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GLOBAL-IN-TIME STABILITY OF GROUND STATES OF
A PRESSURELESS HYDRODYNAMIC MODEL OF COLLECTIVE
BEHAVIOUR*

PIOTR B. MUCHA! AND WOJCIECH S. OZANSKI#

Abstract. We consider a pressureless hydrodynamic model of collective behaviour, which
is concerned with a density function p and a velocity field v on the torus, and is described by
the continuity equation for p, pi+div(vp)=0, and a compressible hydrodynamic equation for v,
pvt+pv-Vo—Av=—pVKp with a forcing modelling collective behaviour related to the density p,
where K stands for the repulsive interaction potential, defined as the solution to the Poisson equation
on T?¢. We show global-in-time stability of the ground state (p,v) = (1,0) if the perturbation (po —1,v0)

satisfies ||voll La/p—1 gy + 100 = 1| La/p g, <€ Where p € (min(d/2,2),d) and € >0 is sufficiently small.
prl (T4) Bp_’1 (T4)
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1. Introduction
We are concerned with a model of a pressureless gas driven by the following set of
laws:

pt—|—le(’Up) :Oa

(1.1)
pv+pv-Vo—Av=—pVKp in [0,00) x T¢,
considered, for simplicity, on the d-dimensional torus T¢=R9/(27Z)?. The first equa-
tion is the mass conservation, prescribing the dynamics of the density p under the flow
v, and the second one is the momentum equation. Here K is the operator (—A)~!
restricted to the periodic functions with zero mean; namely ¥:= K (p—{p}) satisfies

—AU=p—{p}, where {p}::/pdx and /\IJ:O. (1.2)

Here and below we use the short-hand notation f = de, and we will often omit “dz”,
for brevity. We note that, since the average {p} is preserved by the flow, we assume,
without loss of generality, that {p} =1 for all times.

Model (1.1) arises as a nonlinear repulsion model of collective behaviour [5,9,28]. For
example, (1.1) can be obtained as a simplification of the hydrodynamic system [9, (1.1)]
by neglecting some forcing terms and taking m =0, (which makes it a pressureless
system). It can also be viewed as a dissipative version of [5, (14)].

A common feature of these models is the presence of nonlocal interactions, which
is captured by the term —pV K (p—1). In the case of a repulsive system, this term is
expected to cause the system to avoid the states with high local concentrations [5,9,24].

On the other hand, in hydrodynamic models such behaviour is often expected to
be caused by the pressure function. For example, the incompressible Euler equations,
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Dyu=—Vp (where “D;” denotes the material derivative 9; +u- V), show that the motion
of an inviscid and incompressible fluid can be described, roughly speaking, by the fluid
particles “avoiding” the regions of large pressure. As for compressible models, the
precise role of the pressure function is less clear; a natural assumption is the presence
of a pressure function of type Vp(p), such as the polytropic equation of state of the
form p(p)=p™ for some m>0. Within such framework, the Euler-Poisson system is
one of the models related to (1.1) and it models a compressible gas with an interaction
force between particles. It can be used to describe the evolution of gaseous stars, which
include the classical nonexistence result provided by Makino and Perthame [35] in the
case of attractive forces, and Perthame [41] in the case of repulsive forces. We refer the
reader to [47] for a study on the singularity formation in the model with diffusion and
relaxation, and to [22] (and the references therein) for an excellent review of the subject.
We also note the recent developments in the study of stationary and self-similar solutions
by [27,30-32], see also [19], as well as global-in-time existence results [25,26,29]. On
the other hand, the authors of [9] consider a viscous model of collective behaviour, and
prove global-in-time existence of weak solutions.

These results show the need to further understand the role of the pressure function
in models involving nonlocal interactions via repulsive or attractive kernels.

In fact, the pressureless models, which correspond to the case m =0, are closely re-
lated to models of collective behaviour. For example, they can be used as a macroscopic
description of flocking and also model finite-time blow-up phenomena, see [5,28] and the
references therein for details. Moreover, Carrillo, Choi and Zatorska [6] consider a one-
dimensional pressureless Euler-Poisson system in which, instead of dissipation, a friction
term is taken into account. What is interesting from the mathematical viewpoint is that
the friction somehow gives better stability properties than dissipation, even in the case
of a bounded domain. We also refer the reader to the extensive article [22] (see also [2])
on the one-dimensional pressureless Euler-Poisson system, which discusses the model
under various assumptions regarding background terms, relaxation, and viscosity. The
multidimensional case is more complicated and requires some modifications, see [34,45]
for details, as well as [22] for the particular case of geometrical symmetry. Here also we
shall mention about results concerning the Euler alignment system [17,21,44], where
equations are a hydrodynamical limit of systems describing flocking phenomena like for
the Cucker-Smale model [10]. The key difference between the Euler alignment system
and (1.1) is that the Euler alignment system involves a weighted fractional Laplacian
instead of the Laplace operator.

We also note that one of the interesting themes occurring in the pressureless models
is the existence of a critical threshold [2,3,34,45], which distinguishes the supercritical
and subcritical regimes of the system.

These phenomena of pressureless systems are related to the issue of stability of
models of collective behaviour, and are one of our motivations to study (1.1). In fact
(1.1) appears to be the simplest pressureless model that involves dissipation and nonlocal
repulsive interactions, given by —pV K (p—1). This raises the question of stability of
(1.1), which we address in this article.

In fact, from the mathematical perspective, the pressureless models, such as (1.1),
lie at the borderline of the modern PDE techniques, which makes them exciting. To be
more precise, we now describe some of the remarkable features of (1.1).

First of all, although we do obtain global-in-time existence of unique solutions of
(1.1) for small data (see Theorem 1.1 below), any exponential decay as t — oo cannot be
expected. This is a consequence of the fact that the spectrum of an operator coming from
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the linearization of (1.1) is not separated from zero, see (3.10) below for details. This
shows that, at least in the case of the torus T?, the repulsive interactions modelled by
(1.1) can, roughly speaking, cause the particles to “spread uniformly over T%” as t — oo,
but not exponentially fast. It is a similar effect as the convergence to the equilibrium
of the three-dimensional plasma fluid modelled by the Euler-Poisson system, which was
proved in [24]. It also shows that one should not expect stability under attractive
interactions (for example in the case without the minus sign on the right-hand side of
(1.1)), as in that case the spectrum has a positive real part.

Secondly, a key difficulty of (1.1) is the lack of the effective viscous flux which relates
the divergence of the velocity v with the pressure p(p) in the form

dive —p(p).

This quantity is often used in the theory of compressible Navier-Stokes system to smooth
out the density, by proving its decay or integrability in time, which in turns gives enough
compactness to yield existence of weak solutions [23,33]. In the case of (1.1), there is
no such simple quantity with fine properties.

In order to analyze (1.1) one can consider the viewpoint of the energy, in analogy to
the compressible Navier-Stokes equation. Indeed, we can test the momentum equation
with v to get

1d

ST (p|v|2+pr)dz+u/|Vv|2dx:O. (1.3)
To understand the meaning of the term involving K, we note that ¥:=K(p—1) has
zero average, which implies that

/prdxz/(p—1)K(p—1)dx=/(—A\p)\1/dx=/|W\2dx=IIp—1||§,,1.

This shows that the energy [plv|*dz+|p—1|3%-: decreases in time, which suggests
that system (1.1) is stable, at least around static solutions. This fact can be interpreted
as the repulsive nature of the interaction force —pV K p mentioned above. We also note
that the case K =0 can be analyzed in a nonstandard framework of the Lorentz spaces
and time-weighted norms, see [18].

On the other hand, one can study (1.1) by considering its quasi-stationary approx-
imation, which leads to the following aggregation type equation

pe—div(p(=A) " (pV K p)) =0. (1.4)

An analysis of (1.4) could deliver possible stationary solutions to (1.1). One of them is
the case of constant p, which leads to the stationary solution

(p,v)=(1,0) (1.5)

of (1.1). We note that (p,v)=(1,V) is also a steady state of (1.1) for every constant
V €R?, but using the Galilean transformation (¢,x)+ (t,2 —tV) it can be reduced to
(1.5).

The main purpose of this paper is to establish the first stability result of the steady
state (1.5) of (1.1). We consider a particular functional setting, which we now motivate.
To retain positivity of the density p as well as the finiteness of the total mass for all
times, we consider the case of a bounded domain. For simplicity we consider only the
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case of the torus T?. To obtain the stability result, we will make use of some tools
from the theory of regular solutions of the compressible Navier-Stokes system. The first
approach to such a system is based on the L? setting [37]. However we will extend
the techniques from [38-40], developed for the L? spaces, as well as from [11], which
focuses on the Besov space setting on the whole space R?. These methods can be further
developed to yield the following.

THEOREM 1.1 (Main result). Given d>3, p€ (min(d/2,2),d) there exists e >0 with the
Jollowing property. For every pg—1¢€ Bd/p(Td) and vy € Bd/p 1(Td) such that [ pgvg="0
and

HUOHBZ’QP*l(Td) + ||P0 - 1|‘Bz{1p('ﬂ'd) <e
there exists a unique global-in-time solution (p,v) of (1.1) such that

p—1€Cy([0,00); BIF(TY)), v, V20 € L'((0,00); BEP(T7)),

p,1
with

”p_ 1||Loo ((0,00);Bg,/lp(Td)) + ||Ut||L1 ((0,00);32{1”71(']1“"0 + ||UHL1 ((0,0o);Bg,/lerl('H‘d)) <Ck,

where C'=C(d,p) >1 is a constant.

We note that the case d=2 remains an interesting open problem; it is not covered
by the above theorem, as then the range of p’s is empty. In order to consider that case,
the energy methods appear more well-suited, see [11,16] for example.

Here Cy(I;X) denotes the space of continuous and bounded functions from an in-
terval I to a Banach space X. Moreover Bf,’l(Td) stands for the Besov space on the
torus (see Section 2 for details).

In order to motivate the functional framework considered in Theorem 1.1, we first
observe that the transport equation for p gives the a priori bound

1o(®)]12= <ol = exp ( / divv(S)IILmdS) . (1.6)

This suggests that the condition
dive e L'((0,00); L™) (1.7)

is necessary for any global well-posedness result. On the other hand, in order to con-
struct the solution claimed by the above theorem, one would consider a linearization
of (1.1) around the ground state. In order to effectively analyze such linearization one
would need to use maximal regularity of the heat equation u; —Au=f in a space of
the form L((0,00); X) where X is some Banach space. However, it is well-known that
if X is reflexive (more precisely UM D, see [20]) then such maximal regularity holds in
L%((0,T); X) only for 1<g<oo. Thus, in order to reach the borderline case ¢=1, we
need to find a non-reflexive Banach space X. This suggests that we should leave the
classical L? framework and enter the universe of the Besov spaces. It naturally leads us
to consider the spaces of the form L!((0,00); B3 ), considered by [14,15]. In fact, max-
imal regularity of the heat equation holds in Lf((O 00); B3 1) (see (2.6) below), which is
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one of the most significant properties of Besov spaces with the last index one. Moreover,
By 1 C L™ for s>d/p, which, in light of (1.7), suggests that we should consider

p,1

Voe Lt ((o,oo);Bd/p),

which naturally leads us to the functional setting considered in Theorem 1.1. Another
advantage of this marginal functional framework is that no explicit decay of | Vv| = is
required.

Thanks to this choice of functional setting, the hyperbolic character of the conti-
nuity equation for p can be removed. Moreover, due to the smallness assumption of
Theorem 1.1, we expect that

for all ¢ >0, which suggests that the Lagrangian coordinates should be well-defined. In
fact, the problem (1.1) becomes simpler in such coordinates, which we now introduce
in order to describe the main difficulties.

Let X (t,y) be the solution of the system

<1
2

t
/ |Vu(s,z)|ds
0

Loe

dX(t,y
D) ot x(9). Xleo=v.

That is we define the Lagrangian coordinates y by the relation

X(t,y) ::y+/0 (7, X (7,y))dr. (1.8)
We set

n<t7y) ::p(taX(t’y))7 u<t7y) ::U(t7X<t7y))' (19)

The transformation matrix reads

A= @)y()_l:(u/otw)_l. (1.10)

Since we assumed that [pdz=1, and we aim at analysis of the flow around p=1, we
introduce a by

n=1+a. (1.11)
The Equations (1.1) in Lagrangian coordinates become

ne+ndiveu=0,

(1.12)
nuy —Ayu=—-nV,(—A,) la in [0,00) xT¢,

with initial conditions n|;=o = po, u|t=0 =vo, where we have denoted by V,, div, and
A, the gradient, the divergence and the Laplace operator, respectively, with respect to
the = variable, that is in the Eulerian setting. For example

divyu(t,y) =[divo(t,z)],_x@,) and  Agu(t,y) =[Av(t,2)],_x -
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We will use the notation div, V and A to denote the respective differential operators
of u, a or n with respect to their spatial variable, namely y. Similarly, we denote
by (—A)~! the solution operator of (1.2) in variable y, and we have also denoted by
(—A,)"tg(y) the solution operator in the Eulerian variables. Namely, since a(t,y)=
[p(t,x) =1],_x (s, We have
Vu(=Ay)ta=V, [(-A) " (p— 1)]I:X(t}y).
We will show (in Section 4 below) that Theorem 1.1 is equivalent to the following
restatement in the Lagrangian coordinates.

PROPOSITION 1.1 (Main result in the Lagrangian coordinates). Given d>3, pe
(min(d/2,2),d) there exists e >0 with the following property. For every ag EBi/lp(Td)
and ug € B;l’/lp_l('ﬂ‘d) with

llaoll gazp (pay + lluoll garp—1 (zay <e,

there exists a unique Lagrangian map X and a pair (a,u) such that X (t) —id= fotu(T)dT
holds for t >0, the Equations (1.12) hold on (0,00) x T¢ with initial conditions (ag,uo),
and

||a||L<x> ((O,OO);BZGP(Td)> + ||a’t ||L1 ((O,w);BZ{lp(']l‘d)> + ||Cl - {a’} HLl ((O,oo);BS(lp_Q(Td)>

+ ||UHLOO ((0,00);Bzflpil('ﬂ‘d)> + ||ut||L1 ((O,oo);Bzy/lpfl(Td»

+llu—{u} )+HVX—IHLOO( )SCG,

L1 ((0,00); B2 (1) (0,00); BY/P (T4)

where C=C(d,p) >1 is a constant.

We note that in Proposition 1.1 we only obtain the smallness of the averages {a},{u}
of a,u that is uniform in time, while in the Eulerian coordinates (i.e. in Theorem 1.1)
we obtain L' control, which is a consequence of the conservation of mass [ p and the
conservation of momentum [ pv, see (4.9) for details.

We note that the claim of Proposition 1.1 implies in particular that

Vue LY((0,00); L) and a€ L>®((0,00) x TY).

To prove Proposition 1.1 we consider the linearization of the system (1.12) around
the ground state (a,u)=1(0,0), see (3.1) below. We establish well-posedness of the
linearization in Lemma 3.1. To this end, we apply the explicit formula for the linear
system, and we use a multiplier theorem, which is a version of the 1939 Marcinkiewicz
theorem [36]. We find the maximal regularity estimate, which then determines the
regularity framework used in Proposition 1.1.

In order to consider the nonlinear problem (1.12), we note that the main difficulty
of Proposition 1.1 is the appearance of the inverse Laplacian (—A,)~! in the Eulerian
coordinates in (1.12). This term, i.e. V,(—A,) 'a, needs to be estimated in Besov
spaces in Lagrangian coordinates, and this can be achieved by showing that elliptic
estimates are stable with respect to the Lagrangian mapping y+— X (¢,y), given small-
ness of the initial data, see (3.31) and (3.35) for example. Using this trick we prove
Proposition 1.1 by linearizing (1.12) and then applying Banach Contraction Theorem
to obtain a unique global-in-time solution for small data obtaining the existence and
uniqueness at once.
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We emphasize that the use of the Besov spaces seems irreplaceable, since, although
we are working in a bounded domain, we are not able to obtain any exponential time
decay. In fact, as mentioned above, the real spectrum of the linearized system (3.1) is
not separated from zero, see (3.10).

Finally we discuss possible directions coming from our result. Firstly, it seems
possible to extend this analysis to other operators K. Here we consider a very particular
one, but there is a zoo of other interesting and physically relevant examples, see [1,4,7,8]
for example. The next problem is to consider the case of the whole space R?, which
seems to be more natural for problems arising from collective behaviors. Such setting,
in comparison with the standard definition of Besov spaces, requires a more subtle
functional setting, which is related to a number of mathematical challenges which remain
to be addressed. One of them is a natural assumption of finite mass fRd pdx < oo, which
implies decay of p at spatial infinity. It is not clear what decay of p should be assumed,
but assuming compact support of p, the system suffers an elliptic degeneration, namely
the term pv; just disappears.

We also note that even the change of the sign of K in (1.1) results in an unstable
system (recall (1.3), see also (3.8) below). In that case it seems natural to expect the
density to converge to a single point, namely to a Dirac delta.

The structure of the note is as follows. In the next section we introduce the notion
of Besov spaces on the torus, B, q(’ﬂ‘d). We discuss some basic properties of such spaces,
including the Nikol’skij inequality (2.3), embeddings (2.4), as well as maximal regularity
of the heat equation (2.6), multiplier properties (2.11), product laws (2.12) and diffeo-
morphism invariance (2.13). Some of the results we could not find in the literature, and
so we provide proofs for the sake of completeness. In Section 3 we first discuss a well-
posedness result (Lemma 3.1) of the linearization of the equations in the Lagrangian
form (1.12) and then prove Proposition 1.1. Section 4 is devoted to the proof of the
claimed equivalence of the Eulerian setting (Theorem 1.1) and the Lagrangian setting
(Proposition 1.1).

2. Preliminaries

We denote by A < B the inequality A < CB, where C' >0 is a universal constant. If
C depends on some parameters, we denote those using subscripts. By “~” we mean “<
and >”. We will use the standard notation of the Sobolev space by H?:=H?(R%)=
WP2(RY). We will also write LP = LP(T4), and |||, =]/ || »-

Given u: T* R and k€Z? we denote its k-th Fourier mode by wuy:=
Jpa u(z)e**dr. In the case when u also depends on time, for the sake of brevity of
the notation, we will abuse the notation to denote its time derivative by u;; in such case
we will denote the time derivatives of the k-th Fourier mode by ).

Let M :=R? =R be such that M € H” for some 3>d/2. Letting A C Z¢ be a finite
set, and letting dy :=maxy jea |k — 1|, we recall a Fourier multiplier inequality

> M(k)uge*

keA

<ClMayllgelullp,  pell,oc],f>d/2, (2.1)

p

where C=C(d,p,) and M) := M () denotes the A-dilation of M. We refer the reader
to Section 3.3.4 in [43] for a proof of (2.1). We recall the Nikol’skij inequality,

d_d
1 lle Spady £l (2.2)

for p,q € [1,00] such that ¢ >p and for f € L such that fr =0 for k& A, see Section 3.3.2
in [43] for a proof.
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To define Besov spaces B5 ,(T%) we first let x € C°°(R;[0,1]) be such that x(z) =1
for z<1 and x(z)=0 for z>2, and we set
¢1(z) =x(|l/2) =x(jz]),  ¢;:=¢:1(277) forj=2,  ¢o(z)=x(|z])
for z € R?. We also set
ik

Y =¢1(277) and ¢jik::2¢l for jeZ,k>0.
I=j—k

For m >0 we set
Pou= Z b (k) ure*?.
kezZa

We note that

md _m

d
1Pmllg Sp.g 27 = o || Pt (2.3)

by the Nikol’skij inequality (2.2). Given p,q€[l,00], s€R we let B; , denote the space
of distributions w such that

[l %é,q = Z 2™ || Pryul|! < oo,

m>0

recall [43, Definition 3.5.1(i)]. In this work we will only be concerned with functions
with vanishing mean, i.e. de f=0, for which the above sum can be taken over m > 1.

Note that B, , is a Banach space by Theorem 1 in Section 3.5.1 in [43]. We recall
the embedding

BYP (1) € BYP(T4) € ¢(T?) (2.4)

p,1
for every 6 >0, p€[l,00], see [43, p. 170].
Suppose that f,g € Lj,.((0,00); L) are such that [, f(t)= [;.g(t)=0 for each t >0
and that
fi—Af=g (2.5)
hold in the sense of distributions in T¢ x R;. Then

||ft||LlB;,1+|‘f||L1B;ﬁ2r§HgHLlB;l (2.6)

for every pe[l,00], s€R. In order to verify (2.6) we first note that the solution f of
(2.5) can be characterized in terms of its Fourier coefficients,

Tr(t) :/Ote_kz(t_s)gk(s)ds (2.7)

for every k€ Z9\ {0}. Secondly, for every a >0

2 s _ 2m
Pm Z e—ak gkelk T Spe ca2 ||ng||pa (28)

d
kEZ »
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where ¢>0 is a constant. ,
Let m>1. We take u:=P,,g, M(£):=e= "¢, 11(€). We take N:=[d/2]+1, A:==
{kezd: 2m=1 <|k|<2m*1}. We have dy ~2™, which gives that

Moy = 3 a7 [ 100t Pags 3 200-0m [ pearp

[vI<N |v|<N

2
<Y 2<2\~\—d>m/ (@™ +1ag]+...+ fag| el dg
=N {zm-2<g|<2m+2}
2
—_ a 2 m—
Semo2! / (QN<as|2)e—5 ) de e, (2.9)

where Qn denotes a polynomial of order N and, in the second inequality, we obtained
the term “27™” in the case when all derivatives fall onto ¢,,+1. If k derivatives fall on
“e=alél’” we obtain “laglk” and then each of the other |y|—k derivatives give factors
of 27™ as [£|~2™ and m > 1. In the third inequality above we also used our choice of
N, which implies that 2|v| —d <2. Applying the multiplier inequality (2.1) gives (2.8),
as required.

Multiplying (2.7) by ¢,,e'**, summing in k € Z? and taking the L? norm we obtain

K —(t— 2 L. ¢ ot 2m
[P f ()5 < /O P | D e gi(s)elt || ds < /O e=t=92" P g(s)]|ds,

kezd
€ p

where we used (2.8) with av:=t— s in the last step. Integration over ¢ € (0,00) and using
Young’s inequality ||f*gll1 <||fll1]lg]l1 gives

/0 | P ()t S22 / | Pang(8)]]lt

for every m. Multiplying both sides by 22, summing in m and applying the Tonneli
theorem gives that ||fHLlBS+12 < ||g||L1B; .- This and (2.5) prove (2.6), as required.
. ,

As a simple corollary we note that an argument analogous to (2.9) shows that

1P fllp Spllfllps 1P D7 Fllp Sp 2™ | P f I ||PmAf||p~p22m||me(|p )

2.10

for every m>1, pe[l,o0] (by taking taking, respectively, M (§)=¢, (), M(§)=
s (€), M(E) =€ ps (€) and M(€) = |€] 26s1(€)). In particular

1D Fllsg, S lgen 1Afllsg, ~ 1l g (2.11)

p,q

for every p,q€[1,00], s€R, given [ f=0.
We note that

/gl

52 S g lgls (212
for pe[2,d), s€ (—d/p,d/p], see Proposition 8.1 in [13]; it can also be proved in the same
way as the analogous claim for nonhomogeneous Besov spaces on R?, see Theorem 2(i)
in Section 4.6.1 in [42].
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Finally we note that the By, for s € (0,1) norm is equivalent to the Lipschitz norm,

If(y ’
By ~d,s,p Hf||P+/ (/ 1;|p(d+s) y dx

for s€(0,1), pe[l,00), see (18) on p. 169 in [43]. See also (4) on p. 110 in [46].
We can deduce from it that B ; is invariant under diffeomorphisms for s € (0,1).
Namely, given a diffeomorphism Z: T? — T¢ we have

/]

1f o 2By, ~s.ap CUVZ N0, I(VZ) ™ o) If |55, (2.13)

for s€(0,1), p€[l,00], by applying the change of variable y+— Z(y), using the Mean
Value Theorem and estimating the Jacobian by the L norms of VZ and (VZ)~!, see
Lemma 2.1.1 in [15], or Proposition A.1 in [12], for details. In what follows we will
apply (2.13) for s:=d/p—1, which belongs to (0,1), due to our restriction on p, namely
p € (min(d/2,2),d).

In what follows we will use a shorthand notation

LPB*=LP((0,00); Bs ,(T%)).

3. Proof of Theorem 1.1
In this section we prove Proposition 1.1, which is equivalent to Theorem 1.1 (see
Section 4 below). We first consider the following compressible Stokes system,

ai+divu=nh in R, xT¢9,
—vAu+V(Ka)=g in Ry xT9, (3.1)
a|t:0:a0, u|t:0=u0 in Td,

where g,h are given. This system is a linearization of (1.12), and the following lemma
determines the types of spaces which we will use to estimate u and a.

LEMMA 3.1 (Solution of the linear system).  Given s€R, pe€[l,00], ag € BT

B;,h gEL

D, 1 ’ U S
o1 heLlB;jl the system (3.1) admits a unique solution (a,u) such that
||aHLocB;'fr11 + ”atHLlB;T +[la— {CL}HLIB;;1 + HU”L‘X’B;1

el 4+l e

gt l[woll s, + ||h|\LlB;§1 +lgllims - (32)

<cyllaol

The lemma can be proved by first taking div of the second equation to obtain an
evolution equation for d:=divu. Taking the time derivative of the resulting PDE and
substituting a; from the first equation we obtain an autonomous PDE on d, which we
can solve by translating it into a family of second order ODEs for the Fourier coefficients
of d. This allows us to find a from the first equation. We can then use it to find u from
the second equation.

Proof. We first assume that ¢=0 and ug=0. Indeed, otherwise, we denote by u
the solution of the heat equation with initial data ug and forcing g, i.e. we set

t
U (t) ::/ gre VR =) qg p oKy (3.3)
0
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Maximal regularity (2.6) gives that

el s + 1AL Bs , Slgllrss, +uol

p,1

B . (3.4)

Then (a,u—u) satisfies (3.1) with ¢=0, (u—u)t—0=0 and the right-hand side of the
equation for a equals

hi=h—divi. (3.5)
We note that

7] 22 5

LSl + ||Aﬂ||LlB;j11 Shhllss, + ||9||LIB;;1 + [|uo|

s—1
Bp,l

for all s. Thus, if the lemma is valid in the homogeneous case g=0, ug=0, then it is
also valid in the inhomogeneous case. We can thus assume that ¢g=0 and ug=0.

Taking div of the second equation of (3.1) and setting d:=divu we obtain
di—vAd—(a—{a})=0, (3.6)

where we also used the fact that A(Ka)=—(a—{a}). Taking the time derivative and
recalling that a; =h —d we obtain

dtt —VAdt+d:—(h— {h})

with initial data d|;—o =0 and from (3.6) d¢|¢t=0 =ao.
In terms of Fourier coefficients we obtain a second order ODE

dy +vkAd), +dy, = —hy, (3.7)

for k#0. (Note that dy= [divu=0.) The roots of the characteristic polynomial A%+
vk?XA+1 are

A= (—vk? £ Vv2kd - 4) /2, (3.8)

where k% :=k? + k3 +...+ k2. Let us first assume that v2k* =4 for all k€ Z%\ {0}. Then
there exists C,, >0 such that

A=A >Cuk? for k€ 73\ {0}. (3.9)
Note also that Re/\Z,Re)\g <0 with
AT~ ReAS | ~Cuk™2, |\ |~|ReX, | ~C,k? (3.10)

for k#0. We note that the above behavior of the roots )\:, A, determines the proprieties
of the spectrum of the operator coming from the linear system (3.1). In particular, as
mentioned in the introduction, we emphasize that, although the d-dimensional torus T¢
is bounded, the spectrum is not separated from zero, which excludes the possibility of
the exponential decay of solutions.

We now write the explicit form of the solution,

_ 1 t _
di(t) = Ape ! + Bretvt 4+ e / hio(s) (e&f(t—s) —eM <t—5>) ds, (3.11)
k~ "k /0
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where Ay, B €R are such that
11 AN (0
AN ) \Bk)  \aor )

| Ak, | Bkl < Cuk~2|aor|. (3.12)

In particular, (3.9) gives that

If vk? =2 for some k € Z%\ {0} then

t ps
dy(t) :Ake_t—&-Bkte_t-i—/ / hi(T)e” " drds
o Jo

for such k, where Ay :=0,Bj, :=aok. In particular (3.12) follows in this case as well.
Thus considering the modes k~ 2™ we can use (2.8) to obtain

P,.d(t)||,dt <c,2~2™ | P,,a0 @2ty o=t gy
p p
0 0

2720 || Pahllp <=2 | Pyl e

Ly
<ellPoollyt [ |Puh(6) e (313)
0
for m>1, with || Pod(t)]|, ~do(t) =0 for all ¢>0.
Similarly,
), (£) = AAF M 4 Bpdp et 4 A+ % / A+e% e S))d
for every k €73\ {0}, and, analogously to (3.13), (2.8) gives that (k~2™)
| 1Pt 21 P ol +27 [P be)
for m>1. This and (3.13) implies that
ldllips , S  HRllLss (314
ldllLeps , + ||alt||LlB;1 Svllaollgs2 Pl 12 .
Moreover, using (3.6) we see that a—{a} =d; — Ad, which implies that
la—{atcipy , S lldellcrsy , +ldll i posz S llaoll posz + 1Al L1 ez, (3.15)

where we applied (2.4) to write [|d¢|L1ps | < ||dt||LlBs+4 and used (3.14). On the other
hand, a; = —d+ h, which gives that

lallL~Bs , +llacllr s, Sllaollsy , +ldlizrss , + 1kl ss, Sllaollss , +1llLiBs -
(3 16)
Moreover, recalling that f— VK f is an operator of order —1, we can use maximal
regularity (2.6) of the second equation of (3.1),

—Au=-VKa (3.17)
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to obtain
loll e, + ez, + 180l o lall e o llaoll sess + Al s et

where we used (3.15) in the last inequality. This, (3.15) and (3.16) give (3.2), as required.
The estimates (3.2) prove uniqueness of solutions. As for existence, we first define

d by (3.11) and then we set a:= {a0}+f0t{h(s)}ds+dt —Ad. |
We can now prove Proposition 1.1

Proof. (Proof of Proposition 1.1.) We rewrite (1.12) in the form

ar+divu=—adivu+ (1+a)(div—div,)u

=:h,
us— Au+V(=A)ta=aV(-A) " ta—aus + (A, —A)u (3.18)
+(14a) (V(=A) "' =V (-A,) Na
=9,

and note that Lemma 3.1 gives that

lall oo gare + llacl| L1 gase +la—{a} || L1 gasp—2
+lull oo aro—1 + el 2 gare—1 +[lu—{u} | 1 pasoes
Sllaoll gase + lluoll parp—1 + [[Rll L1 gase + gl L1 pase-1- (3.19)

Assuming that
= {ubllps g <7, (3.20)

where v €(0,1) is a sufficiently small constant, we show in Step 1 below that

17l 2 pase Sllall poe pars 1w =}l 1 pars + (14 lall o parw) = {72 pass (3.21)

and in Step 2 that

gl 2 parm— Sllall o pars (la—{a}l g2 pasv—2 + [l 1 pars-—1) + = {71 paspes
+(1+llall o par) llu—{u}| 21 pasoss lla={a}] 1 paso—2- (3.22)

Thanks to these estimates we can use (3.19) to obtain the a priori bound

lall oo pare + latll prgase +1la—{a}| L1 gasp—
+[|ull poe parp—1 +lutl| L1 pare—1 + lu—{u}|| L1 paspss
Sllaollgars +[uoll pars—1 + 1Bl L1 pase + 19l L1 pase—
Sllaoll pase + ol pare—
+lall Lo ase (la—{a}| L1 pare—2 + uell L1 parp—1 +lu—{ub| L1 pasesr)
+ (A +allpoe pasw) lu—{ubl L1 paresr ([a—{a}| L1 arp—2 +[lu— {u}||Lle/p+z)- |
3.23

Note that the right-hand sides of (3.21), (3.22) are at least quadratic in (a,u). This
allows us to use the a priori bound to prove claim using Banach Contraction Theorem,
which we discuss in Step 3 for the sake of completeness.
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Step 1. We prove (3.21).
We note that

lladivull 2 gase Sllall oo gasellu—{u}]l L1 gasora- (3.24)

As for the other ingredient of h, we first use (1.10) to expand A as the Neumann series

¢ k
A-1=%" (-/ Vu) , (3.25)
k>1 0
where I denotes the d x d identity matrix. Taking the L>B%? norm we see that
¢ k
ATy <3| [ Vu
E>1 0 Lo Bd/p
k
<Y llu—{ublzsgares <2lu—{u} |1 pasper <27, (3.26)
k>1

T
provided v<1/2, where we used (3.20). We note that, since V= (%) V. we have
V.=ATV. Thus

(le*leu)u = (513 - Ajl-)(”)'jui, (327)
and consequently
[(L+a)(div—divy)ul| g1 garr S (1 +[|all Lo gare) [[(3i5 — Aji) Ojuil| L1 parv

(I+llallpoe garwo ) I = All Lo gaso|lu—{u} || 1 gaso

S
S A +llall poo pare) lu—={ub 1 paspe (3.28)

as required, where we used (3.26) in the last step.
Step 2. We prove (3.22).

As for the first two ingredients of g we obtain
1aV(=A) " a—awel| g garv—s Sllall poe pars (la—{a} || 2 paso—2 + luell 1 par—1), (3.29)

as required.
As for the remaining two ingredients we first note that

A, —A=div, V, —divV =div(V, — V) + (div, —div)V,
=0;((Aij —0i5)0;) + (Aji — 8i5) 95 (0 + (Sik — A ) Ok) (3.30)

which gives that

[(Ay = A)ullgs < (AT =)Vl et + |A=1|| gass || Vu+ (I — AT) V|| gos1
SIA=Ilgase T+ [|A=1I]|gase) [[u—{u}| ps+2 (3.31)

for each time and s=d/p—2,d/p—1, where we used (2.12) in the first line. We note
in passing that (3.31) is the main reason for our restriction on the range of p, due to
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the order restriction in the product law (2.12). Taking s=d/p—1 we can estimate the
third ingredient of g,

1(Au = A)ull g1 paso-1 [ A=T| poc pare (L4 [|A =T o paso) [[u—={u} [ 11 pasra
Slu—{u} 1 gaspers (3.32)

where we used (3.26) and (3.20).
On the other hand, taking s=d/p—2 in (3.31) gives an elliptic estimate

I(=Au) ™ wll pare S lwll pars— (3.33)

for we B¥P~2 with Jw=0. Indeed letting f:=(—A,) 'w we see that f satisfies the
Poisson equation

—Af=-Auf+ (Au_A>f:w+(Au _A)f
on the torus, which, after noting that w=(—A)(—A) tw, gives
—A((FA)T = (A Hw= (A - A) S
Taking the B¥?~2 norm gives

(=A™ = (=8) ) wllgas
SIAw=A) fllpars—2 SINA=T| gase 1+ | A= 1] gase) | ]| gase, (3.34)

where we used (3.31) with s=d/p—2 in the second inequality. In particular

£l gare S llwll pars—2 + (=) T w = (=A) " wl pars Sllwll gars—2 +A] fll pass,

where we used (3.26) in the last inequality. The elliptic estimate (3.33) follows if v is
chosen sufficiently large so that the last term can be absorbed by the left-hand side.
The last ingredient of g can now be estimated by noting the identity

V(=A)T = Vu(-A) T =V((=A) T = (=A) T = (Vu = V)(=Ay) 7,
which gives that

1(1+a) (V(=2)"" = Vu(=Au) ) all 1 pars-s
S tllall g pars) (1((=8) 7" = (=Au) ") (a—{a}) 1 pars
H(Vu=V)(=A) " (a—{a})ll 1 pars-1)

S tllall o pars) 1 = All poe pare 1+ | A= Il oo pasn) (= Au) T (@ = {a}) | 1 pare

S +llallpee pars) [lu = {1 pasverla={a} g1 pasn—2, (3.35)
as required, where we used (3.34), the product rule (2.12) and the fact that V,, —V =
(AT —I)V in the second inequality, as well as (3.26) in the last line.
Step 3. We prove the claim. We set

[(u,a)ll = |lall poo pase +[latll 1 pase + la—{a}| 1 parn—2
+[ull oo paro—1 + el 2 pare—1 +[lu—{u}| L1 gasos
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and
V={(u,a): ||(u,a)] <oo}.

Then V equipped with the norm ||-|| is a Banach space. Given (v,a) €V, we let S(v,«)
denote the solution of the linear system (3.1) with

h:=—adivo+ (1+«)(div—div,)v,

g=aV(-A)ta—av;+ (A, — A+ (1+a) (V(=A) " =V, (-A,) Ha.
By (3.23) we see that S: V—V. By Lemma 3.1 there exists C'>0 such that
15(0,0)|| < C(|laol| gase + ||woll gasv-1)/2 < Ce/2. By the a priori estimate (3.23) we ob-
tain that ||S(v,a) —S(0,0)]| <||(v,a)||? < C?e? for every (v,a)€ B:=B(0,Ce). Thus S
maps B into itself for sufficiently small € >0, as [|S(v,a)[| < ¢+ ||S(v,a) — S(0,0)|| < Ce
for (v,a) € B. We show below that S is a contraction on B, namely that

15(v,0) S, B < 3 (0 w0~ B)] =: 3 (3.36)

for all (v,a),(w,B)€ B, given €>0 is chosen sufficiently small. Banach Contraction
Theorem then gives the claimed existence and uniqueness result.

Letting (u,a):=S5(v,a) —S(w,B) we see that (u,a) is a solution to the problem
ar+divu=4h in R xT¢,

(3.37)
u—vAu+V(Ka)=0g in Ry xT9

with homogeneous initial conditions a(0) =0, u(0) =0, where

0h:=—adivv+ (14 a)(div—div,)v— gdivw+ (14 5) (div — div,)w

=—(a—p)dive—wdiv(v —w)+ (a— 8)(div—div,)v

+ (14 8) ((div —div,)v — (div —div,, )w)
=—(a—p)dive—gBdiv(v —w) + (o — B)(div —div, )v

+ (14 8) ((div—divy ) (v—w)) + (14 8) ((divy, —div,)v)

and
dg:=aV(=A) 'a—av+ (A, — A+ (1+a) (V(—A)f1 —Vv(—Av)fl) e
—(BY(=A)T' B =B+ (Aw = A)w+ (1+8) (V(=A) " = Vu(=Au) 1) §)
=(@=B)V(=A)'a+BV(-A)"(a—B) —(a—B)u—Bv—w),

=:891 =:5g2
+(Ay—A)(v—w)+(Ay — Ap)w
=:5g3 =:094
+(@=0) (V(=2) " = Vu(=A0) ) at(1+8) (V(=2) " = Vu(=Ay) ') (a=H)
=:8g5 =:096
+ (1+5) (Vw(_Aw)71 _vv(_Av)il)ﬂ'
=:897

In the remainder of the proof we verify that

6R 2 pare + 1109l L1 pare—1 Sed
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whenever (v,a),(w, ) € B. This and Lemma 3.1 proves the required contraction prop-
erty (3.36) if € >0 is chosen sufficiently small.

Looking at the structure of 6h we see that the first four terms can be bounded in
‘1 gase in the same way as in Step 1 above (recall (3.24) and (3.28)), to give the
upper bound

=Bl e parellv = {0} L1 arves + | Bll oo parw |v —w —{v—=w}| L1 paspss
+ o= Bl Lo pare [T = Al Loo parv|[v—={v}| 1 pasv1
+ L+ 1Bl oo are) 1 = All oo pass [0 —w = {v = w}| 1 paspsa
Sella=Bllpeparr +llv—w—{v—w}pi pasrir) Sed,

where
k k

A::I+Z(—/Oth> and A::I+kz>1(—/Oti> ,

k>1

recall the Neumann expansion (3.25).

As for the last ingredient of 6h we recall the Neumann series (3.25) and the algebraic

identity a* —b* = (a—b) Zfa;lo ak=mp™ to write

(L) (=)

k>1

“(fre) 5 (L) (L)

k>1m=0

k

N[

m

Thus, taking the L>B%? norm gives

A=Al oo paso < |lv—w—{v—w}| 11 gaspss

k—1
k—1—
X33 llw—A{wHIy paraea o= {0 paspin

k>1m=0
k—1
Sllv—w—{v—w}|p1pga/ptr Z Z ot
k>1m=0
Sllv—w—{v=w}llpigasper Y_ke" ' Sllv—w—{v—w}l|pipasper.  (3.38)
k>1

Hence, recalling (3.27), we obtain

11+ 8) (divey = dive)v) || 1 pare < (1418l Loe pare) | Aw — Av |l oo parn [l —={v}| L1 paoa
Slv—w—{v—w}|pi papesllv—{v} 1 parvrr Sed,
(3.39)
as required.
As for §g we have
1691 +62]| L1 parv—1 Sl (@ =B)V(=A) " al| 1 gaso—s +[|BV(=A) " a—=B)|| L1 pasn
+I(e=B)vell L1 parv-1 +[|B(v —w)ell L1 arv-1
Slla=BllLepas (la={a}lpipam—2+ 18 ={B} L1 parr—2 +||vell L1 parn-1)
+ 1Bl Lo Bare [ve —we|| 1 pasp—

Sell(v,a) = (w, )|
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as in (3.29). On the other hand, the first inequality in (3.32) gives

1093 L1 pare—1 < HZ_IHLOOBL‘/P (1+ HZ_IHLWBWP) |[v—w—{v—w} 1 gaspss

Selv—w—{v—w}llpipasesr.
As for 6g4 we have, as in (3.30)
Ay — Ay =divy(Vy — V) + (div, —divy,) Vw
Sy ((ZM —i,ﬂ-) ak> + (Zﬁ —iji) 9,0, (3.40)
which implies (as in (3.31)) that

1Ay — Aw)w|| e <[ Al gass

(37

Aa:om

Bs+1 Bs

S W+ A= 1l pars) 1A= All pare o= {w}]

et (3.41)

for s=d/p—2,d/p—1 and each fixed time, which in turn (similarly to (3.32)) gives that

1894l mar- = (A0 = Al parns S |[A=A| o= {w} s parves
Lo Bd/p

Sellv—w—{v—w}|l 1 gasps1,

where we used (3.38) in the last inequality.
As for §gs and dgg (3.35) gives that

1695+ 396l 1 paro—1 Sl =Bl Lo paswl|v—{v}H| L1 pasvr[Ja—{a}|| 1 gaso—2
+ (1 +11B|l o are) o ={v}| 1 paspsr [l = B = { = B} 11 paso-2
Sllo—={vHlL1gareir (lo =Bl pare +lla—B—{a—=B}H 1pap—2)-

Finally, 6g7=(148)(Vw(—Aw) ' =V4(=A,)"!)B is the most challenging term,
where, as in (3.39) above, we need to extract v—w from the difference of differen-
tial operators V,(—=A,) ' —V,(=A,)!. To this end we need to explore the steps
leading to (3.35) a bit further. Namely, setting

F=00)THB-{BY),  g=(=Au)7 (B {B)),

we see that
697=(1+48)(Vu(f—9)+(Vu—Vu)g),
:T
recalling (1.10) that V,,=A V we obtain

16g7(l paro—1 S A+ 1151 a/2) [Vao (f = 9) + (Vo = V) gll paso—
—_————

<1

= - _ (3.42)

SIAllgars 1f = gllgare + 1A= Al garsllgll pare-
——

<1
In order to estimate the first term on the right-hand side we note that

“A(f=9)=(Aw =) f=(Ay = A)g=(Bw—=Ay) [+ (Ay = A)(f —9)-



P.B. MUCHA AND W.S. OZANSKI 1955

This lets us use (3.40) with s=—1 (and (A, — A, )w replaced by (A, —A,)f) and (3.31)
with s=—1 (and (A, —A)u replaced by (A, —A)(f —g)) to obtain

1 =gl ere S (A= A) fllaro-2 + (Ao = A)(f = )l paso—
S (VHIA= Tl gare ) VA=A s £l s
<1
[ A=l gy (1+ 1A= Il sose) 1 = ll s

Se <1

Thus, for sufficiently small e >0 we can absorb the last term on the left-hand side to
obtain that

1 =gllgarm SIA=Allgass|lfl pare

at each time. Applying this in (3.42) and integrating in time we obtain

697l pare—1 S HZ_Z”LOCBWP (I fll 22 gare + gl L2 pase)
Sllv—w—{v—w} g1 gaoei |B—{B} p1parv—2 Sellv—w—{v—w}|| L1 gasps1,

as required, where we used (3.38) and (3.33) in the second inequality. |

4. Equivalence of the Eulerian and Lagrangian formulations
In this section we show the equivalence of Theorem 1.1 and Proposition 1.1.

We first show that Theorem 1.1 = Proposition 1.1.

To this end, given a solution (p,v) in the Eulerian coordinates, we need to construct
a Lagrangian map X = X (¢,y), so that a(t,y):=p(t,X (t,y))— 1, u(t,y) =v(t, X (t,y)) is
a solution in the Lagrangian coordinates (that is a solution of (1.12)).

In order to construct the Lagrangian map, we first prove the following a priori
estimate: given X (t) exists for all ¢ >0, and [|[VX —I|| ;e gas» is sufficiently small (see
(4.5) below) then

IVX =1l paspss SC(|X || oo parve) [Vl L1 passs Se. (4.1)

~

Given (4.1), one can use a Picard iteration to construct X. In particular an appropriate
choice of small € >0 guarantees the assumed smallness of ||VX —I|| o ga/s-

In order to prove (4.1), we first note that, since X (¢): T¢ — T9 is a diffeomorphism,
we have

/(VX(t)—I)dy:O

for each t>0. Thus, in light of (2.11), in order to show (4.1) it suffices to verify that

t
AX(t)= [ Ay0(sX(s,9))ds (4.2)

0
remains small in B¥?=1 for all times, where Ay=V,-V, and we denoted by V, the

derivative with respect to the y variable. Since

Ayﬂ(f,X(t,y)) = 8y (6jvoX8in) = 8k6jvoX8iXk8in +8jvoXAXj,

k3
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we have
1Ay (vo X)||pasp-1 < | D*vo X || gaso-1 [V X | Basp + 110500 X garn |AX; || garp-1.  (4.3)

At this point we would like to estimate ||0;v0 X || ga/s» by ||Vy(9;v0X)| gase-1, so that
we could estimate it by ||D?*vo X|| ga/p-1||VX| gas», that is the same as the first term
on the right-hand side above.

However, this is not immediate as the average of d;v0 X does not necessarily vanish
(recall (2.11)). Instead by adding and subtracting the average we obtain

10,00 X|| gaso S| D*vo X || gasp-1[|VX | gasn +{0jv0 X},

and by recalling the fact that V=ATV, (see (3.27), for example) we can estimate the
average,

ot x = [ Ao, xay

- / (Axy —013)y, 0(t, X (1,9))dy
< A= TV (w0 X) oo

where A:=(VX)~!. This gives

Voo X | gare SIID*vo Xl pam—1 VX gas + A= pars|[Vv0 X | pars [V X | s
(4.4)
Thus if we suppose that
IVX —1I||gas» <1/8C||I| garw, (4.5)

where C'>1 is the implicit constant in (4.4) then |VX| ga/» <2|I||gas» and the Neu-
mann expansion gives (as in (3.25))

1

1
) 87F<
[ garnC

AT <N \vx -1k, < o
lA=Tllgars <Yl W5 < = Al ganC

E>1

(4.6)
E>1

Thus the last term in (4.4) could be absorbed by the left-hand side to give
Voo X||pas» SIID*vo X || garp-1 ]|V X | pars-
Applying this in (4.3) and taking the || || Lo ((0,00);54/»-1) nOTm of (4.2) gives
[AX | oo ((0,00); 82771y | Ay (Vo X) || L1 pasp—

<O X o parmsr) / D206 X g
OOO
<O(IX | o parmss) / 1020 s, (4.7)

proving the a priori estimate (4.1).
We note that, given X, we also obtain (as in (4.6)) that

HA_IHLde/p Se.

~
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Setting u(t,y) =v(t, X (t,y)), a:=p(t,X(t,y)) — 1 we can use (2.13) to obtain that
[ull L1 parers Sl rpareis Se,
by the last two lines of (4.7), as well as
IVall oo paro-1 = [|V(po X)L parv—1 SIVPO X oo paro—1 [V X[ Lo parn S €,

by (4.1) and the assumption |[p—1|p~pa»r Se.  (Recall that the diffeomorphism

~

property (2.13) is only valid for s€(0,1).) This and the fact that |[{a}||ze(0,00) S
llo—1||ps L S e imply that

lall Lo pare S €

Another application of (2.13) and the chain rule gives that
luell 1 pare—1 < \vellprpare— + [Vl L1 parn [VX || Lo pasw Se-

As for a; we use the apriori estimates (3.19), (3.21), (3.22) to obtain that

llatll L pare Se,

as required. This completes the proof of Proposition 1.1.

We now prove that Proposition 1.1 = Theorem 1.1.

To this end, one defines v(t,z) =u(t,X ~(x)), p(t,z) :=1+a(t,X ~1(t,z)), and notes
that the Lagrangian trajectory X satisfying ||VX —I||j ga/» Se€ is already given by
Proposition 1.1. Moreover, in the Eulerian coordinates the structure of the Equations
(1.1) allows us to control the L' norm in time of {v}.

To be more precise we first note that |A—1I| ;e ga/» S€, by (3.26), and so in par-
ticular [|[VX ! —1I| e~ Se. Thus (2.13) implies that

lp =1 poo gasp—1 = ||aOX71||L°°Bd/P*1 Sllall e gare—1 Se,

while continuity of p—1 in time with values in B¥?~! follows from the continuity of a,
a consequence of |la¢||z1gapr—1 Se.

Similarly (2.13) implies that

|Av|[ 1 gasp-1 = [[(Ayu) oX ! L pare—1 SINAwul| L1 gase—1
SAullpigam— +|A=1|garw 1+ [|A—1||gase) [ Aul pasp-1 S,

~

(4.8)

where we also used (3.31) in the second inequality.
We now note that

== [} -0l

where we used the mass conservation [p=[py=1 in the first equality and, in the
second equality, we used the assumption [ pgvp=0 and the momentum conservation,

d 1
at ) ** /p 2/ vep=0.

which follows from (1.1), where ¥:= Kp. Thus

{od S lpllzeellv={v}HLe Sliollpee | Avl paso-r, (4.9)
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due to (2.11). This and (4.8) implies that |[v||z1ga/s+1 S€, as required.

It remains to show the estimate for v; in L!B%P~1, To this end we note that

u=v0X +(voX)-(VvoX), which implies that

vt:utOX_l—(u-Vuu)OX_l.

Thus (2.13) gives

[vell 1 parm—1 < llueo X~ g1 gaso—r + || (w- Vyu) o X 71| 11 gasp—

Slutll prpare—1 + 1w Voull g gase—

Setlullpoeparv-1[Vuulprpan S €+ [|A= Tl oo pars [ Avf 1 pars-—1) S €,

where we used (2.12) twice in the third line.
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