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SHARP INTERFACE LIMIT FOR COMPRESSIBLE
NAVIER-STOKES/ALLEN-CAHN SYSTEM WITH SHOCK WAVE∗

YUNKUN CHEN† , BIN HUANG‡ , AND XIAODING SHI§

Abstract. In this paper, the sharp interface limit for the diffusion interface model system of immis-
cible two-phase flow called compressible Navier-Stokes/Allen-Cahn system is studied in one dimension.
The results show that, for the initial perturbations with small energy but possibly large oscillations
of shock wave solutions, and the strength of initial phase field is allowed to vary arbitrarily within its
physical meaning, then the sharp interface limit of the compressible Navier-Stokes/Allen-Cahn system
is the standard two-phase compressible Navier-Stokes equations.
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1. Introduction
Diffusion interface model is an important model to describe immiscible two-phase

flow. The advantage of this model is that it is convenient to describe the interface
motion between two phases, especially in numerical simulation. This model can capture
the motion of the interface by introducing the phase field function, which overcomes the
difficulty of interface tracking. However, due to the limitation of computing technology,
it is impossible to simulate the diffusion interface with thickness as thin as the actual
physical scale in numerical simulation. In fact, in the actual calculation, one often has
to choose interfaces that are much thicker than the actual physical scale. Therefore,
in order to ensure the accuracy of the simulation and to be able to compare with the
data of physical experiments, the sharp interface limit becomes extremely important in
immiscible two-phase flow dynamics.

Now we briefly review the establishment of diffusion interface model. Taking any
volume element V in the two-phase flow,Mi is assumed to be the mass of the components
in the representative material volume V , we define χi=

ρi

ρ the mass concentration,

ρi=
Mi

V the apparent mass density of the fluid i (i=1,2), ρ=ρ1+ρ2 the total density,
and χ=χ1−χ2 the difference of the two components for the fluid mixture. χ is also
known as the phase function or phase field. Obviously, physically speaking, formally,
−1≤χ≤1, the region with χ=−1 is occupied by one phase field and the region with
χ=1 is occupied by another phase field, and the diffusion interface between the two
phases is described below

Γϵ(t)
def
=

{
x∈Rn

∣∣−1<χ(x,t)<1
}
, (1.1)

for any time t≥0, and Γϵ(t) divides the whole domain Rn into two separated domains
Ω−

ϵ (t) and Ω+
ϵ (t) which represents the domains occupied by two phase fields respectively,
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more precisely

Ω−
ϵ (t)

def
=

{
x∈Rn

∣∣χ(x,t)=−1
}
, Ω+

ϵ (t)
def
=

{
x∈Rn

∣∣χ(x,t)=1
}
,

and

Rn=Ω−
ϵ (t)∪Γϵ(t)∪Ω+

ϵ (t), ∀t≥0.

With the introduction of the above notation, the Navier-Stokes/Allen-Cahn (called
as NSAC) system is proposed by Blesgen [3] and Heida-Málek-Rajagopal [13] to describe
the compressible immiscible two-phase flow with diffusion interface, the one-dimensional
Cauchy problem model is as follows

ρt+(ρu)x=0, x∈R, t>0,

(ρu)t+
(
ρu2+p(ρ)

)
x
=ν(ϵ)uxx−

1

2
η(ϵ)

(
χ2
x

)
x
, x∈R, t>0,

(ρχ)t+(ρuχ)x=−Ld(ϵ)µ, x∈R, t>0,
ρµ=ρ(χ3−χ)−η(ϵ)χxx, x∈R, t>0,

(1.2)

with the initial condition

(ρ,u,χ)(x,0)=(ρ0,u0,χ0)(x), x∈R, (1.3)

and the asymptotic constraints on initial condition

lim
x→±∞

(ρ0,u0,χ0)(x)=(ρ±,u±,±1), (1.4)

where the unknown ρ(x,t) is the total density, u(x,t) the mean velocity, χ(x,t) the
concentration difference of the immiscible two-phase flow, respectively. µ(x,t) is the
chemical potential, and p=p(ρ) the pressure. ρ±>0,u± are the given positive con-
stants. ϵ>0 is the parameter. η(ϵ) represents the gradient energy coefficient related
to the interfacial width, Ld(ϵ) the phenomenological mobility coefficient related to the
speed at which the system approaches an equilibrium configuration, and ν(ϵ) the vis-
cosity coefficient for the immiscible two-phase flow respectively. In this paper, these
parameters satisfy the following relationships:

ν(ϵ)= ϵ, Ld(ϵ)=
1

ϵ
, η(ϵ)= ϵ2. (1.5)

Moreover, we assume that initial phase field χ0 satisfies the following physical assump-
tion

−1≤χ0≤1. (1.6)

Remark 1.1. The physical meaning of hypothesis (1.5) is that, the diffusion coefficient
of the phase field decreases with the increase of viscosity or the thickness of the interface
for the immiscible two-phase flow. What we notice from mathematical model (1.2), the
interface between different fluids is a thin layer determined by the phase field χ, i.e.
Γϵ(t). This thin layer can essentially be thought of as being caused by a chemical
potential (µ) imbalance. Following the conclusions in Heida-Malek-Rajagopal [13] and
Lowengrub-Truskinovsky [16], the generalized chemical potential µ is defined by

ρµ
def
= ρ

∂f

∂χ
−div

(
ρ

∂f

∂∇χ

)
, (1.7)
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where f is the phase-phase interfacial free energy density, and satisfies

f(ρ,χ,∇χ)
def
=

1

4
(1−χ2)2+

η(ϵ)

2ρ
|∇χ|2, (1.8)

substituting (1.8) into (1.7), (1.2)4 is achieved.

For the convenience of analyzing density and velocity, the Lagrange coordinates are
introduced. Without losing generality, we still use (x,t) to represent this coordinate
system

t⇒ t, x⇒
∫ (x,t)

(0,0)

ρdx−ρudt. (1.9)

Letting v= 1
ρ , by using (1.5), the system (1.2)–(1.4) can be rewritten as follows:

vt−ux=0, x∈R,t>0,

ut+px(v)= ϵ
(ux

v

)
x
− ϵ2

2
(
χ2
x

v2
)x, x∈R,t>0,

χt=−v

ϵ
µ, x∈R,t>0,

µ=(χ3−χ)−ϵ2(
χx

v
)x, x∈R,t>0,

(v,u,χ)(x,0)=(v0,u0,χ0)(x), x∈R,

(1.10)

with

lim
x→±∞

(v0,u0,χ0)(x)=(v±,u±,±1), −1≤χ0≤1, (1.11)

here v0=
1
ρ0
, v±= 1

ρ±
. Formally, as the parameter ϵ→0+, the interface thickness of

two-phase flow tends to zero, and the system (1.10) tends to the following standard
two-phase compressible inviscid Navier-Stokes equations: vt−ux=0, in Ω±(t),

ut+px(v)=0, in Ω±(t),
χ=±1, in Ω±(t),

(1.12)

where for fixed t≥0,

Ω−(t)
def
=

{
x∈R

∣∣χ(x,t)=−1
}
, Ω+(t)

def
=

{
x∈R

∣∣χ(x,t)=1
}
,

and

Γ(t)
def
= R\

{
Ω−(t)∪Ω+(t)

}
, measΓ(t)=0.

The diffuse-interface model (1.2) for compressible immiscible two-phase flow has
been studied extensively, both theoretically and numerically. In all of these works, the
sharp interface limit to the diffusion interface model of compressible immiscible two-
phase flow was an open and challenging problem. Even for the smooth solution, there
is almost no rigorous analysis work.

We briefly review the recent analytical and computational work on compressible
Navier-Stokes/Allen-Cahn system. The global existence of finite energy weak solutions
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in 3-D is established for the adiabatic exponent of pressure γ >6 by Feireisl-Petzeltová-
Rocca-Schimperna [12], this result was subsequently generalized to γ>2 by Chen-Wen-
Zhu [10]. The existence and uniqueness of strong solutions are obtained by Kotschote
[15], Ding-Li-Lou [11], Chen-Wang-Xu [9], Chen-Guo [8], Chen-He-Huang-Shi [4]-[5],
etc. The generalized Navier boundary condition and the relaxation boundary condition
are established and discussed by Chen-He-Huang-Shi [6]. The large-time behavior of
strong solutions to the Cauchy problem with small perturbations for the perturbation
near a particular initial phase field in 3D was discussed by Zhao [25], and the stability
of the rarefaction wave, contact wave, and stationary solution were investigated by
Yin-Zhu [24], Luo-Yin-Zhu [17], and Luo-Yin-Zhu [18]. More recently, Chen-Hong-
Shi [7] have extended the result of [25] to the general case which allows the strength of
initial phase field to vary arbitrarily within its physical meaning. Compared with the
well-posedness of the solutions, there are few results for sharp interface limit problem,
and the results mainly focus on numerical analysis. Witterstein [23] points out that,
formally, the sharp-interface limit of compressible NSAC system is the standard two-
phase compressible Navier-Stokes equations.

The motivation of this paper is to explore the sharp interface limit for compress-
ible NSAC system. Considering the complexity and difficulty of this problem, we first
analyze the disturbance near the shock wave solution. By introducing the scaling trans-
form, we know that the sharp interface limit problem is equivalent to the large-time
behavior of the solutions, the details are as follows. Without causing any confusion, the
coordinate system, after the transformation, we still call it (x,t):

x⇒ x

ϵ
, t⇒ t

ϵ
, (1.13)

then the system (1.10)–(1.11) can be rewritten as the following:

vt−ux=0, x∈R,t>0,

ut+px(v)=
(ux

v

)
x
− 1

2
(
χ2
x

v2
)x, x∈R,t>0,

χt=−vµ, x∈R,t>0,

µ=(χ3−χ)−(
χx

v
)x, x∈R,t>0,

(v,u,χ)(x,0)=(v0,u0,χ0)(x), x∈R,

(1.14)

with

lim
x→±∞

(v0,u0,χ0)(x)=(v±,u±,±1), −1≤χ0≤1. (1.15)

Without loss of generality, p(v) is assumed to be a smooth function of v satisfying

p′(v)<0, p′′(v)≥0, p′′(v) ̸≡0. (1.16)

and v±,u± satisfy the following entropy conditions

ρ−=
1

v−
>ρ+=

1

v+
>0, u−>u+. (1.17)

The left state (v−,u−) and the right state (v+,u+) are connected by the 2-shock with
the speed s>0, where s is determined by the following R–H conditions{

−s(v+−v−)−(u+−u−)=0,

−s(u+−u−)+p(v+)−p(v−)=0,
(1.18)
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and has the following expression

s=

√
−p(v+)−p(v−)

v+−v−
. (1.19)

Now we begin to give our main results. Considering the following Riemann problem
for Euler system 

vt−ux=0,

ut+px=0,

(v,u)(x,0)=

{
(v−,u−), x<0,

(v+,u+), x>0,

(1.20)

Note that the eigenvalues of system (1.20) are λ1=−
√

−p′(v)<0, λ2=
√

−p′(v)>0,
from the entropy condition (1.17), one has

0<λ2(v+,u+)<s<λ2(v−,u−). (1.21)

The strength of initial specific volume v0 is defined below

δ1= |v+−v−|. (1.22)

From the theory of hyperbolic equations, we know that the unique entropy solution
(vs,us) of (1.20) is

(vs,us)(x,t)=

{
(v−,u−), x<st,

(v+,u+), x>st.
(1.23)

As we know, the 2-viscous shock wave of the Cauchy problem for Navier-Stokes system


vt−ux=0, x∈R,t>0,

ut+px(v)=
(ux

v

)
x
, x∈R,t>0,

(v,u)(x,0)=(v0,u0)(x), x∈R,
(1.24)

has the form (V,U)(x−st) which connects (v−,u−) on the left and (v+,u+) on the right
uniquely up to a shift and satisfies

−sVy−Uy =0, y∈R,

−sUy+p(V )y =
(Uy

V

)
y
, y∈R,

lim
y→±∞

(V,U)=(v±,u±),

(1.25)

where t= t,y=x−st. The existence and decay properties of this 2-viscous shock wave
is given below

Lemma 1.1 (cf. Matsumura-Nishihara [19]). Assume that (1.16),(1.17)–(1.19), there
exists a unique smooth solution (V,U)(y) of the system (1.25) up to a shift, and satisfies

Vy =
V

s

[
p(v±)+s2(v±−V )−p(V )

]
,

0<Vy ≤
v+
s

(
p(v−)+s2v−

)
,

Uy =−sVy ≤0, v−<V <v+.

(1.26)
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Moreover, there are positive constants c± such that

|V (x−st)−v±|=O(1)δ1e
−c±δ1|x−st|,

|U(x−st)−u±|=O(1)δ1e
−c±δ1|x−st|,

|Vy,Uy|=O(1)δ21e
−c±δ1|x−st|.

(1.27)

For the convenience of obtaining derivative estimates of v, similar as He-Huang [14]
and Vasseur-Yao [22], the following effective velocity is introduced, which was proposed
by Shelukhin [21] and Bresch-Desjardins [1], [2] to obtain the entropy estimates.

h(y,t)=u− vy
v
, H(y)=U− Vy

V
. (1.28)

Substituting (1.28) into Equations (1.14) and (1.25) respectively, we have

vt−svy−hy =
(vy
v

)
y
, y∈R,t>0,

ht−shy+py(v)=−1

2
(
χ2
y

v2
)y, y∈R,t>0,

χt−sχy =−vµ, y∈R,t>0,

µ=(χ3−χ)−(
χy

v
)y, y∈R,t>0,

(v,h,χ)(y,0)=(v0,h0,χ0)(y), y∈R,

(1.29)

and {
Vt−sVy−Hy =

(Vy

V

)
y
, y∈R,

Ht−sHy+py(V )=0, y∈R,
(1.30)

with

lim
y→±∞

(v0,h0,χ0)(y)=(v±,u±,±1), lim
y→±∞

(V,H)(y)=(v±,u±), (1.31)

where h0=u0− v0y
v0

. The antiderivatives are defined as follows

Φ(y,t)
def
=

∫ y

−∞

(
v(z,t)−V (z+α)

)
dz, Ψ(y,t)

def
=

∫ y

−∞

(
h(z,t)−H(z+α)

)
dz, (1.32)

and

Φ0=Φ(y,0)=

∫ y

−∞

(
v0(z)−V (z+α)

)
dz,Ψ0=Ψ(y,0)=

∫ y

−∞

(
h0−H(z+α)

)
dz, (1.33)

where the shift α is

α=
1

v+−v−

∫ +∞

−∞

(
v0(y)−V (y)

)
dy, (1.34)

and then∫ +∞

−∞

(
v0(y)−V (y+α)

)
dy=0,

∫ +∞

−∞

(
h0(y)−H(y+α)

)
dy=0. (1.35)

Suppose that

Φ0,Ψ0∈L2(R), (v0−V,h0−H)∈H2(R)∩L1(R), χ2
0−1∈L2(R), χ0x∈H2(R), (1.36)
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and

inf
R
v0>0, |χ0|≤1, on R. (1.37)

Theorem 1.1. Assume that (1.33)-(1.37), then there exists a positive constant δ,
such that if

∥(Φ0,Ψ0)∥H3(R)+∥χ0x∥H2(R)+∥χ2
0−1∥L2(R)+ |v+−v−|≤ δ, (1.38)

the Cauchy problem (1.14)-(1.15) has a unique strong solution (v,u,χ) satisfying(
v−V,u−U

)
∈C

(
[0,+∞);H2(R)

)
, χ2−1∈C

(
[0,+∞);L2(R)

)
,

χx∈C
(
[0,+∞);H2(R)

)
, χx∈L2

(
[0,+∞);H3(R)

)
,

v−V ∈L2
(
[0,+∞);H3(R)

)
, u−U ∈L2

(
[0,+∞);H2(R)

)
,

(1.39)

and −1≤χ≤1. Moreover

lim
t→+∞

∥∥(v(x,t)−V (x−st+α),u(x,t)−U(x−st+α)
)∥∥

L∞(R)=0, (1.40)

and

lim
t→+∞

∥∥χ2−1
∥∥
L∞(R)=0. (1.41)

Theorem 1.2. Assume that (1.33)-(1.37), then there exists a positive constant δ,
such that if

∥(Φ0,Ψ0)∥L2(R)+∥χ2
0−1∥L2(R)+ |v+−v−|≤ δ, (1.42)

the Cauchy problem (1.10)-(1.11) admits a family of global smooth solutions (v,u,χ) and
the following sharp interface limit holds

lim
ϵ→0+

∥∥(v−vs,u−us,χ2−1
)∥∥

L∞(Σh)
=0, (1.43)

where

Σh=
{
(x,t)

∣∣∣|x−st|≥h,h≤ t≤+∞
}
,

for any positive constant h>0, and (vs,us) is the entropy solution of (1.20) with the
expression (1.23).

Remark 1.2. Theorem 1.1 allows the initial phase field to oscillate between ±1,
therefore, it can be used to explain the phase separation phenomenon.

Remark 1.3. Theorem 1.2 shows that the phase field jumps and phase separation
occurs as the interface thickness approaches zero. Theorem 1.1 and Theorem 1.2 show
that, under certain conditions, the sharp interface limit is consistent with the large-time
behavior for compressible immiscible two-phase flow.

We now make some comments on the analysis of this paper. One key issue that needs
to be addressed is to obtain the higher-order derivative estimate of the specific volume
v, this difficulty arises due to the strong coupling between v and χ in the compressible
NSAC system (1.10). The key to solving this problem is that, the effective velocity h
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(1.28) is introduced, so that the hyperbolic equation (1.14)1 becomes parabolic equation
(1.29)1, and this makes it relatively easy to obtain higher-order derivative estimates of v.
Another key issue that needs to be addressed is that what we consider here is the shock
wave perturbation of specific volume v and the velocity field u, while the phase field is
the perturbation near the phase separation of immiscible two-phase flow, the stability
analysis of the former requires anti-derivative method, while the latter does not, this is
bound to face the disunity of analytical methods. To overcome this difficulty, we adopt
the method of using the antiderivative only for v and u, while keeping the phase field
χ unchanged. The last key point to resolve is that the initial value of the phase field
varies between ±1, and such large amplitude of initial phase field make it difficult to
obtain the energy estimates. Fortunately, the estimate (2.15) is observed, from which
we get the uniformly bounded estimation for ∥χ2−1∥L2(R). Therefore, the strength of
the phase field can vary arbitrarily in its physical meaning.

Notations. Throughout this paper, L2 denotes the space of measurable functions on
R which are square integrable, with the norm ∥f∥=(

∫
R |f |

2dy)
1
2 . H l(l≥0) denotes the

Sobolev space of L2-functions f on R whose derivatives ∂j
yf,j=1,·· · are L2 functions

too, with the norm ∥f∥l=(
∑l

j=0∥∂j
yf∥2)

1
2 .

2. The Proof of the Theorem
Subtracting (1.29)1,2 from (1.30)1,2 and taking the antiderivative, one has

Φt−sΦy−Ψy−
1

V
Φyy+

1

V 2
VyΦy =F, y∈R,t>0,

Ψt−sΨy+p′(V )Φy =G− 1

2

χ2
y

(V +Φy)2
, y∈R,t>0,

χt−sχy =−(V +Φy)µ, y∈R,t>0,

µ=(χ3−χ)−
( χy

V +Φy

)
y
, y∈R,t>0,

(Φ,Ψ,χ)(y,0)=(Φ0,Ψ0,χ0)(y), y∈R,

(2.1)

with

lim
y→+∞

(Φ0,Ψ0,χ0)=(0,0,±1), −1≤χ0≤1, (2.2)

where

F =
(1
v
− 1

V

)
Φyy+

(1
v
− 1

V
+

1

V 2
Φy

)
Vy,

G=−
(
p(v)−p(V )−p′(V )(v−V )

)
.

(2.3)

For any given m,M >0, we define the solution space Xm,M (0,T ) as follows

Xm,M (0,T )=
{
(Φ,Ψ,χ)

∣∣∣(Ψ,Φ)∈C(0,T ;H3),χ2−1∈C(0,T ;L2),χy ∈C(0,T ;H2),

sup
t∈(0,T )

(
∥(Φ,Ψ)∥3+∥χy∥2+∥χ2(t)−1∥

)
≤M,

inf
y∈R,t∈(0,T )

v(y,t)≥m>0
}
. (2.4)

Proposition 2.1. Assume that (1.5), (1.16)–(1.19), (1.32)-(1.37). If

∥(Φ0,Ψ0)∥3+∥χ0y∥2+∥χ2
0−1∥≤M, (2.5)
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and

inf
y∈R

(
V +Φ0y

)
>m>0, (2.6)

then there exists T ∗ small enough, such that, the Cauchy problem (2.1)-(2.2) admits a
unique solution (Φ,Ψ,χ)∈Xm

2 ,2M

(
[0,T ∗]

)
, satisfying

∥(Φ,Ψ)∥23+∥χ2−1∥2+∥χy∥22+
∫ t

0

(
∥Φy∥23+∥Ψy∥22+∥χy∥23

)
dτ

≤C
(
∥
(
Φ0,Ψ0

)
∥23+∥χ2

0−1∥2+∥χ0y∥22
)
, (2.7)

and

−1≤χ≤1, (2.8)

where C is the positive constant which may depend on (v−,u−).

Proposition 2.1 is the conclusion about the existence and uniqueness of local solu-
tions for the system (2.1), it can be can be proved by the usual linearization method
and the fixed point theorem, the details are omitted. In order to obtain the existence
of global solution, we will establish the a prior estimates in Proposition 2.2 as follows.
From the definition (2.4), choosing M small enough, called as δ0, by using Sobolev
embedding theorem, there exist m0>0, such that

0<
3

4
v−≤V +Φy ≤

5

4
v−, inf

y∈R,t∈(0,T )
3χ2−1≥m0>0. (2.9)

Thus, the space Xm,M can be simplified as follows

Xδ0(0,T )=
{
(Φ,Ψ,χ)

∣∣∣(Φ,Ψ)∈C(0,T ;H3),χ2−1∈C(0,T ;L2),χy ∈C(0,T ;H2),

sup
t∈(0,T )

(
∥(Φ,Ψ)∥3+∥χy∥2+∥χ2−1∥

)
≤ δ0

}
. (2.10)

Proposition 2.2. Suppose that (Φ,Ψ,χ)∈Xδ

(
[0,+∞)

)
is the solution of the Cauchy

problem (2.1)-(2.2) for some T >0, there exist the positive constants δ0 independent of
T , such that if

∥(Φ0,Ψ0)∥3+∥χ0y∥2+∥χ2
0−1∥+ |v+−v−|≤ δ0, (2.11)

it holds that

∥(Φ,Ψ)(t)∥23+∥χ2(t)−1∥2+∥χy(t)∥22+
∫ +∞
0

(
∥Φy∥23+∥Ψy∥22+∥χy∥23

)
dτ

≤ C
(
∥
(
Φ0,Ψ0

)
∥23+∥χ2

0−1∥2+∥χ0y∥22
)
,

(2.12)

and ∫ +∞
0

∣∣∣ d
dt

∥∥Φyy

∥∥2∣∣∣+ ∣∣∣ d
dt

∥∥Ψyy

∥∥2∣∣∣+ ∣∣∣ d
dt

∥∥χyy

∥∥2∣∣∣dτ
≤ C

(
∥
(
Φ0,Ψ0

)
∥23+∥χ2

0−1∥2+∥χ0y∥22
)
,

(2.13)

where C is the positive constant which may depend on (v−,u−) but is independent of
T .
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The proof of Proposition 2.2 is given below, which is divided into the following
lemmas.

Lemma 2.1. Suppose (Φ,Ψ,χ)∈Xδ(0,T ) is the solution of system (2.1), then, for
t∈ [0,T ], the following inequalities hold

|χ(x,t)|≤1, ∀(x,t)∈ (−∞,+∞)× [0,T ], (2.14)

and

∥
(
Φ,Ψ,χ2−1

)
(t)∥2+

∫ t

0

(
∥Φy∥2+∥

√
VyΨ∥2+∥χy∥2+∥χ3−χ∥2

)
dτ

≤ C
∥∥(Φ0,Ψ0,χ

2
0−1)

∥∥2+C
∫ t

0
∥Φyy∥2dτ,

(2.15)

where C is the positive constant which may depend on (v−,u−) but is independent of T .

Proof. By using the maximum principle for parabolic equation (see Lemma 2.1
in [20]) and (2.9), one obtains

χ2≤1, (2.16)

which yields (2.14). Multiplying (2.1)1 by Φ, (2.1)2 by − Ψ
p′(V ) , (2.1)3 by χ3−χ, adding

them together, one has(Φ2

2
− Ψ2

2p′(V )
+

(χ2−1)2

4

)
t
+
( sΨ2

2p′(V )
− sΦ2

2
−ΦΨ− ΦΦy

V
− s

4
(χ2−1)2

)
y

−
(
χy(χ

3−χ)
)
y
+(3χ2−1)χ2

y+(V +Φy)(χ
3−χ)2+

1

V
Φ2

y+
s

2

p′′(V )

(p′(V ))2
VyΨ

2

=− Vy+Φyy

V +Φy
χyχ(χ

2−1)+
1

2

χ2
y

(V +Φy)2
Ψ

p′(V )
+FΦ− G

p′(V )
Ψ. (2.17)

Integrating (2.17) over (−∞,+∞)× [0,t) by parts, one gets∫ +∞

−∞

(Φ2

2
− Ψ2

2p′(V )
+

(χ2−1)2

4

)
dy

∣∣∣t
0
+

∫ +∞

−∞
(3χ2−1)χ2

ydydτ

+

∫ t

0

∫ +∞

−∞

[
(V +Φy)(χ

3−χ)2+
1

V
Φ2

y+
s

2

p′′(V )

(p′(V ))2
VyΨ

2
]
dydτ

=

∫ t

0

∫ +∞

−∞

( χ2
y

2(V +Φy)2
Ψ

p′(V )
− Vy+Φyy

V +Φy
χyχ(χ

2−1)+FΦ− GΨ

p′(V )

)
dydτ. (2.18)

Since

|F |=
∣∣∣(1
v
− 1

V

)
Φyy+

(1
v
− 1

V
+

1

V 2
Φy

)
Vy

∣∣∣
≤C

(
|Φy||Φyy|+ |Vy||Φy|2

)
≤C

(
|Φy||Φyy|+δ21e

−cδ1|y||Φy|2
)
, (2.19)

and

|G|≤CΦ2
y, (2.20)
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combining with (2.9) and (2.4), one obtains∣∣∣∫ t

0

∫ +∞

−∞
FΦdydτ

∣∣∣≤Cδ

∫ t

0

(
∥Φy∥2+∥Φyy∥2

)
dτ+Cδ21

∫ t

0

∫ +∞

−∞
e−cδ1|y||Φ||Φy|2dydτ

≤Cδ

∫ t

0

(
∥Φy∥2+∥Φyy∥2

)
dτ+Cδ0δ

2
1

∫ t

0

∫ +∞

−∞
e−cδ1|y||Φy|2dydτ

≤Cδ

∫ t

0

(
∥Φy∥2+∥Φyy∥2

)
dτ+Cδ0δ1

∫ t

0

(
∥Φy∥2+∥Φyy∥2

)
dxdτ

≤Cδ

∫ t

0

(
∥Φy∥2+∥Φyy∥2

)
dτ, (2.21)

and ∣∣∣∫ t

0

∫ +∞

−∞

GΨ

p′(V )
dydτ

∣∣∣≤Cδ

∫ t

0

∥Φy∥2dτ. (2.22)

Moreover, by using (2.9) and (2.4) again, one gets∣∣∣∫ t

0

∫ +∞

−∞

χ2
y

2(V +Φy)2
Ψ

p′(V )
dydτ

∣∣∣≤Cδ

∫ t

0

∥χy∥2dτ, (2.23)

and ∣∣∣∫ t

0

∫ +∞

−∞

Vy+Φyy

V +Φy
χyχ(χ

2−1)dydτ
∣∣∣

≤δ

2

∫ t

0

∥χy∥2dτ+Cδ1

∫ t

0

∥χ3−χ∥2dτ+C

∫ t

0

∥Φyy∥2dτ. (2.24)

From (2.21)-(2.24), combining with Lemma 1.1, choosing δ1, and δ small enough, (2.15)
is achieved. Thus, the proof of Lemma 2.1 is completed.

Lemma 2.2. Suppose (Φ,Ψ,χ)∈Xδ(0,T ) is the solution of system (2.1), then, for
t∈ [0,T ], the following inequality holds

∥
(
Φy,Ψy,χy

)
(t)∥2+

∫ t

0

(
∥Φyy∥2+∥Ψy∥2+∥χyy∥2

)
dτ

≤C
∥∥(Φ0y,Ψ0y,χ0y)

∥∥2, (2.25)

where C is the positive constant which may depend on (v−,u−) but is independent of
T .

Proof. Multiplying (2.1)1 by −Φyy, (2.1)2 by − Ψyy

p′(V ) , (2.1)3 by χyy, adding them

together, one has(Φ2
y

2
−

Ψ2
y

2p′(V )
+χ2

y

)
t
+
(sΦ2

y

2
−ΦtΦy+ΦyΨy+

ΨtΨy

p′(V )
−

sΨ2
y

2p′(V )
−χtχy−

GΨy

p′(V )

)
y

−
(
(V +Φy)(χ

3−χ)χy

)
y
+(V +Φy)(3χ

2−1)χ2
y+χ2

yy+
Φ2

yy

V
+

sp′′(V )Vy

(p′(V ))2
Ψ2

y

=FΦyy−
Vy

V 2
ΦyΦyy−

( 1

p′(V )

)
y
p′(V )ΦyΨy−

1

p′(V )
GyΨy
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−
(
Vy+Φyy

)
(χ3−χ)χy+

Vy+Φyy

V +Φy
χyχyy. (2.26)

Integrating (2.26) over (−∞,+∞)× [0,t) by parts, one gets∫ +∞

−∞

(Φ2
y

2
−

Ψ2
y

2p′(V )
+χ2

y

)
dy

∣∣∣t
0
+

∫ t

0

∫ +∞

−∞
(V +Φy)(3χ

2−1)χ2
ydydτ

+

∫ t

0

∫ +∞

−∞

[
χ2
yy+

Φ2
yy

V
+

sp′′(V )Vy

(p′(V ))2
Ψ2

y

]
dydτ

=

∫ t

0

∫ +∞

−∞

[
FΦyy−

Vy

V 2
ΦyΦyy−

( 1

p′(V )

)
y
p′(V )ΦyΨy−

1

p′(V )
GyΨy

]
dydτ∫ t

0

∫ +∞

−∞

[
−
(
Vy+Φyy

)
(χ3−χ)χy+

Vy+Φyy

V +Φy
χyχyy

]
dydτ. (2.27)

Noting that (2.4), (2.19)-(2.20), one has∣∣∣∫ t

0

∫ +∞

−∞

(
FΦyy−

Vy

V 2
ΦyΦyy

)
dydτ

∣∣∣≤Cδ

∫ t

0

∥Φyy∥2dτ+C

∫ t

0

∥Φy∥2dτ, (2.28)

and ∣∣∣∫ t

0

∫ +∞

−∞

[
−
( 1

p′(V )

)
y
p′(V )ΦyΨy−

1

p′(V )
GyΨy

]
dydτ

∣∣∣
≤
∫ t

0

∫ +∞

−∞

s

2

p′′(V )Vy

(p′(V ))2
Ψ2

ydydτ+

∫ t

0

∥Ψy∥2dτ+Cδ

∫ t

0

(
∥Ψy∥2+∥Ψyy∥2

)
dτ. (2.29)

Moreover,∣∣∣∫ t

0

∫ +∞

−∞

[
−
(
Vy+Φyy

)
(χ3−χ)χy+

Vy+Φyy

V +Φy
χyχyy

]
dydτ

∣∣∣
≤1

2

∫ t

0

∥χyy∥2dτ+
1

2v+

∫ t

0

∥Φyy∥2dτ+C(δ+ |v+−v−|)
∫ t

0

∥χ3−χ∥2dτ. (2.30)

From (2.28)-(2.30), combining with Lemma 1.1, choosing δ, and |v+−v−| small enough,
one obtains ∫ +∞

−∞

(
Φ2

y+Ψ2
y+χ2

y

)
dy+

∫ t

0

∫ +∞

−∞

(
Φ2

yy+VyΨ
2
y+χ2

yy+χ2
y

)
dydτ

≤C

∫ +∞

−∞

(
Φ2

0y+Ψ2
0y+χ2

0y

)
dy+C

∫ t

0

∫ +∞

−∞
Φ2

ydydτ. (2.31)

Combining with (2.15), choosing δ small enough, one gets

∥
(
Φy,Ψy,χy

)
(t)∥2+

∫ t

0

(
∥Φyy∥2+∥

√
VyΨy∥2+∥χyy∥2

)
dτ

≤C∥(Φ0y,Ψ0y,χ0y)∥2. (2.32)

Multiplying (2.1)1 by Ψy, differentiating (2.1)2 with respect to y, and multiplying the
result by by Φ, adding them together, one has

Ψ2
y =

(
ΦΨy

)
t
+
((

p(v)−p(V )
)
Φ−sΦΨy+

1

2

Φχ2
y

(V +Φy)2

)
y
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−
(
p(v)−p(V )

)
Φy−

ΦyyΨy

V
−FΨy−

1

2

Φyχ
2
y

(V +Φy)2
, (2.33)

integrating (2.26) over (−∞,+∞)× [0,t), by using (2.32) and Lemma 2.1, then, (2.25)
is achieved, and the proof of Lemma 2.2 is completed.

Lemma 2.3. Suppose (Φ,Ψ,χ)∈Xδ(0,T ) is the solution of system (2.1), then, for
t∈ [0,T ], the following inequality holds:

∥
(
Φyy,Ψyy,χyy

)
(t)∥2+

∫ t

0

(
∥Φyyy∥2+∥Ψyy∥2+∥χyyy∥2

)
dτ

≤ C
∥∥(Φ0yy,Ψ0yy,χ0yy)

∥∥2, (2.34)

where C is the positive constant which may depend on (v−,u−) but is independent of T .

Proof. Multiplying (2.1)2 by 1
p′(V ) , differentiating the resultant, (2.1)1, (2.1)3 with

respect to y twice respectively, one has

Φyyt−sΦyyy−Ψyyy−
( 1

V
Φyy

)
yy

+
( 1

V 2
VyΦy

)
yy

=Fyy,( 1

p′(V )
Ψt

)
yy

−s
( Ψy

p′(V )

)
yy

+Φyyy =
( G

p′(V )

)
yy

− 1

2

( χ2
y

(V +Φy)2p′(V )

)
yy
,

χtyy−sχyyy =−
(
(V +Φy)µ

)
yy
,

µ=(χ3−χ)−
( χy

V +Φy

)
y
.

(2.35)

Multiplying (2.35)1 by Φyy, (2.35)2 by −Ψyy, (2.35)3 by χyy, adding up these results,
one obtains(1

2
Φ2

yy−
1

2p′(V )
Ψ2

yy+
χ2
yy

2

)
t
+

1

V
Φ2

yyy+
sp′′(V )Vy

2p′2(V )
Ψ2

yy+χ2
yyy

+
( sΨ2

yy

2p′(V )
−
sΦ2

yy

2
−
(Φyy

V

)
y
Φyy−ΦyyΨyy−

sχ2
yy

2
+
(
(V +Φy)µ

)
y
χyy−FyΦyy

)
y

=−FyΦyyy+
( 1

V

)
yyy

ΦyΦyy+
( 2

V

)
yy
Φ2

yy−
GyyΨyy

p′(V )
−
( 1

p′(V )

)
yy
p′(V )ΦyΨyy

−2
( 1

p′(V )

)
y

(
p′(V )Φy

)
y
Ψyy+

1

p′(V )

( χ2
y

(V +Φy)2

)
yy
Ψyy

−(Vy+Φyy)(χ
3−χ)χyyy+(Vy+Φyy)

[( 1

V +Φy

)
y
χyχyyy+

χyyχyyy

V +Φy

]
−(V +Φy)(3χ

2−1)χyχyyy+(V +Φy)
( 1

V +Φy

)
yy
χyχyyy

+2(V +Φy)
( 1

V +Φy

)
y
χyyχyyy. (2.36)

Integrating (2.36) over (−∞,+∞)× [0,t) by parts, one gets∫ +∞

−∞

(Φ2
yy

2
−

Ψ2
yy

2p′(V )
+
χ2
yy

2

)
dy

∣∣∣t
0
+

∫ t

0

∫ +∞

−∞

(Φ2
yyy

V
+
sp′′(V )VyΨ

2
yy

2p′2(V )
+χ2

yyy

)
dydτ

=−
∫ t

0

∫ +∞

−∞
FyΦyyydydτ+

∫ t

0

∫ +∞

−∞

[( 1
V

)
yyy

ΦyΦyy+
( 2
V

)
yy
Φ2

yy

]
dydτ

−
∫ t

0

∫ +∞

−∞

GyyΨyy

p′(V )
dydτ−

∫ t

0

∫ +∞

−∞

( 1

p′(V )

)
yy
p′(V )ΦyΨyydydτ
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−2

∫ t

0

∫ +∞

−∞

( 1

p′(V )

)
y

(
p′(V )Φy

)
y
Ψyydydτ+

∫ t

0

∫ +∞

−∞

Ψyy

p′(V )

( χ2
y

(V +Φy)2
)
yy
dydτ

−
∫ t

0

∫ +∞

−∞

[
(Vy+Φyy)(χ

3−χ)χyyydydτ+(V +Φy)(3χ
2−1)χyχyyy

]
dydτ

+

∫ t

0

∫ +∞

−∞
(Vy+Φyy)

[( 1

V +Φy

)
y
χyχyyy+

χyyχyyy

V +Φy

]
dydτ

+

∫ t

0

∫ +∞

−∞

[
(V +Φy)

( 1

V +Φy

)
yy
χyχyyy+2(V +Φy)

( 1

V +Φy

)
y
χyyχyyy

]
dydτ.

By using

|Fy|=
∣∣∣(1
v
− 1

V

)
Φyyy+

(1
v
− 1

V
+

1

V 2
Φy

)
Vyy

+
[
(
1

V 2
− 1

v2
)Φyy+(

1

V 2
− 1

v2
)Vy−

1

V 2
Φyy

]
Φyy

+
[
(
1

V 2
− 1

v2
)Φyy+(

1

V 2
− 1

v2
+

1

V 3
Φy)Vy

]
Vy

∣∣∣
≤C

(
|Φy||Φyyy|+ |Φyy|2+ |Φy|2+ |Φy||Φyy|2

)
, (2.37)

making use of (2.4), (2.37) and Sobolev’s inequality, yields∣∣∣∫ t

0

∫ +∞

−∞
FyΦyyydydτ

∣∣∣≤Cδ

∫ t

0

∫ +∞

−∞

(
∥Φy∥2+∥Φyy∥2+∥Φyyy∥2

)
dτ,

∣∣∣∫ t

0

∫ +∞

−∞

[( 1
V

)
yyy

ΦyΦyy+
( 2
V

)
yy
Φ2

yy

]
dydτ

∣∣∣≤C

∫ t

0

∫ +∞

−∞

(
∥Φy∥2+∥Φyy∥2

)
dτ,

∣∣∣∫ t

0

∫ +∞

−∞

GyyΨyy

p′(V )
dydτ

∣∣∣≤Cδ

∫ t

0

(
∥Φy∥2+∥Φyy∥2+∥Φyyy∥2

)
dτ,

∣∣∣∫ t

0

∫ +∞

−∞

( 1

p′(V )

)
y

(
p′(V )Φy

)
y
Ψyydydτ

∣∣∣≤ sp′′(V )VyΨ
2
yy

4p′2(V )
+C

∫ t

0

(
∥Φy∥2+∥Φyy∥2

)
dτ,

∣∣∣∫ t

0

∫ +∞

−∞

( 1

p′(V )

)
yy
p′(V )ΦyΨyydydτ

∣∣∣≤C

∫ t

0

(
∥Φy∥2+∥Φyy∥2+∥Ψy∥2

)
dτ,

∣∣∣∫ t

0

∫ +∞

−∞

Ψyy

p′(V )

( χ2
y

(V +Φy)2
)
yy
dydτ

∣∣∣
≤C

∫ t

0

(
∥χy∥2+∥χyy∥2

)
dτ+

1

8

∫ t

0

∥χyyy∥2dτ,

∣∣∣∫ t

0

∫ +∞

−∞

[
(Vy+Φyy)(χ

3−χ)χyyydydτ+(V +Φy)(3χ
2−1)χyχyyy

]
dydτ

∣∣∣
≤C

∫ t

0

(
∥χ3−χ∥2+∥χy∥2

)
dτ+

1

8

∫ t

0

∥χyyy∥2dτ,

∣∣∣∫ t

0

∫ +∞

−∞
(Vy+Φyy)

[( 1

V +Φy

)
y
χyχyyy+

χyyχyyy

V +Φy

]
dydτ
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+

∫ t

0

∫ +∞

−∞

[
(V +Φy)

( 1

V +Φy

)
yy
χyχyyy+2(V +Φy)

( 1

V +Φy

)
y
χyyχyyy

]
dydτ

∣∣∣
≤C

∫ t

0

(
∥χy∥2+∥χyy∥2

)
dτ+

1

8

∫ t

0

∥χyyy∥2dτ,

combinations of the estimates above and Lemmas 2.1-2.2, under (2.10) and choosing δ1,
δ small enough, one has

∥
(
Φyy,Ψyy,χyy

)
(t)∥2+

∫ t

0

(
∥Φyyy∥2+∥

√
VyΨyy∥2+∥χyyy∥2

)
dτ

≤C∥(Φ0yy,Ψ0yy,χ0yy)∥2. (2.38)

Multiplying (2.1)1 by Ψyyy, combining with (2.1)2, we get

Ψ2
yy =

(
ΦyΨyy

)
t
+
(
−ΦtΨyy+ΨyΨyy+

(Φy

V

)
y
Ψyy+

(1
2

χ2
y

(V +Φy)2
)
y
Φy

)
y

+
(
p(v)−p(V )

)
yy
Φy−

(Φy

V

)
yy
Ψyy+FΨyyy−

(1
2

χ2
y

(V +Φy)2

)
y
Φyy, (2.39)

making use of (2.38), (2.4), and Sobolev’s inequality, yields∫ t

0

∥Ψyy∥2dτ ≤C∥(Φ0,Ψ0,χ0)∥20, (2.40)

combining with (2.38), (2.34) is achieved, and the proof of Lemma 2.3 is completed.

The estimates of the third derivative are given by Lemma 2.4 in a similar way, the
details of the proof are omitted.

Lemma 2.4. Suppose (Φ,Ψ,χ)∈Xδ(0,T ) is the solution of system (2.1), then, for
t∈ [0,T ], the following inequality holds

∥
(
Φyyy,Ψyyy,χyyy

)
(t)∥2+

∫ t

0

(
∥Φyyyy∥2+∥Ψyyy∥2+∥χyyyy∥2

)
dτ

≤C
∥∥(Φ0yyy,Ψ0yyy,χ0yyy)

∥∥2, (2.41)

where C is the positive constant which may depend on (v−,u−) but is independent of
T .

Now only (2.13) remains unproved in the proof of Proposition 2.2. To do this,
differentiating (2.1)1 twice with respect to y, multiplying it by Φyy, and integrating the
resulting equality over R with respect to y, one obtains

1

2

d

dt
∥Φyy∥2=−

∫ +∞

−∞

(
ΨyyΦyyydy+

( 1
V
Φyy

)
y
Φyyy

)
dy

+

∫ +∞

−∞

( 1

V 2
VyΦy

)
y
Φyyydy−

∫ +∞

−∞
FyΦyyydy. (2.42)

Then, by using (2.12), we have∫ +∞

0

∣∣∣ d
dt

∥Φyy∥2
∣∣∣dτ ≤C0

(
∥
(
Φ0,Ψ0

)
∥23+∥χ2

0−1∥2+∥χ0y∥22
)
. (2.43)
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Similarly, (2.1)2,3 and the estimate (2.12) give us∫ +∞

0

∣∣∣ d
dt

∥Ψyy∥2
∣∣∣+ ∣∣∣ d

dt
∥χy∥2

∣∣∣dτ ≤C0

(
∥
(
Φ0,Ψ0

)
∥23+∥χ2

0−1∥2+∥χ0y∥22
)
. (2.44)

And therefore, (2.43)-(2.44) yield the a priori estimate (2.13). The proof of Proposition
2.2 is completed.

Proof. (The proof of Theorems 1.1-1.2.) Combining with (1.28), by using
Sobolev inequality, the asymptotic stability of the solution is obtained

lim
t→0

∥∥Φy,Ψy,χ
2−1

∥∥
L∞(R)=0, (2.45)

i.e. (1.40)-(1.41). Thus, the Theorem 1.1 is achieved. Further, the sharp interface
limit (1.43) is a direct consequence of the Theorem 1.1. Note that due to the scaling
transformation, only small energy disturbance is required for the initial conditions, and
no restriction on oscillations of the initial data are needed. Moreover, the constraint
h>0 in (1.43) is necessary, and then, the proof of the theorem is completed.
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