COMMUN. MATH. SCI. (© 2023 International Press
Vol. 21, No. 5, pp. 1415-1445

PULLBACK EXPONENTIAL ATTRACTORS FOR THE THREE
DIMENSIONAL NON-AUTONOMOUS PRIMITIVE EQUATIONS OF
LARGE SCALE OCEAN AND ATMOSPHERE DYNAMICS*

BO YOUf

Abstract. The main objective of this paper is to study the existence of pullback exponential
attractors for the three-dimensional non-autonomous primitive equations of large-scale ocean and at-
mosphere dynamics. Due to the shortage of the proof of the uniqueness of weak solutions, it is very
difficult to define a solution process such that we cannot obtain the existence of pullback exponential
attractors by the standard theory of pullback exponential attractor established in [A.N. Carvalho and
S. Sonner, Commun. Pure Appl. Anal., 12(6):3047-3071, 2013], [R. Czaja and M. Efendiev, J. Math.
Anal. Appl., 381(2):748-765, 2011], [M. Efendiev, S. Zelik, and A. Miranville, Proc. Roy. Soc. Edinb.
Sect. A, 135(4):703-730, 2005], [J.A. Langa, A. Miranville, and J. Real, Discrete Contin. Dyn. Syst.,
26(4):1329-1357, 2010]. Inspired by the idea of the method of ¢-trajectories, we will prove the existence
of pullback exponential attractors by the abstract results established in [B. You, Math. Meth. Appl.
Sci., 44(13):10361-10386, 2021].
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1. Introduction

In this paper, we mainly consider the existence of pullback exponential attractors
for the following three-dimensional non-autonomous primitive equations of large-scale
ocean and atmosphere dynamics (see [34])
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in the domain
O=M x (—h,0),

where M C R? is a bounded domain with smooth boundary OM. The horizontal velocity
field v=(v1,v2), the three-dimensional velocity field (vi, ve, w), the temperature T
and the pressure p are unknown. The vector v = (—vy,v1), f = fo+ By is the Coriolis
parameter, Ro is the Rossby number which measures the significant influence of the
rotation of the earth to the dynamical behavior of the ocean, Q(z,y,z2,t) is a given heat
source. The viscosity operator Ly and the heat diffusion operator Lo are given by
2 2
1 1 0 1 A 1 0

Li=—— A [g=—— A — —
! R@l Reg 822 2 Rtl RtQ 822 ’

*Received: September 19, 2021; Accepted (in revised form): October 26, 2022. Communicated by
Feimin Huang.
This work was supported by the National Science Foundation of China Grant (11871389, 11401459)
and the Fundamental Research Funds for the Central Universities (xzy012022008).

TSchool of Mathematics and Statistics, Xi’an Jiaotong University, Xi’an, 710049, P.R. China (youb
2013@xjtu.edu.cn).

1415


mailto:youb2013@xjtu.edu.cn
mailto:youb2013@xjtu.edu.cn

1416 PULLBACK EXPONENTIAL ATTRACTORS FOR 3D PRIMITIVE EQUATIONS

where Req, Res are positive constants representing the horizontal and vertical Reynolds
numbers, respectively, Rt1, Rt are positive constants which stand for the horizontal and
vertical eddy diffusivity, respectively. For the sake of simplicity, let V =(0;,0,) be the
horizontal gradient operator and let A =92 —&—85 be the horizontal Laplacian operator.

Let T'y, I'p and I'; be the upper, bottom and the lateral boundaries of €2, respectively,
which are given by

F":{(m7y7z)€ﬁ:’z:0}v I‘b:{(x,y7z)€§:z:_h},
Ly={(z,y,2) €Q: (2,y) €OM,~h <2 <0}.
Problem (1.1) is subject to the boundary conditions:
2lp, =0,wlr, =0,(7z 5E +aT)|r, =0,
%|Fb:07w|rb:0’%|l‘b:07 (1.2)

’U-’ﬁ:|[‘1:0,%Xﬁ|pl:0,%‘pl:0,

where 77 is the unit outward normal vector to I';, a is a positive constant related to the
turbulent heating on the surface of the ocean.
In addition, we supply system (1.1)-(1.2) with the initial conditions

U(fﬂ,y,ZaT) :UT(xvyvz)v T(:E,y,Z,T) ZTT(LE,y,Z). (13)

Large-scale dynamics of ocean and atmosphere is governed by the primitive equa-
tions which are derived from the Navier-Stokes equations with rotation coupled to ther-
modynamics and salinity diffusion-transport equations by taking the buoyancy forces
and stratification effects into account under the Boussinesq approximation. Moreover,
due to the shallowness of the oceans and the atmosphere, i.e., the depth of the fluid layer
is very small in comparison to the radius of the earth, the vertical large-scale motion in
the oceans and the atmosphere is much smaller than the horizontal one, which in turn
leads to modeling the vertical motion by the hydrostatic balance. As a result, one can
obtain the system (1.1)-(1.3) which is known as the primitive equations for ocean and
atmosphere dynamics (see [34]). We observe that one has to add the diffusion-transport
equation of the salinity to the system (1.1)-(1.3) in the case of ocean dynamics, but we
omit it here in order to simplify our mathematical presentation. However, we emphasize
that our results are equally valid when the salinity effects are taken into account.

In the past several decades, the well-posedness and the long-time behavior of solu-
tions for the primitive equations of the coupled atmosphere-ocean have been extensively
studied from the theoretical point of view (see [1,12,17-23,26-28,31-33,38]). In par-
ticular, in [28], the authors began to study the well-posedness and long-time behavior
of solutions for such a system from the mathematical theoretical point of view for the
first time, they established the global existence of weak solutions, the existence of (local
in time) strong solutions and the finite fractal dimension of its global attractor, but
the issue about the uniqueness of weak solutions and the existence of (global in time)
strong solutions remains open. Recently, the existence and uniqueness of (global in time)
strong solutions for this system have been well-established in [1], but the uniqueness
of weak solutions remains unresolved. Since then, many authors started considering
the well-posedness and long-time behavior of solutions for the primitive equations or
some similar counterparts. In [18], the authors proved the existence of weak solutions
as well as trajectory attractors for the moist atmospheric equations in geophysics. The
long-time dynamics of the primitive equations of large-scale atmosphere was considered
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and the existence of a weakly compact global attractor A attracting all the trajectories
was obtained in [20]. In [21], the author proved the existence of a global attractor in V'
for the primitive equations of large-scale atmosphere and ocean dynamics by using the
Aubin-Lions compactness lemma under the assumption Q € L?(92). The regularity of
the global attractor for the 3D viscous primitive equations has been established in [38].
In [26], the authors have provided the upper bound of the fractal dimension of the
global attractor for the primitive equations of atmospheric circulation and have given
its physical interpretation. The existence of finite dimensional global attractors for the
3D viscous primitive equations by using the squeezing property was proved in [22,23].
To the best of our knowledge, there are no results related to the existence of pullback
exponential attractors for the three-dimensional non-autonomous primitive equations of
large-scale ocean and atmosphere dynamics.

The study of the long-time behavior of infinite dimensional dynamical systems or
semigroups generated by autonomous partial differential equations can be usually re-
duced to the description of global attractor (see [35,37]), which may attract trajectories
slowly and be sensitive to small perturbations. The two drawbacks of global attractor
obviously lead to essential difficulties in numerical simulations of global attractor and
even make the global attractor unobservable in some sense. To overcome these draw-
backs, the notion of an exponential attractor was introduced in [13]. Until now, there are
main three classical methods of constructing the exponential attractor for autonomous
dissipative equations by the squeezing property ([13])/the smoothing property ([14]) of
the difference of two solutions or the quasi-stable methods [10]. Moreover, to ensure the
finiteness of the fractal dimension of the exponential attractor in these three ways, there
is an additional requirement on the Hélder continuity in time of the semigroup, which
is, in general, very difficult to prove, in particular, when the solutions lack regularity.

Non-autonomous equations appear in many applications of the natural sciences, so
they are of great importance and interest. In recent years, more attention was paid to
the processes generated by the non-autonomous differential equations and their long-
time behaviors (see [2,4,5,7-9,15,36]). The first attempt was to extend the notion
of global attractor to the non-autonomous case, leading to the concept of the so-called
uniform attractor (see [9]). It is remarkable that the conditions ensuring the existence
of the uniform attractor are parallel to those for the autonomous case. However, one
disadvantage of the uniform attractor is that it need not to be “invariant”, unlike the
global attractor for autonomous systems. Moreover, it is well known that the trajectories
may be unbounded for many non-autonomous systems when the time tends to infinity,
and there does not exist a uniform attractor for such systems. In order to overcome
this drawback, a new counterpart, called pullback attractor, has been introduced for the
non-autonomous case. The theory of pullback attractors has been developed for both
non-autonomous and random dynamical systems, and it has been also shown to be very
useful in the understanding of the dynamics of non-autonomous dynamical systems
(see [3]).

Similar to the autonomous case, many authors have also proposed the notion of
pullback exponential attractor. In particular, the authors in [16] have first extended
the way of construction of exponential attractors for discrete semigroups in [14] to
non-autonomous problems by using the concept of forwards attractor and developed
an explicit algorithm for discrete evolution processes by the smoothing property of
the evolution process. Moreover, they also constructed an exponential attractor of
the time continuous process generated by non-autonomous reaction-diffusion systems.
Later, this construction was modified in the pullback sense, and the algorithm was also
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extended to time continuous evolution processes in [11,25] based on the existence of a
fixed bounded pullback absorbing set, which leads to the boundedness of the section
of exponential pullback attractor in the past, but it may be unbounded in the future.
Recently, the authors in [6] proved the existence of pullback exponential attractors
for an asymptotically compact process under significantly weak hypothesis that the
process lacks the strong regularity property in time, whose sections are not necessarily
uniformly bounded in the past. Moreover, they obtained better estimates for the fractal
dimension of the sections of pullback attractor based on the existence of a family of
time-dependent absorbing sets. In [39], the author developed the abstract framework
of pullback exponential attractor based on the method of ¢-trajectories and applied it
to the three-dimensional planetary geostrophic equations.

In this paper, we are mainly concerned with the existence of pullback exponential
attractors for the three-dimensional non-autonomous primitive equations of large-scale
ocean and atmosphere dynamics. Due to the shortage of the proof of the uniqueness of
weak solutions, it is very difficult to define a solution process such that we cannot con-
sider the existence of pullback exponential attractor by the classical theory of pullback
exponential attractor established in [6,11,16,25]. In [30], the authors have set up the
theoretical framework of a finite dimensional global attractor as well as an exponential
attractor for the autonomous evolutionary equations by the method of ¢-trajectories.
Inspired by the idea of the method of ¢-trajectories, we have generalized the theoreti-
cal framework of autonomous case to non-autonomous case in [39]. In this paper, we
first construct the pullback exponential attractors in an auxiliary phase space of the
trajectories of length ¢ by the smoothing property of the difference of two solution tra-
jectories. By defining the Lipschitz continuous projection operator from the trajectory
phase space into the original phase space, we establish the existence of pullback expo-
nential attractors for this system in the original phase space and also provide a method
of constructing pullback exponential attractor.

Throughout this paper, let X be a Banach space endowed with the norm ||-||x, let
llull, be the LP(Q)-norm of u, denote by R, =[r,+00) and let C be positive constants
which may be different from line to line.

2. Preliminaries

2.1. Functional spaces and some lemmas. To study problem (1.1)-(1.3), we
first introduce some notations of function space. Define

~ v v v
= o Q 2: _— = _— = .n = —_— n =
V {’UE(C Q) oz ).~ By, 0,v-7|r, =0, aﬁxnrl 0,
0
/ V~v(ac,y,7’)dr0},
—h
~ 1 0T oT or
=< TeC®Q): | —— T =0,—| =0,—| =0;,.
Ve { € ()(Rt28z+a>ru 2 T }

Denote the closure of Vy, V5 by Vi, Vs, respectively, with respect to the following norms
defined as follows

1 1 2
o= (= [ 190t oy + i [ [020Go2) Pz

1 1
i) = / VT (2, 2) dedydz + — / 0. (2y,2) dudyd>
Rt Jo Ris Jo
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1

2
+a | T(z,y,o>|2dxdy>
M

for any v€Vy, T €V, and let H; be the closure of V; with respect to the (L2(£2))%-
norm, V =V; x Vo, H=H; x L*(Q). let ||(v,T)||3=v||3+||T|]3 for any (v,T)€ H and
1w, T)*=lv]|*+ | T]|* for any (v,T) €V.

Next, we recall some results used to prove the existence of pullback exponential
attractor for problem (1.1)-(1.3).

LEMMA 2.1 ([1]). There exists a positive constant K1, such that
1
EIIT||2§ I 1% ) < BT

for any T € V,. Moreover, we have
|73 < K| T

for any T €V, where

2h
K, :max{;,2Rt2h2}.

LEMMA 2.2 (]9]). Assume that p1 € (1,00], pa €[1,00). Let X, Xo, X1 be Banach
spaces such that Xo CC X C Xy. Then

Y ={uec LP*(0,4;Xo) :u' € LP2(0,4;X1)} CC LP*(0,4; X),
where £ is any fived positive constant.
DEFINITION 2.1 ([29]). A process {U(t,7)}+>- defined on a Banach space X is said
to be T-continuous, if for every ug € X and every t € R, the X -valued function
T=U(t,T)ug
is continuous and bounded on (—oo,t].

DEFINITION 2.2 ([35,37]). Let H be a separable real Hilbert space. For any non-empty
compact subset K C H, the fractal dimension dp(K) of K is defined by

dp(K) zlimsupw7
e—0+ log(;)

where N(K) denotes the minimum number of open balls in H with radii e >0 that are
necessary to cover K.

LEMMA 2.3 ([30]). Let X, Y be two metric spaces and the function f:X —=Y is
a-Holder continuous on the subset AC X. Then

dr(f(A) < Zdr(A).

Q@
In particular, the fractal dimension does not increase under a Lipschitz continuous map-
ping.

DEFINITION 2.3 ([6,11,16]).  Let {U(t,s)}i>s be an evolution process defined on a
metric space X. We call the family M={M(t):t R} a pullback exponential attractor
for the evolution process {U(t,s)}i>s in X, if
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(i) The subsets M(t) C X are non-empty and compact in X for all t €R.
(ii) The family is positively semi-invariant, that is
U(t,s)M(s) CM(t), Vi>s.

(iii) The fractal dimension of the section M(t) in X is uniformly bounded for all t eR.

(iv) The family {M(t):t €R} exponentially pullback attracts bounded subsets of X, i.e.,
there exists a positive constant w >0, such that for every bounded subset B C X and

teR,
lim e**dist(U(t,t—s)B,M(t)) =

s——+00

2.2. New formulation. We can reformulate problem (1.1)-(1.3) by integrating
the second equation as well as the third equation of (1.1) with respect to z and combining
the boundary conditions (1.2) as follows just like in [1]:

9t (v-V)o—(f7, V-v(z,y,r,t)dr) 3% + Vps(z,y,t) + a5 for +Liv
:fo VT (z,y,rt)dr,

fEth(ac,y,r,t)dr:Q

9L 4y VT — (7, V-v(z,y,rt)dr) 2L+ L,T=Q, (2.1)

|I‘ _076z|rb_0 V- n\pl—O,aﬁ anrl—o

(thz Bz +aT)|F =0, %Z‘Fb_07 gn|Fz:0a

v(x,y,2,7) =v:(2,y,2), T(2,y,2,7) =Tr(2,y,2).

Define

and
U=v—7,
then it is clear that v and v satisfy the following problem:
92+ (0-V)0+(0-V)T+(V-0)0+ Vps(2,y,t) — 5o- A+ 75 [0+
= [, VT (z,y,rt)dr, (2.2)

V-5=0,0-i|r, =0, 22 x i|p, =0
and
%+(17-V)17—(f_zhv-ﬁ(x,y,r,t)dr) +(0-V)o+(0-V)0 fo VT(z,y,rt)dr
+ a4 fUt + Lo — (8- V)0 + (V- 0)0 + [y VT (2,y,7r,t)dr =0,

@|Fu:0’%|rb:0,6'ﬁ|rl:0,% Xﬁ|F} :0.



B. YOU 1421

3. The existence of a pullback attractor

3.1. The well-posedness. We start with the following general existence and
uniqueness of solutions obtained by the standard Faedo-Galerkin methods ([1,21,24,28,
37]). Here, we only state it as follows.

THEOREM 3.1 ([1,21]).  Suppose that Q€ L} (R;L*(Q2)). Then for any initial data
(vr,Ty) € H, there exists at least one weak solution (v(t),T(t)) €C(R,;Hy)NLE (R;V)
of problem (2.1). Furthermore, if (v;,T;) €V, there exists a unique strong solution
(v(t),T(t)) e C(R;V) of problem (2.1), which depends continuously on the initial data
with respect to the topology of H and V.

By Theorem 3.1, we can define a family of continuous processes {U(t,7): —oco <7<
t<oo} on V by

Ut 7)(0r, Tr) = (v(t), T (1)) := (v(t,73 (07, T7)), T (t,73 (07, T7)))

for any ¢ >, where (v(t),T'(¢)) is the strong solution of problem (2.1) with initial data
(v(7),T(7))=(vs,T>) € V. That is, a family of mappings U(-,7):R; x V —V satisfies

U(r,7)=1d (identity),
U(t,7)=U(t,r)U (r,7)

forallt>r>r.

Combining Theorem 3.1 with the similar procedure of the proof of absorbing set
in [21], we can easily obtain the following conclusions.

COROLLARY 3.1. Assume that Q€ L} (R;L*(Q2)). Then the process {U(t,7)}i>r

loc
associated with problem (2.1) is T-continuous.

COROLLARY 3.2. Assume that Q€ L} (R;L*(Q)), (v, Tm)— (v,,Ty) in H,
(U (t), T (t)) is a sequence of weak solutions for problem (2.1) such that (v, (7), T (7))
= (v, T™). For any T >, if there exists a subsequence converging (x-) weakly in spaces
L (r,T; HYNL2 (7, T; VYN HY (7, T; (VN H3(Q))) to a certain function (v(t),T(t)). Then
(v(t),T(t)) is a weak solution of problem (2.1) on [r,T] with (v(7),T(T))=(v.,T%).

3.2. The existence of a pullback attractor in X,. In this subsection, we will
consider the existence of a pullback attractor for problem (2.1) by using the method of
{-trajectories. From Theorem 3.1, we know that for any (v,,T,) € H, there exists at least
one weak solution (v(t),T(t)) €C(R,;Hy)NL? (R-;V) of problem (2.1), which implies
that many trajectories may start from the same initial data (v,,T)€ H. However, for
any t>7, there exists some tg € (7,t) such that (v(to),T(to)) €V and there exists a
unique strong solution of problem (2.1) starting from (v(¢o),T(to)). For the sake of
simplicity, denote by [x* (5,75 (v, s )]scir.r a1, for short X7 (5,73 (v, T1)) (BE Ty, 1)),
where I'(,, 7.) is the set of indices marking trajectories starting from (v;,T;). In the
following, we first give the mathematical framework of pullback attractor.

DEFINITION 3.1. Let £€(0,1] be a fized positive constant. Define

X£: U U U Xﬁ(svT;(vTaT‘r))

TER (UTny)eHlBEF(UTvTT)

equipped with the topology of L*(0,4;H).
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Since x°(s,7;(v;,T7)) €C([r,7+{]; Hy) for any 7€R, (v-,T;) € H and BET(,_ 1),
it makes sense to talk about the point values of each trajectory. However, it is not clear
whether X is closed in L?(0,¢;H) such that X, in general is not a complete metric
space. In what follows, we first give the definition of some operators.

For any ¢ €[0,1], we define the mapping e;: X;— H by

er(x(s,7; (v, T0)) =x(tl+7,7; (v, Ty ))

for any x(s,7;(vr,Ty)) € X,.
For any t >, the operators L(t,7): X, — X, are given by the relation
L(t,7)x(s,75(ve, Tr)) = (0, 1) (t+ s = 7,73 (vr, T7))
=U(t+s—1,04+7)e1(x(s,7; (v, T:))) = x(t+s—7,75 (v, Tr)), s€[r,7+{]
for any x(s,7;(v,,T;)) € X, where (v,T)(s,7;(v,,Tr)) is the unique solution of prob-

lem (2.1) on [1,£+1t] such that (v,T)|;;r4+q=x(s,7;(vr,T7)), we can easily prove the
operators {L(t,7)},>- is a process on X.

In what follows, let D, be the family of all nonempty bounded subsets of X, and
let D be the family of all nonempty bounded subsets of H. In the following, we will
perform some a priori estimates of solutions for problem (2.1) to prove the existence of
pullback attractors for problem (2.1).

THEOREM 3.2.  Assume that Q€ L} (R;L?(2)) satisfies

loc

sup/ 1Q(s)|2ds < +o0.
-1

recRJr

Then there exists a positive constant p1 satisfying for any By € Dy, there exists a time
71 =T1(By,t) <t such that for any weak solution of problem (2.1) with short trajectory
X(S,T; (UTaTT)) S B[, we have

4
||(7f(1f),T(t))||§+/0 1w, T)(t+Q)3d¢ < p1

for any T<t—Ty.

Proof. Taking the inner product of the third equation of problem (2.1) with T" in
L?(Q) and combining Lemma 2.1 with Young’s inequality, we obtain

1d

S IT@ONZ+ 1T @) =/QQ(%%z,t)T(ffyy7z,t)d$dydz

<Rl
<S IO + 5K QI3

which implies that
D@3+ LT3 < K Q)3
dt 2 Ko 2="12 2
and

%IIT(UII% 1T < K| Q)13 (3.1)
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It follows from the classical Gronwall inequality that

IT()2< /||T<+T 12655 d<+—// 75 Qo) B dsdc

K2/|\T<+r ||2d<+K2<1+K2>sup/ Q) 2ds.  (3.2)

reR

Thanks to
d 2,7 2,75
25 UT(5)[2e72) < K2[|Q(s)l2¢ 2 (3.3)

for any ¢ € (0,£), integrating inequality (3.3) with respect to s from 74 to t+¢ and
integrating the resulting inequality over (0,¢) with respect to ¢, we obtain

¢ Y et
/ IIT(HC)II%dCSeTZ/ IIT(T+C)II§dC+Kz// ¢ 5 |Q(s) |3 dsd
0 0 0 Jr4c¢

—t 4 T
< [T+ QBdc+ Kai+Katsup [ Q) IBds. (3.4
0 re

—
Multiplying the first equation of problem (2.1) by v and integrating over €2, we find

1d

5 PO+ 10 = [ [ VTy.s.00ds: 00,9, dodydz
QJo

AT @) |2l Vo ()]l2-

Let A=sup{u< 4= :pulv]3<|v]?YveVi}, we infer from Young’s inequality and
Poincare’s 1nequahty that

d
SO+ o < B2 Rer | T()]3 (35)
and
d
%Ilv(t)ll%kllv(ﬂ\lg <h?Rey||T(t)]3. (3.6)

We infer from the classical Gronwall inequality and inequality (3.2) that

t

IO <o+ QI e [ ()0
T+¢

e h?Rei Koe®z 5 .
<[lo(r+¢)l3e 7+ t)+€(1_17K/\ N / IT(¢+7)]15d¢
h?Re "
T K Ko)sup [ QOB
re r—1

which implies that

h?Re, K
()13 < - “/ lo(r+0) ||2d<+i(f_1;6A . ”/ IT(¢+ ) 3dC
C
+ S ks [ QB (37)
reRJr—1
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Thanks to

d
75 lv(s )|5¢°) <h®Rey||T(s) 3¢ (3-8)

Integrating inequality (3.8) with respect to s between 7+ (¢ and ¢+ and integrating
the resulting inequality with respect to ¢ over (0,¢), using inequality (3.2), we conclude

¢ ¢ 0 pt+c
| oigacs e [0 lpacntre | / I7(s) 369 dsdc

t+¢ Ky -
<h2Re1// (e e / I7( n+7)|2dn> Me=t=0 dsd

t+¢ r
+h2Rel/ / <K2 1+K2)sup/ ||Q(s)||§ds> ATt dsdc
T+ -1

reR

A0 / lo(r+¢)3d¢

Y 14
<00 [ ol Ol e+ 12 Reres A [T o) dc
0 0

h?Req ! r
G Ka)sp [ Q)]s (3.9)
reRJr—1

Therefore, we deduce from inequalities (3.2), (3.4), (3.7) and (3.9) that there exists a
positive constant p; satisfying for any By € Dy, there exists a time 71 =71 (By,t) <t such
that for any weak solution of problem (2.1) with short trajectory x(s,7;(v,,T-)) € By,
we have

¢
10, T3+ / 10, T) (4O |3dC <

for any 7 <t—my. 0
From the proof of Theorem 3.2, we conclude the following result.
COROLLARY 3.3. Assume that Q € L2 (R;L?(Q)) satisfies

loc

sup/ ||Q(s)||§ds < 400.

reRJr—1

Then there exists a positive constant py satisfying for any B €D, there exists a time
71 =711(B,t) <t such that for any weak solution of problem (2.1) with any initial data
(vr,T;) € B, we have

£
II(U(t),T(l‘))IlgﬂL/0 1w, T)(t+C)I3d¢ < py

for any T <t—r7y.

THEOREM 3.3.  Assume that Q € L2 _(R;L(Q)) satisfies

- / 1Q(s)|2ds < +oc.

reR
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Then there exists a positive constant ps satisfying for any By € Dy, there exists a time

To =To(By,t) <t such that for any weak solution of problem (2.1) with short trajectory
X(S,T; (UT;TT)) S BZ, we have

£
l(®)11E + IIT(t)IIZJr/0 1w, T)(t+ Q)12 dC < p2

for any T <t—rs.

Proof. Taking the inner product of the third equation of problem (2.1) with |T|4T
in L?(9), we obtain

5
6, ° 312 <
LSO+ IT@P I <ITOPI, 100
2
<cle®) T @ Pls NT@)PI-
We infer from Young’s inequality and the Sobolev embedding theorem that
d
@IIT(t)IIE <clels. (3.10)

For any ¢ €(0,¢), integrating inequality (3.10) over (t—£¢+(,t) and integrating the re-
sulting inequality with respect to ¢ over (0,¢), we have

2 = _ 2 - 2
o<y [ re-eroizicreg [ el

C t t
<7 | mopacee [ ek (3.11)

Integrating inequality (3.1) from ¢ —¢ to ¢ and combining inequality (3.2), we obtain
2 ! 2
I+ [ 7P
t—0
t
<k, [ QI3 +IT- 013

¢ 22
SKQ/ 1Q(C )||2d<+76 L / 17°( C+T)Ilde+K2(1+Kz)Sup/ 1Q(s)I3ds
t—~ reR

Ko 17—t ¢
<o [rniBacs K Kasup [ Q(s)IBas. (312

reR

We deduce from inequalities (3.11)-(3.12) that

24
Ce¥ks -t [* C
IT(#)[I5 < e ; IT(C+7)I5d¢+— K2(1+K2)81€1£/ 1Q(s)15ds

+c/t 1Q(s)3ds

SCZfeTK;/O IIT(<+T)||§d<+%(1+K2) bup/ 1Q(s)||3ds.  (3.13)

reR
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Multiplying the first equation of problem (2.3) by |5|*®

), we deduce

v and integrating by parts over

1 1 4
6 ~11~12112 ~11~512112 “Ns13112
6CMII Ol + 7o, NVallEFl2 + g ll10:=l191 71z + G IIoF]
0 0
gc/ |5|\V6||ﬁ|5dxdydz+0/ (/ |T|dz)(/ |Vo||o|* dz) dzdy
M J—h —h

0
+c/ / 152 d2)( / Vi3] d=) dedy. (3.14)
h

It follows from Holder’s inequality and Minkowski inequality that
0 1 O 1
/ 10/ V3 |5 drdydz < / ol( / IVa[2(6]" dz) / 159 dz) ¥ dedy
Q M —h —h
0
<( / o] dedy) ¥ ( / V2[5! dedydz) / ( / 191 dady)* dz)*.
M Q —h

w\»—-

(3.15)

By virtue of interpolation inequality, we have

[ ol dsdy= [ (1o dnay
M M
<C [ Jol°dsdy [ |VIof*P dudy,
M M
which entails that
/ / |U|12dacdy)2dz% /|v|6dacdydz T /|V|U|3\2dxdydz)%. (3.16)
We deduce from inequalities (3.15)-(3.16) that

/ 161V |[8]° dedydz < Clo )¢ o] 21|V o )12 ( / V15?2 dwdydz)  ( / Vo2 [5] dadydz)?
Q Q
(3.17)

Repeating the similar process as the above, we have

0 0
[ mae [ valleitas)deay < ciTiol [ [VoPiadedyd) gl (3.9
M —h —h Q
and
0 0 )
/ ( / o ) / [Vl ) dady < O /Q V5[ (6] dedydz) 21215 ey, (3.19)
M J— _

where we use the inequality ||11||L8 (M) <C||’UHL6(M ||17H§II(M).
We deduce from inequalities (3.14), (3.17)-(3.19) that

d . 2 i~ 2 I -
— B+ == IIVol[5[* 13 + - [10:5/15 13 + 2|5
dt Rel R€2

<C(I0l31Voll3 +1I9l 7 @) 19118 + CITIIZ 516, (3.20)
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which implies that

d, ~ .
Z1PO1E <CUIENVOlE+ 1217 @) 1215+ CITI
<C(llvl3Ioll* +Ilvl)I21§ + CIITlE.

For any ¢ € (0,¢), we deduce from the Gronwall inequality that

()2 <c / (s |6ds)exp{c /;va(s)n%w(s)n%|v<s>||2ds}

(

(-0 {0 [ I+ o) P
<c(late+c-01+ /t;uT(s)nst)exp{c/t_é||v<s>||%||v<s>||2+||v<s>||2ds}
<c(ipe+c-0+ [ ireitas)es{c [ o B+l ).

which entails that

||17(t)||§§0(/t£||T(s)||2ds) exp{C’/tZ||v(s)|§||v(s)||2+||v(s)||2ds}
1 [f ) t , , ,
+C<£/0 lot+¢—20)| d() exp{C/t_e||U(s)||2||v(s)|| +lv(s)]| ds}. (3.21)

Integrating inequality (3.5) from ¢ —¢ to ¢ and combining inequality (3.7), we obtain
2 ! 2
o3+ [ le@IPac

t
<h?Res / IT(Q) 12+ vt — 0|2

h2Re, KyeFz T

14
T [menizac

<o / lo(r+Q)I3d¢ +
t T

R Re K / IT(OIPdc+ S Ko(1+ Ka)sup / QQIRde.  (322)
t—4 reRJr—1

Taking the inner product of the first equation of problem (2.2) with —Aw in L?(M) and
using Holder’s inequality, we deduce

3 1900y + 5 180D

§C||7JHL4(M)||V5||L4(M)HAUHL2(M) +C[[|Vo]|o|[|2)| AD[ L2 (ar)
+C19]| L2y [|AD]| L2 (ar) + CIVT || 2| AD|| 2 a1y

Therefore, we obtain

do_ T
%va(t)”LQ(M)+R761HA’U(t)HL2(M)
<Co)172an) IV0l| 72 ary + CIIVT (I3 + CI V0|3 + Cll[ VD523
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<Clol3llvP Vol 72(ar) +CITI? +Cllol* +Cll [Vl |53
For ¢ €(0,¢), in view of the Gronwall inequality, we obtain

||W<t3||iz<M> |
<C (/HH IT(s)|1*+ v (s)1*+ |||V17t(s)||6(s)|2||§ds) exp {C/HC% IIv(s)|\§\|v(s)\|2ds}
HIVs(+ O snen{C [ oGP
<0 (lote+c- 0 ep{o [ o) Blots)1?as )
+c</tt \I(w(s),T(s))\l2+\||W(s)||@(s)|2||§ds> exp{C/t;HU(S)”%U(S)H%S}7

—0

which implies that

vs <0 (7 [ rc-ora)enfo [ peiRlePas)

+C’(/t;||(v(8),T(S))H2+||\V17(s)|\6(s)|2||§ds) eXp{C/ \|v(s)\|§||v(s)l\2ds}

t

<o ([ 16T +Ivseia i) ee{c [

I\U(S)Ilgllv(S)IIQdS}- (3.23)

Integrating inequality (3.20) from ¢ —¢ to t, we obtain
IO — / IV E(8) 15(5) 2113 ds+ —— 10,51 5122+ 215 |2
6 R@l t—0 2 R62 # 2
t
<llst—p|E+C / () IV oI+ 17(6) s o) 1) IS+ IT () s
t7

<llo(t-0)lIg +C/H(Ilv(8) 3llo(s) 112 + o) I I8+ T () El15(s)lgds.  (3.24)

Therefore, we deduce from inequalities (3.2), (3.7), (3.12)-(3.13), (3.21)-(3.24) and the
inequality [|v]|¢ < Ch~5|[v|2 4+ Chs ||Vo||a + /3]s shown in [21] that there exists a posi-
tive constant po satisfying for any By € Dy, there exists a time 7o =72(By,t) <71 <t such
that for any weak solution of problem (2.1) with short trajectory x(s,7;(vr,T-)) € By,
we have

¢

Hv(t)H?er||T(t)||§+/0 (v, T)(E+C) 7 d¢ < p2 (3.25)
for any 7 <t—To. O
THEOREM 3.4. Assume that Q€ L} (R;L?(2)) satisfies

loc

T
sup / 1Q(s) 12 ds < +oo.
reRJr—1

Then there exists a positive constant ps satisfying for any By € Dy, there exists a time
T3 =T3(By,t) <t such that for any weak solution of problem (2.1) with short trajectory
x(s,7;(vr,Ty)) € By, we have

L
OO+ [ (10+0.T0+O) s oy + I+ T +O)B) dC <
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for any T <t—r73.

Proof. Denoting u=wv,. It is clear that u satisfies the following equation obtained
by differentiating the first equation of problem (2.1) with respect to z:

%1; +Liu+(v-V)u— (ffhv'v(x,y,r,t)dr)%—k(u-V)v
—(V-v)u+ g5 fut = VT =0, (3.26)

u|Fu :O7u|22*h :07u'ﬁ‘l—‘l 207% X ﬁ|Fz =0.

Multiplying the first equation of problem (3.26) by v and integrating over {2, we obtain

1d 1 3
5 7 1@NE + [l <[ Tl Vulla+Cloflsllwll3 [l
We deduce from Young’s inequality that
d
@HU(U\@H\U(t)Hz <COlvlgllull3+CITI3- (327)
For any ¢ €(0,¢), it follows from the Gronwall inequality that

o< (lute-rroec [ regas)es{c [ i)
<(luti—erorons [ reieas)es{c [ poiis). @2

Integrating inequality (3.28) over (t —£+(,t) with respect to ¢ over (0,¢), we have

2 1 ‘ 2 ! 2 ¢ 4
OIHE (8 [ lut-exolacers [ izl ds> exo{c [ Inlias)

<(+ [ woeassers [ roras)es{e [ o)

<C t I(v(5),T(s))|I*ds | expq C t lo(s)ligds ¢ (3.29)
I I

Moreover, integrating inequality (3.27) over (t—/¢,t), we obtain

IIU(t)||§+/t_EIIu(8)||2d8§IIu(t—E)HngC/t_Z(I\U(S)\\§IIU(S)IIS+IIT(S)Hg) ds. (3.30)

Taking the inner product of the first equation of problem (2.1) with —Awv in L?(9), we
conclude

1d

2 dt
1 1 1 3

<SCllvz |3 Ve 3 [Voll3 |Av]I3 +CIVT[l2[| Avllz+Cllulls[[Vollsl| Avllz + Cllvll2[[Av]l2-

2, 1 2, 1 2
A =
IVu®)llz + g llAvblz+ 5~ [Vo:(t)ll2

We infer from Young’s inequality that

d 2 1 2 1 2
— t —||Av(t —_— (T
GO+ o 1AV + 5 V- ()13
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C+[olls+ o= M3 VoIV oll3 +C V3. (3.31)

For any ¢ € (0,¢), it follows from the Gronwall inequality that
t
|VU(L‘)|§§(||Vv(t—4+4)|§)exp{0/t e+<(1+||v(8)||§+IIUZ(S)HEIIVUZ(SNg)dS}

t s)||3ds ) ex t V(NE Lo (R, (s)112) ds
o[ 1Tl )em{e [ e+l @RI ol)ds

t—L+(¢

< (9ot exp{ € [ @I+ lo-@ 7o) s
e[ ivreias)ep{c [ @il oo BITe @R

which entails that

[Vu()|l5 < ( /I\Vvt £+¢) H%i()exp{ /t;(u'||”(5)||§+Hvz(s)HSHVW(S)HS)dS}
o [ vreiBas)ew{c [ arlvei+ @I (s}
<o( [ IeerePas)en{e [ ari@ii e @RIvL @B} @)

Integrating inequality (3.31) over (t—#,t), we obtain

IVt \|2+—/ I1Aw(s ||2ds+—/ V0. (5) 3 ds

<IVut= 0+ [ A+ e+ GBIV GBIV Bds+¢ [ 9Tl

<IVot=0E+C [ 1+ () i+ o @ BITo- Ve Bds+0 [ 7] ds
(3.33)

Multiplying the third equation of problem (2.1) by LoT and integrating over 2, we
conclude

T@)|*+ || LaT(1)||2
S ST + 1227 (1) 13
1 1 1 1
<Clvll6IVT|Is]| LT |2 + Q) |2l LT (|2 + Cl[ VoI5 |Av||3 10-T'(|3 VT3 | L2T[|2,
which entails
d
ﬁ\IT(t)IIQHIMT(t)H%SC(HUII%JrIIVvllgllAvllg)HTIIQ+CIIQ(t)||§~ (3.34)

For any ¢ € (0,¢), we infer from the Gronwall inequality that

ror<e ([ jeita)ee{o [ duli+ 1T

+(IIT(t4+C)I\2)exp{c/t;+c(||v(s)||g+||vv(3)||g“m(s)“g)ds}
<C (/ti1 ||Q(s)\|§ds> eXp{C/t;(Hv(s)Hé+ HVU(S)II%HAv(s)l\%)ds}
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(20 en{C [ (uli+ Vo Bl Eds |
which entails that
iroR<e ([ 1eeiids)es{c [ (usii+IvaEabs]
+(3 [ime—erora)es{c [ apli I IBIsIR s}
<o ([ 1eeias)es{e [ quli+IvuiE s}

—1

(3 [ rera)es{c [ (et +Ivee BRI} @)

Integrating inequality (3.34) over (t—¥¢,t), we conclude
¢
PO+ [ 12T s

SHT(t*K)II“C/H((HU(S)H‘HHW(S)H%HAv(S)Ilg)IIT(S)Ilz+IIQ(S)H%)ds' (3.36)

Thanks to
1 1 1 1
I Tell2 <1Q@)l2 + Cllolls VT lls + [ Lo T[l2 + Cl[ Vo3 [AvlIZ 0-TIZ IVT:]l3 (3-37)
and
1 1 1 1
[oell2 <Cllollsl[Volls +Cl[ VI3 | Av]l3 lvzll3 Vo3
+Coll2+ClI VT2 +[| Lyv]2. (3.38)
We derive from inequalities (3.37)-(3.38) that
1w, T < CIRMIZ+C A+ (v, )OI A+ lls + 1| (v, D) (D)2 (@) (3:39)

Therefore, we deduce from inequalities (3.25), (3.29)-(3.30), (3.32)-(3.33), (3.35)-(3.36)
and (3.39) that there exists a positive constant p3 satisfying for any By € Dy, there exists
a time 73 =73(By,t) <79 <t such that for any weak solution of problem (2.1) with short
trajectory x(s,7;(vr,Tr)) € By, we have

IO TN+ [ (10T + 10T OVB) dC <

for any 7 <t—73. 0

COROLLARY 3.4. Assume that Q€ L?, (R;L*(Q)) satisfies

loc

sup / 1Q(s)12ds < +oo.
-1

reRJr

Then there exists a positive constant ps satisfying for any B € D, there exists a time 74 =
75(B,t) <t such that for any weak solution of problem (2.1) with initial data (v,,T,) € B,
we have

L
IO IO+ [ (10+0.TC+O) s oy + I+ T +O)IB) dC <
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for any T<t—Ts.
Let
By= {(’U’T) €H: ”(va)Hz SPS}v

then By €D, we infer from Corollary 3.4 that for any ¢t €R, there exists a time 9=
To(Bo,t) > 0 such that for any initial data (v,,T;) € By and any 7 <t—7j, we have

U(t,’r)Bo C Bp.

For any t€R, define

Bl(t): U {U(t,T)(UT,TT)Z(’UT,TT)EBo},
TE[t—70,t]

Bao(t)=Bi(t)

and

Bi(t)={x € Xy:eo(x) € B2(t)}.

From the proof of some a priori estimates in the Section 3 of [1] and Corollary 3.4, we
deduce for any 7<t,

U(t,7)B1(7) C B1(t)

and there exists a positive constant o(7y) depending on 79 and p3 such that By(t)C
{(v,T)e H:||(v,T)||<0(r0)} €D for any t € R. Moreover, we have the following conclu-
sion.

PROPOSITION 3.1.  Assume that for any t €R, B1(t) €D defined above. Then
By(t)=Bi(t) €D

for any teR and
U(t,7)Ba(1) C Ba(t)

for any t>T.

Proof. For any 7 €R, from the definition of Ba(7), we infer that for any (v,,T,) €
By(7), there exists a sequence { (v, r,T ) 152, C B1(7) such that

(Vnr,Tn )= (vr,Tr) in H, asn — cc.

It follows from Theorem 3.1 that for any fixed 7 €R, {(vp T 7))}, is uniformly
bounded in V. Therefore, we deduce from the reflexivity of V' and the compactness
of V.CH that there exist some (vy,71) €V and a subsequence {(Unjanj,r)}?il of
{(vn.r,Tn,7)}5%; such that

(U’I’Lj7‘f'7Tnj7T) (’Ulle)inK asj—>oo,

—\
(Unj 73 Tn;,7) = (v1,T1) in H, as j — oo,
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which entails that

(vl,Iﬁ)::(vT,I}).

From

[[(vr, T2 || <liminf | (vn 7, T )| < 0(70)
Jj—+oo

we conclude that By(t) = Bl(t)H €D for any t€R.
For any fixed 7€ R and any fixed ¢ > 7, we conclude from the definition of By (7),
that for any (v,,T,) € Ba(7), there exists a sequence {(vp,r,Tn.r)} o2y C B1(7) such that

(Vnr,Tn,r) = (vr,Tr) in H, asn— co.

Since (vp,r,Thn,7) (n>1) and (v,,T;) are bounded in V for any fixed 7 € R, we conclude
from Theorem 3.1 that

Ut,7)(vnr,Tnr)—=U@E,T)(v:,T7) inH, asn— 0.

From U(t,7)(vn,r,Tn ) € Bi(t), we obtain U(¢t,7)(v,,T;) € Ba(t). Therefore, we deduce
that

U(t,7)Bs (1) C Ba(t)

for any t > 7. 0
Let

Y ={x€X,:x€L*0,6V),xt € L'(0,6;(H*(Q)NV2)") }

equipped with the following norm

2
¥4 2
Ixlly = / ||x<r>||2dr+< / ||Xt(7“)|(H2(Q)mv2)/d7">

Define B ={B!(t):teR}, where
Bi(t)={x € Xe: eI+ X[} <ps}-

From Proposition 3.1 and Theorem 3.4, we know that L(t,7)B§(7) C B§(t) for any t > 7
as well as L(t,7)B(7) C B{(t) for any 7 <t —73.

LEMMA 3.1.  Assume that Q € L3, (R;L%*(Q)) satisfies

loc

1
2

,
sup/ ||Q(s)||§ds < 400.
1

reRJr—

— 1%(0,4;H)
Then L(t,7)BE(T) C BE(t) for any t>T.

Proof. Thanks to L(t,7)B§(7) C B§(t) for any t>7, it is enough to prove that for
any teR,

L2(0,6;H)

Bj(t) C By(1).
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L?(0,6;H)
For any fixed 7€ R and any xo € B§(7) , there exists a sequence of short trajec-

tories x, € B§(7) such that x, — xo in L?(0,4; H). Since eg(xn) € Ba(7) for any n €N,
there exists a subsequence {eo(xn;)}72; of {eo(xn)}nz: and (vr,T;) €V such that
€o(Xn;) = (v7,T7) in V, which implies that eg(Xy,) — (v-,Tr) in H. From the proof of the
existence of weak solutions for problem (2.1), we deduce that for any S > 7, there exists
a subsequence converging (x-) weakly in spaces L>(7,S; H)NL?(,S;V)NH(1,S;(V N
H?(Q))")) to a certain function (v(t),T(t)) with (v(7),T(7)) = (v,,T}). Therefore, we ob-
tain xo € Xy from Corollary 3.2. It remains to show that eg(xo) € B2(7). From the closed-
ness of Bo(7), we deduce that eq(xo) = (v, Ty ) € Ba(7). Therefore, we obtain xo € B§(7).

]

LEMMA 3.2. Assume that Q€ L3, (R;L*(Q)) satisfies

loc

Sup/ 1Q(s)|2ds < +o0.
-1

recRJr

Then for any T €R, the mapping L(t,7): Xy — X, is locally Lipschitz continuous on
B§(7) for all t>7.

Proof. Assume that 7 €R and x', x? € B§(7). For any t >7+¢, let (vi(t),T1(t)) =
L(t,7)x}, (v2(t),To(t)) = L(t,7)x? and let v=v; —vy, T =T} —Ts, p=p1 — p2. From the
proof of Theorem 2 in [1], we conclude

%II (), )3+ 1), T()II> <L) (v(t), T())]I3, (3.40)
where
L(t) = C(||(va, To) | * + [|0-v2| [V Dz 02|13 + 18- T2 |* | VO, T2 |I5).-

Let s€(0,¢) and integrating inequality (3.40) from 7+ s to t+ s, we obtain
t+s
I(v(t+s),T(t+3))l3 S/ L(r)l[(w(r), T(r)3dr + | (v(r+35), T(r+5)[I3.  (3.41)
T+s

From the classical Gronwall inequality, we deduce

t+s
I(v(t+3), T(t+3))3 S||(U(T+S)7T(T+S))||§e><p(/+ L(r)dr)
<M (t,7)||(o(7+5), T(7+5))I5, (3.42)
where
t4-4
Mz(t,T):M€(|t+€—TD:eXp(/ L(r)dr) (3.43)

is a finite number depending on o(79) and |¢t+ ¢ — 7| for any fixed ¢ > 7+ ¢ from the proof
of a priori estimates in the Section 3 of [1], since eg(x}), eo(x?) € B2(7) are uniformly
bounded in V for any x!, x% € B§(7).

Integrating inequality (3.42) with respect to s for 0 to ¢, we obtain

¢ ¢
/0 [(o(t+8).T(t+ )12 ds < My(t,7) / |(o(7+5),T(r+5)) |3 ds, (3.44)
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which implies that for any 7 € R, the mapping L(t,7): Xy — X is locally Lipschitz con-
tinuous on BE(7) for all ¢ > 7. d

We can immediately obtain the existence of a pullback attractor in X, stated as
follows.

THEOREM 3.5. Assume that Q€ L} (R;L?(Q2)) satisfies

loc

Sup/ 1Q(s)|2ds < +o0.

reRJr—1

Then the process {L(t,T)}it>- generated by problem (2.1) possesses a pullback attractor
Ap={At):teR} in X, and ey (Ay(t)) is included in By(t+£) for any t € R, where

e1(Ae(t)) ={e1(x) : x € Ae(t)}
for any teR.

4. The existence of pullback exponential attractors
In this section, we construct the pullback exponential attractors of problem (2.1)
by combining the method of ¢-trajectories with the smoothing property of the process

{L{t,7) o>

4.1. The existence of pullback exponential attractors. In this subsection,
we prove the smoothness property of the process {L(¢,7)}¢>- to construct the pullback
exponential attractors of problem (2.1).

THEOREM 4.1.  Assume that Q€ L} (R;L?(Q2)) satisfies

loc

Sup/ 1Q(s)||3ds < +o0.
1

recRJr

For any fized T€R, let x' and x? be two short trajectories belonging to Bg(T). Then
there exists a positive constant k independent of t such that for arbitrary t>7144, we
have

L
1L, m)x" =Lt )X SHMz(t,T)/ IX* (7 +7) = x*(r+7) |3 dr,
0

where M(t,T) is given in (3.43).

Proof. Suppose that 7€R and any x!, x?€B§(7), for any t>7+¢, let
(v1(), Ty (t)) = L(t,7)x}, (v2(t),To(t)) = L(t,7)x? and let v=v; —vy, T =T —Ty. From
inequality (3.40), we conclude

%Il(v(t),T(t))Hng I(w(®), TE)I* <L)l (0(6), T(®) 13- (4.1)

For any ¢ > 74 ¢, integrating inequality (4.1) from ¢t — s to t +¢ with s € [0, g], we conclude
t+4

II(U(tH),T(tH))IIng/ 1(w(), T () d¢

t—s

t4+£
S/t LN, T3 d¢ + [ (vt —5), T(t = 3))I5.
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It follows from the classical Gronwall inequality that

t4+L

t+£
(v(t+€)7T(t+€))II§+/_ H(U(CLT(C))IIQdCSexp(/ L(¢)dC)l|(v(t =), T(t—3))I3. (4.2)

t—s t—s

For any t>74/ and any s€ [0,%}, integrating inequality (4.1) from 7+s to t—s, we
obtain

t—s

(v(t—s),T(t—5))II3 S/ L) (w(r), T(r) 3 dr + || (u(r +5),T(7+5)) 3.

+s

We deduce from the classical Gronwall inequality that

t—s

I(v(t=s),T(t=9))I3 <||(U(T+8)7T(T+8))Il§exp(/+ L(r)dr)

SII(U(T+8),T(T+8))||§exp(/ L(r)dr). (4.3)

T

Combining inequality (4.2) with inequality (4.3), we obtain

£ t+£
/0 I(w(t+C), Tt +¢))II* d¢ Sexp(/ L(¢)dO) (v (T +s5),T(r+3))l3
=Me(t,7)|[(v(7+5), T(7+5))|3-

Integrating the above inequality over (0, %) with respect to s, we obtain

f
[+ zeropacs 2D [t re e @49
0 0

Since My(t,7) is bounded for any fixed ¢ € [T+ ¢, 5], we obtain

/N|t+< T(t+0)|2d¢ < 2 tT/w (r+8).T(r+3)[3ds.  (45)

Thanks to

[oell (a2 @y2mvay <llvll+Cllurllsllvlle + Cl[Vorl2]lvlls
+Cllvalsllvlle + ClIVoll2flvalls + ClI T2+ Cllofla - (4.6)

and

ITill 2 @)nvay <IT+ClluallslIT lle
+C[IVuill2[[T]ls+ CllT2lls[[vlls + ClI Vo2l T2 |3, (4.7)

we infer from Theorem 3.3, (4.5)-(4.7) that

¢ 2 ¢
(/0 (vt(t-f—'f‘),Tt(t-l-T‘))((Hz(Q))amV)/dT> Sliz./\/lz(tﬂ')/o ||(U(T—|—S)7T(T+S))||§d8.

(4.8)
0
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THEOREM 4.2.  Assume that Q€ L} (R;L?(Q2)) satisfies

sup/ ||Q(s)||§ds < 400.

reRJr—1

Then for any 6 € (0,1), there exists a pullback exponential attractor My=M§={M,(t):
teR} for the process {L(t,7)}i>- generated by problem (2.1), the sections M,(t) are
compact subsets of X =L*(0,4;V) and their fractal dimension in L?(0,4;V) can be esti-
mated by

dimp(M,(t)) <log 1 (Ng* (By (0;1))),

where Bx (zo;R) denotes a R-ball in X centered at xo and N (By(0;1)) denotes the
smallest number of balls in X of radius 0 necessary to cover the unit ball in Y.

Proof. From Theorem 3.4, we know that there exists a Dy-pullback absorbing set
BE={BS(t):teR} in X satisfying L(t,7)BS(r) C B(t) for any t>7 and A.(7) C BS(7)
for any 7 € R. Therefore, we infer from Theorem 4.1 that there exists some time ¢; >0
such that the mapping L(kty,(k—1)ty): B5((k—1)t;) — B§(kt1) enjoys the smoothness
property

1L (Kt (k= 1)t)x" = Lkty, (k= Dt)x* vy < KIx' = x°llx (4.9)
for any x!, x?€ B§((k—1)t;) and

L(kty,(k—1)t1) B ((k—1)t1) C B (kt1) (4.10)

where K2 =rM,(t;)= /iexp(f(’;:il)tl L(r)dr) is a fixed positive constant.

For any natural number k€ Z, B§(kt;) is uniformly bounded in X, which implies
that there exists a positive constant R and x;, € B§(kt;) such that B§(kt;) C Bx (xx; R)
for all k € Z, denote by W°(k)={x}. Moreover, for any 6 € (0,1), we can choose some
elements 71,7m2,---,ny €Y such that

N
U 77]; )s

where N = N% (By (0;1)).
K
We infer from inequality (4.9) that for any x € Bx(xx—1;R),

| L(kt1,(k—1)t1)x — L(kt1, (k= Dt1)xx-1lly <Kllx —xx-1llx <KR,
ie.,
L(kty,(k—1)t1)Bx (xx—1;R) C By (L(kt1,(k—1)t1)xx—1; KR),

which implies that for any x € By (L(kt1,(k—1)t1)xx—1;K R), we have

— L(kty, (k= Dt)xis 6
KR 2 777’
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and

N
( (k‘tl,(k 1)151 Xk— 1,KR U k‘tl, k 1)t1)Xk 1—|—KR77J,R0)

which yields that there exist 21, 2o, -+, 2x5 € L(kty,(k—1)t;)B§((k—1)t1) and y1, v,
-, yn € B§((k—1)t;) such that

L(kty, (k—=1)t1) B§((k—1)t:) =L(kt1, (k= 1)t1) (Bx (xa—1; B) N BG((k = 1)t1))
N
C U Bx(Zj;29R)

j=1

and
L(ktl,(k—l)tl)yj =2Zj
for any j=1,2,---,N. Denoting the new set of centers by W1(k), it follows
L(kty,(k=1)t1)Bi((k—1)t)C | J Bx(x;20R)
XEW? (k)

with W (k)€ L(kty,(k—1)t1)B§((k—1)t;) and §W*(k) < N.
In what follows, we assume that the sets W™ (k) C L(kty,(k—m)t;)B§((k—m)t;) C
Bf(kty) are already constructed for all m <n, which satisfies

L(ktr,(k—m)t) By((k—m)t)c | BX( .(20)™R)

xXEW™ (k
and
gW (k) <N™.
In order to construct a covering of
L(kty,(k—n—1)t1)B§((k—n—1)t;)

)
(k—=1)t1,(k—n—1)t1)B§((k—n—1)t;)

=L(kty,(k— ) 1) L(

c U Lkt (k=1)t)Bx (x:(20)"R)
XEW™ (k—1)

c U By(L(kty,(k—1)t)x; (20)"KR),
XEW™(k—1)

let xeW™(k—1), we proceed as before and use the covering of the unit ball By (0;1)
by %—balls in X to conclude

N
By (L(kty,(k—1)t1)x;(20)"KR) C U Bx (L(kt1,(k—1)t1)x+(20)" K Rn;;(20)" R0),
j=1
which entails that

N
By(L(k:tl,(k—l)tl)X;(gg)nKR)CUB (L(kty, (k—1)t1)y :(20)"*1R)

Jj=1
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for some yy, -+, y% € L((k—1)t;,(k—n—1)t;)B§((k—n—1)t;). Constructing in the
same way stch a covering by balls with radius (20)" ! R in X for every x € W"(k—1), we
obtain a covering of the set L(kty,(k—n—1)t;)B§((k—n—1)t;) and denote the new set
of centres by W"+1(k), which yields W "+ (k) < NgW™(k—1) < N"*! and Wt (k) C
L(kty,(k—n—1)t;)BE((k—n—1)t;) as well as

L(kth(k*n*1)t1)Bg((k*n71)t1)C U BX(X;(QG)H+1R)_
XEWn+L (k)

In order to obtain the existence of the pullback exponential attractor, for any k € Z and
any n €N, we define

E°(k)=W°(k) = {x+},
E'(k)=L(kty,(k—1)t)E°(k—1)UW(k),

E™(k)=L(kty,(k—1)t)E" Y (k—1) UW™(k U (kty,(k—)t)) W™ (k—7).

From the fact that L(t,7)B§(7) C B§(t) for any t > 7, we conclude for any k € Z,
L(k‘tl, (k‘ —n)tl)Bg((k: —n)tl) C L(k‘tl,(k —m)tl)Bg((k —m)tl)

for any n,m €N with n>m. Moreover, for any k€ Z, the family of sets E"(k)(neN),
satisfies the following properties

(i) L(kty,(k— 1)t1)E”(k: 1)CE”+1(I<:) E°(k)=WO(k) C B§(kty), E™(k)C
L(kty,(k—n)t;)BS((k—n)t,) C BS(kt1),
(i) $E" (k) <3y N' < (n+1)N",
(ii)) L(kty,(k—n)t1)BG((k—n)t1) CUyewn ) Bx (x:(20)"R) C
UXeEw/(k)BX(M(QG)nR)
For any k €Z, define

k= E"(k)

In what follows, we will prove that for any k € Z, the set ./\;le(k) is pre-compact, finite-
dimensional and positively semi-invariant with respect to the process { L(mty,nt;):m >

n}.

First of all, for any k€ Z and any m €N, it follows from the property (i) that

o0

L((m+k)t1,kt))Me(k) = ] L((m+k)t1,kt1) E" (k)

n=0

c U E" (m+ k)= U E™(m+k)

n=0 n=m

C U E"(m+k)=M(m+k).
n=0
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Furthermore, for any k€Z, since E"™(k)C L(kty,(k—n)t1)BE((k—n)t1) C L(kty,(k—
m)t1)B§((k—m)ty) for any n>m, we deduce

My(k)= G E™(k)C CJ E™(k)U G E™(k)
n=0 n=0 n=m-+1

C O E"(k)UL(kty,(k—m)t,)BS((k—m)ty).
n=0

We infer from properties (i7) and (iii) that for any k€ Z,

$(U) B () =3 47 () < (m -+ DEE™ (k) < (m + 172N
n=0 n=0

and

L(ktl,(k’—m)tl)Bg((k’—m)tl)C U BX(X;(QQ)”LR).
xeWwm (k)

For any € >0, there exists some positive integer m sufficiently large such that

(20)"R<e<(20)™ 'R.

Therefore, for any k € 7Z, we can estimate the number of e-balls needed to cover /\;lz(k)
as follows

N (Me(k)) <#( G E" (k) +W™ (k) < (m+1)*N™ + N™ <2(m+1)>N"™,
n=0

which implies that for any k€ Z, there exists a finite number of e-net to cover ./\;lg(k).
Therefore, My(k) is a pre-compact subset of Bf(k) in X for any k€ Z.
For any fixed k € Z, we conclude the fractal dimension of the set M,(k),

dsz(Mz(k)) :hmsupw

e—0t —Ine

<log 1 (N)=log 1 (N (By (0;1))).

- 20

In what follows, we will prove that for any k € Z, the set ./\;lg(k) exponentially attracts
all bounded subsets of X. For any bounded subset B¢ of X, we infer from Theorem 3.4
that for any k € Z, there exists some ty =t5(B*) > 0 such that L(kty,kt, —7)B* C Bf(kty)
for any kt; — 7 >to, which implies that there exists some natural number ng €N with
noty >ty such that L(kty, (k—n)t;)B* C BS(kty) for any n>ng. Therefore, if n>mng+1,
we obtain

distx (L(kty,(k—n)t1)B’, My(k))

<distx (L(k)tl, (k‘ —n—|—n0)t1)L((k —n+no)t1, (k‘ — n)h)Be, fj En(k))

n=0

<distx (L(kty,(k—n+no)t1) By((k—n-+no)t1), | ) E™ (k)
n=0

<distx (L(kty,(k—n+no)t1)B§((k—n-+ng)t1), E" " (k))
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<(20)""™ R
:(29)—noRe—ln(2%)"_ (4.11)

To obtain the existence of a pullback exponential attractor for the continuous time
process {L(t,7)}i>-, we define

Eo(t) = L(t,kt1)My(k), fort € [kt1,(k+1)t;).

From Lemma 3.1, we know that BY is a family of closed subsets of X. Let & (t) be the
closure of &(t) in X for any t€R.

Due to the Lipschitz-continuity of the process, the sets gg(t) are compact in X.
Moreover, we deduce from Lemma 2.3 that the same (uniform) bound on the fractal
dimension of the sections Ey(t),

dimp(E(t)) =dimp(E(t)) = dimp(L(t, kt1) M, (k))
<dimp(M(k)) <log s (N3 (By (0;1))), fort € [kt1, (k+1)t).

In the following, we will prove that the sets {&(t):t € R} are positively semi-invariant.

Let t,s€R and t>s, then s=kt1+s}) and t=1t; +t| for some k,l€Z, k<l and
sy,th €[0,¢1). If I >k+1, we obtain

(t 8)5@( ) (lt1 +t1,kt1+81)£g(kt1+81) L(lt1 +t,1,kt1+8l1)L(kt1 +8/1,kt1)./\;lz(k)
=L(Ity +t1,1t1) L(It1, kt1 )Mo (k) C LIty +t7,1t) Me(1) = Ee (It + 1) = Eu(2),

where we used the semi-invariance of the family {M,(k):k€Z} under the action of
the process {L(mty,nt1):m>n}. On the other hand, if I=Fk, then s=kt; +s] and
t=Fkt, +1t} for some s, t} €[0,¢1) with ¢} > s} and

L(t,s)E(s) = L(kty +t), kty +5,)E (
=L(kty +t,kt1 +s)) L(kt1 + s, kt1 )M

t1+57)
o(k)
—L(kty +,, kt) ) Mo(k) = E (It +1,) =E,(1).

By the continuity of the process, we obtain the semi-invariance of the family {&€,(¢):t €
R}.

Finally, the set & (t) exponentially pullback attracts all bounded subsets of X at
time t € R. This follows immediately from the exponential pullback attracting property
of the sets {M(k): k€ Z} and the Lipschitz-continuity property of the process {L(t,7):
t>7}. Therefore, the family & ={&:(t):t€R} is a pullback exponential attractor for
the process {L(t,7)}>, in X. d

4.2. The existence of a pullback exponential attractor in H. In this

subsection, we prove the existence of a pullback exponential attractor in H of problem
(2.1).

THEOREM 4.3.  Assume that Q € L}, (R;L()) satisfies

sup / 1Q(s)|[2ds < +oc.

reRJr—1

Then for any fized T €R, the mapping e : B§(T) — Ba(T+£) =e1(B§(7)) is Lipschitz
continuous. That is, for any two short trajectories x*, x> € B{(7), there exists a positive
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constant n dependent on £ such that

14
llex(x") = ex ()13 Sn/ X (r) = x*(r) I3 dr
0

Proof. Assume that 7 €R and x!, x? € B§(7). For any t > 7+, let (vi(¢),T1(t)) =
L(t,7)x', (va(t),Ta(t))=L(t,7)x?> and let v=v; —vy, T=T; —Ts. From inequality
(3.40), we conclude

%Il(v(t%T(t))H%Jr 1(w(®), T <L) (v(), T ()15

For any 7€ R and any ¢ €(0,¢), we infer from the classical Gronwall inequality that

T+

||(U(T+f),T(T+€))||§SH(’U(TJrO,T(TJrO)%exp(/JrC L(r)dr)
T4+£

<JI(o(r+0),T (7 +C)) [Zexp( / L(r)dr). (4.12)

Integrating inequality (4.12) over (0,¢), we obtain

T4+L

14
et +0. T+ )< gen( [ Ly [ 16+0.20+O)Bdc.

Thanks to (3.43), we know that

T+L
Mg(T,T):exp(/ L(r)dr) <+oo,

which implies that the mapping e; : Ay — A is Lipschitz continuous. ]
THEOREM 4.4. Assume that Q€ L} (R;L?(Q2)) satisfies

loc

sup/ ||Q(s)||§ds < 400.

reRJr—1

Then for any 6 € (0,1), there exists a pullback exponential attractor E=E%={£(t):t€
R} ={e1(&(t—10)):teR} for the process {U(t,7)}1>r generated by problem (2.1).

Proof. From Lemma 2.3, Theorem 4.2 and Theorem 4.3, we know that for any
teR, E(t)=e1(E(t—1)) is compact and its fractal dimension is uniformly finite. As a
result of L(t—¢,s—0)E(s—{) CE(t—1) for any t> s, we have

U(t,$)E(s)=Ul(t,s)e1(Ee(s—0))=er1(L(t—LC,s—0)E(s—0)) Cer(E(t—0))=E(2)

for any ¢ >s. From the definition of By(t) and B§(t), we deduce that for any ¢t € R and
any bounded subset B of H, there exists some time {=1%(B) such that

U(t,t—T)B C Ba(t) =eo(B§(t))

for any 7 >t, which implies that there exists some natural number ng with ngt, >% such
that L(t,t —nt,) B’ C B§(t) for any n>ng. Therefore, for any s> (ng+1)t1, there exists
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some ko €N and s; €[0,¢1) such that s=kot1 +s1, we conclude from Theorem 4.3 and
inequality (4.11) that
distx (U(t,t—s)B,E(t)) =distx (U(t,t —s+t)U(t—s+t,t—s)B,E(t))
<distx (U(t,t —s+1t)Ba(t—s+t),E(t))
=distx (U(t,t —s+t)er(Bi(t—s+t—10)),e1(E(t—1)))
=distx(e;(L(t—{,t—s+t—0)Bi(t —s+t—1)),e1(Ee(t—1)))
<ndistx (L(t—{,t —s+T—0)B{(t—s+t—£),E(t—1)),

which implies that the family £ ={E(¢):¢ € R} exponentially attracts all bounded sub-
sets of H uniformly. Therefore, the family £={E(t):t€R} is a pullback exponential

attractor for the process {U(¢,7)}i>- in H. d
COROLLARY 4.1. Assume that Q€ L?, (R;L*(Q)) satisfies

T
Sup/ 1Q(s)]|3ds < +oc.
reRJr—1

Then the process {U(t,T)}it>- generated by problem (2.1) possesses a pullback attractor
A={A(t):teR}={e1(As(t—1)):t R}, where Ay(t—1{) is the section of pullback at-
tractor Ay ={A.(t):t €R} in X, for the process {L(t,T)};>r generated by problem (2.1)
obtained in Theorem 3.5.

REMARK 4.1. Assume that Q € L? (R;L?(Q)) satisfies

loc

Sup/ 1Q(s)|2ds < +o0.

reRJr—1

Then each member £(t) of the pullback exponential attractor £€={&(¢t):¢t€R} for the
process {U(¢,7)}i>- generated by problem (2.1) in H contains the section A(t) of the
pullback attractor established in Corollary 4.1.

REMARK 4.2. Assume that Q€ L? (R;L?(Q)) satisfies

loc

sup/ 1Q(s)|[2ds < +oo.

reRJr—1

If the Holder continuity in time of the process {U(t,7)}+>- generated by problem (2.1) in
H can be obtained, the exponential attractor M ={M (¢):¢€R} for the time continuous
process {U(t,7)}1>- generated by problem (2.1) can be constructed in the usual way:

Met)= | L(t,5)&l(s)

s€[0,t1]

and

M(t)=e1(Mq(t—1)).
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