COMMUN. MATH. SCI. (© 2023 International Press
Vol. 21, No. 6, pp. 1727-1742

THE INITIAL-BOUNDARY VALUE PROBLEM FOR THE
LANDAU-LIFSHITZ EQUATION WITH GILBERT DAMPING TERM*

QI GUOT AND YAMIN XIAO?

Abstract. In this paper, we establish the existence of global smooth solutions for the Landau-
Lifshitz type system on a finite interval [0,L]. The proof is based on the technique of finite difference-
differential and a priori estimates. Our result matches the known result on periodic boundary condition
in [Guo and Huang, Discrete Contin. Dyn. Syst., 5(4):729-740, 1999].
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1. Introduction
In this paper, we consider the initial-boundary value problem (IVP) on a finite
interval [0, L] for the Landau-Lifshitz type system

Jy =7 % Zyu+Z % f(Z), (z,t)€[0,L] x RT
Z(0,6)=go(t), Z(L,t) = gi (¢), teRT (1.1)
Z(x,0) = 3(z), zel0,L]

and the system with the Gilbert damping term

X Zow)+Z X Zow+ 2% f(Z),  (x,t)€[0,L] xRT

1) =60(t), Z(L,t) =gi(t), teR* (1.2)
ac,()):gﬁ(x), xe[ovL]

==}

(
(
where Z(x,t) = (21 (z,t),z0(x,t), 23(2,)) :[0,L] x RT - S2 CR? is an unknown vector-
valued function with normalized length, S? is the unit sphere in R3, f=(fi, fo,f3) is a
given three-dimensional vector function, the @(z), go(t) and gi(¢) are three-dimensional
initial and boundary vector functions, respectively. € >0 is the Gilbert damping param-
eter, “x” is the cross-product operator of two 3-dimensional vectors. And the system
(1.1) and (1.2) satisfies the additional compatibility condition F(0)=gy(0). Without
loss of generality, we take L=1.

The Landau-Lifshitz system was introduced by Landau and Lifshitz [12], which

describes the evolution of spin fields in continuum ferromagnetism. The Cauchy problem
for the Landau-Lifshitz system for ferromagnets

Zv=0X Zpw+ 2 xJZ (1.3)

has been proved by the inverse transform method in [16], where J =diag(Jy,Ja,J3),J1 <
Jo < Js is a diagonal matrix. The Landau-Lifshitz system after neglecting the Gilbert
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damping term is known as the Heisenberg system [18]

—

Zy =2 X Zps. (1.4)

For system (1.4), the existence and uniqueness of global smooth solutions have been es-
tablished in [21]. Guo and Han [5] proved the multidimensional case for system (1.4) un-
der the condition that the gradient of the solutions is bounded in space L?(0,7; L>°(R")).
Zhou and Guo [20] considered the system (1.4) with several variables

Zy=2 X Zou+ f (2,1, Z), (1.5)

and they proved the global existence of weak solutions with the nonlinear boundary con-
ditions Z,(0,t) = gradey(t, Z(0, t)) —Z,(L,t) = grady, (t, Z(L,t)), and the initial condi-
tion Z(z,0) = ( ), where f(z,t,Z) is a known three-dimensional vector function with
variables z, t, Z, o (t, 7 ) and 1/)1(15 7 ) are the scalar functions, “grad” denotes the gra-
dient operator with respect to Z. Guo and Hong [6] studied the existence of global
smooth solutions for the 2D system (1.6)

— — — —

Zt:—st(Zx me)+Zxem, (1.6)

by using the properties of Harmonic mapping. Recently, Guo and Huang [9] considered
the global well-posedness for the n—dimensional system (1.6) in a critical Besov space
with n>3. There are several interesting results for the system (1.6) (see, e.g., [1,4,8,
10,13,14,17]).

In this paper, we mainly consider the initial-boundary problem for system (1.1)
by the spatial difference method and a priori estimates. On studying the solution of
the Landau-Lifshitz type systems in a difference scheme, we can refer to [2,3,7,15].
In particular, Guo and Huang [7] constructed the smooth solutions of the initial value
problem with periodic boundary conditions for system (1.1). Here, we are first concerned
with the initial-boundary problem for the following diffusion system

27+ Z X gy + Z x f(2),
):g_} t),Z(]-at):g_i(t)a (17)

By the spatial difference method, we establish the existence of the local smooth solution
for (1.7). At the same time, we shall show that initial-boundary value problem (1.7)
with € >0 is equivalent in the classical sense to the system (1.2).

THEOREM 1.1. For any €>0. Suppose Go(t), ¢i(t)eC?*™ (RY), F(x)e
H2m41([0,1]), f(Z) € C2™+H(R3), m>1. Then the initial-boundary value problem (1.2)
and (1.7) admits at least one local smooth solution Z.(x.,t) satisfying

m m+1

Ze(a.tye (YW (0,Tos H =43 ([0,1)) ) (1) HE (0, Tos H20"=+2((0,1]))),
s=0 s=0

where Ty >0 is independent of m,s, and m,s are non-negative integers with m — s> 0.

Next, we prove the uniform estimates for system (1.2) independent of € and obtain
the existence of global smooth solutions for system (1.2) or (1.7).
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THEOREM 1.2.  For any €>0. Suppose that go(t), gi(t) eC™(RY), F(x) e H™([0,1]),
f(Z)eC™(R3) with m>2. Then the initial-boundary value problem (1.2) and (1.7)
admits a global smooth solution Z.(z,t) satisfying Z-(z,t) € S* and

[m/2] [m+1/2]
Z.(x,t)€ ( ﬂ W2 (0,15 H™2 ([0, 1]))) ( N HS(O,T;H”"‘QS“([OJ])))

for any T >0, where m,s are non-negative integers with m—2s>0.

Finally, we achieve the existence of a unique global smooth solution for (1.1) by
passing to the limit as e — 0.

THEOREM 1.3.  Let go(t), gi(t)e C™(R"), @(z)e H™([0,1]), f(Z)eC™(R3) with
m>2. Then the initial-boundary value system (1.1) admits global smooth solutions
Z(x,t) satisfying Z(x,t) € S? and

[m/2]
Z(z,t)e () Wi 0,T:H™2([0,1))).
s=0

Especially, when m >3, the solution Z is unique.

Notations.

(i) Setting z;=jh(j=0,1,...J), where h=1/J, J is a positive integer. Then we
define the discrete functions u; =u(z;,t), and Ayu; =ujp1 —u;, A_u;=u; —uj_1. De-
note the discrete function spaces

k = Ai%p k
8 unlly= (3 12 n) " 6 unoo = max |2

. 0<j <J k
j=0

and

\uhHHr(Zna‘“uhu )"

where up, ={u;|j=0,1,...,.J},1<p<oo0,0<k<J.

(ii) Denote the Sobolev space W) (R) ={u € L*(R) and l[ullwy = Z?:o I g%’; I, < oo},
where 1 <p<oo. In particular, W§(R)= H*(R).

(iii) Throughout the paper, C stands for a generic positive constant, which may
be different from line to line. We will use the notation A< B to denote the relation
A<CB, |||, to denote ||-||L» for conciseness.

This paper is organized as follows. In Section 2, we present several important
lemmas, which will be frequently used throughout the rest of this paper. In Section 3,
we construct the finite difference-differential system (3.1) and prove Theorem 1.1. In
Section 4, we give some independent estimates about corresponding parameter €. And
the Theorem 1.3 will be proved in Section 5

2. Preliminaries
In this preliminaries section, we present some lemmas for the discrete functions
uj =u(z;,t) which play an important role in our proofs.
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LEMMA 2.1. For the dispersed {u;} and {v;}, we have

J J—-1
ZUJ‘A_’UJ‘ =— Z UjA.,.ulj —UpVo+Uujvy,
° =
J—1 J—1
ZujA+A,Uj =— Z(A+uj)(A+vj) —upAjvgtusA_vy.
j=1 =0

In what follows, let’s recall the Gagliardo-Nirenberg inequalities for discrete functions
(see [19]).

LEMMA 2.2.  Let p be a real number and k, n be integers such that 2<p<oo, 0<k<n.
Then we have

6% un [l < Cllunlly™" (18" unll2 + lunll2)",

forr=1/n(k+1/2—1/p).

LEMMA 2.3 ([11]). Let L3 = {uh\(zjz_ol luj|2h)1/2 < oo} be the space of discrete three-
dimensional vector-valued functions. For each h>0 there is operator: Ip,: L3 — L? such
that if u=TIpuy, then u(z;)=u;,j=1,2,---,J, and v is entire analytic. The mapping
I, can commute with shift and difference operations. Moreover

oFu

CH ||2<||5’“UhH2<II 2,

where C'>0 depends on k.

3. Proof of Theorem 1.1

In this section, we prove that system (1.7) admits at least one local smooth solution
by using difference in the spatial direction. For simplicity, we let e =1 and establish the
corresponding finite difference-differential system by (i) of Notations

dZ, a.a_Z A A zZ N .
7 = 8ab By T x Ben T 7w f(Z)) | 2522y, =120 -1,

Z(0,t)=Zo=go(t), Z(1, >=ZJ=91( ), (3.1)
Zilimo=@(x;) =3 j=0,1,....,

where Zj:Z(xj,t), xzj=jh, j=0,1,...J, h=1/J, J>0.

Note that the local existence of smooth solutions of the Equation (3.1) can be proved
by the general theory of the ordinary differential equations. So we only need to derive
some a priori estimates of h independently for such solutions, which allows the local
existence of system (1.7) to be solved smoothly by sending A — 0.

LEMMA 3.1, Let go(t),di(t) eCHRY), @(z) € H'([0,1]), f(Z) eC (R3). Suppose Z;(t)
is the smooth solution of the differential system (3.1), then there exists C >0 independent
of h such that

sup [|Zu(-t)2<C, sup [[6Zu(-,t)]l2<C
0<t<Tp 0<t<T,

for all 0<t<Ty.
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Proof.  Taking the scalar product of (3.1); with Zjh and #, respectively,
summing from j=1 to J—1, and by Hoélder inequality we arrive at

2dtHZh||2+||5Zh”§<||ZhHZoH52h||2 (Ig0] +1g1 )16 Zhll oo (3.2)
and
1d
67 §2Z
2dtH h||2‘|‘|| nll3
SNZnll210% Znll2 + 11 Z0lloo 16 Z1 131162 Z1 |2+ (116 110 + 163 o) 120 [ o (3.3)

Combining (3.2) and (3.3) and applying the following interpolation inequalities by
Lemma 2.2

1Znlloe S11Znll3" (16 Zn 12 +11 21 12) "/,
_ o g _

16 Znlloe SU6Znlly"* (16> Zalla+ 1201 2)/2,
16Znlla S 16Zn 15" (1 Znll2 +1162Znl2) /4.

It is derived that
d . . .
&(\\Zh||§+ll52h||§)+||5QZh||2<1+(HZh||§+||5Zh||§)5~ (3.4)

Thus, there exists C'>0 independent of h such that

To
HZh(wt)H%Jr||5Zh(',t)||§+/0 162 Zn(-,m)|3dr <C (3.5)

for all 0 <t <7Tj and we complete the proof of Lemma 3.1. ]

LEMMA 3.2.  Let go(t), gi(t) €C3(RY), @(x) € H3([0,1]), f(Z)€C3(R?), if Z;(t) is the
smooth solution of the differential system (3.1), then there exist constants To >0, C >0
independent of h such that

To
||th('7t)||§+||5th(~7t)||§+/0 162 Zpe (-, 7)|3 dr < C.
Proof. Differentiating (3.1); with respect to ¢ and one gets

DA Ty o AN o AA T

im=—13 Zjt R x> +Zj % f(Z;)
- AT o=
+Z < f(Zj) Zin+ (| =212 Z;)e. (3.6)

Taking the scalar product of (3.6) with thh and summing from j=1 to J—1 we have

1d - -
§E||th||§+||52ht||§

—

L2Z;)e Zjeh
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o AZy - A_Zj -
+(g0" - g" +a" " )h+ +h 0 Zoi — "L 7. (3.7)

Using the Holder, Young and Gagliardo-Nirenberg inequalities and the fact ||522h|\2 S
|Zrtll2+1, the terms on the right-hand side of (3.7) can be bounded by

J—1
- AJA_Zy -
Z i +h2 = Zjth
j=1
J-1 =
- o ALA_Z,
:_Z( i % Zjt) +h2 =h
j=1
R, ALZ Z
=N(A 7% Zy) *h Iy (Zox Zoy)- =E2% _(Z, % Zp) - Jt
=0
1 - . .
51”6th||§+ 1Znell3 + 116 Znt oo (3.8)
J—1
3% ['(Z3)Zje- Zjsh <|| Znlloo | ' (2) | ool Znst 3, (3.9)
j=1
J—1 A Z
(|%|sz)t'thh§H5Zh||oo||Zh||oo\|5th||2||th||2+||5Zh||oo||th||§
j=1
1 — — —
§i||5thH§+IIthH§+|IthH§7 (3.10)
and
VR AvZy 5 A_Zp 5 .
(90" 90" +gi"-gi")h+ +h % Zor— W AT LT (3.11)
Inserting the estimates (3.8)-(3.11) into (3.7) gives
d - - - -
&”thng—i—”(SthH%g”thHg—'_”éthHoo- (3.12)
ow, let’s estimate _'ht 2. Making scalar product of (3.6) wit 7;% and sum-
Now, let’s esti 16 Znt]|2. Making scalar product of (3.6) with 2+2-Zth and
ming from j=1 to J—1, we have
1d. > -
5&”5th“§+”522}11€“§
— — J—1 — —
A_Z AL Z ALA_Z;, 5 ALA_Z;
_ =N Jt 11 + 40t + J L2t Jt
=g1 - 3 —4go - h +J:Zl h2 XZ_]t h2 h
J—1 = J—1 =
- - ALA_Z; - ALA_Z;
+Zf(Z])XZJt +h2 ]th+Zf’(Z])Z]t><Z] +h2 Lh
j=1 j=1
— A.Z ALA_Z
L T
-3 zwzj)t- *hg itp. (3.13)
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Similar to the estimate of (3.7), we obtain

o A Zn o L, ALZ .
Q. th—go'/'+Tm<”5th”°o
N 10||52th||2+||5th||2+1
J-1 = =
ALA_Z; o ALA_Z; - = -
> = ) e = S Znelloc 167 Zn 216 Z -
j=1
S 10||52th||2+ 1 Znt 13+ 116 Znel|3,
J—1 A
S 1) % By AT el
j=1
1 2
70”6 Tt |13+ 11 Zne 3,
J—-1
o o ALA
> F(Z) 2% 2y —ij;——fh<nzmn|w2zmnz
j=1
]. — —
S 7518 Znal13+ 11 Zn 3,
10
and
= A7 AA_Z
=S Z e SIS | 2t 216° Zaclla + 1162 2116° Zoel
j=1

N 10||62th||2+ 1Zne 13+ 116 Zne 13-

Inserting the above estimates into (3.13), it follows that
d . . . .
10ZnillZ 4 110% Znall3 S (1 Znell3 + 1620 13)* +1
Combining (3.12) and (3.19), we have
d - . . . .
U Znel3+10Znel13) + 10" Zne 15 S Zne 13+ 1020 ]13)* +1
Thus there exists C'> 0 independent of h such that
— — TO —
1 Zne O3+ 116 Zne (- 1)]13 < C, / 162 Zye (-, 7)|13dT < C
0

for all 0 <t <Ty. Then we finish the proof of Lemma 3.2.
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(3.14)

(3.15)

(3.16)

(3.17)

(3.18)

(3.19)

(3.20)

(3.21)

|

Similar to the proof of Lemmas 3.1 and 3.2, assuming that gy(t), gi (t) € C*™H(RY),
G(z) e H*™*L([0,1)), f(Z2) e C?™F(R3), m >0, we obtain the following lemma by the

induction argument.

LEMMA 3.3.  Assume that go(t), gi(t) eC>™t1(RT), @(x)e H*1([0,1)), f(Z)e
C?mTL(R3), m>1, then there exists C >0 independent of h such that, for all 0 <t < Ty,

To o
|Zai - Olla-+ 10Zsin ()2t [ 16°Znan () B b <C.
0
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COROLLARY 3.1. Under the conditions in Lemma 3.3, we have, for some C' >0 inde-
pendent of h,

To
A — / 1Z0(7) [Byam o dr <C

for all 0<t<Ty.

Therefore, it follows from Corollary 3.1 that, the discrete solutions Zj(t) of or-
dinary difference system (3.1) are uniformly bounded concerning the step h=1/J
in W2 (0,To; H2™=#)1([0,1])), 0<s<m. In addition, applying the Lemma 2.3, let
up (x,t) € L2([0,1]) for t>0 as the image of Zj () under the map Iy,: L — L?, namely
up(xj,t) =Zj (t), the set {up(x,t)} is bounded in

m m—+1
G(To) = (YW (0, Tos 2= ([0,1))) ) 1 () H* (0, Tos H20"=)72([0,1)))).
s=0 s=0

As demonstrated in [7], making a similar argument we obtain the existence of local
smooth solutions to (1.7) with e=1. And for any >0, the proof procedure can be
obtained by the same way. Hence, we have the result as follows.

THEOREM 3.1.  For any >0, go(t), ¢i(t) €C2™HH(RT), G(z) e H2™+1([0,1]), f(Z) €
C?mTHR3), m>1. Then the initial-boundary value problem (1.7) admits at least one
local smooth solution Z(z,t) satisfying Z(x,t) € G(Ty), where To>0 is independent of
m and s, and m and s are non-negative integers with m—s>0.

Now, we prove that the diffusion system (1.7) is equivalent to the system (1.2) with
€>0 in the classical sense.

THEOREM 3.2. Under the conditions in Theorem 3.1, we assume that

|P(x)[=1, (3.22)
for x€0,1]. Then in the classical sense problem (1.7) is equivalent to the system (1.2).

Proof.  Let Z(z,t) be a classical solution of the system (1.2) with &> 0, we shall
prove that Z(z,t) is also a solution of system (1.7). Indeed, due to Z(z,t) being a
classical solution of system (1.2), it is easy to verify that |Z(z,t)| =1 for (z,t)€[0,1] x
[0,T]. Thus we have

—ZX(Z X Zong) =2 Zys — (2 - Zyg) Z =€ Zone + | Zo|* Z, (3.23)

where we have used the fact that Z- Z, =0, | Z4|2+ Z - Z4» =0, which implies that Z (z,t)
is a classical solution of the problem (1.7).

On the other hand, let Z(z,t) be a classical solution of the system (1.7), we need
to show that Z(z,t) satisfies the identity (1.2) for any (z,¢)€[0,1] x (0,T). In fact, we
suppose that u(z,t) satisfies Equation (1.7). Set u(z,t)=|Z(x,t)|?. By calculation, the
Equation (1.7) becomes

Up = EUgg + 26| Zy |2 (u—1),
u(z,0)=1, (3.24)
u(0,t) =u(1,t)=1.
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It is obvious that @ =1 is the classical solution of system (3.24). Denote that w=u—ua=
|Z(z,t)|? — 1, we obtain that
Wy = EWgg + 26| 2| 2w,
w(z,0)=0, (3.25)
w(0,t) =w(1,t)=0.

Taking the scalar product of (3.25) with w and integrating it with respect to x, one gets

2dt/ \w|2dx—|—6/ lw, [*dz = 25/ | Z|*Jw|?da

§26m%X|Zx|2/ |w|*dz. (3.26)
% 0

Thus it follows by the Gronwall inequality and w(z,0) =0 that w(z,t) =0 for any (z,t) €
[0,1] x (0,T"), namely, | Z(z,)|2=1 and we complete the proof of Theorem 3.2. d

4. Proof of Theorem 1.2

In this section, we give some a priori estimates which are independent of e for the
solution of system (1.7). First, we give two lemmas which will be used to prove those
estimates.

LEMMA 4.1. For any given positive number T, assume that f(t) is a nonnegative
function which makes the following inequality hold for any t >0

f(t)§A+B/O f(T)dT—i—a/O G(f(r))dr, (4.1)

where A, B are normal numbers, a>0 is a parameter, G(-) is a smooth function which
holds lim % =0 for some r>1. Then there is a normal number C=C(A,B,T) such
y—

1—r

that f(t) <C for any t€[0,T] and a € (0,0, where the positive number ag < eB(BTAﬁ

Proof. Let F(t)=e B!( A+Bf0 d7+01f0 (7))d7r). Then one has F'(t) <
aeBr=DtET (1), where F(0)= A, and the proof of Lemma 4.1 is thus completed. |

LEMMA 4.2.  Under the conditions of Theorem 3.1, let Z(aj,t) be a smooth solution of
(1.7), and denote

-Az(t) = me<i’t)7 Bi(t) :Z(i’t) X sz(i7t)a Cz(t) = Z(i7t) : (Zx(lﬂt) X sz(iat))a

Di(t) = Zyist) - Zow(ist), Es(t) = Zo (3,1) - Zaa (i,1),

where 1=0,1. Then we have

— £ 1
() =—1Z.(i,t) PG + ——— :
Ail) == 2o OPGi+ 5 0 = 5 9 %
. . 1 . .
,752+19¢><f(91)+7€2+1g1x(gle(gl)),
1 v =1 e =
Ci(t) === (G x F (@) Zo(i,t) = 563"+ Za(ist) = 5—(Gi X G ) Za (it
()= g7 (0% F@)) Zaliot) = g Zalit) = 5 (% G- Zalict)
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—

Z(ist) - £(40),

241
E L1 7. o aIN o 3 o o = .
Di(t) =9 Za(ist) = 5—=(9i X gi' ) Zo(i,t) — 5—(Gi i) Zo(i,t
(t) 1Y (4,t) 52+1(g X gi') - Zy(ist) EQH(Q x f(Gi)) - Zx(i,)
- Zw .at' _;7
AT

o = . 27 /. 7 E =z .. 11 1 = . o
gl(t)__|Z£I?(7’vt)| Z!L’(th)gl +ﬁzz(z7t)gl _mZI(zat)(nggz )
e = . " . 1 . Nt 2.
fmZm(z,t)'(gi Xf(gi))er(grf(gi))(gi “Zy(i,1))

13

g Zelint) [ £ () g7 )

Proof. Tt follows from (1.7) that

— —

ZXZy=eZ X Zing— 20?2 = Zpo+(Z- f(Z)) 2 — f(2).
Hence, we get

' =e Ai() +By(t) +&l Zo (i,t) | Gi + g < f(47), (4.2)

Gi % G =eBy(t) — | Z (i,8)|2G; — Ai () + (i - F(G)) G — f(Gh)- (4.3)
Combining (4.2) with (4.3), it yields that

1
e2+1

3

() ==1Z:(0)° G+ 5
A== |Zo 1O+ 5

1/ — —/
9i — 9i X gi

e R T - . o
_mgixf(gi)+mgi x (gi x f(43))- (4.4)
The proofs of C;(t), D;(t) and &;(t) are similar to the proof of A;(t), we shall omit the
details. 0

Now, we give the a priori uniform estimate on . Denote the global solution of (1.7)
with e >0 by Z.(z,t).

LEMMA 4.3.  Assume that gy(t), gi(t) €C2(RT), @(z)e H2([0,1]), f(Z.)€C>(R?).
Then the solution Z.(x,t) obeys the following bounds uniformly, for any T >0,

sup “Zax('vt)||2§07 sup |‘Zaxx('yt)||2§03
0<t<T 0<t<T

where € € (0,e9], C' is dependent on T and independent of .

Proof.  Drop the subscript ¢ for simplicity. First, taking the scalar product of
(1.7), with Z,, and integrating it with respect to x, we obtain

d, - Yoo L o2 2 = s o
G242 [ 125 Zada= [ (12)x 2y Zrwo b i Za(10) -G Za(0.1)
0 0

S Zelloo + 112213, (4.5)
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where we have used the fact 7 Z,, = —\Zx|2. By the Gronwall inequality, one has
t
I1Z 1551+ [ 1Z.] (4.6
Second, we estimate sup | Zys||2- By integrating by parts, we get
0<t<
1 d 1 . . 1
||Zwa:H2 / mewatdx:_/ waw thdx+Z;E;v Zzt|w 0 (47)
or
= t o1 = t_
||Zm||§=||¢m||§—2/ / Zm-zmdxdTH/ Zow-Zodrll_y. (48
0o Jo 0

Using the Holder and Young inequalities and Lemma 4.2, the terms on the right-hand
side of (4.8) can be bounded by

t t
2/ Zm-Zmd7—|glc=0:2Zm-Zw\;=0|tT=072/ Z o Zpdr|L_
0 0
t
—2{D1 (1)~ Do(r)]y 2 / £1(r)-
<2 (1)l + / 12, (7)1, (4.9)

t 1
—2 / / Zywe Ly dadr
0 Jo
t 1 L
:—2//me-{eZ><(Z><Z o)+ ZX Zpo+Z % f(Z)}pdadr
0 Jo
t . t 1_‘ . .
g—s/ ||ZIM||§dT—2//Zm$~(Z$><Z d$d7+2// — )d:ch
72// van (2% f(2)Z )dxd7+2€/ A
5_6/ ||ZII$||§dT—2//waz~(waZ$I)dxdT
0 0 Jo

t t
+/ ||Zx||§0d7+s/ | Z:|8dr +1, (4.10)
0 0

where we have used the following estimates

[ [ T 1025 o
—2/Z (f(Z) % Zy)|L_pdr — 2// v Zy)edadr

/A F(G) % Za (i, 0d7+/ 1Zaa 2l (93) ||| Z | 3

< [ 1Z.1a, (1.11)
0
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and
72// van - (2% f1(2) Zy)dzdr
:-2/2 (Zxf(2)Z,) |\ 0d7’—|—2// va (Za X f'(2) Zy)dadr
+2// va (ZX fUZ) Zpe) dxdr+2// va (ZX f"(2) 2y Zp)dadr
/A )G x £ 2o i) odr+/ 1Ze ol . Hidr+/ |1 Zea 37
5/0 | Z, |12, dr +1. (4.12)
Putting (4.9)-(4.10) into (4.8), we have
t t t
1Z SN+ 2ol | 1Zeldr e [ 1 Zeular e [ 1Z,150r
—2// oz (Zy X Zyg)dadr +1. (4.13)
Now, we estimate —2f0 fo . (Z mex)dach as follows. Owing to |Z|2—1 Z- 7, =

0, then it is obvious that Z, Zx, Z x Z, form an orthogonal basis in R? for |Z | #£0.
Supposing Z;mc _aZ+ﬁZx+7Z X Zx, then by the direct computation, one gets

a=—|Z,?, p=22E 4= (4.14)

Therefore, by (4.14) and Lemma 4.2, it is derived that

t 1
9 / / Zonn-(Z x Zon)dwdr
0 0
t 1 . N . . t 1 . N . .

:2// |Zx|2me-(Zx><Z)dxdT—|—3//(Zxe)-Zm(\ZxF)xdxdT

0 0 0 0

t 1 . . . . . N . . t .

g5// \Zw|2Za:~(Zt—5Zm—5|Zx|2Z—Z><f(Z))wdxdT—i—C/ 1 Z, |2 dr

0 0 0

. t . t N t o
SIZli+e [ N Zuwalar+e [ 122080+ [ 1 Zelar, (4.15)

0 0 0

where we have used the fact ZZTM:f%QZ_'TF)T Combining the estimates (4.8),
(4.13) and (4.15), we conclude that

t t
Zoc B 123 SN 1 et [ 12l e [ 12041 (a16)
0 0

Set F(t) = Zea|2+6(1Z |12+ Z2||S), where 8 is an undetermined positive number. It
follows from (4.16) that

1. - . . t t
FOS 312l + CUZIE+1ZI9+ [ Feaaree [ Fimares @
0 0
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Taking § >2C, we have

t t
F(t)§1+/ F(T)d7+5/ F3(7)dr.
0 0
Applying the Lemma 4.1, we know that Vt € [0,T],e € (0,£¢], there holds
1Z2 O3+ (1 Zea (1) 13 < C,

where C, g are associated with T,|[£(Z2)loes I/ (Z)llsos 1F"(D)lloss I18]lm2s 1167 lsos

l7i"||so and independent of £. And the proof of Lemma 4.3 is thus finished. |

LEMMA 4.4.  Assume that go(t), gi(t)eC3(RT), @(z)e H3([0,1]), f(Z.)€C3(R?).
Then the solution Z.(x,t) obeys the following bounds uniformly, for any T >0, t€[0,T],
e€(0,e0],

sup ”Zemt('vt)”2§0a sup ||Zermm('at)|‘2§07
0<t<T 0<t<T

where C' and g¢ are dependent on T and independent of €.

Proof. Drop the subscript € for simplicity. Applying integration by parts gives
d oo 1
7/ |th|2dx:2/ Zat - Ly d
dt J, 0
— — 1 — —
:2Za:t'Ztt‘glu:0_2/ Zyat Zyrd,
0
and integrating it in ¢, we have
. . o t ol .
||th(~,t)\|§:||Zm(~,0)||§+2/ .Zm.ztt\;zodfﬂ/ / Zywt + Zypdadr
0 o Jo
t ol .
5—/ / Zwmt'Ztth?dT—Fl. (418)
o Jo

Differentiating Equation (1.7) with respect to ¢, and taking the scalar product of it with

—

Z 2ty then integrating in x and ¢, we have

to
*/ / Zrmt'ZttdIdT
0 Jo
t t t o .
5—5/ ||Zm||§dr+/ ||Z1t||§dr—/ / (7% Zon)- Zomdndr +1. (4.19)
0 0 o Jo
By (4.19), (4.18) can be written as
. t t tol o .
||th\|§+5/ ||th||§d7§/ |\th||§d7—/ / (Zy X Zo) Zpgpdadr +1. (4.20)
0 0 0 Jo
Thanks to |Z_’|2 =1, Z-Zt:O, we assume that wat:u2+u2t+52x Zt, where

M:_QZx'th_me'Zt; Vzga §:(><|Z—*t)|2t
t
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t 1
_ / / (Z, % Zra) Zony dardlr
0
_2/ / z° :Et ZXZt wad.’L‘dT-i-/ / ZXZt) Z_'wzd.TdT

(Zx Z,)
// xZi) m|Z| 77 dadr
|Z,|?

Then

< / 1 Zualdr+ 5 / | Zuwal B +1. (4.21)
0 0

Inserting (4.21) into (4.20) leads to

t t
- € - -
1Zal+5 [ N ZuatlBdr S [ 1 Zualfdr 1.
0 0

Combining the Gronwall inequality, we derive the desired result. In addition, using
system (1.7);, we also have the estimate for ||Z;;z||2 and we complete the proof of
Lemma 4.4. 0

By induction we can obtain that the smooth solution of the problem (1.7) or (1.2)
has the following uniform estimation.

LEMMA 4.5.  Suppose that §o(t), ¢i(t) eC™R"Y), @(z) e H™([0,1]), f(Z.)eC™(R3)
with m>2. Let Z.(x,t) is a classical solution of the problem (1.7) or (1.2), then for
T>0, e€(0,e9], there holds

T
| Zcares (+,t)]]2 +/ | Zegriige (z,0)||5dt < C,
0

where r+2s<m, r,s,m are nonnegative numbers, C and ey are dependent on T and
independent of €.

Thanks to Lemmas 4.3-4.5, it completes the proof of Theorem 1.2.

5. Proof of Theorem 1.3

In this section, we prove the Theorem 1.3. From the global prior estimate and the
independent uniformly-bounded estimate of € and ¢ established in the previous section,
as well as the standard compactness argument, we can obtain the global existence of
smooth solutions for the initial-boundary value problem (1.1) by taking the limit ¢ —0
for the solution set {ZE (z,t)} of (1.7). Now, we only need to prove the uniqueness part
for system (1.1).

Proof. (Proof of Theorem 1.3.) Suppose that Z(x,t) is also a smooth solution
to the system (1.1) and let =2 — Z, we have

Gy =% Do+ 7 e +ii % f(2)+ 2% [1(2) - F(2)). (5.1)

Firstly, taking the L? product of (5.1) with i, we obtain

1d L Lo . -
th” i3 = /szﬁ-ﬁmda:—f—/o i-Zx[f(Z2)— f(Z)]dx
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Slalzlazl2)Zzllo + 131 2112
SIEZA+Z12) + 12 13 Zaoll2- (5:2)

Secondly, taking the inner product of (5.1) with ., and by integrating by parts, we
get

1d Lo s -
§a||ux||§=/ (uxzxxx)'uxdx+/ (qu/(Z)Zx)'uxdx
0 0

v (2 (H2)-1(2) do

x

Slallcll@sll2l Zosall2 + 1llooll T 1211 Zz ll2 + 1|21l Zo |21 @l] oo + a3 2]l 0

SNiael3(1 Zozzllo + 11 Zz ll2+ 11 Zel2)- (5:3)

Combining (5.2) with (5.3), we have
d o S o2 12 NI > 5 5
&(HUHZ"‘HUJEH”S(||u||2+Hux||2)(HZzM”2+||Zx||2+||Zmr||2+||Zz||2+1)~

Thus, by the Grénwall inequality we obtain =0 when || Zypell2, | Zaell2 € L1(0,T)).
This completes the proof of Theorem 1.3. a0
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