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ERROR ESTIMATE OF THE NONUNIFORM L1 TYPE FORMULA
FOR THE TIME FRACTIONAL DIFFUSION-WAVE EQUATION*

HONG SUNT, YANPING CHEN#, AND XUAN ZHAO$

Abstract. In this paper, a temporal nonuniform L1 type difference scheme is built up for the time
fractional diffusion-wave equation with the help of the order reduction technique. The unconditional
convergence of the nonuniform difference scheme is proved rigorously in L2 norm. Our main tool is
the discrete complementary convolution kernels with respect to the coefficient kernels of the L1 type
formula. The positive definiteness of the complementary convolution kernels is shown to be vital to the
stability and convergence. To the best of our knowledge, this property is proved for the first time on
the nonuniform time meshes. Two numerical experiments are presented to verify the accuracy and the
efficiency of the proposed numerical methods.
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1. Introduction

In recent years, various phenomena in science and engineering are modeled by the
fractional differential equations (FDEs), which in some cases are selected to describe
the memorial and the hereditary properties of many viscoelastic materials, economics
and dynamics of interfaces between nanoparticle and substrates [1-4]. Much attention
has been placed on the development and the research of fractional differential equations
[5-7]. However, finding the analytical solutions is difficult for most FDEs due to the
fundamental nonlocal property of the fractional derivatives. Existing works are devoted
to develop efficient numerical algorithms for FDEs considering even the singularity of
the problem.

Griinwald-Letnikov (GL) formula is a natural way used to compute the fractional
derivative in the beginning. Oldham and Spanier developed the first-order GL formula
based on the Griinwald-Letnikov derivative [8] to numerically solve the FDEs. Yuste et
al. [9,10] presented the explicit and weighted averaged finite difference schemes using
the shifted GL formula for the time fractional diffusion-wave equation. In order to
improve the accuracy of the approximation, a weighted and shifted Griinwald difference
(WSGD) operator with second-order accuracy was presented for solving space fractional
diffusion equations in [11]. Consequently, the WSGD formula is applied to solve the
time fractional sub-diffusion or diffusion-wave equation [12,13].

Besides, some commonly used numerical methods with higher accuracy to approx-
imate the Caputo derivative are derived from the idea of interpolation. A widely used
method with 2— « order accuracy, called L1 formula in [14,15], was proposed by using
linear interpolation for the time fractional sub-diffusion equation. By combining L1
formula with order reduction method, the authors [14] presented a difference scheme
to approximate the time fractional diffusion-wave equation. Li et al. [16] applied the
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center difference scheme to approximate the second order derivative in the Caputo
derivative of order € [1,2]. In [17], the authors constructed the L1-2 formula to dis-
cretize the Caputo derivative with order O(73~%) by using quadratic interpolation on
all intervals except linear interpolation on the interval [tg,t;]. Alikhanov [18] proposed
the L2-1, formula with 3 —a order accuracy at the point t=t,,(c=1—%). The for-
mula applied quadratic interpolation on all intervals and linear interpolation on the last
interval [t,,,tn4o]- In [19], by using order of reduction, Sun et al. applied the L2-1,
formula to discrete the time fractional diffusion-wave equation. Xu et al. [20] presented
a high-order finite difference scheme to approximate the Caputo fractional derivative
by applying quadric interpolation polynomial on all intervals. The scheme achieves
(3 —«)-order accuracy in time.

It is noteworthy that the existing numerical analysis in the above proposed numer-
ical algorithms, especially for high order formulas, are valid under the smooth solution
hypothesis. The error estimate based on the L1 formula or L2-1, requires the solution
of the time fractional differential equation to belong to C2[0,T] or C3[0,T] in time.
However, the weak singularity of the fractional Caputo operator at ¢t=0 cannot be
avoided in the time fractional differential equation, which implies that the regularity
condition of the solution is restrictive even for the homogeneous problem with a smooth
initial data [21-25]. The low regularity brings low-accuracy numerical solutions and
large computational cost on the temporal uniform mesh.

Furthermore, the initial singularity has been taken into consideration by many
researchers for the time fractional equation. In order to overcome the loss of accuracy
caused by the low regularity, some efficient methods are implemented on the nonuniform
meshes for the time fractional sub-diffusion equation. Stynes et al. [25] presented a
difference scheme by using L1 formula on the graded meshes for the time fractional
diffusion equation. The stability and convergence of the scheme are proved rigorously.
They demonstrated that the regularity of the solution and the grading of the mesh
affected the order of convergence of the difference scheme. Consequently, there are
many numerical algorithms for the time fractional diffusion equation based on the L1
formula on the graded meshes, such as the finite element method [26], the spectral
method [27], the discontinuous Galekin method [28], the fast finite difference method
[29]. In [30], the Caputo derivative was approximated by L2-1, formula on the graded
mesh. Then a finite difference method was presented for the time-fractional sub-diffusion
equation. Under reasonable assumption, the temporal convergence order of the fully
discrete scheme is proved to be O(N~™{r.2}) There are also existing works devoted
to the construction of the numerical schemes on the nonuniform meshes and the adaptive
meshes for the sub-diffusion equations [31-34].

Meanwhile, there are relatively few works on approximating the time fractional
diffusion-wave equation compared to that for the sub-diffusion equation. Shen et al. [35]
presented the modified L1 approximation by virtue of the order reduction on the graded
meshes for the time fractional diffusion-wave equation. The stability and convergence
of the scheme are also analysed under an assumption condition. Lyu and Vong [36] con-
structed a temporal nonuniform L2 formula (the same as the modified L1 formula above)
for the Caputo derivative of order 5 (1<f<2). Based on this formula, a linearized
difference scheme was presented for the time-fractional Benjamin-Bona-Mahony-type
equation by mathematical induction. In [37], a symmetric fractional order reduction
method was introduced to construct L1 scheme and L2-1, scheme on the nonuniform
temporal meshes for the semilinear fractional diffusion-wave equations, respectively. By
use of the mathematical induction method, the convergence is obtained by H? energy
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method.

It is noted that the analysis on the convergence of the proposed scheme is a challenge
for the time fractional diffusion-wave equation. In this paper, we construct the temporal
nonuniform difference scheme [35] by combining the order of reduction with the modified
L1 formula for the time fractional diffusion-wave. The aim of this paper is to present
a method different from [35-37] for the convergence of the difference scheme. It relies
on a useful discrete tool: the discrete complementary convolution (DCC) kernels [32]
generated by the discrete convolution kernels of the modified L1 formula. The properties
of the DCC kernels play important roles in proving the convergence of the difference
scheme. With the help of the verified positive definiteness of the DCC kernels, we
demonstrate the L? error estimate of the difference scheme.

We consider the two dimensional fractional diffusion-wave equation in the following
form

§ D u(x,t) = Au(x,t)+ f(x,t), xeQ, te(0,T], (1.1)
u(x,0) =1(x), u(x,0)=pa(x), x€Q,

subjected to the periodic boundary conditions, where Q= (0,L)?CR? and OCDfu(t),
(1< B <2) denotes Caputo fractional derivative of order 5 defined by

ot
L(v)

The rest of the paper is arranged as follows. In Section 2, the discrete L1 type for-
mula on the nonuniform meshes is presented for the Caputo derivative of order 0 < < 1.
The useful properties of the coefficient kernels of the proposed scheme are discussed.
The DCC kernels are introduced with some proved properties. Section 3 is devoted
to constructing the temporal nonuniform difference scheme. The unconditional conver-
gence of the scheme in L? norm is proved rigorously in Section 4. In Section 5, two
numerical examples are provided to verify the theoretical results. The paper ends with
a brief conclusion in Section 6.

¢
OCDtﬂu(t):/ wo_g(t—s)u’(s)ds, where w,(t)=
0

2. The discrete formula of the Caputo derivative
For the nonuniform time levels 0=ty <t; <ty <---<ty=7T, we denote 7, =t, —
t,—1 as the n-th step size and 7 L= L;"’l for n>1, TL= 2. Denote t,, 1 =t,_1+

_1 n—1
- for n>1 and t_1=to. Let v* ~uv(t,), V,u"=0v"—o" 1 SpunT3 =V, v" /7, and
Ve = %(v” +v" 1), In this paper, the basic assumption on the nonuniform time meshes

is as follows
Tno1<Tp, 2<n<N. (2.1)

Now, we present the approximation formula for the Caputo derivative of order a (0 <
a<1) at the point ¢, 1. Let Il xv(¢) be linear interpolation of v(¢) over the small
interval [ty _s,t;_1] for 1<k <n. Then we get

2

by

n 1
thaU(tnf%) :Z/ ’ wi—alty_1 —s)v'(s)ds

k=1"tk_

" 1 tk—% 1 3
Z / wl—@(tn—l - S)(vk7§ *Ukig)dS
k=1 Tk ty ’

3
2

%

D=

e
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n
1 1
=3 "a Voo E=D2y" | >, (2.2)

where V,v2 = (v! —v°) and

m L[
a,”, = / wl_a(tn_;—s)ds 1<k<n. (2.3)
t

The properties of the discrete coefficient kernels a( m) . are stated in the following lemma.
These properties are necessary to prove the theoretlcal results of the numerical methods
for the fractional diffusion-wave equation.

LEMMA 2.1.  For any o and {agl@k} defined in (2.3), it holds that
(I) (”)>0 0<k<n-—1, (")<a§j>1, 1<k<n-—1,

(IT
(1) a (”) a‘" 2 O<k§n72,
(

(k) (), 1 —t1)®

V) (k) < 2<k<n,

2
T, e
(V) o<w1,a(tn,é—tk,é)—wl,a(tn,é—tk,%)ganik_l—ag"jk, 2<k<n-—1.

Proof.
(I) Making use of the integral mean value theorem, there exists constant & such that

(n) 1 t"*kfé
a,’ = 71/75 wi—a(ty_1 —s)ds=wi_qa(t, 1 —&),

Th—
n—k—3 n—k—3

where §r € (¢, 4_3.t, _1). Noticing the monotonic decreasing of wi_qa(s) and
wi—a(8) >0, one can get the inequality in (I).
(IT) We introduce the following two auxiliary sequences

(n) t, 3+07
n Ap 1 k=3 k=3
b = C b"”“(e):Tk_l/t : Cwisa(ty_1—s)ds for 1<k<n-—1L

a’l’L*l*]{) 2 k—

wjw

Applying the Cauchy mean-value theorem, there exists i € (0,1) such that

w(n) o bak(1) =buk(0) b,k (Ck) _wl—a(tn_%—tk—g—Cka—%)

nke bn—l,k(l) _bn—l,k(o) B b;Lka(Ck) B wl—a(tn—% _tk—g _Cka—Q)
t s —tp_ 3 —CeTp1 \
<”3 k-3 C’“’“Z) C1<k<n—1.

bn—g — k-3 _CkT’C—%

It follows that
0<p™, <1, 1<k<n-1,

n—

nojeo

—x
which implies the first inequality is valid in (IT). Noticing that y= ;—2— is decreasing

n—

[N

with respect to >0, it yields

P <™ 1<k<n—1, n>2.
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Then we get the second inequality in (II).
(III) By the definition of a;"_)  and the variable substitution ¢ = Tik%

1
k 2

, it yields

1
a;n_)k:/o Wl—a (tn_% —tk_% —Tk_%t)dt.

With the help of the differential mean-value theorem, there exists 7; € (0,1) such that

n) (n—1)
Ap g~ O

1 1 - —a
:m/o [(tnf%_tkf%_ﬂcf%lo _<tn7%_tk7g_7—k7%t) }dt

«

1
R a1 . o _ ) .
=ty ), oot =0 (gt g (10T Ja

The condition 7;—1 <7, (2<k<n) implies that

Tpoit+7_3(1—t)—7, 1 <0.

Nl=

Consequently, we obtain the desired inequality (III).
(IV) It follows from (2.3) that

and

t3
k L[
a,(c_)Q:E/t wi—a(tp_1 —s)dsZwia(ty_1 —t1).
2

1
2

Then, it yields

a(()k) W2—a(7'k—

k

)yt
al?, T T gwialty

—6) = U=a)(m )™

= [l

1
2

(V) Exchanging the order of integration, it arrives at

1 [f-4
agln_)k—wl,a(tn7; _tkfg):Tk - / : [wi—a(tp_1—8)—wi—a(ty,_1 —t,_3)]ds
-1Jt, s
2
1 tk,L S
__ / : (/ wfa(tnfl—u)du)ds
Tk—l tk—% tk—%
1 p—Tg_1
:/ ’ Fwoo(t,_1 —p)dp
tk—% Tk 1

Define the following auxiliary function

b3 0T 1 p—t, s — 071
ck(ﬁ):/ : : b b *woq(t,_1 —p)dp, 1<k<n,
t Tk—1
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it is easy to check c;(0) =¢},(0), 1 <k <n. By virtue of the Cauchy mean-value theorem,
there exists i, pr € (0,1) such that

ay —wi—a(t, 1 —ty_3)

;n)k 1~ Wi a(tn—%_tk—l)
__a®M=a0) Glw) _ gw) =) ¢lek)
ce1(1) —ck41(0) (k) Cpr(ve) =1 (0) ey (or)

7Tk7%w,a(tn7% _tk—% _kakf%) <tn7% _tk—% ~PkTkyd )1+a
Th 1 w—a(tn—% _tk; % —PkT4 ) o tn—% _tk—% _kak—%
<( tn7% —tp_1 >1+a
T\ =t (o) Ty a
The proof ends. 0

2.1. The properties of the DCC kernels. In this section, we present the

DCC kernels generated by the discrete convolution kernels agi)k (proposed in [32,38]).
The DCC kernels are the key to prove the convergence of the difference scheme (3.7)-

(3.9). The discrete tool DCC kernels pslnj . are defined by

w_ 1w _ 1 Z" D @)y
by = (n)’ Pn_x= (k) (J k—1"— j k;)pn 3 1§k§n—1 (24)
) 0 j=k-+1

It is equivalent to the following identity

Zp(") W =1, 1<k<n. (2.5)

n]jk

The following lemma presents the linear interpolation error formula with an integral
remainder.

LEMMA 2.2.  Assume g€ C?(0,T]) and let 11, 1q(t) be linear interpolation of q(t) over
the small interval [t;_ 3 tp_ 1 ] for 1<k <n, then, the linear interpolation error gives

t_1
‘J(t)_Hl,kQ(t):/k xRN (N, te g t_1], 1<k<n,
t

3
k=5

-3
2

where the Peano kernel xi(t,\) =max{t—\,0} — (tp—1 —A) such that

_1
2

(tr—y =)
(=t _3) Sxk(t,A) <0, tAE[t, 5.t 1]
ka% 2 2 2

Proof. By similar process of Lemma 3.1 in [32], it is easy to obtain the result. 0O

The properties of the DCC kernels pfln_)k are demonstrated in the following two
lemmas.

LEMMA 2.3.  The DCC kernels p k are non-negative, i.e.,

p{”p >0, 1<k<n.
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Moreover, the DCC' kernels p(”) satisfy the following property

ZP( 2y Swrsaltay)

Proof. Noticing the property a§7i)1 > a;n) in Lemma 2.1, we get pfln_) k= 0.

We approximate the Caputo derivative of the function wy4(t) by the formula (2.2)
at t=t; 1 and let S7 be the truncation error. We have

ST =5 Dwi ot Za g Vrwitalte_1)

1

J b1 ,
:Z/ wi—altj_1 —s)(w1+a(s)—l_[1,kw1+a(s)) ds
t

k=1""k-3

J
=57, (2.6)
k=1

then, by applying the integration by parts and Lemma 2.2, one arrives at

. tk—%
Si— / w-alty—y —5) (1 1a(s)~ T g1 a(s) )ds
t

o

t, 1 t, 1
_ / o alty 1 —s)ds / (s A W (VAN <O, 2.7)
t t

3 3
k-3 k-3

N\»—l

where we used the fact that w_o(t;_1 —5) <0, xx(s,A) <0 and wi, ,(A) <0 in the last

step. Noticing that § Dffw; 4 (t) =1, it follows from (2.6) and (2.7) that

1— Za(” rwipa(ty_1) <O0. (2.8)

(n)

n—j

Zp(n) <ZP Za V TWita tk ) W1+Oé(tn7%)’

This completes the proof. ]

Multiplying the inequality (2.8) by p and summing up j from 1 to n, it yields

LEMMA 2.4 ([38]). Assume that the two kernels ffln_)k and nT(Ln_)k satisfy the following
orthogonal identity

k .
Zﬁ,ﬁ”)kn,i V=6, 1<j<n.

Then f,(f,)k are positive definite if and only if ngi)k are positive definite.

With the help of Lemma 2.4, we obtain the following lemma which plays an im-
portant role in proving the convergence of the numerical scheme for the time fractional
diffusion-wave equation.
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LEMMA 2.5. The DCC kernels p(") defined by (2.4) are positive definite.

Proof. Denote
k) .
<(k) _{ag) )7 J=k,
k=3~ k k .
! ai,,)j_a](c,)j,p J?ékv
the equality (2.4) is rewritten as

k=j

By virtue of Lemma 2.4, we only need to prove that C,i’i)j is positive definite.

Next, we prove the positive definiteness of the kernels (,(Ck;)j. For any real sequence
{wr}}_,, with the help of Young’s inequality, it holds that

n k n k—1
> DGy =3 (6w + 30w
k=1 j=1 k=1 j=1
:Za(k)wk—i-ZwkZ J—aék)J w;
k=1
n k—1
>Z 0w Z Z (k)J 1_ak J)
k=1 j=1
n k—
ZZ j 1_ak J)w2
k: j=1

_1 ) 4 ) (k)
BE) ( Ta ZwkZ “kjl_“kg)

k=1 =7+1

For the second term on the right-hand side of the above inequality, using the property
(ITI) in Lemma 2.1, we have

Zw Z a,(f)] - (k) Zw [ U+ 4 Z az(ftl) (k)]) gz)]}

= k=j+1 k=j+1
§ : (G+1), 2
< ag wj
Jj=1

Then, it follows from the fact aék) < a(k R

n k n n—1

k 1 k k 1 1
I DIITEL) S RUCRIEE,
k=1 j=1 j=1

k

in Lemma 2.1 (IIT) that

_

1 —
25 (agk) —a((JkH))w,% >0,

=
—
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which implies C,ik_)j is positive definite. The proof ends.

d
We denote the local consistency error of the formula (2.2) at the time ¢, _ 1 by
n
1
R"=§ Dfo(t, 1) =D 2:=) Ry, n>1,
where, by exchanging the order of integration, one arrives at
1 te-y -3 "
Ri—— / W1-alty_y —5) [/ o ()t — D)t
Tk’—% t,._3 s
2
fl“% "
—/ V(1) (s —t)dt]d
S
1 be-dplp1 —t L tp_s—t
t ¢ —« 2 t ¢ 11—«
F(2—a)/tk 3 [ — (tp_1—tp_z) o (th1—tr_1)
-2
(s t)l_o‘]v”(t)dt
tk-—% -
:/ Il pwa—a(t,_ 1 —t)v"(t)dt, 1<k<n, (2.9)

t

where ﬁLkwg_a(tn_% —t) is the linear interpolation error of the function wo_o(t,,_1 —t)

-3
on the interval [ty _z,t,_1], 1<k<n.

We are now in the position to estimate the global approximation errors E p |RJ |.

LEMMA 2.6.  Assuming v€ C?((0,T]) with fo tlv” (t)|dt < oo, if the nonuniform grid
satisfies (2.1), it holds that

ann)J|RJ|<22pn ja /t %(t—tj_%>|v”(t)|dt.

j—

(S

Proof. For 1<k<n-—1, by using Lemma 2.2, it reads

1

te
Hl,szfa(tnfl_t):/k Xk (AW (1 = A)dA
2 tk—% 2
tk—%
<ty =0 [ Wty -2
2 t s 2
2
:(t_tkfgﬂwlfa(tnf%_tkfé)_wlfa(tnfé_tk 2)
S(t—ty_a)(aly_y —aly), for te(ty sty 1).  (210)

For k=mn, noticing the decreasing of wg,a(@%% —t) with respect to t, it yields

0<T s (ty_1 —t) <wa oty 1 —t,_3) =T pws o (t,_y —t)=(t—t
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Now, we estimate the truncation errors R) and R} (1 <k <n—1), respectively. Denote
tk—%
G’“:/ (t—tp_s)|v"(t)|dt, 1<k<n.
tk—% 2
It follows from (2.9) and (2.11) that

bl o
Ryl S/ T wa oty —8)[0" (t)|dt
t 3

2

tn,l
gag”)/t H(t—t,_ )" (B)]dt=afVG", n>1. (2.12)
n 3

M

For 1<k<n-—1 (n>2), with the help of (2.10), we have

i | Ry Si/ L kw27a(tn,% —t)|v" (t)|dt

k=1 -3
n—1 o1
n n 2

<Y @y =) [ et gl e

k=1 tk—%

n—1
=> @\, —alV)GE. (2.13)
k=1

Combining the inequality (2.12) with the inequality (2.13), the estimate holds

J Jj—1 ) ) o
IRI=3"|RL <Y (0P, —aP )G +af 67, 1<j<n. (2.14)
k=1 k=1

Multiplying (2.14) by pn _;» summing up j from 1 to n and then exchanging the sum-
mation order

Zp(n) |RJ gzn:

17 ag'J—)k)Gk +ZP£LH—)ja(()j)Gj

o N .
HM\
AN

—

S

.

<

j=2 j=1
—1
— k: ,EZL)kaok)+ZGjp1(,Ln)]
k=1
n . tj,;
<2 p;"_)Jaff)/ : (t t; %)\v (t)|dt
j=1 ti-s

The proof ends.

It follows that the error bound in Lemma 2.6 is asymptotically compatible with the
truncation error of the backward Euler scheme. Actually, as the fractional order o —1,
(4)

it yields p\™ j— 7 and a5’ = for 1<j<n. Then we arrive at

1

pr ) / et ) |dHZ / ity W
_3 3
i3

-2
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which achieves the temporal order O(7). However, the following corollary is not asymp-
totically compatible as the fractional order oo — 1 due to the lack of the proper estimates
for the DCC kernels pgi) -

COROLLARY 2.1.  Assume v € C?((0,T]) and there exists a constant ¢, >0 such that
[0 ()| <cp(14t772), 0<t<T, (2.15)

where o € (0,1)U(1,2) is a regularity parameter. If the nonuniform grid satisfies (2.1),
it holds

S IR e, (17 + e max (1,

1 1 . 3
- a2<j<n 172 2 J—
Jj=1

Proof. Noticing that [v"(t)| < ¢, (1+t7~2), we have

m\»-A

tk
G'<c¢,77, and G’“g/ (t—tp_g)ent” 2dt<ec,(m_1)*t7 3, 2<k<n.
t 2

=3
It follows from p™, >0, o™, >0 and the identity (2.4) that P 2p£Ln)J § ) =1. Then
making use of Lemma 2.1 (IV) one arrives at
S 36 235
Jj=1 j=2
<261+ ZG]pn j J 5 ti—y —t)% (1)
<coti + an Va5 —t3) ] 5 (r4)"°

1
< - t.
v (Tl + 1—a2glga<n< ]7%

The proof ends. ]

REMARK 2.1. Giving a uniform mesh 7= % and ¢, = kT, then it follows from Corollary
2.1 that

(n) J| — ( o 1 min{o, 3—3} ( 7§)B+U_3 o—min{o, 37,3})
Zp SR =cy (T Jrr_ﬁT max (k 5 T

2<k<n

—mi . 3— . _
(77 0003 pmintn 5
The above error estimate shows that the convergence order of the difference scheme in
time increases along with the improvement of the regularity of the solution for 0 <3 —f.
Moreover, the convergence order achieves the accuracy of O(73~%) for o € [3—,2).

Besides, we consider the truncation error on the graded time mesh ¢, =T(k/N)"
with v>1

At 2. N\2/1, 1 \(=2)
(t% —t%) ti_ng_ﬁ < (T(f)'Y) (7T(7)W> — 927—2+oo -0y
2 2
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and it is easy to check the time-step 7, <T N ~7Y~vk?~!. Noticing that k <3(k—2), k>3,
we have

kN (8- k— 2\ 1(0-2) 3-8
<) T(RS) (TN )
N N 7

. k— 2\ 7o-min{y0, 3-8}
<To32(y=D+B=1 (. _ gymin{yo, 375}43—@( )

STU32(7—1)+[371737§N*min{w, 343}’ k>3,

737ﬂN7min{'yU, 3-8}

the above inequalities gives

SR < e Nt 353, (2.16)

=1
where ¢, is a constant.

REMARK 2.2. It follows from the estimate (2.16) that the temporal convergence order
improves as 7 increases and the accuracy achieves the optimal O(N®~3) by taking

vy=max{l, (3—p)/c}.

3. The temporal nonuniform L1 type difference scheme

In this section, we construct a nonuniform difference scheme for the time fractional
diffusion-wave equation. Applying the order reduction technique, the problem (1.1)-
(1.2) can be rewritten by an equivalent equation. Let a=§—1 and

ou
v(x,t)—a(xﬂf), (3.1)
it reduces
1 L 0%u 1
C b _ - -
ODt U(X7t)_1—\(2_5)/0 92 (X,S) (t—S)B_ldS
1 tou 1
T J, 75 VG
=5 D (x,1). (3.2)

Thus, Equations (1.1)-(1.2) are equivalent to

§ Dfo(x,t) = Au(x,t) + f(x,t), x€Q, t€(0,T], (3.3)
v(x,t) =u(x,t), x€ (a,b), te (0,77, .
u(x,()):gol(x), U(X’O)ZCPQ(X)v xef. (35)

Let M be a positive integer. Set Q=(0,L)? and z; =ih, y;=jh with the spatial
lengths h=L/M. The discrete spatial grid €, := {xh:(xi,yj) | 1§z‘,j§M—1} and
Q= {xh \ Ogi,jSM}. Denote

Vh = {vh =v(xp) | xp €Qpand vy, is L-periodic in each direction}.

Given a grid function vy, €V}, introduce the following notations d,v; +%7j:(vi+1)j—

v;;)/h and §3vij:(5zvi+%}-—6mvi,;

j 1 ;)/h. Similarly, we define d,v; ;, 1 and 52ij.
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The discrete Laplacian operator Apv;; =063vi; +0,v;; and the discrete gradient vector
Vivij = (64 Vi 1 g 5yvi7j_%)T can be defined. For any w,v €V}, the inner product and
norms are defined b by

=h? Z upvp, ||lull =/ (u,u).
XpEQ

Considering the Equation (3.3) and (3.4) at the point (xp,t,,_1), it yields

_1
n—3

1 S . |
DOV =AU T TR AT x, e, 1<n<N-1,

Vi
U}?:%’l(xh)’ V}?:‘P2(Xh)7 XhEQha

1 _1
2=5tU,? 24y, xp€Qp, 1<n<N,

where T} = R}y +£;, and R}, is the truncation error in time direction, £} is the truncation
error in space direction. There exists a constant ¢y such that

|rﬁ|§co7',2l, |§Z|§coh2, X, €, 1<n<N-1. (3.6)

Omitting the truncation errors, we construct the difference scheme for the fractional
diffusion-wave equation as follows

_1 n—1 n—1
D, 2 =Npu, 2+f, %, xp€Q, 1<n<N-1, (3.7)
n_1 nol
v, Z=0u, %, xp,€Q,, 1<n<N, (3.8)
u%zapl(xh), ’U}OLZQDQ(Xh), XhEQh. (39)

4. The error estimate of the dlﬁ'erence scheme
Applying the important discrete tool pn x> We present the convergence analysis of
the nonuniform difference scheme (3.7)-(3.9). Denote

ep=U~u}, pr=V"—vp} x,€Q,, 0<n<N,
the error equation gives as follows
_1 1
'Dgpz 2:Ah€Z 24+TY, xp€Qp, 1<n<N, (41)

_1 _1
py 2=0e; P+, X, €Q, 1<n<N, (4.2)
62:0, p?L:O, XhEQh.

THEOREM 4.1.  Suppose the problem (1.1) has a unique smooth solution and u}} € Vy
is the solution of the difference scheme (3.7)-(3.9). The proposed scheme (3.7)-(3.9) is
convergent in L? norm,

1

n k IT2 1

e chv(lrggg Zp; )]aéj)/ 3 (1=t )10utlar+ 123 n2).
-4

Proof.  Multiplying (4.1) by pfﬁ) . and summing up k from 1 to n, it yields

Zp Zak Ve =30 Aer 243 p, Tk (4.4)
k=1 k=1
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Exchanging the summation order, we have

n

Zp(n) Zak J Tpi-;% ZVTph an kal(ck)]_pzié'

Consequently, it yields
(n) -3 (n) ~k
E p Ahe + g p e (4.5)

Taking the inner product of (4.5) with e”~ 2, we have
(" e 8) =D bl (Aneh e +Zp‘”> £enh), (4.6)
k=1

and the inner product of (4.2) with €"~2, one arrives at

1 1 1 1 1

(P ey = (G e 4 e, 7

Substituting (4.7) into (4.6), and summing k from 1 to n, we get

n n k n k
D (Gt e T =30 i Ane!TE e+ 3T (T et )
k=1 k=11=1 k=11=1
n
=D (rtetT)
k=1

ST o o i

t QTk

k=1 k=1 k=2
>Z”:H@kllz_ et
- 2T

k=1 ’ k=2

2Tk

_ e

2Th_1 o 2T

With the help of the positive definiteness of pk l, we have

ZZP (Apel=z eh3) = ZZp(k) (Ve 2, Vyef~2) <.

k=11=1 k=11=1

Then, it follows that
||6"||2<27n22p(k) T (1R 27 S (1 [k E . (4.8)
k=11=1 k=1

Choosing some integer ng(0 <ng<n) such that |[e™]] = max le¥|| and then taking
SRS

n=ng in the above inequality, it yields

n k n
n, k n ,
lerel® < 2m > (Sop ) e 427 1 - e

k=1 I=1 k=1
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Consequently, by virtue of Lemma 2.3, Lemma 2.6 and noticing o= —1, it yields

o< e <2 30 (3 ||rl||)+2TnZHr’“u

k=1 I=1

< Tn k) (| ol I Tn
2t lr<nlca§n Tk lr<nkaé( Zp HR ||+||€ ||)+200t T r<n]caé(n Tk

(J) ( B—1 12
<
_CU(1I<nl?§n§ pk a / 3 t— tjf,)|€)ttU\dt+t 1h +t,T )

j—3

w

where we assume Tyax/Tmin 18 bounded. Thus we obtain the desired result. The proof
ends. 0

REMARK 4.1. The present analysis takes advantage of the non-negativeness (Lemma
2.3) and the positive definiteness (Lemma 2.5) of the DCC kernels defined by (2.5).
The current framework is extendable to the nonlinear diffusion-wave problems if the
numerical solution is bounded in certain discrete norm (such as the H! norm). This
issue is interesting and will be studied in the further study.

To improve the time accuracy, one can employ some high-order approximations for
the reduced Equation (3.3). Typically, we can apply the fractional BDF2 formula [40,41]
to build the following second-order variable-step scheme

Dlvy=Apup+fi, xp€Qp, 1<n<N-1,

1427 r2
vﬁzﬁvfuz ﬁv Fup 1 ox,eQn, 1<n<N,

uhzwl(xh% ’Ug :@Q(Xh)a Xp tha

where the fractional BDF2 formula is given as D v} = Z B VTUE and the coefficients

are written as

(n

2l o

1 _ @) (n) _ _(n)
By'=ay’, ByY=ay" +m’ n=2,
2,_(n) (n) (n)
B =" - [nF0 T 2 , n>2,
1+Tn Tn_1(1+’l"n_1)
(n) (n) w(n)k w(n)k—H
B, =a, R = ,2<k<n-—1, n>3,
ok T Tt ()’ T -
(n)
n n Wp—1
BSL )1:a( )1_ma nz2,
in which the parameters a( ") Z, and w( )k are shown in the integral forms
1 [t
af{ikz— Wi—a(tn—8)ds, 1<k<n
Tk Jty_1

and

1 ("% 25—t —tp_
wnn_)sz/ kaa(tn—s)d& 1<k<n.
Tk Jt,_1 Tk
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Another second-order nonuniform scheme can also be constructed by using the well-
known L2—1c formula [39]. The associated stability and convergence analysis on
nonuniform time meshes are also very interesting, however, these tasks are rather chal-
lenging due to the nonuniform setting and the inhomogeneity of the discrete coefficients
Bfln)k. These issues are planned to explore and will be presented in separate reports.

5. Numerical Experiment
In this section, some numerical examples are demonstrated for the fractional
diffusion-wave equation to verify the efficiency of the difference scheme (3.7)-(3.9).

EXAMPLE 5.1.  Take Q= (0,27)2, consider the problem (1.1) with the source term

I'(2+o0)

f(X,t) = (2tg+l + m

t”“_ﬁ) sinzsiny.

The problem has an exact solution
u(x,t) =t sinzsiny.
Denote
e(N)=||UYN —u"||o, Order, =logs(e(N)/e(2N))

for the error and the convergence order.

Example 5.1 is presented to measure the accuracy of the difference scheme (3.7)-
(3.9) in time direction. We take the graded mesh ¢, =T(n/N)7. The spatial grid node
is fixed to M =1000. Table 5.1 and Table 5.2 demonstrate the L? norm errors e(N) and
the convergence orders of the difference scheme (3.7)-(3.9) in time direction with the reg-
ularity parameter c = —1 and o =//2 for y=1,2,3, respectively. From two tables, we
observe that the difference scheme (3.7)-(3.9) reaches the accuracy of O(N ~™in{y, 3-61)
in time which is in accordance with our theoretical result.

y=1 y=2 y=3
Jé] N e(N) order, e(N) order, e(N) order,
40 2.79e-01 - 2.01e-01 - 1.39e-01 -
80 2.66e-01 0.07 1.75e-01 0.20 1.13e-01 0.30
1.1 160 2.51e-01 0.09 1.52e-01 0.20 9.18e-02 0.30
320 2.35e-01 0.09 1.33e-01 0.20 7.45e-02 0.30
min{~yo,3— 0} 0.1 0.2 0.3
40 5.56e-02 - 9.19e-03 - 9.19e-05 -
80 4.28e-02 0.38 4.93e-03 0.90 2.69e-05 1.72
1.5 160 3.19e-02 0.42 2.57e-03 0.94 8.60e-06 1.70
320 2.34e-02 0.45 1.33e-03 0.96 2.81e-06 1.61
min{~yo,3— 3} 0.5 1.0 1.5
40 8.45e-04 - 2.94e-03 - 3.64e-03 -
80 9.82e-04 -0.22 1.43e-03 1.04 1.66e-03 1.13
1.9 160 7.99e-04 0.30 6.86e-04 1.06 7.67e-04 1.12
320 5.70e-04 0.49 3.25e-04 1.08 3.55e-04 1.11
min{vyo,3— 5} 0.9 1.1 1.1

TABLE 5.1. Lo errors and convergence orders of the difference scheme in time for o =—1.

EXAMPLE 5.2. Consider the following fractional Klein-Gordon equation

SDPu—c?Au+u®=f, x,€(0,2m)?, tel0,1],
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boundary condition, where f is a source term such that the

u(xp,t) =t’sinzsiny.

y=1 y=2 =3
B8 N e(N) order- e(N) orderr e(N) orderr
40 5.75e-02 - 7.71e-03 - 7.10e-04 -
80 4.02e-02 0.52 3.64e-03 1.08 2.43e-04 1.55
1.1 160 2.78e-02 0.53 1.71e-03 1.09 8.30e-05 1.55
320 1.91e-02 0.54 8.02e-04 1.09 2.89e-05 1.52
min{~yo,3— 8} 0.55 1.1 1.65
40 2.54e-02 - 9.88e-04 - 1.18e-03 -
80 1.63e-02 0.64 3.71e-04 1.41 4.06e-04 1.54
1.5 160 1.02e-02 0.68 1.37e-04 1.44 1.39e-04 1.54
320 6.24e-03 0.71 5.01e-05 1.45 4.75e-05 1.55
min{vyo,3— 8} 0.75 1.5 1.5
40 2.86e-03 - 1.45e-03 - 1.98e-03 -
80 1.95e-03 0.55 6.93e-04 1.06 8.67e-04 1.19
1.9 160 1.23e-03 0.66 3.31e-04 1.07 3.89e-04 1.16
320 7.46e-04 0.72 1.57e-04 1.08 1.77e-04 1.13
min{vyo,3— 8} 0.95 1.1 1.1

TABLE 5.2. Lo errors and convergence orders of the difference scheme in time for o= /2.

=2 y=3 ¥=5
B8 N e(N) orderr e(N) order- e(N) order-
40 1.46e—1 - 1.00e—1 — 4.58e —2 —
80 1.29e—1 0.17 8.35e —2 0.26 3.35e—2 0.45
1.1 160 1.14e—1 0.18 6.89e —2 0.28 2.43e—2 0.46
320 1.00e—1 0.19 5.65e—2 0.29 1.76e —2 0.46
min{~yo,3— 0} 0.2 0.3 0.5
40 6.64e—3 - 1.0le—2 — 1.89e —2 —
80 3.66e—3 0.86 4.88e —3 1.05 8.82e—3 1.10
1.5 160 1.95e—3 0.91 2.40e—3 1.02 4.20e—3 1.07
320 1.0le—3 0.94 1.19¢e—3 1.01 2.04e—3 1.05
min{yo,3— B} 1.0 15 15
40 6.66e —3 - 9.37e—3 — 1.56e —2 —
80 3.17e—3 1.07 4.28¢—3 1.13 6.85e—3 1.19
1.9 160 1.53e—3 1.05 2.02e—-3 1.09 3.15e—3 1.12
320 7.41e—4 1.04 9.65e—4 1.06 1.49e—3 1.08
min{~yo,3— 0} 1.1 1.1 1.1

TABLE 5.3. Lo errors and convergence orders of the difference scheme in time

The purpose of this test is to verify the convergence rate of the scheme in time for
the fractional Klein-Gordon equation. We also take the graded mesh ¢, =T(n/N)” on
the interval [0,1]. The spatial domain (0,27)? is discretized with 10002 grids. Table 5.3
lists the L2 norm errors and the convergence orders for the different fractional orders
B5=1.2,1.5,1.9 and grading parameters v=2,3,5, and the regularity parameter c = — 1.
From Table 5.3, we observe that the difference scheme achieves the expected temporal
accuracy O(r™in{ye, 3=6})
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6. Conclusion
In this paper, by using the order reduction technique, we presented a nonuniform L1

type difference scheme for the fractional diffusion-wave equation at the half grid points

based on piecewise linear interpolation. By virtue of the discrete DCC kernels piln_) >

the unconditional L? norm convergence analysis is obtained for the proposed difference
scheme. We employed the scheme on the graded mesh to perform some numerical tests.
These tests suggested that the nonuniform difference scheme (3.7)-(3.9) can achieve
min{vyo,3— 8} order accuracy which confirmed the theoretical result. In the future
work, we will study the nonuniform numerical scheme for the time fractional nonlinear
equation with the Caputo derivative 8 € (1,2).
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