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BOUNDEDNESS IN A THREE-DIMENSIONAL
CHEMOTAXIS-STOKES SYSTEM INVOLVING A SUBCRITICAL
SENSITIVITY AND INDIRECT SIGNAL PRODUCTION*

GUOQIANG RENT AND BIN LIU¥

Abstract. This paper is concerned with the Keller-Segel-Stokes system
ni+u-Vn=V-(D(n)n)—V-(S(n)Vv),

vet+u-Vo=Av—v+w,

©)
wt+u-Vw=Aw—w+n,

u=Au+VP+nVe, V-u=0,

under no-flux/no-flux/no-flux/Dirichlet boundary conditions in smoothly bounded domains Q CR3,
with given suitably regular functions D, S and ¢.
Under the assumption that there exist mg € R, m>mg, kp >0 and Kp >0 such that
kps™o—l< D(s)< Kps™ 1 forall s>1,
and that S(0)=0 as well as
1S(s)l

W < Kps® forall s>1

with Ko >0, it is shown that for all suitably regular initial data an associated initial-boundary value
problem (x) possesses a globally defined bounded classical solution provided a < %. ‘We underline that
the same results were established for the corresponding system with direct signal production in a well-
known result for o <% in [X. Cao, Z. Angew. Math. Phys., 71:61, 2020] and [M. Winkler, Appl. Math.
Lett., 112:106785, 2021]. Our result rigorously confirms that the indirect signal production mechanism
genuinely contributes to the global solvability of the three-dimensional Keller-Segel-Stokes system.
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1. Introduction

Processes of directed movement of cells in response to a chemical stimulus, referred
to as chemotaxis, plays an essential role in the interaction of cells with their environment
in various biological processes such as embryonic development, wound healing, disease
progression, the location of food sources, avoidance of predators, attracting mates, slime
mold aggregation, tumour angiogenesis, and primitive steak formation [16]. The pio-
neering works of the chemotaxis model was introduced by Keller and Segel in [19],
describing the aggregation of cellular slime mold toward a higher concentration of a
chemical signal, which reads

ng=An—xV-(nVe), z€Q, t>0,

(1.1)
cg=Ac—c+n, re, t>0.
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1590 BOUNDEDNESS IN A KELLER-SEGEL-STOKES SYSTEM

The mathematical analysis of (1.1) and the variants thereof mainly concentrates on the
boundedness and blow-up of the solutions (refer to e.g. [13,22,40,43] and the references
therein).

However, from a physical point of view, the equation modeling the migration of
cells should rather be regarded as nonlinear diffusion [28], especially the slow diffusion
with finite propagation property, and other reason is the bacterial cells have positive
sizes which are not negligible, a so-called volume-filling effect is introduced by Hillen
and Painter in the Keller-Segel model [14]. The associated system accounting for this
is then quasilinear and involves more general functions D(-) and S(-),

{nt:V-(D(n)Vn)—V-(S(n)Vc), e, t>0, (1.2)
ce=Ac—c+n, reQ, t>0,
where D and S fulfill
D e C?([0,00)), D>0 and S € C?([0,00)) with S(0)=0, (1.3)
as well as some mg €R, m>mg, kp >0 and Kp >0 such that
kps™ 1< D(s)<Kps™ ' forall s>1. (1.4)
If for all s>1, we have
ZS)((Z)) <Kpgs® with some Kpg>0 and a< %, (1.5)

then (1.2) possesses a bounded solution if the initial data are sufficiently regular [29].
Whereas, if (1.5) is replaced by

S ~ ~ 2
D((Z)) > Kpgs® with some Kpg>0 and o> N (1.6)

provided some technical conditions are satisfied, the authors in [3-5,41] prove that the

solution blows up at finite time. That is, when N >2, QCRY be a ball, Winkler [41]
D(u)

proved that if grows faster than u % as u— oo and some further technical conditions
are fulfilled, then there exist solutions that blow up in either finite or infinite time. When
N >3, D,SeC?([0,00)) and there is S€C?([0,00)) such that D(s)>0, S(s)=s3(s)

and 5(s)>co>0 for all s>0, if G(s )<as2’a, 5>sp with some a>3 as well as
H( )<’yG( )+b(s+1), s>0 with some v € (0, %2), where G(s fsofo 5o 1) dndo and

f N 051?(1(;; do, Ciéslak and Stinner [3] showed that for any initial data satisfying
approprlate condition, the corresponding solution of (1.2) blows up at the finite time.
Furthermore, Ciéslak and Stinner [4] found critical exponents on the growth of S distin-
guishing between the possibility of finite-time blowup and the lack of it when D and S
satisfy the supercritical relation. For more related results, we refer to previous studies
e.g. [9,15,17,29] and the references therein.

Models (1.1) and (1.2) assume that there is no interplay between cells/chemicals
and their ambient surroundings. However, some experimental observations have shown
that the motion of cells also can be substantially influenced by the surrounding fluid [33].
Tuval et al. [33] proposed a chemotaxis-fluid model by considering the bacteria-induced
motion of fluid through buoyant forces and the fluid-driven transport of bacteria and
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signal where the signal is consumed. Since then, considerable efforts have been made in
addressing the global existence, boundedness and asymptotic behavior of solutions to the
associated initial-boundary value problem of models (refer to e.g. [30,42,44-47] and the
references therein). As in the classical Keller-Segel model, where the chemoattractant
is produced rather than consumed by bacteria, the relevant Keller-Segel-Navier-Stokes
system with rotational effect of the form is given by:

ni+u-Vn=V-(D(n)n)—V-(nS(z,n,v) Vo), z€Q,t>0,
ct+u-Ve=Ac—c+n, e, t>0, (1.7)
w;+kr(u-Viu=Au+VP+nVe, V-u=0, xeQ,t>0.

When D(n)=1 and S(x,n,v) is a tensor-valued sensitivity satisfying some dampening
condition, such as S(z,n,v) <Cg(1+n)~%, Wang and Xiang [37] proved that the Keller-
Segel-Stokes system (1.7) with k=0 possesses a global boundedness solution in a two-
dimensional smoothly bounded domain. To the best of our knowledge, this is the
first result on global existence and boundedness in a Keller-Segel-Stokes system with
tensor-valued sensitivity. Wang and Xiang [38] further showed that if &> 1, the Keller-
Segel-Stokes system (1.7) with k=0 also admits a global classical solution which is
uniformly bounded in three-dimensional smoothly bounded domain. Parallel to the
case of the corresponding Keller-Segel-Navier-Stokes system, Wang [34] proved that the
system (1.7) possesses at least one global very weak solution if a > % in three-dimensional
smoothly bounded domains. More recently, when S(x,n,v)=1 and k=1, Winkler [50]
showed that if ||ngl|z1(q) <27, the system (1.7) admits a globally defined generalized
solution; in particular, this hypothesis is fully explicit and independent of the initial
size of further solution components. Moreover, the obtained solution is seen to enjoy a
certain temporally averaged boundedness property which, inter alia, rules out any finite-
time collapse into persistent Dirac-type measures, as well as convergence to such singular
profiles in the large-time limit. When D(n) is replaced by An™ (m>1), S(z,n,v) =1,
Black [1] proved that if m > %, the system (1.7) possesses at least one global very weak
solution. Moreover, if m > %7 the system (1.7) admits at least one global weak solution.
When the system (1.7) has a logistic source rn—un?, Tao and Winkler [31] showed
that the corresponding initial-boundary problem possesses a global classical solution
which is bounded in three-dimensional smoothly bounded domains under the explicit
condition p>23. In two-dimensional smoothly bounded domains, Tao and Winkler [32]
proved that the Keller-Segel-Navier-Stokes possesses a global classical bounded solution
for each p>0. Liu et al. [21] showed that if mZ% and a> g —m, the corresponding
initail-boundary problem possesses at least one global bounded weak solution for the
Keller-Segel-Stokes system with nonlinear diffusion and logistic source in the three-
dimensional bounded domains. Jin [18] improved the results in [21], and established
the global existence and boundedness of weak solutions for any m >0 and «>0. For
more related results, we refer to previous studies e.g. [6,20,23,35,36,48,49,55] and the
references therein.

The chemotactic signal is produced directly by cells in the classical Keller-Segel
system, yet the signal generation undergoes intermediate stages in some realistic bio-
logical processes [27]. In recent years, much attention has been focused on the following
Keller-Segel system with indirect signal production

u=Au—xV-(uVv), xe€Q,t>0,

T =Av—v+w, r €N, t>0, (1.8)
Tw =Aw—w+u, reN,t>0.
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For the system (1.8), when f=0, Fujie and Senba [11] proved that for all reasonable
initial data the solution of the system (1.8) in the case N <3 is global in the clas-
sical sense. In the case N =4, they construct a Lyapunov functional of the system
(1.8) and use the Adams-type inequality to derive that if there exists a constant 647>
such that ||uol|z1(0) < % is radially symmetric, then the solution to the Neumann
boundary value problem of system (1.8) exists globally in time and remains bounded.
When the system (1.8) has a logistic source p(u—u®), Zhang et al. [57] showed that
if a> % + %, the system (1.8) possesses a global bounded classical solution. Moreover,
if >0 is sufficiently large, the global bounded solution (u,v,w) converges to (1,1,1).
When the system (1.8) with rotational sensitivity, that is, xV-(uVwv) is replaced by
V- (S(z,u,v,w)Vv), and the rotational sensitivity function S=(S;;); je(1,2,.. N} sat-
isfies for all 4,5 €{1,2,...,N}, S;; € C*(Qx[0,00)), and that |S;;(z,u,v,w)| < Ku with
constant K >0, f(0) >0 and f(s) <k —pus®, Dong and Peng [8] proved that if a > £ + 1,
the system (1.8) possesses a unique global bounded classical solution. This implies that
the rotational flux in indirect signal production mechanism maintains the regularity of
the system. For the nonlinear diffusion case, when Au—xV-(uVv)+ f(u) is replaced
by V- (D(u)Vu—S(u)Vv) and D(u) >ag(u+1)"%, 0<.S(u) <bg(u+1)? with ag,by >0,
a,B€R, Ding and Wang [7] proved that if a+ﬂ<min{l+%,%}, the system (1.8)
possesses a globally bounded and classical solution.

As is observed above, on one hand, the mathematical studies on the fluid-free Keller-
Segel system (1.2) indicated that subcritical sensitivity is sufficient to suppress any
unboundedness phenomenon. To be more precise, Tao and Winkler [29] proved that
the system (1.2) admits global bounded classical solutions for all suitably regular but
arbitrarily large initial data whenever a < o, (N):= 2. When the Keller-Segel(-Navier)-
Stokes system with subcritical sensitivity of the form in (1.6), that is, nS(z,n,v) is
replaced by S(n), Winkler [51] showed the global existence of bounded classical solutions
to (1.7) for widely arbitrary initial data actually within the entire range o< 2 in 3D

smoothly bounded domain with k=0. As D and S satisfy (1.3)-(1.6) with g((i)) <
Kpss'™, Cao [2] proved that if a>3% and either m>3% or m<3 and m+4a>1,
the Keller-Segel-Stokes system (1.7) admits a global bounded classical solution. On
the other hand, we noticed that Yu [56] investigated a 2D Keller-Segel-Stokes system
with indirect signal production, and showed that suitable saturation of chemotactic
sensitivity can prevent the blow-up of solution. Following [56], some recent results
rigorously revealed that the mechanism of indirect signal production is conductive to the
global solvability of two-dimensional Keller-Segel(-Navier)-Stokes system and 3D Keller-
Segel-Stokes system. Wang and Yang [39] claimed that global boundedness of classical
solution can be derived for the 2D Keller-Segel-Stokes system without any saturation
effect on sensitivity and for the 3D Keller-Segel-Stokes system with oz>% when the
signal production is indirect. Winkler [51] showed the global existence of bounded
classical solutions to Keller-Segel-Stokes system (1.7) for widely arbitrary initial data
actually within the entire range a < % in 3D smoothly bounded domain. This inspires
us to ask the following interesting and significant question: Will the indirect signal
production mechanism genuinely contribute to the global solvability of the
three-dimensional Keller-Segel-Stokes system?

Main results. Motivated by some previous studies [26,39,51,52], in this paper, we
are concerned with the following Keller-Segel-Stokes system with subcritical sensitivity
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and indirect signal production mechanism

ni+u-Vn=V-(D(n)n)—V-(S(n)Vv), xe,t>0,
v+u-Vo=Av—v+w, xeQ,t>0,
wi+u-Vw=Aw—w+n, reQ,t>0,
u, =Au+VP+nVe¢, V-u=0, reN,t>0,
Gu_dv_0w_q =0, r €N, t>0,
n(x,0)=ngo(x), v(z,0)=ve(x), w(z,0)=wo(x), u(z,0)=ug(zr), =z,

(1.9)
where QCR? is a bounded domain with smooth boundary 99 and 8% denotes the
derivative with respect to the outer normal of Q2. Our main goal is to affirmatively
answer the above question. Specifically, we shall examine when « is larger
than 2, whether the three-dimensional Keller-Segel-Stokes system (1.9) is
globally classical solvable.

To prepare a precise presentation of our main results, throughout this work we
assume that the given gravitational potential function ¢ fulfills

pEW?>>(Q), (1.10)
and that the quadruple of initial data (ng,vo,wo,uo) satisfies
no € C°(Q) is nonnegative,
vp € W1°(Q) is nonnegative,

(1.11)
wo € WH°(Q) is nonnegative and

ug EUBe(%,l)D(Aﬂ)v

where A=—PA represents the Stokes operator with domain D(A?):=W?22(Q;R3)

AWy 2(R?)  with W2 (UR?) =Wy ?(UR})NL2(UR?) and L2(4R?):={pe

L2(Q2)|V -9 =0}, and P represents the Helmholtz projection of L?(£2;R?) onto L2 ({%;R?).
Now, we state our main results of the present paper.

THEOREM 1.1. Let QCR? be a bounded domain with smooth boundary, the function
@ fulfills (1.10). If D and S satisfy (1.3), (1.4) as well as

<Kps* forall s>1 (1.12)
with some mg R, m>mg, kp >0, Kp>0, Kg>0 and

8
<. 1.13

Then for each (ng,vo,wo,uo) fulfilling (1.11), there exist
ne (@ x[0,00))NC21(Q x (0,00)),
v €(N53C0([0,00); WHP(Q)) NC>H(Q x (0,00)),
w € (N53C0([0,00);WH(Q)) NC>1 (2 x (0,00)),
w€ Mgz 1) CO([0,00); D(AP))NC>1 (2 (0,00);R?)

—~
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such that n,v,w >0 in Q x (0,00), and that with some P € C1%(Q x (0,00)), and such that
(n,v,w,u,P) solves (1.9) in the classical sense in £ x (0,00). Moreover, this solution is
bounded in the sense that with some B €(3,1) and C>0,

1n(,8) || oo ) + 0 [wree () + lw (- 8) lwree (o) + [ A7 u(- ) || 20y < C (1.14)

for all t>0.

REMARK 1.1. Compared with the existing result on the Keller-Segel-Stokes system
with direct signal production, Theorem 1.1 rigorously confirms that the indirect signal
production mechanism genuinely facilitates the global existence of bounded classical
solutions of the three-dimensional Keller-Segel-Stokes system. Indeed, the global exis-
tence of bounded classical solutions to the three-dimensional Keller-Segel-Stokes system
with a < Z was obtained in [51, Theorem 1.3] and [2, Theorem 1.1] while Theorem 1.1
in the present work established the global existence of bounded classical solutions in the
same sense as that of [2,51] to the three-dimensional Keller-Segel-Stokes system (1.9)
with suitably large a.. In short, this result affirmatively answers the above question.

REMARK 1.2. We leave the open question of how far the explicit condition (1.13)
indeed is optimal for the conclusion made in Theorem 1.1.

In this paper, we use symbols C; and ¢; (i=1,2,---) as some generic positive con-
stants which may vary in the context. For simplicity, u(x,t) is written as u, the integral
Jqu(z)dz is written as [, u(x) and fot Jqu(z,t)dzdt is written as fg Jou(z,t).

In the remaining part of this paper, we will first give the local existence result and
some basic regularity estimates as preliminaries in Section 2. In Section 3, we give some
elementary estimates for the solution to the system (1.1) and prove the Theorem 1.1.

2. Preliminaries

Firstly, we have the following local existence result as well as a convenient extensibil-
ity criterion by means of some well-known arguments in the theory of chemotaxis-fluid
system. Since the proof is rather standard, we omit it for simplicity and refer the reader
to [42, Lemma 2.1] for more details.

LEMMA 2.1.  Let QCR3 be a bounded domain with smooth boundary, ¢ € W2°°(£2),
DeC?([0,0)), S€C?([0,00)) and initial data (ng,voe,wo,uo) fulfilling (1.11). Then
there exist Tmax € (0,00] and quintuple (n,v,w,u, P) with

n€COQ %[0, Timax)) NC*H(Q x (0, Timax)),

0 €[5 CO[0, Tmax); WHP () NC> (2 X (0, Tinax)

WE,>3 CO([0, Tinax); WH(2)) N C%1(Q x (0, Tnax)),
Uue ﬂﬁe(%ﬁl)CO([O,TmaX);D(Aﬁ))ﬂszl(ﬁx (0, Tmax ); R?)

such that n,v,w>0 in Qx (0,Thax), and that with some P € C1O(Qx (0, Tinax)), and
such that (n,v,w,u,P) solves (1.9) in the classical sense in QX (0,Tnax). Moreover, if
Tax <00, then for all B € (%,1),

E;Ilj?up(ﬂn(vt) | oo ) F v ) lwrse () + lw(-,0) lwroo ) + | AP u(-,t) | 22(q)y) = oo.
(2.1)
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LEMMA 2.2.  Assume that the conditions of Lemma 2.1 hold, the solution of (1.9)
fulfills

/n(-,t):m:: ng for all t € (0,Tmax) (2.2)
Q Q

/Qv(-,t)gmax{/gno, /va /Qwo} for all t € (0,Tiax) (2.3)
/Qw(yt)gmax{/gno, /Qwo} for all t € (0, Tmax)- (2.4)

Proof. Integrating the first three equations, we readily conclude that (2.2)—(2.4) are
valid. We refer to [39, Lemma 2.2] for more details. The proof is complete. d

and

as well as

LEMMA 2.3 (Gagliardo-Nirenberg interpolation inequality [24,25]). Let QCRY be a
bounded domain with smooth boundary. Assume p,q€ [1,00], andr € (0,p) with p < oo for
qg=N and p< A’,I—qu for q< N. Then, for 6€(0,1] given by: —%:(1— %)9—%(1—9)
and some Can >0, we have

121l o2 < Conllz a2l oy

for any ze WHa(Q)NL"(Q).

3. Proof of Theorem 1.1

The aim of this section is to establish a temporally independent L>° bound for Vv.
Recalling the arguments pursued in our recent work [26], and also [52], it is important
to turn to higher order conditional estimates as compared to W*°-topology, which
is based on LP-L? estimates of the sectorial operator [15]. Although Lemma 3.1 to
Lemma 3.5 can be found in our recent work [26], for the convenience of the readers and
the integrity of this manuscript, we sketch the main steps of Lemma 3.1 to Lemma 3.5.
Here and throughout the sequel, we abbreviate B := Bj, denoting the sectorial realization
of —A+1 under homogeneous Neumann boundary conditions in (., L*(€2), and let
(B") >0 represent the associated family of positive fractional power B* = B)/. Then the
respective domains D(Bj) are continuous embedded into W1°°(£2) whenever 2 — 2 > 1.
In order to express in more concise form, we let

Hp(t):=1+ sup [|n(-,s)llzr(0), t€(0,Tmax) (3.1)
s€(0,t)
and
I () =14 s?p)HB“(v(-,s)—e_SBvo)HLk(Q), t € (0, Timax)- (3.2)
s€(0,t
LEMMA 3.1. Let (n,v,w,u) be the solution constructed in Lemma 2.1. Then

for some ﬁe(%,l), p>2, k>3 and § >0, there exist K1 =K;(8,p,k,0) >0 and Ko=
K(B,p,k,0) >0 with the properties that

4;371_,'_5)

AP ) oy <K HE U0 ) (8) for all € (0, Ton) (3.3)



1596 BOUNDEDNESS IN A KELLER-SEGEL-STOKES SYSTEM

and, whereafter, that

_p_ (k=3
lu(,t) || k) < KoHy ™' (5 +6)(t) for all t € (0,Tinax)- (3.4)

Proof.  Based on the fourth equation in (1.9), it follows from the reasoning of
Proposition 1.1 and Corollary 2.1 in [52], we can establish (3.3) and (3.4) immediately.
The proof is complete. ]

LEMMA 3.2.  Let (n,v,w,u) be the solution constructed in Lemma 2.1. Then for any
p>2,q>2 and k>2, there exists Ks=Ks(8,p,k) >0 with the property that

k=1
(Ol ey < KsHy o (t)  for all t € (0, Tiax)- (3.5)
Proof. Multiplying the third equation in (1.9) by w?~! and integrating by parts,
we have
1d 4(¢—1
-— wq+y/|Vw%|2+/wq:/wq_ln. (3.6)
qdt Jo q Q Q Q
Owing to 1< 575 +1 <3 5 <p, by the Holder inequality and Young’s inequality, we deduce
q—1 A=
/w n< o iy Il 2, o
2, 1 o=t 4 !
{ (/ Vit / )} q'<q ta Hn”mgilm)
9 _ 9 1 p(g—1) 2pq(+p >3q
q 3(p—1 3(p—1
I [t il I
1 2pg+p—3q pla—1)
/qurqq 20‘11* m 3e-0 HFP 7 (t) (3.7)
Q

for all t € (0,Tmax), where ¢; >0 is a constant. Inserting (3.7) into (3.6) and using the
q 1> —% %> %, we thus obtain that for any choice of ¢, € (0,Tihax),

2pg+p—3g pla—1)

wq—|—/ wngq_2cg_1m 3(p—1) Hs(p R (t) for all te <O,t*)
Q

In accordance with ODE comparison arguments,

p(g—1)

2pat
/wqgmax{/wg, @20 i ST >qH3(” R (t*)} for all ¢t € (0,t.].
Q Q

When evaluated at t =t,, in view of (1.11) this readily concludes that

q—1

P .
(- 0) oy S caHZ T 7 (1) for all t€ (0, ) (3.8)

with constant ¢y >0. Likewise,

q k-1

9—1 "3k
lo(t) k) <cs <1+ S?Opt) |w<'78)||Lq(Q)> for all t € (0, Timax), (3.9)
se(0,
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where ¢3 >0 is a constant. Combining (3.8) with (3.9), we have

q

_p_.a=1 q—1
||'U(-7t)||Lk(Q) §C3 (14’62[—[5’1 3q (t))

k=1
3k

_p_ k-1
<c HE™' *F (¢) for all t € (0, Tinax)-

The proof is complete. ]

LEMMA 3.3.  Let (n,v,w,u) be the solution constructed in Lemma 2.1. Assume that
pe(3,1), p>2 and k>3. Then for all §>0, there exists Kq=Ky(p,k,6,p)>0 such
that

p_ (k=1)(2uk—k—3)

k+3
IV (v(-t) — e Pug) || Lo () < KaHp ) L +5(15) (3.10)

for all t € (0,Thax)-

Proof. Due to pe (%,1), one can find k>3 sufficiently large and § >0 arbitrary
small such that

k+3 k+3
1—-———>0 d 0<l———
T > an < 2743#7
we can thus take
k+3
1) ——Fou<
(6) Sy oMK

By the interpolation inequality in [10, Theorem 2.14.1] for fractional powers of sectorial
operators, there exist ¢; =c¢;(u,k,6) >0 and ca =ca(p,k,0) > 0 such that

1B (v(-,t) — e P ug) || i (o
9 1—-2
SCIHBN(’U('at)_e_thO)”Zk(Q)Hv('at)_e_tBUOHLk(‘;))
L'[(k—l)(zué—k—m_(l@—l)é] E+3
<cHy 1ekTn t)-Ir(b)
+

9k
Ll (k—l)(2ur§—k—3) k43 4 s
<ecoHp~ e @)L (t) for all t€ (0, Tinax)

+8

p_ . (k=1)(2pk—k—3)

with ¢z :=c1(K3+|vo) | pr0)) P~ 18K , which combined with the continuous
embedding D(BY) — W1°(Q) [12], implies that there is c3 =c3(u,k,8) >0 such that

IV (v(-,t) —e " Pug)ll Lo () < esl| BY (v(-,t) — e~ P o) | i
p_ (k=1)(2pk—k—3) k+3

-1 S, +0
< p—1 18k2 LT 2kn
_CQCng (t) Ikhli

(t)
for all t € (0,Timax), and thus, (3.10) follows with K4 =cocs. The proof is complete. 0O

LEMMA 3.4. Let (n,v,w,u) be the solution constructed in Lemma 2.1. Assume that
k>3, p>2 and pe(3,1) are such that k(2u—1)>3. Then for all >0 one can find
Ks :K5(:u’7k7p55) >0 fu’lﬁlllng

_p . (Suktk—1_ s
|1 B*(v(-,t) — e Pug) || prj) < KsHE (5=t +0)

(t) for allt€(0,Tmax). (3.11)
Proof. Taking 6 > 0 sufficiently small such that

5<min{1k2;_i, Qk(lu)}, (3.12)



1598 BOUNDEDNESS IN A KELLER-SEGEL-STOKES SYSTEM

we let

3k

_ 3.13
3+2k(1—p)—46’ (3.13)
(3.12) asserts that 6 <2k(1—p) and k>3+2k(1— p)+2kpd >3+ 2k(1— ), and thus,

B 3k e 3k - 3k
342k —2kp—2k(1—p) " 34+2k(1—p)—0 " 34+2k(1—pu)

>3. (3.14)

By the variation-of-constants formula for v and applying B*, we have
t
||BH(U('at)767tBU0)”L’<(Q)S/ ||B”67(t78)3w(',5)||Lk(9)d5
0

t
+/ ||B“e_B(t_s)u(-,s)Vv(~,S)HLk(Q)ds (3.15)
0

for all ¢t € (0,Tmax), according to the LP-L? estimates for the corresponding semigroup
[15], we get

t t
/ ||B“6*(t*S)Bw(wS)llLk(Q)dSSCl/ (14 (t—=5)"")e " Jw(-,s)[|Lr () ds
0

q—1

<coHpY T (t)/ (1407 M)e 7do
0
p_ a1
<cgHE™ % (t) for all t€(0,Thax) (3.16)

with ¢1,c2>0 and c3:=cy [, (1407 *)e 7do < oo due to p€ (3,1), here we used (3.8)
in Lemma 3.2, and that for all ¢t € (0,Tiax),

t
/0HB“e_(t_s)Bu(~,s)Vv(-,s)HLk(Q)ds
t
SC4/ (14 (=) E) eI ful,5) Vol s) ey ds
0
t
<o [ (1= HED) eI a9
0

x ([V(v(-,t) — e Pug) || Loy + Ve Pvg) || = (a)) ds
P (k—1)(2pk—k— d)+l 3+§ k+3
<csHy ' A * ]( t)- I%“ +6( t) (3.17)

where ¢4,¢5 >0. Therefore, inserting (3.16) and (3.17) into (3.15), and using (3.12),
Young’s inequality, there exists cg >0 such that

_p _,g—1 1
| B (w(-,t) e~ Buo) | rey S s HF T (8 )+ 5 1kn(t)

p (k= 1)(2mc k—=3) | 1-3 2uk
T [ 5 +5]'2 k—k—3—2pks
+egHy~ 18k " ()

for all ¢t € (0,Tiyax), which implies

_p_.g=1 1 p_ [(e=D)@uk—k=3) 4 1-8 5] 2uk ____
oS HET T (01 L) ™ 1R e



GUOQIANG REN AND BIN LIU 1599
for all t € (0,Tmax), and thus,

_p_.g=1
I}c’u(t)§2+203H;_l 34 (t)
+2CGH%‘[%§;H+%BH].M(U (3.18)
» )
for all t € (0,Tjnax). Letting

2uk

~ P (k—l)(m;—k—s)+2uk—k—3+5+~_
Qpk —k—3—2ukd

P0)=19 182 3k g

we know that ¢(6) \ 57 %”% as 6 \,0, hence for some chosen 0 >0, it is possible

to select 6 € (0,min{1 — %5’, 2k(1—p)}) such that

N P 6kp+k—1
< . .
w0)= ( ok +5)

Therefore, by an elementary calculation, we make use of (3.13) having

D (k—1)(2uk—k-3) 1-3 = 2uk
. 5 + +9]- =
p—1 18k2p 3l 2uk —k—3—2ukd
-~ P 6kp+k—1
@(5)_}?_1 ( on T

which in conjunction with (3.18) and (3.1) implies (3.11). The proof is complete. o

LEMMA 3.5.  Let (n,v,w,u) be the solution constructed in Lemma 2.1. Assume that
p>2 and 6 >0. Then there ezists K¢ =Kg(p,0) >0 such that

_p_ (4
IV0(0) e < K550 for all t€ (0, Tonar). (3.19)

Proof.  Given 6 >0, we thus choose k=Fk(u) > 2;%1 suitably large satisfying

4(k+1) 4
—+0
ok “o9t%
which ensures that
~ (k—1)(2uk—k—3) 6uk+k—1 ~ k+3 ~ ~
= = 2
w(9) 18k + o +4 S +4d), >0 (3.20)
fulfills
~ (k—1)(2uk—k—-3) (k+3)(6puk+k—1) 4(k+1) 4
1) = —+0
#(0) 182 + 18K2 ) ok “91?

and thus, we can find § =4(p,8) >0 in such a way that

w(5)§%+6. (3.21)

V]

Consider Lemma 3.3 with Lemma 3.4, there exists ¢; =c¢1(p,k,u,0) >0 satisfying

[V (v(,t) — e Bug) || oo () < e HP T [ = (= 40)-(55249))
9 e = P

t) (3.22)
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for all t € (0,Tynax). Furthermore, by the Neumann heat semigroup theory [40, Lemma
1.3], we get

Ve " Pug|| oo (o) < eal|vollwii () for all t€ (0, Tinax) (3.23)
with ¢3 >0 being a constant. Thus, by combination of (3.1) and (3.21)—(3.23), we have
Vo (-, 8)l| L= ()
<V ((,t) — e )| o) + IVe™ Pugl| Lo ()
e LA
149)

P _.5(§ _P_.
<es HI PO (1) < cpmrp

(t) +callvoll Lo () (2)
(t) for all t€ (0, Thax)

with c3 =c¢1 +c2Kp and Ky is as in (1.11), which implies (3.19). The proof is complete.
O
LEMMA 3.6.  Let the conditions of Theorem 1.1 hold, for all p>1 there exists C'=

C(p) >0 such that
o m+p—3
/ / ———drdo, s>0

1
gspflggp(s)gcsﬁm*mwc for all s>0.

fulfills

Proof. The result can be obtained by a straightforward calculation. 0

LEMMA 3.7.  Assume that ¢ € W2°°(Q), that D and S satisfy (1.3), (1. ) (1.12) as
well as (1.13) with some mg€R, m>mg, kp>0, Kp>0, Kqg>0 and a<8 g5, and that
(1.11) holds. Let (n,v,w,u,P) be as in Lemma 2.1. Then for all p.>1 there exists
P> ps such that

sup |[|n(,1)| e (o) <oo. (3.24)
t€(0,Tmax)

Proof. Given p, >1, owing to 8 —9a >0, we can choose p>p, such that n:=

m—mg >0 and

879044y 9n—m, 3—m 3+77_3m} (3.25)

p>nmx{s;s> 2

By a simple calculation, it is easy to see % . % <1, so that we can choose § >0

such that

_ 3p+n—1) (4
= -1 3a) <9+5)<1. (3.26)

From Lemma 3.5, there exists ¢; >0 such that

_p_ (4
IV0( ) lmiey <t HE (1) for all £ € (0, Tona). (3.27)

Inspired by [29, Lemma 3.3] and using ¢,(n) in Lemma 3.6, Young’s inequality, we have

_ _38(n)
m—+p—3 v 2 m-+p—3 vn-V
dt/ G(n / vl +/Qn D(n) neve
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1 1 S2(n)
< _Z m—+p—3 2, = m+p—3 %~ \'"%/) 2
< 2/Qn |Vn|—|—2/Qn a1V
2 mipr (21
= 7/’%1 S +7/nm+P 3 5°(n) Vo2 (3.28)
(m+p—1)2 Q

2 D2(n)
for all t € (0,Timax). By (1.12), we deduce

2
l/nerp 3S (n) |VU‘2
Q

2 D2(n)
:1/ nm—i—p 332<n) |V |2 / nm+p—3 SQ(”) ‘V’U|2
2 n<1 ( ) 2 n>1 D2(TL)
K2
<ecy |W|2+7O / n™ P32y 2 for all t € (0, Thax) (3.29)
Q Q

with constant cp >0. Combining (3.27) with (3.29), we get

1 +p-35%(n) 2 7 (5+9) Kfct 2 (4+9) / +p—3+2

_ m < p— P m—+p [e%

2/Qn L (n)\Vv| cleo|QHp t)+—— 5 H} (1) Qn o
3.30

for all t € (0,Tiax). Thanks to (3.25), by a simple calculation, we derive 3(m+p—1) —

2 2(m+p—3+2a) 2(m+p—3+2a)
(m+p—3+2a)>0, and thus, ;-1 < =722 <6. Let vy = =520 by the

Gagliardo-Nirenberg inequality, there exists c3 > 0 such that

_ m4p—1
/ nm+p 342« _ Hniz
Q

<(2Cen)™

r1

L™1(Q)
m+p—1 Tl(l Ll)
2

Vn

rity H mip-1

L2(Q)
1

LHr=T (Q)

m+4p—1
2

+(2Can)™ ||n

2
LmFr=1(Q)

9. 3(m+p—442a)
3m+3p—4a

L2(Q)

m+4p—1

§03HVn 2

tes (3.31)

3(m+p—1)(m+p—4+2 +p—4+2
for all te (0, Tinax), where 1y = SUmtpLntp 4450, ¢ (0,1) and 20E2-4420) <1 thanks
to a< , Can is as in Lemma 2.3. Let v: —%, it is easy to see that v>1,

once more employing Young’s inequality, there exists c4 >0 such that

K22 +6) mtp-1 ||2 Bkt
0 1H (3 03HV7”L 2
2 LQ(Q)

+C4Hp (3 +6) (t)

_erp 1)2 /‘V =

for all t € (0,Tmax), and thus,

2
l/nm+p SS (Tl) |V’U|2
Q

2 D2(n)
K202 2p_ (445 m4p—1 2'%
< ng;I(f* )t <c3an ™ e

2p_ (4
+ e |QHY T (9”)@)
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e [T e T T
1 K8 25 (49 ) 4 ety oy () )
<y [T e T T (3:32)
M

for all t€ (0,Timax), Where cs:=cy+c3ca|Q|+

cg >0 such that

/Cp(n)SCG/n”+”+CG for all ¢t € (0,Tmax)-
Q Q

2(3m+3p—4)(p+n)

Let m2:= gimtp- 1)(p+77 1)

.m+4p—1
there exist ¢7:=(2¢6) SGrtn D) (2Cen)™ >0 and cg Z=C7||n0||221(9)2

From Lemma 3.6, there exists

(3.33)

Once more employing the Gagliardo-Nirenberg inequality,

3m+3p—a
+ (206) 3(p+n—-1) >()

such that
3m+43p—4
3(p+n—1) 3m+3p—4 m4p—1 ||T2 3m+43p—4
Cp(n) < (2¢6)3@Fn=D |In~ 2 2(p+n) + (2¢6) 3 Fn=D
Q Lm+p—T (
mtp—1 [|T2¢2 map—1 ||T2(1—t2)
<ecz HVn 2 H 2 2
L2(Q) LT ()
m+4p—1 |72 3m+
+C7Hn 2 2 —|—(2c6)3(p+n 1)
LTI (Q)
m+p—1 ||T2t2
<cg HVn 2 +cs
L2(Q)
2
mtp—1
= Cs/ ‘Vn 2 +cs,
Q
and thus,

/ ’Vnmﬂ '
Q

’%(p+T/ 1)
(/ Cp ) —1 forallte (07Tmax)7

(3.34)

where Cgy is as in Lemma 2.3. By combination of (3.34) with (3.28), there exist

. 1 - 1
o= fmip—T)%cs and cig:=c5+ =T

‘i(p+n 1) 2 .(%45)-
dt/<p +Cg (/ Cp ) <010H1§’_ (9 )

I such that

3m+3p—4
4—3a

(t)

for all t€(0,t,). By an ODE comparison argument, we have

[ Gt

for all ¢ €(0,¢,), and thus,

[ Gt

<C11H

) <max /Cp (no), (clOH” r(3+9)

3(p+n— .
T—DE=

3(p+n—1)

(t*)> Sm+3p—4

3m+3p—4
4—3a

1)
3a)

(%+5) (t*) — Clngp(t*)
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3(ptn—1)
3m+3p—4

Co

for all ¢ € (0,t.) with ¢4 :zmax{fQ ¢p(n0), (m) } By Lemma 3.6, there exists

c12 >0 such that
/nl’gcu/ (p(n)+ci2 for all t€(0,Tmax)
Q Q
this implies
/ nP(-,t) gcuclgHg”(t*)—i—clg for all ¢, € (0,Timax) and t € (0,t.).
Q

In accordance with the definition of H,,, we get
Hy(t.) <1+ [era(enn +1)]7 HE(t,) = iz HE(t,)  for all £, € (0, Tina)-

Due to p <1, we readily obtain

1
H,(ty)<cy3” for all t, € (0, Timax)-

The proof is complete. ]

From a combination of Lemma 3.1, Lemma 3.5 and Lemma 3.7, we immediately
obtain the quantities v and w. For w, the corresponding boundedness needs to be
verified by similar means as performed in Lemma 3.4 and Lemma 3.5. Finally, on basis
of the boundedness of v,w and u, the temporally independent L bounds of n can be
obtained through a suitable application of heat semigroup theories as done in [52].

LEMMA 3.8. Assume that € W2>(Q), that D and S satisfy (1.3), (1.4), (1.12) as
well as (1.13), and that (1.11) holds. Then there exists 3> 2 such that Tyax as well as
the functions v,w and u from Lemma 2.1 fulfill

sup  [[v(,t) [lwr.e (@) <00 (3.35)
t€(0,Tmax)
and
sup  [lw(+t) [lw.ee () <00 (3.36)
t€(0,Thmax)
as well as
sup  [|A%u(:, )| p2(0) < 0. (3.37)
t€(0,Tmax)

Proof. From a combination of Lemmas 3.1, 3.5 and 3.7, both (3.35) and (3.37)
are immediately derived. In particular, owing to 8 € (%, 1), the continuous embedding
together with (3.37) provides ¢; >0 and c¢p >0 such that

[a(-,t) || L= <c1l|APu(,t)|| 12 <cz for all t€ (0, Tiax)- (3.38)

For any ¢ >3, we let @€ (3,1) satisfying w > %13, then there exists ¢ € (3,1) fulfilling
3

w>e> I (3.39)

2q
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Applying B on both sides of the variation-of constants formula of w and employing
the L7 estimates of the sectorial operator [15], we deduce

HBC(w(-,t)—e*wao)‘

t
—.— / (14 (t=9)"") e~ [[u(,8)Va(-,s) | oy ds

t
bes [ (14 =5)) eI n,5) aacands (3.40)
0

for all ¢ € (0,Tmax) with ¢3 >0 is a constant. From Lemma 3.7, there exists ¢4 >0 such
that [|n(,t)||Le) <cs for all t€(0,Tax). Due to the embedding D(B°)— Wh4(Q)
asserted by (3.39), we have

[V (w(-,t) —e By

<C5HB )—e_th for all t € (0, Timax),

HLq O)HLq(Q)

where ¢5 >0 is a constant. Applying the following interpolation inequality of the frac-
tional power of sectorial operators [10, Theorem 2.14.1],

B 1) == P gy < 1B (w(.0) e~ Pu)|| o o 0) e~ P
for all ¢ € (0, Tinax), and thus,
[u(-,t)Vw(-,t)| La)
<)o (|90 0 = ¢ Pu)]| gy + 7P| )
SCchHBw(w(-ﬂf)—e‘tho)HZ'q(Q)(Ilw(nt)llm(mﬂL|Iwollm(m)1_é
+c2c6||Vwol| La(a)
<cr|| B (w(-,t)—e P ||Lq(Q P = (t)+er
<cs|| BT (w(-,t) —e Py H;(Q)Jrcs for all t € (0, Tnax) (3.41)

with some cg,c7,c53 >0 are constants, here we used (3.1), (3.8) and (3.24). Inserting
(3.41) into (3.40) and again using (3.24), we get

HBW ) —e P wO)”Lq(Q)

t
§63(64+Cg)/ (1+(t—s)_w)€_(t—5)d5
0

< t
+c3cg- sup HBW ,U) _e_ano)HIi(Q) / (1_|_(t_8)—w) e—(t—s)ds
o€ (0,t) 0

<

= (3.42)

<cg+cg- sup HBw(w('vU)_eianO) La(Q)

oe(0,t)

with cg:=cg(cs+cg) fooo (140 ¥)e 2dp < oo thanks to w < 1 for all t € (0,Tipax ). Define

U q(t):=1+ sup HBw(w(',s)fe*SB
s€(0,t)

wO)HLq(Q) for all t € (0, Tinax)-

Hence, (3.42) implies

U (6 142000 4 (1) <c10UE 4 () for all t€ (0, Tax),
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where c10 =1+ 2cg. Since w >, it is easy to see that = <1, and thus,

w
w

Vo o) <ciy s forall t€ (0, Tmax), (3.43)

which combined with the embedding D(B¥)— W1°(Q) provides c11=c11(q,¢, Ko,
|€2]) > 0 such that

|V (w(-,t) — e Puwg) ||LM(Q) <c¢yy forall t€ (0, Tiax)-
Combining (1.11) with the heat semigroup estimates [40, Lemma 1.3], we derive

V(1) L= (0) < HV(w(-,t) - eftho) ||L°°(Q) - ||Ve*th0 ||L°°(Q)
< e e[V L= (o)
<ci1 +012K0 for all te (OaTmax)

with some c;2 >0 being a constant. The proof is complete. ]

LEMMA 3.9.  Assume that ¢ € W2°°(Q), that D and S satisfy (1.3), (1.4), (1.12) as
well as (1.13), and that (1.11) holds. Then with Tax and n taken from Lemma 2.1, we
have

sup  [|n(-,t)]| o (o) < oo (3.44)
t€(0,Timax)

Proof.  Let Jy :=S(n)Vv+nu. Then for each ¢> 3, Lemmas 3.7 and 3.8 assert the
existence of ¢; =¢1(q) >0 such that

| J1(-t)|Laqa) <er for all t€ (0, Tiax)-

From a Moser-type iterative argument on the basis of the identity n; =V -(D(n)Vn) —
V-Ji [29, Lemma A.1], we get (3.44). The proof is complete. d

Proof. (Proof of Theorem 1.1.) Theorem 1.1 is a direct consequence of Lemma
2.1, Lemma 3.8 and Lemma 3.9. The proof is complete. ]
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