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GLOBAL SMALL SOLUTIONS TO HEAT CONDUCTIVE
COMPRESSIBLE NEMATIC LIQUID CRYSTAL SYSTEM:
SMALLNESS ON A SCALING INVARIANT QUANTITY∗

JINKAI LI† AND QIANG TAO‡

Abstract. In this paper, we consider the Cauchy problem to the three dimensional heat conducting
compressible nematic liquid crystal system in the presence of vacuum and with vacuum far fields.
Global well-posedness of strong solutions is established under the condition that the scaling invariant
quantity (∥ρ0∥∞+1)

[
∥ρ0∥3+(∥ρ0∥∞+1)2(∥√ρ0u0∥22+∥∇d0∥22)

][
∥∇u0∥22+(∥ρ0∥∞+1)(∥√ρ0E0∥22+

∥∇2d0∥22)
]
is sufficiently small with the smallness depending only on the parameters appearing in the

system.
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1. Introduction
Liquid crystals are intermediate phases between solids and fluids. The continuum

theory of liquid crystals was established by Ericksen [5] and Leslie [25] during the period
of 1958 through 1968. The present paper concerns a simplified version of the general
Ericksen-Leslie system, which roughly speaking is a coupled system of the compressible
Navier-Stokes equations and the harmonic heat flow (see [30,32]). The equations of the
heat conducting compressible nematic liquid system read as:

ρt+div(ρu)=0, (1.1)

ρ(ut+u ·∇u)+∇P =µ∆u+(µ+λ)∇divu−∆d ·∇d, (1.2)

cvρ(θt+u ·∇θ)+Pdivu−κ∆θ=Q(∇u)+ |∆d+ |∇d|2d|2, (1.3)

dt+u ·∇d=∆d+ |∇d|2d, (1.4)

where ρ∈R+ is the density of the fluid, u∈R3 is the velocity field and d∈S2 represents
macroscopic average of the nematic liquid crystal orientation field, with S2 denoting
the unit spherical surface in R3. Here, P =Rρθ is the pressure with R being a positive
constant, λ and µ are constant viscosity coefficients satisfying the physical conditions
µ>0 and 2µ+3λ≥0, heat capacity cv =

R
γ−1 with γ>1 being the adiabatic constant,

κ>0 is the heat conductive constant coefficient, and

Q(∇u)=
µ

2
|∇u+(∇u)t|2+λ(divu)2.

The additional assumption that 2µ>λ will also be used in this paper.
Mathematical analysis of the nematic liquid crystals have attracted a lot of attention

for several decades. For the incompressible case, Lin [30] first introduced and studied a
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simplified Ericksen-Leslie system modeling the incompressible liquid crystal flows. From
then on, the solvability and stability of the incompressible liquid crystal flows have been
substantially developed. The global existence and partial regularity of weak solutions to
the Ginzburg-Landau type approximation system were obtained by Lin and Liu [32,33],
while the global existence of weak solutions to the original system was proved by Lin
et al. [31], Hong [12], and Hong and Xin [13] for two-dimensional case, and by Lin
and Wang [35] for three-dimensional case under some geometric assumptions on the
initial director field d0. Uniqueness of weak solutions in two dimensions was proved
by Lin and Wang [34], Li et al. [27], and Wang et al. [40], while the nonuniqueness
of weak solutions and finite-time blow up of classic solutions in three dimensions was,
respectively, addressed by Gong et al. [10] and Huang et al. [16]. Feireisl et al. [7, 8]
considered a non-isothermal Ginzburg-Landau model of nematic liquid crystals and
investigated the global existence of weak solutions, while the global existence of weak
solutions to the corresponding non-isothermal Ericksen-Leslie system in two dimensions
was established by Li and Xin [28]. One can refer to De Anna and Liu [2] for the
derivation of the general non-isothermal Ericksen-Leslie system. Huang and Wang [17]
established a blow-up criterion for the short-time classical solutions to incompressible
liquid crystal flows in dimensions two and three. Hong et al. [14] established the local
well-posedness and blow-up criteria of strong solutions to the liquid crystal system with
general Oseen-Frank free energy density.

Concerning the compressible case, the model of the liquid crystals becomes more
complicated since the density variation affects the mechanical behaviour of the fluid.
Global well-posedness of the isentropic compressible nematic liquid crystals in one di-
mension was proved by Ding et al. [3,4], while the global existence of weak solutions in
multi-dimensions was proved by Jiang et al. [22,23] under a smallness condition on the
third component of initial orientation field. The local existence of unique strong solution
to the initial value or initial-boundary value problem was proved in Huang et al. [18,19],
where a series of blow-up criterion of strong solutions were established as well. Li et
al. [29] obtained the global classical solutions to the Cauchy problem with small initial
energy but possibly large oscillations and the initial density may allow vacuum. The
long-time behavior of classical solution was considered in [9]. By virtue of the Fourier
splitting method, the authors built optimal temporal decay rate of the global solution.
For more results on simplified isothermal Ericksen-Leslie system, the readers can refer
to [15,36,38,39] and references therein.

Inspired by the introduction of non-isothermal models of incompressible nematic
liquid crystals by Feireisl et al. in [7,8], the compressible non-isothermal nematic liquid
crystal flows are now attracting increasing research attention. Fan et al. [6] first investi-
gated the local existence of unique strong solution to the initial boundary value problem.
Guo et al. [11] obtained the global existence of smooth solutions for the Cauchy problem
provided that the initial datum is close to a steady state and gave the algebraic decay
rate of the global solution. A blow up criterion was established in [42] for the strong
solutions to the two-dimensional non-isothermal flows in a bounded domain under a
geometric condition introduced by Lei et al. in [24]. Recently, Liu and Zhong [37]
proved that the global well-posedness of strong solutions with the initial data can have
compact support provided that the quantity ∥ρ0∥L∞ +∥∇d0∥L3 is suitably small with
the smallness depending not only on the parameters involved in the system, but also on
some high order norm of the initial data.

The purpose of this paper is to investigate the global well-posedness of strong solu-
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tions to the Cauchy problem of (1.1)-(1.4) along with the initial condition:

(ρ,u,θ,d)|t=0=(ρ0,u0,θ0,d0). (1.5)

The initial data allows far field vacuum and the smallness assumption, which depends
only on the parameters involved in the system, is imposed exclusively on some quantities
that are scaling invariant with respect to the following scaling transform:

(ρ0λ(x),u0λ(x),θ0λ(x),d0λ(x))=(ρ0(λx),λu0(λx),λ
2θ0(λx),d0(λx)), for any λ ̸=0.

(1.6)

This scaling transform on the initial data is motivated from the natural scaling invariant
property of the compressible nematic liquid crystal flow (1.1)-(1.4):

ρλ(x,t)=ρ(λx,λ2t), uλ(x,t)=λu(λx,λ2t), θλ(x,t)=λ2θ(λx,λ2t), dλ(x,t)=d(λx,λ2t).

More precisely, if (ρ,u,θ,d) is a solution with the initial data (ρ0,u0,θ0,d0), then, by
straightforward calculations, one can find that (ρλ,uλ,θλ,dλ) is also a solution with the
transformed initial data (ρ0λ,u0λ,θ0λ,d0λ) for any nonzero λ.

As already explained in [26], imposing smallness assumptions on the scaling invari-
ant quantities is necessary for obtaining globally well-posed system (1.1)-(1.5). In fact,
if assuming that M is a functional such that

M(ρ0λ,u0λ,θ0λ,d0λ)=λℓ(ρ0,u0,θ0,d0), for any λ ̸=0 and some constant ℓ ̸=0,

and that the global well-posedness holds for any initial data (ρ0,u0,θ0,d0) satisfying

M(ρ0,u0,θ0,d0)≤ε0,

then, by suitably choosing the scaling parameter λ, one can show that the global well-
posedness holds for arbitrary large initial data. However, such global well-posedness for
arbitrary large initial data is far from what we have already known.

Throughout this paper, the following notations are needed. For 1≤p≤∞, denote
Lp=Lp(R3) as the standard Lp Lebesgue spaces with the norm ∥·∥p. For 1≤p≤∞
and positive integer k, denote by W k,p=W k,p(R3) the standard Sobolev spaces, whose
norm is denoted as ∥·∥Wk,p or ∥·∥Hk with Hk=W k,2. To simplify the expressions, the

norm
∑K

i=1∥fi∥X or
(∑K

i=1∥fi∥2X
) 1

2

are sometimes denoted by ∥(f1,f2,. ..,fK)∥X . For

1≤ r≤∞, Dk,r is the homogeneous Sobolev space, which is defined by

Dk,r=
{
u∈L1

loc(R3))
∣∣ ∥∇ku∥r<∞

}
, Dk=Dk,2,

D1
0 =
{
u∈L6(R3))

∣∣ ∥∇u∥2<∞
}
.

For simplicity, let ∫
fdx=

∫
R3

fdx.

Definition 1.1. Let T >0. (ρ,u,θ,d) is called a strong solution to the compressible
nematic liquid crystal flow (1.1)-(1.4) in R3×(0,T ) with initial condition (1.5), if for
some q∈ (3,6],

ρ∈C([0,T ];H1∩W 1,q), (u,θ)∈C([0,T ];D1
0∩D2)∩L2(0,T ;D2,q),
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∇d∈C([0,T ];H2)∩L2(0,T ;H3), ρt∈C([0,T ];L2∩Lq), (ut,θt)∈L2(0,T ;D1
0),

(
√
ρut,

√
ρθt)∈L∞(0,T ;L2), dt∈C([0,T ];H1)∩L2(0,T ;H2), |d|=1,

and (ρ,u,θ,d) satisfies (1.1)-(1.4) a.e. in R3×(0,T ) and fulfills the initial condition
(1.5).

Theorem 1.1. Assume that the initial data ρ0,u0,θ0 and d0 satisfy

ρ0,θ0≥0, ρ0∈H1∩W 1,q,
√
ρ0θ0∈L2,

(u0,θ0)∈D1
0∩D2, ∇d0∈H2, and |d0|=1,

for some q∈ (3,6]. Set ρ :=∥ρ0∥∞+1. In addition, the following compatibility conditions

−µ∆u0−(µ+λ)∇divu0+∇P0+∆d0 ·∇d0=
√
ρ0g1, (1.7)

κ∆θ0+Q(∇u0)+ |∆d0+ |∇d0|2d0|2=
√
ρ0g2, (1.8)

hold with g1, g2∈L2, where P0=Rρ0θ0.
Then, there is a positive constant ε0 depending only on R,γ,µ,λ, and κ, such that

if

N0 :=ρ
[
∥ρ0∥3+ρ2(∥√ρ0u0∥22+∥∇d0∥22)

][
∥∇u0∥22+ρ(∥√ρ0E0∥22+∥∇2d0∥22)

]
≤ε0,

where E0=
|u0|2
2 +cvθ0, the problem (1.1)-(1.5) has a unique global strong solution.

Remark 1.1. It is obvious that if there is an initial data (ρ0,u0,θ0,d0) satisfying
N0≤ε0, then, any (ρ0λ,u0λ,θ0λ,d0λ) defined by the scaling transform (1.6) with λ ̸=0
also satisfies N0≤ε0.

Remark 1.2. The global well-posedness of strong solutions to the Cauchy problem
for compressible non-isothermal nematic liquid crystal flows with vacuum as far field
density has recently been proved in [37], which needs the small initial data satisfying

∥ρ0∥L∞ +∥∇d0∥L3

≤ϵ0= ϵ0(∥ρ0∥1,∥
√
ρ0u0∥2,∥∇u0∥2,∥

√
ρ0E0∥2,∥∇d0∥2,∥∇2d0∥2,µ,λ,R,γ,κ).

Note that the explicit dependence of ϵ0 on the initial norms was not derived in [37].
Therefore, the scaling invariant quantities may not be expected there.

Note that since the system (1.1)-(1.5) contains the full compressible Navier-Stokes
equations as a subsystem, it inherits the difficulties of the full compressible Navier-
Stokes equations. A typical difficulty is that the basic energy estimate does not yield

the desired dissipation estimates
∫ T

0
∥∇u∥22dt. Another difficulty is that the presence of

the liquid crystal director field d brings strong coupling term u ·∇d and nonlinear terms
∇d ·∆d and |∇d|2d. In order to overcome these difficulties, we adopt the idea in [26] to
get the L∞(0,T ;L3) estimate of ρ and introduce the spatial L2-norm of ∇d and ∇2d.
This motivates us to put smallness assumptions on ∥ρ0∥2∞∥√ρ0u0∥2∥

√
ρ0|u0|2∥2 and

∥∇d0∥2∥∇2d0∥2, which are both scaling invariant. As a result, by continuity arguments,
some necessary lower order time-independent estimates are obtained. Then, we give
higher order estimates and eliminate the impact of vacuum by introducing the effective
viscous flux and the material derivative.

The paper is organized as follows. In Section 2 and Section 3, we derive some
lower order and higher order a priori estimates for the solutions to the Cauchy problem
(1.1)-(1.5), respectively. Section 4 is devoted to proving the global well-posedness.



J. LI AND Q. TAO 1459

2. Time independent lower order a priori estimates
This section is devoted to the low order time independent a priori estimates to strong

solutions to system (1.1)-(1.5), under suitable smallness assumption on the initial data.
We begin with the local existence and uniqueness of strong solutions whose proof

can be performed in a similar way as in [1] and [6].

Lemma 2.1 (local well-posedness). Assume that the initial data (ρ0≥0,u0,θ0≥0,d0)
satisfies the conditions in Theorem 1.1. Then, for any Φ0>0 satisfying

∥ρ0∥W 1,q∩H1 +∥(u0,θ0)∥D1
0∩D2 +∥∇d0∥H2 +∥(√ρ0θ0,g1,g2)∥2≤Φ0,

there exist a positive T0>0, which depends on Φ0, R,cv,µ,λ,κ and such that system
(1.1)-(1.5) admits a unique strong solution in R3×(0,T0).

By applying Lemma 2.1 inductively, one can extend the local solutions (ρ,u,θ,d)
established in Lemma 2.1 uniquely to the maximal time interval (0,Tmax) of existence.
Clearly, in order to show the global existence as stated in Theorem 1.1, it suffices to show
that Tmax=∞. To this end, we on one hand assume by contradiction that Tmax<∞ and
on the other hand will show (in the rest of this section and the next section) that some
high order norms (as high regularities as the initial data) of the solution are uniformly
bounded on the time interval (0,Tmax). Thanks to the uniform boundedness of the high
order norms and by Lemma 2.1, one can further extend the solution beyond Tmax, which
contradicts to the definition of Tmax, leading to Tmax=∞.

The desired estimates are divided into two kinds: the lower order (one derivative
lower than those of the initial data) a priori estimates being carried out in the rest of
this section and the higher order (as high order derivatives as those of the initial data) a
priori estimates being carried out in the next section, Section 3. The low order a priori
estimates achieved in this section, see Proposition 2.1, are independent of the length of
the time interval, under suitable smallness assumption on the initial data; however, they
are insufficient to extend the solution beyond Tmax and, thus, the higher order a priori
estimates are required. Different from the lower order estimates in this section, the
higher order estimates in Section 3 will depend on the length of the time interval, and it
may grow if Tmax grows; however, this will be enough to show the global well-posedness
by using the contradicting arguments.

In the rest of this section, as well as in the next section, we always assume that
(ρ,u,θ,d) has already been extended to the maximal existence time interval (0,Tmax),
so that it is a strong solution to system (1.1)-(1.5) in R3×(0,T ), for any T ∈ (0,Tmax).

The main result of this section is the following proposition, which is a direct corollary
of Lemma 2.1 and Lemma 2.9, as below.

Proposition 2.1. For any T ∈ (0,Tmax], define

NT := sup
0≤t<T

ρ
(
∥ρ∥3+ρ2(∥√ρu∥22+∥∇d∥22)

)(
∥∇u∥22+ρ(∥√ρE∥22+∥∇2d∥22)

)
(t), (2.1)

let N0 be as in Theorem 1.1, and denote

G=(2µ+λ)divu−p, ω=∇×u. (2.2)

Then, there is a positive number ε0 (will be given in Lemma 2.9, as below), such
that

NTmax ≤
ε0
2

and sup
0≤t<Tmax

∥ρ∥∞≤2ρ,



1460 GLOBAL SOLUTIONS TO NEMATIC LIQUID CRYSTAL SYSTEM

provided N0≤ε0.
Moreover, the following estimates hold:

sup
0≤t<Tmax

(
∥(√ρE,

√
ρu,∇u,dt,∇d,∇2d)∥22+∥ρ∥3+∥ρ∥∞+∥∇d∥44+∥∇d∥33

)
≤C,∫ Tmax

0

∥(∇θ,|u|∇u,
√
ρut,∇u,∇G,∇ω,dt,∇dt,∇2d,∇3d,|∇d||∇2d|)∥22dt

+

∫ Tmax

0

∥∇u∥26dt+
∫ Tmax

0

∫
ρ3Pdxdt≤C,

where C depends only on R,cv,µ,λ, κ,ρ,∥ρ0∥3,∥
√
ρ0u0∥2,∥

√
ρ0E0∥2,∥∇u0∥2,∥∇d0∥2,

∥∇2d0∥2, and ∥∇d0∥3.

First of all, we need a basic energy inequality.

Lemma 2.2. Assume that 2µ>λ . Then, for any T ∈ (0,Tmax), it holds that

sup
0≤t≤T

(∥√ρu∥22+∥∇d∥22)+
∫ T

0

(∥∇u∥22+∥dt∥22+∥∇2d∥22)dt

≤C(∥√ρ0u0∥22+∥∇d0∥22)+C

∫ T

0

∥ρ∥23∥∇θ∥22dt+C

∫ T

0

∥∇d∥23(∥∇u∥22+∥∇2d∥22)dt,

for a positive constant C depending only on µ and λ.

Proof. Multiplying (1.2) by u, integrating it over R3, and using integration by
parts, one gets

1

2

d

dt
∥√ρu∥22+µ∥∇u∥22+(µ+λ)∥divu∥22

=−
∫

∇(Rρθ) ·udx−
∫

∆d ·∇d ·udx

≤R∥ρ∥3∥θ∥6∥divu∥2+∥u∥6∥∇d∥3∥∇2d∥2
≤C∥ρ∥3∥∇θ∥2∥divu∥2+C∥∇u∥2∥∇d∥3∥∇2d∥2

≤(µ+λ)∥divu∥22+C∥ρ∥23∥∇θ∥22+
µ

2
∥∇u∥22+C∥∇d∥23∥∇2d∥22. (2.3)

Using (1.4) and the Sobolev inequality, it follows

d

dt
∥∇d∥22+

∫
(|dt|2+ |∇2d|2)dx=

∫
|dt−∆d|2dx=

∫
|u ·∇d−|∇d|2d|2dx

≤C(∥u∥26∥∇d∥23+∥∇d∥44)≤C∥∇d∥23(∥∇u∥22+∥∇2d∥22),
(2.4)

where |∇d|2=−∆d ·d guaranteed by |d|=1 was used. Adding (2.3) and (2.4) yields

d

dt
(∥√ρu∥22+∥∇d∥22)+µ∥∇u∥22+∥dt∥22+∥∇2d∥22

≤C∥ρ∥23∥∇θ∥22+C∥∇d∥23(∥∇u∥22+∥∇2d∥22).

The conclusion follows by integrating the above inequality with respect to t.

Then, we derive the estimate on some necessary derivatives of d.
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Lemma 2.3. For any T ∈ (0,Tmax), it holds that

sup
0≤t≤T

(∥∇2d∥22+∥∇d∥44)+
∫ T

0

(∥∇dt∥22+∥∇3d∥22+∥|∇d||∇2d|∥22)dt

≤C(∥∇2d0∥22+∥∇d0∥44)+C sup
0≤t≤T

(∥∇u∥22∥∇d∥22)
∫ T

0

∥∇u∥62dt

+C sup
0≤t≤T

(∥∇d∥32∥∇2d∥32)
∫ T

0

∥∇3d∥22dt,

for an absolute positive constant C.

Proof. Applying the operator ∇ to (1.4) yields

∇dt−∇∆d=−∇(u ·∇d)+ |∇(∇d|2d), (2.5)

from which one derives

d

dt
∥∇2d∥22+

∫
(|∇dt|2+ |∇3d|2)dx

=

∫
|∇dt−∇∆d|2dx

=

∫
|∇(u ·∇d)−|∇(∇d|2d)|2dx

≤C

∫
(|∇u|2|∇d|2+ |u|2|∇2d|2+ |∇d|6)dx+2

∫
|∇d|2|∇2d|2dx. (2.6)

Multiplying (2.5) by 4|∇d|2∇d, and then integrating it over R3, one obtains

1

2

d

dt

∫
|∇d|4dx+4

∫
(|∇d|2|∇2d|2+2|∇d|2|∇(|∇d|)|2)dx

=4

∫
|∇d|2∇d

(
−∇(u ·∇d)+∇(|∇d|2d)

)
dx

≤C

∫ (
|∇d|4|∇u|+ |∇d|3|∇2d||u|+ |∇d|4|∇2d|+ |∇d|6

)
dx

≤
∫

|∇d|2|∇2d|2dx+C

∫
(|∇u|2|∇d|2+ |u|2|∇2d|2+ |∇d|6)dx, (2.7)

where |∇d|2=−∆d ·d guaranteed by |d|=1 was used. Adding (2.6) and (2.7) yields

d

dt

∫
(|∇2d|2+ |∇d|4)dx+

∫
(|∇dt|2+ |∇3d|2+ |∇d|2|∇2d|2)

≤C

∫
(|∇u|2|∇d|2+ |u|2|∇2d|2+ |∇d|6)dx. (2.8)

It follows from the Gagliardo-Nirenberg and Young inequalities that∫
|∇u|2|∇d|2dx≤∥∇d∥2∞∥∇u∥22≤C∥∇d∥

1
2
2 ∥∇3d∥

3
2
2 ∥∇u∥22

≤1

4
∥∇3d∥22+C(∥∇d∥22∥∇u∥22)∥∇u∥62, (2.9)
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|∇d|6dx≤C∥∇d∥26∥|∇d|2∥6∥|∇d|2∥2≤C∥∇d∥26∥|∇(∇d|2)∥2∥∇d∥24

≤1

2
∥|∇d||∇2d|∥22+C∥∇2d∥42∥∇d∥44

≤1

2
∥|∇d||∇2d|∥22+C∥∇2d∥42∥∇d∥23∥∇2d∥22

≤1

2
∥|∇d||∇2d|∥22+C∥∇d∥22∥∇3d∥22∥∇d∥23∥∇2d∥22

≤1

2
∥|∇d||∇2d|∥22+C∥∇d∥32∥∇2d∥32∥∇3d∥22, (2.10)

and ∫
|u|2|∇2d|2dx≤C∥u∥26∥∇2d∥6∥∇2d∥2≤C∥∇u∥22∥∇d∥

1
2
2 ∥∇3d∥

3
2
2

≤1

4
∥∇3d∥22+C(∥∇d∥22∥∇u∥22)∥∇u∥62. (2.11)

Substituting (2.9)-(2.11) into (2.8) yields

d

dt

∫
(|∇2d|2+ |∇d|4)dx+ 1

2

∫
(|∇dt|2+ |∇3d|2+ |∇d|2|∇2d|2)

≤C∥∇d∥32∥∇2d∥32∥∇3d∥22+C(∥∇d∥22∥∇u∥22)∥∇u∥62,

which implies the conclusion by integrating in t.

Then, we will show the following key estimate on the sum of the energy.

Lemma 2.4. For any T ∈ (0,Tmax), it holds that

sup
0≤t≤T

∥√ρE∥22+
∫ T

0

(∥∇θ∥22+∥|u||∇u|∥22)dt

≤C∥√ρ0E0∥22+C

∫ T

0

∥ρ∥∞∥ρ∥
1
2
3 ∥

√
ρθ∥2(∥∇θ∥22+∥|u||∇u|∥22)dt

+C sup
0≤t≤T

∥∇2d∥42
∫ T

0

∥∇u∥22dt

+C sup
0≤t≤T

(∥∇d∥22∥∇2d∥22)
∫ T

0

∥|∇d||∇2d|∥22dt+C sup
0≤t≤T

(∥∇d∥2∥∇2d∥2)
∫ T

0

∥∇3d∥22dt,

for a positive constant C depending only on R,cv,µ,λ, and κ, where E= |u|2
2 +cvθ.

Proof. From the specific kinetic energy E, multiplying (1.2) by u and adding the
resultant to (1.3), one has

ρ(Et+u ·∇E)+div(uP )−κ∆θ=div(S ·u)−∆d ·∇d ·u+ |∆d+ |∇d|2d|2, (2.12)

where S=µ(∇u+(∇u)t)+λdivuI. Then, multiplying (2.12) with E and integrating it
over R3 yield

1

2

d

dt
∥√ρE∥22+κcv∥∇θ∥22≤

κcv
2

∥∇θ∥22+C∥|u||∇u|∥22+C

∫
ρ2θ2|u|2dx

−
∫
(∆d ·∇d ·u)Edx+

∫
|∆d+ |∇d|2d|2Edx
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and, thus,

d

dt
∥√ρE∥22+κcv∥∇θ∥22

≤C∥|u||∇u|∥22+C

∫
ρ2θ2|u|2dx−2

∫
(∆d ·∇d ·u)Edx+2

∫
|∆d+ |∇d|2d|2Edx. (2.13)

One can rewrite the right-hand side of (1.2) in divergence form since

−∆d ·∇d=−div

(
∇d⊙∇d− 1

2
|∇d|2I3

)
,

where ∇d⊙∇d≜ (dxi
·dxj

)3×3 and I3 denotes the identity matrix of order 3. By the
Sobolev inequality and integration by parts, one deduces

−
∫
(∆d ·∇d ·u)Edx=−

∫
div

(
∇d⊙∇d− 1

2
|∇d|2I3

)
·uEdx

=

∫ (
∇d⊙∇d− 1

2
|∇d|2I3

)
:∇(uE)dx

≤C∥∇d∥26∥∇u∥2∥E∥6+
κcv
16

∥∇θ∥22+C∥|u|∇u∥22+C

∫
|∇d|4|u|2dx

≤κcv
8

∥∇θ∥22+C∥|u|∇u∥22+C∥∇2d∥42∥∇u∥22+C∥|u|2∥6∥∇d∥2∥∇d∥6∥|∇d|2∥6

≤κcv
8

∥∇θ∥22+C∥|u|∇u∥22+C∥∇2d∥42∥∇u∥22+C∥∇d∥22∥∇2d∥22∥|∇d||∇2d|∥22,

and ∫
|∆d+ |∇d|2d|2E≤2

∫
|∆d|2Edx+2

∫
|∇d|4Edx

≤2

∫
|∇d||∇3d|Edx+2

∫
|∇d||∇2d||∇E|dx+

∫
|∇d|4|u|2dx+2cv

∫
|∇d|4θdx

≤C∥∇d∥3∥∇3d∥2∥E∥6+C∥∇d∥3∥∇2d∥6∥∇E∥2
+C(∥|u|2∥6+cv∥θ∥6)∥∇d∥2∥∇d∥6∥|∇d|2∥6

≤C(∥|u||∇u|∥2+cv∥∇θ∥2)(∥∇d∥3∥∇3d∥2+∥∇d∥2∥∇2d∥2∥|∇d||∇2d|∥2)

≤κcv
8

∥∇θ∥22+C∥|u|∇u∥22+C∥∇d∥23∥∇3d∥22+C∥∇d∥22∥∇2d∥22∥|∇d||∇2d|∥22.

Putting the above two inequalities into (2.13) leads to

d

dt
∥√ρE∥22+

κcv
2

∥∇θ∥22≤C∥|u||∇u|∥22+C

∫
ρ2θ2|u|2dx

+C∥∇2d∥42∥∇u∥22+C∥∇d∥23∥∇3d∥22+C∥∇d∥22∥∇2d∥22∥|∇d||∇2d|∥22. (2.14)

To control the term ∥|u||∇u|∥22 in (2.14), we need to multiply (1.2) with |u|2u to
obtain that

1

4

d

dt
∥√ρ|u|2∥22−

∫
(µ∆u+(µ+λ)∇divu) · |u|2udx

=−
∫

Pdiv(|u|2u)dx−
∫ (

∇d⊙∇d− 1

2
|∇d|2I3

)
div(|u|2u)dx
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≤C

∫
(ρθ+ |∇d|2)|∇u||u|2dx

≤1

2

(
µ− λ

2

)
∥|u||∇u|∥22+C

∫
(ρ2θ2|u|2+ |∇d|4|u|2)dx

≤1

2

(
µ− λ

2

)
∥|u||∇u|∥22+C

∫
ρ2θ2|u|2dx+C∥|u|2∥6∥∇d∥2∥∇d∥6∥|∇d|2∥6

≤
(
µ− λ

2

)
∥|u||∇u|∥22+C

∫
ρ2θ2|u|2dx+C∥∇d∥22∥∇2d∥22∥|∇d||∇2d|∥22. (2.15)

By direct computation, one has

−
∫
(µ∆u+(µ+λ)∇divu) · |u|2udx≥ (2µ−λ)∥|u||∇u|∥22.

Hence, it follows from the above inequality and (2.15) that

d

dt
∥√ρ|u|2∥22+2(2µ−λ)∥|u||∇u|∥22≤C

∫
ρ2θ2|u|2dx+C∥∇d∥22∥∇2d∥22∥|∇d||∇2d|∥22.

(2.16)

Now, multiplying (2.16) by N >0, which is a sufficiently large number and depend-
ing only on R,cv,µ,λ, and κ, then adding the resultant to (2.14), one gets

d

dt
(∥√ρE∥22+N∥√ρ|u|2∥22)+

κcv
2

∥∇θ∥22+(2µ−λ)N∥|u||∇u|∥22

≤C∥ρ∥∞∥ρ∥
1
2
3 ∥

√
ρθ∥2∥∇θ∥2∥|u||∇u|∥2+C∥∇2d∥42∥∇u∥22+C∥∇d∥2∥∇2d∥2∥∇3d∥22

+C∥∇d∥22∥∇2d∥22∥|∇d||∇2d|∥22, (2.17)

where we have used the fact∫
ρ2θ2|u|2dx≤C∥√ρθ∥2∥θ∥6∥|u|2∥6∥ρ∥

3
2
9 ≤C∥ρ∥∞∥ρ∥

1
2
3 ∥

√
ρθ∥2∥∇θ∥2∥|u||∇u|∥2. (2.18)

The proof can be completed by integrating (2.17) over [0,t].

Then, we will get the crucial estimate on the time independent L∞(0,T ;L3)- norm
of ρ.

Lemma 2.5. For any T ∈ (0,Tmax), it holds that

sup
0≤t≤T

∥ρ∥33+
∫ T

0

∫
ρ3Pdxdt≤C∥ρ0∥33+C sup

0≤t≤T
(∥ρ∥

2
3∞∥√ρu∥

1
3
2 ∥

√
ρ|u|2∥

1
3
2 ∥ρ∥33)

+C

∫ T

0

(∥ρ∥2∞∥ρ∥23∥∇u∥22)dt+C

∫ T

0

(∥ρ∥∞∥ρ∥23∥∇2d∥22)dt,

for a positive constant C depending only on R,cv,µ,λ, and κ.

Proof. If we apply the operator ∆−1div to (1.2), it holds that

∆−1div(ρu)t+∆−1divdiv(ρu⊗u)−(2µ+λ)divu+P

=−∆−1divdiv
(
∇d⊙∇d− 1

2
|∇d|2I3

)
. (2.19)
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Taking advantage of (1.1), we have

(ρ3)t+div(uρ3)+2divuρ3=0. (2.20)

Then, multiplying (2.19) by ρ3 and using above equality, we obtain

2µ+λ

2

(
(ρ3)t+div(uρ3)

)
+ρ3P +ρ3∆−1div(ρu)t+ρ3∆−1divdiv(ρu⊗u)

=−ρ3∆−1divdiv
(
∇d⊙∇d− 1

2
|∇d|2I3

)
. (2.21)

Using (2.20), it follows∫
ρ3∆−1div(ρu)tdx

=
d

dt

∫
ρ3∆−1div(ρu)dx+

∫
[div(ρ3u)+2divuρ3]∆−1div(ρu)dx

=

∫
[2divuρ3∆−1div(ρu)−ρ3u ·∇∆−1div(ρu)]dx+

d

dt

∫
ρ3∆−1div(ρu)dx.

Thanks to this, it follows from integrating (2.21) over R3 that

d

dt

∫ (
2µ+λ

2
+∆−1div(ρu)

)
ρ3dx+

∫
ρ3Pdx

=

∫ [
ρ3
(
u ·∇∆−1div(ρu)−∆−1divdiv(ρu⊗u)

)
−2divuρ3∆−1div(ρu)

]
dx

−
∫

ρ3∆−1divdiv

(
∇d⊙∇d− 1

2
|∇d|2I3

)
dx.

The conclusion in this lemma then follows from the same estimates as in Proposition
2.4 in [26] and the following bound for the last term in above equality∫

ρ3
∣∣∣∣∆−1divdiv

(
∇d⊙∇d− 1

2
|∇d|2I3

)∣∣∣∣dx
≤C∥ρ∥∞∥ρ∥23

∥∥∥∥∆−1divdiv

(
∇d⊙∇d− 1

2
|∇d|2I3

)∥∥∥∥
3

≤C∥ρ∥∞∥ρ∥23∥∇d∥26≤C∥ρ∥∞∥ρ∥23∥∇2d∥22,

where the elliptic estimates were applied.

In order to obtain bound of ∥ρ∥L∞(0,T ;L∞), we need to introduce the effective viscous
flux G and the curl of velocity ω, and establish the following estimates for them.

Lemma 2.6. Assume that

sup
0≤t≤T

∥ρ∥∞≤4ρ.

Then, for any T ∈ (0,Tmax), it holds that

sup
0≤t≤T

∥∇u∥22+
∫ T

0

∥∥∥∥(√ρut,
∇G√
ρ
,
∇ω√
ρ

)∥∥∥∥2
2

dt



1466 GLOBAL SOLUTIONS TO NEMATIC LIQUID CRYSTAL SYSTEM

≤C∥∇u0∥22+Cρ sup
0≤t≤T

∥√ρθ∥22+Cρ3
∫ T

0

∥∇u∥42(∥∇u∥22+ρ∥√ρθ∥22)dt

+C

∫ T

0

(ρ+ρ2∥ρ∥
1
2
3 ∥

√
ρθ∥2)(∥∇θ∥22+∥|u||∇u|∥22)dt

+C∥∇d0∥44+C∥∇d∥44+ε1ρ

∫ T

0

∥∇θ∥22dt

+Cρ sup
0≤t≤T

(∥∇d∥2∥∇2d∥2)
∫ T

0

(∥∇dt∥22+∥∇3d∥22)dt

+Cρ sup
0≤t≤T

(∥∇d∥22∥∇2d∥22)
∫ T

0

∥∇(|∇d|2)∥22dt,

where G and ω are given by (2.2), and the constant C>0 depending only on R,cv,µ,λ,
and κ.

Proof. Multiplying (1.2) by ut, it follows from integration by parts that

1

2

d

dt

(
µ∥∇u∥22+(µ+λ)∥divu∥22

)
−
∫

Pdivutdx+∥√ρut∥22

=−
∫

ρ(u ·∇)u ·utdx−
∫

∆d ·∇d ·utdx. (2.22)

By the definition of effective viscous flux G, it is easy to see divu= G+P
2µ+λ , which implies

−
∫

Pdivutdx=− d

dt

∫
Pdivudx+

∫
Ptdivudx

=− d

dt

∫
Pdivudx+

1

2(2µ+λ)

d

dt
∥P∥22+

1

2µ+λ

∫
PtGdx. (2.23)

On the other hand, it follows from (1.3) that

Pt=(γ−1)
(
Q(∇u)−Pdivu+κ∆θ+ |∆d+ |∇d|2d|2

)
−div(uP ),

which leads to∫
PtGdx=

∫ [
(γ−1)

(
Q(∇u)−Pdivu+ |∆d+ |∇d|2d|2

)
G+

(
uP −κ(γ−1)∇θ

)
·∇G

]
dx.

(2.24)

Due to ∥∇u∥22=∥ω∥22+∥divu∥22 and combining with (2.22)-(2.24), one can deduce that

1

2

d

dt

(
µ∥ω∥22+

∥G∥22
2µ+λ

)
+∥√ρut∥22

=−
∫

ρ(u ·∇)u ·utdx−
∫

∆d ·∇d ·utdx+
1

2µ+λ

∫ (
κ(γ−1)∇θ−uP

)
·∇Gdx

− γ−1

2µ+λ

∫ (
Q(∇u)−pdivu+ |∆d+ |∇d|2d|2

)
Gdx. (2.25)

In order to bound the right-hand side of (2.25), we need to reformulate (1.2) in the
following form with the help of ∆u=∇divu−∇×∇×u:

ρ(ut+u ·∇u)=∇G−µ∇×ω−∆d ·∇d. (2.26)



J. LI AND Q. TAO 1467

Then, multiplying both sides of (2.26) by ∇G, it follows

∥∇G∥22=
∫ (

ρ(ut+u ·∇u) ·∇G+∆d ·∇d ·∇G
)
dx

≤
∫ (

|∇G|2

2
+2ρρ|ut|2

)
dx+

∫ (
ρ(u ·∇)u ·∇G+∆d ·∇d ·∇G

)
dx

where
∫
∇G ·∇×ωdx=0 and ∥ρ∥∞≤4ρ were used. This gives that

∥∇G∥22
16ρ

≤ 1

4
∥√ρut∥22+

1

8ρ

∫ (
ρ(u ·∇)u ·∇G+∆d ·∇d ·∇G

)
dx. (2.27)

Similarly, one has

µ2∥∇ω∥22
16ρ

≤ 1

4
∥√ρut∥22+

1

8ρ

∫ (
ρ(u ·∇)u ·∇ω+∆d ·∇d ·∇ω

)
dx. (2.28)

Putting (2.27) and (2.28) into (2.25), one gets

1

2

d

dt

(
µ∥ω∥22+

∥G∥22
2µ+λ

)
+

1

2
∥√ρut∥22+

1

16ρ
(∥∇G∥22+µ2∥∇ω∥22)

≤C

∫
ρ|u||∇u|

(
|ut|2+

1

ρ
(|∇G|+ |∇ω|)

)
dx+C

∫
(|∇θ|+ρθ|u|)|∇G|dx

+C

∫
(|∇u|2+ρθ|∇u|)|G|dx−

∫
∆d ·∇d ·utdx+C

∫ (
|∆d+ |∇d|2d|2

)
Gdx

+
C

ρ

∫
|∆d||∇d|(|∇G|+ |∇ω|)dx=:

6∑
i=1

Ii. (2.29)

Estimates Ii,i=1,2,. ..,6 are given as follows. It follows from the Hölder and Young
inequalities that

I1≤C
√

ρ∥|u||∇u|∥2∥
√
ρut∥2+C∥|u||∇u|∥2(∥∇G∥2+∥∇ω∥2)

≤ 1

12
∥√ρut∥22+

1

192ρ
(∥∇G∥22+µ2∥∇ω∥22)+Cρ∥|u||∇u|∥22,

and

I2≤C∥∇θ∥2∥∇G∥2+∥ρθu∥2∥∇G∥2

≤C∥∇θ∥2∥∇G∥2+C
√
ρ∥ρ∥

1
4
3 ∥

√
ρθ∥

1
2
2 ∥∇θ∥

1
2
2 ∥|u||∇u|∥

1
2
2 ∥∇G∥2

≤ 1

192ρ
∥∇G∥22+C

(
ρ2∥ρ∥

1
2
3 ∥

√
ρθ∥2+ρ

)
(∥∇θ∥22+∥|u||∇u|∥22),

where (2.18) was used in I2. For I3, noticing that

∥∇u∥6≤C(∥ω∥6+∥divu∥6)≤C(∥ω∥6+∥G∥6+∥ρθ∥6)
≤C(∥∇ω∥2+∥∇G∥2+ρ∥∇θ∥2), (2.30)

it follows from the Hölder, Young and Sobolev inequalities that

I3≤C∥∇u∥2∥∇u∥6∥G∥3+∥∇u∥2∥ρθ∥6∥G∥3
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≤C∥∇u∥2(∥∇G∥2+∥∇ω∥2+ρ∥∇θ∥2)∥G∥
1
2
2 ∥∇G∥

1
2
2 +Cρ∥∇u∥2∥∇θ∥2∥G∥

1
2
2 ∥∇G∥

1
2
2

≤ 1

192ρ
(∥∇G∥22+µ2∥∇ω∥22)+Cρ3∥∇u∥42∥G∥22+Cρ∥∇θ∥22.

Note that

I4=−
∫

div

(
∇d⊙∇d− 1

2
|∇d|2I3

)
·utdx=

∫
(∇d⊙∇d) :∇utdx−

1

2

∫
|∇d|2divutdx.

Using the Young and Sobolev inequalities, one obtains∫
(∇d⊙∇d) :∇utdx

=
d

dt

∫
(∇d⊙∇d) :∇udx−

∫
(∇dt⊙∇d) :∇udx−

∫
(∇d⊙∇dt) :∇udx

≤ d

dt

∫
(∇d⊙∇d) :∇udx+C∥∇d∥3∥∇dt∥2∥∇u∥6

≤ d

dt

∫
(∇d⊙∇d) :∇udx+

ε

4ρ
∥∇u∥26+Cρ∥∇d∥23∥∇dt∥22,

where ε>0 is a sufficiently small constant. Similarly,∫
|∇d|2divutdx≤

d

dt

∫
|∇d|2divudx+ ε

4ρ
∥∇u∥26+Cρ∥∇d∥23∥∇dt∥22.

Therefore, we get

I4≤
d

dt

∫
[(∇d⊙∇d) :∇u+ |∇d|2divu]dx+ ε

2ρ
∥∇u∥26+Cρ∥∇d∥23∥∇dt∥22.

Using (2.30) again, we obtain

I4≤
d

dt

∫
[(∇d⊙∇d) :∇u+ |∇d|2divu]dx

+
1

192ρ
(∥∇ω∥22+∥∇G∥22)+

ε1ρ

2
∥∇θ∥22+Cρ∥∇d∥23∥∇dt∥22,

where ε1=
Cε
2 is sufficiently small.

Now, let us turn to I5 and I6. By virtue of the Hölder, Young and Sobolev inequal-
ities, one deduces

I5=C

∫ (
|∆d+ |∇d|2d|2

)
Gdx

≤C

∫
(|∇d||∇3d||G|+ |∇d||∇2d||∇G|)dx+C∥∇d∥2∥∇d∥6∥|∇d|2∥6∥G∥6

≤C∥∇d∥3∥∇3d∥2∥∇G∥2+C∥∇d∥2∥∇2d∥2∥∇(|∇d|2)∥2∥∇G∥2

≤ 1

192ρ
∥∇G∥22+Cρ∥∇d∥23∥∇3d∥22+Cρ∥∇d∥22∥∇2d∥22∥∇(|∇d|2)∥22,

where |∆d+ |∇d|2d|2= |∆d|2+2∆d ·d|∇d|2+ |∇d|4= |∆d|2−|∇d|4 was used, and

I6≤
C

4ρ
∥∆d∥6∥∇d∥3(∥∇G∥2+∥∇ω∥2)≤

1

192ρ
(∥∇G∥22+µ2∥∇ω∥22)+C∥∇d∥23∥∇3d∥22.
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Putting all these estimates for Ii,i=1,2,. ..,6 into (2.29) leads to

d

dt

(
µ∥ω∥22+

∥G∥22
2µ+λ

)
+

1

2
∥√ρut∥22+

1

16ρ
(∥∇G∥22+µ2∥∇ω∥22)

≤2
d

dt

∫
[(∇d⊙∇d) :∇u+ |∇d|2divu]dx+C(ρ+ρ2∥ρ∥

1
2
3 ∥

√
ρθ∥2)(∥∇θ∥22+∥|u||∇u|∥22)

+Cρ3∥∇u∥42∥G∥22+ε1ρ∥∇θ∥22+Cρ∥∇d∥23(∥∇dt∥22+∥∇3d∥22)
+Cρ∥∇d∥22∥∇2d∥22∥∇(|∇d|2)∥22. (2.31)

Note that

∥∇u∥2≤C(∥ω∥2+∥G∥2+∥ρθ∥2)≤C(∥ω∥2+∥G∥2+
√
ρ∥√ρθ∥2) (2.32)

and∫
[(∇d⊙∇d) :∇u+ |∇d|2divu]dx≤C∥∇u∥2∥|∇d|2∥2≤ε2∥∇u∥22+C∥∇d∥44. (2.33)

Integrating (2.31) in t, substituting (2.32) and (2.33) into the resultant and choosing ε2
small enough, one gets the desired result.

Lemma 2.7. Assume that

sup
0≤t≤T

∥ρ∥∞≤4ρ.

Then, for any T ∈ (0,Tmax), it holds that

sup
0≤t≤T

∥ρ∥∞≤∥ρ0∥∞

·eCρ
2
3 sup0≤t≤T ∥√ρu∥

1
3
2 ∥√ρ|u|2∥

1
3
2 +Cρ

∫ T
0

∥∇u∥2∥(∇G,∇ω,ρ∇θ)∥2dt+C(
∫ T
0

∥∇2d∥2dt
∫ T
0

∥∇3d∥2dt)
1
2
,

for a positive constant C depending only on R,cv,µ,λ, and κ, where G and ω are given
by (2.2).

Proof. In view of (2.19), one has

∆−1div(ρu)t+u ·∇∆−1div(ρu)−(2µ+λ)divu+P

+∆−1divdiv

(
∇d⊙∇d− 1

2
|∇d|2I3

)
=u ·∇∆−1div(ρu)−∆−1divdiv(ρu⊗u)= [u,R⊗R](ρu),

where R is the Riesz transform on R3. To obtain the estimates of ∥ρ∥∞, we adapt the
arguments by [26]. Exactly in the same way as in Proposition 2.6 of [26], one can prove
that

sup
0≤t≤T

∥ρ∥∞

≤∥ρ0∥∞eCρ
2
3 sup0≤t≤T ∥√ρu∥

1
3
2 ∥√ρ|u|2∥

1
3
2 +Cρ

∫ T
0

∥∇u∥2∥(∇G,∇ω,ρ∇θ)∥2dt+C
∫ T
0

∥∇d∥2
∞dt.

(2.34)
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Thanks to this and noticing that

∫ T

0

∥∇d∥2∞dt≤C

∫ T

0

∥∇2d∥2∥∇3d∥2dt≤C

(∫ T

0

∥∇2d∥2dt

) 1
2
(∫ T

0

∥∇3d∥2dt

) 1
2

,

the conclusion follows.

Collecting Lemmas 2.2-2.7, we have the following estimates bounded by the initial
data.

Lemma 2.8. Let G and ω be given by (2.2) and NT be given by (2.1). Then there is
a positive constant η0 depending only on R,cv,µ,λ, and κ, such that if

η≤η0, sup
0≤t≤T

∥ρ∥∞≤4ρ, and NT ≤√
η,

then it holds that

sup
0≤t≤T

∥ρ∥3+

(∫ T

0

∫
ρ3Pdxdt

) 1
3

≤C
(
∥ρ0∥3+ρ2(∥√ρ0u0∥22+∥∇d0∥22)

)
, (2.35)

ρ2

(
sup

0≤t≤T
(∥√ρu∥22+∥∇d∥22)+

∫ T

0

∥(∇u,dt,∇2d)∥22dt

)
≤C
(
∥ρ0∥3+ρ2(∥√ρ0u0∥22+∥∇d0∥22)

)
, (2.36)

sup
0≤t≤T

[
ρ(∥∇2d∥22+∥∇d∥44+∥√ρE∥22)+∥∇u∥22

]
+

∫ T

0

(
∥(∇dt,∇3d,|∇d||∇2d|,∇θ,|u||∇u|)∥22+

∥∥∥∥(√ρut,
∇G√
ρ
,
∇ω√
ρ

)∥∥∥∥2
2

)
dt

≤C
(
ρ(∥∇2d0∥22+∥√ρ0E0∥22)+∥∇u0∥22

)
, (2.37)

sup
0≤t≤T

∥ρ∥∞≤ρeCN
1
6
0 +CN

1
2
0 , (2.38)

for any T ∈ (0,Tmax), where the constant C>0 depends only on R,cv,µ,λ, and κ.

Proof. In view of Lemma 2.2 and by choosing η0<1 small enough, we have

sup
0≤t≤T

(∥√ρu∥22+∥∇d∥22)+
∫ T

0

(∥∇u∥22+∥dt∥22+∥∇2d∥22)dt

≤C(∥√ρ0u0∥22+∥∇d0∥22)+C sup
0≤t≤T

∥ρ∥23
∫ T

0

∥∇θ∥22dt. (2.39)

It follows from Lemma 2.3 and the assumptions that

ρ sup
0≤t≤T

(∥∇2d∥22+∥∇d∥44)+ρ

∫ T

0

(∥∇dt∥22+∥∇3d∥22+∥|∇d||∇2d|∥22)dt

≤Cρ(∥∇2d0∥22+∥∇d0∥44)+Cη
1
2

∫ T

0

∥∇u∥62dt+Cη
3
2

∫ T

0

∥∇3d∥22dt. (2.40)
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With the help of (2.39) and since ρ=∥ρ0∥∞+1, one deduces from the assumption that∫ T

0

∥∇u∥62dt≤ sup
0≤t≤T

∥∇u∥42
∫ T

0

∥∇u∥22dt

≤C sup
0≤t≤T

∥∇u∥42
(

sup
0≤t≤T

(∥√ρu∥22+∥∇d∥22)+ sup
0≤t≤T

∥ρ∥23
∫ T

0

∥∇θ∥22dt
)

≤Cη
1
2 sup
0≤t≤T

∥∇u∥22+Cη

∫ T

0

∥∇θ∥22dt,

which together with (2.40) and by choosing η0 small enough, implies that

ρ sup
0≤t≤T

(∥∇2d∥22+∥∇d∥44)+ρ

∫ T

0

(∥∇dt∥22+∥∇3d∥22+∥|∇d||∇2d|∥22)dt

≤Cρ(∥∇2d0∥22+∥∇d0∥44)+Cη
1
2 sup
0≤t≤T

∥∇u∥22+Cη

∫ T

0

∥∇θ∥22dt. (2.41)

Next, applying Lemma 2.4, using the assumptions and (2.39), we obtain

sup
0≤t≤T

∥√ρE∥22+
∫ T

0

(∥∇θ∥22+∥|u||∇u|∥22)dt

≤C∥√ρ0E0∥22+Cη
1
4

∫ T

0

(∥∇θ∥22+∥|u||∇u|∥22)dt

+Cη

∫ T

0

∥∇3d∥22dt+Cη
1
2

∫ T

0

∥|∇d||∇2d|∥22dt

+C sup
0≤t≤T

∥∇2d∥42(∥
√
ρu∥22+∥∇d∥22)+C sup

0≤t≤T
(∥∇2d∥42∥ρ∥23)

∫ T

0

∥∇θ∥22dt

≤C∥√ρ0E0∥22+Cη
1
4

∫ T

0

(∥∇θ∥22+∥|u||∇u|∥22)dt

+Cη

∫ T

0

∥∇3d∥22dt+Cη
1
2

∫ T

0

∥|∇d||∇2d|∥22dt+Cη
1
2 sup
0≤t≤T

∥∇2d∥22+Cη

∫ T

0

∥∇θ∥22dt.

This, combined with the fact η0 is small enough, implies that

sup
0≤t≤T

∥√ρE∥22+
∫ T

0

(∥∇θ∥22+∥|u||∇u|∥22)dt

≤C∥√ρ0E0∥22+Cη
∫ T

0
∥∇3d∥22dt+Cη

1
2

∫ T

0
∥|∇d||∇2d|∥22dt+Cη

1
2 sup0≤t≤T ∥∇2d∥22. (2.42)

Then, using the assumptions and Sobolev inequality, it follows from Lemma 2.6 that

sup
0≤t≤T

∥∇u∥22+
∫ T

0

∥(√ρut,
∇G√
ρ
,
∇ω√
ρ
)∥22dt

≤C∥∇u0∥22+Cρ sup
0≤t≤T

∥√ρE∥22+Cρ3
∫ t

0

∥∇u∥42(∥∇u∥22+ρ∥√ρE∥22)dt

+C

∫ T

0

(ρ+ρ2∥ρ∥
1
2
3 ∥

√
ρθ∥2)(∥∇θ∥22+∥|u||∇u|∥22)dt+ηρ

∫ T

0

∥∇θ∥22dt

+C∥∇d0∥44+C∥∇d∥23∥∇2d∥22+Cηρ

∫ T

0

(∥∇dt∥22+∥∇3d∥22)dt+Cη
1
2 ρ

∫ T

0

∥∇(|∇d|2)∥22dt,

(2.43)
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where we choose ε1≤η small enough. By (2.39) and (2.42), we get

ρ3
∫ t

0

∥∇u∥42(∥∇u∥22+ρ∥√ρE∥22)dt

≤Cρ3 sup
0≤t≤T

(∥∇u∥22+ρ∥√ρE∥22) sup
0≤t≤T

∥∇u∥22

·

(
( sup
0≤t≤T

(∥√ρu∥22+∥∇d∥22)+ sup
0≤t≤T

∥ρ∥23
∫ T

0

∥∇θ∥22dt)

)

≤Cη
1
2 sup
0≤t≤T

∥∇u∥22+Cη

∫ T

0

∥∇θ∥22dt (2.44)

and

ρ sup
0≤t≤T

∥√ρE∥22+
∫ T

0

(ρ+ρ2∥ρ∥
1
2
3 ∥

√
ρθ∥2)(∥∇θ∥22+∥|u||∇u|∥22)dt

≤ρ sup
0≤t≤T

∥√ρE∥22+(ρ+ρ2 sup
0≤t≤T

(∥ρ∥
1
2
3 ∥

√
ρE∥2)

∫ T

0

(∥∇θ∥22+∥|u||∇u|∥22)dt

≤ρ sup
0≤t≤T

∥√ρE∥22+(ρ+ρη
1
4 )

∫ T

0

(∥∇θ∥22+∥|u||∇u|∥22)dt

≤Cρ∥√ρ0E0∥22+Cρη

∫ T

0

∥∇3d∥22dt+Cρη
1
2

∫ T

0

∥|∇d||∇2d|∥22dt+Cρη
1
2 sup
0≤t≤T

∥∇2d∥22.

(2.45)

Substituting (2.44) and (2.45) into (2.43) and using η0 small enough, one obtains

sup
0≤t≤T

∥∇u∥22+
∫ T

0

∥(√ρut,
∇G√
ρ
,
∇ω√
ρ
)∥22dt

≤C(∥∇u0∥22+ρ∥√ρ0E0∥22+∥∇d0∥44)+Cηρ

∫ T

0

∥∇θ∥22dt

+Cρη
1
2

∫ T

0

∥|∇d||∇2d|∥22dt+Cρη
1
2 sup
0≤t≤T

∥∇2d∥22

+Cηρ

∫ T

0

∥∇dt∥22dt+Cηρ

∫ T

0

∥∇3d∥22dt. (2.46)

The combination of (2.41), (2.42) and (2.46) yields that

sup
0≤t≤T

(
ρ(∥∇2d∥22+∥∇d∥44+∥√ρE∥22)+∥∇u∥22

)
+

∫ T

0

∥∥∥∥(√ρut,
∇G√
ρ
,
∇ω√
ρ

)∥∥∥∥2
2

dt

+ρ

∫ T

0

(
∥∇dt∥22+∥∇3d∥22+∥|∇d||∇2d|∥22+∥∇θ∥22+∥|u||∇u|∥22

)
dt

≤C
(
ρ(∥∇2d0∥22+∥√ρ0E0∥22)+∥∇u0∥22

)
+Cρ sup

0≤t≤T
∥∇d∥23∥∇2d∥22+Cη

1
2 sup
0≤t≤T

∥∇u∥22+Cηρ

∫ T

0

∥∇θ∥22dt

+Cρη
1
2

∫ T

0

∥|∇d||∇2d|∥22dt+Cρη
1
2 sup
0≤t≤T

∥∇2d∥22+Cηρ

∫ T

0

(∥∇dt∥22+∥∇3d∥22)dt
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≤C
(
ρ(∥∇2d0∥22+∥√ρ0E0∥22)+∥∇u0∥22

)
+Cη

1
2 sup
0≤t≤T

∥∇u∥22+Cηρ

∫ T

0

∥∇θ∥22dt

+Cρη
1
2

∫ T

0

∥|∇d||∇2d|∥22dt+Cρ(η
1
2 +η) sup

0≤t≤T
∥∇2d∥22

+Cηρ

∫ T

0

(∥∇dt∥22+∥∇3d∥22)dt,

from which, choosing η0 small enough, one gets (2.37) and

ρ

∫ T

0

∥∇θ∥22dt≤C
(
ρ(∥∇2d0∥22+∥√ρ0E0∥22)+∥∇u0∥22

)
. (2.47)

Recalling (2.39) and the assumptions, and using (2.47), we have

sup
0≤t≤T

(∥√ρu∥22+∥∇d∥22)+
∫ T

0

(∥∇u∥22+∥dt∥22+∥∇2d∥22)dt

≤C(∥√ρ0u0∥22+∥∇d0∥22)+C
1

ρ
sup

0≤t≤T
∥ρ∥23

(
ρ(∥∇2d0∥22+∥√ρ0E0∥22)+∥∇u0∥22

)
≤C(∥√ρ0u0∥22+∥∇d0∥22)+Cη

1
2
1

ρ2
sup

0≤t≤T
∥ρ∥3. (2.48)

It follows from Lemma 2.5, (2.48), the Young inequality and the assumptions that

sup
0≤t≤T

∥ρ∥33+
∫ T

0

∫
ρ3Pdxdt

≤C∥ρ0∥33+C sup
0≤t≤T

(∥ρ∥
2
3∞∥√ρu∥

1
3
2 ∥

√
ρE∥

1
3
2 ∥ρ∥33)

+Cρ2 sup
0≤t≤T

∥ρ∥23
∫ T

0

(∥∇u∥22+∥∇2d∥22)dt

≤C∥ρ0∥33+Cη
1
12 sup

0≤t≤T
∥ρ∥33+Cρ2 sup

0≤t≤T
∥ρ∥23

(
∥√ρ0u0∥22+∥∇d0∥22+η

1
2
1

ρ2
sup

0≤t≤T
∥ρ∥3

)
≤C∥ρ0∥33+C

(
η

1
12 +η

1
2

)
sup

0≤t≤T
∥ρ∥33+Cρ2 sup

0≤t≤T
∥ρ∥23(∥

√
ρ0u0∥22+∥∇d0∥22)

≤C∥ρ0∥33+C
(
η

1
12 +η

1
2 +

1

4

)
sup

0≤t≤T
∥ρ∥33+Cρ6(∥√ρ0u0∥22+∥∇d0∥22)3,

which implies (2.35) by choosing η0 sufficiently small.
Now, substituting (2.35) into (2.48) yields that

ρ2

(
sup

0≤t≤T
(∥√ρu∥22+∥∇d∥22)+

∫ T

0

(∥∇u∥22+∥dt∥22+∥∇2d∥22)dt

)
≤Cρ2(∥√ρ0u0∥22+∥∇d0∥22)+Cη

1
2 sup
0≤t≤T

∥ρ∥3

≤C
(
∥ρ0∥3+ρ2(∥√ρ0u0∥22+∥∇d0∥22)

)
,

which gives (2.36).
Finally, (2.38) follows immediately from Lemma 2.7, (2.36) and (2.37), and the

proof is complete.
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Now, we are able to get time-independent estimates on the scaling invariant quantity
NT .

Lemma 2.9. Let η0,NT , and N0 be as in Lemma 2.8, (2.1), and Theorem 1.1,
respectively. Then, there exists a number ε0∈ (0,η0) such that if

sup
0≤t≤T

∥ρ∥∞≤4ρ, NT ≤
√
ε0 and N0≤ε0,

then

sup
0≤t≤T

∥ρ∥∞≤2ρ and NT ≤
√
ε0
2

,

where ε0 depends only on R,cv,µ,λ, and κ.

Proof. If ε0≤η0 is sufficiently small, all the conditions in Lemma 2.8 hold. There-
fore, we obtain

NT ≤Cρ
(
∥ρ0∥3+ρ2(∥√ρ0u0∥22+∥∇d0∥22)

)(
∥∇u0∥22+ρ(∥√ρ0E0∥22+∥∇2d0∥22)

)
≤Cε0≤

√
ε0
2

.

At the same time,

sup
0≤t≤T

∥ρ∥∞≤ρeCN
1
6
0 +CN

1
2
0 ≤ρeCε

1
6
0 +Cε

1
2
0 ≤2ρ.

We complete the proof of the lemma.

3. Time dependent higher order estimates
Recalling that the low order a priori estimates established in Proposition 2.1 are

one order derivative lower than the orders of derivatives of the initial data, the a priori
estimates obtained in the previous section are insufficient to extend the solution beyond
Tmax (in case that Tmax<∞) through Lemma 2.1. Therefore, besides the a priori
estimates obtained before, the higher order a priori estimates are also required to prove
our main theorem. The desired higher order estimates are presented in this section. As
will be seen in Section 4, our main theorem is proved by contradiction argument, that
is we assume by contradiction that Tmax<∞, and then show that this is not true based
on Lemma 2.1 and the a priori estimates, where Tmax as in the previous section is the
maximal time of existence of the extended solution (ρ,u,θ,d). Therefore, throughout
this section, we always assume that Tmax<∞. The following estimate will be proved in
this section:

sup
0≤t<Tmax

(
∥ρ∥H1∩W 1,q +∥∇θ∥2H1 +∥(∇2u,

√
ρu̇,

√
ρθ̇,∇3d,∇dt)∥22

)
<∞.

Here and in what follows,

ḟ :=ft+u ·∇f

denotes the material derivative of f . These a priori estimates can be established by
modifying the methods of [20, 21, 41] for the compressible Navier-Stokes equations and
magnetohydrodynamic equations.

Let us begin with the following estimate on u̇.
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Lemma 3.1. Assume N0≤ε0. Then, for any T ∈ (0,Tmax), it holds that

sup
0≤t≤T

(∥∇θ∥22+∥√ρu̇∥22+∥∇dt∥22)+
∫ T

0

∥(√ρθ̇,∇u̇,dtt,∆dt)∥22dt≤CTmax
,

where CTmax
depends only on R,cv,µ,λ,κ,Φ0, and Tmax.

Proof. Applying u̇j

(
∂t+div(u·)

)
to (1.2)j and integrating over R3, it follows

1

2

d

dt
∥√ρu̇∥22=−

∫
u̇j

(
∂jPt+div(u∂jP )

)
dx+µ

∫
u̇j

(
∂t∆uj+div(u∆uj)

)
dx

+(µ+λ)

∫
u̇j

(
∂jdivut+div(u∂jdivu)

)
dx

−
∫

∂i(Mi,j(d))t · u̇jdx−
∫

∂k
(
uk∂i(Mi,j(d))

)
u̇jdx=:

5∑
i=1

Ji, (3.1)

where Mi,j(d)=∂id ·∂jd− 1
2 |∇d|2δi,j . It follows from the Hölder, Young and Sobolev

inequalities that

J1=−
∫

u̇j

[
∂jPt+∂jdiv(uP )−div(∂juP )

]
dx

=

∫
divu̇(Pt+div(uP ))dx−

∫
∇u̇j ·∂juPdx

=R

∫
divu̇ρθ̇dx−R

∫
∇u̇j ·∂juρθdx

≤µ

8
∥∇u̇∥22+C∥ρθ̇∥22+C

∫
ρ2θ2|∇u|2dx

≤µ

8
∥∇u̇∥22+C∥ρθ̇∥22+C∥ρθ∥

1
2
2 ∥θ∥

3
2
6 ∥∇u∥24

≤µ

8
∥∇u̇∥22+C

(
1+∥ρθ̇∥22+∥∇θ∥42+∥∇u∥44

)
,

where Proposition 2.1 was used. By virtue of integration by parts, we compute

J2=−µ

∫ (
∂iu̇j(∂iuj)t+∆uju ·∇u̇j

)
dx

=−µ

∫ (
|∇u̇|2−∂iu̇juk∂k∂iuj−∂iu̇j∂iuk∂kuj+∆uju ·∇u̇j

)
dx

=−µ

∫ (
|∇u̇|2+∂iu̇j∂iujdivu−∂iu̇j∂iuk∂kuj−∂iuj∂iuk∂ku̇j

)
dx

≤− 7µ

8
∥∇u̇∥22+C∥∇u∥44.

In the same way, one gets

J3≤−7(µ+λ)

8
∥divu̇∥22+C∥∇u∥44.

For J4 and J5, by integration by parts and the Hölder, Young and Sobolev inequalities,
one has for η1∈ (0,1]

J4≤
∫

|∇d||∇dt||∇u̇|dx≤C∥∇d∥6∥∇dt∥3∥∇u̇∥2≤C∥∇2d∥2∥∇dt∥
1
2
2 ∥∇2dt∥

1
2
2 ∥∇u̇∥2
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≤ε∥∇u̇∥22+η1∥∇2dt∥22+C(ε,η1)∥∇dt∥22,

where sup
0≤t≤T

∥∇2d∥2≤C guaranteed by Proposition 2.1 was used, and

J5≤
∫

|u||∇d||∇2d||∇u̇|dx≤C∥u∥6∥∇d∥6∥∇2d∥6∥∇u̇∥2≤ε∥∇u̇∥22+C(ε)∥∇3d∥22,

where Proposition 2.1 was used.
Substituting Ji,i=1,2,. ..,5 into (3.1), one obtains after choosing ε suitably small

that

d

dt
∥√ρu̇∥22+µ∥∇u̇∥22

≤Cη1∥∇2dt∥22+C
(
1+∥ρθ̇∥22+∥∇θ∥42+∥∇u∥44+∥∇3d∥22

)
+C(η1)∥∇dt∥22. (3.2)

Next, multiplying (1.3) by θ̇ and integrating the resultant over R3 yield

κ

2

d

dt
∥∇θ∥22+cv∥

√
ρθ̇∥22

=−κ

∫
∇θ ·∇(u ·∇θ)dx+λ

∫
|divu|2θ̇dx+ µ

2

∫
|∇u+(∇u)t|2θ̇dx

−R

∫
ρθdivuθ̇dx+

∫
|∆d+ |∇d|2d|2θ̇dx :=

5∑
i=1

Ki. (3.3)

It follows from elliptic estimates, Proposition 2.1, and Gagliardo-Nirenberg and Young
inequalities that

∥∇θ∥2H1 ≤C+C∥√ρθ̇∥22+C∥∇θ∥22+C

∫
ρ2θ2|∇u|2dx+C∥∇u∥44+C∥∆d+ |∇d|2d∥44

≤C+C∥√ρθ̇∥22+C∥∇θ∥22+C∥∇u∥22∥θ∥2∞+C∥∇u∥44+C∥∆d+ |∇d|2d∥44

≤1

2
∥∇θ∥2H1 +C

(
1+∥√ρθ̇∥22+∥∇θ∥22+∥∇u∥44+∥∆d+ |∇d|2d∥44

)
,

which implies

∥∇θ∥2H1 ≤C
(
1+∥√ρθ̇∥22+∥∇θ∥22+∥∇u∥44+∥∆d+ |∇d|2d∥44

)
. (3.4)

Moveover, by (1.4), the Hölder, Young and Sobolev inequalities and Proposition 2.1,
one can get by the elliptic estimates that

∥∇3d∥2≤C∥∇dt∥2+∥∇u ·∇d∥2+C∥u ·∇2d∥2+C∥|∇d|3∥2+C∥|∇d|∇2d∥2
≤C∥∇dt∥2+C∥∇u∥4∥∇d∥4+C∥u∥6∥∇2d∥3+C∥∇d∥36+C∥∇d∥6∥∇2d∥3

≤C∥∇dt∥2+C∥∇u∥4+C∥∇2d∥
1
2
2 ∥∇3d∥

1
2
2 +C

≤1

2
∥∇3d∥2+C

(
1+∥∇dt∥2+∥∇u∥4

)
,

which gives

∥∇d∥H2 ≤C
(
1+∥∇dt∥2+∥∇u∥4

)
. (3.5)
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According to (3.5), one gets by the Sobolev embedding inequality and Proposition 2.1
that

∥∆d+ |∇d|2d∥44≤C(∥∆d∥4H1 +∥∇d∥4∞∥∇d∥44)≤C∥∇d∥4H2 ≤C
(
1+∥∇dt∥42+∥∇u∥44

)
.

(3.6)

Thus, (3.4), (3.6), the Sobolev and Young inequalities yield

K1=−κ

∫
∇θ ·∇(u ·∇θ)dx≤C

∫
|∇θ|

(
|u||∇2θ|+ |∇u||∇θ|

)
dx

≤C
(
∥∇θ∥3∥u∥6∥∇2θ∥2+∥∇u∥2∥∇θ∥6∥∇θ∥3

)
≤C∥∇u∥2∥∇θ∥

1
2
2 ∥∇2θ∥

3
2
2 ≤ε∥∇θ∥22+C(ε)∥∇θ∥22

≤Cε∥√ρθ̇∥22+C(ε)
(
1+∥∇θ∥22+∥∇u∥44+∥∇dt∥42

)
.

By integration by parts, it follows from the Hölder, Young and Sobolev inequalities and
Proposition 2.1 that

K2=λ

∫
(divu)2θtdx+λ

∫
(divu)2u ·∇θdx

=λ

(∫
(divu)2θdx

)
t

−2λ

∫
θdivudiv(u̇−u ·∇u)dx+λ

∫
(divu)2u ·∇θdx

=λ

(∫
(divu)2θdx

)
t

−2λ

∫
θdivudivu̇dx+2λ

∫
θdivu∂iuj∂juidx+λ

∫
u ·∇

(
θ(divu)2

)
dx

≤λ

(∫
(divu)2θdx

)
t

+C∥θ∥6∥∇u∥
1
3
2 ∥∇u∥

2
3
4 (∥∇u̇∥2+∥∇u∥24)

≤λ

(∫
(divu)2θdx

)
t

+η1∥∇u̇∥22+C(η1)
(
1+∥∇u∥44+∥∇θ∥42

)
.

Similarly, one has

K3≤
µ

2

(∫
|∇u+(∇u)t|2θdx

)
t

+η1∥∇u̇∥22+C(η1)
(
1+∥∇u∥44+∥∇θ∥42

)
.

Using Proposition 2.1 again, we get

K4≤C∥√ρθ̇∥2∥
√
ρθ∥

1
4
2 ∥θ∥

3
4
6 ∥∇u∥4≤ε∥√ρθ̇∥22+C(ε)

(
1+∥∇θ∥42+∥∇u∥44

)
.

At last, for K5, noticing that |∆d+ |∇d|2d|2= |∆d|2−|∇d|4 and ∆d ·d=−|∇d|2 guar-
anteed by |d|=1, it follows from the Hölder, Young and Sobolev inequalities that

K5=

∫
|∆d+ |∇d|2d|2θtdx+

∫
|∆d+ |∇d|2d|2u ·∇θdx

=

(∫
|∆d+ |∇d|2d|2θdx

)
t

−2

∫ (
∆d ·∆dt−4|∇d|2∇d :∇dt

)
θdx

+

∫
|∆d−(∆d ·d)d|2u ·∇θdx

=

(∫
|∆d+ |∇d|2d|2θdx

)
t

−2

∫ (
∆d ·∆dt+4∆d ·d∇d :∇dt

)
θdx

+

∫
|∆d−(∆d ·d)d|2u ·∇θdx
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≤
(∫

|∆d+ |∇d|2d|2θdx
)

t

+C∥θ∥6∥∆dt∥2∥∆d∥3+C∥∆d∥2∥∇d∥6∥∇dt∥6∥θ∥6

+C∥∇θ∥2∥u∥6∥∇2d∥26

≤
(∫

|∆d+ |∇d|2d|2θdx
)

t

+C∥∇θ∥2∥∆dt∥2∥∇2d∥
1
2
2 ∥∇2d∥

1
2
2 +C∥∆dt∥2∥∇θ∥2

+C∥∇θ∥2∥∇u∥2∥∇3d∥22

≤
(∫

|∆d+ |∇d|2d|2θdx
)

t

+η1∥∆dt∥22+C(η1)
(
1+∥∇θ∥22)(1+∥∇3d∥22

)
.

Now, substituting the estimates for Ki,i=1,2,. ..,5 into (3.3) and then choosing ε small
enough, we deduce that

d

dt

∫
Φdx+cv∥

√
ρθ̇∥22≤C(1+∥∇θ∥22)(1+∥∇3d∥22+∥∇θ∥22)+Cη1∥∇u̇∥22+Cη1∥∆dt∥22

+C∥∇u∥44+C∥∇dt∥42+C, (3.7)

where

Φ :=κ|∇θ|2−2θ
(
λ(divu)2+

µ

2
|∇u+(∇u)t|2+ |∆d+ |∇d|2d|2

)
. (3.8)

On the other hand, applying ∂t to (1.4), we have

dtt−∆dt=(−u ·∇d+ |∇d|2d)t.

It follows from integration by parts, the Sobolev and Young inequalities and Proposition
2.1 that

d

dt
∥∇dt∥22+∥(dtt,∆dt)∥22=

∫
|dtt−∆dt|2dx

=

∫
|(−u ·∇d)t+(|∇d|2d)t|2dx

≤
∫ (

|ut|2|∇d|2+ |u|2|∇dt|2+ |∇d|4|dt|2+ |∇d|2|∇dt|2
)
dx

≤
∫ (

|u̇|2|∇d|2+ |u|2|∇u|2|∇d|2
)
dx+C∥∇d∥46∥dt∥26

+C(∥u∥26+∥∇d∥26)∥∇dt∥2∥∇dt∥6

≤1

2
∥∆dt∥22+C∥u̇∥26∥∇d∥23+C∥u∥26∥∇u∥26∥∇d∥26+C∥∇dt∥22

≤1

2
∥∆dt∥22+C∥∇u̇∥22+C∥∇u∥26+C∥∇dt∥22,

which yields

d

dt
∥∇dt∥22+∥dtt∥22+

1

2
∥∆dt∥22≤C∥∇u̇∥22+C∥∇u∥26+C∥∇dt∥22. (3.9)

Thus, multiplying (3.2) and (3.9) by η
1
4
1 and η

1
2
1 , respectively, then adding the result

with (3.7) and choosing η1 suitably small, we finally obtain

2
d

dt

∫ (
Φ+η

1
2
1 |∇dt|2+η

1
4
1 ρ|u̇|2

)
dx+cv∥

√
ρθ̇∥22+η

1
2
1 ∥(dtt,∆dt)∥22+µη

1
4
1 ∥∇u̇∥22
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≤C
(
1+∥∇θ∥22)(1+∥∇3d∥22+∥∇θ∥22

)
+C

(
∥∇u∥44+∥∇dt∥42+∥∇dt∥42+∥∇u∥26

)
, (3.10)

where Φ is given by (3.8).
Next, one needs to show the estimate of ∥∇u∥6 in order to bound ∥∇u∥4. To this

end, decompose u=v+w, where v satisfies

µ∆v+(µ+λ)∇divv=∇P. (3.11)

According to Lemma 2.3 in [20], there exists a unique v(·,t)∈D1
0∩D2,2∩D2,q satisfying

(3.11) and the following Lp, p∈ [2,6] and L∞ estimates for t∈ [0,T ]:

∥∇v∥p≤C∥ρθ∥p, (3.12)

and

∥∇v∥∞≤C
(
1+log(e+∥∇(ρθ)∥q)∥ρθ∥∞+∥ρθ∥2

)
, q∈ (3,6]. (3.13)

While, w satisfies

µ∆w+(µ+λ)∇divw=ρu̇+∆d ·∇d. (3.14)

By the elliptic estimates, it holds that

∥∇w∥6+∥∇2w∥2≤C∥ρu̇∥2+C∥∆d ·∇d∥2, (3.15)

and

∥∇2w∥6≤C∥ρu̇∥6+C∥∆d ·∇d∥6. (3.16)

Hence, by the Hölder and Sobolev inequalities, it follows from Proposition 2.1 that

∥∇u∥6≤C∥ρθ∥6+C∥ρu̇∥2+C∥∆d ·∇d∥2

≤C∥∇θ∥2+C∥ρu̇∥2+C∥∇d∥6∥∇2d∥
1
2
2 ∥∇2d∥

1
2
6

≤C∥∇θ∥2+C∥ρu̇∥2+C∥∇3d∥
1
2
2 . (3.17)

Thus, by the Young and Sobolev inequalities, one has

∥∇u∥44≤C∥∇u∥2∥∇u∥36≤C∥∇u∥42+C∥∇u∥46≤C
(
1+∥∇θ∥42+∥√ρu̇∥42+∥∇3d∥22

)
. (3.18)

Substituting (3.18) into (3.10), we obtain

2
d

dt

∫ (
Φ+η

1
2
1 |∇dt|2+η

1
4
1 ρ|u̇|2

)
dx+cv∥

√
ρθ̇∥22+η

1
2
1 ∥(dtt,∆dt)∥22+µη

1
4
1 ∥∇u̇∥22

≤C
(
1+∥∇θ∥22)(1+∥∇3d∥22+∥∇θ∥22

)
+C

(
∥√ρu̇∥42+∥∇dt∥42+∥∇dt∥22+∥∇u∥26), (3.19)

where Φ is given by (3.8).
Now, we want to show the lower bound of Φ. By the elliptic estimates, it follows

from (1.4), the Hölder, Sobolev and Young inequalities that

∥∇3d∥2≤C
(
∥∇dt∥2+∥∇u ·∇d∥2+∥u ·∇2d∥2+∥|∇d|2∇d∥2+∥|∇d|∇2d∥2

)
≤C
(
∥∇dt∥2+∥∇u∥4∥∇d∥4+∥u∥6∥∇2d∥

1
2
2 ∥∇3d∥

1
2
2 +∥∇d∥36+∥∇d∥6∥∇2d∥

1
2
2 ∥∇3d|∥

1
2
2

)
≤1

4
∥∇3d|∥2+C

(
1+∥∇dt∥2+∥∇u∥4

)
,
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where we have used Proposition 2.1. By (3.17) and the Cauchy inequality, it holds that

∥∇u∥6≤C
(
1+∥∇θ∥2+∥ρu̇∥2

)
+

1

4
∥∇3d∥2.

Combining the above two inequalities, together with (3.18), lead to

∥∇u∥6+∥∇3d∥2≤C
(
1+∥∇θ∥2+∥ρu̇∥2+∥∇dt∥2

)
. (3.20)

Thus, from the definition of Φ, (3.20), the Young and Sobolev inequalities, one deduces
by Proposition 2.1 that

2

∫ (
Φ+η

1
4
1 ρ|u̇|2+η

1
2
1 |∇dt|2

)
dx

≥2κ∥∇θ∥22−C∥θ∥6∥∇u∥
3
2
2 ∥∇u∥

1
2
6 −C∥θ∥6∥∆d∥

3
2
2 ∥∆d∥

1
2
6 −C∥θ∥6∥∇d∥424

5

+2

∫ (
η

1
4
1 ρ|u̇|2+η

1
2
1 |∇dt|2

)
dx

≥3

2
κ∥∇θ∥22−C

(
1+∥∇u∥6+∥∇3d∥2

)
+2

∫ (
η

1
4
1 ρ|u̇|2+η

1
2
1 |∇dt|2

)
dx

≥3

2
κ∥∇θ∥22−C

(
∥∇θ∥2+∥√ρu̇∥2+∥∇dt∥2

)
+2

∫ (
η

1
4
1 ρ|u̇|2+η

1
2
1 |∇dt|2

)
dx

≥κ∥∇θ∥22−C(η1)+

∫ (
η

1
4
1 ρ|u̇|2+η

1
2
1 |∇dt|2

)
dx. (3.21)

Finally, integrating (3.19) over [0,t], and then using (3.21) and Grönwall’s inequality,
the conclusion follows.

As a straightforward consequence of Lemma 3.1, and using (3.20), we have the
following corollary:

Corollary 3.1. Assume N0≤ε0. Then, for any T ∈ (0,Tmax), it holds that

sup
0≤t≤T

(∥∇u∥6+∥∇3d∥2+∥|∇d||∇2d|∥2)≤CTmax
,

where CTmax
depends only on R, cv, µ, λ, κ, Tmax and the initial data.

Then, we focus on the bound of θ̇.

Lemma 3.2. Assume N0≤ε0. Then, for any T ∈ (0,Tmax), it holds that

sup
0≤t≤T

(∥√ρθ̇∥22+∥∇2θ∥22)+
∫ T

0

∥∇θ̇∥22dt≤CTmax
,

where CTmax
depends only on R,cv,µ,λ,κ,Φ0, and Tmax.

Proof. Recalling (3.4), by the Sobolev inequality, Proposition 2.1 and Lemma 3.1,
in order to get this result, it remains to bound the term sup

0≤t≤T
∥√ρθ̇∥22. Applying the

operator ∂t+div(u·) to (1.3), by tedious computations developed in the Appendix, it
follows

cvρ(θ̇t+u ·∇θ̇)

=κ∆θ̇+κ
(
divu∆θ−∂i(∂iu ·∇θ)−∂iu ·∇∂iθ

)
+
(
λ(divu)2+

µ

2
|∇u+(∇u)t|2

)
divu
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+Rρθ∂kul∂luk−Rρθ̇divu−Rρθdivu̇+2λ(divu̇−∂kul∂luk)divu

+µ(∂iuj+∂jui)(∂iu̇j+∂j u̇i−∂iuk∂kuj−∂juk∂kui)

+∂t(|∆d+ |∇d|2d|2)+div(|∆d+ |∇d|2d|2u). (3.22)

Recalling that |∆d+ |∇d|2d|2= |∆d|2−|∇d|4 and ∆d+ |∇d|2d=∆d−(d ·∆d)d guaran-
teed by |d|=1, one has ∂t|∆d+ |∇d|2d|2=2∆d ·∆dt−4|∇d|2∇d :∇dt. Thanks to this,
multiplying (3.22) by θ̇, using integration by parts, Proposition 2.1, Lemma 3.1, and
Corollary 3.1, we have

cv
2

d

dt
∥√ρθ̇∥22+κ∥∇θ̇∥22

≤C

∫
|∇u|(|∇2θ||θ̇|+ |∇θ||∇θ̇|)dx+

∫
|∇u|2|θ̇|(|∇u|+θ)dx

+C

∫
ρ|θ̇|2|∇u|dx+C

∫
ρθ|∇u̇||θ̇|dx+C

∫
|∇u||∇u̇||θ̇|dx

+C

∫
(|∆d||∆dt||θ̇|+ |∇d|3||∇dt||θ̇|+ |∆d−(d ·∆d)d|2|u||∇θ̇|)dx

≤C∥∇u∥3
(
∥∇2θ∥2∥θ̇∥6+∥∇θ∥6∥∇θ̇∥2

)
+C∥∇u∥23∥θ̇∥6(∥∇u∥6+∥θ∥6)

+C∥∇u∥3∥ρθ̇∥2∥θ̇∥6+C∥√ρθ∥
1
2
2 ∥θ∥

1
2
6 ∥∇u̇∥2∥θ̇∥6+C∥∇u∥3∥∇u̇∥2∥θ̇∥6

+C∥∆d∥3∥∆dt∥2∥θ̇∥6+C∥∇d∥39
2
∥∇dt∥6∥θ̇∥6+C∥∆d∥26∥u∥6∥∇θ̇∥2

≤κ

2
∥∇θ̇∥22+C

(
1+∥∇2θ∥22+∥√ρθ̇∥22+∥∇u̇∥22+∥∆dt∥22

)
.

Thanks to (1.8), Lemma 3.1 and Corollary 3.1, applying Grönwall’s inequality, we arrive
at

sup
0≤t≤T

∥√ρθ̇∥22+
∫ T

0

∥∇θ̇∥22dt≤CTmax
,

which completes the proof.

Finally, a higher regularity on ρ is obtained.

Lemma 3.3. Assume N0≤ε0. Then, for any T ∈ (0,Tmax), it holds that

sup
0≤t≤T

(∥ρ∥H1∩W 1,q +∥∇2u∥2)≤CTmax
,

where CTmax
depends only on R,cv,µ,λ,κ,Φ0, and Tmax.

Proof. By (3.13), Lemma 3.1 and Lemma 3.2, it follows

∥∇v∥∞≤CTmax
log(e+∥∇ρ∥q), q∈ (3,6]. (3.23)

Meanwhile, it follows from (3.15), Lemma 3.1 and Corollary 3.1, that

∥∇w∥6+∥∇2w∥2≤C∥√ρu̇∥2+C∥∇2d∥
3
2
2 ∥∇3d∥

1
2
2 ≤CTmax . (3.24)

Due to (3.16), Proposition 2.1, and Corollary 3.1, one deduces by the Sobolev inequality
that

∥∇2w∥6≤C
(
∥∇u̇∥2+∥∇3d ·∇d∥2+∥|∇2d|2∥2

)
≤C
(
∥∇u̇∥2+∥∇d∥2H2

)
≤C∥∇u̇∥2+CTmax .

(3.25)
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Hence, by the Sobolev inequality, (3.24) and (3.25) give us

∥∇w∥∞≤C∥∇u̇∥2+CTmax
,

which combined with (3.23) implies

∥∇u∥∞≤CTmax
log(e+∥∇ρ∥q)+C∥∇u̇∥2, q∈ (3,6]. (3.26)

Applying the elliptic estimates to (1.2), one has for 2≤p≤ q

∥∇2u∥p≤C(∥ρu̇∥p+∥∆d ·∇d∥p+∥∇P∥p)
≤C(∥ρu̇∥p+∥∆d∥p∥∇d∥∞+∥ρ∇θ∥p+∥∇ρθ∥p)
≤C(∥ρu̇∥p+∥∇d∥2H2 +∥∇θ∥H1 +∥∇ρ∥p∥θ∥∞)

≤C(1+∥ρu̇∥p+∥∇ρ∥p)
≤CTmax

(1+∥∇u̇∥2+∥∇ρ∥p), (3.27)

where Proposition 2.1 and Lemma 3.2 were used. On the other hand, some straightfor-
ward calculations show that, for 2≤p≤ q

d

dt
∥∇ρ∥p≤C(1+∥∇u∥∞)∥∇ρ∥p+C∥∇2u∥p, (3.28)

which together with (3.26) and (3.27) yields

d

dt
∥∇ρ∥p≤CTmax

(
1+log(e+∥∇ρ∥q)+∥∇u̇∥2

)
∥∇ρ∥p+CTmax

(1+∥∇u̇∥2+∥∇ρ∥p).

Set

f(t)=e+∥∇ρ∥q and g(t)=1+∥∇u̇∥2,

then

d

dt
f(t)≤CTmax

g(t)f(t)logf(t).

By solving the above ordinary differential inequality and using Lemma 3.1, one gets

sup
0≤t≤T

∥∇ρ∥q ≤CTmax
. (3.29)

Combining (3.29) with (3.26) yields∫ T

0

∥∇u∥2∞dt≤CTmax
. (3.30)

Choosing p=2 in (3.28), it follows from Lemma 3.1, (3.27), (3.30) and Grönwall’s
inequality that

sup
0≤t≤T

∥∇ρ∥2≤CTmax
.

This together with (3.27) and Lemma 3.1 implies

sup
0≤t≤T

∥∇2u∥2≤C(∥ρu̇∥2+∥∇ρ∥2)+CTmax ≤CTmax .
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Thus this lemma is proved.

As a direct consequence of Lemmas 3.1-3.3, and Corollary 3.1, we have the following
corollary.

Corollary 3.2. Assume that N0≤ε0. Then, for any T ∈ (0,Tmax), it holds that

sup
0≤t≤T

(∥∇θ∥2H1 +∥(∇2u,
√
ρu̇,

√
ρθ̇,∇3d,∇dt)∥22+∥ρ∥H1∩W 1,q )≤CTmax

,∫ T

0

∥(∇u̇,dtt,∇2dt,∇θ̇)∥22dt≤CTmax
,

for a positive constant CTmax depending only on R,cv,µ,λ,κ,Φ0, and Tmax.

4. Proof of Theorem 1.1
Proof. Let (ρ,u,θ,d) be the unique local solution guaranteed by Lemma 2.1.

By applying the local well-posedness, i.e. Lemma 2.1, inductively, one can extend the
(ρ,u,θ,d) uniquely to the maximal time Tmax of existence. We claim that Tmax=∞
and thus the conclusion holds. Assume by contradiction that Tmax<∞. Let ε0 be as
in Proposition 2.1 and assume that N0≤ε0. Then, it follows from Proposition 2.1 and
Corollary 3.2 that for any T ∈ (0,Tmax)

sup
0≤t≤T

(
∥ρ∥W 1,q∩H1(t)+∥(u,θ)∥D1

0∩D2(t)+∥∇d∥H2(t)+∥(√ρθ,
√
ρu̇,

√
ρθ̇)∥2(t)

)
≤CTmax

,

(4.1)

where CTmax
is a positive constant depending on Tmax and remains uniformly bounded

for any T <Tmax.
Let δ be a sufficiently small positive number to be determined later and denote

(ρ̃0,ũ0, θ̃0, d̃0) :=(ρ,u,θ,d)|t=Tmax−δ.

By the regularities of (ρ,u,θ,d) and (4.1), it is clear that

ρ̃0, θ̃0≥0, ρ̃0∈H1∩W 1,q,
√

ρ̃0θ̃0∈L2,

(ũ0, θ̃0)∈D1
0∩D2, ∇d̃0∈H2, and |d̃0|=1,

(4.2)

and

∥ρ̃0∥W 1,q∩H1 +∥(ũ0, θ̃0)∥D1
0∩D2 +∥∇d̃0∥H2 +∥

√
ρ̃0θ̃0∥2≤CTmax

. (4.3)

Since system (1.1)–(1.4) is satisfied a.e. in R3×(0,Tmax) and recalling (4.1), one can
choose δ such that

−µ∆ũ0−(µ+λ)∇divũ0+∇P̃0−∆d̃0 ·∇d̃0=
√
ρ̃0g̃1,

κ∆θ̃0+Q(∇ũ0)+ |∆d̃0+ |∇d̃0|2d̃0|2=
√
ρ̃0g̃2,

(4.4)

with

∥g̃1∥2+∥g̃2∥2≤CTmax , (4.5)

where

g̃1 := (
√
ρu̇)|t=Tmax−δ, g̃2 := (cv

√
ρθ̇+R

√
ρθdivu)|t=Tmax−δ.
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With the aid of (4.2)–(4.5), viewing Tmax−δ as the new initial time, and applying
Lemma 2.1, there is a positive number T∗ depending only on R,cv,µ,λ,κ, and CTmax ,
but independent of δ, such that the solution (ρ,u,θ,d) can be extended uniquely from
time Tmax−δ to another time Tmax−δ+T∗. By choosing δ sufficiently small, it holds
that Tmax−δ+T∗>Tmax. In other words, one can extend the solution beyond Tmax, if
Tmax is a finite number, which contradicts to the definition of Tmax. Therefore, it must
have Tmax=∞, proving the theorem.
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Appendix. Calculations on (3.22). The details about the calculations on (3.22)
are given as follows. Applying the operator ∂t+div(u·) to (1.3), from the definition of
material derivative, one has

cv[∂t(ρθ̇)+div(uρθ̇)]+∂t(Pdivu)+div(uPdivu)−κ[∂t∆θ+div(u∆θ)]

=
µ

2

[
∂t
(
|∂jui+∂iuj |2

)
+div(u|∂jui+∂iuj |2)

]
+λ[∂t(divu)

2+div(u(divu)2)]

+∂t(|∆d+ |∇d|2d|2)+div(|∆d+ |∇d|2d|2u). (A.1)

By (1.1) and some straightforward calculations, it follows that

cv[∂t(ρθ̇)+div(uρθ̇)]= cvρ(θ̇t+u ·∇θ̇), (A.2)

∂t(Pdivu)+div(uPdivu)=R
[
∂tρθdivu+ρ∂tθdivu+ρθdivut+ρθ(divu)2

+u ·∇ρθdivu+ρu ·∇θdivu+ρθu ·∇(divu)
]

=R
[
ρθ̇divu+ρθdivut+ρθu ·∇(divu)

]
=R

[
ρθ̇divu+ρθdivu̇−ρθdiv(u ·∇u)+ρθu ·∇(divu)

]
=R(ρθ̇divu+ρθdivu̇)−Rρθ∂kul∂luk, (A.3)

−κ[∂t∆θ+div(u∆θ)]=−κ[∆θ̇−∆(u ·∇θ)+div(u∆θ)]

=−κ[∆θ̇−∆(u ·∇θ)+divu∆θ+u ·∇(∆θ)]

=−κ∆θ̇−κ
[
divu∆θ−∂i(∂iu ·∇θ)−∂iu ·∇∂iθ

]
. (A.4)

Similarly, for the terms on the right-hand side of (A.1), we also have

µ

2

[
∂t
(
|∂jui+∂iuj |2

)
+div(u|∂jui+∂iuj |2

]
=µ(∂jui+∂iuj)(∂t∂jui+∂t∂iuj)+

µ

2
|∇u+(∇u)t|2divu

+µu ·(∂jui+∂iuj)∇(∂jui+∂iuj)

=
µ

2
|∇u+(∇u)t|2divu+µ(∂iuj+∂jui)(∂iu̇j+∂j u̇i−∂iuk∂kuj−∂juk∂kui), (A.5)

and

λ[∂t(divu)
2+div(u(divu)2)]
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=2λ(∂tdivu)divu+2λ(u ·∇divu)divu+λ(divu)3

=2λdivu̇divu−2λdiv(u ·∇u)divu+2λ(u ·∇divu)divu+λ(divu)3

=λ(divu)3+2λ(divu̇−∂kul∂luk)divu. (A.6)

Thus, (3.22) follows by combining (A.1)-(A.6) together.
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[7] E. Feireisl, M. Frémond, E. Rocca, and G. Schimperna, A new approach to non-isothermal models

for nematic liquid crystals, Arch. Ration. Mech. Anal., 205:651–672, 2012. 1
[8] E. Feireisl, E. Rocca, and G. Schimperna, On a non-isothermal model for nematic liquid crystals,

Nonlinearity, 24:243–257, 2011. 1
[9] J. Gao, Q. Tao, and Z. Yao, Long-time behavior of solution for the compressible nematic liquid

crystal flows in R3, J. Differ. Equ., 261:2334–2383, 2016. 1
[10] H. Gong, T. Huang, and J. Li, Nonuniqueness of nematic liquid crystal flows in dimension three,

J. Differ. Equ., 263:8630–8648, 2017. 1
[11] B. Guo, X. Xi, and B. Xie, Global well-posedness and decay of smooth solutions to the non-

isothermal model for compressible nematic liquid crystals, J. Differ. Equ., 262:1413–1460, 2017.
1

[12] M.-C. Hong, Global existence of solutions of the simplified Ericksen-Leslie system in dimension
two, Calc. Var. Partial Differ. Equ., 40:15–36, 2011. 1

[13] M.-C. Hong and Z. Xin, Global existence of solutions of the liquid crystal flow for the Oseen-Frank
model in R2, Adv. Math., 231:1364–1400, 2012. 1

[14] M.-C. Hong, J. Li, and Z. Xin, Blow-up criteria of strong solutions to the Ericksen-Leslie system
in R3, Commun. Partial Differ. Equ., 39:1284–1328, 2014. 1

[15] X. Hu and H. Wu, Global solution to the three-dimensional compressible flow of liquid crystals,
SIAM J. Math. Anal., 45(5):2678–2699, 2013. 1

[16] T. Huang, F. Lin, C. Liu, and C. Wang, Finite time singularity of the nematic liquid crystal flow
in dimension three, Arch. Ration. Mech. Anal., 221:1223–1254, 2016. 1

[17] T. Huang and C. Wang, Blow up criterion liquid crystal flows, Commun. Partial Differ. Equ.,
37:875–884, 2012. 1

[18] T. Huang, C. Wang, and H. Wen, Strong solutions of the compressible nematic liquid crystal flow,
J. Differ. Equ., 252:2222–2256, 2012. 1

[19] T. Huang, C. Wang, and H. Wen, Blow up criterion for compressible nematic liquid crystal flows
in dimension three, Arch. Ration. Mech. Anal., 204:285–311, 2012. 1

[20] X. Huang and J. Li, Serrin-type blowup criterion for viscous, compressible, and heat conducting
Navier-Stokes and magnetohydrodynamic flows, Commun. Math. Phys., 324:147–171, 2013. 3,
3

[21] X. Huang and J. Li, Global classical and weak solutions to the three-dimensional full compressible
Navier-Stokes system with vacuum and large oscillations, Arch. Ration. Mech. Anal., 227:995–
1059, 2018. 3

[22] F. Jiang, S. Jiang, and D. Wang, On multi-dimensional compressible flows of nematic liquid
crystals with large initial energy in a bounded domain, J. Funct. Anal., 265:3369–3397, 2013. 1

[23] F. Jiang, S. Jiang, and D. Wang, Global weak solutions to the equations of compressible flow of
nematic liquid crystals in two dimensions, Arch. Ration. Mech. Anal., 214:403–451, 2014. 1

[24] Z. Lei, D. Li, and X. Zhang, Remarks of global wellposedness of liquid crystal flows and heat flows
of harmonic maps in two dimensions, Proc. Am. Math. Soc., 142:3801–3810, 2014. 1

[25] F. Leslie, Some constitutive equations for liquid crystals, Arch. Ration. Mech. Anal., 28:265–283,
1968. 1

https://doi.org/10.1016/j.jde.2006.05.001
https://link.springer.com/article/10.1007/s00205-018-1287-4
https://doi.org/10.3934/dcdsb.2011.15.357
https://doi.org/10.3934/dcds.2012.32.539
https://link.springer.com/article/10.1007/BF00253358
https://doi.org/10.1063/1.5027189
https://link.springer.com/article/10.1007/s00205-012-0517-4
https://doi.org/10.1088/0951-7715/24/1/012
https://doi.org/10.1016/j.jde.2016.04.033
https://doi.org/10.1016/j.jde.2017.08.052
https://doi.org/10.1016/j.jde.2016.10.015
https://link.springer.com/article/10.1007/s00526-010-0331-5
https://doi.org/10.1016/j.aim.2012.06.009
https://doi.org/10.1080/03605302.2013.871026
https://doi.org/10.1137/120898814
https://link.springer.com/article/10.1007/s00205-016-0983-1
https://doi.org/10.1080/03605302.2012.659366
https://doi.org/10.1016/j.jde.2011.07.036
https://link.springer.com/article/10.1007/s00205-011-0476-1
https://link.springer.com/article/10.1007/s00220-013-1791-1
https://link.springer.com/article/10.1007/s00205-017-1188-y
https://link.springer.com/article/10.1007/s00205-017-1188-y
https://doi.org/10.1016/j.jfa.2013.07.026
https://link.springer.com/article/10.1007/s00205-014-0768-3
https://www.ams.org/journals/proc/2014-142-11/S0002-9939-2014-12057-0/
https://link.springer.com/article/10.1007/BF00251810
https://link.springer.com/article/10.1007/BF00251810


1486 GLOBAL SOLUTIONS TO NEMATIC LIQUID CRYSTAL SYSTEM

[26] J. Li, Global small solutions of heat conductive compressible Navier-Stokes equations with vac-
uum:smallness on scaling invariant quantity, Arch. Ration. Mech. Anal., 237:899–919, 2020. 1,
1, 2, 2

[27] J. Li, E.S. Titi, and Z. Xin, On the uniqueness of weak solutions to the Ericksen-Leslie liquid
crystal model in R2, Math. Models Meth. Appl. Sci., 26:803–822, 2016. 1

[28] J. Li and Z. Xin, Global existence of weak solutions to the non-isothermal nematic liquid crystals
in 2D, Acta Math. Sci. Ser. B (Engl. Ed.), 36:973–1014, 2016. 1

[29] J. Li, Z. Xu, and J. Zhang, Global existence of classical solutions with large oscillations and vac-
uum to the three-dimensional compressible nematic liquid crystal flows, J. Math. Fluid Mech.,
20:2105–2145, 2018. 1

[30] F. Lin, Nonlinear theory of defects in nematic liquid crystals: phase transition and flow phenom-
ena, Commun. Pure Appl. Math., 42:789–814, 1989. 1, 1

[31] F. Lin, J. Lin, and C. Wang, Liquid crystal flows in two dimensions, Arch. Ration. Mech. Anal.,
197:297–336, 2010. 1

[32] F. Lin and C. Liu, Nonparabolic dissipative systems modeling the flow of liquid crystals, Commun.
Pure Appl. Math., 48:501–537, 1995. 1, 1

[33] F. Lin and C. Liu, Partial regularity of the dynamic system modeling the flow of liquid cyrstals,
Discrete Contin. Dyn. Syst., 2:1–22, 1996. 1

[34] F. Lin and C. Wang, On the uniqueness of heat flow of harmonic maps and hydrodynamic flow
of nematic liquid crystals, Chin. Ann. Math. Ser. B, 31:921–938, 2010. 1

[35] F. Lin and C. Wang, Global existence of weak solutions of the nematic liquid crystal flow in
dimension three, Commun. Pure Appl. Math., 69:1532–1571, 2016. 1

[36] J. Lin, B. Lai, and C. Wang, Global finite energy weak solutions to the compressible nematic liquid
crystal flow in dimension three, SIAM J. Math. Anal., 47:2952–2983, 2015. 1

[37] Y. Liu and X. Zhong, Global well-posedness to the 3D Cauchy problem of compressible non-
isothermal nematic liquid crystal flows with vacuum, Nonlinear Anal. Real World Appl.,
58:103219, 2021. 1, 1.2

[38] Q. Tao, J. Gao, and Z. Yao, Global strong solutions of the compressible nematic liquid crystal flow
with the cylinder symmetry, Commun. Math. Sci., 13:2065–2096, 2015. 1

[39] T. Wang, Global existence and large time behavior of strong solutions to the 2-D compressible
nematic liquid crystal flows with vacuum, J. Math. Fluid Mech., 18:539–569, 2016. 1

[40] M. Wang, W. Wang, and Z. Zhang, On the uniqueness of weak solution for the 2-D Ericksen-Leslie
system, Discrete Contin. Dyn. Syst. Ser. B, 21:919–941, 2016. 1

[41] X. Xu and J. Zhang, A blow-up criterion for 3D compressible magnetohydrodynamic equations
with vaccum, Math. Models Meth. Appl. Sci., 22:1150010, 2012. 3

[42] X. Zhong, Singularity formation to the two-dimensional compressible non-isothermal nematic
liquid crystal flows in a bounded domain, J. Differ. Equ., 267:3797–3826, 2019. 1

https://link.springer.com/article/10.1007/s00205-020-01521-7
https://doi.org/10.1142/S0218202516500184
https://doi.org/10.1016/S0252-9602(16)30054-6
https://link.springer.com/article/10.1007/s00021-018-0400-7
https://doi.org/10.1002/CPA.3160420605
https://link.springer.com/article/10.1007/s00205-009-0278-x
https://doi.org/10.1002/CPA.3160480503
https://doi.org/10.3934/dcds.1996.2.1
https://link.springer.com/article/10.1007/s11401-010-0612-5
https://doi.org/10.1002/cpa.21583
https://doi.org/10.1137/15M1007665
https://doi.org/10.1016/j.nonrwa.2020.103219
https://dx.doi.org/10.4310/CMS.2015.v13.n8.a5
https://link.springer.com/article/10.1007/s00021-016-0251-z
https://doi.org/10.3934/dcdsb.2016.21.919
https://doi.org/10.1142/S0218202511500102
https://doi.org/10.1016/j.jde.2019.04.025

