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EMERGENCE OF PHASE-LOCKED STATES FOR A DETERMINISTIC
AND STOCHASTIC WINFREE MODEL WITH INERTIA*
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Abstract. We study the emergence of phase-locking for Winfree oscillators under the effect of
inertia. It is known that in a large coupling regime, oscillators governed by the deterministic second-
order Winfree model with inertia converge to a unique equilibrium. In contrast, in this paper we
show the asymptotic emergence of non-trivial synchronization in a suitably small coupling regime.
Moreover, we study the effect of a new stochastically perturbed Winfree system with multiplicative
noise and obtain lower estimates in probability for the pathwise emergence of such a synchronizing
pattern, provided the noise is sufficiently small. We also provide numerical simulations which hint at
the possibility of more general and stronger analytical results.
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1. Introduction

Collective behavior of self-propelled particles is ubiquitously observed in natural
and man-made complex systems. One particular type of such coherent dynamics which
has received growing interest in the recent past is the phenomenon of synchronization,
i.e. the emergence of rhythms in interacting systems of oscillating particles, for exam-
ple synchronized flashing of fireflies and firing of neurons [1, 5,7, 26, 28,30, 31]. Two
mathematical models used to describe such oscillatory systems are the Kuramoto and
Winfree model ([24,25] and [30,31] respectively). In this paper, we focus on a particular
Winfree-type model, namely the second-order Winfree model with inertia introduced
in [15], and our analysis includes the case of a perturbation by an external noise as well.

First, let us briefly recall the classical Winfree model as a model for systems of
N interacting oscillating particles, which can be visualized as rotors on the unit circle
St [3,4,12,22,27]. Each particle of the system has its own natural frequency v*. In
the absence of interactions, the dynamics of the system are described by decoupled
uniform motions of the particles 1,...,N with frequencies v'!,...,v", respectively. In
this case, denoting the phase of particle i at time t>0 by 0! (i.e. its total angular
displacement from the origin as a rotor on S'), we have 9; =v'. Now each particle i fires
a signal J=1 whenever it passes through the origin, i.e. I=4d;. This signal function
is usually approximated by a suitable smooth, periodic function I. The response S
from particle j is a function of its current distance from the origin on S'. Hence the
instantaneous interaction effect on particle i is S(6%)+ ZN I(#7). Common choices for
signal and response functions are I(-)=1+cos(+) and S(-)=—sin(-). If k>0 describes
the common coupling strength within the system, one arrives at the classical first-order
Winfree model:

N
i =0 ——sm@ Py (1+cos]), iefl,...,N},t>0. (1.1)
j=1
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In contrast to the Kuramoto model, the Winfree model is not conservative. As a
consequence, the mathematical analysis of (1.1) is harder, but also offers interesting
asymptotic features. For example, depending on the size of x/v° (yczzﬁzililyi),
the motions of particles in systems governed by (1.1) can vanish (oscillator death) or
can asymptotically tend to a synchronized motion (phase-locked state). In this paper,
we focus on the latter case, but we mention the interesting results from [13,15, 18,
21], where the emergence of oscillator death (more precisely, even the existence of a
unique equilibrium for © = (#,...,6")) is proved for suitably confined initial data ©
and sufficiently large coupling coefficient xk>v*. We also refer to [12] for coupling
strength and natural frequency phase transition diagrams of the Winfree model.

In order to describe the emergence of nontrivial synchronization, one considers the
rotation numbers p',1<i< N, i.e.

provided the limit exists. If all p? exist and coincide, the particles asymptotically syn-
chronize their oscillatory dynamics into an ordered motion. More precisely, we call
the case p'=0 for all i oscillator death state and the case p'=p'#0 for all i phase-
locked state. While there has been intensive work on the emergence of oscillator death
states [13,15,17,18,20,21], there is considerably less literature on the emergence of non-
trivial phase-locked state [19,22]. Note that the emergence of nontrivial phase-locked
state is implied by

0; — 07| < 1.2
sup, max, [6: — 6i] <o, (1.2)

provided one nonzero rotation number, say p!#0, exists. In [19,22], it is proven that
(1.2) emerges for (1.1) for sufficiently small x <v° and under suitable restrictions on
the spread v* —17 and 0% -6}, 1<i,j<N. However, conditions for the existence of
nontrivial rotation numbers and relations among rotation numbers, system parameters,
and initial data have not been presented, except for the following partial results: In [19],
numerical examples on the convergence of rotation numbers are suggested, and in [22],
it is proven that there exists at least one initial data ©F = (93’1, e ,HS’N) €RY such that
nontrivial rotation numbers of (1.1) subject to the initial data ©f exist. Beyond these
very special results, to the best of our knowledge the existence of rotation numbers has
not been considered in the available literature, and it has become a standard term in
the community to already refer to the emergence of (1.2) as emergence of phase-locked
state. We follow this convention in the remainder of the paper. Moreover, in Section 4 we
present parameter configurations for which numerical simulations suggest that rotation
numbers are well defined. Further works on Winfree-type models include results on
continuum limits [14], adaptive couplings [17], and models with time-delay [16] and
frustration [13].

Recently, in [15] a new Winfree-type model, additionally taking into account the
effect of inertia, has been proposed. More precisely, for a finite homogeneous inertia
term m and a friction coefficient v >0, the model reads

N
met = —ywi v’ — %Zsm%(l +cosb?),
j=1
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where € = (w})1<i<n denotes the frequencies of particles 1,...,N at time ¢. Assuming
m=1 (otherwise consider the above system with 4,7* and & instead of v,v* and x,
where 7:=ym ™1, 7" :=v'm~! and &:=rkm™1), together with a phase-frequency initial
condition (©¢,$), we arrive at the Cauchy problem for the second-order Winfree model
with inertia

dfi =widt,
K al ;
dw; = [—fywi—f—uz—NsinH;Z(l—i—cong)]dt, (1.3)

(01,1) 1= (0 w0)-

Naturally, the emergence of asymptotic ordered behavior such as oscillator death and
phase-locking are intriguing questions also for (1.3). However, the second-order nature
of (1.3) renders these questions more challenging compared with the classical case. A
first result in this direction was obtained in [15]: For sufficiently large (in terms of
v*) coupling coefficient x and suitable initial data, the solution (©4,€;) converges to a
unique equilibrium (which particularly yields the emergence of oscillator death). This is
coherent with the results for the first-order model: If the particle interaction dominates
the self-propelled individual dynamics of the particles, i.e. if k/v¢ is above a threshold,
then the system asymptotically tends towards oscillator death state. To the best of our
knowledge, results on the emergence of phase-locked states for (1.3) have not yet been
obtained.

The first main result of this paper is such a phase-locking result for (1.3), and can
roughly be stated as follows (see Theorem 2.1 in Section 2 for the precise statement):

THEOREM 1.1 (Phase locking for (1.3)). For any v>0, (v")1<i<n and sufficiently
small D>0, if k<v® is sufficiently small, then for all initial data (©¢,Qy) which are
sufficiently narrowly spread such that in particular {0%}i<n is contained in a ball with
radius less or equal to D, then phase-locking (1.2) emerges for the solution (04,Q:) to
(1.3).

A further natural question in conjunction with complex systems of interacting par-
ticles observed in nature is the effect of external noises and its influence on the system
in competition with the interaction between particles. Not only do noise-perturbed sys-
tems often offer a more adequate description of dynamics observed in our environment,
but it is also widely known that the effect of, for example, white noise can regularize an
ill-posed deterministic system and thus lead to a more satisfactory mathematical anal-
ysis [8-11,29]. Tt is hence not surprising that stochastically perturbed versions of (1.1)
have been studied in the literature, both with additive [23] and multiplicative Brownian
noises [20], though exclusively for the emergence of oscillator death. In brief, if k>0 is
suitably large, where o is the noise strength, the emergence of oscillator death is also
observed in the stochastic case. However, for v # 0, the convergence is not known path-
wise, but in probability [20], and in [23] only estimates in probability for local-in-time
boundedness of ©; are provided.

As far as we know, a result on the emergence of phase-locked states for noisy
versions of (1.1) is not known, and stochastic perturbations of the second-order model
(1.3) have not been considered at all in the literature. Our second main result addresses
this point: We prove a phase-locking result for the following stochastic version of (1.3),
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where w®:= Zz LW
6} = idt,

N

dwi = [—fyw,f +ui— % Sineiz (1 +cos€{)} dt+ o (wi —wf)dBy, (1.4)
j=1

(0,08) o= (i),

where B is a 1D-Brownian motion and o:R—R, is a time-inhomogeneous noise co-
efficient. The interpretation of our proposed noise is the following: Each particle i
is subject to a common external noise, the strength of which varies with time and is
proportional to the current deviation of its frequency w{ from the average frequency
wf of the system. A similar type of multiplicative noise was considered in [2] for the
Cucker-Smale flocking model. Our main result in the stochastic case can roughly be
stated as follows (see Theorem 3.1 in Section 3 for a precise formulation):

THEOREM 1.2 (Theorem (Phase locking for (1.4))). Let max; ;|v'—1v7| and k<v° be
sufficiently small, v sufficiently large and 6 >0 a sufficiently small number. Assume o is
smaller in LN L? than some absolute constant. Then, for sufficiently narrowly spread
initial data (©9,), phase- lockmg for the solution (©,$) to (1.4) occurs pathwise with

probability at least 1 — 2exp( 2”U||2)

Similarly as for the phase-locking results for (1.1), we need to assume that the nat-
ural frequencies v* dominate the coupling strength . Also, for given J, the lower bound
for the probability in the assertion can be made arbitrarily large in (0,1), if o becomes
sufficiently small. We remark that we did not identify a noise-induced regularizing effect
on the system, but rather have to tame the noise in order to obtain phase-locking with
large probability.

This paper is organized as follows. In Section 2, we study the second-order Winfree
model (1.3). The main result on the emergence of phase-locking is Theorem 2.1. We also
present an example of admissible choices of system parameters and initial conditions
for which the result applies. In Section 3, we introduce the stochastic model (1.4),
formulate and prove the main result in the stochastic case (Theorem 3.1). Again, we
present an example of admissible parameter choices. In Section 4, we present numerical
simulations for both cases and we further provide numerical results motivating future
works. Finally, Section 5 contains a brief summary of our results.

2. Second-order deterministic Winfree model with inertia
The following notation is used throughout the paper.

@t1:(9t1>"'70N)’ Qt::(wtl,--- wiN)7 vi= ( )
1Y 3
—Nz 1+cos€’ 07 = Za ""tc'iﬁzwt’

N
._pgi_gI . _ J
— E 07 =0l —0], w :=wi—wl,

2

and for x=(z!,---,z%) E]RN, we write D(x) :=max1<; j<n |z’ —27|. We write || f||2 for

the L2-norm (with respect to Lebesgue measure) of a measurable function f:R—R.
The aim of this section is to prove the emergence of phase-locking for the determinis-

tic second-order N-particle Winfree model with inertia (1.3) under suitable assumptions
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on the system parameters and the initial data, see Theorem 2.1. We start with the fol-
lowing lemma, which we shall use within the proof of Theorem 2.1. For a real-valued
function f, we write f*:=max(f,0) and f~ :=—min(Jf,0).

LEMMA 2.1 ([22, Lemma 2.1]). Let (t) be a solution of the differential equation
d
gm(t)za—ﬁ(t)x(t), teR, (2.1)

where a>0 is a constant and B:R—R is continuously differentiable and 2mw-periodic
with

2
B(s)ds> 0.
0

Then, there exists a unique positive 2m-periodic solution

27 27
a/o exp< j ﬂ(s+t)ds)d7'

- :”ms)ds)

(t) =

, teR,

which obeys the following bounds:

2m

2
2 exp (— ﬁ"’(s)ds) 20w exp <

55t

0 0

<z(t) <

, teR.

1—exp<— OQﬂﬁ(s)ds) 1—exp(— O%ﬁ(s)ds>

Our subsequent strategy is to find coefficients o and 8 and a change of variables
7 =pu(t) satisfying
d i j i j
%x(r) <a-p(r)z(r) for z(r)=0,1 =010 Jr’y(wu_l(T) —wu_l(T)),

which by Lemma 2.1 then implies boundedness of . We start with an auxiliary result
concerning the change of variables stated in (2.3).

LEMMA 2.2.  Suppose the initial data and system parameters satisfy

C

w;>0 and m<?,

and let (©4,€) be a global smooth solution of (1.3). Then, w§ is uniformly bounded:

v¢—2K

, t>0.

. { . 1/C+2/<;}
0 <min < wg, _— >

} <wy <max{w8,
In particular, t— 05 is strictly increasing and unbounded.

Proof. Integrating the identity

d , d . ) ) _
T (e"'wi) =€ <dth —&—’ywz) =et [1/1 —kZ.(©y) sin@ﬂ
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gives
wi=whe M+ e_vt/ e’ [1/’ —kZ.(Os) sinﬂi} ds.
0
By summation over i € {1,..., N} and division by N, we obtain

t N
IC 95 . L
wf:w86_7t+6_7t/ e’ |:VC—K;]i7) E sm@i] ds
0 i=1

t
>wie M4t / e’ (v —2k)ds
0

c_9 c_9
:wge*“—ky H(l—e“)zmin{wg, H}
v Y
Similarly, it follows
t N

vt Z.(Os) ;

¢ et et [ grs|ye BTN G il g

wy =wge ' te /Oe [1/ N ;sm 5} S

¢
<wle M4e / e (v°+2K)ds
0

V42K

=wie "+

€42
(1—6_“ft)<max{w8, vt H}.

v

]
LEMMA 2.3.  Let (04,;) be a global smooth solution of (1.3). Suppose there exist
T,D >0 such that

sup D(©,)<D.
t€[0,T]

Then, we have

sup D(Qt)gmax{l)(ﬂo), =:mgo=mo(Qo,v,k,D,7). (2.2)

t€[0,T)

Proof. 1t is

d . d .. .
%(ewthj) —et (dtwtm +’ywzj)

=t [uij —KIC(Gt)(sinei—sinﬁf)] < (D(v)+2xkD), te€(0,7),

D(u)+2w}

and integrating yields

D(v)+2kD
=

D(v)+2xD

Wij < e_’YtD(QO) ¥

(1—6_7t)§max{D(Qo), }, te(0,7).
|
Using the previous lemma, we obtain the following estimates. By a change of
variables introduced after the proof, these estimates allow us to utilize Lemma 2.1 to de-

duce suitable bounds for w;’ +~6;’, which we will use in the proof of Theorem 2.1 below.
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LEMMA 2.4. Let (©4,%;) be a global smooth solution of (1.3). Suppose there exist
T,D >0 such that

sup D(©;)<D.
t€[0,T]

Then, for alli,j€{1,---,N} and t€(0,T), we have

% (Wi +407) <D(v)+ %mo +3kD? — S costf (1+cosby) (wy” +70;),

d i i
% (wt] + ,yetJ)

4
<D(v)+ —Kmo +3kD?+2kD,
v

where my is defined in (2.2).
Proof. We differentiate wij +79§j to obtain
pn (wy! +798,) =v" — KL.(O)(sinb; —sin6?)

=v" — kcost (14 cosby) <w7t” +9;‘J> + ng’j cos0? (1+ cos )
+ k07 cosbf (14 cosbf) — kT(O,) (sinbi —sin6? ).
It follows from
k0, cosOf (1+cost) — kI (O,) (sind; —sind?)

<k costf (1+cosby —Z(0;)) — kZ(O,)(sind; —sing! — 07 cosby)
kD
SW;kost—cos&fH%Dz§3fs:D2, t€(0,T),

and Lemma 2.3 that

d . iy tj iy 92
7 (@ $967) D) —rcosty (1+costf) <°"; +9;J) I $m0+3liD2’ te(0,T).
Then, the second estimate follows directly from Lemma 2.3. ]

By Lemma 2.2 and smoothness of 6, (¢)~! is differentiable. We set
Ry :=wy 446, pu(t):=0;, R7(r):=R7op"'(r), (2.3)

L.e. in particular R(9¢)=RY. Then, one can rephrase the previous lemma in terms of
RY in order to obtain a differential equation as in (2.1) (with an inequality instead of
equality).

LEMMA 2.5. Suppose the initial data and system parameters satisfy
0<v®—2k<vywj<v°+2k (2.4)

and let (04,8) be a global smooth solution of (1.3). Suppose there exist T,D >0 such
that

sup D(©:)<D.
te[0,T]
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Then, for alli,j€{1,---,N} and r€ (u(0),u(T)), we have

dR" .y
= (r)<ap—pB(r)RY(r), where
K
B(r):= ;cosr(l +cosr), (2.5)
o yD(v) +2Kmg+ 3yxD? n 2v26D(v) +8vk2mg + 672 k2 D? +4~2K2D
D= )

ve ve(ve—2K)

where my is defined in (2.2).
Proof. By Lemma 2.2 and (2.4), we have

¢ 2
wi— < 0.
Y Y
Together with Lemma 2.4, this yields
dR dR? (dpu -1 4D )—|—4/4:m0—|—3’y/<:D2+2w£D
ar * di (dt() = ok €(0.7)

Thus, in combination with Lemma 2.4, we conclude

v dt

v dr (u(t) = dt + dr
<D(v)+ 2T}Qm() +3kD? — gcosu(t) (1 +cosu(t))}~€ij (u(t))

vedRY _dRY dﬁfii( ) (w dp (t)>

2vkD(v) + 8k mg + 6vK2D? + 4Kk D
v(ve—2k) ’

€(0,7),

which implies our desired result, since {u(t):t € (0,7)} = (u(0),u(T)). d

For the formulation of our first main result, we define the following constants.

_ o (- fo%W )ds) exP(‘ ) (2.6)
1—exp(— fo )ds) l—exp(—22)’

__ewn(fy8 )dS) _ exp (“57%) . (2.7)
1—exp(— fo )ds) 1—exp(—5F)

THEOREM 2.1.  Suppose there exists a constant D >0 such that the initial data and
system parameters satisfy

0<v®—2k<~wi<v°+2k, 2wrRap<~vyD, D(Og)<D, D p+7v00)<2nLap,
(2.8)

where ap is defined in (2.5), and let (04,€;) be a global smooth solution of (1.3). Then,
D(0y) is uniformly bounded:

supD(0;) <D
>0
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Proof. We define the following temporal set to use a contradiction argument:
T:={s>0:D(0,) < D}.
Since ’49? | is continuous, by (2.8) T is nonempty. Suppose that
T:=sup7 < oo.
Then, for arbitrary 4,j €{1,---,N}, Lemma 2.5 implies

dR"
dr

(r)<ap—B(r)RY(r), 1€ (u0),u(T)),
and since
R (11(0)) = RY <D(Q+760) < 2w Lap,
comparing with Lemma 2.1 gives
wzj —|—79ij zRij <27Rap, t€(0,7).

Then, since w,’ = 46,7, direct calculus yields

s i 27R 21R
g1 §6—7t961+(1_e—7t)ngax{D(G)o), T aD}<D,
Y v

and this implies, via continuity of %, D(©r) < D, which contradicts the assumed finite-
ness of T'. O

REMARK 2.1. Suppose the rotation number p of one oscillator, say ', exists. Then,

for amyje{l,...,N}7 Theorem 2.1 implies
6 o1 — 67
p——tt <limsup| ¢ tl

limsup ;
t—o0

t—o0

:0’

i.e. the rotation number of each oscillator exists and coincides with p. Lemma 2.2
further implies

6¢ 1/t c_2
p=lim -t = lim — wgdszy T>o.
t—oo t t—oo t 0 07

Therefore, in the situation of Theorem 2.1, under the additional assumption that one
rotation number exists, ©; converges towards a complete phase-locked state.

We conclude this section with an example of admissible initial data and system
parameters satisfying (2.8). To this end, fix v,#¢>0 and D € (0,0.1), and suppose

D) =D(Q)=0, wi=—.
v
Note
lim kR= lim r
k—0+ k—0+ exp ((ﬂ;jﬁi)n) —exp ( (772r;c4)n)
1 e

=1 =—. 2.9
im - (2.9)

2ve exp 2v ve exp 2ve

T kS04 (m—4) ((71’—4)H) + (m+4) ((—ﬂ'—4)ﬁ))
¢ 2
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Hence, there is k € (0,v°/2) sufficiently small such that

¢ 20D 160D 20vD? 40vD
wR< 2 (20D 160k WD~ | 40y <D-10D%
3 3?2 3y(ve—2k) ve—2k 3(v°—2k)
Therefore, we obtain
2nRap 2mkRap
Y Tk
< 10v¢ (26D 3yD? 16x2D 6v2kD? 4v2kD
3y \ e ve ve(ve—2k) ve(ve—2kK) ve(r°—2k)
20D  160kD  204D? 404D
=10D? <D.
—Hi( 372 +3’y(1/c—2/<:) ve—2k 3w¢—2kK)) "

It is easy to see that at the same time the remaining estimates of (2.8) can be satisfied
as well. Indeed, it is sufficient to choose D(§) sufficiently small in terms of D,L,ap
and 7.

We did not aim to optimize the constraints and choices of the initial data and
system parameters in the above example. In particular, choices D(v)#0#£D(Qy) are
also possible within admissible choices in Theorem 2.1.

3. Second-order stochastic Winfree model with inertia

In this section, we consider the stochastically perturbed second-order Winfree model
(1.4), in which all particles are affected by a time-dependent common noise, and its
strength for particle i is proportional to the deviation w! —w§ of its frequency from the
instantaneous average frequency of the system.

Let us explain the underlying probabilistic setting. B=(B;);>0 is a standard
real Brownian motion on a filtered probability space (Q,F,(F¢)i>0,P), where (Ft)i>o0
denotes the right-continuous and completed version of the Brownian filtration Fii=
0(Bs,0<s<t) (i.e. (F¢)i>0 is the smallest filtration F; D F, such that all P—zero sets
belong to Fo and Fy =NesoFtre). Moreover, o:R— R is nonnegative and continuous.
We do not assume o to be strictly positive or bounded away from 0. The system pa-
rameters 7,v%, k are deterministic, while the initial data (6¢,Qo) can be random. By
the well-posedness theory for stochastic differential equations, it follows that (1.4) has
a pathwise unique global solution on the filtered probability space fixed above (for ex-
ample, writing 0} = [; wids+6), (1.4) can be considered a stochastic delay differential
equation, which is well-posed in probabilistic strong sense).

Note that the system of equations for (6¢,w®) becomes

doy = wydt,
1N .
dw§ = [— ywf 4+ — ,%Ic(@t)ﬁ lein%} dt,

(efvw;‘) |t:0: (06,w5),

i.e. the system of equations governing (6¢,w®) remains deterministic. In particular,
t— 07 is pathwise differentiable. The following auxiliary result is obtained analogously
to Lemma 2.2, since SV | (wf —wi) =0.

LEMMA 3.1.  Suppose the initial data and system parameters satisfy

(6]

wg>0 and K<
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and let (©,%) be a global solution of (1.4). Then, w§ is uniformly bounded:
ve+2kK }

V¢ —2kK

. t>0.

O<min{w8, }gwtcgmax{wg, >

In particular, t— 05 is strictly increasing and unbounded.

We prove the emergence of phase-locking for particles #',...,0" governed by (1.4)
under suitable assumptions on ¢ and the system parameters v,v,x. Suppose

4
o]z < 00 and || ]|eo < 1/ —. (3.1)
vy

We need the following notation (compare with the corresponding constants from Section
2). For D,§ >0, set

D(v)+2kD)ex %—HS
co::co('y,m,u,Qo,D,(S)::1maX{D(Qo), ( Je p< >} (3.2)

coshd ~
and
D 9
aD::l ’ycoe‘ssinh5—|—e (V)+3/£D2—|—2/£Dtanh5+—%co
ve coshd 4y
2vK 5 . e*D(v) , 2kDe’ 17k

_ hé 3kD —_— . 3.3
+1/C(1/‘372/£) (’ycoe s+ coshd R coshd + 4~y o (33)

Also, we use 8, L and R as defined in (2.5)-(2.7). Our main result is the following:

THEOREM 3.1.  For D>0, let (©,Q) be a global solution of (2.2) with D(0y) <D and
0<v®—2k<~w§<v°+2k. Further assume (3.1), and let 6 >0 such that

ij

UJO i
07 <2rL 4
coshéJrPy 0 = STLAD; (3-4)
and
1
7(27rRaD+coe‘ssinh5) <D, (3.5)
Y

where co,ap are defined in (3.2)-(3.3), and 8,L and R are defined in (2.5)-(2.7). Then,
there is a measurable set As with

P(Ay) > 1—26Xp< o ) (3.6)

2|03
on which sup,>,D(0;) < D holds pathwise.

REMARK 3.1. It is clear that all assumptions of Theorem 3.1 remain valid, if ||o||2 be-
comes smaller while § >0 is fixed. Hence, for any € > 0, one can choose ||o||2 sufficiently
small in order to obtain P(As)>1—¢.

For the proof, we shall use the process Y; = Ypexp (— fg 0’8st>, Yy >0, which is a

martingale (with respect to the natural Brownian filtration). It turns out to be helpful to
choose the (deterministic) initial condition Yy = ﬁ, where § >0 is as in the assertion
of Theorem 3.1.
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LEMMA 3.2.

(1)

The process Y solves the stochastic differential equation

2
dYg:%Ytdt—athch t>0 (3.7)

(in strong probabilistic sense, i.e. on the specified underlying probability space
(Qva(]:t)tZO’P))'
(Bernstein-type inequality, see [6, B.1.3.].) For 6 >0, we have

t 52
osdB; <6} >1—2exp (—)
/0 2[|o[|3

Consequently, for As:= {Suptzo | fg USdBS} < (5} we have

P{Sup

t>0

P(As) /1 as 6 /oo

Setting Yy := ﬁ, on As we have the estimates

Cz;j&:e—éyogy;ge%z%, >0 (3.8)

and
|Y; —1| <tanhd, t>0. (3.9)

Proof.

This follows immediately by a standard application of It&’s formula.
By [6, Lemma B.1.3.], for every N €N we have

t 52 52
0sdBg <6> 21—2€Xp(—) 21—2€XP<—>~
/ 2 [V o2ds /o1

Since {supg<<y | fg 0sdBs| <0} 2 {supgcicni1| fot 0sdB,| <4}, the continuity of
P from below implies the claim.

P( sup
0<t<N

The claims follow from elementary calculations.

We proceed to the proof of Theorem 3.1.
Proof. (Proof of Theorem 3.1.) Note that (1.4) gives

dw}? = [—ywij—kuij —KZ:(0y)(sind; —sin@i)]dt—katwidet, t>0.

Hence, 1t0’s product rule implies

d(Yiw?) =Y, {—wt” + 11— KT,(0,) (sin b —sineg)} dt— %tytw;ﬂdt, £>0.  (3.10)

In particular, t»—)thzj is pathwise differentiable. For D >0, we denote by T the map

T:=inf{¢t>0:D(0,) > D},
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and note that due to the continuity of t+ 6%, D(©y) < D implies T >0 and D(O7) =D,
if T'<oo. In order to prove Theorem 3.1, we show

T =00 on Ay, (3.11)

which gives sup,(D(0;) <D on As and hence the assertion.
First note the following estimate on As for 0 <t < T, which follows from |Z.(0,)| <2
and |sinz —siny| < |z —y|:

d i to?
—|Yv,u¥ s
dt[ W, exp (’yt—i—/o 5 ds)}
. . 4 t 52
=Y, {w] —kZ:(0y)(sind} — Sinﬁg)] exp ('yt-|-/ 3d8>
0

2
D(v)+2xkD l|lo||3
<~ t+—=49
=" coshe P <7 )

and thus we also have

Ile

2
. g t o2 i D(v)+2kD e 22+
Yiw et < Yy ¢ /U—Sd < %o 1
Wy e = hily OXp (’y + 0 2 ¥ )= Cosho coshd v (e )
from which we infer
o3
i D) ., DWw)+2kDe =2 19 _
Y, P vt 1— vt
W= cosh5e coshd y (1=e™)
1 D 2kD
< ——max< D(Q), (v)+ /z =cg. (3.12)
coshd Ayexp<— ””2H2 _5)
Combining with (3.8), we have
wi? < cped coshd (3.13)

on As and for t<T. From (3.9),(3.10), (3.12) and (3.13), we infer on A for t<T

ﬁ(thzJ +907) =v(1-Y)w + Y — g(l +cosby) cosOf (Yiwy” +~6;)
+ k(14 cosb) cos 50y — kZ:(©;)(sind; —sin¢9{)

. 2 ..
— k(Y —1)Z.(©,) (sind; —siné? ) + (5(1 + cos0;) cos by — U;) Yiw,?

5D - g
<vcpe’ sinhd + ecos}(f;) - S(l + cosby ) cosOf (Yiwy” +~0;)
+3kD?+2kDtanhd + Z—HCO, (3.14)
2

and consequently

D 2kDe® 17
CDW) | gopry 2D 1Tk (3.15)

d g g
el Y (%) 1) < S h
( w70 ) < 7eoe"sinhd+ coshd coshd + 4~

dt
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For abbreviation, we set

QY =Yiw/ +98), p(t) =05, Q¥ (r) = Q7 op ™! (1),
i.e. in particular Q¥ (0¢)=QY. Since %(t) = %U(t) =wf, by Lemma 3.1 and (3.15) we
obtain

Y ey = 19 () <

Since this estimate holds for all 1 <i,5 <N, combined with (3.14) and Lemma 3.1, it
implies

Ve dQ" dQy | dQY vt dn
v )= O\~
e WO ==+ (i) = ()
<= 1+ cost) costf (Vieof +767)
ol

s
e’D(v)

3xD —
coshd R coshd + 4 €0

5
(’YCoe(Ssinhé—k 2 2kDe 17k >

Ve —2K

e®D(v)

S .
hé
+ycpe” sinho + coshs

9
+3kD?+2kDtanhé + 4—Hco
Y

2K

Ve —2K

) 2kDe? 1
(’ycoe‘ssinh(;Jre (V)+3/1D2+ ne T 0),

coshd coshd + EC
and therefore we obtain

dQ"
dr

(r)<ap—B(r)Q7(r), re(65,07).

Comparing with Lemma 2.1 and since

Nid (9CY — )id () — Wéj ij
QY (65)=Q"(0) cosh5+’y00 <2rLap,

we have Qij(r) <2rRap for all re(6§5,0%), so for t€(0,T), we have Q? :Qij(th) <
2rRap. From the definition of Q%, together with (3.9) and (3.13), this implies the
following: Under the assumptions of the assertions, on As we have

Wi 4407 = Q¥ + (1—-Y,)w? <2rRap+coe’sinhé, te(0,T).

To conclude the proof (i.e. in order to prove (3.11)), we claim for each 1<i,j <N
g 1
0y <max {’D(@o), — (27 Ra(D) + coe’ sinhd) } <D, te(0,T), (3.16)
v

on As. For any path ¢+ 9? with (3.16), assuming 7' < co leads to a contradiction, since
in this case ;” — D would hold as t —T. Finally, (3.16) can be obtained as follows:
Since 4 (€740 ) =€t (w;’ +76;”), we have

o 1
0 <0 e ' 4+ = (2 Rap + coe’ sinh§) (1 —e ™)
Y
1
<max {D(@o), S (2mRap + coe’ sinh §) }

Since the final strict inequality in (3.16) holds by assumption, the proof is complete. O
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REMARK 3.2. The theorem remains valid in the case where (©¢,{) is random such
that for this initial data (1.4) has a unique probabilistic strong solution, if one replaces
As in the assertion by As:=AsN{r°+2k>yw§>v°—2k}N{D(By) < D}. However, if
the latter two sets are not of full P-measure, then the lower bound (3.6) does not
necessarily hold with As in place of As.

We conclude this section with an example of system parameters and initial data
which satisfy all assumptions of Theorem 3.1. Suppose

D(v)=0, De(0,0.05), v°>0. (3.17)

It follows from lim,_,o4y kKR= ”7 that we can choose € (0,v°/2) sufficiently small such
that

20°  8k(3D%+4D) D —20D>

R< 3.18
=T Ve —2kK 2 (3.18)
Let >0 be sufficiently large so that
166D  36kD 32k2D 136x2D 4k2D D —20D?
+ + < , (3.19)
g v we=2k)  P(ve-2k) 9P 2
and choose § >0 sufficiently small such that
5
765sinh5§/<, tanhd <D, 67<\[2. (3.20)
coshé

If D(Qyp) is sufficiently small so that vD(Qg) < 2D, then, independently from the choice
of o, we have

2k Dexp (—Hg‘lg —|—6) 2\/§ﬁDeXp(H"2H§)
Co= < .
~coshd y
Hence, also choosing ¢ such that ellollz/2 < \/ﬁ, we have
co<4kD/~. (3.21)
Combining (3.18)-(3.21), we obtain
21 Rap + €% sinhdeg < 4vap N 42D
g Tk 72
4 9 17 4k2D
<- (KCQ+5HD2+KCO> + <H00+3KD2+4HD+KCO> + r
K 4y 4y

ve—2kK 0%
coop? s J6RD 368D 326D 1368°D | 4k*D | 8K(3D°+4D)
- v y(we—2k) 2(ve—-2k) A3 ve—2kK

<20D%+ D —-20D%*=D.

Hence, for the choices made in (3.17), to obtain (3.5) one can choose k = k(v¢) sufficiently
small, y=+(k,D) sufficiently large, 6 =4(v,D) and D(o) =D(20) (7, %, D) sufficiently
small and, finally, ||o]|2 smaller than an absolute constant. It is obvious that these
choices can be made such that also (3.4) and 0 < v°— 2k <~yw§ <v°+2k hold.

We point out that we did not aim to optimize the constraints on the system pa-
rameters and the initial data in this example. In particular, it is not necessary to have
D(v)=0.
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4. Numerical simulations

Here we provide several numerical examples in order to confirm our results from
Sections 2 and 3 and to motivate possible future works. In all simulations, we set the
number of oscillators N =21, the time step size At =0.01, and we used the Euler method
and the Euler-Maruyama method for the deterministic and stochastic case, respectively.

4.1. Deterministic case. = We observe an example of Theorem 2.1 and present
further motivating examples. In the first simulation, we choose natural frequencies v;,
coupling strength «, friction coefficient ~, and initial frequency €2y as follows:

v; =128410"4(i—11) = v, =128, D(v)=2x10"3,

k=0.2, ~v=4, wgzy—, D(Qp) =0 = 0<v°—2k <yw; <v°+2k.
Y

For the initial condition, we choose
05 =4x1073(i—11) = D(6y) =0.08,
so the assumptions of Theorem 2.1 hold with D =0.1:
2rRap —vD~—0.0117<0, D(Qp+~vO9)—27nLap~—0.0659 <0.

o079} .
0078 N

0077}

DO

0.076

0.075F ~

0.074f N

] 05 1 15 2 25 3 35 a 45 s ] 05 1 15 2 25 3 35 4 45 5
Time Time

(a) Graph of D(O(t)) for 0<t<5 (b) Graph of 6;(t)/t for 0.1<t<5
Fig. 4.1: Emergence of phase-locked state.

In Figure 4.1, it is seen that the phase diameter is bounded by D(0g) and that the
rotation number of each oscillator seems to be well-defined and to coincide with one
another, which is in accordance with the assertion of Theorem 2.1. Next, we change the
natural frequencies v; and initial phase Q¢ to

v; =128+8(i—11), 93:%”(2'—11)7

and observe the corresponding dynamics for two drastically different coupling strengths,
namely k=1 and k=>50. In these cases, not all conditions of (2.8) hold. For k=1,
synchronous behavior does not seem to emerge, however, for large coupling strength
(k=50), the simulations in Figure 4.2 hint at a phase-locking result in this case as well.
More precisely, Figure 4.2b shows the emergence of distinct rotation numbers for k=1,
which explains the divergence of the phase diameter in Figure 4.2a and the absence
of phase-locking in this case. However, for k=50, Figures 4.2c and 4.2d hint at the
emergence of phase-locking. We infer that phase-locking can occur in suitable large
coupling regimes as well.
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16 / -
gu -
10 ////
8 /’
6 //
o s i a5 & 2§ s 4 a5 s o o5 1 s & 23 95 & a5 s
(a) Graph of D(O(t)) (b) Graph of 0;(t)/t
for 0<t<5and k=1 for 0.1<t<5and k=1
FIVAVA
35 \/\'\
\
525 \
2 \
\
150 ‘\
T \\\ AN A A A AN
) 05 1 15 2 T?"?E 3 35 4 4.5 5 0 0.5 1 15 2 TZW.:E 3 35 4 45 5
(¢) Graph of D(6(t)) (d) Graph of 6;(t)/t
for 0<t <5 and k=50 for 0.1<t<5 and k=50

Fig. 4.2: Effect of coupling strength.

4.2. Stochastic case. We proceed with simulations for the stochastic case,
i.e. for the model introduced in (1.4). First, we choose natural frequencies v;, coupling
strength k, friction coefficient 7y, and initial frequency €y as

C

V=12, D)=0, rk=0.1, v=5 wi=—, D(Q)=0
v
= 0<v° =2k <wi <+ 2k,

and set D, D(0g),0 and oy as

V1og9 1 ; _3,.
D=01, D =0. 0= =———  6i=4x1 —11).
0 ’ (60) 0 087 50 Ot 50(1—’—2‘:)’ 0 x 10 (7’ )

Then

50 coshd
21 Rap + €’ sinhd || Y D(Q) || oo — v D ~ —0.0094 < 0.

1 ir D
lollz=llollec= <,/7ﬁ, (0)+7D(@0)—27TL04D%70.0744§0,

For this parameter configuration, we observe 5000 sample paths in the time interval
[0,50].
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N

0.075 Ay 0.0798

A

007 (N 00796
_ 0065 N _oo794
T o
g \’\M &

0.06 N 0.0792

_,\ﬂ\
0.055 ooy 0.079
\
005 i &Y 0.0788
0.045 00786
(4 5 10 15 20 25 20 35 40 45 50 (4 05 1 15 2 25

Time Time.

(a) Sample paths of D(O(t)) for 0<t<50  (b) Sample paths of D(O(t)) for 0<t<2.5
Fig. 4.3: Emergence of phase-locked state.

The corresponding sample paths are plotted in Figure 4.3, on small and large time
scale. One observes that all paths seem to be uniformly (in ¢) bounded by D(Oy),
which follows the result of Theorem 3.1. Note that the lower bound of the probability
for uniformly bounded D(0©) given in Theorem 3.1 is

P(Ag)>1-2 ( o ) !
s)>1—2exp| ——= | ==.
203/ 3
Figure 4.3 suggests that this bound is not optimal. We leave it as a future work.
Next, we change natural frequencies v;, initial phase g, and oy to
1—11 .2 1
0p=—_G—11 =—

10 ) 0 3 (Z )a gt 2(1+t)’
so that D(v) =2, D(0g) =4n/3, and ||o||s = ||o||]2 =0.5. We observe 5000 sample paths
for coupling strengths k=1 and k=05, respectively, in order to separately study the
effect of coupling strength on the emergence of phase locking.

[ 5 10 15 20 25 30 35 40 45 50 0 5 10 15 20 25 30 35 40 45 50
Time Time

(a) Sample paths of D(O(t)) (b) Sample paths of D(O(t))
for 0<t<50 and k=1 for 0<t <50 and k=5

Fig. 4.4: Effect of coupling strength.

Figure 4.4b suggests that also in a stochastic case, a large coupling regime does not
rule out the emergence of phase locking, provided s and o are suitably balanced. We
shall investigate the phase transitions in terms of the balance between ¢ and « in the
stochastic case more closely in a future work.
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5. Conclusion

We provided sufficient frameworks for phase-locked state emergence for the second-
order (stochastic) Winfree model with inertia. In the deterministic case (1.3), we ob-
tained uniform-in-time boundedness of the phase diameter max; ;j(0i —67). The key
observation towards this result is the following: provided the natural frequencies and
the initial data are sufficiently narrowly spread, v8% +w% can be compared to a solution
of a differential equation with affine periodic drift. When the orbit of the periodic part
of this drift is suitably small, one can conclude boundedness of the phase diameter. Our
numerical simulations suggest that this result can be extended to more general sets of
initial data and under milder constraints on the spread of /.

For the stochastic model (1.4), using a Bernstein-type inequality we obtained lower
bounds for the probability of pathwise phase-locking. We note that we did not observe
a regularizing effect of the noisy perturbation in terms of the emergence of synchronous
behavior, but that we rather had to constrain its effect on the particle system. Indeed,
choosing the noise sufficiently small, the lower estimate for the probability of pathwise
phase-locking can be made arbitrarily large in (0,1). In future works, it will be interest-
ing to find out whether this is an intrinsic phenomenon of the model or whether refined
techniques reveal a certain synchronization by noise effect for the Winfree model with
inertia, possibly for other types of multiplicative noise.
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