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ERROR ESTIMATES OF
THE SAV METHOD FOR THE COUPLED CAHN-HILLIARD SYSTEM

IN COPOLYMER/HOMOPOLYMER MIXTURES∗

JIN HUANG† AND GUANGHUA JI‡

Abstract. In this paper, we consider the fully discrete scheme based on the scalar auxiliary
variable (SAV) approach in time and the Fourier spectral method in space, for solving the phase-field
model of the blend consisting of AB diblock copolymers and C homopolymers. We establish the error
estimates of the numerical scheme rigorously, and show that the fully discrete scheme converges with
order O(τ2+hm), where τ , h, and m are the time step, spatial step and regularity of the exact solution,
respectively. Finally, some numerical simulation results are presented to demonstrate the theoretical
results.
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1. Introduction
In recent years, there has been tremendous interest in block copolymers (BCPs)

due to their ability to produce rich nanostructures with a wide range of applications in
optics and drug transport. The simplest block copolymer is the diblock copolymer, in
which two types of polymer segments are covalently bound. The self-assembly behavior
of diblock copolymers under confinement has attracted considerable attention [1–13].
According to the interface properties of the confined space, confinement can be divided
into soft confinement and hard confinement. In a soft confined system, the interface is
flexible, while in a hard confined system, it is fixed. Compared to hard confinement,
soft confinement offers more possibilities for copolymer self-assembly to generate novel
nanostructures [14, 16–18]. To realize soft confinement in physical experiments, re-
searchers usually use self-organized precipitation (SORP) in which a mixture consisting
of copolymers, and a third immiscible is considered [9, 15, 16]. To achieve consistency,
researchers consider the copolymer/homopolymer or copolymer/solvent blend theoreti-
cally to simulate the self-assembly of block copolymers under soft confinement [17–19].

For multiphase incompressible fluids, popular modeling methods include the Monte
Carlo simulated annealing method [23,24], Self-Consistent Field Theory (SCFT) [25–27],
and the phase-field approach [19,28–30]. The Monte Carlo simulated annealing method
is a well known procedure that seeks to obtain the lowest energy ground states of a
disordered system. However, it requires a large amount of computational effort and
cannot obtain the energy of the system. This problem can be partially solved by SCFT,
in which the multibody interactions between polymers in the system are converted into
the force of external fields. In SCFT, there is an explicit expression for free energy,
but there are many coupling parameters in the SCFT equations, which results in many
calculations. Similar to the previous two methods, the phase-field approach, which
introduces smooth phase variables to describe the evolution of the free interface, is
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also a popular modeling framework for polymer systems. Compared with SCFT, the
phase-field approach has the advantages of fewer parameters and simpler theoretical
analysis. Although the Cahn-Hilliard equations in the phase-field model are based on
a small number of parameters, they are robust enough to provide guidance on the
dynamic behavior of confined BCPs. For various processes involving the heating of
BCP in solutions, Avalos et al. established a clear parameter correspondence between
the temperature-dependent Flory-Huggins parameter and the width of the microphase
interface [20]. Hence, we consider the phase-field approach here. The phase-field model
of the copolymer/homopolymer blend was first proposed by Avalos et al. [21], in which
novel morphologies of diblock copolymers confined in a three-dimensional sphere were
obtained. Then, they simulated the phase transition from stacked lamellae to onion-like
structures and gave a phase diagram containing various morphologies [20].

However, the above studies in [20, 21] focus on the simulation and prediction of
physical phenomena, rather than on designing efficient algorithms for the model. In
fact, solving the model efficiently is necessary and challenging because the nonlocal
term in the coupled Cahn-Hilliard equations is difficult to handle properly.

For the Cahn-Hilliard equations, the common numerical methods include convex
splitting [31–33], stabilization method [34–36], invariant energy quadratization (IEQ)
approach [37, 38] and scalar auxiliary variable (SAV) approach [39–43]. The convex
splitting method is introduced by Eyre et al. in [31] for time stepping the Cahn-Hilliard
equations. However, it requires solving a nonlinear equation with high computational
complexity at each time step. Moreover, it is difficult to construct the corresponding
second-order schemes. Based on the convex splitting method, the stabilization method,
which explicitly addresses nonlinear terms and adds a stability term to avoid strict time
step constraints, can be extended to second-order schemes but in general it does not
guarantee unconditional stability. Notably, the IEQ method, which is proposed in [37],
allows us to construct linear second-order unconditionally energy stable schemes for a
large class of gradient flows. However, the IEQ method often leads to variable coefficient
systems, which is hard to implement. To overcome this problem, i.e., constructing a
numerical format that is easy to implement, Shen et al. proposed the SAV approach for
a large class of gradient flows that describe energy dissipative physical systems [39,40].
The schemes for gradient flows that introduce auxiliary variables are proposed for a
fourth-order polynomial double well free energy in [40] and then generalized to other
free energies. The related numerical studies show that the SAV method is superior to
the IEQ approach [39,41,42] because it can inherit the advantages of the IEQ approach
and overcome its shortcomings. That is, it is more efficient and easier to implement.

Compared with traditional Cahn-Hilliard equations, the key to efficiently solving the
coupled Cahn-Hilliard equations lies in the treatment of nonlocal and nonlinear terms.
Therefore, it is necessary to construct a nonlinear decoupled high-precision scheme for
the model using the SAV method, which can guarantee unconditional energy stability.
To solve this problem, Li et al. proposed second-order numerical schemes combining
the SAV method with CN and BDF2, which are decoupled, noniterative, and easy to
implement [22]. Furthermore, they demonstrated the unconditional energy stability
of the SAV/CN and SAV/BDF2 schemes and pointed out that the error estimation is
challenging but do not present it. The purpose of this paper is to present the error
analysis for the SAV/CN scheme, which is also applicable to the SAV/BDF2 scheme.

This paper is organized as follows. In Section 2, we introduce the phase-field model
of the blend consisting of AB diblock copolymers and C homopolymers. Then, we
present the second-order SAV/CN scheme and the unconditional energy stability in
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Section 3. The corresponding error estimate, which is guaranteed by the L∞ bound of
numerical solutions, is proved in Section 4. To verify the analysis results, we give the
results of numerical simulations in two dimensions in Section 5. Finally, we present the
conclusions in Section 6.

2. The model
Before introducing the phase-field model of the blend consisting of AB diblock

copolymers and C homopolymers, we first introduce some notations used through-
out this paper, (see, e.g., [22]). We consider a bounded domain Ω∈Rd,d=1, 2, 3
and the usual Sobolev space denoted by W s,p(Ω) (0≤s≤∞,1≤p≤∞). Then, we de-
note Hs(Ω) :=W s,2(Ω) equipped with the norm ∥·∥Hs and the dual space of Hs(Ω) as
H−s(Ω). Furthermore, we consider the space L2(Ω) :=H0(Ω) associated with the inner
product (·, ·) and norm ∥·∥. In particular, we define the space L2

0(Ω)={v∈L2(Ω)|(v,1)=
0}. For f ∈L2

0(Ω), we can define vf := (−∆)−1f , where vf ∈H2(Ω)
⋂
L2
0(Ω) is the unique

solution of the periodic boundary value problem −∆vf =f in Ω. For any f, g∈L2
0(Ω),

the H−1 inner product and norm can be defined as

(f,g)−1 := (▽vf ,▽vg), ∥f∥−1 :=
√
(f,f)−1. (2.1)

We denote by f ≲g that there exists a general positive constant C such that f ≤Cg
holds.

Here, we consider the blended system composed of AB diblock copolymers and C
homopolymers in a bounded region Ω (Ω∈Rd, d=1, 2, 3). We use two order parameters
(u and v) to describe macrophase separation between copolymers and homopolymers
and the microphase separation between monomers A and B. u defines the state of the
blend of copolymers and homopolymers, and requires values in the range of [−1,1] with
end points corresponding to homopolymer-rich (-1) and copolymer-rich domains (+1),
respectively. v characterizes the state of AB diblock copolymers and requires values
from the interval [−1,1]. When v takes -1 and 1, it corresponds to A-rich and B-rich
domains, respectively. The total free energy takes the form [20,21]

E(u,v)=

∫
Ω

ϵ2u
2
|∇u|2+ ϵ2v

2
|∇v|2+W (u,v)+

σ

2
|(−△)−

1
2 (v− v̄)|2dx, (2.2)

where parameters ϵu and ϵv are proportional to the thickness of the propagating fronts of
each component. W (u,v)= 1

4 (u
2−1)2+ 1

4 (v
2−1)2+αuv+βuv2 is the double-well po-

tential energy, where α and β are two constants coupled with each other. v̄=
1

|Ω|
∫
Ω
v dx

is the mass ratio between two polymers. The last term of E characterizes the long-
range interaction between molecules in the system (related to σ) which determines that

(−△)−
1
2 must be integrated over the whole region Ω.

Using the gradient flow method, i.e., taking the variational derivative of E in
H−1(Ω) (with respect to u and v, respectively), we obtain the conserved dynamics
as follows:

ut=Mu∆(−ϵ2u∆u+f(u,v)), (2.3)

vt=Mv(∆(−ϵ2v∆v+g(u,v))−σ(v− v̄)), (2.4)

where Mu and Mv are mobility parameters to control the speed at which order pa-
rameters u and v move. f(u,v)=u3−u+αv+βv2, g(u,v)=v3−v+αu+2βuv. For
the Cahn-Hilliard equations, two boundary conditions can be considered: (i) periodic
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boundary conditions, i.e., all variables are periodic on ∂Ω; (ii) no-flux type boundary
conditions, i.e.,

∂nu|∂Ω=∂n∆u|∂Ω=∂nv|∂Ω=∂n∆v|∂Ω=0 (2.5)

where n is the unit outward normal on ∂Ω. In this work, we use periodic boundary
conditions. However, our analysis is also applicable to the case of no-flux type boundary
conditions.

3. Second-order SAV scheme and its stability
In the SAV approach, we first introduce a scalar variable r=

√
E1(u,v)+C0, where

E1(u,v)=
∫
Ω
(W (u,v)− S

2 u
2− S

2 v
2)dx, S≥0 is a stabilization parameter, and C0 is a

positive constant to ensure E1(u,v)+C0>0. Therefore, the free energy functional (2.2)
can be formulated as

E(u,v,r)=

∫
Ω

(
ϵ2u
2
|∇u|2+ S

2
u2+

ϵ2v
2
|∇v|2+ S

2
v2+

σ

2
|(−△)−

1
2 (v− v̄)|2)dx+r2−C0.

We obtain the equivalent PDE system as follows:{
ut=Mu∆(−ϵ2u∆u+Su+H(u,v)r),
vt=Mv(∆(−ϵ2v∆v+Sv+G(u,v)r)−σ(v− v̄)),

(3.1)

where

H(u,v)=
f(u,v)−Su√
E1(u,v)+C0

, G(u,v)=
g(u,v)−Sv√
E1(u,v)+C0

.

The initial conditions are

u|t=0=u0, v|t=0=v0, r|(t=0)=
√
E1(u0,v0)+C0. (3.2)

Due to the periodic boundary conditions, we apply the Fourier spectral method
for spatial discretization. Taking the two-dimensional (2D) region Ω=[0,Lx]× [0,Ly]
as an example, we shall introduce the framework of the Fourier spectral method. In
our simulations, all spatial functions can be expanded by plane waves. Here, we use
Nx×Ny plane-wave basis functions to discretize the 2D domain. Hence, the space step
is defined as hx=Lx/Nx, hy =Ly/Ny. The Fourier approximation space is

XN =span{eiαlxeiβpy|−Nx

2
≤ l≤ Nx

2
−1,−Ny

2
≤p≤ Ny

2
−1},

where i=
√
−1, αl=2πl/Lx, and βp=2πp/Ly. Then, we can define the L2−orthogonal

projection operator ΠN :L2(Ω)→XN , which satisfies

(ΠNϕ−ϕ,Ψ)=0, ϕ∈L2(Ω), ∀ Ψ∈XN .

The error of the orthogonalization can be estimated: for any ϕ∈Hm
per(Ω) and 0≤k≤m,

there exists a constant C such that

∥ΠNϕ−ϕ∥Hk ≲hm−k ∥ϕ∥Hm , (3.3)

where Hm
per(Ω)={ϕ∈Hm(Ω)|ϕ(v) is periodic on ∂Ω,0≤v≤m}. For simplicity, we con-

sider the case of Lx=Ly =L, Nx=Ny =N and hx=hy =h.
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We denote the time step size as τ >0 and tn=nτ (0≤n≤NT =[T/τ ]). For any
function f , we denote the interpolation as follows:

f̃n=
3

2
fn− 1

2
fn−1,

f̂n+ 1
2 =

1

2
(fn+fn+1),

where fn=f(tn).
Then, we introduce the fully discrete scheme for the blended model proposed in [22],

which combines the SAV approach with the Crank-Nicolson scheme. The second-order
fully discrete SAV scheme is as follows. For n≥1, given un−1

N , vn−1
N and un

N , vnN , find
un+1
N , vn+1

N such that

un+1
N −un

N

Muτ
=∆µ

n+ 1
2

N , (3.4)

µ
n+ 1

2

N =−ϵ2u∆u
n+ 1

2

N +Su
n+ 1

2

N +H(ũn
N , ṽnN )r

n+ 1
2

N , (3.5)

vn+1
N −vnN
Mvτ

=∆ξ
n+ 1

2

N −σ(v
n+ 1

2

N − v̄
n+ 1

2

N ), (3.6)

ξ
n+ 1

2

N =−ϵ2v∆v
n+ 1

2

N +Sv
n+ 1

2

N +G(ũn
N , ṽnN )r

n+ 1
2

N , (3.7)

rn+1
N −rnN =

1

2

∫
Ω

(H(ũn
N , ṽnN )(un+1

N −un
N )+G(ũn

N , ṽnN )(vn+1
N −vnN ))dx. (3.8)

The initial value required to apply the second-order scheme is obtained by the following
first-order scheme based on the backward Euler method.

u1
N −u0

N

Muτ
=∆µ1

N , (3.9)

µ1
N =−ϵ2u∆u1

N +Su1
N +H(u0

N ,v0N )r1N , (3.10)

v1N −v0N
Mvτ

=∆ξ1N −σ(v1N − v̄1N ), (3.11)

ξ1N =−ϵ2v∆v1N +Sv1N +G(u0
N ,v0N )r1N , (3.12)

r1N −r0N =
1

2

∫
Ω

[
H(u0

N ,v0N )(u1
N −u0

N )+G(u0
N ,v0N )(v1N −v0N )

]
dx. (3.13)

From the scheme (3.4)-(3.8), we have the mass conservation of numerical solutions∫
Ω

u0
Ndx=

∫
Ω

u1
Ndx= ·· ·=

∫
Ω

un
Ndx,∫

Ω

v0Ndx=

∫
Ω

v1Ndx= ·· ·=
∫
Ω

vnNdx,

and the following energy stability [22].

Theorem 3.1. Scheme (3.4)-(3.8) has unique solutions un
N and vnN and satisfies the

unconditional energy stability

En+1
cn2 −En

cn2=− 1

Muτ

∥∥un+1
N −un

N

∥∥
−1

− 1

Mvτ

∥∥vn+1
N −vnN

∥∥
−1

, (3.14)

where

En
cn2=

1

2
(ϵ2u∥∇un

N∥2+S∥un
N∥2+ϵ2v ∥∇vnN∥2+S∥vnN∥2+σ∥vnN − v̄nN∥2−1)+(rn)2−C0.
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4. Error estimates for the second-order scheme
In this section, we shall give the error estimates for the fully discrete SAV/CN

scheme, as stated in Theorem 4.1. In the proof, the key idea is to obtain the L∞

boundedness of discrete solutions, which ensures that the derivative of the nonlinear
term E1 can be simplified. To achieve this goal, we first make some preparations.
Based on the regularity assumption of exact solutions, we derive the regularity of the
scalar auxiliary variable r(t) and the estimates for truncation errors. Then, we utilize
mathematical induction and couple the proof of L∞ boundedness and error estimates
in the proof. Finally, we draw the conclusion regarding the error estimates.

We denote the error functions as

enu=un
N −u(tn,x)=un

N −
∏

Nu(tn,x)+
∏

Nu(tn,x)−u(tn,x)≜ ënu+ ěnu,

env =vnN −v(tn,x)=vnN −
∏

Nv(tn,x)+
∏

Nv(tn,x)−v(tn,x)≜ ënv + ěnv ,

e
n+ 1

2
µ =µ

n+ 1
2

N −
∏

Nµ(tn+
1
2 ,x)+

∏
Nµ(tn+

1
2 ,x)−µ(tn+

1
2 ,x)≜ ë

n+ 1
2

µ + ě
n+ 1

2
µ ,

e
n+ 1

2

ξ = ξ
n+ 1

2

N −
∏

Nξ(tn+
1
2 ,x)+

∏
Nξ(tn+

1
2 ,x)−ξ(tn+

1
2 ,x)≜ ë

n+ 1
2

ξ + ě
n+ 1

2

ξ ,

enr = rnN −r(tn).

Noting the mass conservation of the system and 1∈SN , we have

ēn+1
u = ēnu= ·· ·= ē0u=

1

|Ω|

∫
Ω

u0
N −

∏
N
u(t0)dx= ¯̈e0u,

ēn+1
v = ēnv = ·· ·= ē0v =

1

|Ω|

∫
Ω

v0N −
∏

N
v(t0)dx= ¯̈e0v.

In particular, taking the initial values u0
N =

∏
Nu(t0), v0N =

∏
Nv(t0), we obtain

ēnu= ¯̈enu= ¯̈e0u=0, ēnv = ¯̈env = ¯̈e0v =0.

Preparations. Before giving the error estimates, let us make some preparations.
(1) We formulate the Cahn-Hilliard system (3.4)-(3.8) in a truncation form:

u(tn+1)−u(tn)

Muτ
=∆µ(tn+

1
2 )− 1

Muτ
R

n+ 1
2

u , (4.1)

µ(tn+
1
2 )=−ϵ2u∆û(tn+

1
2 )+Sû(tn+

1
2 )+r̂(tn+

1
2 )H(ũ(tn), ṽ(tn))−R

n+ 1
2

µ , (4.2)

v(tn+1)−v(tn)

Mvτ
=∆ξ(tn+

1
2 )−σ(v̂(tn+

1
2 )− ¯̂v(tn+

1
2 ))− 1

Mvτ
R

n+ 1
2

v , (4.3)

ξ(tn+
1
2 )=−ϵ2v∆v̂(tn+

1
2 )+Sv̂(tn+

1
2 )+r̂(tn+

1
2 )G(ũ(tn), ṽ(tn))−R

n+ 1
2

ξ , (4.4)

r(tn+1)−r(tn)=
1

2

∫
Ω

[
H(ũ(tn), ṽ(tn))(u(tn+1)−u(tn))

+G(ũ(tn), ṽ(tn))(v(tn+1)−v(tn))
]
dx−R

n+ 1
2

r , (4.5)

where

R
n+ 1

2
u =ut(t

n+ 1
2 )τ−u(tn+1)+u(tn),

R
n+ 1

2
µ = ϵ2u∆(u(tn+ 1

2 )− û(tn+ 1
2 ))−S(u(tn+ 1

2 )− û(tn+ 1
2 ))

+ r̂(tn+ 1
2 )H(ũ(tn), ṽ(tn))−r(tn+ 1

2 )H(u(tn+ 1
2 ),v(tn+ 1

2 )),

R
n+ 1

2
v =vt(t

n+ 1
2 )τ−v(tn+1)+v(tn)+Mvτσ(v(t

n+ 1
2 )− v̂(tn+ 1

2 )),
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R
n+ 1

2
ξ = ϵ2v∆(v(tn+ 1

2 )− v̂(tn+ 1
2 ))−S(v(tn+ 1

2 )− v̂(tn+ 1
2 ))

+ r̂(tn+ 1
2 )G(ũ(tn), ṽ(tn))−r(tn+ 1

2 )G(u(tn+ 1
2 ),v(tn+ 1

2 )),

R
n+ 1

2
r = rt(t

n+ 1
2 )τ−r(tn+1)+r(tn)

+
1

2

∫
Ω

H(u(tn+ 1
2 ),v(tn+ 1

2 ))(u(tn+1)−u(tn)−ut(t
n+ 1

2 )τ)dx

− 1

2

∫
Ω

(H(u(tn+ 1
2 ),v(tn+ 1

2 ))−H(ũ(tn), ṽ(tn)))(u(tn+1)−u(tn))dx

+
1

2

∫
Ω

G(u(tn+ 1
2 ),v(tn+ 1

2 ))(v(tn+1)−v(tn)−vt(t
n+ 1

2 )τ)dx

− 1

2

∫
Ω

(G(u(tn+ 1
2 ),v(tn+ 1

2 ))−G(ũ(tn), ṽ(tn)))(v(tn+1)−v(tn))dx.

(2) Theorem 3.1 has implied the boundedness of functions uk
N , vkN and rkN as follows:

max
{∥∥uk

N

∥∥
H1 ,

∥∥vkN∥∥H1 ,
∥∥rkN∥∥H1

}
≤C, k≤Tmax/τ,

where C is a constant depending on the domain and initial data.
We assume that the exact solutions u,v,r of the system (2.3)-(2.4) possess the fol-
lowing regularity conditions:

u,v∈L∞(0,T ;Hm+1
per ),

ut,vt∈L∞(0,T ;H−1
per)∩L∞(0,T ;H1

per),

utt,vtt∈L∞(0,T ;L2
per)∩L2(0,T ;H3

per),vtt∈L2(0,T ;H−1
per),

uttt,vttt∈L2(0,T ;L2)∩L2(0,T ;H−1
per),

∥∇u∥L∞((0,T )×Ω),∥∇v ∥L∞((0,T )×Ω)≤C.

(4.6)

Based on the regularity assumption of exact solutions, we can derive the regularity
of the scalar auxiliary variable r(t).

Lemma 4.1. Under the regularity conditions (4.6), we have rtt, rttt∈L2(0,T ).

Proof. Applying Hölder inequality, Sobolev embedding theorem and chain rule, the
proof is straightforward. Here, we give the detailed proof of the lemma in Appendix
A.

One can now easily establish the following estimates for truncation errors.

Lemma 4.2. Under the regularity conditions (4.6), the truncation errors satisfy∥∥∥Rn+ 1
2

u

∥∥∥2
−1

≲ τ5
∫ tn+1

tn
∥uttt∥2−1ds, (4.7)

∥∥∥Rn+ 1
2

v

∥∥∥2
−1

≲ τ5
∫ tn+1

tn

(
∥vtt∥2−1+∥vttt∥2−1

)
ds, (4.8)

∥∥∥∇R
n+ 1

2
µ

∥∥∥2≲ τ3
∫ tn+1

tn−1

(
∥utt∥2H1 +∥vtt∥2H1 +∥utt∥2H3 + |rtt|2

)
ds, (4.9)

∥∥∥∇R
n+ 1

2

ξ

∥∥∥2≲ τ3
∫ tn+1

tn−1

(
∥utt∥2H1 +∥vtt∥2H1 +∥vtt∥2H3 + |rtt|2

)
ds, (4.10)

|Rn+ 1
2

r |2≲ τ5
∫ tn+1

tn−1

(
∥utt∥2H1 +∥vtt∥2H1 +∥uttt∥2+∥vttt∥2+ |rttt|2

)
ds. (4.11)
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Proof. Note that

f(tn+1)−f(tn)−ft(t
n+1)τ ≲ τ2,

|1
2
(f(tn+1)+f(tn−1))−f(tn)|2≲ τ3

∫ tn+1

tn−1

|∂
2f

∂t2
|2ds,

the proof of this lemma is simple. The detailed proof of the lemma is given in
Appendix B.

(3) Subtracting (3.4)-(3.8) from (4.1)-(4.5), we can derive the error equations as

(ën+1
u − ënu,q)+Muτ(∇ë

n+ 1
2

µ ,∇q)=(R
n+ 1

2
u ,q), (4.12)

(ë
n+ 1

2
µ ,Ψ)= ϵ2u(∇ˆ̈e

n+ 1
2

u ,∇Ψ)+S(ˆ̈e
n+ 1

2
u ,Ψ)+r

n+ 1
2

N (H(ũn
N , ṽnN ),Ψ)

− r̂(tn+
1
2 )(H(ũ(tn), ṽ(tn)),Ψ)+(R

n+ 1
2

µ ,Ψ), (4.13)

(ën+1
v − ënv ,q

∗)+Mvτ(∇ë
n+ 1

2

ξ ,∇q∗)=−Mvτσ(ˆ̈e
n+ 1

2
v −¯̂

ë
n+ 1

2
v ,q∗)+(R

n+ 1
2

v ,q∗), (4.14)

(ë
n+ 1

2

ξ ,Ψ∗)= ϵ2v(∇ˆ̈e
n+ 1

2
v ,∇Ψ∗)+S(ˆ̈e

n+ 1
2

v ,Ψ∗)+r
n+ 1

2

N (G(ũn
N,ṽ

n
N ),Ψ∗)

− r̂(tn+
1
2 )(G(ũ(tn),ṽ(tn)),Ψ∗)+(R

n+ 1
2

ξ ,Ψ∗), (4.15)

en+1
r −enr =

1

2

∫
Ω

(H(ũn
N , ṽnN )(un+1

N −un
N )−H(ũ(tn), ṽ(tn))(u(tn+1)−u(tn))

+G(ũn
N , ṽnN )(vn+1

N −vnN )−G(ũ(tn), ṽ(tn))(v(tn+1)−v(tn)))dx

+R
n+ 1

2
r , (4.16)

where q, Ψ, q∗, and Ψ∗∈XN .

We now establish the error estimates for scheme (3.4)-(3.8). The main result concerning
the error estimate can be derived if we can complete the proof of the following lemma.

Lemma 4.3. Supposing that the exact solutions of the system satisfy the regularity
assumption (4.6). Then there exist two positive constants τ0 and h0 such that, for any
τ <τ0 and h<h0, the solutions un

N and vnN of (3.4)-(3.8) satisfy

max{∥un
N∥L∞ ,∥vnN∥L∞}≤C= max

0⩽t⩽Tmax

{∥u(t)∥L∞ ,∥v(t)∥L∞}+2, (4.17)

where n=0,1,2,·· · ,[Tmax/τ ].

Proof. Taking the proof of the L∞ boundedness of vnN as an example, we apply
mathematical induction to prove this lemma. When n=0, using the Sobolev embedding
theorem, we have∥∥v0N∥∥L∞ =

∥∥ΠNv0
∥∥
L∞ ⩽

∥∥ΠNv0−v0
∥∥
L∞ +

∥∥v0∥∥
L∞

≲
∥∥ΠNv0−v0

∥∥
H1 +

∥∥v0∥∥
L∞

⩽C1h
m−1

∥∥v0∥∥
Hm +

∥∥v0∥∥
L∞ ⩽C,for d=2,∥∥v0N∥∥L∞ ≲

∥∥ΠNv0−v0
∥∥
H2 +

∥∥v0∥∥
L∞

⩽C1h
m−2

∥∥v0∥∥
Hm +

∥∥v0∥∥
L∞ ⩽C,for d=3,
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where h⩽h1=min{ m−1
√
2/(C1∥v0∥Hm), m−2

√
2/(C1∥v0∥Hm)}. Supposing that

∥vnN∥L∞ ⩽C is valid for n=0,1,2,·· · ,k, we shall prove that
∥∥vk+1

N

∥∥
L∞ ⩽C is also valid

in the following four steps.

Step 1. Taking q= ë
n+ 1

2
µ , Ψ= ën+1

u − ënu, q
∗= ë

n+ 1
2

ξ , Ψ∗= ën+1
v − ënv in (4.12)-(4.15)

and multiplying (4.16) by en+1
r +enr , we derive

(ën+1
u − ënu, ë

n+ 1
2

µ )+Muτ
∥∥∥∇ë

n+ 1
2

µ

∥∥∥2=(R
n+ 1

2
u , ë

n+ 1
2

µ ), (4.18)

(ë
n+ 1

2
µ , ën+1

u − ënu)=
ϵ2u
2
(
∥∥∇ën+1

u

∥∥2−∥∇ënu∥
2
)+

S

2
(
∥∥ën+1

u

∥∥2−∥ënu∥
2
)

+r
n+ 1

2

N (H(ũn
N,ṽ

n
N ),ën+1

u −ënu)−r̂(tn+
1
2 )(H(ũ(tn),ṽ(tn)),ën+1

u − ënu)

+(R
n+ 1

2
µ , ën+1

u − ënu), (4.19)

(ën+1
v − ënv,ë

n+ 1
2

ξ )+Mvτ
∥∥∥∇ë

n+ 1
2

ξ

∥∥∥2=−Mvτσ(ˆ̈e
n+ 1

2
v −¯̂

ë
n+ 1

2
v ,ë

n+ 1
2

ξ )+(R
n+ 1

2
v ,ë

n+ 1
2

ξ ), (4.20)

(ë
n+ 1

2

ξ , ën+1
v − ënv )=

ϵ2v
2
(
∥∥∇ën+1

v

∥∥2−∥∇ënv∥
2
)+

S

2
(
∥∥ën+1

v

∥∥2−∥ënv∥
2
)

+r
n+ 1

2

N (G(ũn
N,ṽ

n
N ),ën+1

v −ënv )−r̂(tn+
1
2 )(G(ũ(tn),ṽ(tn)),ën+1

v −ënv )

+(R
n+ 1

2

ξ , ën+1
v − ënv ), (4.21)

(en+1
r )2−(enr )

2= ê
n+ 1

2
r

∫
Ω

(H(ũn
N,ṽ

n
N )(un+1

N −un
N )−H(ũ(tn),ṽ(tn))(u(tn+1)−u(tn))

+G(ũn
N , ṽnN )(vn+1

N −vnN )−G(ũ(tn), ṽ(tn))(v(tn+1)−v(tn)))dx

+2(R
n+ 1

2
r , ê

n+ 1
2

r ). (4.22)

Combining (4.18)-(4.22), we obtain

ϵ2u
2
(
∥∥∇ën+1

u

∥∥2−∥∇ënu∥
2
)+

S

2
(
∥∥ën+1

u

∥∥2−∥ënu∥
2
)+Muτ

∥∥∥∇ë
n+ 1

2
µ

∥∥∥2+(en+1
r )2

+
ϵ2v
2
(
∥∥∇ën+1

v

∥∥2−∥∇ënv∥
2
)+

S

2
(
∥∥ën+1

v

∥∥2−∥ënv∥
2
)+Mvτ

∥∥∥∇ë
n+ 1

2

ξ

∥∥∥2−(enr )
2

=
4∑

i=1

Qi, (4.23)

with

Q1=(R
n+ 1

2
u , ë

n+ 1
2

µ )−(R
n+ 1

2
µ , ën+1

u − ënu)+(R
n+ 1

2
v , ë

n+ 1
2

ξ ),

Q2=−Mvτσ(ˆ̈e
n+ 1

2
v − ¯̂

ë
n+ 1

2
v , ë

n+ 1
2

ξ )−(R
n+ 1

2

ξ , ën+1
v − ënv ),

Q3=−r
n+ 1

2

N (H(ũn
N , ṽnN ), ën+1

u − ënu)+ r̂(tn+
1
2 )(H(ũ(tn), ṽ(tn)), ën+1

u − ënu)

−r
n+ 1

2

N (G(ũn
N , ṽnN ), ën+1

v − ënv )+ r̂(tn+
1
2 )(G(ũ(tn), ṽ(tn)), ën+1

v − ënv ),

and Q4 being the right-hand side of (4.22).
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Step 2. Below, we shall give an analysis for each term on the right-hand side
of (4.23). First, noting the regularity assumption (4.6) and using (4.12), we have

Q1=(R
n+ 1

2
u , ë

n+ 1
2

µ )+(R
n+ 1

2
v , ë

n+ 1
2

ξ )−(R
n+ 1

2
µ ,Muτ∆ë

n+ 1
2

µ +R
n+ 1

2
u )

≤ 1

6
Muτ

∥∥∥∇ë
n+ 1

2
µ

∥∥∥2+ C

τ

∥∥∥Rn+ 1
2

u

∥∥∥2
−1

+
1

12
Mvτ

∥∥∥∇ë
n+ 1

2

ξ

∥∥∥2+ C

τ

∥∥∥Rn+ 1
2

v

∥∥∥2
−1

+Cτ
∥∥∥∇R

n+ 1
2

µ

∥∥∥2 . (4.24)

Second, we give an estimate for Q2, in which the first term is directly caused
by the nonlocal term. By using (4.15), the mass conservation of ev and given that
(ëv− ¯̈ev)∈L2

0(Ω), we obtain

Q2=− 1

2
Mvτσ(ë

n+1
v − ¯̈en+1

v , ë
n+ 1

2

ξ )− 1

2
Mvτσ(ë

n
v − ¯̈env , ë

n+ 1
2

ξ )

−(R
n+ 1

2

ξ ,Mvτ∆ë
n+ 1

2

ξ −Mvτσ(ˆ̈e
n+ 1

2
v − ¯̂

ë
n+ 1

2
v )+R

n+ 1
2

v )

≤ 1

6
Mvτ

∥∥∥∇ë
n+ 1

2

ξ

∥∥∥2+Cτ
∥∥∥∇R

n+ 1
2

ξ

∥∥∥2+ C

τ

∥∥∥Rn+ 1
2

v

∥∥∥2
−1

+Cτ(
∥∥ën+1

v − ¯̈en+1
v

∥∥2
−1

+∥ënv − ¯̈env∥
2
−1). (4.25)

To complete the estimation of Q2, it is necessary to estimate ∥ënv − ¯̈env∥
2
−1. Thus, we

take q∗=(−∆)−1(ën+1
v − ënv ) in (4.21) and have∥∥ën+1

v − ¯̈en+1
v

∥∥2
−1

−∥ënv − ¯̈env∥
2
−1≤

∥∥ën+1
v − ënv

∥∥2
−1

= (Mvτ∆ë
n+ 1

2

ξ −Mvτσ(ê
n+ 1

2
v − ¯̂e

n+ 1
2

v )+R
n+ 1

2
v ,(−∆)−1(ën+1

v − ënv ))

≤ Cτ
∥∥ën+1

v − ënv
∥∥2
−1

+
1

12
Mvτ

∥∥∥∇ën+1
ξ

∥∥∥2+ C

τ

∥∥∥Rn+ 1
2

v

∥∥∥2
−1

+Cτ(
∥∥ën+1

v − ¯̈en+1
v

∥∥2
−1

−∥ënv − ¯̈env∥
2
−1)

≤ 1

12
Mvτ

∥∥∥∇ën+1
ξ

∥∥∥2+ C

τ

∥∥∥Rn+ 1
2

v

∥∥∥2
−1

+Cτ(
∥∥ën+1

v − ¯̈en+1
v

∥∥2
−1

+∥ënv − ¯̈env∥
2
−1). (4.26)

Combining (4.26) with (4.25), one can estimate Q2.

Third, the third term on the right-hand side of (4.23) can be transformed into

Q3=− ê
n+ 1

2
r (H(ũn

N , ṽnN ), ën+1
u − ënu)− r̂(tn+

1
2 )(H(ũn

N , ṽnN )−H(ũ(tn), ṽ(tn)), ën+1
u − ënu)

− ê
n+ 1

2
r (G(ũn

N , ṽnN ), ën+1
v − ënv )− r̂(tn+

1
2 )(G(ũn

N , ṽnN )−G(ũ(tn), ṽ(tn)), ën+1
v − ënv )

≤− ê
n+ 1

2
r (H(ũn

N , ṽnN ), ën+1
u − ënu)− ê

n+ 1
2

r (G(ũn
N , ṽnN ), ën+1

v − ënv )

+
1

12
Muτ

∥∥∥∇ë
n+ 1

2
µ

∥∥∥2+ C

τ

∥∥∥Rn+ 1
2

u

∥∥∥2
−1

+Cτ ∥∇H(ũn
N , ṽnN )−∇H(ũ(tn), ṽ(tn))∥2

+
1

12
Mvτ

∥∥∥∇ë
n+ 1

2

ξ

∥∥∥2+ C

τ

∥∥∥Rn+ 1
2

v

∥∥∥2
−1

+Cτ
∥∥∥ˆ̈en+ 1

2
v − ¯̂

ë
n+ 1

2
v

∥∥∥2
−1

+Cτ ∥∇G(ũn
N , ṽnN )−∇G(ũ(tn), ṽ(tn))∥2 . (4.27)
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The fifth and last term on the right-hand side of (4.27) can be estimated in a similar
way. Below, we take the proof of the fifth term as an example. Since we have

∇H(ũn
N , ṽnN )−∇H(ũ(tn), ṽ(tn))=

∇f(ũn
N , ṽnN )√

E1(ũn
N , ṽnN )+C0

− ∇f(ũ(tn), ṽ(tn))√
E1(ũ(tn), ṽ(tn))+C0

=
∇f(ũn

N , ṽnN )−∇f(ũ(tn), ṽ(tn))√
E1(ũn

N , ṽnN )+C0

−∇f(ũ(tn), ṽ(tn))

(
1√

E1(ũ(tn), ṽ(tn))+C0

− 1√
E1(ũn

N , ṽnN )+C0

)
≜A1+A2,

(4.28)

For the first term on the right-hand side of (4.28), we have the following estimate:

∥A1∥2≲∥∇f(ũn
N , ṽnN )−∇f(ũ(tn), ṽ(tn))∥2

≲∥∇f(ũn
N , ṽnN )−∇f(ũ(tn), ṽnN )∥2+∥∇f(ũ(tn), ṽnN )−∇f(ũ(tn), ṽ(tn))∥2

≲∥fu(ũn
N , ṽnN )∇ũn

N −fu(ũ(t
n), ṽnN )∇ũ(tn)∥2

+∥fv(ũn
N , ṽnN )∇ṽnN −fv(ũ(t

n), ṽnN )∇ṽnN∥2

∥fu(ũ(tn), ṽnN )∇ũ(tn)−fu(ũ(t
n), ṽ(tn))∇ũ(tn)∥2

+∥fv(ũ(tn), ṽnN )∇ṽnN −fv(ũ(t
n), ṽ(tn))∇ṽ(tn)∥2≜

4∑
i=1

Bi. (4.29)

Using Hölder inequality and Soblev embedding, the first two terms on the right-hand
side of (4.29) can be estimated by

B1≤∥fu(ũn
N , ṽnN )∇ẽnu∥

2
+∥(fu(ũn

N , ṽnN )−fu(ũ(t
n), ṽnN ))∇ũ(tn)∥2

=∥fuu(ξ∗, ṽnN )(ũn
N − ũ(tn))∇ũ(tn)∥2+∥fu(ũn

N , ṽnN )∇ẽnu∥
2

≲∥(ũn
N − ũ(tn))∇ũ(tn)∥2+∥∇ẽnu∥

2

≲∥ũn
N − ũ(tn)∥2L3 ∥∇ũ(tn)∥2L6 +∥∇ẽnu∥

2

≲∥ũn
N − ũ(tn)∥2H1 ∥ũ(tn)∥2H2 +∥∇ẽnu∥

2

≲∥ẽnu∥
2
+∥∇ẽnu∥

2
,

and

B2=∥fuv(ξ∗, ṽnN )(ũn
N − ũ(tn))∇ṽnN∥2≲∥ẽnu∥

2
H1 . (4.30)

The latter two items can be handled in a similar way. Then, we obtain

∥A1∥2≲∥ẽnu∥
2
+∥∇ẽnu∥

2
+∥ẽnv∥

2
+∥∇ẽnv∥

2
, (4.31)

and

∥A2∥2≲∥E1(ũ
n
N , ṽnN )−E1(ũ(t

n), ṽ(tn))∥2≲∥ẽnu∥
2
+∥ẽnv∥

2
. (4.32)

Combining (4.28), (4.31) and (4.32), we derive

∥∇H(ũn
N , ṽnN )−∇H(ũ(tn), ṽ(tn))∥2≲∥ẽnu∥

2
+∥∇ẽnu∥

2
+∥ẽnv∥

2
+∥∇ẽnv∥

2
. (4.33)
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Similarly, the last term on the right-hand side of (4.28) can be controlled by

∥∇G(ũn
N , ṽnN )−∇G(ũ(tn), ṽ(tn))∥2≲∥ẽnu∥

2
+∥∇ẽnu∥

2
+∥ẽnv∥

2
+∥∇ẽnv∥

2
. (4.34)

Using (4.27), (4.33) and (4.34), we can derive the estimate of Q3.

Finally, for the first and second terms in Q4, we have

ê
n+ 1

2
r

∫
Ω

(H(ũn
N , ṽnN )(un+1

N −un
N )−H(ũ(tn), ṽ(tn))(u(tn+1)−u(tn))dx

= ê
n+ 1

2
r (H(ũn

N , ṽnN ),en+1
u −enu)+ ê

n+ 1
2

r (H(ũn
N , ṽnN )−H(ũ(tn), ṽ(tn)),u(tn+1)−u(tn))

≤ ê
n+ 1

2
r (H(ũn

N , ṽnN ),en+1
u −enu)

+Cτ ∥ut∥L∞(0,T ;H−1) ((e
n+1
r )2+(enr )

2+∥∇H(ũn
N , ṽnN )−∇H(ũ(tn), ṽ(tn))∥2), (4.35)

and

ê
n+ 1

2
r

∫
Ω

(G(ũn
N , ṽnN )(vn+1

N −vnN )−G(ũ(tn), ṽ(tn))(v(tn+1)−v(tn))dx

≤ ê
n+ 1

2
r (G(ũn

N , ṽnN ),en+1
v −env )

+Cτ ∥vt∥L∞(0,T ;H−1) ((e
n+1
r )2+(enr )

2+∥∇G(ũn
N , ṽnN )−∇G(ũ(tn), ṽ(tn))∥2). (4.36)

The last term in Q4 can be controlled by:

2(R
n+ 1

2
r , ê

n+ 1
2

r )≤Cτ(ê
n+ 1

2
r )2+

C

τ
|Rn+ 1

2
r |2. (4.37)

Noting (4.33)-(4.37), and Lemma4.2, Q4 can be estimated by

Q4≤ ê
n+ 1

2
r (H(ũn

N , ṽnN ),en+1
u −enu)+ ê

n+ 1
2

r (G(ũn
N , ṽnN ),en+1

v −env )

+Cτ((en+1
r )2+(enr )

2+∥ẽnu∥
2
+∥∇ẽnu∥

2
+∥ẽnv∥

2
+∥∇ẽnv∥

2
). (4.38)

Step 3. Based on the above estimates (3.3), (4.23)-(4.27), (4.33), (4.34), (4.38)
and Lemma4.2, we have

ϵ2u
2
(
∥∥∇ën+1

u

∥∥2−∥∇ënu∥2)+
S

2
(
∥∥ën+1

u

∥∥2−∥ënu∥2)+Muτ

∥∥∥∥∇ë
n+ 1

2
µ

∥∥∥∥2

+
ϵ2v
2
(
∥∥∇ën+1

v

∥∥2−∥∇ënv∥2)

+
S

2
(
∥∥ën+1

v

∥∥2−∥ënv∥2)+Mvτ

∥∥∥∥∇ë
n+ 1

2
ξ

∥∥∥∥2

+(en+1
r )2−(enr )

2+
∥∥ën+1

v − ¯̈en+1
v

∥∥2

−1
−
∥∥ënv − ¯̈env

∥∥2

−1

≤1

4
Muτ

∥∥∥∥∇ë
n+ 1

2
µ

∥∥∥∥2

+
5

12
Mvτ

∥∥∇ën+1
ξ

∥∥2
+Cτ4

∫ tn+1

tn
(∥uttt∥2−1+∥vtt∥2−1+∥vttt∥2−1)ds

+Cτ((en+1
r )2+(enr )

2+
∥∥˜̈enu∥∥2

+
∥∥∇˜̈enu

∥∥2
+
∥∥˜̈env∥∥2

+
∥∥∇˜̈env

∥∥2
+
∥∥ën+1

v − ¯̈en+1
v

∥∥2

−1
+
∥∥ënv − ¯̈env

∥∥2

−1
)

+Cτ4

∫ tn+1

tn−1

(∥utt∥2H1 +∥vtt∥2H1 +∥utt∥2H3 +∥vtt∥2H3 + |rtt|2+ |rttt|2+∥uttt∥2+∥vttt∥2)ds

+Cτ(∥ũ(tn)∥2m+1+∥ṽ(tn)∥2m+1)h
2m. (4.39)

Summing up the above inequality (4.39) from n=1 to k (k≥1), ignoring some non-
negative terms, we have:

ϵ2u
2

∥∥∥∇ëk+1
u

∥∥∥2

+
S

2

∥∥∥ëk+1
u

∥∥∥2

+
ϵ2v
2

∥∥∥∇ëk+1
v

∥∥∥2

+
S

2

∥∥∥ëk+1
v

∥∥∥2

+(ekr )
2+

∥∥∥ëk+1
v − ¯̈ek+1

v

∥∥∥2

−1
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+
1

2
Muτ

k∑
n=1

∥∥∥∥∇ë
n+ 1

2
µ

∥∥∥∥2

+
1

2
Mvτ

k∑
n=1

∥∥∥∥∇ë
n+ 1

2
ξ

∥∥∥∥2

≤ ϵ2u
2

∥∥∇ë1u
∥∥2

+
S

2

∥∥ë1u∥∥2
+

ϵ2v
2

∥∥∇ë1v
∥∥2

+
S

2

∥∥ë1v∥∥2
+(e1r)

2+
∥∥ë1v− ¯̈e1v

∥∥2

−1

+Cτ

k∑
n=0

((enr )
2+∥ënu∥2+∥∇ënu∥2+∥ënv∥2+∥∇ënv∥2+

∥∥ënv − ¯̈env
∥∥2

−1
)ds

+Cτ4

∫ tk

0

(∥utt∥2H1 +∥vtt∥2H1 +∥utt∥2H3 +∥vtt∥2H3 +∥uttt∥2+∥vttt∥2+ |rtt|2+ |rttt|2)

+Cτ4

∫ tk

0

(∥uttt∥2−1+∥vtt∥2−1+∥vttt∥2−1)ds+Ch2m. (4.40)

Starting from (3.9)-(3.13), the error estimates of the first step can be obtained by
using a similar procedure described above

ϵ2u
2
(
∥∥∇ë1u

∥∥2−
∥∥∇ë0u

∥∥2
+
∥∥∇(ë1u−ë0u)

∥∥2
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S

2
(
∥∥ë1u∥∥2−

∥∥ë0u∥∥2
+
∥∥ë1u−ë0u

∥∥2
)+Muτ

∥∥∥∥∇ë
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∥∥∥∥2

+
ϵ2v
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(
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(
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+
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∥∥2
)+Mvτ
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∥∥∥∥2

+(e1r)
2−(e0r)
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∥∥ë1v− ¯̈e1v

∥∥2

−1
−
∥∥ë0v− ¯̈e0v

∥∥2

−1

≤1

4
Muτ

∥∥∥∥∇ë
1
2
µ

∥∥∥∥2

+
1

2
Mvτ

∥∥∥∥∇ë
1
2
ξ

∥∥∥∥2

+Cτ((e1r)
2+

∥∥ë0u∥∥2

H1 +
∥∥ë0v∥∥2

H1 +
∥∥ë1v− ¯̈e1v

∥∥2

−1
)+Ch2m

+Cτ4

∫ t1

t0
(∥uttt∥2+∥vttt∥2+∥utt∥2H1+∥vtt∥2H1 +∥uttt∥2−1+∥vttt∥2−1+ |rttt(s)|2)ds. (4.41)

Note that u0
N =

∏
Nu(t0), v0N =

∏
Nv(t0), we have ë0u= ë0v =0. Substituting (4.41) into

(4.40), and applying Gronwall’s inequality, there exists a positive constant τ1 such that

ϵ2u
2

∥∥∇ëk+1
u

∥∥2+ S

2

∥∥ëk+1
u

∥∥2+ ϵ2v
2

∥∥∇ëk+1
v

∥∥2+ S

2
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v

∥∥2+∥∥ëk+1
v − ¯̈ek+1

v

∥∥2
−1
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r )2

+
1

2
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n+ 1

2
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∥∥∥2+ 1

2
Mvτ

k∑
n=0

∥∥∥∇ë
n+ 1

2

ξ

∥∥∥2≲ τ4+h2m, (4.42)

where τ <τ1 and k=0,1,2,·· · ,[Tmax/τ ]−1.

Step 4. To prove the L∞ boundedness of vk+1
N , we need to obtain the H2 bound-

edness of ek+1
v first. Combining the H2 regularity conclusion for the elliptic equation,

(4.19), Poincaré inequality, projection error (3.3) and (4.42), we obtain∥∥ek+1
v

∥∥
H2 ≲

∥∥ek+1
v

∥∥+∥∥∆ek+1
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∥∥
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k+ 1
2

ξ

∥∥∥
≲
∥∥ek+1

v

∥∥+∥∥∥ëk+ 1
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≲τ
3
2 +hm,

where
∥∥∆ekv

∥∥≲ τ
3
2 +hm is guaranteed by the projection error (3.3) and∥∥∆ë1v

∥∥≲∥∥−ë1ξ+Së1v+r1NG(u0
N ,v0N )−r(t1)G(u(t0),v(t0))+R1

ξ

∥∥
≲
∥∥∇ë1ξ

∥∥+∥∥ë1v∥∥+∥∥r1NG(u0
N ,v0N )−r(t1)G(u(t0),v(t0))

∥∥+∥∥R1
ξ

∥∥
≲ τ

3
2 +hm.

The L2 boundedness of R
k+ 1

2

ξ and G(ũk
N , ṽkN )−G(ũ(tk), ṽ(tk)) can be obtained similar

to (4.34) and (B.1) in Appendix B. In fact, we have

∥∥∥Rk+ 1
2

ξ

∥∥∥2≲ τ3
∫ tk+1

tk−1

(
∥utt∥2+∥∆vtt∥2+∥vtt∥2+ |rtt|2

)
ds,

∥∥G(ũk
N , ṽkN )−G(ũ(tk), ṽ(tk))

∥∥≲∥∥ẽku∥∥+∥∥ẽkv∥∥≲ τ
3
2 +hm.

Then, we can obtain∥∥vk+1
N

∥∥
L∞ ≤

∥∥ek+1
v

∥∥
L∞ +

∥∥v(tk+1)
∥∥
L∞ ≲

∥∥ek+1
v

∥∥
H1 +

∥∥v(tk+1)
∥∥
L∞

≤C2τ
2+C2h

m+
∥∥v(tk+1)

∥∥
L∞ ≤C, for d=2,∥∥vk+1

N

∥∥
L∞ ≤

∥∥ek+1
v

∥∥
L∞ +

∥∥v(tk+1)
∥∥
L∞ ≲

∥∥ek+1
v

∥∥
H2 +

∥∥v(tk+1)
∥∥
L∞

≤C3τ
3
2 +C3h

m+
∥∥v(tk+1)

∥∥
L∞ ≤C, for d=3,

where τ ≤ τ2=min{
√
1/C2,

3
√

1/C2
2}, h≤h2=min{ m

√
1/C2,

m
√

1/C3}. Thus, we con-
clude that τ <τ0=min{τ1,τ2} and h<h0=min{h1,h2}.

Theorem 4.1. Supposing that the exact solutions of system (3.2) satisfy the regularity
assumption (4.6), then, we have

ϵ2u
2

∥∥∇eku
∥∥2+ S

2

∥∥eku∥∥2+ ϵ2v
2

∥∥∇ekv
∥∥2+ S

2

∥∥ekv∥∥2+∥∥ekv− ēkv
∥∥2
−1

+(ekr )
2≲ τ4+h2m, (4.43)

where k=0,1,2,·· · ,[Tmax/τ ].

Proof. Denote

Ik=
ϵ2u
2

∥∥∇eku
∥∥2+ S

2

∥∥eku∥∥2+ ϵ2v
2

∥∥∇ekv
∥∥2+ S

2

∥∥ekv∥∥2+∥∥ekv− ēkv
∥∥2
−1

+(ekr )
2.

Lemma 4.3 indicates that In≲ τ4+h2m for τ <τ0 and h<h0. For other cases, consid-
ering the energy stability Theorem 3.1, we have

In≤C≤ C

h2m
0

h2m≲ τ4+h2m,for τ <τ0,h≥h0,

In≤C≤ C

τ40
τ4≲ τ4+h2m,for τ ≥ τ0,h<h0,

In≤C≤ C

2τ40
τ4+

C

2h2m
0

h2m≲ τ4+h2m,for τ ≥ τ0,h≥h0.

Thus, the proof is completed.
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τ ∥eu∥ rate ∥eu∥∞ rate
τ0 3.0168E−4 / 3.8673E−5 /
τ0/2 7.7624E−5 1.96 1.0044E−5 1.94
τ0/2

2 1.9708E−5 1.98 2.5625E−6 1.97
τ0/2

3 4.9636E−6 1.99 6.4704E−7 1.99
τ0/2

4 1.2424E−6 2.00 1.6217E−7 2.00
τ0/2

5 3.0760E−7 2.01 4.0176E−8 2.01

Table 5.1. Time errors and convergence rates of u at Tmax=0.025 for the SAV/CN scheme with
the time step τ =1×10−3/2k, k=0,1,2,3,4,5.

τ ∥ev∥ rate ∥ev∥∞ rate
τ0 4.1951E−5 / 4.6534E−6 /
τ0/2 1.0500E−5 2.00 1.1639E−6 2.00
τ0/2

2 2.6260E−6 2.00 2.9100E−7 2.00
τ0/2

3 6.5622E−7 2.00 7.2705E−8 2.00
τ0/2

4 1.6360E−7 2.00 1.8124E−8 2.00
τ0/2

5 4.0421E−8 2.02 4.4778E−9 2.02

Table 5.2. Time errors and convergence rates of v at Tmax=0.025 for the SAV/CN scheme with
the time step τ =1×10−3/2k, k=0,1,2,3,4,5.

5. Numerical experiments
In this section, we give several numerical examples to demonstrate the effective-

ness of the SAV/CN scheme. First, we present convergence tests in time and space
through mesh refinement experiments. Then, we validate the energy dissipation and
mass conservation of the system. Finally we show some phase transition experiments.

5.1. Accuracy test. Here, we consider the two-dimensional problem with Ω=
[0,L]2. In our simulations, we choose the initial values u0=0.25cos(x)sin(y), v0=
0.25sin(x)cos(y)+0.1. The parameters are fixed as follows: L=4π, Mu=1, Mv =0.05,
α=0.01, β=−0.9, σ=100, ϵu=0.05, ϵv =0.05, S=20 and C0=5000.

For time accuracy, we fix the space step size h as 2−7L. We compute the numeri-
cal solutions with time steps τ = τ0/2

k (τ0=1×10−3), k=0,1,2,3,4,5 at Tmax=0.025,
and regard the numerical solution calculated with a very small time step τ = τ0/2

8

as the “exact” solution. The second-order accuracy of the SAV/CN scheme in the
time direction is shown in Tables 5.1-5.2. For space accuracy, we choose the time step
τ =2×10−5. Then, we compute the numerical solutions with grid numbers N =8×2k,
k=0,1,2,3,4 at Tmax=0.1, and regard the numerical solution calculated with the grid
number N =210 as the “exact” solution. Tables 5.3-5.4 present the L2 (or L∞) errors
of u and v, which indicates that the spatial error converges exponentially.

5.2. Energy dissipation and mass conservation. Although the SAV/CN
scheme is unconditionally energy stable, we want to select an appropriate time step to
guarantee accuracy with a smaller computational effort. We set the space step size as
h=2−7 and select different τ as 1×10−4, 5×10−5, 2×10−5, 1×10−5 and 5×10−6. The
time evolution curves of the modified energy under different τ are shown in Figure 5.1(a).
It can be observed that the modified energies all decrease with time. The curves under
time step size τ =2×10−5, 1×10−5 and 5×10−6 coincide. Thus, we choose τ ≤2×10−5
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N ∥eu∥ rate ∥eu∥∞ rate
8 7.9300E−2 / 1.3420E−2 /
16 9.1807E−3 3.11 1.9858E−3 2.76
32 7.6628E−4 3.58 1.9197E−4 3.37
64 1.3122E−6 9.19 5.0081E−7 8.58
128 2.8708E−10 12.16 1.5039E−10 11.70

Table 5.3. Spatial errors and convergence rates of u at Tmax=0.1 for the SAV/CN scheme with
the grid numbers N =8×2k, k=0,1,2,3,4.

N ∥ev∥ rate ∥ev∥∞ rate
8 3.9686E−4 / 5.1184E−5 /
16 7.7772E−5 2.35 1.3927E−5 1.88
32 9.7908E−6 2.99 2.3650E−6 2.56
64 5.0039E−8 7.61 1.4204E−8 7.38
128 1.0802E−11 12.18 6.9536E−12 11.00

Table 5.4. Spatial errors and convergence rates of v at Tmax=0.1 for the SAV/CN scheme with
the grid numbers N =8×2k, k=0,1,2,3,4.
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Fig. 5.1. (a) Evolution of the modified energy with different τ ; (b) Mass evolution of u and v.
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Fig. 5.2. Evolution of u (top) and v (bottom) with parameters ϵu= ϵv =0.05,Mu=1,Mv =
0.05,α=0.01,β=−0.9,σ=100,S=10,τ =2×10−5 and h=2−7.
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Fig. 5.3. Evolution of u (top) and v (bottom) with parameters ϵu=0.05,ϵv =0.02, Mu=1, Mv =
0.05, α=0.01, β=−0.9, σ=160, S=10, τ =2×10−5 and h=2−7.
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Fig. 5.4. Evolution of u (top) and v (bottom) with parameters ϵu=0.04,ϵv =0.02, Mu=1, Mv =
0.05, α=0.01, β=−0.9, σ=160, S=10, τ =2×10−5 and h=2−7.

for the later simulations. For the case of τ =2×10−5, we present the corresponding mass
evolution of u and v in Figure 5.1(b). The lines are located on the horizontal line, which
indicates that the fully discrete scheme maintains the property of mass conservation.

5.3. Phase transition. We simulate the transformation process of typical parti-
cles, such as stacked lamellae and onion-like structures. First, we choose the initial val-
ues u0=sin(2x(x−1)y(y−1)) and v0= cos(10(x−y))x(x−1)y(y−1). The parameters
are selected as follows. ϵu= ϵv =0.05, Mu=1, Mv =0.05, α=0.01, β=−0.9, σ=100,
S=10. The time and space steps are fixed as τ =2×10−5 and h=2−7 in simulations in
this subsection. The evolution of u (top) and v (bottom) are presented in Figure 5.2.

As shown in Figure 5.2, the macrophase separation between homopolymers and
copolymer forms in the initial state, promoting the aggregation of block copolymers.
With time evolution, microphase separation occurs due to the different chemical prop-
erties of the A- and B-blocks. Finally, stacked lamellae form at t=0.8.

Then, we apply the random initial values u0=−0.5+0.01rand(x,y), v0=
0.01rand(x,y), for numerical simulation with parameters L=1, h=2−7, τ =0.002,
Mu=1, Mv =0.05, α=0.01, β=−0.9, σ=160, ϵv =0.02, S=10, C0=20. The evo-
lution of u and v under parameters ϵu=0.05 and ϵu=0.04 are presented in Figures 5.3
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and 5.4, respectively.

6. Summary
In this paper, we have derived the error estimates for the SAV/CN approach of the

coupled Cahn-Hilliard system in both time and space. The emphasis here is on the
mathematical treatment of the nonlocal term. To the best of our knowledge, this is
the first study to perform an error analysis on the Cahn-Hilliard system, in which two
phase variables are coupled and the nonlocal term exists. We have also conducted some
numerical experiments to demonstrate the properties of the scheme, such as the time
accuracy, spatial accuracy, and mass conservation.

Acknowledgments. G. Ji is partially supported by the National Natural Sci-
ence Foundation of China (Grant Nos. 11571045, 11671052 and 11871105), the State
Scholarship Fund of CSC (Grant No. 201406045016).

Appendix A. The proof of Lemma 4.1.
Proof. For simplicity, we denote u, v, E1(u,v)+C0 as ϕi, i=1, 2 and E1 here.

Using chain rule, we have
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For the first term, applying Hölder inequality and Soblev embedding theorem, we have
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. (A.1)

The second term
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can be estimated in a similar way as (A.1) as follows
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A3 and A4 can be estimated by
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Combining Equation (A.1)-(A.7), the proof of Lemma 4.1 is completed.

Appendix B. The proof of Lemma 4.2.
Proof. Note that

R
n+ 1

2
u =ut(t

n+ 1
2 )τ−(u(tn+1)−u(tn))
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