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HIGH FRICTION LIMITS OF EULER–NAVIER–STOKES–KORTEWEG
EQUATIONS FOR MULTICOMPONENT MODELS∗

GIADA CIANFARANI CARNEVALE† AND CORRADO LATTANZIO‡

Abstract. In this paper we analyze the high friction regime for the Navier–Stokes–Korteweg
equations for multicomponent systems. According to the shape of the mixing and friction terms, we
shall perform two limits: the high friction limit toward an equilibrium system for the limit densities
and the barycentric velocity, and, after an appropriate time scaling, the diffusive relaxation toward
parabolic, gradient flow equations for the limit densities. The rigorous justification of these limits
is done by means of relative entropy techniques in the framework of weak, finite energy solutions of
the relaxation models, rewritten in the enlarged formulation in terms of the drift velocity, toward
smooth solutions of the corresponding equilibrium dynamics. Finally, since our estimates are uniform
for small viscosity, the results are also valid for the Euler–Korteweg multicomponent models, and the
corresponding estimates can be obtained by sending the viscosity to zero.
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1. Introduction

In this paper we study the high friction limit for the Navier-Stokes-Korteweg mul-
ticomponent systems [19,24,26], that is:

∂tρi+div(ρiui)=0

∂t(ρiui)+div(ρiui⊗ui)−2νdiv(µL(ρi)D(ui))−ν∇(λL(ρi)divui)+∇ργi

=ρi∇
(
k(ρi)∆ρi+

1

2
k′(ρi)|∇ρi|2

)
− 1

ϵ

n∑
j=1

bi,jρiρj(ui−uj)−
Mi

ϵ
ρiui,

(1.1)

where i=1, ·· · ,n, t>0, x∈T3, the n-dimensional torus, ρi are the particles’ density,
ui their velocities (and, accordingly, mi=ρiui their momenta), ν≥0 is the viscosity
coefficient, Mi≥0, and the singular coefficient 1/ϵ in front of the terms

−
n∑

j=1

bi,jρiρj(ui−uj)−Miρiui

is responsible for the high friction regime ϵ→0. The term k(ρi)≥0 stands for the
capillarity coefficient and usually has the form of the power law, while D(ui) is the
symmetric part of the gradient ∇ui, and the Lamé coefficients µL(ρi) and λL(ρi) satisfy,
for every particles’ density,

µL(ρi)≥0;
2

n
µL(ρi)+λL(ρi)≥0. (1.2)
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1816 HIGH FRICTION LIMITS FOR MULTICOMPONENT MODELS

We consider, for simplicity, γ-law pressure, that is p(ρi)=ρ
γ
i with γ>1 and the corre-

sponding internal energy h(ρi) is given by:

h(ρi)=
ργi
γ−1

;

more general hypotheses for the monotone function p(ρ) can be considered. Moreover,
as usual for this kind of models, we rewrite the pressure and the Korteweg terms by
introducing the stress tensors Ti in the following way:

−∇ργi +ρi∇
(
k(ρi)∆ρi+

1

2
k′(ρi)|∇ρi|2

)
=divTi.

The novelty of the multicomponent model presented here is the presence of many
different particles, and as a consequence, the presence of the interaction term

n∑
j=1

bi,jρiρj(ui−uj),

which stands for the momentum production rate due to diffusive mixing. Here, the
nonnegative matrix bi,j models the interaction of the i-th and j-th components, with
a strength weighted by ϵ. In addition, as already proposed in [24], we also consider
a diagonal term Miρiui, Mi≥0, accounting for a (classical) friction term. The term
modeling the mixing shall agree with the conservation of the total momentum, while
the latter friction term comes as a body force, in accordance with the single component
case [24]. Hence, we shall require

n∑
i,j=1

bi,jρiρj(ui−uj)=0, (1.3)

which is true provided the matrix {bi,j}ni,j=1 is symmetric. Moreover, this condition and
assumptions bi,j ≥0 and Mi≥0 guarantee the dissipative structure of the model. In-
deed, introducing the vectors ρ̂=(ρ1, ·· · ,ρn) and m̂=(m1,·· · ,mn), the total mechanical
energy associated to (1.1) is given by

ηtot(ρ̂,m̂,∇ρ̂) :=
n∑

i=1

η(ρi,mi,∇ρi) :=
n∑

i=1

(
1

2
ρi|ui|2+

ργi
γ−1

+
1

2
k(ρi)|∇ρi|2

)
(1.4)

and it verifies the following relation:

d

dt

n∑
i=1

∫
T3

(
1

2
ρi|ui|2+

ργi
γ−1

+
1

2
k(ρi)|∇ρi|2

)
dx+

1

2ϵ

n∑
i,j=1

∫
T3

1

2
bi,jρiρj |ui−uj |2dx

+
1

ϵ

n∑
i=1

∫
T3

Miρi|ui|2 dx=0,

being

n∑
i,j=1

bi,jρiρj(ui−uj) ·ui=
1

2

n∑
i,j=1

bi,jρiρj |ui−uj |2≥0. (1.5)
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Concerning the aforementioned mixing term, we collect here below all required assump-
tions, referred to as Stefan-Maxwell Ansatz [24]. We introduce the Rn×Rn matrix B
defined as

Bi,j := bi,jρiρj (1.6)

and we assume

bi,j = bj,i≥0 for any i,j=1, ·· · ,n; bi,i=−
∑

j=1,j ̸=i

bi,j . (1.7)

We observe that, thanks to (1.7), we readily obtain

n∑
j=1

bi,jρiρj(ui−uj)=
n∑

j=1

Bi,j(ui−uj)=−
n∑

j=1

Bi,juj ,

because, for any j=1,. ..,n,

n∑
j=1

Bi,jui=0.

For later convenience, we thus introduce the matrix τ :=−B and u solution of (1.3) is
equivalent to u∈Ker(τ). Moreover, since (1,·· · ,1)∈Ker(τ), then dimKer(τ)≥1. The
study of this kernel will be crucial in the forthcoming discussions and we shall consider
appropriate conditions for it in the sequel.

Following [19,24], the present investigation is confined in the analysis of the behavior
of weak, finite energy solutions of such systems in the high friction regime, and not on
their existence; for the latter, for single component cases, see [3–6] and the references
therein. Hence, in the present paper we are dealing with the rigorous justification of
relaxation limits [8, 10, 12, 27], in particular using relative entropy approach [25]. As
we shall point out later, when the diagonal term Miρiui is present in the model, we
shall obtain a nontrivial equilibrium dynamic after a time scaling, leading to a diffusive
relaxation limit. These kind of limits have been addressed in different frameworks and
with using many tools. In particular, we refer to [15] and the references therein for
the results concerning weak solutions and compactness arguments; in this context, see
also [2] for a recent study concerning the relaxation limit for weak, finite energy solutions
to the Quantum Navier–Stokes–Poisson system toward weak solutions of Quantum drift–
diffusion equation. Still in the context of diffusive relaxations, many other (diffusive)
limits have been addressed using relative entropy tools; among others, see [7,11,14,16].
Finally, referring in particular to multicomponent models, we shall also mention here the
relevant examples of relaxation limits for (bipolar) Euler-Poisson equations describing
electrons and positively charged ions in plasmas or semiconductors [1, 20,21].

Our analysis takes advantage of relative entropy techniques in the framework of
finite energy weak solutions of the enlarged formulation of (1.1), namely we rewrite the
latter in terms of the drift velocity vi [9]:

vi=
∇µ(ρi)
ρi

,

where µ(ρi) satisfies µ
′(ρi)=

√
ρik(ρi). In this way it is possible to obtain the following
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augmented formulation of (1.1):

∂tρi+div(ρiui)=0

∂t(ρiui)+div(ρiui⊗ui)−2νdiv(µL(ρi)D(ui))−ν∇(λL(ρi)divui)+∇ργi

=div(µ(ρi)∇vi)+
1

2
∇(λ(ρi)divvi)−

1

ϵ

n∑
j=1

bi,jρiρj(ui−uj)−
Mi

ϵ
ρiui

∂t(ρivi)+div(ρivi⊗ui)+div(µ(ρi)
t∇ui)+

1

2
∇(λ(ρi)divui)=0,

(1.8)

where λ(ρi)=2(µ′(ρi)ρi−µ(ρi)). Using the relation between µ(ρi) and λ(ρi) we define:

divSi=div(µ(ρi)∇vi)+
1

2
∇(λ(ρi)divvi),

divKi=div(µ(ρi)
t∇ui)+

1

2
∇(λ(ρi)divui),

and we readily obtain∫
T3

divSi ·ui dx=−
∫
T3

µ(ρi)∇vi :∇ui dx−
1

2

∫
T3

λ(ρi)divvidivui dx

=−
∫
T3

µ(ρi)
t∇ui :∇vi dx−

1

2

∫
T3

λ(ρi)divuidivvi dx

=

∫
T3

divKi ·vi dx. (1.9)

The above identity comes from the symmetry of ∇vi, which implies t∇ui :∇vi=∇vi :
∇ui.

Hence, in contrast with the one used in [19, 24], as already done in [13], the strat-
egy we shall use here is to estimate the following relative entropy, expressed in terms
of the momenta mi=ρiui and the drift momenta Ji=ρivi=∇µ(ρi). To this end, us-
ing again the notation ρ̂=(ρ1, ·· · ,ρn), m̂=(m1, ·· · ,mn), Ĵ(x,t)=(J1, ·· · ,Jn), and the
relative entropy is then given by

ηtot(ρ̂,m̂,Ĵ | ¯̂ρ, ¯̂m, ¯̂J)(t) :=
n∑

i=1

η(ρi,ui,Ji|ρ̄i,ūi, J̄i)

:=

n∑
i=1

(
η(ρi,ui,Ji)−η(ρ̄i,ūi,J̄i)−

∂η

∂ρi
(ρ̄i,ūi,J̄i)(ρi− ρ̄i)

− ∂η

∂mi
(ρ̄i,ūi, J̄i)(mi−m̄i)−

∂η

∂Ji
(ρ̄i,ūi, J̄i)(Ji− J̄i)

)
,

where we recall ηtot(ρ̂,m̂,Ĵ) is defined as

ηtot(ρ̂,m̂,Ĵ)=

n∑
i=1

η(ρi,mi,Ji)=

n∑
i=1

(
1

2

|mi|2

ρi
+

1

2

|Ji|2

ρi
+h(ρi)

)
, (1.10)

that is, (1.4) after we have introduced the variables Ji. As a consequence, the quadratic
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expression we shall estimate here becomes the integral of ηtot in dx, namely:

Σtot(ρ̂,m̂,Ĵ | ¯̂ρ, ¯̂m, ¯̂J)(t) :=
∫
T3

n∑
i=1

η(ρi,ui,Ji|ρ̄i,ūi, J̄i)dx

=

∫
T3

n∑
i=1

(
1

2
ρi

∣∣∣∣mi

ρi
− m̄i

ρ̄i

∣∣∣∣2+ 1

2
ρi

∣∣∣∣Jiρi − J̄i
ρ̄i

∣∣∣∣2+h(ρi|ρ̄i)
)
dx.

(1.11)
The behavior of the system under investigation here in the high friction regime ϵ→0

strongly relies on the presence or absence of the diagonal termMiρiui≥0. Indeed, when
this term is present, the high friction regime, after an appropriate time scaling, is given
by the following parabolic equation:

∂tρi=divx

(
ρi∇x

(
h′(ρi)+k(ρi)∆ρi+

1

2
k′(ρi)|∇ρi|2

))
, for any i=1, ·· · ,n, (1.12)

both for Euler–Korteweg and Navier–Stokes–Korteweg systems, as one can check by
performing the classical Hilbert expansion; see Section 2 for details. Concerning the
Lamé coefficients, besides the natural condition (1.2) needed to guarantee the dissipa-
tive nature of the viscosity terms, in this case we shall assume only appropriate uniform
integrability conditions, without a precise connection with the capillarity coefficient
k(ρ), as it is usually needed in the analysis of these models, as these terms will come as
higher order errors in the limit. In other words, in the case Mi>0 we are dealing with
a diffusive relaxation, as the hyperbolic system converges toward parabolic equilibrium
systems (1.12) in the diffusive scaling. Starting from [22], where the authors discussed
the case of the diffusive relaxation of the Euler system with friction toward the porous
media equation in the single component case, a general framework for the relative en-
tropy calculation and the analysis of the diffusive limits have been presented in [17,23];
see also [18] for the non–monotone pressure cases. The models under investigation here,
without viscosity, mixing, and friction terms, are included in the framework of abstract
Euler flows generated by the first variation of an energy functional E(ρ) introduced in
these papers: 

∂tρ+div(ρu)=0

ρ∂tu+ρu ·∇u=−ρ∇δE
δρ
.

Specifically, system (1.1) is obtained for the following particular choice for E(ρ):

E(ρ)=
∫ n∑

i=1

(
h(ρi)+

1

2
k(ρi)|∇ρi|2

)
dx. (1.13)

These results have been improved following the enlarged formulation of [9], and in
particular the diffusive relaxation limit for the single component case is treated in [13].
As already mentioned above, in the present work we shall then adopt the same strategy
of [13] for the multicomponent system, thus improving the results contained in [24], as
we include viscosity and capillarity effects in our model. It is worth observing that the
stability result we obtain in the Navier–Stokes–Korteweg case is uniform for 0<ν≪1,
and thus we obtain in particular the corresponding estimate also for the Euler–Korteweg
model, by taking the limit ν→0+ in the former inequality.
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The case Mi=0, treated in [19], is significantly different, as we do not perform any
diffusive time scaling, and the equilibrium system in the case ν=0 is not parabolic,
namely, there is no emergence of diffusive behavior in the high friction regime. Indeed,
following the argument of this paper, after the Hilbert expansion of (1.8) in Section
2, we recover the following hyperbolic system at equilibrium, where we introduce the
notation ·̄ to indicate the equilibrium dynamics for the system:

∂tρ̄i+div(ρ̄iū)=0

∂t(ρ̄ū)+div(ρ̄ū⊗ ū)+
n∑

i=1

∇p(ρ̄i)−2ν

n∑
i=1

div(µL(ρ̄i)D(ū))−ν
n∑

i=1

∇(λL(ρ̄i)div(ū))

=

n∑
i=1

div(µ(ρ̄i)∇v̄i)+
n∑

i=1

1

2
∇(λ(ρ̄i)div v̄i)

∂t(ρ̄iv̄i)+div(ρ̄iv̄i⊗ ū)+div(µ(ρ̄i)
t∇(ū))+

1

2
∇(λ(ρ̄i)div(ū))=0.

(1.14)

We recall here that µL(ρi),λL(ρi)≥0 stand for the Lamé coefficients, while µ(ρi),λ(ρi)
are the capillarity ones used in the augmented formulation. Finally, ū stands for the
barycentric velocity defined by the following relations:

ρ̄=

n∑
i=1

ρ̄i, ρ̄ū=

n∑
i=1

ρ̄iūi.

As it is manifested, contrary to the previous analysis, the equilibrium dynamics is
described by the group velocity ū for each particle density ρ̄i. This is a consequence of
the absence of the diagonal term Miρiui in the momentum equation and therefore the
interaction mixing term

n∑
j=1

bi,jρiρj |ui−uj |

alone plays the role of an alignment term for the velocities ui.
Another important difference with the previous case concerns the presence of the

viscosity term also in the equilibrium system (1.14), which, in this scaling, are not higher
order errors (see again Section 2 for details), and we are thus forced to manage them
differently in the relative entropy calculation. For this, as in [9], we shall make the
following particular choices for the Lamé coefficients: µL(ρi)=µ(ρi) and λL(ρi)=λ(ρi),
which will be crucial to estimate the viscosity terms by means of the relative entropy and
thus obtain the desired stability for the limit under investigation. Besides the presence
of these extra terms in our model, thanks to the enlarged formulation adopted here, we
are also able to consider more general capillarity coefficients, and thus slightly generalize
the results proved in [19] also under this point of view. Indeed, as already pointed out
for the previous case, our stability estimate is uniform for 0<ν≪1 and it is consistent
with the one obtained in the Euler–Korteweg case in [19] in the limit ν→0+.

The remaining part of this paper is organized as follows. In Section 2 we present
the Hilbert expansion of system (1.8) in both cases Mi=0 and Mi>0, underlining in
particular the differences due to the presence/absence of the diagonal term Miρiui. In
Section 3 we investigate the case of (1.8) when Mi>0. As already noted before, the
equilibrium is given by the parabolic equation for each particle density ρi, namely the
gradient flow (1.12) written in terms of the drift velocity vi, both for Euler–Korteweg
and Navier–Stokes–Korteweg, consistent with [13] for the single component case. We
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prove a stability estimate between weak, entropic solutions of (1.1) and strong solutions
of the equilibrium system, exploiting the multicomponent version of the relative entropy
inequality. The last section is devoted to the complementary case Mi=0: the structure
is the same as the one in Section 3, however this time no diffusive scaling is present
and the equilibrium is given by the system satisfied by the densities and the barycentric
velocity.

2. Hilbert expansion

In this section we shall perform a Hilbert expansion for solution of (1.8) as a first
step in the analysis of our high friction limit. To this end, we have to study the solvability
properties of the linear system depending on Mi≥0 given by:

−
n∑

j=1

bi,jρiρj(ui−uj)−Miρiui=di, di∈R3, i=1, ·· · ,n, (2.1)

and the associated homogeneous system

n∑
j=1

bi,jρiρj(ui−uj)+Miρiui=0, i=1, ·· · ,n. (2.2)

The authors in [19] make the following hypothesis for the homogeneous system with
Mi=0:

n∑
j=1

Bi,j(ui−uj)=0, i=1,·· · ,n, (2.3)

where Bi,j is defined in (1.6).

(A1) Let {bi,j}ni,j=1 be a symmetric matrix such that bi,j ≥0 for i ̸= j. For any ρi>
0, i=1, ·· ·n, system (2.3) has the one dimensional null space span{1}, where
1=(1, ·· · ,1)∈Rn.

Let us emphasize that, if bi,j>0 for any i,j, the above hypothesis is automatically
satisfied, as it manifests from (1.5).

The following result is proved in [19, Lemma 1] and it will be used in the Hilbert
expansion to provide a semi–explicit solution to system (2.1) in the case Mi=0 for any
i=1,. ..,n. It is worth observing that such system is independent of the specific compo-
nent of the vectors ui∈R3 and therefore its resolution and the subsequent computations
of this section are done component-wise (when not otherwise specified).

Lemma 2.1 (Lemma 1 in [19]). Let d1, ·· · ,dn∈R3 satisfy
∑n

i=1di=0, ρi>0 for
i=1,·· · ,n and assume condition (A1) above. Then the system

−
n∑

j=1

Bi,j(ui−uj)=di i=1, ·· ·n, subject to

n∑
i=1

ρiui=0

has the unique solution

ρiui=−
n∑

j,k=1

(
δi,jρi−

ρiρj
ρ

)
(τ)−1

j,kdk, ρnun=−
n∑

j=1

ρjuj ,
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where i=1, ·· · ,n ρ=
∑n

i=1ρi>0 and (τ)−1
i,j ∈R(n−1)×(n−1) is the inverse of a regular

submatrix, obtained from reordering the matrix τi,j ∈Rn×n of rank n−1 with coefficients

τi,j = δi,j

n∑
k=1

Bi,k−Bi,j , i,j=1,·· · ,n. (2.4)

It is worth observing that, in view of the assumption (1.7), the definition (2.4) of τ
in Lemma 2.1 coincides with the matrix τ =−B, for B defined in (1.6).

Now, we pass to the study of the solvability of (2.1), when the coefficients Mi do
not all vanish. Therefore, let us identify the null-space of system (2.2) and, to this end,
we prove the following result concerning the matrix

τM := τ+M ; M =diag(M1ρ1,. ..,Mnρn). (2.5)

Proposition 2.1. Let B be any positive semi-definite matrix as in (1.6) and let
τ =−B. Moreover, let M be any diagonal, positive semi-definite matrix M defined as
in (2.5). Then, the following property holds:

Ker(M)∩Ker(τ)=Ker(τM ). (2.6)

Proof. (⊆)
Let us suppose u∈Ker(M)∩Ker(τ), then

τM ·u=(τ+M) ·u= τ ·u+M ·u=0,

therefore u∈Ker(τM ).
(⊇) Let u∈Ker(τM ) so that τ ·u+M ·u=0. Multiplying this equality by u, using

the definition of τi,j and the property in (1.7), we can then write

n∑
i,j=1

bi,jρiρj(ui−uj) ·ui+
n∑

i=1

Miρi|ui|2=0.

Since bi,j = bj,i, this is equivalent to requiring

1

2

n∑
i,j=1

bi,jρiρj |ui−uj |2+
n∑

i=1

Miρi|ui|2=0,

and, being in addition bi,j and Mi non-negative for any i and j, we further deduce

n∑
i=1

Miρi|ui|2=0.

Hence, for any index for which Miρi>0 we obtain ui=0, that is, since M is diagonal,
M ·u=0. This implies u∈Ker(M) and consequently u∈Ker(τ), being −τ ·u=M ·u=
0, and the proof is complete.

This simple observation helps us to analyze the kernel of the matrix τM if M ̸=0.
However, even if the dim(Ker(M)∩Ker(τ))=1=Ker(τM ) and thus Rk(τM )=n−1,
we can not follow the proof of Lemma 2.1 to find the unique solution of the non-
homogeneous system (2.1). Due to the presence of the drug force in our model, the



G. CIANFARANI CARNEVALE AND C. LATTANZIO 1823

total momentum is not conserved, and we do not have, in general, additional information
about its solutions. On the other side, when Ker(τ)∩Ker(M)={0} the matrix τM is
invertible and system (2.1) has a unique solution given by

u=−(τM )−1d,

as in the case of our framework (A2) below. Further, general conditions which guarantee
the invertibility of τM could be considered as well, but one needs specific information
about the matrices τ and M . For this, we analyze here below some simple examples to
show that it is not possible, in general, to get information on the increase of the rank
of τ+M by looking only to the rank of τ and the rank of M , but one needs to know
information on the structure of their null spaces, and not only on their dimensions.

Example 2.1. Let us consider a matrix τ ∈R4×4 defined as in (2.4) such that Rk(τ)=
2 and ρi=ρj =1, for every i,j=1, ·· · ,4; for instance:

τ =


1 0 −1 0
0 1 0 −1
−1 0 1 0
0 −1 0 1

 .
Then

Ker(τ)= span{(1,0,1,0),(0,1,0,1)}.

Now, for M defined as follows

M =


m1 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0

,
with m1>0, clearly we have

Ker(M)= span{(0,1,0,0),(0,0,1,0),(0,0,0,1)}.

In this case the resulting matrix τM is such that Rk(τM )=3>Rk(τ)=2. Indeed, the
solution of the homogeneous system (τM ) ·u=0 is

{(0,t,0,t);t∈R}=Ker(τ)∩Ker(M)=Ker(τM ).

Using the result of Proposition 2.1, we readily obtain this relation, being

{(0,t,0,t);t∈R}=Ker(τ)∩Ker(M)=Ker(τM ).

Let us now consider two 4×4 matrices M1,M2 with rank 2 in two possible configu-
rations, that is

M1=


m1 0 0 0
0 m2 0 0
0 0 0 0
0 0 0 0

 , M2=


m1 0 0 0
0 0 0 0
0 0 m3 0
0 0 0 0

,
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such that m1,m2,m3>0. The solutions of the corresponding systems (τ+Mi)u=0 are
discussed here below. In the first case,

Ker(M1)= span{(0,0,1,0),(0,0,0,1)}.

From a direct inspection of the system (τ+M1)u=0 we obtain only the trivial so-
lution, that is τ+M1 is invertible.

Again, we remark that Ker(τ)∩Ker(M1)={0}, and τM is invertible from Propo-
sition 2.1.

In the second case,

Ker(M2)= span{(0,1,0,0),(0,0,0,1)}

the null space of τ+M2 is given by span{(0,1,0,1)}, i.e., τ+M2 has rank 3. As before,

{(0,t,0,t);t∈R}=Ker(τ)∩Ker(M2)=Ker(τ
M ).

As already mentioned above, we present a possible framework for which τM becomes
invertible. Analogous to condition (A1) above, we make the following hypothesis; how-
ever, see also Remark 2.2.

(A2) Let {bi,j}ni,j=1 be such that hypothesis (A1) holds and assume there exists at
least one index ī∈{1, ·· · ,n} such that Mīρī>0.

Corollary 2.1. If (A2) holds, then τM is invertible.

Proof. If u∈Ker(τM ) then, in view of Proposition 2.1, u∈Ker(τ)∩Ker(M) and,
in particular, following the proof of this result, we conclude

n∑
i=1

Miρi|ui|2=0.

From (A2) we know that there exists at least one index ī such that Mīρī>0 and,
correspondingly, from the above equality we conclude uī=0. Finally, since Ker(τ)
reduces to span{1} in view of condition (A1), we conclude u=(0, ·· · ,0) is the unique
solution of (2.2) and the proof is complete.

Remark 2.1. In the case Mi>0 for every i=1,·· · ,n we do not need to impose any
condition for the null space of system (2.3) as in (A1). Indeed, following the previous
analysis we get the same energy equality:

1

2

n∑
i,j=1

bi,jρiρj |ui−uj |2+
n∑

i=1

Miρi|ui|2=0 (2.7)

and, as before,

n∑
i=1

Miρi|ui|2=0.

Then, since Mi>0 for every i, then the only solution is the trivial one, namely ui=0
for i=1, ·· · ,n Summarizing, with τi,j given as before, system (2.2) rewrites as follows:

n∑
j=1

τi,juj+Miρiui=0, i=1, ·· · ,n, (2.8)
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and therefore, under the assumption (A2), the matrix τM is invertible and we can find
the solution ui for every i∈{1,·· · ,n} from (2.1): u=−(τMi,j )

−1d. This is the result
corresponding to Lemma 2.1 when a diagonal friction term is present. In the sequel, we
shall then refer to the aforementioned frameworks: (A1) ifM =0 and (A2) ifM ̸=0. The
unique solution of the corresponding non-homogeneous linear system will then be used
in the forthcoming Hilbert expansion, leading to the hyperbolic equilibrium dynamics
satisfied by the barycentric velocity in the framework (A1), and leading to the (easier)
case of a parabolic equilibrium dynamics, in the framework (A2).

We are now ready to perform the Hilbert expansion of system (1.8) in the high friction
regime, namely for small ϵ>0. For this, let us introduce the following quantities:

ρϵi =ρ
0
i +ϵρ

1
i +O(ϵ2);

uϵi =u
0
i +ϵu

1
i +O(ϵ2);

vϵi =v
0
i +ϵv

1
i +O(ϵ2).

(2.9)

We study separately the cases M>0 and M =0.

2.1. M>0; framework (A2). Let us start by inserting the expansions (2.9)
into the Equations (1.8). Collecting the terms of the same order we get:

• O(1/ϵ):

n∑
j=1

bi,jρ
0
i ρ

0
j (u

0
i −u0j )+Miρ

0
iu

0
i =

n∑
j=1

τM,0
i,j ·u0j =0; τM,0

i,j =−bi,jρ0i ρ0j +Miρ
0
i ;

• O(1):

∂tρ
0
i +div(ρ0iu

0
i )=0;

∂t(ρ
0
iu

0
i )+div(ρ0iu

0
i ⊗u0i )−2νdiv(µL(ρ

0
i )D(u0i ))−ν∇(λL(ρ

0
i )divu

0
i )+∇p(ρ0i )

=div(µ(ρ0i )∇v0i )+
1

2
∇(λ(ρ0i )divv

0
i −

n∑
j=1

bi,jρ
1
i ρ

0
j (u

0
i −u0j )

−
n∑

j=1

bi,jρ
0
i ρ

1
j (u

0
i −u0j )−Miρ

1
iu

0
i −

n∑
j=1

τM,0
i,j u1j ;

∂t(ρ
0
i v

0
i )+div(ρ0i v

0
i ⊗u0i )+div(µ(ρ0i )

t∇u0i )+
1

2
∇(λ(ρ0i )divu

0
i )=0.

Under the framework (A2), we know that τM is invertible and therefore the only solution
of the homogeneous system obtained at order 1/ϵ is u0i =0 for every i=1, ·· · ,n. Hence,
the momentum equation in O(1) reduces to

n∑
j=1

τM,0
i,j u1j =−∇p(ρ0i )+div(µ(ρ0i )∇v0i )+

1

2
∇(λ(ρ0i )divv

0
i =:d0i , (2.10)

and, since τM,0 is invertible, we can find u1i as function of ρ0i :

u1i =

n∑
k=1

(τM,0)−1
i,kd

0
k. (2.11)



1826 HIGH FRICTION LIMITS FOR MULTICOMPONENT MODELS

Moreover, the continuity equation and the “drift” equation reduce to the trivial relations
∂tρ

0
i =0 and ∂t(ρ

0
i v

0
i )=0, being ρ0i v

0
i =∇µ(ρ0i ).

At this point it remains to express each component in R3 of the n-velocities ui.
Following the argument in [24] we compute in T3×(0,T ) the Kronecker product:

τ̄M,0= τM,0⊗I3∈R3n×3n. (2.12)

The matrix τ̄M,0 is invertible since it is defined as the Kronecker product of two invertible
matrices, and therefore we can compute the first non-trivial term in the expansion for
the momentum, namely ρ0iu

1
i for every i ∈{1, ·· · ,n}.

Now, using (2.11) in the O(ϵ) part of the continuity equation

∂tρ
1
i +div(ρ0iu

1
i )=0, (2.13)

we readily obtain

∂tρ
1
i +div

(
ρ0i (τ̄

M,0)−1 ·
(
∇p(ρ0i )−div(µ(ρ0i )∇v0i )−

1

2
∇(λ(ρ0i )divv

0
i )

))
=0. (2.14)

Therefore, the continuity equation for ρϵi and uϵi in (2.9) up to order ϵ2 is given by
summing the trivial relation ∂tρ

0
i =0 to ϵ times (2.13):

∂t(ρ
0
i +ϵρ

1
i )+ϵdiv(ρ

0
iu

1
i )=0,

that is, using instead (2.14):

∂tρ
ϵ
i+ϵdiv

(
ρϵi (τ̄

M,ϵ)−1 ·
(
∇p(ρϵi)−div(µ(ρϵi)∇vϵi )−

1

2
∇(λ(ρϵi)divv

ϵ
i )

))
=0,

where

τ̄M,ϵ= τM,ϵ⊗I3; τM,ϵ
i,j =−bi,jρϵiρϵj+Miρ

ϵ
i .

Hence, in order to recover a non-trivial behaviour in the limit ϵ→0, as customary
in diffusive limits, one has to rescale the time variable ∂t→ ϵ∂t in the original model, as
done in [24]. In this paper, the authors consider the following system:

∂tρi+
1

ϵ
div(ρiui)=0

∂t(ρiui)+
1

ϵ
div(ρiui⊗ui)+

1

ϵ
∇p(ρi)=− 1

ϵ2

n∑
j=1

bi,jρiρj(ui−uj)−
1

ϵ2
Miρiui

(2.15)

and show that as ϵ→0 the hyperbolic system converges to the parabolic system:

∂tρ̄i+div
(
C̃(ρ̄)−1∇p(ρ̄i)

)
=0 for i=1,·· · ,n,

where C̃(ρ̄)= C̄(ρ̄)⊗I3 as defined in Remark 2.2 below. In the present paper we extend
the results of [24] by adding capillarity and viscosity effects in the system, thus studying
the diffusive relaxation limit of the model (3.2), obtained after the aforementioned
scaling of time in the augmented formulation (1.8); see Section 3 for details.
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Specifically, the system we shall investigate becomes

∂tρi+
1

ϵ
div(ρiui)=0

∂t(ρiui)+
1

ϵ
div(ρiui⊗ui)−

2

ϵ
νdiv(µL(ρi)D(ui))−

ν

ϵ
∇(λL(ρi)divui)+

1

ϵ
∇ργi

=
1

ϵ
div(µ(ρi)∇vi)+

1

2ϵ
∇(λ(ρi)divvi)−

1

ϵ2

n∑
j=1

bi,jρiρj(ui−uj)−
Mi

ϵ2
ρiui

∂t(ρivi)+
1

ϵ
div(ρivi⊗ui)+

1

ϵ
div(µ(ρi)

t∇ui)+
1

2ϵ
∇(λ(ρi)divui)=0,

(2.16)

Therefore, as noticed above, using the Hilbert expansion, from the O(1/ϵ2) term

n∑
j=1

bi,jρ
0
i ρ

0
j (u

0
i −u0j )+Miρ

0
iu

0
i =

n∑
j=1

τM,0
i,j ·u0j =0,

we readily obtain u0i =0 for any i=1,. ..,n. Hence, the continuity equation starts from
order O(1), that is:

∂tρ
0
i +div(ρ0iu

1
i )=0,

and the momentum equation at order O(1/ϵ) gives (2.10) and, as a consequence, (2.11).
Finally, for τ̄M,0 defined in (2.12), we obtain the following parabolic system at equilib-
rium:

∂tρ
1
i +div

(
ρ0i (τ̄

M,0)−1 ·
(
∇p(ρ0i )−div(µ(ρ0i )∇v0i )−

1

2
∇(λ(ρ0i )divv

0
i )

))
=0.

Remark 2.2. Let us remark that the authors in [24] make the following assumption
on the friction coefficients, motivated by experimental evidence: Mi>>bi,j , ensuring
that the matrix C̄=diag(Mi)−diag(ρi)B, where B={bi,j}ni,j=1 is in fact diagonally
dominant and positive definite, thus invertible using the Kronecker product as above.
Thanks to this condition, each component in the limiting dynamics evolves according to
its velocity, while, without the diagonal term M , one needs to introduce a barycentric
velocity as done in next section. We stress that the invertibility condition, referred to
the matrix C̄ associated to the non-homogeneous system (2.10) has the purpose to solve
for ρ0iu

1
i while, from the discussion above, we deduced the invertibility of the matrix

−τi,j+diag(Miρi), which allows us to find directly u1i in function of ρ0i ; see (2.11).

2.2. M=0; framework (A1). In the case under investigation, namely for
Mi=0 and ν≥0, we follow the approach of [19]. We introduce the barycentric velocity
u, the relative velocities wi=ui−u, and their expansions, namely:

wϵ
i =w

0
i +ϵw

1
i +O(ϵ2);

uϵ=u0+ϵu1+O(ϵ2).
(2.17)

Moreover, we have to consider also the total density and the moments:

ρ=

n∑
i=1

ρi, ρu=

n∑
i=1

ρiui, ρv=

n∑
i=1

ρivi. (2.18)
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Using these extra quantities, the original system (1.8) becomes:

∂tρi+div(ρiwi+ρiu)=0

∂t(ρiwi+ρiu)+div(ρi(wi+u)⊗(wi+u))+∇ργi −2νdiv(µL(ρi)D(wi+u))

−ν∇(λL(ρi)div(wi+u))=div(µ(ρi)∇vi)+
1

2
∇(λ(ρi)divvi)−

1

ϵ

n∑
i,j=1

bi,jρiρj(wi−wj)

∂t(ρivi)+div(ρivi⊗(wi+u))+div(µ(ρi)
t∇(wi+u))+

1

2
∇(λ(ρi)div(wi+u))=0,

(2.19)
subject to the condition:

n∑
i=1

ρiwi=

n∑
i=1

ρi(ui−u)=
n∑

i=1

ρiui−ρu=0. (2.20)

Using (2.17) in (2.20) the latter becomes:

0=

n∑
i=1

ρiwi=

n∑
i=1

ρ0iw
0
i +ϵ

n∑
i=1

(ρ0iw
1
i +ρ

1
iw

0
i )+O(ϵ2),

that is, looking at order O(1) and at order O(ϵ):

n∑
i=1

ρ0iw
0
i =0;

n∑
i=1

(ρ0iw
1
i +ρ

1
iw

0
i )=0. (2.21)

Finally, we use (2.9)1 to deduce the following expansion of the total mass ρ:

ρ=ρ0+ϵρ1+O(ϵ2),

where

ρ0 :=

n∑
i=1

ρ0i ; ρ1 :=

n∑
i=1

ρ1i .

Plugging the above expansions in (2.19) and collecting the terms of the same order in
ϵ we obtain:

• O(1/ϵ):

n∑
j=1

bi,jρiρj(w
0
i −w0

j )=0; (2.22)

• O(1):

∂tρ
0
i +div(ρ0iw

0
i +ρ

0
iu

0)=0;

∂t(ρ
0
iw

0
i +ρ

0
iu

0)+div(ρ0i (w
0
i +u

0)⊗(w0
i +u

0))+∇p(ρ0i )
−2νdiv(µL(ρi)D(w0

i +u
0))−ν∇(λL(ρ

0
i )div(w

0
i +u

0))

=div(µ(ρ0i )∇v0i )+
1

2
∇(λ(ρ0i )divv

0
i )−

n∑
j=1

bi,jρ
0
i ρ

0
j (w

1
i −w1

j )
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−
n∑

j=1

bi,j(ρ
1
i ρ

0
j +ρ

0
i ρ

1
j )(w

0
i −w0

j ); (2.23)

∂t(ρ
0
i v

0
i )+div(ρ0i v

0
i ⊗(w0

i +u
0))+div(µ(ρ0i )

t∇(w0
i +u

0))

+
1

2
∇(λ(ρ0i )div(w

0
i +u

0))=0.

We note that, being all densities strictly positive, condition (2.21)1 implies w0
i =0 for i=

1, ·· · ,n, simplifying (2.23) considerably. Then we sum from i=1, ·· · ,n the momentum
Equation (2.23)2 obtaining in this way the equation satisfied by the barycentric velocity.
Specifically:

∂t

(
n∑

i=1

ρ0iu
0

)
+div

(
n∑

i=1

ρ0iu
0⊗u0

)
+

n∑
i=1

∇p(ρ0i )−2ν

n∑
i=1

div(µL(ρ
0
i )D(u0))

−ν
n∑

i=1

∇(λL(ρ
0
i )div(u

0))=

n∑
i=1

div(µ(ρ0i )∇v0i )+
n∑

i=1

1

2
∇(λ(ρ0i )divv

0
i )=0, (2.24)

where we used the equality

n∑
i,j=1

bi,jρ
0
i ρ

0
j (w

1
i −w1

j )=0

due to symmentry. Hence, denoting ρ0i = ρ̄i,
∑n

i=1ρ
0
i = ρ̄, v

0
i = v̄i and u

0= ū, the leading
term in the Hilbert expansion of (2.19) is given by the following system:

∂tρ̄i+div(ρ̄iū)=0;

∂t(ρ̄ū)+div(ρ̄ū⊗ ū)+
n∑

i=1

∇p(ρ̄i)−2ν

n∑
i=1

div(µL(ρ̄i)D(ū))−ν
n∑

i=1

∇(λL(ρ̄i)div(ū))

=

n∑
i=1

div(µ(ρ̄i)∇v̄i)+
n∑

i=1

1

2
∇(λ(ρ̄i)div v̄i);

∂t(ρ̄iv̄i)+div(ρ̄iv̄i⊗ ū)+div(µ(ρ̄i)
t∇(ū))+

1

2
∇(λ(ρ̄i)div(ū))=0.

The latter can be rewritten in the following way:

∂tρ̄i+div(ρ̄iū)=0

∂t(ρ̄iū)+div(ρ̄iū⊗ ū)−2νdiv(µL(ρ̄i)D(ū))−ν∇(λL(ρ̄i)div ū)+∇p(ρ̄i)

=div(µ(ρ̄i)∇v̄i)+
1

2
∇(λ(ρ̄i)div v̄i)+R̄i

∂t(ρ̄iv̄i)+div(ρ̄iv̄i⊗ ū)+div(µ(ρ̄i)
t∇(ū))+

1

2
∇(λ(ρ̄i)div(ū))=0.

(2.25)

The term R̄i is defined as:

R̄i :=
ρi
ρ̄

n∑
j=1

[
div S̄j−∇p(ρ̄j)

]
−div S̄i
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+∇p(ρ̄i)+
ρi
ρ̄

n∑
j=1

[2νdivµL(ρ̄j)D(ū)+ν∇(λL(ρ̄j)div ū)]

−2νdivµL(ρ̄i)D(ū)−ν∇(λL(ρ̄i)div ū)

=
ρi
ρ̄
div T̄ −div T̄i+νdivD̄

ρ̄i
ρ̄
−νdivD̄i, (2.26)

where:

div T̄i=div S̄i−∇p(ρ̄i); div T̄ =

n∑
j=1

div T̄j ;

divD̄i=2div(µL(ρ̄i)D(ū))+∇(λL(ρ̄i)div ū); divD̄=

n∑
j=1

divD̄j .

In Section 4 we compute the relative entropy between weak solutions of (2.19) and
strong solutions of (2.25), thus justifying in this framework the formal analysis above.

Remark 2.3. It is worth observing that in the proposed scaling, contrarily to what
happens under the diffusive scaling used in the previous case M>0, the viscosity terms
are not higher order, and they persist in the limit (2.25), as it is also manifest looking
at Equation (2.23). For this reason, as proposed in [9], in Section 4 we shall make the
particular choice of Lamé coefficients µL(ρi)=µ(ρi) and λL(ρi)=λ(ρi), which allows us
to control the viscosity terms by means of the relative entropy. On the other hand, being
ūi,div ūi,D(ūi) of order ϵ in the diffusive scaling, these terms can be treated as errors,
and therefore this particular choice for Lamé coefficients is not required; concerning
this, see also [13].

Remark 2.4. Let us underline the relations between Equation (2.24) and the solv-
ability for w1

i of (2.23)2 when w0
i =0. With the notation

d0i :=∂t(ρ
0
iu

0)+div(ρ0iu
0⊗u0)+divS[ρ0i ,v

0
i ]−2νdiv(µL(ρ

0
i )D(u0))

−ν∇(λL(ρ
0
i )div(u

0)),

Equation (2.23)2 rewrites as

−
n∑

j=1

bi,jρ
0
i ρ

0
j (w

1
i −w1

j )=d
0
i , (2.27)

hence (2.24) is equivalent to the condition
∑n

i=1d
0
i =0, which ensures there exists a

unique solution (w1
i ,...,w

1
n) to (2.27) in view of Lemma 2.1.

3. High friction limit with diffusive scaling for Mi>0
The system we are going to study in this framework generalizes the one considered

in [24], where no capillarity and viscosity effects are taken into account and, for reader’s
convenience, let us rewrite it here below:

∂tρi+div(ρiui)=0

∂t(ρiui)+div(ρiui⊗ui)−2νdiv(µL(ρi)D(ui))−ν∇(λL(ρi)divui)+∇ργi

=divSi−
1

ϵ

n∑
j=1

bi,jρiρj(ui−uj)−
Mi

ϵ
ρiui

∂t(ρivi)+div(ρiui⊗vi)+divKi=0,

(3.1)
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where

divSi=div(µ(ρi)∇vi)+
1

2
∇(λ(ρi)divvi)=divTi+∇ργi ,

divKi=div(µ(ρi)
t∇ui)+

1

2
∇(λ(ρi)divui).

As already noticed in Section 2, in order to obtain a non-trivial limiting dynamics as
ϵ→0, we rescale the time variable ∂t→ ϵ∂t to end up to a diffusive limit:

∂tρi+
1

ϵ
div(ρiui)=0

∂t(ρiui)+
1

ϵ
div(ρiui⊗ui)−

2

ϵ
νdiv(µL(ρi)D(ui))−

ν

ϵ
∇(λL(ρi)divui)+

1

ϵ
∇ργi

=
1

ϵ
divSi−

1

ϵ2

n∑
j=1

bi,jρiρj(ui−uj)−
Mi

ϵ2
ρiui

∂t(ρivi)+
1

ϵ
div(ρiui⊗vi)+

1

ϵ
divKi=0.

(3.2)

Then, the leading terms of the Hilbert expansion are the following equilibrium relations
for each component of the mixture:

u0i =0,

u1i =(τ̄M,0)−1(−∇p(ρ0i )+divSi(ρ
0
i ,v

0
i )), the Darcy’s law in our context,

v0i =
∇µ(ρ0i )
ρ0i

,

and each ρ0i solves the gradient flow equation

∂tρ
0
i +div(ρ0i (τ̄

M,0)−1(−∇p(ρ0i )+divSi(ρ
0
i ,v

0
i )))=0. (3.3)

In order to compare weak solution of (3.2) and strong solution of the parabolic
equilibrium (3.3) we rewrite the latter as Euler-Korteweg system with high friction and
an error term of order ϵ, using the same strategy of [13,22,23]. Indeed (3.3) is equivalent
to:

∂tρ̄i+
1

ϵ
div(ρ̄iūi)=0

∂t(ρ̄iūi)+
1

ϵ
div(ρ̄iūi⊗ ūi)+

1

ϵ
∇ρ̄γi =

1

ϵ
div(ρ̄i∇v̄i)−

1

ϵ2

n∑
j=1

bi,j ρ̄iρ̄j(ūi− ūj)−
Mi

ϵ2
ρ̄iūi+ ēi

∂t(ρ̄iv̄i)+
1

ϵ
div(ρ̄iūi⊗ v̄i)+

1

ϵ
div(ρ̄i

t∇ūi)=0, (3.4)

where we have denoted

ρ0i = ρ̄i;

ūi= ϵ(τ̄
M )−1(−∇p(ρ̄i)+divSi(ρ̄i, v̄i));

v̄i=
∇µ(ρ̄i)
ρ̄i

;

τ̄M = τM (ρ̄i)⊗I3
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ēi=∂t(ρ̄iūi)+
1

ϵ
div(ρ̄iūi⊗ ūi)

= ϵ∂t(ρ̄i(τ̄
M )−1(−∇p(ρ̄i)+divSi(ρ̄i, v̄i)))

+ϵdiv(ρ̄i(τ̄
M )−1(−∇p(ρ̄i)+divSi(ρ̄i, v̄i))⊗(τ̄M )−1(−∇p(ρ̄i)+divSi(ρ̄i, v̄i)))

=O(ϵ).

The aim of this part is to validate the large friction limit using relative entropy tech-
niques. For this, we start by recalling the definition of the total mechanical energy of
our system ηtot(ρ̂

ϵ,m̂ϵ,Ĵϵ):

ηtot(ρ̂
ϵ,m̂ϵ, Ĵϵ)=

n∑
i=1

η(ρϵi ,m
ϵ
i ,J

ϵ
i )=

n∑
i=1

(
1

2

|mϵ
i |2

ρϵi
+

1

2

|Jϵ
i |2

ρϵi
+h(ρϵi)

)
,

and its space–integrated version

Σtot(ρ̂
ϵ,m̂ϵ,Ĵϵ)(t)=

∫
T3

n∑
i=1

η(ρϵi ,m
ϵ
i ,J

ϵ
i )(t)dx.

Hence, the relative entropy between solutions of (3.2) and (3.4) reads

ηtot(ρ̂
ϵ,m̂ϵ,Ĵϵ| ¯̂ρ, ¯̂m, ¯̂J)(t) :=

n∑
i=1

η(ρϵi ,u
ϵ
i ,J

ϵ
i |ρ̄i,ūi, J̄i)

=

n∑
i=1

η(ρϵi ,m
ϵ
i ,J

ϵ
i )−

n∑
i=1

η(ρ̄i,m̄i, J̄i)−
n∑

i=1

ηρi
(ρ̄,m̄,J̄)(ρϵi− ρ̄i)

−
n∑

i=1

ηmi
(ρ̄,m̄,J̄)(mϵ

i−m̄i)−
n∑

i=1

ηJi
(ρ̄,m̄,J̄)(Jϵ

i − J̄i), (3.5)

and

Σtot(ρ̂
ϵ,m̂ϵ,Ĵϵ| ¯̂ρ, ¯̂m, ¯̂J)(t)=

∫
T3

ηtot(ρ̂
ϵ,m̂ϵ, Ĵϵ| ¯̂ρ, ¯̂m, ¯̂J)(t)dx.

Let us now clarify the notion of periodic weak and dissipative weak solutions of the
relaxation system (3.2) we shall consider in the sequel.

Definition 3.1 (weak and dissipative weak solutions). A triple (ρ̂ϵ,m̂ϵ, Ĵϵ) (where
ρ̂ϵ=(ρϵ1, ·· · ,ρϵn), m̂ϵ=(mϵ

1, ·· · ,mϵ
n), Ĵ

ϵ=(Jϵ
1, ·· · ,Jϵ

n)) such that

0≤ρϵi ∈C0([0,∞);L1(T3)),

(ρϵiu
ϵ
i ,ρ

ϵ
iv

ϵ
i )∈C0([0,∞);L1(T3)3×L1(T3)3)

is called a periodic weak solution of (3.2) if for any i=1, ·· · ,n:√
ρϵiu

ϵ
i ∈L∞((0,T );L2(T3)3)√

ρϵiv
ϵ
i ∈L∞((0,T );L2(T3)3)

ρϵi ∈C0([0,∞);Lγ(T3))

µL(ρ
ϵ
i)D(uϵi)∈L1((0,T );L1(T3)3×3)

λL(ρ
ϵ
i)divu

ϵ
i ∈L1((0,T );L1(T3))
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(ρϵi)
2uϵi ∈L∞((0,T );L1(T3)3)

and (ρϵi ,u
ϵ
i ,v

ϵ
i ) satisfy for all ψi∈C1

0 ([0,∞);C1(R3)) and ϕi,φi∈C1
0 ([0,∞);C1(T3)3):

−
∫ ∞

0

∫
T3

n∑
i=1

(ρϵi∂tψi+
1

ϵ
ρϵiu

ϵ
i ·∇ψi)dxdt=

∫
T3

n∑
i=1

ρϵi(x,0)ψi(x,0)dx,

−
∫ ∞

0

∫
T3

n∑
i=1

ρϵiu
ϵ
i∂tϕi+

1

ϵ
ρϵiu

ϵ
i ⊗uϵ

i :∇ψi+
1

ϵ
ρϵi

γ divψi+
1

ϵ
µ(ρϵi)vi ·∇divϕi

+
1

ϵ
∇µ(ρϵi) ·(∇ϕivi)dxdt−

∫ ∞

0

∫
T3

n∑
i=1

1

ϵ

(
1

2
∇λ(ρϵi) ·vϵi divϕi+

1

2
λ(ρϵi)v

ϵ
i ·∇divϕi

)
dxdt

+
2ν

ϵ

∫ ∞

0

∫
T3

µL(ρ
ϵ
i)D(uϵ

i) :D(ϕi)dxdt+
ν

ϵ

∫ ∞

0

∫
T3

λL(ρ
ϵ
i)divu

ϵ
i divϕidxdt

+
1

ϵ2

∫ ∞

0

∫
T3

n∑
i,j=1

bi,jρ
ϵ
iρ

ϵ
j(u

ϵ
i −uϵ

j) ·ϕidxdt+
1

ϵ2

∫ ∞

0

∫
T3

n∑
i=1

Miρ
ϵ
iu

ϵ
i ·ϕdxdt

=

∫
T3

n∑
i=1

(ρϵiu
ϵ
i)(x,0) ·ϕi(x,0)dx,

−
∫ ∞

0

∫
T3

n∑
i=1

(ρϵiv
ϵ
i∂tφi+

1

ϵ
ρϵiu

ϵ
i ⊗vϵi :∇φi+

1

ϵ
µ(ρϵi)vi ·∇divφi+

1

ϵ
∇µ(ρϵi) ·(∇φivi))dxdt

−
∫ ∞

0

∫
T3

n∑
i=1

1

ϵ

(
1

2
∇λ(ρϵi) ·vϵi divφi+

1

2
λ(ρϵi)v

ϵ
i ·∇divφi

)
dxdt

=

∫
T3

n∑
i=1

(ρϵiv
ϵ
i )(x,0) ·φi(x,0)dx.

If in addition ηtot(ρ̂
ϵ,m̂ϵ,Ĵϵ)∈C([0,∞);L1(T3)) and the integrated energy inequality

−
∫ ∞

0

Σtot(ρ̂
ϵ(t),m̂ϵ(t),Ĵϵ(t))θ′(t)dt

+
ν

ϵ

∫ ∞

0

∫
T3

n∑
i,j=1

(
2µL(ρ

ϵ
i)|D(uϵi)|2+λL(ρϵi)|divuϵi |2)

)
θ(t)dxdt

+
1

2ϵ2

∫ ∞

0

∫
T3

n∑
i,j=1

bi,jρ
ϵ
iρ

ϵ
j |uϵi−uϵj |2θ(t)dxdt+

1

ϵ2

∫ ∞

0

∫
T3

n∑
i=1

Miρ
ϵ
i |uϵi |2θ(t)dxdt

≤Σtot(ρ̂
ϵ(0),m̂ϵ(0), Ĵϵ(0))θ(0) (3.6)

holds for any θ∈W 1,∞([0,∞)) compactly supported in [0,∞), then we call (ρ̂ϵ,m̂ϵ,Ĵϵ)
a periodic dissipative weak solution.

We say that a periodic weak (dissipative) solution (ρ̂ϵ,m̂ϵ, Ĵϵ) for (3.2) has finite total
mass and finite total energy if for any T >0 there exists a constant K>0 independent
of ϵ such that:

sup
t∈(0,T )

∫
T3

n∑
i=1

ρϵi dx≤K;

sup
t∈(0,T )

∫
T3

n∑
i=1

(
1

2

|mϵ
i |2

ρϵi
+

1

2

|Jϵ
i |2

ρϵi
+

ρϵi
γ

γ−1

)
dx≤K.

(3.7)
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The relative entropy inequality is stated in the following proposition; to shorten
notations, we shall omit the ϵ dependence in the remaining part of the section.

Proposition 3.1. Assume condition (A2) holds and let (ρ̂ϵ,m̂ϵ, Ĵϵ) be a dissipative
weak periodic solution in the sense of Definition 3.1 with finite total mass and energy
(3.7). Let w̄i=(ρ̄i,ūi, v̄i) be a smooth solution to (3.4) such that:

w̄i,∂tw̄i,∇w̄i,D
2w̄i,D

3ρ̄i∈L∞([0,T ];L∞(T3))

for any i=1,. ..,n. Then, the following inequality holds:

Σtot(ρ̂
ϵ,m̂ϵ, Ĵϵ| ¯̂ρ, ¯̂m, ¯̂J)

∣∣∣t
s=0

+
1

2ϵ2

∫ t

0

∫
T3

n∑
i,j=1

bi,jρiρj |(ui−uj)−(ūi− ūj)|2dxds

+
2ν

ϵ

∫ t

0

∫
T3

n∑
i=1

µL(ρi)|D(ui− ūi)|2dxds+
ν

ϵ

∫ t

0

∫
T3

n∑
i=1

λL(ρi)|div(ui− ūi)|2dxds

+
1

ϵ2

∫ t

0

∫
T3

n∑
i=1

Miρi|ui− ūi|2dxds

≤−1

ϵ

∫ t

0

∫
T3

n∑
i=1

p(ρi|ρ̄i)div ūidxds

− 1

ϵ

∫ t

0

∫
T3

n∑
i=1

(ρi∇ūi : (ui− ūi)⊗(ui− ūi))dxds

− 1

ϵ

∫ t

0

∫
T3

n∑
i=1

ρi(µ
′′(ρi)∇ρi−µ′′(ρ̄i)∇ρ̄i) ·((v− v̄i)div ūi−(ui− ūi)div v̄i)dxds

− 1

ϵ

∫ t

0

∫
T3

n∑
i=1

ρi(µ
′(ρi)−µ′(ρ̄i))((v− v̄i) ·∇div ūi−(ui− ūi) ·∇div v̄i)dxds

− 1

ϵ

∫ t

0

∫
T3

n∑
i=1

(ρi∇ūi : (vi− v̄i)⊗(vi− v̄i))dxds

− 1

ϵ2

∫ t

0

∫
T3

n∑
i,j=1

bi,jρi(ρj− ρ̄j)(ūi−ui) ·(ūi− ūj)dxds

+

∫ t

0

∫
T3

n∑
i=1

ρi
ρ̄i
ēi ·(ūi−ui)dxds

− 2ν

ϵ

∫ t

0

∫
T3

n∑
i=1

µL(ρi)D(ūi) :D(ui− ūi)dxds

− ν

ϵ

∫ t

0

∫
T3

n∑
i=1

λL(ρi)div ūi(divui−div ūi)dxds. (3.8)

Proof.
Step 1: Energy Inequalities.

As customary in these contexts, we use the following test function in (3.6):

θ(s)=


1, for 0≤s<t,
t−s
δ

+1, for t≤s<t+δ,
0, for s>t+δ,

(3.9)
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and, passing to the limit as δ→0 we get:

Σtot(ρ̂
ϵ,m̂ϵ,Ĵϵ)(t)+

ν

ϵ

∫ t

0

∫
T3

n∑
i,j=1

(
2µL(ρi)|D(ui)|2+λL(ρi)|divui|2

)
dxds

+
1

2ϵ2

∫ t

0

∫
T3

n∑
i,j=1

bi,jρiρj |ui−uj |2 dxds+
1

ϵ2

∫ t

0

∫
T3

n∑
i=1

Miρi|ui|2 dxds

≤Σtot(ρ̂(0),m̂(0),Ĵ(0)). (3.10)

We multiply (3.4)2 by ūi and (3.4)3 by v̄i, integrating in time and space we get the
energy inequality of system (3.4):

Σtot(¯̂ρ(t), ¯̂m(t),
¯̂
J(t))+

1

2ϵ2

∫ t

0

∫
T3

n∑
i,j=1

bi,j ρ̄iρ̄j |ūi− ūj |2 dxds

+
1

ϵ2

∫ t

0

∫
T3

n∑
i=1

Miρ̄i|ūi|2 dxds

≤Σtot(¯̂ρ(0), ¯̂m(0),
¯̂
J(0))+

∫ t

0

∫
T3

n∑
i=1

ēi · ūi dxds. (3.11)

Step II: Equations for the difference.
Now we evaluate the linear part of the relative entropy using suitable test functions

in the weak formulation according to Definition 3.1. If we take the differences (ρi−
ρ̄i,ui− ūi,vi− v̄i) they have to satisfy:

−
∫ t

0

∫
T3

n∑
i=1

(ρi− ρ̄i)∂sψi+
1

ϵ
(ρiui− ρ̄iūi) ·∇ψidxds=

∫
T3

n∑
i=1

(ρi(x,0)− ρ̄i(x,0)ψi(x,0))dx,

−
∫ t

0

∫
T3

n∑
i=1

(ρiui− ρ̄iūi) ·∂sϕi+
1

ϵ
(ρiui⊗ui− ρ̄iūi⊗ ūi) :∇ϕi+

1

ϵ
(ργi − ρ̄

γ
i )divϕi dxds

− 1

ϵ

∫ t

0

∫
T3

n∑
i=1

[(µ(ρi)vi−µ(ρ̄i)v̄i)∇divϕi+(∇µ(ρi)vi−∇µ(ρ̄i)v̄i) :∇ϕi] dxds

− 1

2ϵ

∫ t

0

∫
T3

n∑
i=1

[(∇λ(ρi)vi−∇λ(ρ̄i)v̄i)divϕi+(λ(ρi)vi−λ(ρ̄i)v̄i)∇divϕi]

+
ν

ϵ

∫ t

0

∫
T3

n∑
i,j=1

2µL(ρi)D(ui) :D(ϕi)+λL(ρi)divuidivϕi dxds

=− 1

ϵ2

∫ t

0

∫
T3

n∑
i,j=1

bi,j(ρiρj(ui−uj)− ρ̄iρ̄j(ūi− ūj))ϕi dxds

− 1

ϵ2

∫ t

0

∫
T3

n∑
i=1

Mi(ρiui− ρ̄iūi) ·ϕi dxds−
∫ t

0

∫
T3

n∑
i=1

ēiϕdxds

+

∫ t

0

∫
T3

n∑
i=1

((ρiui)(x,0)−(ρ̄iūi)(x,0))ϕi(x,0)dx,
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and

−
∫ t

0

∫
T3

n∑
i=1

(ρivi− ρ̄iv̄i) ·∂sφi+
1

ϵ
(ρiui⊗vi− ρ̄iūi⊗ v̄i) :∇φi dxds

+
1

ϵ

∫ t

0

∫
T3

n∑
i=1

[(µ(ρi)ui−µ(ρ̄i)ūi)∇divφi+(∇µ(ρi)ui−∇µ(ρ̄i)ūi) :∇φi] dxds

+
1

2ϵ

∫ t

0

∫
T3

n∑
i=1

[(∇λ(ρi)ui−∇λ(ρ̄i)ūi)divφi+(λ(ρi)ui−λ(ρ̄i)ūi)∇divφi] dxds

=

∫ t

0

∫
T3

n∑
i=1

((ρivi)(x,0)−(ρ̄iv̄i)(x,0))φi(x,0)dx,

where ψ,ϕ,φ are Lipschitz test functions (ϕ,φ vector-valued) compactly supported in
[0,∞) in time and periodic in space. In the above formulation we choose:

ψi=θ(s)

(
h′(ρ̄i)−

1

2

|m̄i|2

ρ̄i
− 1

2

|J̄i|2

ρ̄i

)
,

ϕi=θ(s)

(
m̄i

ρ̄i

)
φi=θ(s)

(
J̄i
ρ̄i

)
,

where θ is defined in (3.9). The previous relations become as δ→0:∫
T3

n∑
i=1

(
h′(ρ̄i)−

1

2

|m̄i|2

ρ̄i
− 1

2

|J̄i|2

ρ̄i

)
(ρi− ρ̄i)

∣∣∣t
s=0

−
∫ t

0

∫
T3

n∑
i=1

∂s

(
h′(ρ̄i)−

1

2

|m̄i|2

ρ̄i
− 1

2

|J̄i|2

ρ̄i

)
(ρi− ρ̄i)dxds

− 1

ϵ

∫ t

0

∫
T3

n∑
i=1

∇x

(
h′(ρ̄i)−

1

2

m̄i
2

ρ̄i
− 1

2

J̄i
2

ρ̄i

)
(ρiui− ρ̄iūi)dxds=0, (3.12)

∫
T3

n∑
i=1

m̄i

ρ̄i
(ρiui− ρ̄iūi)

∣∣∣t
s=0

−
∫ t

0

∫
T3

n∑
i=1

∂s

(
m̄i

ρ̄i

)
(ρiui− ρ̄iūi)dxds

− 1

ϵ

∫ t

0

∫
T3

n∑
i=1

(
(ρiui⊗ui− ρ̄iūi⊗ ūi) :∇

(
m̄i

ρ̄i

)
+(p(ρi)−p(ρ̄i))div

(
m̄i

ρ̄i

))
dxds

− 1

ϵ

∫ t

0

∫
T3

n∑
i=1

(µ(ρi)vi−µ(ρ̄i)v̄i)∇div

(
m̄i

ρ̄i

)
+(∇µ(ρi)vi−∇µ(ρ̄i)v̄i) :∇

(
m̄i

ρ̄i

)
dxds

− 1

2ϵ

∫ t

0

∫
T3

n∑
i=1

(∇λ(ρi)vi−∇λ(ρ̄i)v̄i)div
(
m̄i

ρ̄i

)
+(λ(ρi)vi−λ(ρ̄i)v̄i)∇div

(
m̄i

ρ̄i

)
dxds

+
ν

ϵ

∫ t

0

∫
T3

n∑
i,j=1

2µL(ρi)D(ui) :D(ūi)+λL(ρi)divuidiv ūidxds
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=− 1

ϵ2

∫ t

0

∫
T3

n∑
i,j=1

bi,j(ρiρj(ui−uj)− ρ̄iρ̄j(ūi− ūj))ūidxds

− 1

ϵ2

∫ t

0

∫
T3

n∑
i=1

Mi(ρiui− ρ̄iūi) · ūi dxds−
∫ t

0

∫
T3

n∑
i=1

ēiūidxds, (3.13)

and ∫
T3

n∑
i=1

J̄i
ρ̄i
(ρivi− ρ̄iv̄i)

∣∣∣t
s=0

−
∫ t

0

∫
T3

n∑
i=1

∂s

(
J̄i
ρ̄i

)
(ρivi− ρ̄iv̄i)dxds

− 1

ϵ

∫ t

0

∫
T3

n∑
i=1

(
(ρiui⊗vi− ρ̄iū⊗ v̄i) :∇

(
J̄i
ρ̄i

))
dxds

+
1

ϵ

∫ t

0

∫
T3

n∑
i=1

(µ(ρi)ui−µ(ρ̄i)ūi)∇div

(
J̄i
ρ̄i

)
+(∇µ(ρi)ui−∇µ(ρ̄i)ūi) :∇

(
J̄i
ρ̄i

)
dxds

+
1

2ϵ

∫ t

0

∫
T3

n∑
i=1

(∇λ(ρi)ui−∇λ(ρ̄i)ūi)div
(
J̄i
ρ̄i

)
+(λ(ρi)ui−λ(ρ̄i)ūi)∇div

(
J̄i
ρ̄i

)
dxds

=0. (3.14)

Recalling the definition of the relative entropy (3.5), and using (3.10),(3.11), (3.12),
(3.13), (3.14) we obtain:

Σtot(ρ̂
ϵ,m̂ϵ, Ĵϵ| ¯̂ρ, ¯̂m, ¯̂J)

∣∣∣t
s=0

≤−
∫ t

0

∫
T3

n∑
i=1

∂s

(
h′(ρ̄i)−

1

2

|m̄i|2

ρ̄i
− 1

2

|J̄i|2

ρ̄i

)
(ρi− ρ̄i)

+∂s

(
m̄i

ρ̄i

)
(ρiui− ρ̄iūi)+∂s

(
J̄i
ρ̄i

)
(ρivi− ρ̄iv̄i)dxds

− 1

ϵ

∫ t

0

∫
T3

n∑
i=1

∇x

(
h′(ρ̄i)−

1

2

m̄i
2

ρ̄i
− 1

2

J̄i
2

ρ̄i

)
(ρiui− ρ̄iūi)

+(p(ρi)−p(ρ̄i))div
(
m̄i

ρ̄i

)
dxds

− 1

ϵ

∫ t

0

∫
T3

n∑
i=1

(ρiui⊗uj− ρ̄iūi⊗ ūi) :∇ūi+(ρiui⊗vj− ρ̄iūi⊗ v̄j) :∇v̄idxds

− 1

ϵ

∫ t

0

∫
T3

n∑
i=1

µ(ρi)[(vi− v̄i)∇div ūi−(ui− ūi)∇div v̄i]

+∇µ(ρi)[∇ūi(vi− v̄i)−∇v̄i(ui− ūi)]dxds

− 1

2ϵ

∫ t

0

∫
T3

n∑
i=1

∇λ(ρi)[(vi− v̄i)div ūi−(ui− ūi)div v̄i]
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+λ(ρi)[(vi− v̄i)∇div ūi−(ui− ūi)∇div v̄i]dxds

+
1

ϵ

∫ t

0

∫
T3

n∑
i=1

(µ(ρi)−µ(ρ̄i))(ūi∇div v̄i− v̄i∇div ūi)

+(∇µ(ρi)−∇µ(ρ̄i))[∇v̄iū−∇ūiv̄i]dxds

+
1

2ϵ

∫ t

0

∫
T3

n∑
i=1

(λ(ρi)−λ(ρ̄i))[ūi∇div v̄i− v̄i∇div ūi]

+(∇λ(ρi)−∇λ(ρ̄i))(ūidiv v̄i− v̄idiv ūi)dxds

− 2ν

ϵ

∫ t

0

∫
T3

n∑
i=1

µL(ρi)|D(ui)|2dxds−
ν

ϵ

∫ t

0

∫
T3

n∑
i=1

λL(ρi)|divui|2dxds

+
ν

ϵ

∫ t

0

∫
T3

n∑
i,j=1

2µL(ρi)D(ui) :D(ūi)+λL(ρi)divuidiv ūidxds

− 1

ϵ2

∫ t

0

∫
T3

n∑
i,j=1

bi,j(ρiρj(ui−uj)− ρ̄iρ̄j(ūi− ūj))ūidxds

− 1

2ϵ2

∫ t

0

∫
T3

n∑
i,j=1

bi,jρiρj |ui−uj |2dxds+
1

2ϵ2

∫ t

0

∫
T3

n∑
i,j=1

bi,j ρ̄iρ̄j |ūi− ūj |2dxds

− 1

ϵ2

∫ t

0

∫
T3

n∑
i=1

Miρiu
2
i dxds+

1

ϵ2

∫ t

0

∫
T3

n∑
i=1

Miρ̄iū
2
i dxds

+
1

ϵ2

∫ t

0

∫
T3

n∑
i=1

Mi(ρiui− ρ̄iūi)ūidxds

=:

12∑
i=1

Ii.

Let us observe that the I6+I7 term is equal to zero thanks to the property (1.9) of the
stress tensors Si, Ki. Using the relation h′′(ρ̄i)=p

′(ρ̄i)/ρ̄i we find that:

−
∫ t

0

∫
T3

n∑
i=1

∂sh
′(ρ̄i)(ρi− ρ̄i)+

1

ϵ
∇xh

′(ρ̄i)(ρiui− ρ̄iūi)dxds

=
1

ϵ

∫ t

0

∫
T3

n∑
i=1

p′(ρ̄i)(ρi− ρ̄i)div ūi+
ρi
ρ̄i
∇p(ρ̄i)(ūi−ui)dxds.

Then we notice that the following quantity:∫ t

0

∫
T3

n∑
i=1

(
∂s

(
1

2
|ūi|2

)
(ρi− ρ̄i)+

1

ϵ
∇x

(
1

2
|ūi|2

)
(ρiui− ρ̄iūi)

)
dxds

+

∫ t

0

∫
T3

n∑
i=1

(
−∂sū(ρiui− ρ̄iūi)−

1

ϵ
∇xūi : (ρiui⊗ui− ρ̄iūi⊗ ūi)

)
dxds

can be rearranged by multiplying the momentum equations of the strong solution ūi, v̄i,
by ρi(ūi−ui) and ρi(v̄i−vi) respectively. We get:∫ t

0

∫
T3

n∑
i=1

(
∂s

(
1

2
|ūi|2

)
(ρi− ρ̄i)+

1

ϵ
∇x

(
1

2
|ūi|2

)
(ρiui− ρ̄iūi)−∂sūi(ρiui− ρ̄iūi)

)
dxds
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−
∫ t

0

∫
T3

n∑
i=1

1

ϵ
∇xūi : (ρiui⊗ui− ρ̄iūi⊗ ūi)dxds

=−
∫ t

0

∫
T3

n∑
i=1

1

ϵ
ρi∇xūi : (ui− ūi)⊗(ui− ūi)+

1

ϵ

ρi
ρ̄i

∇p(ρ̄i)(ūi−ui)

− 1

ϵ

ρi
ρ̄i

div S̄i(ūi−ui)−
ρi
ρ̄i
ē(ūi−ui)dxds

−
∫ t

0

∫
T3

n∑
i=1

(
1

ϵ2
Miρi(ūi−ui)+

1

ϵ2
bi,jρiρ̄j(ūi−ui)(ūi− ūj)

)
dxds,

and ∫ t

0

∫
T3

n∑
i=1

(
∂s

(
1

2
|v̄i|2

)
(ρi− ρ̄i)+

1

ϵ
∇x

(
1

2
|v̄i|2

)
(ρiui− ρ̄iūi)

)
dxds

+

∫ t

0

∫
T3

n∑
i=1

(
−∂sv̄i(ρiui− ρ̄iūi)−

1

ϵ
∇xv̄i : (ρiui⊗vi− ρ̄iūi⊗ v̄i)

)
dxds

=−
∫ t

0

∫
T3

n∑
i=1

(
1

ϵ
ρi∇v̄i : (ui− ūi)⊗(vi− v̄i)+

1

ϵ

ρi
ρ̄i

divK̄i(v̄i−vi)
)
dxds.

From the previous calculations the relative entropy becomes:

Σtot(ρ̂
ϵ,m̂ϵ, Ĵϵ| ¯̂ρ, ¯̂m, ¯̂J)

∣∣∣t
s=0

≤− 1

ϵ

∫ t

0

∫
T3

n∑
i=1

p(ρi|ρ̄i)div ūidxds

− 1

ϵ

∫ t

0

∫
T3

n∑
i=1

(ρi∇ūi : (ui− ūi)⊗(ui− ūi)+ρi∇v̄i : (ui− ūi)⊗(vi− v̄i))dxds

− 1

ϵ

∫ t

0

∫
T3

n∑
i=1

µ(ρi)[(vi− v̄i)∇div ūi−(ui− ūi)∇div v̄i]

+∇µ(ρi)[∇ūi(vi− v̄i)−∇v̄i(ui− ūi)]dxds

− 1

2ϵ

∫ t

0

∫
T3

n∑
i=1

∇λ(ρi)[(vi− v̄i)div ūi−(ui− ūi)div v̄i]

+λ(ρi)[(vi− v̄i)∇div ūi−(ui− ūi)∇div v̄i]dxds

+
1

ϵ

∫ t

0

∫
T3

n∑
i=1

ρi
ρ̄i

(
µ(ρ̄i)div∇v̄i+ t∇µ(ρ̄i)t∇v̄i

+
1

2
∇λ(ρ̄i)div v̄i+

1

2
λ(ρ̄i)∇div v̄i

)
(ūi−ui)dxds

− 1

ϵ

∫ t

0

∫
T3

n∑
i=1

ρi
ρ̄i

(
µ(ρ̄i)div

t∇ūi+ t∇µ(ρ̄i)∇ūi

+
1

2
∇λ(ρ̄i)div ūi+

1

2
λ(ρ̄i)∇div ūi

)
(v̄i−vi)dxds

− 1

2ϵ2

∫ t

0

∫
T3

n∑
i,j=1

bi,jρiρj |ui−uj |2dxds+
1

2ϵ2

∫ t

0

∫
T3

n∑
i,j=1

bi,j ρ̄iρ̄j |ūi− ūj |2dxds
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− 1

ϵ2

∫ t

0

∫
T3

n∑
i,j=1

bi,j(ρiρj(ui−uj)− ρ̄iρ̄j(ūi− ūj))ūidxds

− 1

ϵ2

∫ t

0

∫
T3

n∑
i,j=1

bi,jρiρ̄j(ūi− ūj)(ūi−ui)dxds

− 1

ϵ2

∫ t

0

∫
T3

n∑
i=1

Miρiu
2
i dxds+

1

ϵ2

∫ t

0

∫
T3

n∑
i=1

Miρ̄iū
2
i dxds

+
1

ϵ2

∫ t

0

∫
T3

n∑
i=1

Mi(ρiui− ρ̄iūi)ūidxds

− 1

ϵ2

∫ t

0

∫
T3

n∑
i=1

Miρiūi(ūi−ui)dxds+
∫ t

0

∫
T3

n∑
i=1

ρi
ρ̄i
ē(ūi−ui)dxds

− 2ν

ϵ

∫ t

0

∫
T3

n∑
i=1

µL(ρi)|D(ui)|2dxds−
ν

ϵ

∫ t

0

∫
T3

n∑
i=1

λL(ρi)|divui|2dxds

+
2ν

ϵ

∫ t

0

∫
T3

n∑
i=1

µL(ρi)Dui :Dūidxds+
ν

ϵ

∫ t

0

∫
T3

n∑
i=1

λL(ρi)divuidiv ūidxds

=:

13∑
i=1

Ii,

where, with a slight abuse of notation, we redefine the right-hand side of the above
relation using the same symbols. Let us mention that div t∇ū=∇div ū while div∇v̄i=
∇div v̄i since ∇v̄i is symmetric as v̄i is a gradient. We define Ĩ2:

Ĩ2 :=− 1

ϵ

∫ t

0

∫
T3

n∑
i=1

(
µ(ρi)−

ρi
ρ̄i
µ(ρ̄i)

)
(∇div ūi(vi− v̄i)−∇div v̄i(ui− ūi))dxds

− 1

ϵ

∫ t

0

∫
T3

n∑
i=1

(
∇µ(ρi)−

ρi
ρ̄i
∇µ(ρ̄i)

)
·(∇ūi(vi− v̄i)−∇v̄i(ui− ūi))dxds,

since vi=∇µ(ρi)/ρi then Ĩ2 reads as:

Ĩ2=− 1

ϵ

∫ t

0

∫
T3

n∑
i=1

ρi

(
µ(ρi)

ρi
− µ(ρ̄i)

ρ̄i

)
(∇div ūi(vi− v̄i)−∇div v̄i(ui− ūi))dxds

− 1

ϵ

∫ t

0

∫
T3

n∑
i=1

ρi (vi− v̄i) ·(∇ūi(vi− v̄i)−∇v̄i(ui− ūi))dxds.

We define

Ĩ3 :=− 1

2ϵ

∫ t

0

∫
T3

n∑
i=1

(
λ(ρi)−

ρi
ρ̄i
λ(ρ̄i)

)
((vi− v̄i)∇div ūi−(u− ūi)∇div v̄)dxds

− 1

2ϵ

∫ t

0

∫
T3

n∑
i=1

(
∇λ(ρi)−

ρi
ρ̄i
∇λ(ρ̄i)

)
((v− v̄i)div ūi−(ui− ū)div v̄i)dxds,
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since λ(ρi)=2(ρiµ
′(ρi)−µ(ρi)) one has:

Ĩ3=− 1

2ϵ

∫ t

0

∫
T3

n∑
i=1

ρi

(
λ(ρi)

ρi
− λ(ρ̄i)

ρ̄i

)
((vi− v̄i)∇div ūi−(ui− ūi)∇div v̄i)dxds

− 1

ϵ

∫ t

0

∫
T3

n∑
i=1

ρi(µ
′′(ρi)∇ρi−µ′′(ρ̄i)∇ρ̄i)((vi− v̄i)div ūi−(ui− ūi)div v̄i)dxds.

Therefore I3+I4+I5+I6= Ĩ2+ Ĩ3 becomes:

Ĩ2+ Ĩ3=− 1

ϵ

∫ t

0

∫
T3

n∑
i=1

ρi(µ
′′(ρi)∇ρi−µ′′(ρ̄i)∇ρ̄i)((vi− v̄i)div ūi+(ūi−ui)div v̄i)dxds

− 1

ϵ

∫ t

0

∫
T3

n∑
i=1

ρi(µ
′(ρi)−µ′(ρ̄i))((vi− v̄i)∇div ūi+(ūi−ui)∇div v̄i)dxds

− 1

ϵ

∫ t

0

∫
T3

n∑
i=1

ρi [(vi− v̄i)∇ūi(vi− v̄i)−(vi− v̄i)∇v̄i(ui− ūi)] dxds.

Let us manage the remaining terms, starting with the interaction terms I7+I8.
Following the computations in [19] we get:

I8=
1

ϵ2

∫ t

0

∫
T3

n∑
i,j=1

bi,j(ρiρj(ui−uj)− ρ̄iρ̄j(ūi− ūj))ūidxds

− 1

ϵ2

∫ t

0

∫
T3

n∑
i,j=1

bi,jρiρ̄j(ūi− ūj)(ūi−ui)dxds

=− 1

ϵ2

∫ t

0

∫
T3

n∑
i,j=1

bi,jρiρj(ui−uj)(ui− ūi)dxds

+
1

ϵ2

∫ t

0

∫
T3

n∑
i,j=1

bi,jρiρj(ui−uj)uidxds−
1

ϵ2

∫ t

0

∫
T3

n∑
i,j=1

bi,j ρ̄iρ̄j(ūi− ūj)ūidxds

− 1

ϵ2

∫ t

0

∫
T3

n∑
i,j=1

bi,jρiρ̄j(ūi− ūj)(ūi−ui)dxds

=− 1

ϵ2

∫ t

0

∫
T3

n∑
i,j=1

bi,jρiρj(ui−uj)(ui− ūi)dxds

+
1

2ϵ2

∫ t

0

∫
T3

n∑
i,j=1

bi,jρiρj |ui−uj |2dxds−
1

2ϵ2

∫ t

0

∫
T3

n∑
i,j=1

bi,j ρ̄iρ̄j |ūi− ūj |2dxds

− 1

ϵ2

∫ t

0

∫
T3

n∑
i,j=1

bi,jρi(ρj+ ρ̄j−ρj)(ūi− ūj)(ūi−ui)dxds

=
1

2ϵ2

∫ t

0

∫
T3

n∑
i,j=1

bi,jρiρj |ui−uj |2dxds−
1

2ϵ2

∫ t

0

∫
T3

n∑
i,j=1

bi,j ρ̄iρ̄j |ūi− ūj |2dxds

− 1

ϵ2

∫ t

0

∫
T3

n∑
i,j=1

bi,jρi(ρ̄j−ρj)(ui− ūi)(ūi− ūj)dxds
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− 1

ϵ

∫ t

0

∫
T3

n∑
i,j=1

bi,jρiρj(ui− ūi)[(ui−uj)−(ūi− ūj)]dxds

=
1

2ϵ2

∫ t

0

∫
T3

n∑
i,j=1

bi,jρiρj |ui−uj |2dxds−
1

2ϵ2

∫ t

0

∫
T3

n∑
i,j=1

bi,j ρ̄iρ̄j |ūi− ūj |2dxds

− 1

ϵ2

∫ t

0

∫
T3

n∑
i,j=1

bi,jρi(ρ̄j−ρj)(ūi−ui)(ūi− ūj)dxds

− 1

2ϵ2

∫ t

0

∫
T3

n∑
i,j=1

bi,jρiρj |(ui−uj)−(ūi− ūj)|2dxds.

Therefore I7+I8 reduces to:

− 1

ϵ2

∫ t

0

∫
T3

n∑
i,j=1

bi,jρi(ρj− ρ̄j)(ūi−ui)(ūi− ūj)dxds

− 1

2ϵ2

∫ t

0

∫
T3

n∑
i,j=1

bi,jρiρj |(ui−uj)−(ūi− ūj)|2 dxds.

The friction terms and the error part I9+I10+I11 becomes:

I9+I10+I11=− 1

ϵ2

∫ t

0

∫
T3

n∑
i=1

Miρi|ui− ūi|2 dxds+
∫ t

0

∫
T3

n∑
i=1

ρi
ρ̄i
ē(ūi−ui)dxds.

Finally the viscosity parts I12+I13 rewrite as:

− 2ν

ϵ

∫ t

0

∫
T3

n∑
i=1

µL(ρi)|D(ui)|2dxds−
ν

ϵ

∫ t

0

∫
T3

n∑
i=1

λL(ρi)|divui|2dxds

+
2ν

ϵ

∫ t

0

∫
T3

n∑
i=1

µL(ρi)Dui :Dūidxds+
ν

ϵ

∫ t

0

∫
T3

n∑
i=1

λL(ρi)divuidiv ūidxds

=− 2ν

ϵ

∫ t

0

∫
T3

n∑
i=1

µL(ρi)|D(ui− ūi)|2dxds−
ν

ϵ

∫ t

0

∫
T3

n∑
i=1

λL(ρi)|div(ui− ūi)|2dxds

− 2ν

ϵ

∫ t

0

∫
T3

n∑
i=1

µL(ρi)D(ūi) :D(ui− ūi)dxds

− ν

ϵ

∫ t

0

∫
T3

n∑
i=1

λL(ρi)div ūi(divui−div ūi)dxds

and we end up with (3.8):

Σtot(ρ̂
ϵ,m̂ϵ, Ĵϵ| ¯̂ρ, ¯̂m, ¯̂J)

∣∣∣t
s=0

+
1

2ϵ2

∫ t

0

∫
T3

n∑
i,j=1

bi,jρiρj |(ui−uj)−(ūi− ūj)|2dxds

+
1

ϵ2

∫ t

0

∫
T3

n∑
i=1

Miρi|ui− ūi|2dxds+
2ν

ϵ

∫ t

0

∫
T3

n∑
i=1

µL(ρi)|D(ui− ūi)|2dxds

+
ν

ϵ

∫ t

0

∫
T3

n∑
i=1

λL(ρi)|div(ui− ūi)|2dxds
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≤− 1

ϵ

∫ t

0

∫
T3

n∑
i=1

p(ρi|ρ̄i)div ūidxds

− 1

ϵ

∫ t

0

∫
T3

n∑
i=1

(ρi∇ūi : (ui− ūi)⊗(ui− ūi))dxds

− 1

ϵ

∫ t

0

∫
T3

n∑
i=1

ρi(vi− v̄i)∇ūi(vi− v̄i)dxds

− 1

ϵ

∫ t

0

∫
T3

n∑
i=1

ρi(µ
′′(ρi)∇ρi−µ′′(ρ̄i)∇ρ̄i)((v− v̄i)div ūi−(ui− ūi)div v̄i)dxds

− 1

ϵ

∫ t

0

∫
T3

n∑
i=1

ρi(µ
′(ρi)−µ′(ρ̄i))((v− v̄i)∇div ūi−(ui− ūi)∇div v̄i)dxds

− 1

ϵ2

∫ t

0

∫
T3

n∑
i,j=1

bi,jρi(ρ̄j−ρj)(ūi−ui)(ūi− ūj)dxds

+

∫ t

0

∫
T3

n∑
i=1

ρi
ρ̄i
ē(ūi−ui)dxds

− 2ν

ϵ

∫ t

0

∫
T3

n∑
i=1

µL(ρi)D(ūi) :D(ui− ūi)dxds

− ν

ϵ

∫ t

0

∫
T3

n∑
i=1

λL(ρi)div ūi(divui−div ūi)dxds.

3.1. Stability result and convergence of the diffusive limit. In this
part we prove the stability result using the estimate contained in Proposition 3.1. Let
us present the “distance” used to measure the difference between a weak dissipative
solution of (3.2) and a strong solution of (3.4)

Ψ(t) :=

∫
T3

n∑
i=1

(
1

2
ρi

∣∣∣∣mi

ρi
− m̄i

ρ̄i

∣∣∣∣2+ 1

2
ρi

∣∣∣∣Jiρi − J̄i
ρ̄i

∣∣∣∣2+h(ρi|ρ̄i)
)
dx. (3.15)

The proof presented here follows the ones contained in [13,24], in particular generalizing
the results of the latter by including the capillarity and viscosity terms in the model
under investigation. In addition, we shall also take advantage the enlarged formulation
(1.8) in terms of the drift velocity [9] to be able to handle more general Korteweg tensors
with respect to the ones considered in [19]. We stress that, under the hypothesis of γ-law
pressure, with γ>1, we have

h(ρi)=
ργi
γ−1

,

and therefore

p(ρi|ρ̄i)=(γ−1)h(ρi|ρ̄i),

this means that the term in (3.8) involving the pressure can be controlled in terms of
the relative entropy. To control the lines involving the Korteweg tensor in (4.6) we make
use of the results contained in [9], we state below for the sake of completeness.
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Lemma 3.1 ([9, Lemma 35]). Let us assume µ(ρ)=ρ
s+3
2 with γ≥s+2 and s≥−1.

We have

ρ|µ′(ρ)−µ′(ρ̄)|2≤C(ρ̄)h(ρ|ρ̄),

with C(ρ̄) uniformly bounded for ρ̄ belonging to compact sets in R+×Tn.

Finally, to take full advantage of the diagonal relaxation term in (3.8), as already
done in [24], we strengthen assumption (A2) as follows:

(A2b) Let {bi,j}ni,j=1 be such that hypothesis (A1) holds and assume that for any
index i ∈ {1,·· · ,n} we have Miρi>0.

In view of (A2b), in the proof of the main result below, we shall use

M̂ := mini∈{1,...,n}Mi>0.

Theorem 3.1. Let T >0 be fixed and let (ρ̂ϵ,m̂ϵ, Ĵϵ) be as in Definition 3.1 and

(¯̂ρ, ¯̂m,
¯̂
J) be a smooth solution of (3.4). Assume the pressure p(ρi) is given by the γ–law

ργi such that γ >1. Let µ(ρi)=ρ
s+3
2 with γ≥s+2 and s≥−1, and assume

||λL(ρi)||L∞((0,t);L1(T3)), ||µL(ρi)||L∞((0,t);L1(T3))≤ Ẽ

for a positive constant Ẽ independent on ϵ. Let us also assume that ρϵi ∈
L∞([0,T ];L∞(T3)) and there exist two constants k,N such that:

0<k≤ρϵi ≤N in R3, 0<t<T. (3.16)

Finally, assume condition (A2b) holds. Then, for any t∈ [0,T ], the stability estimate

Ψ(t)≤ (Ψ(0)+Cνϵ+Cϵ4)expĈt, (3.17)

holds true, where Ĉ >0 depends on M̂ and C is a positive constant depending on T , K,
k, N , M̂ , the L1 bound ( (3.7)) for ρϵi , assumed to be uniform in ϵ, ρ̄i and its derivatives.
Moreover, if Ψ(0)→0 as ϵ→0, then as ϵ→0

sup
t∈[0,T ]

Ψ(t)→0.

Proof. In the following, we shall estimate the right–hand–side of (3.8)

8∑
l=1

Il :=− 1

ϵ

∫ t

0

∫
T3

n∑
i=1

p(ρi|ρ̄i)div ūidxds

− 1

ϵ

∫ t

0

∫
T3

n∑
i=1

(ρi∇ūi : (ui− ūi)⊗(ui− ūi))dxds

− 1

ϵ

∫ t

0

∫
T3

n∑
i=1

(ρi∇ūi : (vi− v̄i)⊗(vi− v̄i))dxds

− 1

ϵ

∫ t

0

∫
T3

n∑
i=1

ρi(µ
′′(ρi)∇ρi−µ′′(ρ̄i)∇ρ̄i) ·((v− v̄i)div ūi−(ui− ūi)div v̄i)dxds

− 1

ϵ

∫ t

0

∫
T3

n∑
i=1

ρi(µ
′(ρi)−µ′(ρ̄i))((v− v̄i) ·∇div ūi−(ui− ūi) ·∇div v̄i)dxds
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− 1

ϵ2

∫ t

0

∫
T3

n∑
i,j=1

bi,jρi(ρj− ρ̄j)(ūi−ui) ·(ūi− ūj)dxds

+

∫ t

0

∫
T3

n∑
i=1

ρi
ρ̄i
ēi ·(ūi−ui)dxds

− 2ν

ϵ

∫ t

0

∫
T3

n∑
i=1

µL(ρi)D(ūi) :D(ui− ūi)dxds

− ν

ϵ

∫ t

0

∫
T3

n∑
i=1

λL(ρi)div ūi(divui−div ūi)dxds

term by term, using the strict positive terms at the left–hand–side and in terms of the
quantity (3.15). Following standard arguments [13,22,23], and using in particular that
ūi and their derivatives are O(ϵ), we readily obtain

|I1|≤
1

ϵ

∫ t

0

∫
T3

n∑
i=1

|p(ρi|ρ̄i)div ūi|dxds≤C
∫ t

0

∫
T3

n∑
i=1

h(ρi|ρ̄i)dxds;

|I2|≤
1

ϵ

∫ t

0

∫
T3

n∑
i=1

|ρi∇ūi : (ui− ūi)⊗(ui− ūi)|dxds≤C
∫ t

0

∫
T3

n∑
i=1

ρi

∣∣∣∣mi

ρi
− m̄i

ρ̄i

∣∣∣∣2dxds;
|I3|≤

1

ϵ

∫ t

0

∫
T3

n∑
i=1

|ρi∇ūi : (vi− v̄i)⊗(vi− v̄i)|dxds≤C
∫ t

0

∫
T3

n∑
i=1

ρi

∣∣∣∣Jiρi − J̄i
ρ̄i

∣∣∣∣2dxds.
Then we bound I4 by means of Young’s inequality as follows:

|I4|≤
1

ϵ

∫ t

0

∫
T3

n∑
i=1

|ρi(µ′′(ρi)∇ρi−µ′′(ρ̄i)∇ρ̄i||(v− v̄i)div ūi−(ui− ūi)div v̄i)|dxds

≤C
∫ t

0

∫
T3

n∑
i=1

ρi |µ′′(ρi)∇ρi−µ′′(ρ̄i)∇ρ̄i||vi− v̄i|dxds

+
C

ϵ

∫ t

0

∫
T3

n∑
i=1

ρi |µ′′(ρi)∇ρi−µ′′(ρ̄i)∇ρ̄i||ui− ūi|dxds

≤ C

M̂

∫ t

0

∫
T3

n∑
i=1

ρi

∣∣∣∣Jiρi − J̄i
ρ̄i

∣∣∣∣2dxds+ 1

12ϵ2

∫ t

0

∫
T3

n∑
i=1

Miρi

∣∣∣∣mi

ρi
− m̄i

ρ̄i

∣∣∣∣2dxds,
being µ′′(ρi)∇ρi−µ′′(ρ̄i)∇ρ̄i= s+1

2 (vi− v̄i). For I5 we use Lemma 3.1 to obtain:

|I5|≤
1

ϵ

∫ t

0

∫
T3

n∑
i=1

|ρi(µ′(ρi)−µ′(ρ̄i)||(vi− v̄i) ·∇div ūi−(ui− ūi) ·∇div v̄i|dxds

≤C
∫ t

0

∫
T3

n∑
i=1

|ρi(µ′(ρi)−µ′(ρ̄i)||vi− v̄i|dxds

+
C

ϵ

∫ t

0

∫
T3

n∑
i=1

|ρi(µ′(ρi)−µ′(ρ̄i)||ui− ūi|dxds

≤ C

M̂

∫ t

0

∫
T3

n∑
i=1

(
h(ρi|ρ̄i)+ρi

∣∣∣∣Jiρi − J̄i
ρ̄i

∣∣∣∣2
)
dxds
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+
1

12ϵ2

∫ t

0

∫
T3

n∑
i=1

Miρi

∣∣∣∣mi

ρi
− m̄i

ρ̄i

∣∣∣∣2dxds.
We estimate the interaction term I6 in (3.8) when bi,j>0 as in [24]:

|I6|≤
1

ϵ2

∫ t

0

∫
T3

n∑
i,j=1

|bi,jρi(ρ̄j−ρj)(ui− ūi)||ūi− ūj |dxds

≤ C

ϵ

∫ t

0

∫
T3

n∑
i,j=1

|bi,jρi(ρ̄j−ρj)(ui− ūi)|dxds

≤ C

M̂

∫ t

0

∫
T3

n∑
i,j=1

|ρj− ρ̄j |2dxds+
1

12ϵ2

∫ t

0

∫
T3

n∑
i=1

Miρi|ui− ūi|2dxds

≤C
∫ t

0

∫
T3

n∑
i=1

h(ρi|ρ̄i)dxds+
1

12ϵ2

∫ t

0

∫
T3

n∑
i=1

Miρi|ui− ūi|2dxds.

In the first line we use again ūi− ūj =O(ϵ) and in the second (3.16) and Young’s in-
equality, while the last inequality follows from the strict convexity of Ψ, which is again
a consequence of (3.16). Indeed, in the framework of solutions with bounded density,
|ρi− ρ̄i|2 can be controlled in terms of h(ρi|ρ̄i), as shown also in [17, 22]. For I7, since
ēi=O(ϵ), using Young’s inequality we get:

|I7|≤
∫ t

0

∫
T3

n∑
i=1

ρi
ρ̄i
|ēi||ui− ūi|dxds

≤ Cϵ2

M̂

∫ t

0

∫
T3

n∑
i=1

ρi
ρ̄2i

|ē|2dxds+ 1

4ϵ2

∫ t

0

∫
T3

n∑
i=1

Miρi|ui− ūi|2dxds

≤Cϵ4T +
1

4ϵ2

∫ t

0

∫
T3

n∑
i=1

Miρi|ui− ūi|2dxds.

Finally, as in [13], the viscosity terms in I8 can be controlled thanks to the uniform
bounds of µL(ρi) and λL(ρi), and again using that ūi is O(ϵ). Indeed:

I8=I8,1+I8,2 :=−2ν

ϵ

∫ t

0

∫
T3

n∑
i=1

µL(ρi)D(ūi) :D(ui− ūi)dxds

− ν

ϵ

∫ t

0

∫
T3

n∑
i=1

λL(ρi)div ūi(divui−div ūi)dxds

and

|I8,1|≤
ν

ϵ

∫ t

0

∫
T3

n∑
i=1

µL(ρi)|D(ui− ūi)|2 dxds+νCTϵ;

|I8,2|≤
ν

2ϵ

∫ t

0

∫
T3

n∑
i=1

λL(ρi)|div(ui− ūi)|2 dxds+νCTϵ.

Therefore, collecting all estimates above, we obtain:

Ψ(t)+
1

2ϵ2

∫ t

0

∫
T3

n∑
i=1

Miρi|ui− ūi|2dxds
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+
1

2ϵ2

∫ t

0

∫
T3

n∑
i,j=1

bi,jρiρj |(ui−uj)−(ūi− ūj)|2dxds

+
ν

ϵ

∫ t

0

∫
T3

n∑
i=1

µL(ρi)|D(ui− ūi)|2dxds+
ν

2ϵ

∫ t

0

∫
T3

n∑
i=1

λL(ρi)|div(ui− ūi)|2dxds

≤Ψ(0)+Cϵ4T +νC̄T ϵ+ Ĉ

∫ t

0

Ψ(s)ds,

and, since from relation (1.2) we have

0≤ ν

2ϵ

∫ t

0

∫
T3

n∑
i=1

(
λL(ρi)+

2

n
µL(ρi)

)
|div(ui− ūi)|2dxds

≤ ν

ϵ

∫ t

0

∫
T3

n∑
i=1

µL(ρi)|D(ui− ūi)|2dxds+
ν

2ϵ

∫ t

0

∫
T3

n∑
i=1

λL(ρi)|div(ui− ūi)|2dxds,

see also [13], the Gronwall lemma concludes the proof.

Remark 3.1. In the above estimate, we keep the dependence on the viscosity constant
ν explicit, showing in this way the final estimate (3.17) is indeed uniform for 0≤ν≪1.
In other words, our results apply also for the Euler-Korteweg case, and the corresponding
estimate is given by taking the limit ν→0+ in (3.17), that is

Ψ(t)≤ (Ψ(0)+Cϵ4)expĈt .

4. High friction limit in the case Mi=0
This section is devoted to the study of the high–friction limit when no diagonal

damping is present, and without diffusive scaling. Hence, referring to the discussions of
Section 2, the system we are going to study is the following:

∂tρi+div(ρiui)=0

∂t(ρiui)+div(ρiui⊗ui)−2νdiv(µ(ρi)D(ui))−ν∇(λ(ρi)divui)+∇ργi

=divSi−
1

ϵ

n∑
j=1

bi,jρiρj(ui−uj)

∂t(ρivi)+div(ρivi⊗ui)+divKi=0.

(4.1)

The argument we shall use is closely related to the ones in [19]; however, in the present
work, we consider viscosity effects and a more general class of capillarity coefficients, the
latter thanks to the augmented formulation already presented in the previous section.
Thus, for readers’ convenience, we recall the following relations involving in particular
the drift velocities vi:

vi=
∇µ(ρi)
ρi

, mi=ρiui, Ji=ρivi=∇µ(ρi);

divSi=ρi∇
(
k(ρi)∆ρi+

1

2
k′(ρi)|∇ρi|2

)
=div(µ(ρi)∇vi)+

1

2
∇(λ(ρi)divvi);

divKi=div(µ(ρi)
t∇ui)+

1

2
∇(λ(ρi)divui).
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As already emphasized in Section 2, in system (4.1) we made the particular choice
µL(ρi)=µ(ρi) and λL(ρi)=λ(ρi)=2(µ′(ρi)ρi−µ(ρi)), as in [9]. This allows us to
rewrite the viscosity terms in the forthcoming relative entropy calculation (4.6) in terms
of the quadratic quantity already used (3.15); see subsections below. Indeed, we recall
that from the Hilbert expansion of (4.1) performed in Section 2, in the present high
friction limit without time scaling, which does not lead to a diffusive limit, the viscosity
part is not an O(ϵ) error term, and therefore it can not be managed in the same way as
in Section 3.

Hence, let us now compare via a relative entropy inequality weak solutions of (4.1)
with strong solutions of system (2.25), that is:

∂tρ̄i+div(ρ̄iū)=0

∂t(ρ̄iū)+div(ρ̄iū⊗ ū)−2νdiv(µ(ρ̄i)D(ū))−ν∇(λ(ρ̄i)div ū)+∇ρ̄γi =div S̄i+R̄i

∂t(ρ̄iv̄i)+div(ρ̄iv̄i⊗ ū)+divK̄i=0

(4.2)

where m̄i= ρ̄iū, J̄i= ρ̄iv̄i=∇µ(ρ̄i), and R̄i is defined as in (2.26):

R̄i=
ρi
ρ̄

n∑
j=1

[
div S̄j−∇p(ρ̄j)

]
−div S̄i+∇p(ρ̄i)

+ρi

ρ̄

∑n
j=1 [2νdivµ(ρ̄j)D(ū)+ν∇(λ(ρ̄j)div ū)]−2νdivµ(ρ̄i)D(ū)−ν∇(λ(ρ̄i)div ū)

=
ρi
ρ̄
div T̄ −div T̄i+νdivD̄

ρ̄i
ρ̄
−νdivD̄i;

div T̄i=div S̄i−∇p(ρ̄i);

div T̄ =

n∑
i=1

div T̄i;

divD̄i=div(µ(ρ̄i)D(ū))+∇(λ(ρ̄i)div ū);

divD̄=

n∑
i=1

divD̄i.

The definition of weak solutions of system (4.1) is the following.

Definition 4.1 (weak and dissipative weak solution). A triple (ρ̂ϵ,m̂ϵ, Ĵϵ) (where
ρ̂ϵ=(ρϵ1, ·· · ,ρϵn), m̂ϵ=(mϵ

1, ·· · ,mϵ
n), Ĵ

ϵ=(Jϵ
1, ·· · ,Jϵ

n)) such that

0≤ρϵi ∈C0([0,∞);L1(T3));

(ρϵiu
ϵ
i ,ρ

ϵ
iv

ϵ
i )∈C0([0,∞);L1(T3;R3))

is called a periodic weak solution of (4.1) if for any i=1, ·· · ,n:√
ρϵiu

ϵ
i ∈L∞((0,T );L2(T3)3)√

ρϵiv
ϵ
i ∈L∞((0,T );L2(T3)3)

ρϵi ∈C0([0,∞);Lγ(T3))

µ(ρϵi)D(uϵi)∈L1((0,T );L1(T3)3×3)

λ(ρϵi)divu
ϵ
i ∈L1((0,T );L1(T3))

(ρϵi)
2uϵi ∈L∞((0,T );L1(T3)3)
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and (ρϵi ,u
ϵ
i ,v

ϵ
i ) satisfy for all ψi∈C1

0 ([0,∞);C1(R3)) and ϕi,φi∈C1
0 ([0,∞);C1(T3)3):

−
∫ ∞

0

∫
T3

n∑
i=1

(ρϵi∂tψi+ρ
ϵ
iu

ϵ
i ·∇ψi)dxdt=

∫
T3

n∑
i=1

ρϵi(x,0)ψi(x,0)dx,

−
∫ ∞

0

∫
T3

n∑
i=1

ρϵiu
ϵ
i∂tϕi+ρ

ϵ
iu

ϵ
i ⊗uϵ

i :∇ϕi+ρ
ϵ
i
γ divψi+µ(ρ

ϵ
i)vi ·∇divϕi+∇µ(ρϵi) ·(∇ϕivi)dxdt

−
∫ ∞

0

∫
T3

n∑
i=1

(
1

2
∇λ(ρϵi) ·vϵi divϕi+

1

2
λ(ρϵi)v

ϵ
i ·∇divϕi

)
dxdt

+ν

∫ ∞

0

∫
T3

n∑
i=1

(2µ(ρi)D(ui) :∇ϕi+λ(ρi)divuidivϕi)dxdt

+
1

ϵ

∫ ∞

0

∫
T3

n∑
i,j=1

bi,jρ
ϵ
iρ

ϵ
j(u

ϵ
i −uϵ

j) ·ϕidxdt

=

∫
T3

n∑
i=1

(ρϵiu
ϵ
i)(x,0) ·ϕi(x,0)dx,

−
∫ ∞

0

∫
T3

n∑
i=1

(ρϵiv
ϵ
i∂tφi+ρ

ϵ
iu

ϵ
i ⊗vϵi :∇φi+µ(ρ

ϵ
i)vi ·∇divφi+∇µ(ρϵi) ·(∇φivi))dxdt

−
∫ ∞

0

∫
T3

n∑
i=1

(
1

2
∇λ(ρϵi) ·vϵi divφi+

1

2
λ(ρϵi)v

ϵ
i ·∇divφi

)
dxdt

=

∫
T3

n∑
i=1

(ρϵiv
ϵ
i )(x,0) ·φi(x,0)dx.

If in addition ηtot(ρ̂
ϵ,m̂ϵ,Ĵϵ)∈C([0,∞);L1(T3)) and the integrated energy inequality

of (1.11)

−
∫ ∞

0

Σtot(ρ̂
ϵ(t),m̂ϵ(t), Ĵϵ(t))θ′(t)dt+

1

2ϵ

∫ ∞

0

∫
T3

n∑
i,j=1

bi,jρ
ϵ
iρ

ϵ
j |uϵi−uϵj |2θ(t)dxdt

+2ν

∫ ∞

0

∫
T3

n∑
i=1

µ(ρϵi)|D(uϵi)|2 dxdt+ν
∫ ∞

0

∫
T3

n∑
i=1

λ(ρϵi)|divuϵi |2dxdt

≤Σtot(ρ̂
ϵ(0),m̂ϵ(0),Ĵϵ(0))θ(0) (4.3)

holds for any θ∈W 1,∞([0,∞)) compactly supported in [0,∞), then we call (ρ̂ϵ,m̂ϵ,Ĵϵ)
a periodic dissipative weak solution.

We say that a weak periodic (dissipative) weak solution (ρ̂ϵ,m̂ϵ, Ĵϵ) for (4.1) has
finite total mass and finite total energy if for any T >0 there exists a constant K>0
independent of ϵ such that:

sup
t∈(0,T )

∫
T3

n∑
i=1

ρϵidx≤K;

sup
t∈(0,T )

∫
T3

n∑
i=1

(
1

2

mϵ
i
2

ρϵi
+

1

2

Jϵ
i
2

ρϵi
+

ρϵi
γ

γ−1

)
dx≤K. (4.4)

We recall the definition of the relative entropy where the subscripts ϵ have been



1850 HIGH FRICTION LIMITS FOR MULTICOMPONENT MODELS

omitted for simplicity:

ηtot(ρ̂,m̂,Ĵ | ¯̂ρ, ¯̂m, ¯̂J)=
n∑

i=1

η(ρi,mi,Ji)−
n∑

i=1

η(ρ̄i,m̄i, J̄i)−
n∑

i=1

ηρi(ρ̄i,m̄i, J̄i)(ρi− ρ̄i)

−
n∑

i=1

ηmi
(ρ̄i,m̄i, J̄i)(mi−m̄i)−

n∑
i=1

ηJi
(ρ̄i,m̄i, J̄i)(Ji− J̄i). (4.5)

Proposition 4.1. Let (ρ̂ϵ,m̂ϵ,Ĵϵ) be a dissipative weak periodic solution to (4.1)
as in Definition 4.1 with finite total mass and energy (4.4) such that (A1) holds. Let
w̄i=(ρ̄i,m̄i= ρ̄iū,J̄i= ρ̄iv̄i) be a smooth solution to (4.2) such that:

w̄i,∂tw̄i,∇w̄i,D
2w̄i,D

3ρ̄i∈L∞([0,T ];L∞(T3)), for any i=1, ·· · ,n

then:

Σtot(ρ̂
ϵ,m̂ϵ, Ĵϵ| ¯̂ρ, ¯̂m, ¯̂J)

∣∣∣t
s=0

+
1

2ϵ

∫ t

0

∫
T3

n∑
i,j=1

bi,jρiρj |ui−uj |2dxds

+2ν

∫ t

0

∫
T3

n∑
i=1

µ(ρi)|D(ui− ū)|2dxds+ν
∫ t

0

∫
T3

n∑
i=1

λ(ρi)|div(ui− ū)|2dxds

≤2ν

∫ t

0

∫
T3

n∑
i=1

ρiD(ū) : (vi− v̄i)⊗(ui− ū)dxds

+2ν

∫ t

0

∫
T3

n∑
i=1

ρi∇(div ū)(µ′(ρi)−µ′(ρ̄i))(ui− ū)dxds

+2ν

∫ t

0

∫
T3

n∑
i=1

ρi(µ
′′(ρi)∇ρi−µ′′(ρ̄i)∇ρ̄i)div ū(ui− ū)dxds

+

∫ t

0

∫
T3

n∑
i=1

ρi
ρ̄i
R̄i(ū−ui)dxds−

∫ t

0

∫
T3

n∑
i=1

p(ρi|ρ̄i)div ūdxds

−
∫ t

0

∫
T3

n∑
i=1

(ρi∇ū : (ui− ū)⊗(ui− ū))dxds−
∫ t

0

∫
T3

n∑
i=1

ρi∇ū : (vi− v̄i)⊗(vi− v̄i)dxds

−
∫ t

0

∫
T3

n∑
i=1

ρi(µ
′′(ρi)∇ρi−µ′′(ρ̄i)∇ρ̄i) ·((v− v̄i)div ū−(ui− ū)div v̄i)dxds

−
∫ t

0

∫
T3

n∑
i=1

ρi(µ
′(ρi)−µ′(ρ̄i))((v− v̄i) ·∇div ū−(ui− ū) ·∇div v̄i)dxds. (4.6)

Proof. Using the definition of periodic dissipative weak solution as in Definition
4.1 and the regularity of strong solution of (4.2) we compute the first two terms of (4.5),
while the weak formulation allows us to estimate the remaining linear parts.

Step I: The Energy Inequalities.

As in Section 3, we use the following test function in (4.3):

θ(s)=


1 for 0≤s<t

t−s
δ

+1 for t≤s<t+δ

0 for s>t+δ.

(4.7)
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Passing to the limit as δ→0 we get:

Σtot(ρ̂
ϵ(t),m̂ϵ(t), Ĵϵ(t))+

1

2ϵ

∫ t

0

∫
T3

n∑
i,j=1

bi,jρiρj |ui−uj |2dxds

+2ν

∫ t

0

∫
T3

n∑
i=1

µ(ρi)|D(ui)|2dxds+ν
∫ t

0

∫
T3

n∑
i=1

λ(ρi)|divui|2dxds

≤Σtot(ρ̂
ϵ(0),m̂ϵ(0),Ĵϵ(0)). (4.8)

We compute the energy associated to the strong solution (ρ̄i,m̄i,J̄i) multiplying Equa-
tions (4.2)2 and (4.2)3 by ū and v̄i respectively. If we sum all the contributions inte-
grating over (0,T )×T3 we obtain:

Σtot(¯̂ρ(t), ¯̂m(t),
¯̂
J(t))+2ν

∫ t

0

∫
T3

n∑
i=1

µ(ρ̄i)|D(ū)|2dxds+ν
∫ t

0

∫
T3

n∑
i=1

λ(ρ̄i)|div ū|2dxds

≤Σtot(¯̂ρ(0), ¯̂m(0),
¯̂
J(0))+

∫ t

0

∫
T3

n∑
i=1

R̄iūdxds. (4.9)

Step II: Equations for the difference.

Now we evaluate the linear part of the relative entropy using suitable test functions
in the weak formulation according to Definition 4.1. If we take the differences (ρi−
ρ̄i,ρiui− ρ̄iū,ρivi− ρ̄iv̄i) they have to satisfy:

−
∫ t

0

∫
T3

n∑
i=1

(ρi− ρ̄i)∂sψi+(ρiui− ρ̄iū) ·∇ψidxds

=

∫
T3

n∑
i=1

(ρi(x,0)− ρ̄i(x,0)ψi(x,0))dx,

−
∫ t

0

∫
T3

n∑
i=1

(ρiui− ρ̄iū) ·∂sϕi+(ρiui⊗ui− ρ̄iū⊗ ū) :∇ϕi+(ργi − ρ̄
γ
i )divϕidxds

−
∫ t

0

∫
T3

n∑
i=1

(µ(ρi)vi−µ(ρ̄i)v̄i)∇divϕi+(∇µ(ρi)vi−∇µ(ρ̄i)v̄i) :∇ϕidxds

− 1

2

∫ t

0

∫
T3

n∑
i=1

(∇λ(ρi)vi−∇λ(ρ̄i)v̄i)divϕi+(λ(ρi)vi−λ(ρ̄i)v̄i)∇divϕidxds

+ν

∫ t

0

∫
T3

n∑
i=1

(2µ(ρi)D(ui)−2µ(ρ̄i)D(ū)) :∇ϕi+(λ(ρi)divui−λ(ρ̄i)div ū)divϕidxds

+
1

ϵ

∫ t

0

∫
T3

n∑
i,j=1

bi,jρiρj(ui−uj)ϕidxds+

∫ t

0

∫
T3

n∑
i=1

R̄iϕidxds

=

∫
T3

n∑
i=1

((ρiui)(x,0)−(ρ̄iūi)(x,0)ϕi(x,0))dx,

and

−
∫ t

0

∫
T3

n∑
i=1

(ρivi− ρ̄iv̄i) ·∂sφi+(ρiui⊗vi− ρ̄iū⊗ v̄i) :∇φidxds
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+

∫ t

0

∫
T3

n∑
i=1

(µ(ρi)ui−µ(ρ̄i)ū)∇divφi+(∇µ(ρi)ui−∇µ(ρ̄i)ū) :∇φidxds

+
1

2

∫ t

0

∫
T3

n∑
i=1

(∇λ(ρi)ui−∇λ(ρ̄i)ū)divφi+(λ(ρi)ui−λ(ρ̄i)ū)∇divφidxds

=

∫
T3

n∑
i=1

((ρivi)(x,0)−(ρ̄iv̄i)(x,0))ϕi(x,0)dx,

where ψ,ϕ,φ are Lipschitz test functions (ϕ,φ vector-valued) compactly supported in
[0,∞) in time and periodic in space. In the above formulation we choose:

ψi=θ(s)

(
h′(ρ̄i)−

1

2

m̄i
2

ρ̄i
− 1

2

J̄i
2

ρ̄i

)
,

ϕi=θ(s)

(
m̄i

ρ̄i

)
φi=θ(s)

(
J̄i
ρ̄i

)
,

where θ is defined in (4.7) and we recall that m̄i/ρ̄i= ū is indeed independent from i.
The previous relations become as δ→0:∫

T3

n∑
i=1

(
h′(ρ̄i)−

1

2

m̄i
2

ρ̄i
− 1

2

J̄i
2

ρ̄i

)
(ρi− ρ̄i)

∣∣∣t
s=0

−
∫ t

0

∫
T3

n∑
i=1

∂s

(
h′(ρ̄i)−

1

2

m̄i
2

ρ̄i
− 1

2

J̄i
2

ρ̄i

)
(ρi− ρ̄i)dxds

−
∫ t

0

∫
T3

n∑
i=1

∇x

(
h′(ρ̄i)−

1

2

m̄i
2

ρ̄i
− 1

2

J̄i
2

ρ̄i

)
(ρiui− ρ̄iū)dxds=0, (4.10)

∫
T3

n∑
i=1

m̄i

ρ̄i
(ρiui− ρ̄iū)

∣∣∣t
s=0

−
∫ t

0

∫
T3

n∑
i=1

∂s

(
m̄i

ρ̄i

)
(ρiui− ρ̄iū)dxds

−
∫ t

0

∫
T3

n∑
i=1

(
(ρiui⊗ui− ρ̄iū⊗ ū) :∇

(
m̄i

ρ̄i

)
+(p(ρi)−p(ρ̄i))div

(
m̄i

ρ̄i

))
dxds

−
∫ t

0

∫
T3

n∑
i=1

(
(µ(ρi)vi−µ(ρ̄i)v̄i)∇div

(
m̄i

ρ̄i

)
+(∇µ(ρi)vi−∇µ(ρ̄i)v̄i) :∇

(
m̄i

ρ̄i

))
dxds

− 1

2

∫ t

0

∫
T3

n∑
i=1

(
(∇λ(ρi)vi−∇λ(ρ̄i)v̄i)div

(
m̄i

ρ̄i

)
+(λ(ρi)vi−λ(ρ̄i)v̄i)∇div

(
m̄i

ρ̄i

))
dxds

+ν

∫ t

0

∫
T3

n∑
i=1

(2µ(ρi)D(ui)−2µ(ρ̄i)D(ū)) :∇ū+(λ(ρi)divui−λ(ρ̄i)div ū)div ūdxds

+
1

ϵ

∫ t

0

∫
T3

n∑
i,j=1

bi,jρiρj(ui−uj)

(
m̄i

ρ̄i

)
dxds+

∫ t

0

∫
T3

n∑
i=1

R̄i

(
m̄i

ρ̄i

)
dxds=0, (4.11)

and∫
T3

n∑
i=1

J̄i
ρ̄i

(ρivi− ρ̄iv̄i)
∣∣∣t
s=0

−
∫ t

0

∫
T3

n∑
i=1

∂s

(
J̄i
ρ̄i

)
(ρivi− ρ̄iv̄i)dxds
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−
∫ t

0

∫
T3

n∑
i=1

(
(ρiui⊗vi− ρ̄iū⊗ v̄i) :∇

(
J̄i
ρ̄i

))
dxds

+

∫ t

0

∫
T3

n∑
i=1

(
(µ(ρi)ui−µ(ρ̄i)ū)∇div

(
J̄i
ρ̄i

)
+(∇µ(ρi)ui−∇µ(ρ̄i)ū) :∇

(
J̄i
ρ̄i

))
dxds

+
1

2

∫ t

0

∫
T3

n∑
i=1

(∇λ(ρi)ui−∇λ(ρ̄i)ū)div
(
J̄i
ρ̄i

)

+
1

2

∫ t

0

∫
T3

n∑
i=1

(λ(ρi)ui−λ(ρ̄i)ū)∇div

(
J̄i
ρ̄i

)
dxds=0. (4.12)

We notice that

1

ϵ

∫ t

0

∫
T3

n∑
i,j=1

bi,jρiρj(ui−uj) ·
(
m̄i

ρ̄i

)
dxds=

1

ϵ

∫ t

0

∫
T3

n∑
i,j=1

bi,jρiρj(ui−uj) · ūdxds=0,

thanks to the symmetry of the matrix {bi,j}i,j=1,···,n. Recalling the definition of the
relative entropy (4.5), and using (4.8),(4.9), (4.10), (4.11), (4.12) we obtain:

Σtot(ρ̂
ϵ,m̂ϵ, Ĵϵ| ¯̂ρ, ¯̂m, ¯̂J)

∣∣∣t
s=0

dx+
1

2ϵ

∫ t

0

∫
T3

n∑
i,j=1

bi,jρiρj |ui−uj |2dxds

≤−2ν

∫ t

0

∫
T3

n∑
i=1

µ(ρi)|D(ui)|2dxds−ν
∫ t

0

∫
T3

n∑
i=1

λ(ρi)|divui|2dxds

+2ν

∫ t

0

∫
T3

n∑
i=1

µ(ρ̄i)|D(ū)|2dxds+ν
∫ t

0

∫
T3

n∑
i=1

λ(ρ̄i)|div ū|2dxds

+ν

∫ ∞

0

∫
T3

n∑
i=1

(2µ(ρi)D(ui)−2µ(ρ̄i)D(ū)) :∇ū+(λ(ρi)divui−λ(ρ̄i)div ū)div ūdxds

−
∫ t

0

∫
T3

n∑
i=1

∂s

(
h′(ρ̄i)−

1

2

m̄i
2

ρ̄i
− 1

2

J̄i
2

ρ̄i

)
(ρi− ρ̄i)+∂s

(
m̄i

ρ̄i

)
(ρiui− ρ̄iū)

+∂s

(
J̄i
ρ̄i

)
(ρivi− ρ̄iv̄i)dxds

−
∫ t

0

∫
T3

n∑
i=1

∇x

(
h′(ρ̄i)−

1

2

m̄i
2

ρ̄i
− 1

2

J̄i
2

ρ̄i

)
(ρiui− ρ̄iū)dxds

−
∫ t

0

∫
T3

n∑
i=1

(p(ρi)−p(ρ̄i))div
(
m̄i

ρ̄i

)
dxds

−
∫ t

0

∫
T3

n∑
i=1

(ρiui⊗uj − ρ̄iū⊗ ū) :∇ū+(ρiui⊗vj− ρ̄iū⊗ v̄j) :∇v̄idxds

−
∫ t

0

∫
T3

n∑
i=1

µ(ρi)[(vi− v̄i)∇div ū−(ui− ū)∇div v̄i]

+∇µ(ρi)[∇ū(vi− v̄i)−∇v̄i(ui− ū)]dxds

− 1

2

∫ t

0

∫
T3

n∑
i=1

∇λ(ρi)[(vi− v̄i)div ū−(ui− ū)div v̄i]

+λ(ρi)[(vi− v̄i)∇div ū−(ui− ū)∇div v̄i]dxds

+

∫ t

0

∫
T3

n∑
i=1

(µ(ρi)−µ(ρ̄i))(ū∇div v̄i− v̄i∇div ū)+(∇µ(ρi)−∇µ(ρ̄i))[∇v̄iū−∇ūv̄i]dxds
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+
1

2

∫ t

0

∫
T3

n∑
i=1

(λ(ρi)−λ(ρ̄i))[ū∇div v̄i− v̄i∇div ū]

+(∇λ(ρi)−∇λ(ρ̄i))(ūdiv v̄i− v̄idiv ū)dxds.

As in Proposition 3.1 we observe that the last two lines are equal to zero thanks to the
property (1.9) of the stress tensors Si, Ki. Using the relation h′′(ρ̄i)=p

′(ρ̄i)/ρ̄i we find
that:

−
∫ t

0

∫
T3

n∑
i=1

∂sh
′(ρ̄i)(ρi− ρ̄i)+∇xh

′(ρ̄i)(ρiui− ρ̄iū)dxds

=

∫ t

0

∫
T3

n∑
i=1

p′(ρ̄i)(ρi− ρ̄i)div ū+
ρi
ρ̄i
∇p(ρ̄i)(ū−ui)dsdx.

Then, the following quantity∫ t

0

∫
T3

n∑
i=1

∂s

(
1

2
|ū|2
)
(ρi− ρ̄i)+∇x

(
1

2
|ū|2
)
(ρiui− ρ̄iū)dxds

−
∫ t

0

∫
T3

n∑
i=1

∂sū(ρiui− ρ̄iū)+∇ū : (ρiui⊗ui− ρ̄iūi⊗ ūi)dxds

can be rearranged by multiplying the momentum equations of the strong solution ū, v̄i,
by ρi(ū−ui) and ρi(v̄i−vi) respectively. We get:∫ t

0

∫
T3

n∑
i=1

(
∂s

(
1

2
|ū|2
)
(ρi− ρ̄i)+∇x

(
1

2
|ū|2
)
(ρiui− ρ̄iū)−∂sū(ρiui− ρ̄iū)

)
dxds

−
∫ t

0

∫
T3

n∑
i=1

∇ū : (ρiui⊗ui− ρ̄iūi⊗ ūi)dxds

=−
∫ t

0

∫
T3

n∑
i=1

ρi∇ū : (ui− ū)⊗(ui− ū)+
ρi
ρ̄i
∇p(ρ̄i)(ū−ui)

− ρi
ρ̄i

div S̄i(ū−ui)−
ρi
ρ̄i
R̄i(ū−ui)dxds+2ν

∫ t

0

∫
T3

n∑
i=1

div(µ(ρ̄i)Dū))
ρi
ρ̄i
(ū−ui)dxds

+ν

∫ t

0

∫
T3

n∑
i=1

∇(λ(ρ̄i)div ū)
ρi
ρ̄i
(ū−ui)dxds

and∫ t

0

∫
T3

n∑
i=1

(
∂s

(
1

2
|v̄i|2

)
(ρi− ρ̄i)+∇x

(
1

2
|v̄i|2

)
(ρiui− ρ̄iū)−∂sv̄i(ρiui− ρ̄iū)

)
dxds

−
∫ t

0

∫
T3

n∑
i=1

∇v̄i : (ρiui⊗vi− ρ̄iūi⊗ v̄i)dxds

=−
∫ t

0

∫
T3

n∑
i=1

(
ρi∇v̄i : (ui− ū)⊗(vi− v̄i)+

ρi
ρ̄i

divK̄i(v̄i−vi)
)
dxds.

From the previous calculations the relative entropy verifies:

Σtot(ρ̂
ϵ,m̂ϵ, Ĵϵ| ¯̂ρ, ¯̂m, ¯̂J)

∣∣∣t
s=0

+
1

ϵ

∫ t

0

∫
T3

n∑
i,j=1

bi,jρiρj |ui−uj |2dxds
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≤−2ν

∫ t

0

∫
T3

n∑
i=1

µ(ρi)|D(ui)|2dxdt−ν
∫ t

0

∫
T3

n∑
i=1

λ(ρi)|divui|2dxds

+ν

∫ t

0

∫
T3

n∑
i=1

(2µ(ρi)D(ui) :D(ū)+λ(ρi)divuidiv ū)dxds

+2ν

∫ t

0

∫
T3

n∑
i=1

div(µ(ρ̄i)Dū))
ρi
ρ̄i
(ū−ui)dxds

+ν

∫ t

0

∫
T3

n∑
i=1

∇(λ(ρ̄i)div ū)
ρi
ρ̄i
(ū−ui)dxds

−
∫ t

0

∫
T3

n∑
i=1

p(ρi|ρ̄i)div ūdxds+
∫ t

0

∫
T3

n∑
i=1

ρi
ρ̄i
R̄i(ū−ui)dxds

−
∫ t

0

∫
T3

n∑
i=1

(ρi∇ū : (ui− ū)⊗(ui− ū)+ρi∇v̄i : (ui− ū)⊗(vi− v̄i))dxds

−
∫ t

0

∫
T3

n∑
i=1

µ(ρi)[(vi− v̄i)∇div ū−(ui− ū)∇div v̄i]

+∇µ(ρi)[∇ū(vi− v̄i)−∇v̄i(ui− ū)]dxds

− 1

2

∫ t

0

∫
T3

n∑
i=1

∇λ(ρi)[(vi− v̄i)div ū−(ui− ū)div v̄i]

+λ(ρi)[(vi− v̄i)∇div ū−(ui− ū)∇div v̄i]dxds

+

∫ t

0

∫
T3

n∑
i=1

ρi
ρ̄i

(
µ(ρ̄i)div∇v̄i+ t∇µ(ρ̄i)t∇v̄i

+
1

2
∇λ(ρ̄i)div v̄i+

1

2
λ(ρ̄i)∇div v̄i

)
(ū−ui)dxds

−
∫ t

0

∫
T3

n∑
i=1

ρi
ρ̄i

(
µ(ρ̄i)div

t∇ū+ t∇µ(ρ̄i)∇ū

+
1

2
∇λ(ρ̄i)div ū+

1

2
λ(ρ̄i)∇div ū

)
(v̄i−vi)dxds

=:

9∑
i=1

Ii.

Concerning the viscous terms I1+I2+I3, as already said above, here we should
take advantage of the particular choice for Lamé constants to rearrange them properly
and then control them using the relative entropy. To this end we compute

I1+I2+I3=−2ν

∫ t

0

∫
T3

n∑
i=1

µ(ρi)|D(ui− ū)|2dxds−ν
∫ t

0

∫
T3

n∑
i=1

λ(ρi)|div(ui− ū)|2dxds

−2ν

∫ t

0

∫
T3

n∑
i=1

µ(ρi)D(ū) :D(ui− ū)dxds

−ν
∫ t

0

∫
T3

n∑
i=1

λ(ρi)div ū(divui−div ū)dxds
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+2ν

∫ t

0

∫
T3

n∑
i=1

div(µ(ρ̄i)Dū))
ρi
ρ̄i
(ū−ui)dxds

+ν

∫ t

0

∫
T3

n∑
i=1

∇(λ(ρ̄i)div ū)
ρi
ρ̄i
(ū−ui)dxds

=:Î1+ Î2+ Î3.

Applying the divergence theorem in Î2 we get

Î2=2ν

∫ t

0

∫
T3

n∑
i=1

ρiD(ū) :
∇µ(ρi)
ρi

⊗(ui− ū)+
µ(ρi)

ρi
div(D(ū))ρi(ui− ū)dxds

+ν

∫ t

0

∫
T3

n∑
i=1

∇λ(ρi)
ρi

div ū ρi(ui− ū)+
λ(ρi)

ρi
∇(div ū)ρi(ui− ū)dxds,

while Î3 is equal to:

Î3=−2ν

∫ t

0

∫
T3

n∑
i=1

ρiD(ū) :
∇µ(ρ̄i)
ρ̄i

⊗(ui− ū)+
µ(ρ̄i)

ρ̄i
div(D(ū))ρi(ui− ū)dxds

−ν
∫ t

0

∫
T3

n∑
i=1

∇λ(ρ̄i)
ρ̄i

div ūρi(ui− ū)+
λ(ρ̄i)

ρ̄i
∇div ū ρi(ui− ū)dxds.

Using the definition of vi, λ(ρi)=2(µ′(ρi)ρi−µ(ρi)) and the property divD(ū)=∇div ū
being a symmetric matrix, we have:

Î2+ Î3=2ν

∫ t

0

∫
T3

n∑
i=1

ρiD(ū) : (vi− v̄i)⊗(ui− ū)dxds

+2ν

∫ t

0

∫
T3

n∑
i=1

ρi∇(div ū)(µ′(ρi)−µ′(ρ̄i))(ui− ū)dxds

+2ν

∫ t

0

∫
T3

n∑
i=1

ρi(µ
′′(ρi)∇ρi−µ′′(ρ̄i)∇ρ̄i)div ū(ui− ū)dxds.

Hence, we conclude that the viscous part I1+I2+I3 rewrites as follows:

I1+I2+I3=−2ν

∫ t

0

∫
T3

n∑
i=1

µL(ρi)|D(ui− ū)|2dxds

−ν
∫ t

0

∫
T3

n∑
i=1

λL(ρi)|div(ui− ū)|2dxds

+2ν

∫ t

0

∫
T3

n∑
i=1

ρiD(ū) : (vi− v̄i)⊗(ui− ū)dxds

+2ν

∫ t

0

∫
T3

n∑
i=1

ρi∇(div ū)(µ′(ρi)−µ′(ρ̄i))(ui− ū)dxds

+2ν

∫ t

0

∫
T3

n∑
i=1

ρi(µ
′′(ρi)∇ρi−µ′′(ρ̄i)∇ρ̄i)div ū(ui− ū)dxds.
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Let us recall that div t∇ū=∇div ū and ∇div v̄i=div∇v̄i since ∇v̄i is symmetric,
being v̄i a gradient. We define Ĩ3 as follows:

Ĩ3 :=−
∫ t

0

∫
T3

n∑
i=1

(
µ(ρi)−

ρi
ρ̄i
µ(ρ̄i)

)
(∇div ū(vi− v̄i)−∇div v̄i(ui− ū))dxds

−
∫ t

0

∫
T3

n∑
i=1

(
∇µ(ρi)−

ρi
ρ̄i
∇µ(ρ̄i)

)
·(∇ū(vi− v̄i)−∇v̄i(ui− ū))dxds.

Since vi=∇µ(ρi)/ρi then Ĩ3 reads as:

Ĩ3=−
∫ t

0

∫
T3

n∑
i=1

ρi

(
µ(ρi)

ρi
− µ(ρ̄i)

ρ̄i

)
(∇div ū(vi− v̄i)−∇div v̄i(ui− ū))dxds

−
∫ t

0

∫
T3

n∑
i=1

ρi (vi− v̄i) ·(∇ū(vi− v̄i)−∇v̄i(ui− ū))dxds.

Moreover, we define

Ĩ4 :=− 1

2

∫ t

0

∫
T3

n∑
i=1

(
λ(ρi)−

ρi
ρ̄i
λ(ρ̄i)

)
((vi− v̄i)∇div ū−(u− ū)∇div v̄)dxds

− 1

2

∫ t

0

∫
T3

n∑
i=1

(
∇λ(ρi)−

ρi
ρ̄i
∇λ(ρ̄i)

)
((v− v̄i)div ū−(ui− ū)div v̄i)dxds.

Since λ(ρi)=2(ρiµ
′(ρi)−µ(ρi)) one has:

Ĩ4=− 1

2

∫ t

0

∫
T3

n∑
i=1

ρi

(
λ(ρi)

ρi
− λ(ρ̄i)

ρ̄i

)
((vi− v̄i)∇div ū−(u− ū)∇div v̄)dxds

−
∫ t

0

∫
T3

n∑
i=1

ρi(µ
′′(ρi)∇ρi−µ′′(ρ̄i)∇ρ̄i)((v− v̄i)div ū−(ui− ū)div v̄i)dxds.

Therefore:

I6+I7+I8+I9= Ĩ3+ Ĩ4

=−
∫ t

0

∫
T3

n∑
i=1

ρi(µ
′′(ρi)∇ρi−µ′′(ρ̄i)∇ρ̄i)((v− v̄i)div ū−(ui− ū)div v̄i)dxds

−
∫ t

0

∫
T3

n∑
i=1

ρi(µ
′(ρi)−µ′(ρ̄i))((v− v̄i)∇div ū−(ui− ū)∇div v̄i)dxds

−
∫ t

0

∫
T3

n∑
i=1

ρi [(vi− v̄i)∇ū(vi− v̄i)−(vi− v̄i)∇v̄i(ui− ū)]dxds.

Finally, the relative entropy verifies (4.6) and the proof is complete.

4.1. Stability result and convergence of the limit. As in the previous
limit, with the relative entropy estimate (4.6) of Proposition 4.1 at hand, we are able
to control the relaxation limit using the quadratic quantity (3.15):

Ψ(t)=

∫
T3

n∑
i=1

(
1

2
ρi

∣∣∣∣mi

ρi
− m̄i

ρ̄i

∣∣∣∣2+ 1

2
ρi

∣∣∣∣Jiρi − J̄i
ρ̄i

∣∣∣∣2+h(ρi|ρ̄i)
)
dx
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=

∫
T3

n∑
i=1

(
1

2
ρi |ui− ū|2+

1

2
ρi |vi− v̄i|2+h(ρi|ρ̄i)

)
dx.

The proof of our convergence follows the blueprint of [19], again generalizing the results
of the latter by including viscosity terms and considering a more general class of cap-
illarity coefficients. As already mentioned above, this last generalization can be done
thanks to the enlarged formulation (4.1) in terms of the drift velocity; see [9] and Lemma
3.1 in Section 3. The crucial estimate in the proof done in [19] under the framework
(A1) is the following control of the kinetic energy in terms of the interaction energy;
see [19, Theorem 9 and Remark 12],

1

2

n∑
i,j=1

bi,jρiρj |ui−uj |2≥ δ
n∑

i=1

ρ2i |ui−u|2 (4.13)

for a constant δ>0.

Theorem 4.1. Let T >0 be fixed and let (ρ̂ϵ,m̂ϵ, Ĵϵ) be as in Definition 4.1

and (¯̂ρ, ¯̂m,
¯̂
J) be a smooth solution of (4.2). Assume the pressure p(ρi) is given by

the γ–law ργi , γ>1. Let µ(ρi)=ρ
s+3
2

i with γ≥s+2 and s≥−1, and assume that
ρϵi ∈L∞([0,T ];L∞(T3)), namely there exist 0<k,N such that

0<k≤ρϵi ≤N in R3, 0<t<T. (4.14)

Finally, assume condition (A1) holds. Then, for any t∈ [0,T ], the stability estimate

Ψ(t)≤ (Ψ(0)+ϵC(δ)(ν2+1))expC(ν2+ν+1)t (4.15)

holds true, where C is a positive constant depending on T , K the L1 bound (4.4) for
ρϵi , assumed to be uniform in ϵ, ρ̄i, and its derivatives. Moreover, if Ψ(0)→0 as ϵ→0,
then as ϵ→0

sup
t∈[0,T ]

Ψ(t)→0.

Proof. Starting from the relative entropy calculation (4.6) of Proposition 4.1, and
the definition of Ψ(t) we have

Ψ(t)+
1

2ϵ

∫ t

0

∫
T3

n∑
i,j=1

bi,jρiρj |ui−uj |2dxds+2ν

∫ t

0

∫
T3

n∑
i=1

µ(ρi)|D(ui− ū)|2dxds

+ν

∫ t

0

∫
T3

n∑
i=1

λ(ρi)|div(ui− ū)|2dxds

≤Ψ(0)+

9∑
i=1

Ji,

where

9∑
l=1

Jl :=2ν

∫ t

0

∫
T3

n∑
i=1

ρiD(ū) : (vi− v̄i)⊗(ui− ū)dxds

+2ν

∫ t

0

∫
T3

n∑
i=1

ρi∇(div ū)(µ′(ρi)−µ′(ρ̄i))(ui− ū)dxds



G. CIANFARANI CARNEVALE AND C. LATTANZIO 1859

+2ν

∫ t

0

∫
T3

n∑
i=1

ρi(µ
′′(ρi)∇ρi−µ′′(ρ̄i)∇ρ̄i)div ū(ui− ū)dxds

+

∫ t

0

∫
T3

n∑
i=1

ρi
ρ̄i
R̄i ·(ū−ui)dxds−

∫ t

0

∫
T3

n∑
i=1

p(ρi|ρ̄i)div ūdxds

−
∫ t

0

∫
T3

n∑
i=1

ρi∇ū : (ui− ū)⊗(ui− ū)dxds−
∫ t

0

∫
T3

n∑
i=1

ρi∇ū : (vi− v̄i)⊗(vi− v̄i)dxds

−
∫ t

0

∫
T3

n∑
i=1

ρi(µ
′′(ρi)∇ρi−µ′′(ρ̄i)∇ρ̄i) ·((v− v̄i)div ū−(ui− ū)div v̄i)dxds

−
∫ t

0

∫
T3

n∑
i=1

ρi(µ
′(ρi)−µ′(ρ̄i))((vi− v̄i) ·∇div ū−(ui− ū) ·∇div v̄i)dxds.

Similarly to what we did for Theorem 3.1, we shall estimate this remainder term
by term; the main difference is related with the different scaling we are using here,
which in particular forces us to rewrite the first three terms as shown above, and treat
them as quadratic terms controlled by Ψ, thanks to the particular choice µL(ρi)=µ(ρi)
and λL(ρi)=λ(ρi). Specifically, applying Young’s inequality and using Lemma 3.1, and
µ′′(ρi)∇ρi=(s+1)/vi, we get:

|J1|≤Cν
∫ t

0

∫
T3

n∑
i=1

ρi|ui− ū|2dxds+Cν
∫ t

0

∫
T3

n∑
i=1

ρi|vi− v̄i|2dxds,

|J2|≤Cν
∫ t

0

∫
T3

n∑
i=1

h(ρi|ρ̄i)dxds+Cν
∫ t

0

∫
T3

n∑
i=1

ρi|ui− ū|2dxds,

|J3|≤C(s)ν
∫ t

0

∫
T3

n∑
i=1

ρi|vi− v̄i|2dxds+Cν
∫ t

0

∫
T3

n∑
i=1

ρi|ui− ū|2dxds,

that is

|J1|+ |J2|+ |J3|≤Cν
∫ t

0

Ψ(s)ds.

We then split J4 in four terms as follows:

J4=

∫ t

0

∫
T3

n∑
i=1

ρi
ρ̄i
R̄i(ū−ui)dxds

=

∫ t

0

∫
T3

n∑
i=1

ρi
ρ̄i
R̄i(ū−ui+u−u)dxds

=−
∫ t

0

∫
T3

n∑
i=1

ρi(ui−u) ·
(
div T̄

ρ̄
− div T̄i

ρ̄i

)
dxds

−
∫ t

0

∫
T3

n∑
i=1

ρi(u− ū) ·
(
div T̄

ρ̄
− div T̄i

ρ̄i

)
dxds

−ν
∫ t

0

∫
T3

n∑
i=1

ρi(ui−u) ·
(
divD̄

ρ̄
− divD̄i

ρ̄i

)
dxds

−ν
∫ t

0

∫
T3

n∑
i=1

ρi(u− ū) ·
(
divD̄

ρ̄
− divD̄i

ρ̄i

)
dxds
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=:J4,1+J4,2+J4,3+J4,4.

Thanks to Young’s inequality and using (2.18) we obtain

J4,1=

∫ t

0

∫
T3

n∑
i=1

ρi(ui−u)
div T̄i
ρ̄i

dxds

≤ δ

4ϵ

∫ t

0

∫
T3

n∑
i=1

ρ2i |ui−u|2dxds+
Cϵ

δ

∫ t

0

∫
T3

n∑
i=1

∣∣∣∣div T̄iρ̄i

∣∣∣∣2dxds,
and therefore (4.13) implies

|J4,1|≤
1

8ϵ

∫ t

0

∫
T3

n∑
i=1

bi,jρiρj |ui−uj |2 dxds+ϵCT.

For what concerns J4,2 we have:

J4,2=−
∫ t

0

∫
T3

n∑
i=1

ρi(u− ū) ·
(
div T̄

ρ̄
− div T̄i

ρ̄i

)
dxds

=−
∫ t

0

∫
T3

(u− ū) ·

(
ρ

ρ̄

n∑
i=1

div T̄i−
n∑

i=1

ρi
ρ̄i

div T̄i

)
dxds

=−
∫ t

0

∫
T3

n∑
i=1

(
1

ρ̄
− ρi
ρ̄iρ

)
ρ(u− ū) ·div T̄i dxds

≤
∫ t

0

∫
T3

ρ|u− ū|2 dxds+C
∫ t

0

∫
T3

ρ

n∑
i=1

∣∣∣∣1ρ̄− ρi
ρ̄iρ

∣∣∣∣2 dxds.
Then we use the uniform bounds (4.14) for ρi to conclude

ρ|u− ū|2= 1

ρ

∣∣∣∣∣
n∑

i=1

ρi(ui− ū)

∣∣∣∣∣
2

≤ n

ρ

n∑
i=1

ρ2i |ui− ū|2≤
nN

k

n∑
i=1

ρi|ui− ū|2,

and

n∑
i=1

∣∣∣∣1ρ̄− ρi
ρ̄iρ

∣∣∣∣2= n∑
i=1

∣∣∣∣ρ− ρ̄ρρ̄
+
ρ̄i−ρi
ρ̄iρ

∣∣∣∣2≤C n∑
i=1

|ρi− ρ̄i|2≤C
n∑

i=1

h(ρi|ρ̄i),

where the last inequality follows again from the uniform bound (4.14); see also [17,22].
Therefore, there exists C :=C(n,k,N) such that:

J4,2≤C
∫ t

0

∫
T3

n∑
i=1

(
ρi|ui− ū|2+ |ρi− ρ̄i|2

)
dxds≤C

∫ t

0

Ψ(s)ds.

The terms J4,3 and J4,4 can be controlled similarly. Indeed, for J4,3 we obtain

J4,3=

∫ t

0

∫
T3

n∑
i=1

√
δ√
8ϵ
ρi(ui−u)

ν
√
8ϵ√
δ

divD̄i

ρ̄i
dxds

≤ δ

8ϵ

∫ t

0

∫
T3

n∑
i=1

ρ2i |ui−u|2dxds+
Cϵ

δ
ν2
∫ t

0

∫
T3

n∑
i=1

∣∣∣∣divD̄i

ρ̄i

∣∣∣∣2dxds
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≤ 1

8ϵ

∫ t

0

∫
T3

n∑
i,j=1

bi,jρiρj |ui−uj |2 dxds+Cϵν2T,

thanks to (2.18), (4.13), and Young’s inequality. Concerning J4,4 we get

J4,4=ν

∫ t

0

∫
T3

n∑
i=1

ρi(u− ū) ·
(
divD̄

ρ̄
− divD̄i

ρ̄i

)
dxds

=ν

∫ t

0

∫
T3

n∑
i=1

(
1

ρ̄
− ρ

ρ̄iρ̄

)
ρ(u− ū)divD̄idxds

≤C
∫ t

0

∫
T3

ρ2|u− ū|2dxds+Cν2
∫ t

0

∫
T3

n∑
i=1

(
1

ρ̄
− ρi
ρ̄iρ

)2

dxds

≤C
∫ t

0

∫
T3

n∑
i=1

ρi|ui− ū|2dxds+Cν2
∫ t

0

∫
T3

n∑
i=1

h(ρi|ρ̄i)dxds

≤C(ν2+1)

∫ t

0

Ψ(s)ds.

Summarizing, the term J4 satisfies

|J4|≤
1

4ϵ

∫ t

0

∫
T3

n∑
i,j=1

bi,jρiρj |ui−uj |2dxds+C(ν2+1)

∫ t

0

ψ(s)ds+Cϵ(ν2+1)T.

The quadratic terms J5 J6, and J7 are treated in a standard way, as in Theorem 3.1:

|J5|≤
∫ t

0

∫
T3

n∑
i=1

|p(ρi|ρ̄i)div ū|dxds≤C
∫ t

0

∫
T3

n∑
i=1

h(ρi|ρ̄i)dxds;

|J6|≤
∫ t

0

∫
T3

n∑
i=1

|ρi∇ū : (ui− ū)⊗(ui− ū)|dxds≤C
∫ t

0

∫
T3

n∑
i=1

ρi |ui− ū|2dxds;

|J7|≤
∫ t

0

∫
T3

n∑
i=1

|ρi∇ū : (vi− v̄i)⊗(vi− v̄i)|dxds≤C
∫ t

0

∫
T3

n∑
i=1

ρi |vi− v̄i|2dxds.

Moreover, concerning J8, recalling the relation µ
′′(ρi)∇ρi−µ′′(ρ̄i)∇ρ̄i= s+1

2 (vi− v̄i), we
have

|J8|≤
∫ t

0

∫
T3

n∑
i=1

|ρi(µ′′(ρi)∇ρi−µ′′(ρ̄i)∇ρ̄i)||((v− v̄i)div ū−(ui− ū)div v̄i)|dxds

≤C
∫ t

0

∫
T3

n∑
i=1

ρi |vi− v̄i|2dxds+C
∫ t

0

∫
T3

n∑
i=1

ρi |ui− ū|2dxds,

using again Young’s inequality. Finally, for J9, we use Lemma 3.1 as in Section 3 to
conclude

|J9|≤
∫ t

0

∫
T3

n∑
i=1

|ρi(µ′(ρi)−µ′(ρ̄i))((v− v̄i) ·∇div ū|dxds

+

∫ t

0

∫
T3

n∑
i=1

|ρi(µ′(ρi)+µ
′(ρ̄i))(ui− ū) ·∇div v̄i|dxds
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≤C
∫ t

0

∫
T3

n∑
i=1

(
h(ρi|ρ̄i)+ρi

∣∣∣∣mi

ρi
− m̄i

ρ̄i

∣∣∣∣2+ρi ∣∣∣∣Jiρi − J̄i
ρ̄i

∣∣∣∣2
)
dxds.

Collecting all estimates above, the relative entropy inequality becomes:

Ψ(t)+
1

4ϵ

∫ t

0

∫
T3

n∑
i,j=1

bi,jρiρj |ui−uj |2dxds+2ν

∫ t

0

∫
T3

n∑
i=1

µ(ρi)|D(ui− ū)|2dxds

+ν

∫ t

0

∫
T3

n∑
i=1

λ(ρi)|div(ui− ū)|2dxds

≤Ψ(0)+ϵC(δ)(ν2+1)+C(ν2+ν+1)

∫ t

0

Ψ(s)ds,

where C :=C(s,k,δ,n,N,T ), and the Gronwall lemma concludes the proof.

Remark 4.1. As already pointed out in Section 3, see in particular Remark 3.1,
it is worth observing that that the stability estimate (4.15) is consistent with the one
obtained in [19] for the inviscid case. Indeed as ν→0+ we obtain:

Ψ(t)≤ (Ψ(0)+ϵC(δ))expCt

which is exactly the one obtained by the authors in [19] for the Euler-Korteweg case.
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