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UNIQUENESS OF WEAK SOLUTIONS TO THE BOUSSINESQ
EQUATIONS WITH FRACTIONAL DISSIPATION*

RUIHONG JIf, DAN LI¥, AND JIAHONG WUS$

Abstract. This paper examines the existence and uniqueness of weak solutions to the d-
dimensional Boussinesq equations with fractional dissipation (—A)%u and fractional thermal diffu-
sion (—A)P@. The aim is at the uniqueness of weak solutions in the weakest possible inhomo-
geneous Besov spaces. We establish the local existence and uniqueness in the functional setting
ueLw(o,T;B;i/lZ*?“*l(Rd)) and 9 € L>°(0,T; By (R%)) when o> 1/4, >0 and a+23>1. By de-
composing the bilinear term into different frequenmes we are able to obtain a suitable upper bound on
the bilinear term, which allows us to close the estimates in the aforementioned Besov spaces.
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1. Introduction
This paper examines the existence and uniqueness of weak solutions to the d-
dimensional incompressible Boussinesq equations with fractional dissipation,

Opu+v(—A)*u=—u-Vu—Vp+ey, xR >0,
O +n(—A)Po= —u Vo, xeR4 t>0,

V-u=0, z€R%t>0

( ) (17), 0(1'70)—90(:5)7 l‘ERd,

(1.1)

where u, p and 6 represent the velocity, the pressure and the temperature, respectively,
and v >0, >0, «>0 and 8 >0 are real parameters. The fractional Laplacian operator
(—A)® is defined via the Fourier transform,

(Ca)f(&) =l¢” o),

and

fley=—1 e 8 f(z)da
FiO= oy e T

When a=8=1, (1.1) reduce to the standard 2D Boussinesq equations with Lapla-
cian dissipation. The standard Boussinesq equations model geophysical flows such as
atmospheric fronts and oceanic circulation, and also play an important role in the study
of Raleigh-Bénard convection (see, e.g., [9,14,24,26,32,33]).

Although (1.1) with fractional dissipation appears to be a purely mathematical
generalization, (1.1) may be physically relevant. Firstly, closely related equations such
as the surface quasi-geostrophic equation model important geophysical phenomena (see,

, [10,15,26]). Secondly, there are geophysical circumstances in which the Boussinesq
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1532 THE BOUSSINESQ EQUATION

equations with fractional Laplacian may arise. Flows in the middle atmosphere traveling
upward undergo changes due to the change of atmospheric properties, although the
incompressibility and Boussinesq approximations are applicable. The effect of kinematic
and thermal diffusion is attenuated by the thinning of atmosphere. This anomalous
attenuation can be modeled by using the space fractional Laplacian (see [6,14]). Thirdly,
it may be possible to derive the Boussinesq equations with fractional dissipation from
the Boltzmann-type equations using suitable rescalings.

The Boussinesq equations have always been of great interest in mathematics. The
Boussinesq equations have recently gained renewed interests and there have been sub-
stantial developments on the well-posedness problem, especially when the Boussinesq
equations involve only partial or fractional dissipation (see, e.g., [1-3,5,7,11,13,16-21,
29, 34,35]), there are two different focuses on the well-posedness problem. One is the
global existence and regularity of classical solutions while the other is the uniqueness of
solutions in a weak functional setting.

Our main result can be stated as follows.

THEOREM 1.1. Let d>2. Consider (1.1) with o and 8 satisfying
1
a>. 520, a+26>1,
Assuming (uo,0p) obeys V-ug=V-0p=0, and

d —_2a d
weBy T (RY), 6o By, (RY).

Then, there exist T >0 and a unique weak solution (u,0) of (1.1) on [0,T] satisfying

weC([0,7); By 2 (®RY)) N L0, T: BE | (RY)), (12)
and
0cC([0,T); B, (RY)N LY (0,T; B3 P (RY)). (1.3)

The topics on the existence and uniqueness of solutions to fluid equations under
optimal regularity assumptions have recently attracted considerable interests. One can
find several related results on the Boussinesq and the magneto-hydrodynamic (MHD)
equations (see, e.g., [8,12,22,23,31]). In particular we make a comparison between the
assumptions on the fractional indices and the initial regularity in this paper and those
in Jiu, Suo, Wu and Yu on the non-resistive MHD equations [22]. In the case when
a <1, the assumptions on « and the initial regularity in [22] are

0<a<l, wug,by€BI (RY) witho>1+4%—a.
In this paper the conditions are

1 ° d__ o d
a>-1, f20, at2f=1, uo € By 12 (R, 6o By, (RY).

Why do we need a>i here? Can we allow a>07 This is mainly due to our lower
regularity assumption on 6y. If we increase the assumption on 6y to

0o € B, (RY), (1.4)



RUIHONG JI, DAN LI, AND JIAHONG WU 1533
we can then drop the requirement o > %. The requirement a > i is needed only at one

spot, namely in the estimate of J, on page 10. For the sake of clarity, we copy the
estimate of J4 here. The term of J; is bounded by

22(1+ 2a)J/ *0022aj(t*T)J4dT
0

SC/ 22(1+%—20¢)je—0022°‘j(t—7)||Aj9(n)||L2 dr

t .
<C [ 2 BA 0 e g2 g
0 =
J

<O 201 —em T o)
J
<CM(1—e T,

L>>(0,T;B2,)

We need a> % in order for the summation to be finite
ol < o,
J

If we change the regularity setting to (1.4), then we do not need o> i. In fact,
then J; can be alternatively bounded by

ZQ(1+ 2a>a/ ~Co2*(t=1) J g
0

<C/ 22(“ e 2 A0 | 2 dr

SC/ S 2460 | e CoF (=T (=i gy
0 -

SOY 2TV A= DO g
. 2,1

<CM(1—e 97T,

and a>0 would be sufficient. This explains why we need a>i when we make a
lower regularity assumption on 6y, and how we can actually remove it by making more
regularity assumption on 6.

We explain why the assumptions on the combination of the indices a and [, and
the regularity setting of the initial data are optimal. The regularity assumption on ug,

namely ug € B, 1+2 Q(Rd) is the same as that for the Navier-Stokes with fractional dis-

o d

sipation and is optimal. The assumptions that 6y € Bf)l(Rd) and a+25>1 are needed

in order to deal with the term [u VoW .0dz in the proof of the uniqueness result.
o d

Therefore the conditions 6, € Bf,l(Rd) and a+25>1 are optimal. Due to many differ-

ences between the technical details for the MHD and the Boussinesq equations, we feel

that our existence and uniqueness result with optimal regularity assumptions may be
useful for further investigations on the MHD equations.
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We describe the framework in the proof of Theorem 1.1. The proof is naturally
divided into two parts: the existence part and the uniqueness part. The existence
of weak solutions is shown by the method of successive approximation. By choosing a
suitable functional setup, constructing a successive approximation sequence and proving
the uniform boundedness, one can prove that the limit of such sequence is indeed a weak
solution of (1.1). The Littlewood-Paley decomposition and Besov space techniques are
employed to facilitate the proof of the uniform bounds. The uniqueness of weak solution
in the regularity class (1.2) and (1.3) can be established by directly working with the
L2?-norm of the difference between any two weak solutions.

The rest of this paper is divided into three sections. Section 2 provides the definition
of the Besov spaces and related tools. Section 3 proves the existence part of Theorem
1.1 while Section 4 establishes the uniqueness part of Theorem 1.1.

2. Preparation

This section serves as a preparation. We provide the definition of the Besov spaces
and related facts to be used in the subsequent sections. More details can be found
in several books and many papers ([4,25,27,28,30]). In addition, we prove bounds
on triple products involving Fourier localized functions to be used extensively in the
sections that follow. We start with the partition of unity. Let B(0,r) and C(0,r1,72)
denote the standard ball and the annulus, respectively,

B(0,r)={¢cR:|¢|<r}, C(0,r1,r2) ={E€RY:r < €] <1}

There are two compactly supported smooth radial functions ¢ and v satisfying

suppqSCB(O,%), suppd}CC’(O,%,g)
BE)+> (277 =1 forall £€R” (2.1)

Jj=0
We use h and h to denote the inverse Fourier transforms of ¢ and 1) respectively,
h=F"'¢, h=F .

In addition, for notational convenience, we write ;(§) = ¥ (277¢). By a simple property
of the Fourier transform,

() =7 () () =29 R (2 ).
The inhomogeneous dyadic block operators A; are defined as follows

Ajf=0 for j<-2,
Aflfzﬁ*f:/ F(@—y)h(y)dy,
R
and
Ajf:hj*f:2dj/ flx—y)h(2Py)dy for j>0.
Rd

The corresponding inhomogeneous low frequency cut-off operator S; is defined by

Sif= Y Axf.

k<j—1
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For any function f in the usual Schwarz class S, (2.1) implies

FO=0©)F(©)+>_v279)f(©), (2:2)

i>0
or, in terms of the inhomogeneous dyadic block operators,
F=Y A or Id=>" A,
i>—1 j>—1

where Id denotes the identity operator. More generally, for any F in the space of
tempered distributions, denoted S, (2.2) still holds but in the distributional sense.
That is, for F€S ,

F=) AjF or Jd=)Y A; in §. (2.3)

j=-1 j=-1

In fact, one can verify that

’

S;F = Z ALF—F as j—ooo in §S.
k<j—1

(2.3) is referred to as the Littlewood-Paley decomposition for tempered distributions. In
terms of the inhomogeneous dyadic block operators, we can write the standard product
in terms of the paraproducts, namely

FG= > SiaaFNG+ Y AMFSi1G+ Y AFAG,

l7—k[<2 li—k|<2 k>j—1

where &k:Ak,l—i—Ak—i—AkH. The above result holds due to V-F =0. This is the
so-called Bony decomposition. The inhomogeneous Besov space can be defined in terms
of A, specified as above.

DEFINITION 2.1. The inhomogeneous Besov space B, , with 1<p,q<occ and s€R

consists offGSl satisfying

£l , = 12712 fllze o < oo.
Bernstein’s inequality is a useful tool on Fourier localized functions and can trade

derivatives for integrability. The following lemma provides Bernstein-type inequalities
for fractional derivatives.

LEMMA 2.1. Let a>0. Let 1 <p,q<o0.

(1) If f satisfies
suppf C{EE€R?: |¢| < K27},

for some integer j and a constant K >0, then

witid(l_1
1(=A)* £l pa(ray < C1 229 =D £l 1o may,-
(2) If f satisfies
suppr {€eRY: K127 < €| < Ky27}
or some integer j and constants 0 < K1 < Ko, then
[ ger j )

; citid(l—1
C12% | fll Laray < (= D) f1l a(ray < Cp 2200t q)Hf”LP(]R'i)a

where Cy and Co are constants depending on «,p and q only.
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Next, we state and prove bounds for the triple products involving Fourier localized
functions. These bounds will be used quite frequently in the proof of Theorem 1.1 in
the subsequent section.

LEMMA 2.2.  Let j>0 be an integer. Let A; be the inhomogeneous Littlewood-Paley
localization operator. Let F' be a divergence-free vector field. Then there hold

| [ A(F-VG)-AHdz| <CIAH| 122 Y 25" [ApF e > | AG] 1

R m<j—1 li—kl<2
+ 3 JAF e Y 20T ALG e
|jfk\§2 m<j—1
+ Y P2 ALF] 1| AGlz) (2.4)

k>j—1

and

[ A(F-VG)-8,Gdr] <CIAG (Y 2 D™ AnFlle Y 1AG s
R m<j—1 lj—k|<2
+ 3 ARFlL: Y 20 D™ AL G e
[j—k|<2 m<j
+ 3 228 ALF | 12| kG 2)- (2.5)
k>j—1

The proof can be found in [12].

3. The local existence part

This section proves the existence part of Theorem 1.1. The approach is to construct
a successive approximation sequence and show that the limit of a subsequence actually
solves (1.1) in the weak sense.

Proof. (Proof of existence part of Theorem 1.1.) We consider a successive
approximation sequence (u(™),0(™) satisfying

WV = Souo. 00 = S8,
"t 4y (= A) u ) = P(—u(™ . Vu D) £ 9Me,;, zeRY >0

016D (= A)PH D = —y (). Ve g eRY, >0 (3.1)
V-urt) =0, zeR? ¢t>0
u" ) (2,0) = S, 4100, 0 (2,0)=Sp1100, weRY,

where P is the standard Leray projection. For

M= 2(||u0||3§’1+172a + ||90||B§1)7

T >0 being sufficiently small and 0 <6 <1 (to be specified later), we set

Y= 0 <M 0 , <M
{(u7 )|||UHL°°(O,T;B§:-1_QQ)_ , ” HLOO(O,T;BQ%J)_ )
<5, |6 diny <OV 3.2
HUHLl(O,T;BQ%jl)_ ” ||L1(0,T;B§1+2ﬁ)_ } ( )

Our goal is to show that {(u(™,#(™)} has a subsequence that converges to the weak
solution of (1.1). This process consists of three main steps. The first step is to show
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that (u(™,0(™) is uniformly bounded in Y. The second step is to extract a strongly
convergent subsequence via the Aubin-Lions Lemma while the last step is to show that
the limit is indeed a weak solution of (1.1) .
Our main effort is devoted to showing the uniform bound for (u(™,0(™) in Y. This
is proven by induction. Clearly,
lut] g2 <M, [0W] g <M.

L>(0,T; B2, ) L>(0,T;B2,)

If T >0 is sufficiently small, then

(1)
Hu HLl(OTB;;H —THSQUOH 2%:— THUOH d+1 QQSCS
and
HQ(l ||L1(0, 73233—2/3 <T||5290|| "+2/s<CT”9OH 2% <.

Assuming that (u(™,0(™) obeys the bounds defined in Y, namely

(n) <M, |60 M
[|w HwaTB2H 20 S M, I HL(OTBl) :

and

™|

L'(0,T;B2, ||0(")H

L1(0,T;B2,

129 <6

)

<o

2+1_a

We prove that (u(™*1 §("+1)) obeys the same bound for suitably selected 7'>0 and
6 >0. For the sake of clarity, the proof of the four bounds is achieved in the following
four subsections.

3.1. The estimate of "tV in B1 205 (R?).  Let j >0 be an integer. Apply-
ing Aj to the second equation in (3.1) and then dotting with Aju(”“‘l)7 we obtain

Nl R IO S A (33)

where
Il:_/Aj(u(n).Vu(n-&-l)).Aju(n-H)dx,
and
:/Ajﬁ(”)edoAju(”H)d:r.
The dissipative part admits a lower bound

HAQA un+1)H >Cr 22aj

2],

L2

where Cy >0 is a constant. According to Lemma 2.2, I; can be bounded by

LI <OIAu D3, 3T 20+ 8m A, u™]|

m<j—1
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+C AU a [ Ajut e 3 20 A a1

m<j—1

+ON AU 1227 3T 288 Apu ™| 2 | Apul | e
k>j—1

I can be bounded by
|IQ\:/Aj9(”)ed~Aju("+l) dx
<[1A;0™eql L2 [ A;u V| 2.

Inserting the estimates above in (3.3) and eliminating [|A;u(™+1||z> from both sides of
the inequality, we obtain

d .
%HAju(”“) |2 +Co2% | Aju™ Y || 2 < Ty + Jo+ J3 + Ja, (3.4)
where
J=ClAu D e ST 205D A W .,
m<j—1
Jo=CllAu™ |2 3 20F0m AL u .,
m<j—1
Js=C2 3 24 R Lo | Agu™ | 1,
k>j—1
and

J4 = ||Aj9(")ed||L2.
Integrating (3.4) in time yields
18 ,uT D (@) 2 <em 0T A jud V] o

t )
+/ e=CoZ (=) (], 4 Jy 1 T3+ Jy)dr. (3.5)
0

Multiplying (3.5) by 20+%-29J and summing over j, we obtain

t .
I 1 T I A Al R AT
B, G 0

2,1 1

(3.6)

The terms on the right-hand side can be estimated as follows. For any t<T', we
have

t .
22(1+%—2a>a’/ e—Co2* (=) 1 qr
: 0
J

t
gc/ §:2<1+%*2a>f||Aju<n+1>|\L2 3 20+ Dm | A u(™ (7)|| 12 dT
0 -
J

m<j—1
< Ot (n)
> ”u ”L‘X’(O,t;B;j%_M)”u HLl(O,t;B;t%
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<Ol D (n)
ORIt 87, g
< OB llul )| e

L°°(O7T;B2’l2 )

The term with Jy is bounded by

¢ .
22(1+%72a)j/ e—Co?*9 (=) I 40
. 0
J

t
<C / 320495 A U™ 2 3 220(m =Dt E=2m Ay (D (7)) dr
0 -
J

m<j

t
<C [ IOl g I ey

2,1 B2,1
< O||umth) ,
< Hu HLOC(O,t;B;t%JQ)
<CO§|juth .
S Hu HLOO(O,T;B;-&%_%)

The term with J3 is bounded by
t .
22(1+%72a)j/ 6—0022‘”@77)‘]3617
; 0
t
:/ D _aramigl 37 9% AtV o | Al 2 d
0o =
J

kE>j—1

t
:C/ Z Z 2(2+%72a)(j7k)2(1+g)k”Aku(n)||L22(1+%72a)k”3ku(n+1)||L2dT
0 = -
Jj k2j-1

t
<C [ @ gl g

2,1 B2,12
<Cllu™ (n+1) ,
<Cllu IILI(QT;B;g)IIu HLOO(O,T;B;;%_%)
<C§|luth .
> ” ||L°°(O,T;B;+1%72Q)

The term of Jy is bounded by

t . t ’ ) wi
Z2<1+%—2a>3/ ¢~ Co2® J(t—r>J4dT§C/ Z2<1+%—2a>]e—0022 T A0 2 dr
J 0 0
t ) )
SO/ 289|460 | a0 (g1=2ei g
0 .
J
<OY 20T (1— e ||

J

<CM(1—e 7T,

Lo®(0,T5B2,)

where we have used the fact that there exists Cy > 0 satisfying, for j >0

t )
/ em QP gr < 027201 (1 — =T,
0
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Collecting the bounds above and inserting them in (3.6), we obtain, for any ¢t <T,

[ DN g e <[a§ g o+ Colu | forma FOM(1=eT),
2,1

HB;ﬁ% Lo (0,T;B2,
(3.7

da
3.2. The estimate of #("t1) in Bf)l(Rd). We apply A; to the third equation
in (3.1) and then dotting with A;0"*1) we have

5@”%—9‘ N+ Ci27 | 200V |7, < By, (3.8)
with
By =— / A (™. vty A0 gy,

By Lemma 2.2, we have

im n
By| <C[|A;07 V|72 > 202 A, u™

m<j—1
+C[ 207 | 2| Ajut™ 2 > 2048m|| A, 00| .
m<j
+O1 800227 3 288 A0V 2 | Agul™ | o
k>j—1

Inserting the estimate above in (3.8) and eliminating ||A;6" || 2 from both sides
of the inequality, we obtain

d ,
£||Aje(”+1>|\m +C12%99)| A0V || 2 < Ky + Ko+ K, (3.9)

Ky =C)|A;00 D 2 37 205 0m A 0|,
m<j—1

Ko =CllAul™ g2 > 2058 | AL 00D s,

m<j
and

K3=C2 3" 28 ATV | Apu ™| 2.
E>j—1

Integrating (3.9) in time yields, for any ¢t <T,
t )
18,600 ()12 < e 4,60V 2 + / e OF N (K 4 Ky + K dr. (3.10)
0

Multiplying (3.10) by 247 and summing over j, we obtain

t .
oV g <l g + 3028 [ OO K s Kyydr (3.0
2,1 j 0

d
2
B3,
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By the simple bound

0. 92Bi(t—7)
e~ G127 <1

)

the term with K3 is bounded by

t
ZQ%J’/ K, dr
j 0

t
4., n dym n
<Y 2b [ Cap s Y A i
J

m<j—1

t
gc/ S 28 A0 e ST 20D AW | L2 dr
0 m<j—1
<Clo" ) g ™)
L>(0,T;B2,) L(0,T; B,
<Cs)6 )|
L>(0,T; B} 1)

1+2
)

The estimate for the term with K5 is similar,

257 [ Kydr <Clu™ gl
> / 2dr SO g 100N,
<o)
Lo (0,T; B2 1)

The term with K3 is also similar,

t
§ Q%J'/ Kadr
- 0

<C/ SO ST 28K A2 DUR0E DR Ao dr

j k>j—1
<Clla™ (n+1)
<l 110,75 By ) 16 ||L°°(0,T;B’2%,1)
<05||9<”+1>|| 4
<(0.7:B,)

Collecting the estimates and inserting them in (3.11), we have, for any t <T,

+ o0 Y| . (3.12)

g(n+1) (4 <|lptntD)
6D <6 g R

2,1

3.3. The estimate of Hu(”“)H We multiply (3.5) by 2(1+%)j,

d .
2} <0,T;B; 2 )

sum over j and integrate in time to obtain

n 2aj n+1
ul +1)||L1(0TBH'2) / 22“* 2)de=Co2* | ALy | L dt
0

+/ 22(1+g)j/ 6—0022‘”'(3—7)(J1+J2+J3+J4)d7ds.
0 - 0

(3.13)
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We estimate the terms on the right and start with the first term
T .
/ 20t Qo A D) s at
0 -
J

1 : aj n
= G 22— e T A o (3.4
J

d_
Since ug € B;jz Qa, it follows from the Dominated Convergence Theorem that

Jim 72052 (1 =0T A 12 =0
J

Therefore, we can choose T sufficiently small such that

T .
|32 e A i<
0 X
J

o

Applying Young’s inequality for the time convolution, we have
5 1+d); 7 —cop22e
/ 22< +§)]/ e 79 =7) 7, drds
0 j 0

T s P
:0/ }:2(”%”/ e QT A W (1) 2 ST 20F D™ A ™ (1) 2 drds
0 .
J

0 m<j—1

T T .
5022“*%“/ 18;u D ()l Y 2<1+%>m|\Amu(">(T)|\L2dT/ e=C02* s g
. 0
J

m<j—1 0

T .
<C(1-eO7) / 320820 Ay ()| 3T 20D AL W™ (1) 2 dr
0 -
J

m<j—1
<C 1_€—CzT u(n-‘rl) u(n)
= ( )” ||L°°(0,T;B;ﬁ%72a)” HLl(O,T;B;t%)
§05(1_6_02T)”u(n+1)“ 1+ 424

Lo (0,T; By 5 2

where we have used the fact that there exists Cy > 0 satisfying, for j >0
’ Cp2%27 200f CyT
/ eY0 T ds < C27 Y (1 —em V2. (3.15)
0

We remark that the functional settings here are the inhomogeneous Besov spaces and
index j is bounded below. This is the reason why there is Cy > 0 satisfying (3.15). This
can not be done for homogeneous Besov spaces. The terms of J, and J3 can be similarly
estimated and obey the same bound,

1+ 4 24

T s )
/ S a0 / ¢=Co2 ™ (3=7) 4 ds < C5(1 — e=C2T) [u(m+D)|
0 i 0 LOQ(OvT?Bz,lz )

and

T s .
/ Zg(H%)j/ e~ G2V () Ldrds < C5(1— e~ 2T u )|
0 : 0 L
J

d_ .
(0,5 By 2 %)
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The term with J4 is bounded by

T s )
/ Y ol / ¢G0P (s=7) I\ dr ds
0 j 0

T s )
- / S 20+ / e~ (= A0 | L2 dr ds
0 . 0
J

T
<C(1 fefczT)/ » :2<1+%*2a>j||Aja<"> |2 dr
0 N
J

<C(1—e2T)|pm)
> ( € )H HLl(O,T;BE:—l_Qa)
<C(1—e @76

d .
Lo,r;82 )

Collecting the estimates above leads to

5
lu™ ] <7001 —em BT ut )

d d
[T 1+2_2a
L1(0,T; B2, 2

>=(0,T;B, ; )

_ = Ca2Ty|1p(n)
FOU=e O | e

)

3.4. The estimate of ||§(**D)|| 4o -
L (0,1;B2] )

summing over j and integrating in time, we have
(n+1)
||9 (t)HLl <O,T;B§r2ﬁ>

T ]
S/ E 2(254‘%)]'6—01226”|‘Ajeén+1)HLQ dt
0 -
J

T s N
+/ 22<2/a+%>j/ e~ O 2T (fe LK 4 Ky)drds,
0o = 0
J
The terms on the right can be bounded as follows,
’ 28+4)j —C,22P7 (n+1)
D3 e N A P
0 =
J

=07 289 (1 - G2 | A0 | .
J

d
Since 0y € By 1, it follows from the Dominated Convergence Theorem that

lim 259 (1— =27 T | A6 | 12 =0
J

Therefore, we can choose T sufficiently small such that

T .
/ E 2(%+2B)je—012253t||Aj9(()n+1)HL2 dt <
0 .
J

IR
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(3.16)

Multiplying (3.11) by 2(5+28),
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The terms involving K; through K3 can be bounded as follows

T s .
/ ZQ(%+2B)j/ 6*0122[3'7(5*T)K1d7.d8
0 j 0

T X s .
<cf St [ e a0 @ Y 2 A ()] drds

m<j—1

T JO
<oyt L8 @ 3 2 A [ e
0

m<j—1

<O(1-e &) / Zzzqu () S 2 A (7)) 2 dr

m<j—1

scufe—CST)nem“)n g ||u“|\
L°°<0T;3221> <0TB2 )

<C3(1—e” )oY 4\
Lo° <0,T;BQ’{1>

where C5 >0 is a constant. The term with K5 and K3 admit the same bounds,

T s )
/ 3 o420 / e=C1 2 =) g, dr ds < O(1— e~ CsT) |90+ D)
0o % 0 L (
T " ) s 283
/ Zz<a+2ﬁ>ﬂ/ e~ T Kadrds < O5(1— e 9T o
; 0

Collecting the estimates above, we conclude

n 6 — n
[ d+za> <O —em AT o ) ( ¢ )

(0 T;B2 L (0,T;B2,

In fact, if we choose T' and § satisfying

Cégi and C(1—e 97T)< i,

then (3.7) implies

1
(n+1) M (n+1) —

U d_ o, +—llu t 4 o, +-M.
H ( )”B;t 2 2 || ( )HB;tz 2 4

So

a0 )| prtdae <M.

Similary, if C§< 1 and Hagan < 1M, then (3.12) states

2,1

[07 ] g <M.

2 1
According to (3.16) and (3.17), if we choose T sufficiently small such that

C(lfe*CZT)MSi, C(l—e *CBT)M<%

d
sl O,T;BQ%I)

d .
Lee (o,T;B;_1>

(3.17)
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then

[ut™ loe o1

(0TBl+2> =2

These uniform bounds allow us to extract a weakly convergent subsequence. That is,
there is (u,0) €Y such that a subsequence of (u(™,0(™) satisfies

23
(OT B2

>§5.

W™ By in L (OTBz+1 2a)le(ozw_f;?“),

o) 50 in L (OTle)le(OTB”w).

In order to show that (u,f) is a weak solution of (1.1), we need to further extract
a subsequence which converges strongly to (u,0). This is done via the Aubin-Lions
Lemma. We can show by making use of the equations in (3.1) that (9;u(™,0,0™) is
uniformly bounded in

o™ e L* (0,1 B “)nL2 (o1 B ).

80 e Lt (o,T; Bil) nL? (OyT; Bifﬂ) :

Since we are in the case of the whole space R?, we need to combine Cantor’s diagonal
process with the Aubin-Lions Lemma to show that a subsequence of the weakly con-
vergent subsequence, still denoted by (u(™ (™)), has the following strongly convergent

property,
(™,00) = (u,6) in L*(0,T:B3,(Q)),

where %—a << % and Q C R? is a compact subset. This strong convergence property

would allow us to show that (u,6) is indeed a weak solution of (1.1). This process is
routine and we omit the details. This completes the proof for the existence part of
Theorem 1.1. 0

4. The uniqueness part
This section proves the uniqueness part of Theorem 1.1.

Proof. (Proof of the uniqueness part of Theorem 1.1.) Assuming that
(u™,0M) and (u?,0?) are two solutions of (1.1) in the regularity class in (1.2) and
(1.3). Their difference (u,6) with

Teu® _u), Fop® _ g

satisfies

V(=AU =—P(u® Vi+u-Vu®)+6,
at9+ n(=A)Po=—u®.vo—7u-voW), (@1)

0 .

U(z,0)=0, 6(x,0)=0.

We focus on the case when a>1/4, >0, a+23>1. We estimate the difference (,6)
in L%(RY). Dotting (4.1) by (@,0) and applying the divergence-free condition, we find

)3+ 1TO)I32) + AT+l APBZ0 = L+ Lo+ Ls,
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where
lef/ﬂ«Vu(l)ﬂda:, (4.2)
LQ:—/a.ve(U-édx, (4.3)
and
LS:/a-'e“dx. (4.4)

By Holder’s inequality,

Lol < VUM o[l 72 <CluD g l[El]72-

2,1

To bound Lo, we set

"=

Applying Holder’s inequality,

| La| < 1101221 V0| o 1| o
<Ol 216" IIBgm A%l .2

v [e3%
< SlIA%ullLe +Cllo™ ||2 d+2ﬁ”9”L27

where we have used the inequalities, due to §+ 8> 1,
[ullr <ClIATU| L2,
and
VO Lo < > 118,V
i>—1
<C Y 2HIGD A0

j>—1

<C Y 2B A0 1

j>—1

<C Y7 2B A o

j=—1

OOV g
2.1

Applying Holder’s inequality
|Ls| < [[ull L2110 2

Combining these estimates lead to

d . _ - o -
2 (Al +10172) + v ATl Z2 + 2n[| A6 7.
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SCIIU(”IIBHg (a2 + ||9||%z)+C||9(1)||23g+23|\9||%2- (4.5)
2,1

2,1

Since (u™),0M) is in the regularity class (1.2) and (1.3), we obtain

T
Mt dt
g dr <o,

T
| 101 g ondi<oc.

2,1

Applying Gronwall’s inequality to (4.5), we have

[@]l 2 =162 =0,

which leads to the desired uniqueness. 0
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