —V x (v xB®)=exAB¢®, div B=0,

(1.1)

where p° is the density, v¢ = (v§,v5) denotes the velocity and B¢ = (b5,b5) stands for the
magnetic field. The viscosity coefficients ey, e\ and the magnetic diffusion coefficient
ek are assumed to be of the same order in terms of a small parameter € with x>0 and
p+A>0. The operators V= (9,,0,) and A=09? —&—85. The pressure p° is a function of
p°, which takes the following form:

=), =1, (1.2)

where v is the adiabatic constant. The initial data is given by
(0%, v",BY)(t,2,9)|e=0 = (05, v6, Bo) (2, 9).
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The no-slip boundary condition is imposed on the velocity field:
vE]y=0=0. (1.3)

The main goal of this paper is to analyze the effect of transverse background magnetic
field on the vanishing viscosity limit process of the solution to (1.1)-(1.3). Consequently,
we impose the following boundary conditions on the magnetic field.

8yb§|y:0:0a b§|y:O:1 (14)

As is well-known that the system of magnetohydrodynamic (MHD) equations
is an important model in plasma physics, and also attracts many attentions from
mathematicians. FExtensive works exist for the study of compressible MHD equa-
tions [6,7,10,14,16,32] and incompressible MHD equations [2-4,21,22,31].

The inviscid limit problem is also an important but challenging problem in both
hydrodynamics and applied mathematics, see [1,5,8,15,28,29]. Particularly, when the
inviscid limit process is considered in a domain with boundaries, it becomes much more
challenging due to the possible presence of strong boundary layers [25,26,30].

However, when the Navier-slip boundary conditions are imposed for both velocity
and magnetic field, the strong boundary layer usually disappears. Thus, under this kind
of slip boundary conditions, it is reasonable to justify the inviscid limit of solution to
incompressible MHD system directly without studying the boundary layers, see [11,34,
36]. But, when the velocity is given the no-slip boundary condition, in general the strong
boundary layer always occurs. At least, it is the case for the Navier-Stokes equations
[12,17,24-26,35]. Consequently, due to the appearance of strong boundary layer, the
inviscid limit in L sense becomes dramatically difficult as the viscosity coefficient goes
to zero. And the essential difficulty is due to the uncontrollability of the vorticity of the
boundary layer. Recently, although the no-slip velocity boundary condition is imposed,
Liu, the third author and Yang not only established the well-posedness of the solution to
MHD boundary layer equations but also proved the validity of Prandtl boundary layer
expansion in the Sobolev spaces under the condition that the tangential component
of magnetic field does not degenerate near the physical boundary initially in [18,19],
where the tangential component of magnetic field plays a key role in the stability of
boundary layers and vanishing viscosity limit process. Thereafter, under the no-slip
boundary condition on velocity, Wang and the third author established the inviscid
limit result for two-dimensional compressible viscoelastic equations in the half plane
n [33]. Similar conclusion was proved for the incompressible [20] and compressible [9]
non-resistive magnetohydrodynamics equations. These two results reveal a different
phenomenon that both non-degeneracy deformation tensor and transverse background
magnetic field can prevent the strong boundary layer formation. It is noted that the
magnetic diffusion term is included in (1.1) compared with [9].

The main task of this paper is to prove that the solutions to viscous MHD equations
(1.1)-(1.4) converge to the solutions to the following ideal MHD equations as the small
parameter € goes to zero.

9ep” +V - (p"v?) =0,
¢ (p°v9) +div(p’vP @v?) + Vp' = (V x B®) x B?, (1.5)
0B’ —Vx (v'xB% =0, div B’=0,

where v = (v{,v9) is the velocity and B® = (b9,b3) denotes the magnetic field.
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To formulate the main results, we introduce the following conormal derivative op-
erators of functions depending on (¢,x):

Zo=0y, Z1=04, Zo=0(y)0y, Z*=Z;°Z"Z57,

where the spatial variables x=(z,y), the multi-index a=(ag,a1,02) and |a|=ap+
a1 +ag. The smooth and bounded function ¢(y) satisfying ¢(y)|,=0 =0 and ¢’|,—¢ >0,

typically, we can choose ¢(y) = ﬁ
For any integer m € N, we denote the conormal Sobolev space

HZ([0,T)xRY) ={f(t.x): Z*fe L*([0,T] xR3), |a|<m}.

For any ¢ >0, we set the norms

IFOI= > 1Z°f(t)ze e,

o] <m

and

t
s = [ N7l
As usual we use the notation
Wi (10,T]xRE) ={f(t,x): 2°f € L*([0,T] xR}), |a| <m},
and

||f||m,oo: Z ||ZafHL§,Cx‘

la]<m
It is also convenient to introduce the functional setting

A" () ={(p,v,B): 8Z(p 1,v,.B— ) cHT " i=0,1}

with ey (0,1).
To derive the uniform conormal estimates of the classical solution (p®,v®,B?) to
compressible MHD Equations (1.1)-(1.4), we introduce the following energy functional:

Nalt)= 32 s [ (o @120 o) 20 (B =)o)

laf<m =5t

+7’1(p5)’1|3“(p5(8)—1)\2)dX+Hay(vs,bi,pf)llzg—l

ORI,y + el TV gy et NIV V7 Py 2| VB 3,

2R 005 s + €2 AP0S4 R3O 1 (L6)
Now, we are in a position to state the main results of this paper.

THEOREM 1.1 (Uniform regularity estimates and inviscid limit). Let the integer
m>9. Suppose the initial data (p§,v§,B§) satisfies

ZIW —1,v5,Bj— ¢l <o, (L.7)



1366 VANISHING VISCOSITY LIMIT FOR COMPRESSIBLE MHD

where 0 >0 is some sufficiently small constant. Moreover, Bf satisfies the compatibility
condition div B§=0. Then for the classical solution U® = (p°,v¢,B%) € A™(T) to the
initial boundary value problem of viscous compressible MHD Equations (1.1)-(1.4), there
exists a time T >0 independent of e, such that for any t €[0,T), the following regularity
estimate holds:

No(t) 4y e@u+A) Y ()L (1) 270Lp" (t)Pdx < Co (1.8)
= JR2
REE I
where C' >0 is some constant, which is independent of €.

Moreover, there exists a unique solution U° = (p°,v®,B®) € A™(T') to the ideal com-
pressible MHD Equations (1.5), such that

. e_ 7170 . =
limy sup (07 =U0)(6)leqe) =0

REMARK 1.1. It is direct to compute af(pa—l,va,BE—e_;)h:o, k€N through the
equations (1.1), then the time regularity requirement is converted to the initial data
(p§— 1,V8,B8—6_7;) and its spatial derivatives up to order 2k(k<m). Moreover, the
divergence-free condition is guaranteed by the constraint of the initial data div B§=0.

Before proceeding, let us explain the difficulty and related strategy for the proof
of the main theorem. Compared to the previous work [9], the presence of magnetic
diffusion term ek ABF® in (1.1) will produce more mixed terms of higher-order derivative
when we derive the conormal estimates of 0,v; and dyb1, which makes the analysis in
this paper different from the arguments in [9]. Moreover, the conormal estimates for
Oyv1 and Jyb; should be estimated together by using the equations of by and v; here.
And the mixed terms appearing in the left-hand sides of (4.3) and (4.5) are cancelled
by using the boundary condition of 0,b1|,—¢ =0.

Here, it should be emphasized that the uniform estimates of the first order nor-
mal derivative of 9, (v®,b,p%) and only the second order normal derivative of 92v5 are
achieved in (1.8). However, both the first order normal derivative of 9,(v®,B¢,p°) and
the second order normal derivative of 65 (ve,B®,p) were obtained in [9]. In fact, we be-
lieve that the uniform estimates of high order normal derivative of 9; (v¢,B*,p%) (i>3)
still can be derived in [9], where there is no magnetic diffusion term of ek AB€ in (1.1),
provided that the high order compatibility conditions are assumed there. But, if there
exists a diffusion term of ekAB® in (1.1), it seems that it is impossible to derive the
uniform estimates of the high order normal derivatives, even for the second order nor-
mal derivative of 9 (vf,b5,p). As a consequence, we can only use the uniform estimates
of ||(v,B¢,p%,0,yv2)|| 1 to close the a priori energy estimates in this paper, which is
truly different from the analysis in [9]. In other words, when there is a diffusion term of
ekABF® in (1.1), at this moment we only prove that the O(1) boundary layer does not
appear when the vanishing viscosity solution to (1.1)-(1.4) is considered.

In addition, the form of boundary condition (1.4) is not essential. Precisely, the
value 1 of b5 on the boundary can be replaced by any given function f(¢,2), which
satisfies 0 <c< f(t,2) <C. Then, the results in Theorem 1.1 are still believed to hold
true. It is noted that all of these results only depend on the main assumption that
the background magnetic field is transverse to the boundary. Finally, in addition to
its own significance, this paper can be regarded as a complement of [9]. And both of
these results show that the transverse background magnetic field can prevent the strong
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boundary layer from forming, whether there is magnetic diffusion term of ekABE in
(1.1) or not.

The paper is organized as follows. In Section 2, we give some elementary lemmas.
Section 3 is devoted to the uniform conormal energy estimates of the classical solution to
(1.1)-(1.4). We establish the conormal estimates for normal derivatives of the classical
solution in Section 4. In Section 5, we prove Theorem 1.1 based on the estimates
obtained in Section 3 and Section 4.

In the following parts, we use notation A < B to represent A <CB for some generic
constant C >0 independent of . And we denote the polynomial functions by P(-),
which may vary from line to line. The commutator is expressed by [-,-].

2. Preliminaries

In this section, we present some elementary lemmas that will be used frequently
later. The first one is the Sobolev-Gagliardo-Nirenberg-Moser type inequality for the
conormal Sobolev space and its proof can be found in [13].

LEMMA 2.1.  For the functions f,ge€ L>([0,T] xR3)NHZ([0,T] x R%) with meN, it
holds that for any o, €N with |a|+|3]=m,

t t t
Lzt p@ras<inly, [ ookt [ 15@Es @
Next, the anisotropic Sobolev embedding property in the conormal Sobolev space

can be found in [27].

LEMMA 2.2.  Suppose that f(t,x)€ H3 ([0,t] xR2) and 0, f € HZ,([0,t] x R%), then

t
1175, SNFO)3+ Hayf(O)II?Jr/O (I£ )13+ 10y f (5)]]3) ds.

To deal with the commutator involving conormal derivatives, we need the fol-
lowing properties of commutators. The proof can be found in [27]. For any integer
m>1, there exist two families of bounded smooth functions {¢x m(¥)}o<k<m—1 and
{¢"™(y)}o<k<m—1 depending only on ¢(y), such that

m—1 m—1
[25.0)=>_ brm(W)Z50, =Y "™ ()0, 2} (2.2)
k=0 k=0

3. Conormal energy estimates

For simplicity, we omit the superscript € in the rest of paper without causing con-
fusion. The conormal energy estimates of the classical solution (p,v,B) are considered
in this section. We rewrite the system (1.1) as follows.

Op+v-Vp+pV-v=0,
POV +pv-Vv—ecpuAv—e(p+A)V(V-v)+Vp=(VxB) xB, (3.1)
0;:B—V x (vxB)=exAB¢, div B=0.

LEMMA 3.1. Under the assumption in Theorem 1.1, the classical solution (p,v,B) to

the viscous compressible MHD Equations (3.1) with the boundary conditions (1.3)-(1.4)
satisfies

> [ (ptizev(or+120 B0 -2y (01200 - 1)) dx



1368 VANISHING VISCOSITY LIMIT FOR COMPRESSIBLE MHD
t t t
+6,u/ Vv, ds+5(u+A)/ ||v-v||fnds+m/ VB2, ds

ST [, (lzw 120 B0 ) 710512700 D) s

la]<m

.
+ [(Hll(p,v,B—ey,ayvz)lfm/z]ﬂm) +[1(8y v, 0,B)(0)][2,, /214
t 2 1 5 2

+ [ 100 B) Ry ds+el00.0,00.0,00) e (14100 br.0y2) ) }

1 t

] —
> [ 1B D, s
j=0"0

Proof.  For any multi-index « satisfying |«| <m, we apply the conormal derivatives
Z to the last two equations in (3.1). By multiplying (Z%v,Z*(B —e_?:)) on both sides
of the resulting equalities and integrating them over [0,¢] x Ri, we get

%/ (e0IZov ()P +12°B(1) - e))] )dxﬁ/R (pol2vol +12° By — &) dx

—5u// ZYAvV-Z% dxds+e /H—)\// ZV(V-v)-Z% dxds
R2 R2

—|—f0 fRi Cy-Zov dxds—|—f0 fRi Cs-Z%v dXdS-l—EK,fO fRi ZAAB- 2%(B —e,))dxds

t t
—/ Z%Vp- 2% dxds+/ Z[(VxB)xB]-Z% dxds
2

o Jr2
t
+// ZYV x (vxB)]-Z%(B—e,) dxds, (3.2)
0 JR2
where
Cf =—[Z%pdlv=—">_ CEZpZ70v,
Bty=a
181>1
and
Cs=—[Z%pv-V]v Z CBZP(pv)- 27V — pug - [2%,0,]v.
Bry=a
181>1

In what follows, we deal with term by term of (3.2). The first three terms on the
right-hand side of (3.2) have the same estimates as [9].
To consider the fourth term on the right-hand side of (3.2), we have

¢
/ Cs-Z% dxds
0 JR2

=Y 05/ / zﬁ (p1)- 270,V - 2OV — pug 2,8, ]v- Z%V
]RZ

Btvy=«a
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t
+Z’3(pv2)~276yv2~20‘02) dxds+ Z C;f/ Zﬁ(pvg)-278yvl-2av1 dxds.

e o Je
|B1>1

(3.3)

The first term on the right-hand side of (3.3) is estimated by

Z C’ﬂ// ZB (pv1) - Z70,v-ZYv — pva[ 29,0, V- Z%
RZ

Bty=a
[B1=1

+Zﬁ(pv2)~278yv2-2av2) dxds

1 ¢ 3 ¢ 3
s|<p,v,ayv2>|%mz( / ||a;<p—1,v>|ajds) ( / ||v||3nds)
7=0

For the second term on the right-hand side of (3.3), we have

Z C’ﬁ/ zﬁ(pm)-zmyul-z%l dxds

Bty=a
18121

Z Cﬁ/ Zﬁ(pvg)~Z"8yv1~Z°‘vl dxds

BHv=a
1<81< 7]

¢
+ Z Cg/ ) Zﬁ(ﬂvz)'zyaym-zavl dxds
0 JR2

1<|v[<IB]

t
+/ Z%(pvg) - Oyv1 - Z%v1 dxds. (3.4)
0 JrZ

It is direct to bound the first two terms on the right-hand side of (3.4) by

i ¢ 3
10.02) | 1. ( / 18,001 1ds) ( / ||v1||$nds)
(0,98, 01, 6 03) 2100 ( / lo= Lo w)2 1ds) ( / ||v1||mds)

(10w 0 o) ([ M0 100 st [ funlias).

Next, we consider the third term on the right-hand side of (3.4). Let by =by—1.
Then the equation of b; can be rewritten as follows.

0yv1 —|—sm‘3§b1 = —Eliailh —|—8tb1 +v18mb1 — Egayvl +'U28yb1 +b1(9y’l}2. (35)

Inserting above equality into the third term on the right-hand side of (3.4), we have
t
/ Z%(pv2) - Oyv1 - 2%y dxds
r?

t
:—En/ Z“(pvg)-aibl-zavl dxds
0 JRr?
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t o~
+/ Z%(pva)- (—En@ﬁbl +0;b1 +v10:b1 +b10yv2 + 020,01 — bgayvl) - Z%1 dxds.
0 JR2
(3.6)

By (2.2), the first part on the right-hand side of (3.6) can be handled in the following
way.

t
—{-Ili/ Za(pw)-agb1~z%1 dxds
0o Jr2
=—¢K Z / Zﬁng)_lZ”vg-qﬁ@;bl-Zavldxds
——¢k Z / zﬁp¢—1zw2-z2ayb1-zav1 dxds

ezl N0 0lie, ([ 1610, |mds) ([ mie.s)’

<l o, [ 10t lzds % [ 10,0135

The remaining terms on the right-hand side of (3.6) can be estimated directly.

t
/ zZ¢ (p?]g) . (— a&@ibl +0¢b1 +v10,b1 +b16y1}2 —|—U26yb1 — bgByvl) - Z% dxds
RZ

1
2

~ 3 t
§(1+||(Pﬂh;¢5yU1,’02,¢71U273yU2,b17¢3yb17¢71b2)||2,oo) (/0 ||(P1,U2)|$nd8>

¢ 3
([ 1tz
0

§(1+ ||(p7U17U27b1,8yU2)|

)’ [No-1las

To handle the fifth term on the right-hand side of (3.2), by integration by parts, we
have

t
an/ Z°AB-Z°(B—e¢,) dxds
0 JR2

¢ ¢
:—sn/ ||VBH72nds+5/-z/ / [2%,V-]VB-Z%(B—e¢,) dxds
0 0 JRY
¢
-‘rEIi/ ZOVB-[2%,V](B—e,) dxds. (3.7)
0 Jr?
For the second term on the right-hand side of (3.7), due to (2.2), one has

t
sn/ [za,v-]VBza(B—?y) dxds

—mz/ ¢km )0y Z50yb1- 27Dy dxds
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+ek ¢km )0y 2 0ybs - 2% (by— 1) dxds. 3.8
Z

By integration by parts, the first term on the right-hand side of (3.8) is estimated as
follows.

mz / gbk " (y) 0y 280, by - 27y dxds
:—an/ By dF ™ (y) ZE D, b1 - 2°by dxds
—mz / ¢’f " (y) 25 0yb1 -0y Z°by dxds

/ 10,b 12, ds+ / (6112, + 19,ba 2,_y) ds

Since V-B =0, the second term on the right-hand side of (3.8) satisfies
m—1 .t
ek Z / / "™ (y) 0y ZyOyba - 2% (b — 1) dxds
RZ
:—5/{2/ gi)km 82 0:b1- Z%(bay—1) dxds
/ 10y b1||mds+0/ lbo —1]12, ds.
For the third term on the right-hand side of (3.7), by (2.2), we have
t — EI€2 ¢ ¢
m/ ZVB-[2%V](B—e¢,) dxdsg?/ ||VB|\3nds+C/ 10, B||2,_; ds.
0 JR? 0 0
Then we write the sixth term on the right-hand side of (3.2) as follows

t
—/ Z%Vp- 2% dxds
2

/Ot/RiZ“(pl).[v,Za]v dxd/ot/Ri[Zo‘,V](pl).Zav dxds
+/Ot e Z%(p—1)-Z*(V-v) dxds. (3.9)

The first two terms have the same estimates as [9]. Hence, we only pay attention to the
last term of (3.9). We insert the equation of momentum

Vv=—v"tptop—y'p~lv-Vp

into the third term on the right-hand side of (3.9) to get

/ot/Rz Z%(p—1)-Z%(V-v) dxds
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¢
=—q1 Z Cg/ Z%p—1)-2Pp19,27(p—1) dxds
BHy=a 0 JRY
¢
—7*1/ Z%p—1)-ptv-Z2°V(p—1) dxds
0 JR2
¢
—yt Z C’g/ / Z%p—1)-2°p~127v-Z'V(p—1) dxds. (3.10)
0 JR2

B+vy+i=a
[e]#]a|

The first term shares the same estimates as [9]. Then we write the second term on the
right-hand side of (3.10) as follows

¢
—’y*l// Z%p—1)-p~'v-2°V(p—1) dxds
o Jr2
t
=—7‘1/ Z%(p—1)-p~v-[2%V](p—1) dxds
0 JrR2

¢
—’y*l/ Z%p—1)-p~'v-VZYp—1) dxds. (3.11)
0 JrR2

The first term on the right-hand side of the above equation shares the same estimate
as [9]. The second term on the right-hand side of (3.11) can be treated as follows.

t
fyfl/ Z%p—1)-p 'v-VZ%(p—1) dxds
0 JR?

t
—— o [ [ -7 Iz vfixas
27 Jo RZ

t
< (19:p e, sl as, + 11600~ as, 6 vallugs, + 0~ 22, IV Vilezs, ) / lp— 1|2 ds
0

t
—1 —1 2
S (I ellonlh e + 17 cl@yvalezs,) | llp= 11 s
0

Next, we divide the last term on the right-hand side of (3.10) into three parts.
t
-ty 05/ / Z%p—1)-ZPp1Z7v.Z2'V(p—1) dxds
0o JR%

Bty+i=a
[e]#]ex|

¢
=—q! Z Cﬁ// ZYp—1)-2°p~ 127, 0,2 (p—1) dxds
0 JRZ

Btrti=a
lellal
t
—~71 Z C’aﬁ/ Z%p—1)-2Pp 120,20, (p—1) dxds
Byt i=a 0 JRE
Iyl lel#lal
t
—771/ Z%p—1)-p 2% 0y(p—1) dxds. (3.12)
0o JR2

For the first term on the right-hand side of (3.12), we have

t
-7t Z Cﬁ// ZYp—1)-28p 1270, -0, 2 (p—1) dxds
gm0
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<1 p) ||1oo(/ I~ — L= DI ds) (/ Ip—1]2, ds)

As for the second term on the right-hand side of (3.12), it holds

Z CB// Z%p—1)- 712V1)2'Zbay(p_1) dxds
]R2

ftrti=a
[v] el # el
1
[ S 1oz mlinloz om0l ([ 120 s ds)
BHy+i=a
[yl el <181
%
D S S P X  NTaE R ey

Bt+i=a
B[]S IvI<le]

t
oy ||Zﬂp1||L:fx||¢1zqu||fo(/ ||¢ZLay<p-1>%ngds)
Btrti=a 0 )
[BLIvIS|el<|e]

¢ 3
([ 122 0-13z305)

S a«)z)n[mmmz(/ 00257 <100y ) ([ Io-1as)

(3.13)

Nl

From the second equation in (3.1), we have

Oyp—e(2p+ /\)851)2 = —p0yva +b10,b2 — pv - Vg —b10yb1 +5u8§1)2 +e(p+A)0y0zv1.
(3.14)

Hence, the last part of (3.12) can be rewritten as
t
—’y*l/ Z%p—1)-p 1 Z%9y-0,(p—1) dxds
0 Jr?
¢
—e(2u+A)y" / Z“(p 1)-p 'z~ v2-8§v2 dxds
e(p+A)y / / Z%p-1)- %z-ayaxvl dxds
]R2
+9- 1/ Z%p—1)-p 2% (patvg—bﬂ%bz +pV~Vv2—5,u8§v2) dxds
0 JRZ
t
ﬂ*l/ / Z%p—1)-p ' Z%4-b10,b1 dxds. (3.15)
0 JR2
The first term can be estimated in the following way.

¢
—5(2H+>\)’Y_1// Z%p—1)-p ' Z%;- 0 vy dxds
0 JRr2
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1
t 2
<ell602usll e 197 1 nss, ( / JRERIT dxds>
+

" 3
. / / H(bilZQ'UQH%ng dxds
0 JR2 oY

t
ol I, [ =112, as

€ 2 t
g%/o 10, v]12, ds +Cel|, 02
Similarly, the second term has the bound
6,”2 t t
[ 1oyl ds e Celer ol s, [ I - 112, ds
0 ’ 0
and the third term on the right-hand side of (3.15) can be bounded by
-1 — 3 ¢ 2
I rs (1 10%. 0,00 B lac) [ ezp=1)Eds.
0

To estimate the last term of (3.15), by the first equation in (3.1), we have

Oyb1 = pdyv1 +0up+b20sbs — badyby + pv - Vi —epdivy —e(p+ )95 (V- v) —epd2vy,
(3.16)

which yields that
t
7_1/ Zo‘(p—l)~p_1Zav2~b18ybl dxds
0o JRrZ
t
:—slwfl/ Za(p—1)~p712av2~b13§vl dxds
0o Jr2
t ~
+7_1/ / Z%p—1)-p ' Z%; b (Patv1 + 0y p+b20,b2 — ¢~ 1oy by
0 JR2
+ p10,v1 + pd L2y vy — vy —e(p+ )9, (V- V)) dxds. (3.17)
The first term can be handled as follows.

t
—Eu’y_l/ /]R2 Za(p—1)~p_lZ“v2~b13§v1 dxds
0 +

2

1
t 3 t
Sc‘f”p_l”[zth||b1||Lz°xH¢aS’U1HLt°’°x (/ ||Za(p_1)||%%L3 dS) </ ||¢_1ZQU2||%%L§ dS)
0 0
75/‘2 ' 2 2 12 2 i 2
5 6 /0||8yU2||md8+€||ay’Ul||1,oo”p_ ||Lt°°x||b1||Lt°,°x/0 Hp—1||mds.

The second term on the right-hand side of (3.17) can be bounded by

— — 3 ¢
o™ zas Il e, (14 11(p 01, B=e3,002) 1,00 / (02— D)2, ds.
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It remains to estimate the last two terms on the right-hand side of (3.2).

t t
/ Z|(VxB)xBJ]-Z% dxds+/ ZO‘[VX(VXB)]-Z‘X(B—e_;) dxds
0 JrZ 0

R2

Z CB/ / Zﬁbga ZngZo‘vl +Zﬁ’016 Z’Yblz b1
B+r=a RY

—Zﬁbl(')mz’ybgzo‘vg—Zﬁb26w27v12%2—Zﬁvlﬁmzwbgz 62
1 200,80, 20y 2%y +zf%zamzvblz%) dxds

+ Z Cﬁ/ / 2562278 blz’lvl—ZﬁhZ”@ b12‘”02+25b2276 v1Z2%;
Bty=c RY

— 290, 270,022, — 2P0, 270,b1 2%, ) dxds 2T + T, (3.18)

First we consider the case y=«. By integration by parts, we write the terms on the
right-hand side of (3.18) as follows

t t t
/ 8$b22ab22a1}1dxd8+/ azblzavlz"bldxds—/ &CblZanZabgdxds
0 JRZ 0 0 JRY

=
1 ! « 7N\ (2 ! a @
+= V-v|Z4B—e,)|” dxds+ 0yb1 2701 2% dxds. (3.19)
2Jo Jrz 0 Jr2
It is easy to bound the first four terms of (3.19) by

t
(01, 8,02,b1,52) | 1,00 / (01, 02,51, 52) |12, ds.
0

By (3.16) and the Sobolev embedding inequality, the last term on the right-hand side
of (3.19) is solved by

t
/ 8yb12°‘b12%2 dxds
0 JRZ
t t ~
:—6/1,/ agvlzablzaw dXd8+/ / (pa{l]l +8zp+b28mb2—¢*1b2¢8yb1
0 JR? 0 JR2
+ pv10,v1 +p¢*1v2¢8yv1 —epd?v; —s(qu)\)az(Vw))ZablZavg dxds
¢ 3, ot 3
Sellodzunluzs, ([ 12w0lasgas) ([ 167200l a5)
- 3t
(L 1ponpbr B dyua)lzee) [ e b ds
0
5M2 ‘ 2 2 ! 2
S [ oyl s+ elo,mlee [ I0n]2 s

— 3 ¢ 2
(LB Gpdelan) [ st ds (3.20)
0

Next, we consider the case || <|a|. It is easy to know I; has the bound

6B [ 0B =51 s
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Special attention is paid to Iy. When 1<|8| < 7], it is bounded by

1B = &) 210 (/ 1(@yv,0,B) %, 1ds) (/ Iv,B-2) ||mds)

When |v] <|B8| <|al, the Sobolev embedding inequality yields that

1

i 2

LS Y. sup [[(270,v,270,B)(s)l| s 12 (/ 1(Z2%v, 28 (B—ey)lI72 1 ds)

Bty=o 0<s<t Y 0 Y
V<8<

t 2
([ 1z2v.z2 @)z )

" 3
< [l(ayv(o)ﬁyB(O))[m/2]+2+ ( JRICRR R e ds) ]

([ i) ([1omomi i) ([ ivp-aia)

t
< (1+||<ayv<o>,ayB<o>>||%m/2H2+ [ 10,3081, 5)

</||8V8B| 1ds—i—/||vB ||2ds)

When S =a, we write Iy as follows

W=

t t
—/ ayvgzablZabl dXd8+/ 811191 (Zabgzavl—QZO‘blz%z) dxds
0 Jr2 0o JrRZ
t
+/ / 8yvlzab220‘b1 dxds. (321)
0 JR2
The first term of (3.21) can be handled by
t t
—/ Dyv2Z%b1 Z% dxds§||8yv2||L?ox/ (16112, ds.
0 Jr? T Jo

The second term has the similar estimates as (3.20). For the last term on the right-hand
side of (3.21), by (3.5), we have

t
/ ay’t)lzabzzabl dxds
0 Ri
t t
=—¢k / D2b1Z%by Z°by dxds —ek / D201 Z%by Z°by dxds
0 JR2 0 JRZ

t
+/ (@bl +v10,b1 — bgay’Ul +1}28yb1 —|—b1(9y1}2> Z%9 Z%b; dxds
R’

t _ 3, gt 3
<e s 100 @)l ( [ 107 2Balzsgds) ([ 1203y o)
0<s<t 0 oY 0 Y
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(1+‘| v17b17¢ ’U27¢8 b27a V2 ||200 / ”B_ey”2 ds

2
< [1omias (101 + [ 10l as) [ bl ds

- 2 i g
(LI B e ane) [ B2 ds,
0

Collecting all the above estimates and by Holder’s inequality, we prove Lemma 3.1. 0O

4. Normal derivative estimates

To close the energy estimates in Section 2, it suffices to derive the conormal estimates
for the first order normal derivatives of (v,B,p) and the second order normal derivatives
of vo due to Lemma 2.2, which are carried out in the subsequent parts.

4.1. Conormal estimate of J,v;.  We first consider the conormal estimate of
0yv2. By the equation of density, one has

Oyvo=—0,v1— 'ptop—y'p v - Vp. (4.1)

For any multi-index « satisfying || <m—1, by applying Z¢ to the above equality and
taking the L? inner product on both sides of the resulting equality, it follows that

¢ t ¢
// \Zaayv2|2dxd3§// |Z“8wv1|2dxds+// |Z%(p~ ' 0sp)|? dxds
0 JrZ 0 JRZ 0 JRZ
¢
+// |Z%(p~ vy - Dpp) |? dxds
0 JRZ

t
+// |Z%(p~ vy - Oyp)|? dxds. (4.2)
0 JRZ

The first three terms on the right-hand side of (4.2) share the same estimates as [9)].
On the other hand, by the same trick as (4.6), the last term has the bound.

t
| [ 1250 v oy Paxas
0 ]Ri_
t
—112 2 2
S~ 0, [ o= 105
t
+ sup 18,0(5) 20 12 1912 / 1203125 1 ds
0<s<t z Y *Jo zy
t
1Pl e 10y 3 / o™t — 12, ds.
’ 0

Notice that by the Sobolev embedding inequality, the second term can be estimated as
follows.

sup 10,0(5)[130 12 o113, / 12035 1.0 ds
0<s<t - Y

t
<l 1 (10,0008 + [ N0,01Eds) [ ol ys 5 [ 1oypali
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Thus we obtain the estimate of 0yv;.

t t
o _ 2 _
| [ 1200k dxds S 0 e 00l ) [ No1p=107 < DI ds
0 JR2 0

t t
- %;?Ox Y % Y 3 2 721171 :
o™ Mg, (19yp(0)]12+ | 10ypll2 ds ; o271 ds

4.2. Conormal estimate of J,v;. Then we consider the conormal estimate
of dyvy. For any multi-index « satisfying || <m—1, by applying M%Zo‘ to (3.5) and
taking the L? inner product of the resulting equality, we have

¢
/ /2 (1|Z290y01|* +ek M\Za82bl\ )dxds+25/w/ Z%0yv; - Zo‘82b1 dxds
R

// Zo‘82b1|2dxd8+,u// |8tZO‘b1|2dxd8+,u// *(v10,b1)|? dxds
R2 R2
+,u/ / bga v1))? dxds—l—u/ / “(v20yb1) % dxds

R2

+u// *(b10yva)|? dxds £ e?k? // | 2020, |* dxds+J. (4.3)
R% 0 Jr2

By integration by parts, we handle the second term on the left-hand side of (4.3) as
follows.

t
25/{/1/ Z%0yv1 -Z“&jbl dxds
0 JrR2
t t
:25/~w/ ZY0yv1 - [2,0y]0yb1 dxds—25/$u/ / [0y, Z2%|0yv1 - Z2°0yby dxds
o Jr2 0 Jr2

t
—2€fw// Z"“@;vl-zo‘aybldxds, (4.4)
=

where the boundary condition 0,b1|y=o =0 is used.
For the first term on the right-hand side of (4.4), by (2.2), one has

t
25/<;u/ /]R2 Z%0yv1 - [2°,0,|0yb1 dxds
—25/{/12// Or,m—1(y) 240 v1 - z, 82b1dxds

<t ol vas-oetnit [ o3l ods

With the similar line, the second term on the right-hand side of (4.4) has the bound

t
—25/<:u// [Dy, Z2%|0yv1 - 2% 0yby dxds
R2

Z—ZSK/.LZ/ (bkm I )Z{f@jvl-zaaybldxds
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t t
KR
<5 [l s+ 0 [ oRul, s
0 0

Next, we turn to consider the terms on the right-hand side of (4.3). For the first term
on the right-hand side of (4.3), we have

¢ ¢
52,'{2,u/ / |Za8§b1|2dxds§52n2u/ 1061 |2, ds.
0o JR2 0

With the same calculations in [9], the remaining terms on the right-hand side of (4.3)
can be estimated as follows.

S (IOl ) [ U0 s 0l [ 100031 .
Combining above estimates, we obtain by induction that
¢ t
// (1|20 v1|? +52n2u\208§b1|2) dxds—25u/<;// Zaaivl.zo‘aybldxds
0 JR2 o Jr2
K[ 2 2 ! 2
<5 [ 1ol sdsrC (1 0rb0,02) ) [ vt ds
t ¢
O [ 050l s+ CllR [ 0yvall ds.
0 0

4.3. Conormal Estimate of d,b;. To derive the conormal estimate of b1, the
transverse background magnetic field is also essentially used. For any multi-index o
satisfying |o| <m—1, applying k2 Z% to (3.16) and taking the L? inner product of the
resulting equality give that

t t
/ / (K|Za6yb1|2+62M2/€‘ZQ8§1}1|2)dXdS-i—QE,uK,/ ZO‘8§U1~ZO‘8ybl dxds
Rz 0 RQ
</<,;/ / “(pOyv1)|? dXdS-i—li/ / Z“81p|2dxd8+/$/ / | Z2%(b20,b2)|? dxds
R R2
+€2[L21€/ / |Z°‘8§v1|2dxds—|—62(u+/\)2/<a/ / |2°0,(V-v)|* dxds
0 JRZ 0 JRY
t ~ t
+n/ / |Z“(¢_1b2¢ayb1)|2dxds+m/ / |Z%(pv10,v1)|* dxds
RZ 2
—|—I€/ / *(pu20y v1)|2dxds—K—|—H/ / *(pva0yv1)|? dxds. (4.5)

By the same arguments as in [9], we solve K by

_ 2 t ~ t
S (1Bl o) [ I0nbnbap= DI ds 2 [ 10,0, ds
0 0

t
(4 M) / IV -2, ds.
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For the last term on the right-hand side of (4.5), by Lemma 2.1, we have

// “(pva0yv1)|? dxds
< / [ 1250 00,00 axas
o Jr2
t t
Sloovallts, [ ol ds 120l [ llo6 val oy ds
! 0 ’ 0
t t
2 2 2 2 2 2
Slolizs Iy, [ a2 s+ ol cloliz, [ 10,00l s
t
ol sclenli, [ o= 10 ds (4.6)
Thus we conclude that

t t
// (K;|Z"‘8yb1|2+52u25\2a3§v1|2) dXdS-i—QE/LFL// Z“(?;Ul-Z“@ybl dxds
0 JRZ 0 JRZ
7 > V[ - 2
(14l bibeden) o) [ oonB-Ep- DI, ds
0

t t t
+||v1Hf,oo/ 1002171 d8+€2u2f€/ 10z 0117, d5+€2(u+/\)2/ IV -vII7, ds.
0 0 0

4.4. Conormal estimate of Jyp.  This subsection is devoted to the conormal
estimate of J,p. For any multi-index a satisfying || <m—1, by applying Z to (3.14)
and taking the L? inner product on both sides of the resulting equation, we have

t
// (I2%0yp* +°(2u+\)?| 2%0202 %) dxds
0 JRZ

t
*25(2N+>\)// Za35v2~2a8ypdxds
RZ

/ / *(pOyva) |2 dxds+/ / | Z% (010, bo)|? dxds

+€2,u2// | 29020y |? dxds+52(u+)\)2// |20, 0,v1|* dxds
0 JRZ 0 JRZ

t t
+/ / |Z%(pv - Vo)|? dxds+/ / |Z%(b10yb1)|* dxds. (4.7)
0 JRZ 0 JRZ

We first consider the second term on the left-hand side of (4.7). By multiplying the
first equation in (3.1) with vp?~! and applying 9, to the resulting equality, we have

— 020y =y""p 0 Oyp+p Oyp(Drv1 + Oyv2) + Oudyv1 -+ 'p” Oyv10:p

-1

+7 0.0y p T Oy va0yp+y T p 02
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Substitute it into the second term on the left-hand side of (4.7) to get
t
- 25(2u+)\)/ Zo‘agvg - Z%0yp dxds
0 JRZ
t
:25(2,u+)\)q/_1/ Z%(p~10,0,p) - 2*0yp dxds
0 JrZ
t
+25(2,u—|—/\)/ Zp 1 0,p(0,v1 +0yv2)] - 2¥0,p dxds
0 JRZ
t
+2€(2,u—|—>\)/ 0, Z2%0yv1 - Z%0yp dxds
Ri
t
+25(2,u—|—)\)771/ Z%(p~'0,v10.p) - Z*0,p dxds
0 JRr?
t
+25(2,u+>\)’y_1/ Z%(p~ v10,0yp) - Z*0yp dxds
0 JrRZ
t
+2€(2,u—|—>\)771/ Z%(p~'0,v20,p)- Z*0yp dxds
0 JRY
t
+25(2,u—|—>\)’y_1/ Z“(p_lvgajp)-Za(“)yp dxds. (4.8)
0 JrRZ
We separate the first term on the right-hand side of (4.8) into two parts.

t
25(2;&4—)\)7_1/ Z%(p~t0,0,p)- Z*0,p dxds
0 JrZ

=2e(2u+A)y~! / / 2Pp10,270,p- Z%0yp dxds
2
st
t
+25(2u+)\)7*1// p 020, p- 2%0,p dxds. (4.9)
0 Jr2
By the Sobolev embedding inequality, the first term can be dealt by
2e(2u+ )yt // Z2Pp=19,279,p- Z°0,p dxds
Btr=a R3
181>1
1 1
2 t 2
< 3 s 10206 ([ 12 s as) ([ 12001820, 05)
frr=a 0S8t 0 @™y
I I<I8]
1 1
t 2 t 2
e S 12 e, ([ 102 0l as) ([ 12013y )
ftr=a 0 ' 0 o
181<ll

t
< [||ayp<o>||[<m_1>/2]+3+( / |ayp||%<m_1)/2]+3ds) ]( / I =11 1ds)
t
< / ||ayp1||3n_1ds) ( / 10,pl1%,_ 1ds> telp o 100 / 10,pl1%,_» ds
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< (10,000 -yt [ 1000y Z 107 -l

el i 12100 / 10,3 ds+ / 10l ds.

The second term on the right-hand side of (4.9) is solved by

t
26(2u+>\)7*1// p 10 Z%0,p- 2*0,p dxds
0 JrZ

d t t
=(2u+ )yt (dt/o /R2 p 1 Z2%0,p|? dxdsf/o /]R2 op~t|Z270,p|? dxds)
+ =

25(2M+A)7’1/H§2 ;19’1\2“('9yp|2alx—5(2u+)\)'y’1/R2 p51|2a6yp0|2dx
+

:
Cellp oo / 10,]12, . ds.

Then we estimate the second term on the right-hand side of (4.8) in the following way.

t
25(2u+)\)/ Z%p~10,p(9pv1 +0yv2)] - 220, p dxds
0 JrZ

Nl

[ X s 12000310, 2 0,20 ,00) s, / ES ey
t

Btyti=a USSS
RIBAESE]

Y 12 e 10 2, 20y (/ ||Z'Yayp|Lszds)
B+

Y=
Bl el <IvI

1
2

Nl

t
D E o Py EAC WO IEN (/ ||<amzw1,ZLayv2>||%gLsodS)
i .

B+y+i=a
181, 171<] ]

1
t 2
- ( JRERH ds)
0 vy

t 3
Sell(0201,0yv2,0™ Ml {(m—1)/2],00 [llayp(())lh(ml)/mﬁ(/o IayPII[Q(mn/zmdS) ]

t !
( [ 167 =100, 1ds) ( / 19, (o ,amvl,am)nfn_lds)
0

t 3 ¢
( / ||ayp|%;1ds) S [V [ Ty VA

t
<0010, ) Py 2 (||3yp(0)|[2(m_1)/2]+2+ JRCTI - ds)

: 3
( [ 167 - Lo.am 1ds) ( / 10, (p Lmvl,ayvzm_lds)

ellp™ 120l 0e01. 002y [ 1050l vs 5 [ 10,0l 1
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The third term on the right-hand side of (4.8) can be bounded by

t
26(2u—|—)\)/ 0, Z2%0yv1 - Z%0yp dxds
0 JrR2

¢ 3 ¢ 3
<o=(2u+ ) ( / ||ayv1||$nds) ( / ||ayp||$n_1ds)
0 0

By Lemma 2.1, we handle the fourth term on the right-hand side of (4.8) by

t
26(2u+/\)'y_1/ Z%(p ' 8,v10.p) - Z°8yp dxds
0 JR2
2

t B B t 1 t
<Ceounlltz, / I 0:plmsds C= 1™ 0ulzs, [ 10,011 dst g [ 10,8l
: 0 0
<Oyl 167 o) e [ o157 =D ds
t
+ 020 o / 0,015 ds+ 5 [ 10,011 ds.
0 0

For the fifth term on the right-hand side of (4.8), we divide it into two parts.

t
25(2/14—/\)771/ Z%(p~'v10,0,p) - 2*0,p dxds
0 JrR2

=2¢(2u+ ) —IZ// 2P (¢ 1) 27 (p 140, 0yp) - Z2*0yp dxds
[B]=1
+25(2u+)\)7_1// p v 290,0,p- Z*0,p dxds. (4.10)
0 Jr2

The first part can be estimated as the fourth term above, and they have the similar
bound.

2e(2u+A)y Z / / 28 (¢ 1) 27 (p™ 19D 0yp) - 2°0yp dxds

[B]=1

§C€2”ayvl||%,oo||(p_1»p)|ﬁ,oo/0 Itp—Lp~ " =1)If5, 1 ds
4 t 1 t
O [ N0ty ds g [ 10,0l s
0 0

As for the second part of (4.10), by integration by parts, we have
t
26(2/1,4-)\)’}/71/ / p 1 2°0,0,p- Z0yp dxds
R2
=—2e(2u+ A)y / D (p~tv1) (2 Gyp) dxds
RQ

<l o) / 10,0112, ds.
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For the sixth term on the right-hand side of (4.8), we have
t
26(2[1,4-/\)’}/71/ Z%(p~10,v20,p)- Z*0yp dxds
o Jr?
) t 3
<[ X 120l s 12000 i ([ 12757105 05)
<s< 0

ftnti=a
EIRARSE]]

t

+ E HZﬁp—lHLgfx sup HZLayp(S)HLgCLg (/ ||Zﬂy8yv2||ig[lood8>
BHy+i=a 0<s<t 0 v
Bl el< 1]

t
s 1 sl 20l ([ 120,00 050)

B+yti=a
1B, 17I<]I<lal

1
t 2
: (/ |Za3yp||2Lngd5)
o 3L

1 t 52 t
<5 [ 10wl sdst 5 [ 10l s ds+C10, 0l 1y

t 1 t
'<||ayp(0)||[2(m—l)/2]+2+/0 18yl 1) 2142 ds)Z/O 107 (p~ " = D)IIZ,_1 ds
=0

N|=

1
2

)

t 2
+2 11 m—1 /21,00 [3yp(0)||fl(m—1)/2]+2+ (/0 10y 21T 1) /2112 dS) ]

t
. / 18, v2l12,_y ds.

Next we consider the last term on the right-hand side of (4.8) and separate it into three
terms.

t
25(2N+>\)’771/0 /R2 Z%(p~ M 0202p) - Z%0yp dxds
) +
:25(2u+)\)7_1// p 1020, Z%0yp- Z°0,p dxds
0 JRZ
t
+25(2u+>\)7*1/0 /R? p w2 [2%,0,]0,p- 2%0,p dxds
+

¢
+2e(2pu4+ M)y Z /0 /]R2 ZP(p~ ) Z2700p- 20, p dxds. (4.11)
1B]=1 +

The first one can be estimated by integration by parts.

t
25(2/14—)\)7_1// p w20, Z%0yp- Z*0yp dxds
0 JRZ

t
S (lo0,0 0 enllurs + I Oyelers ) [ 10,0l ds
0

1

t
<ellp™ 1,00 10y vl 15, / 10,012, ds.
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Then we estimate the second part of (4.11). By Lemma 2.2, one has

t
26(2M+)\)7_1/ / p_11]2 [Za’ay]ayp.zaayp dxds
0 Ri
m—2 .t
552/ / P 20" (y) 0y 25 Oyp- Z2°0yp dxds
k=00 JRY

t
Sl ez 0zl [ 10wl ds.
0

By using the Hardy trick, we find the last part of (4.11) can be estimated as the sixth
term of (4.8).

t
2¢(2p+ M)y Z// Zﬁ(pflvg)ZA’@ip-Zaaypdxds
812170 RL

t
e 6™ 28 (p~ va)p2702p- 2°0, pdxds
0 JrR2 v

18121

L e [t ) :
Sg/o ||8yp||12n—1d3+§/0 ||3§U2||%1_1d3+052||p 1||2Lt°f’x||6yv2”%t°?x/0 ||6yp|\,2n_1d8
1

t t 2
w0yl (100 + [ 10was) ([ 1o =112 1s)

¢ , 3
([ 10wt vas)
0
t t
sl i, (1) + [ 10iplias) [ 10,0l as.

Finally, for the terms on the right-hand side of (4.7), we can get the following bound
directly.

N 2 t B t
(vl ) [ o buBo) s+ [ osual ds
0 0
t t
e N [ oyl ds+ bl [ ol ds
0 ’ 0

t t t
+(||ayb1<o>||%+ / ayblnsds) < / 152l yds+ / ||ayb1||$n_1ds).

Summing up all the estimates together, we conclude by induction that

t
/ / (I2°0yp|* +°(2u+\)?| 2¥020 %) dxds+s(2ﬂ+A)7*1/2 p | Z2%0,p|? ds
0 JRZ

R+
t t
<2t Ay / Py |22 0,po |2 ds +&2 / 10,12, ds + 2 / 10, 01]12, ds
]R%r 0 0
2
— —
+(1+||(p,p 1’V7B—eyaayﬂ2)||[2(m—1)/z],oo+52H3y01||%gf>x>

t t
—
[ M=o B ds+ Il [ 10,1 ds
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2 t
+€2<1+”(p_lvvlvayv?ap)H[Q(mfl)/Q]Jrl,oo) /0 1(Dyp, Byv1)|I5,— 1 ds

_ 2
+&2 (1+1(p,p~ 1, 0201, 8yv2) | {(m—1)2],00) (1 + 1108y, 0yb1) (O [ 1) 2145

t 2 1 t
+ / <ayp,ayb1>||ﬁm_1>/2]+3ds) 3 / 109 (81, 02,b1,p " — Lp—1)|%_ ds.
7=0

4.5. Conormal Estimate of 8131;2. The conormal estimates of 35112 are derived
in this part to control [|9,va|rs . Similar to (4.2), we have

t t t
// |Za6§vg|2dxds§// |Za8y5mvl\2dxds+// !Zaay(p_latp)Ideds
0 JR3 0 JR3 0 JRZ
t
+// 1220, (p~"v- Vp)|” dxds. (4.12)
0 JRY

For the first and the second terms on the right-hand side of (4.12), one has

t t
/ / |Z“8y8mv1|2dxds§/ |0y v1 |2, _1 ds,
0 JrRZ 0

and
¢
// |29, (p~ " Oip)|? dxds
0 Jr2
t
< s [0, 00, ()15 [ 12702707y
t
Hl(atp’P*l)\l%ngA ||(Zaaypfl,zaatayp)HngLg ds
¢ t 3
< (10w 0O oo+ [ 107 00 inds) ([ 1007
t 3 t
([ 110 0l as) 1R [ 100 I s
Then we write the third term on the right-hand side of (4.12) as
t
// 1220, (p~'v-Vp)|* dxds
0 Jr2
t t
g// |Za(8yp*1v181p)\2dxds+// \Zo‘(aypflvgé)ypﬂzdxds
0 JrZ 0 Jr2
t t
—|—// |Z"(p_18yv.Vp)|2dxds+// |Z%(p~ v10,0,p)|? dxds
0 JRY 0 JRZ

¢
—|—// |Zo‘(p*1v28§p)|2dxds. (4.13)
o Jr2



X. CUL S. LI, AND F. XIE 1387

The first term on the right-hand side of (4.13) is dealt by
t
/ / |Z2(0,p~ v10,p) | dxds
0 Jr2

t
S Y Izl z 0l [ 127007 R ds
Btyti=a 0
7], 11 <181

t
> 16280, e |12 Dl / |67 2701315 ds
YtHi=a

B+vy+e
1Bl <Iv]

t
+ Z sup Hzﬁf’yp_l(S)HQL;%g||Zyvll|%gox/ HZLaIPHQLgL;O ds
AR e
BllvI<le

t
IO e A [ LI / 1@yor,8yp 1) |21y ds

t
Hlvallfn 2] 00 <||3yp1(0)|[2m/2]+2+/0 ||3yp1|[2m/2]+2d8)

¢ , 3 t , 3
( / |p—1||m1ds) ( / ||ayp||m1ds) |

By the Sobolev embedding inequality, we estimate the second term on the right-
hand side of (4.13) by

t
| [ 1220 e, axs
0 JrZ

t
S Y 67wl 020l [ 1290, 3y ds
BAy+i=a ’ /0
vl 1e<181

t
+ > N162%0,p |7, sup ”ZLayp(S)”%;OL,?/ o™ 27012 o ds
Bty+i=a T 0<s<t ! 0 !
Bl 1e1<I~I

t
+ D ||¢Zﬂ3yp’1||%goxII¢’1Z%II%§¢X/IIZbaypH%ngdS
BHvy+i=a ’ ’ 0
Bl IvI<Ie]

t
<O Dy 002 e [ 1O~ DI
. t 2 .t
+||p—1||[m/2],oo(ayp<o>||%m/2]+1+ / ||ayp|%m/2]+1ds) [ 10y s
1 t
+*/ |\8§v2||%72ds.
6 Jo

The third term on the right-hand side of (4.13) is handled by

t
// |Z%(p~ 0, v-Vp)|? dxds
0 JRZ
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t
S Y s 120u ) 120l [ 1297 By ds
ftyti=a 0SSSE o —J0 o

vl <181

t

+ Y 1270ywallis, sup |2 yp(S)II%;QLg/ 127p~ 22 oo ds

Tty *0<s<t v Jo o
711 1<18]

t
b N2 s 20l [ 12700l ds
fryti=a 0 '
Blilel<lv]

t

+ 3 2%, s ||zbayp(s)||§w/ 1278, 0522 1 ds
By+i=a T 0<s<t T Ty 0 iy
1Bl 1l <IvI

t

+ 3 12% e, sup [1270,01(5) e 1 / | 240p| 2 ds

P *0<s<t =y /) Ly
18117 < el

t
D S b= AT N / 120,013 15 ds
By+i=a 0
1Bl IvI<]e]

t
SI ™8y 02) 2,00 <||(8yvlvayp)(0)”[2m/2]+1 +/O 19y v1,0y2) |}, 241 dS)

¢ 3 t
( / ||<p-1—17ayv2,axp>||;gds) ( / ||<ayp—1,8§v2,awayp>||zgds)

t
+Hp‘lII[Qm/z],ooH(p,ayvz)llfm/z],oo/o 10y 1,0yp) 7, > ds.

For the fourth term on the right-hand side of (4.13), we have

t
// |Z%(p~010,0,p)|? dxds
0 JRZ

t

S Y N2l sup [120:0,0(5) 30 12 / 1225 s . d
shdas s 0
[yl lel<

t

b 12 i, s 120006 sy [ 1270l
BHy+i=a T 0<s<t v Jo Y
1Bl <I~]

t
+ ) ||Zﬁp*1||%g§x||37v1llig?x/IIZLaxaypllingdS
Btyti=a : -0
181, 171<]e]

t
<1z (||ayp<o>||%m/2]+2+ / |ayp||%m/2]+zds)

¢ 3 t 3
( / ||<p-1—1,ul>||agds) ( / |<ayp—%8yv1>|3”ds)

t
15 1 oo 19112100 / 10,012, ds.
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The last term on the right-hand side of (4.13) is dealt by

t
// |Za(p_1v28§p)|2dxds
0 JRZ

¢

< Z —1 zy 2OQ 192 2 B..112

S o™ 2 UQHL“‘oiiFg)t”gﬁZ 5yp($)||L;oLg . 12 P||L§L;;o ds
Iyl Ll <181

t
£ 3 12l s 620 ey [ 167 2l ds

ftnti=a
EINAESR

3 12l o E vl / 162 62p]122 1 ds

BHy+i=a
1Bl IvI<]e]

t
<802 (||ayp<o>%m/2]+2+ / ||6yp||%m/2]+2ds)

([ 11008 2s) ([ 1oun o)

112,300 1By 2112 31 / 10,012, ds.

Thus, we conclude by Holder’s inequality that
a2 e -1 2 2 [ —1y2
A ||ayv2Hm—2 dSS <1+||(V7p7p aayvz)”[m/Q],oo) A ||(8yv1,3yp,8yp )”'m—lds

2
+ (141w, 0y02) o210 (1+ H(a 01,0,,0,0™ ) O) |, 2112
[ 0020 s ) / 0w~ Lo ~ DI, ds.

5. Proof of Theorem 1.1
Now we prove Theorem 1.1. According to the estimates in Section 3 and Section 4,
one has

Nt +e@u+Ay™ > / t)| 220 p(t)|? dx

la|+i<m
1=1,2

SN (0)+e(2u+N)y Z / po 1220 po | dx
alt+i<m
1=1,2

— 3 2
+{(1+<p,v,B—eyvayvz>||%m/2]+1m) (1410, 0y22) [, 2100

t 2
: (1 +11(8yv,0yp,8,B)(0)[[F—1 2743 +/0 10y v, 80,0y B) 1) /2143 ds)

el (01,801, 0,00) I o (111000 b1, 0y2) [, ) |

1 t
: —
> / 103(v.B— ey p—1)|1%,_, ds. (5.1)
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By Lemma 2.1, we have

—
H (pava - eyvayUQ) ||[2m/2]+1,oo
— —
Slp—1,v.B— ey’ayv2)(0)||[2m/2]+3 +|9y(p,v.B— eyvayv2)”[2m/2]+3

t
— —
+ / (1 =1.v.B =300 [ 4+ 19y (v B =5, 0,02) [ 5 ) s
SP(Nm(0)) +tP (N (t)).

On the other hand, by Sobolev embedding, we also have

ell(Dyv1,0,b1) 5,00 S€ D sup | Z*(8y01,0yb1) ()|l Lo 12 [ 2% (D v1,0501) (5) || Lo 12

‘ |<20<s t
t 1

5s[||<6yv1,ayb1><o>|4+( / |<ayv1,aybl>|ids) ]
0

¢ 3

'[||(35U1,3§b1)(0)||4+</ ||(832,U1,3§b1)||421d5> ]

0

t
5||(5yv173ybl)(0)lli+52||(5§v175§b1)(0)|\3+/0 1(@yv1,0yb1)|3 ds

)

+e / [1(07v1,02b1) |7 ds.
Thus, for any m >9, by inserting the above inequalities into (5.1), we obtain

N () +e(20+ M)y Z/ ()| 220} p(t)[* dx

lo]+im
S P(Nim(0)) + [t +e2p+ MNP (N (t))-

Let the time ¢ and € be suitablely small, then we achieve that

Non()+e@u4 2771 3 / (0| 220 p(t)|2 dx S P(N,n (0)).
lel4ism
Based on the above uniform conormal estimates achieved, the inviscid limit in Theorem
1.1 can be verified as in [23].
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