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DISSIPATIVE SOLUTIONS TO THE COMPRESSIBLE ISENTROPIC
NAVIER-STOKES EQUATIONS*

LIANG GUO', FUCAI LI¥, AND CHENG YUS$

Abstract. The dissipative solutions to the compressible isentropic Navier-Stokes equations are
introduced in this paper. This notion was inspired by the concept of dissipative solutions to the in-
compressible Euler equations of Lions ([P.-L. Lions, Oxford Science Publication, Oxford, 1996], Section
4.4). We establish the existence of the dissipative solutions for the compressible Navier-Stokes equa-
tions, which is carried out by an approximate scheme for a modified Brenner model with artificial
diffusion and artificial pressure at the same level. Moreover, we prove that the weak solution of the
compressible isentropic Navier-Stokes equations is a dissipative solution.
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1. Introduction

This paper aims to study the existence of dissipation solutions to the compressible
Navier-Stokes equations, which was inspired by the work of Lions [15]. In particular,
Lions introduced the concept of dissipation solutions to the incompressible Euler equa-
tions and proved its existence. This can imply the property of weak-strong uniqueness
of the Euler equations. In this paper, we are particularly interested in extending these
results to the compressible Navier-Stokes equations.

Thus, we consider the following compressible isentropic Navier-Stokes equations
over Rt xQ (QCR3):

{ﬁtp—f—div(pu):O, (1.1)
O¢(pu) +div (pu®u)+ Vp(p) =divS(Vu), '

where p denotes the density, u€R3 the velocity and p(p) = Ap” the pressure with the
constant A >0 and the adiabatic exponent v > 1, respectively. The viscous stress tensor
S satisfies the Newton’s rheological law:

S(Vu) = pu(Vu+V u) + \(divu)Is,

where the constants g and A are the Lamé viscosity coefficients of the flow satisfying
u>0 and 2u+3X>0, and I is the 3x 3 identity matrix. The equations (1.1) are
supplemented with the initial data

(p,pu)|t=0=(po,my), (1.2)

and one of the following boundary conditions:
(1) the periodic case

Q=T3=R3/2n7Z3, (1.3)
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(2) the Dirichlet boundary condition
ulpn =0, (1.4)

where 2 is a bounded domain in R3.

For the weak solutions of the compressible Navier-Stokes equations, Lions [16] in-
troduced the concept of renormalized solutions. This allows him to establish the global
existence of weak solutions with large data for any v > g. Later, his result was improved
in [10] by extending the value of the adiabatic exponent to > 2. Improving the range
of 7 is an interesting and fundamental problem, which certainly is from a physical view-
point. It is also a challenging problem in mathematics, since the restriction on v > % is
absolutely essential to the analysis in [10]. This current paper aims to build up solutions
in a weaker sense than in the renormalized sense, which was inspired by the concept of
dissipation solutions introduced in Lions [15].

DiPerna and Majda [5] proposed a measure-valued solution, by a generalized Young
measure and proved the global existence of such solution to the incompressible Euler
equations with any initial data. However, they have not investigated the weak-strong
uniqueness structure. The concept of dissipation solutions to the incompressible Euler
equations was introduced and its existence was given in [15]. This solution can imply
the weak-strong uniqueness property. Meanwhile, Bellout et al. [1] also proposed a very
weak L? solution. Later, Brenier et al. [2] established the weak-strong uniqueness of the
admissible measure-valued solutions to the incompressible Euler equations, and showed
that the admissible measure-valued solution is also a dissipative solution in the sense of
Lions.

The admissible assumption is to say that the kinetic energy is always less than
or equal to the initial energy, which plays a key role in [2]. Under the admissible
assumption, De Lellis and Székelyhidi ([4], Proposition 1) proved that the weak solution
of incompressible Euler equations is a dissipative solution in the sense of Lions. Gwiazda
et al. [12] extended the measure-valued solutions to some compressible fluid models and
proved the weak-strong uniqueness of the admissible measure-valued solutions to the
isentropic Euler equations in any space dimension. And afterwards, Feireisl et al. [7]
introduced a dissipative measure-valued solution to the compressible barotropic Navier-
Stokes system, and proved the existence for the adiabatic exponent v>1 and the weak-
strong uniqueness property of the dissipative measure-valued solutions. Recently, Kwon
and Novotny [14] studied the dissipative weak solutions to compressible Navier-Stokes
equations with general inflow-outflow data, and verified the existence, stability and
weak-strong uniqueness for vy > % in the framework of weak solutions.

The main contribution of this paper is to extend the notion of dissipative solutions
to the incompressible Euler equations introduced in [15] to the equations of the com-
pressible fluids. Compared to the incompressible case, we have to consider the density
effect and the mass equation. To this end, we define the following two smooth functions

Ey(r,v)=0r+div(rv), Es(r,v)=royv+rv-Vv+Vp(r)—divS(Vv), (1.5)

where 7 (has a positive lower bound ) and v be two smooth functions on [0,00) x 2.
This allows us to derive a priori relative entropy (2.17), which is crucial to give the
definition of dissipative solutions to the compressible Navier-Stokes equations, and to
obtain the weak-strong uniqueness property.

The main idea is to build up the solutions of the modified Brenner model (4.1), and
to show that this approximated solution is also a dissipative solution to (4.1). Then we
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can recover our solution by passing to the limits from this dissipative solution, thanks
to the compactness argument.

This paper is organized as follows. In Section 2, we derive some a priori esti-
mates, introduce the definition of dissipative solutions to the compressible isentropic
Navier-Stokes equations and state our main results: the existence of dissipative solu-
tions (Theorem 2.1) and the weak solution is also a dissipative solution (Theorem 2.3).
In Section 3, we show that the smooth functions r and v can be replaced by a class
of functions with lower regularities. This can be done through the regularization pro-
cedure. In Section 4, we give the proof of Theorem 2.1 by using compactness analysis
on the approximated solutions. Section 5 is devoted to the proof of Theorem 2.2. Note
that Corollary 2.1 and Corollary 2.2 are direct conclusions of Theorem 2.1 and Theorem
2.2, respectively, thus we omit their proofs. Finally, we collect some auxiliary lemmas
in an appendix.

2. Definition of dissipative solutions and the main results

The main goal of this section is to define our dissipative solutions to the compress-
ible Navier-Stokes equations and address our main results. To this end, we start with
deriving some a priori estimates which are crucial to our definition. Thus, we assume
that the solutions are smooth here.

Multiplying the continuity Equation (1.1); by %\V|2 —P'(r) (P'(r)= %r'y_l), in-
tegrating the result over 2, taking the inner product of the momentum Equation (1.1),
with u—v, and adding them up gives

d 1
= [ gphavE4 P P 0)p dot [8(70): Vu ds

z—/p(u—v)-Vv-(u—v) dx+/p(8tv+V~Vv)-(v—u) dz
—/p@tP'(r) da:—/pu-VP’(r) dx—/p(p)divv dx—f—/S(Vu):Vv dz, (21)

where P(s) = W—i‘ls”. Note that P'(r)r —P(r) =p(r) = ArY and P”(r)r=p’(r), this gives

d

E/P’(T)T—P(T) dx:/atp(r)—l—div(p(r)v) dz

:/p’(r)@tT—l—V-Vp(r)—|—p(r)divv dx
z/rﬁtP’(T) dx+/rv~VP'(r)+p(7“)divv dz. (2.2)

Using (1.5), (2.1) and (2.2), one obtains that
d
T

—~ [ pta=v):D(v)-(a=v) o= [ (p(p) =P/ (r)(p ) ~p(r))ivy da

+ [(r—p)P"(r)EL(r,v) dz+ [ 2Ey(r,v)-(v—u) dz+ [ £ZLdivS(VV) - (v—u) dac(, |
2.3

%p|u—v|2+P(p)—P’(r)(p—r)—P(r) das—!—/S(Vu—Vv):V(u—v) dz

where D(v) =3(Vv+V'v), and we have used the identity

(b-V)a-b= %b'(VaJrVTa) ‘b,
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for the vectors a and b.

Next we look at the last term on the left-hand side of (2.3) for the two boundary
cases (1.3) and (1.4), respectively.

For the periodic case 2 =T?, using Lemma A.2 in the Appendix gives

[lu=vlm <cr([V(a=v)lz2 +vo(a—v)llz2), (2.4)

where ¢; >0 is a constant dependent on -, and > g for n=3 from Lemma A.2.

For the bounded domain €2 with Dirichlet boundary condition, it needs the extra
restriction v|so =0. The Poincaré’s inequality yields

lu—=v|[m < Vu=v)l|L2, (2.5)

where co >0 is a constant. Thus, we only need «>1 in this situation.
By integration by parts, one has

/S(Vusv):V(ufv) dz=p||V(a—v)||2: + (u+N) || div(u—v)|2.. (2.6)

Using Sobolev embedding H' < L5 with the generic constant ¢, and the estimates
(2.4), (2.5) and (2.6), we have
v —uls <éllv—ullfn <2¢¢ |V (a—v)||72 +2¢c3 || /p(u—v)| 2
2éc?

STV S(Vu—Vv):V(u—v) dz+2éc2 | /plu—v)|[7, (2.7)

for the periodic case (1.3), and
5 . N 2603
[v—ul[ze <éllv—ul/F: STL S(Vu—-Vv):V(u—v) dz (2.8)
for the Dirichlet boundary case (1.4). Here, ¢, =max{ci,c2}.

In view of the convexity of P(p) with v>1 and r >r; >0, it holds that

<p<3r

C\p—r|2, %T
M), 0<p<gr, p>3r.

P - e-n P ={ G 29)

For the convenience of notations, letting f be a given function and the bold 1 be
characteristic function, we denote

1 1 3
= p—r|< = = 0<p<= -
Qess {xEQ lp—r| < 2r}, Qros {er 0<p< 2T,p> 2’/‘},

f: [f]ess + [.ﬂresa [f]ess = leess7 [f]res = leres'

Utilizing the above notations, and by Holder’s inequality, one deduces that

/ p_rdiVS(Vv) “(v—u) dz

r

:/%(ﬁ-ﬁ)(ﬁ—kﬁ)divS(Vv)-(v—u) do

= M iv v)-(v—u) dx
o ST AT ()
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+/ MdivS(Vv)o\/ﬁ(v—u) dz
QessUes T
1 .
< —|p—r2|divS(VV)||v—u| dz
fon

1 1.
[ eV VA - w)] da
QeossUres T

V2, 1 1o
<5 NSO g =l + | =] o= el v STV ea v = wlze

], ISl - s

L [p=rlresl [divS(VV)Il 22 llv/p(v —w)llze, (2.10)

T L

_|_

where we have also employed the elementary inequality
|p? =] <lp—rl’, 0<0 <1,
with the special one 6= 3. Noticing that 7>ry >0, with the help of (2.7), (2.8), (2.9)
and Young’s inequality, we have
/p_rdiVS(Vv) (v—u)dz
52

H 2 Sy 2
< P _jv— -
*SécZ/”V ul|7e + . [divS(VV)[I7 s

2ec2
Iv—ulZe + —2[divS(VV)|? oy |[p—7]resl| s
HUri L37-3

W
8cc2
1 :
+W|\dl\'§(vv)l\m(1+||\//7(V—u)||%2)
Lo
+71||dlvg(VV)||L%(||\/5(V—u)||iz+||[/)—7"}res\|m)
1
§§/S(Vu—Vv):V(u—v) dnc—i—%/p|u—v|2 dz

"2
+ O A STV o / P(p)—P'(r)(p—r)—P(r) da
,U/I‘l L5v—3

+O Y aivs (V)| 2, [ Golu—vE+P(0) =P () o) ~P(r) do (211
™ K

under the case (1.3), and

/p

1
gi/S(Vu—VV):V(u—V) dz

— " 4ivS(Vv) - (v —u) dz

éc?
+C—L[divS(VV)|? & /P(p) =P'(r)(p—r)=P(r) dz
ATy L357=3

+01+T7\1/7Tl||diVS(VV)||L%/%p|u—v\2+P(p)—P/(T)(p—T)—P(T) dz  (2.12)
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under the case (1.4).

Putting (2.11) and (2.12) into (2.3), respectively, and integrating over (0,t), it
follows that

E(p,u;r,v)+ //SVU Vv):V(u—v) dx ds
<Enlpo,mo70,vo) + /0 CoA(V)E(p,uir,v) ds
t —p)P"(r)Ey(r,v P By(rv)- (v—u)| dz ds
[ [l ) 2Bl v w| e ds (@213)

where Cy >0 is a generic constant, (r9,vo)= (r,v)|t:0,

E(pour,v) = / Sol— VP 4P (o)~ (r)(p— 1)~ P(r) da, (2.14)

1 my

2
50(,00,m0;7“o,V0)=/5P0 E—Vo‘ +P(po) —P'(r0)(po —ro) —P(ro) dz, (2.15)
and

A= (el fo the o (1), 216)

with

éc? 14+ ./r
Ao() = D)z + X divSTVIP o + Y div SV
KTy L3573 1 LA—T

Applying Gréonwall’s inequality (integral form) to (2.13), we obtain that, for all
£>0,

LS(p,u;r,v):=E(p,u;r,v)+ //S Vu—-Vv):V(u—v) dz ds
< /Co v)exp /Co ds—&-l){é’o(po,mo;?“o,Vo)
0

+/Ot/’<7'_P)PN(7”)E1(7“7V)‘+‘TE2(T,V)~(V—u)‘ dx ds}
=:RS(p,u;r,v). (2.17)

With the above a priori estimates at hand, we are ready to define the dissipative
solutions to the compressible isentropic Navier-Stokes (1.1) in the following sense.
DEFINITION 2.1.  Let pe L>=(0,T;L")NC([0,T]; LY —w), \/puc L>=(0,T;L?) and ue
L?(0,T;HY) for any fized T>0. We call (p,u) a dissipative solution of the problem
(1.1)-(1.3) or (1.1), (1.2) and (1.4), if (2.17) holds for (r,v) satisfying

reC([0,T];LY), r>r1 >0, ve C([0,T7; L ) D(v )eLl(O T;L>),
Vv e L2(0,T;L?), divS(Vv) € L2(0,T; L5 3)ﬁL1(0 T;L5T), (2.18)
P"(r)Ey(r,v) € LY(0,T;L7T), %Eg(nv)ELl(O,T,Lv—l),
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where 1 is a positive constant. Note that it needs the extra condition v]|go =0 for the
bounded domain case (1.4).

REMARK 2.1.  If (r,v) satisfies (2.18), then (2.17) is well-defined. We observe that
v e LY (0,T;WLP) for any 1<p<oo from (2.18). Indeed, in view of Korn’s inequality
([9], Theorem 11.21)

Wlwer <C(IB@r+ [ V] o) 1<p <
it follows that

VIl o,7w10) §0(||D(V)||L1(0,T;L°o)+||V|| , I<p<oo. (2.19)

C([O,T];L%))

Here we address our first main result on the existence of dissipative solution in the
sense of Definition 2.1.

THEOREM 2.1.  Suppose that the assumptions of Definition 2.1 hold. In addition, we
assume that

{r<7"2 if v>2, VTGLOO(O,T;L%), VveL>®0,T;L?) for g>1, (2.20)

dyr e LY(0,T; L), dyv e L' (0,T;L7-1),

where ry is a positive constant.
(1) For the periodic case (1.3): Let v> g. Assume that the initial data (1.2) satisfy

2
po€LY, pp>0, /po de>C,, my=0 a.e. in {xecQ:py=0}, ?GLH (2.21)
0

for some positive constant C,,. Then, there exists a dissipative solution of the
compressible isentropic Navier-Stokes system (1.1) with (1.2) and (1.3).

(2) For the Dirichlet boundary case (1.4): Assume the boundary OS2 is C?. Let v>1.
Assume the initial data (1.2) satisfy

2
po €LY, pg>0, my=0 a.c. in {x€Q:py=0}, ey (2.22)
Po

Then, there exists a dissipative solution of the compressible isentropic Navier-Stokes
system (1.1) with (1.2) and (1.4).

REMARK 2.2.  Since Vv € L>(0,T;L?) for ¢ >1, by (2.19), it follows from Lemma A.5
that Vv € L'(0,T;L°). Furthermore, it infers that v-Vv € L1(07T;L%).

REMARK 2.3. Feireisl, Novotny and Sun [11] introduced a class of suitable weak
solutions to the compressible barotropic Navier-Stokes equations and proved that the
solution satisfies the relative entropy inequality for > % Compared with [11], we
define the dissipative solution satisfying the inequality (2.17). We give the process of
the density arguments in Section 3. In addition, the adiabatic exponent can reduce to
v > g for the periodic case and > 1 for the Dirichlet boundary case.

Applying Theorem 2.1 directly, we have the following result on the relationship of
the strong solution and dissipative solution.
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COROLLARY 2.1.  Assume that (r,v) is a strong solution of (1.1) and the initial data
(r,v)|t=0=(10,v0) together with (1.3) or (1.4), satisfying the regularities
reC([0,T);L7), 11 <r<ry, veC([0,T];L7T), D(v) € L'(0,T; L)
dyr € LN0,T; L), dyv e L(0,T;L7-1), Vre L>(0,T;L7-T), (2.23)

divS(Vv) € L2(0,T; L5 )N LY (0,T;L7-1), Vv € L>®(0,T;L%) for ¢> 1,

for some positive constants r1 and r2, and any T € (0,Tnax), where Tyax s the mazimal
existence time. Let (p,u) be a dissipative solution of the system (1.1)-(1.2) together with
(1.3) or (1.4), and the initial data satisfy

/%po %—VO‘Q—I-P(po)—P'(ro)(po—ro)—P(ro) dz=0.

Then, the dissipative solution (p,u) is equal to (r,v) on a.e. (t,x)€[0,T]x Q.

REMARK 2.4.  We point out that the condition D(v)e€ L'(0,7;L>) corresponds to
the blow up criteria of the Navier-Stokes equations given by Huang et al. [13]. Under
the condition D(v) € L(0,7;L>), the regularities (2.23) can be replaced by placing a
restriction on the initial data and v in some situations. For example, endowing the
initial data

0<r<ro<7, roecW?'? for p>6, voeH?, (2.24)

for some positive constants r and 7, and making use of the condition D(v) € L*(0,T’; L>°),
a direct conclusion from [13] shows that there exists a global strong solution (r,v) with

{rl <r<ry, r€C([0,T);W6), d,rC([0,T); L), (2.25)

veC([0,T); H*)NL*(0,T;W?25), dyv e L*°(0,T;L*)NL*(0,T; H'),

for any T'>0. We see that (r,v) with (2.25) meets the requirement of (2.23) for v>3.
It says that (2.23) can be substituted by (2.24) for > 3.

Our next goal is to show the weak solution of the compressible isentropic Navier-
Stokes equations is also a dissipative solution. We first recall the definition of weak
solution as follows.

DEFINITION 2.2. A pair (p,u) is a weak solution of the problem (1.1)-(1.3) or (1.1),
(1.2) and (1.4) provided that, for any fixred T >0,

pE€L®(0,T;L), /puclL>(0,T;L?), ucL?*0,T;H"), (2.26)

and the continuity Equation (1.1); and the momentum Equation (1.1), are satisfied in
D'([0,T]x Q), that is, for T e CX([0,T]xQ), e CX([0,T] xQ),

/p(T,x)\I/(T,x) dx—/po\I'(O,m) dx:/OT/pﬁt\I/—l—pu-V\I/ drdt,  (2.27)
/p(T,a:)u(T,m)-(I)(T,x) dx—/mo-i’(o,x) dz

T
:/ /pu~8t<I>+pu®u:V@—&—Ap”diVCI)—S(Vu):V<I> dz dt, (2.28)
0
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and the energy inequality holds

2
/ plul®+ A o7 d:r—l—/ /S Vu):Vu dz dt</lm+ipg dz, (2.29)
V= 2 po v—1

for almost every (a.e.) t€[0,T7.
Then, we write our next result in the following.

THEOREM 2.2. Suppose that the assumptions of Theorem 2.1 hold. If (p,u) is a weak
solution of the problem (1.1)-(1.3) or (1.1), (1.2) and (1.4), then, the weak solution is
a dissipative solution in the sense of Definition 2.1.

The weak solution of the compressible isentropic Navier-Stokes equations also has
the weak-strong uniqueness property, see [8]. By means of Theorem 2.2 and Corollary
2.1, it can directly give another version of the proof of the weak-strong uniqueness
property for the weak solution of the compressible isentropic Navier-Stokes equations.
We state the conclusion by a corollary as follows.

COROLLARY 2.2.  Under the same assumptions of Corollary 2.1, if we assume that
(p,u) is a weak solution of the problem (1.1)-(1.3) or (1.1), (1.2) and (1.4), then (p,u)=
(r,v) on a.e. (t,x)€[0,T]x Q.

3. Regularization of r and v

This section is devoted to showing that the smooth function r and v can be replaced
by the functions with regularities given in (2.18) and (2.20). Thus, the following is the
main result of this section.

PROPOSITION 3.1.  If (2.17) holds for smooth functions r and v, then it also holds
for the functions satisfying (2.18) and (2.20).

Proof. By the extension theorem (Theorem 1 in Section 5.4 of [6]), we can
extend 7 and v on [—8y, T4 0] x Q with small §y>0 and Q CC €2, which still satisfy
the regularities (2.18) and (2.20). Here, it requires that the boundary 0 is C? for the
bounded domain case. Let

) €CZ(®) supp n={o €R*:[al <1}, [ n(o) do=1, 0 @)= n(5). ()
1

(t) € C2°(R), supp ij={t €R: [t <1}, /sz(w at=1, () = 57(), (3:2)

where 0<§<1. We mollify r and v with respect to space and time in the following
way:

rha(ta) =)' ta) = [ [ rtt=sa—u)n ) dyi (o) ds.
Via(ta) = (e ei (o) = [ [ vle=sa—)n’) dyi (o) ds.

Since

Vre LY (=60, T+00; L7 (Q), 9y € L (=80, T +80; L7 (),
Vv e L? (=80, T+00; L2()), divv e L*(=8y,T+60; L*(Q)),
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by Lemmas A.6 and A.7, then, as d — 0,

é _ 5
Vel SNV 0, (53)
R (1 Y (34)
||va,w - VV||L2(0 T;L2) = | (VV)?;E - vV||L2 0,1;02) — 0, (3.5)
||divvfw d1vv||L2(0TLz)—||(d1vv) —divv||z2(0,7;2) — 0. (3.6)

For v e C([—do, T+ do); L3 1(Q)), dyvell(— 60,T+60,Lv “1(2)), by Lemma A8,
then, as § =0,

5
V2 V”Loo(QT;L%) —0. (3.7)

For dyr € L (—00,T+00; L7 (Q)) and Vr € L®(—38g,T+00;L7-7(1)), by Lemma
A.8, we know that, as § — 0,

||7“f,x—7“||L°°(0,T;Loo) —0. (3.8)

In addition since r>r; if 1<y<2 and r;<r<ry if v>2, and noticing that
Jesm’(y) dy=1 and [;7°(s) ds=1, then we have

e, >r if 1<y <2, ri<r (ta)<ry if v>2. (3.9)
By Lagrange mean value theorem, there exists a 6; € (0,1) such that
P"(rg ) =P (r) =P" (011 o + (1= 01)r) (], —7)
=Ay(v=2)(7=3)[0170 p + (1= 00)r]" 2 (1], — ).
Combining (3.8) and (3.9), then the above equality gives, as § =0,
HPN(T?@) —P"(r)|| o (0,7;50) = 0. (3.10)
By the same argument, we have, as § — 0,

/(.0 l
G e L I (3.11)

Since
VP! (1] ) = VP (r) =P" (1] . )(Vry o = V) + [P (1] ) = P" (1) V',
along with (3.3), (3.9) and (3.10), then it holds, as 6 —0,

IIVP’(Tf@)—VP’(T)HD(O’T;L%) —0. (3.12)

Next, we will show that P”(r) E1(r,v) can be approximated by P”(r{ ,)E1(r{ ., v} ).
Recall the definition E;(r,v) in (1.5) and the relation rP”(r) =p’(r), then,
P"(r} 2)En (r? a0 Vi x) =0,P'(r} z) +v] & VP’ (Tt 2 +p'(r] x)leVt @
=(P"(r) By (r,v))? o+ 0P (1] ) = (0P (1)} + v o - VP! (17 )
- (V : VP ( ))t,z +p (rt,m)dlvvf,x - (p/(r)divv)g,z' (313)
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By Lemma A.7, we have, as § =0,
(P"(r)Ey(r,v))2 . —P"(r)Ey(r,v) strongly in L'(0,T;L7). (3.14)
For the term 9;P'(r{ ) — (8;P'(r))] , it can be rewritten as
0P (15,.) — (' (1)) =P" (1) @1~ ) + [P (1)~ P (r)}oyrd
+0,P'(r)— (0P (1))} .- (3.15)
By (3.4), (3.10) and Lemma A.7, we have, as 6 — 0,
0P’ (12 ,) — (8P’ ()2, —0 strongly in L'(0,T;L77). (3.16)
Similarly, we have
v VP'(r) )= (v-VP'(r)); ,—0 strongly in LY(0,T;L7T). (3.17)

Now, we turn to deal with the term p/(r{ ,)divv} = ((r )divv)? ., which can be
written as

p/( )leVt x (p/(r)divv)f,z
= (0 () = D' ()]5.0 ) div vy o [ ()] pdiv vd = (0 (1) div )y,

(p’(rm—[p'(r)]‘?.)divvf A+ (D05, =0 () (divyd, — divw)

// [p'( [P/(T)](t—s,ac—y))div(v(t,x)
t—s,x—y))n’(y) dyi’(s) ds
_<p (sz) p ( ))dlvvt N ([p'(r)]m —p’(r))divv

/ / ., —[p'(r)](t—ds,x —6y))div (v(t,z)

—v(t—1ds,x—0y))n(y) dyn(s) ds
:2I1 +Iz+]3

For the term Iy, by (3.11), we get, as 6 — 0,

28l < Clldivv| oz 1D/ (17.0) =" (7)) 525, 0.

0
L1(0,T;L7-1) L>(0,T;L7-1)

For the term I, notice that p/(r) = Ayr7=t € C([—0o, T+ 8o]; L7 (Q)), by Lemma A.7,
we get, as § =0,

<Olldiv v s oz [ (1)) =0/ ()] 2,0

H 2” Lo (0,T;L7—1)

.
LY(0,T;L7-T)
For the term I3, it can be rewritten as

- /R / i ([p’(r)}(m)—[p’(r)](t—5s,x))div(v(t,x)

—v(t—ds,x—dy))n(y) dyn(s) ds
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_/R/n ([p’(r)}(t—és,l‘)—[p/(r)](t—&s,x—5y)>div(v(t,x)
—v(t—ds,x—3dy))n(y) dyn(s) ds.

Thanks to p’(r) EC([—(SO,T—i—(SO];L%(ﬁ)) and divv € L1 (=8, T +80; L>(2)), and by
Minkowski’s integral inequality and Lemma A.3, it follows that, as § =0,

1 15 —0.

L10,T,L7T)
Therefore, we have, as d — 0,
p'(rf ,)divvy , — (p'(r)divv)] ,—0 strongly in LY(0,T;L771). (3.18)
Putting (3.13), (3.14), and (3.16)-(3.18) together, it confirms that
P/ (r} ) E1(r] 4, Ve ) = P"(r)E1(r,v) strongly in LY0,T;L7T), as §—0. (3.19)

Using the definition of F5(r,v) in (1.5), by Lemma A.6, we express LEQ(rfx,vf,m)

G
as

1 1
7E2(ngvvfx) :815"?&0 +V?m vvfa: + Tvp(rfx) - levg(vvfz)
rt,:r ’ ' ' ' ' rt,z ' rt,:r: '
1 J 1,0 8 1" é
=(5EBa(rv)) +P"(r],) Ve, — (P (1)),
s s 5 Lo s L. d
+Vi o Vi, — (V- V)], — ——divS(Vvy ) + (fdle(Vv)>

' ' ' . ’ r t,x

Taking a similar argument to (3.19), we have, as § — 0,

1 ~
—Eg(rix,vix) — ;Eg(r,v) strongly in LI(O,T;L%). (3.20)

Recalling the expression A(-) in (2.16), noticing that ||1°(| 1 (zsy =1 and ||7°|| 11 () =
1, and by Lemmas A.4 and A.6, it yields, as § — 0,
A SAW). (3.21)
By (3.5)-(3.8), and noting the definition of LS(p,u;-,-) in (2.17), we have
LS(p,u;rfx,vf,x) —LS(p,u;r,v) as 6 —0.
In view of (3.7), (3.8), (3.19)-(3.21), and RS(p,u;-,-) defined in (2.17), we have
RS(p,u;r?me’x) <RS(p,u;r,v) as 6§ —0.

Thus, we complete the proof. 0

4. Proof of Theorem 2.1

This section aims to present the proof of Theorem 2.1 with focus on the periodic
case. We will point out the difference between the Dirichlet boundary case and the
periodic case.



L. GUO, F. LI, AND C. YU 1973

Our proof is starting with the following modified Brenner model:

{ Op© +div (peuc) =eAp©,

4.1
Oy (peuc) +div (pu @uc) + Vp(p©) + €2V (p°)? = divS(Vu®) +ediv (u¢ @ Vp©), (1)

where € € (0,1] is a small parameter, §>max{4,v}, and a is any positive constant. Here,
we put the artificial pressure term ¢V (p€)? and the artificial diffusion term eAp¢ at the
same level, which differs from the approximation model introduced in [10]. We consider
the approximate initial data

(P u)|e=0 = (5, 15), (4.2)

satisfying

ps € C3(Q), /pg dz>C1 >0, 0<e<ph<e 27, ujeC3(Q),

p6— po strongly in LY, \/p§uf — Mo strongly in L?, as e —0, (4.3)
VPO

where the positive constant C; <C,,, is independent of ¢, and (pg,my) satisfies (2.21).
When we consider the Dirichlet boundary case, the condition [ pf§ dz>C1>0 in (4.3)
can be removed and (pg,my) satisfies (2.22). In addition, we need to add the boundary
conditions Vp°-n|gpg =0 and u‘|sn=0.

For any fixed €e>0 and any T €(0,00), by the Faedo-Galerkin approximation
adopted by Feireisl et al. ([10], Proposition 2.1), the system (4.1)-(4.2) has a global
weak solution (p¢,u¢), which satisfies the energy inequality

1 t t
5P e dos [ [8(vu)ivut dedes [ ()9
0 0
1
LA ()| Vp? de di < / S POl + P o) + Q) dr, (4.4)

for any t €[0,T], where P(p) = %(pe)"y and Q(p°) = ﬁ(pe)'@.

By (4.3) and Lemma A.2, it follows from (4.4) that

sup [|vpeuc||r2 <C, (4.5)
te[0,T)
sup ||p||r+ <C, (4.6)
te[0,7)
T
|l ar<c. (47)
0
T
e/ /|p€|”’_2|Vp€|2 dz dt<C. (4.8)
0

Here, the estimate (4.7) requires 72% from Lemma A.2. (For the Dirichlet boundary
case, the estimate (4.7) holds for v>1 by Poincaré’s inequality.)
The conclusion ([10], Proposition 2.1) tells us that

Op +div(pu®)=€eAp® a.e. in (0,7) x Q.
Multiplying B’(p°) on the both sides of above equation, we arrive at

9 B(p®) +div (B(p)u) + (B'(p°) p° — B(p®))divu® = ediv (B’ (p°)Vp©) — eB"(pE)Vp(el27)
4.9
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where B € C([0,00))NC?((0,00)) with B’(z)=0 for large z e RT.

On the one hand, taking B(z)=zInz for z€[0,1] in (4.9), and integrating the result
over (0,T) x {z€Q:0< p®<1}, it follows from (4.6) and (4.7) that

/ / YT VpS|? da dt
{z:0<pe <1}

T
:7/ plnp® dx|§f/ / pfdivus dz dt < C.
{z:pe<1} 0 J{zp<1}

On the other hand, by (4.8), it infers that

// 1|Vp|2dxdt<e// -t V'Ol
{w,f>1} pe)?

Then, it implies that

dz dt<C.

€2 (p°) "2Vt € L2(0,T;L2). (4.10)
Similar to (4.10), if we take B(z)=—44/z for z€[0,1], then we have
€2 (p°)"TVpt € L2(0,T;L?). (4.11)
By the estimates (4.6) and (4.10), and Hélder’s inequality, one has
€2 Vp € L2(0,T;L777). (4.12)

Using the energy estimates (4.6) and (4.7), up to a subsequence (p¢,u¢) without
relabeling, there exists a weak limit (p,u) such that

p¢—p weakly-* in L>(0,T;L7), (4.13)
u—u weakly in L*(0,T;H"). (4.14)

Notice that /p€ € L°°(0,T;L*Y) from (4.6), there exists a function p such that

VpE—+/p weakly-* in L=(0,T;L*). (4.15)

Taking B(p®)=+/p° in (4.9), and by the estimates (4.5)-(4.7), (4.10) and (4.11), then
we have

1 €11€ 1 cdi € 1
0 (v/pf) =—div(y/pfu )—|—2\/p>dlvu +ed1v(2\r

€L(0,T5WH2) + L2(0,T; L347) + L2(0,T;W~12) 4+ L}(0,T; L)
CL2(0,7;W 331 )n LY(0,T;LY) € LY (0,T; W —11). (4.16)

o)+ 3el0) VP

With the help of Lemma A.10, we have
o= VEVF 5 i D((0,T) x Q). (4.17)

Combining (4.13) and (4.17), and the uniqueness of limit implies, for a.e. (t,x) € (0,T) X
Q,

p=p. (4.18)
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By (4.15), (4.16) and (4.18), and Lemma A.9 gives

VpE—=+/p in C([0,T);L* —w).

Since 2y>2> £, by the interpolation relation L? << H~!, Aubin-Lions lemma gives

VoE—=/p in C([0,T];H ). (4.19)
It follows from (4.14) and (4.19) that
Vpeu©—/pu in D'((0,T) x Q).
Since y/pfuc € L>(0,T;L?) (recall (4.5)), one has
Vpfu© — /pu weakly-* in L>(0,T;L?). (4.20)
By (4.13), (4.16) and (4.20), in view of Lemma A.10, we have
pu=+/py/pu‘—pu in D'((0,T)x Q).
Since pu® GLOO(O,T;L%) (recall (4.5) and (4.6)), it implies
pu—pu  weakly-* in LOO(O,T;L%). (4.21)
From the discussion in Section 3, we can choose smooth functions 0 <r € C*°([0,T] x

) and ve C*>([0,T] x ). Taking the inner product with (4.1), by —v, multiplying
(4.1); by 1|v|*=P/(r), and integrating the result over (0,t) x €, it deduces that

/td/_g E~V—‘r1 €|V‘2—P/() € de dt
¢
:/ /peﬁtVo(vfue)ere(uVV)v(v7u6)+S(Vu€):Vv dz dt
/ / Ydivv dz—€?(p°)?divv+e(Vp*-V)v- (u —v) dz dt

/ / p°0.P' (r) — pru - VP! (r) + €V - VP (r) da dt. (4.22)

Since both r >0 and v are smooth functions, we integrate (2.2) over (0,t) to give

/ dt/ ) dz dt—/ /r@t r)+rv-VP' (r)+p(r)divv dz dt.  (4.23)

Adding up (4.4), (4.22) and (4.23), and by means of the definitions of Ey(r,v) and
Es(r,v) in (1.5), we arrive at

/lfm“w¥+P@3—PﬁXf—ﬂ—P@Hf%Mfwh
//SVU —Vv):V(u—v)dz dt

< [ o8l = vol? + P(s5) P/ (1) sy~ r0) ~ Plro) + €' Q) o
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+/t/—p(u€—v)- D(v)-(u®—v) dxdt+//
// r)(p°—r)—p(r))divv dz dt — // YPdivv dz dt

// P (r El(rv)—i— Eg(rv)( —uf) dz dt

dle (Vv)-(v—u®) dz dt

+6/0 /(VpE-V)v(ue—v)—&-Vpe-VP’(r) dz dt.

Using the same way as (2.11) to deal with the third term on the right-hand side
of the above equality, then applying Gronwall’s inequality (integral form) to the result
gives

[ 50 =P () P ) 1) - P+ Q(p) do

+;/Ot/S(Vu6Vv):V(u5V) dz ds
S(/Ot C’oA(v)exp</:C'oA(V) ds) d5+1) (R0+imi)a (4.24)

where

1
Ro= [ 56615 Vol + P(55) P/ (1) sy~ r0) ~ Plro) + Q) do

ft r— o \P"(r r,v r r,v)-(v—u) dz ds
%= [ [P B )+ L Ealriv)- (v -u) do ds,

t
322:6/ /(Vp€~V)v-(uE—V) dz ds,
0
t
Rgze/ /VpE-VP’(r) dz ds.
0

The next step is to recover a dissipative solution by passing to the limits in (4.24)
as € tends to zero.

We first deal with the left-hand side of (4.24). By the weak convergences (4.13),
(4.14), (4.20) and (4.21), and in view of the low semi-continuous of L?-norm and the
convexity of P(-), we get, as ¢ —0,

[ 50 VPP () P ) 1)~ P € Q(p) do
+%/0 /S(Vue—Vv):V(uE—V) dz ds
> [ ol 4+ P(p) - P'(r)(p— 1)~ P(r) da

+;/Ot/S(Vu—Vv):V(u—v) dz ds. (4.25)

Next, we tackle with the reminder terms R; (i=0,1,2,3) on the right-hand side of
(4.24). For the term Rg, by the initial conditions (4.3), we have, as e =0,

]. my 2 ’
Ro — 5[’0’%—%‘ +P(po) —P'(r0)(po —r0) —P(ro) da. (4.26)
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For the term Ry, it follows from (4.13) and (4.21) that, as e =0,

Ry —>/O /(7‘ — p)P”(T)El (T,V) + $E2 (7"7v) . (v— u) dx ds. (427)

We turn to the term Ry. By (4.10), (4.12) and (4.20), it implies that

e(v/pf) 'V p - (Vpfu) =0 in L2(0,T;LY), (4.28)
eVp =0 in L2(0,T;L7%7). (4.29)

In view of (4.28) and (4.29), we have, as e —0,

fR2—€/ / V)TV pS - Vv /pru© da ds—e/ / VpS-V)v-vdr ds—0. (4.30)
Finally, for the term Rs, by Holder’s inequality, it follows from (4.29) that, as e — 0,

< ¢ N N .
R <CeVp IILZ(O’T;L%) IIVTIILQ(O’T;L%) —0 (4.31)

Making use of Proposition 3.1, we conclude that (2.17) holds for the functions r
and v satisfying (2.18) and (2.20). Thus, we complete the proof of Theorem 2.1.

5. Proof of Theorem 2.2

The goal of this section is to show that the weak solution of the compressible
isentropic Navier-Stokes equations is also a dissipative solution in the sense of Definition
2.1.

Let (p,u) be the weak solution of the problem (1.1)-(1.3) or (1.1), (1.2) and (1.4).
Let xn, € C2°((0,T)) and ¢y, € C(2). We can also let (r,v) be the smooth functions by
the arguments in Section 3. Taking the test function ® =y, ¢,,v in (2.28) of Definition
2.2 gives

T T
:/ /pu-@t(anbmv) dx dt+/ /pu@u:V(Xn(bmv) dx dt
0 0

+/OT/p(p)div(xn¢mv) dx dt/OT/S(Vu);V(Xn¢mV) de dt
:/()Tatxn/qﬁmpu.v dx dt"’/OTXn/Qﬁmpu-@tv de dt

T T
+/ Xn/d)mprovu dx dt+/ Xn/(,bmp(p)divv dx dt
0 0
T T
—/ Xn/quS(Vu):Vv dx dt+/ Xn/pu@u:(v¢m®v) dx dt
0 0

+/0Txn/p(p)v¢m~v dz dt/OTxn/S(VU):(V¢m®V) dz dt.  (5.1)

Choosing ¥ = 3|v|*Xn¢m and ¥=P'(r)x,ém in (2.27) of Definition 2.2, respec-
tively, one sees that

/ /Pat S|vI? Xn¢m dx dt+/ /pu IVI xnaﬁm) dz dt
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T 1 T
:/ 3txn/¢mp(§|v\2> dzx dt+/ xn/tbmpv-atv dx dt
0 0

T T
1
—|—/ Xn/gbmpu.Vvv dx dt—|—/ Xn/§|v|2pu.v¢m dx dt, (5.2)
0 0

/ /p@t T)Xn®m) dz dt—|—/ /pu V(P (r)Xndm) dz dt
0
:/ 8txn/¢mpP'(r) dx dt+/ Xn/qup(“)tP’(r) dx dt

0 0

T T
+/ xn/d)mpu-VP’(T) do dt+/ xn/pP’(r)u-Vqu dz dt. (5.3)
0 0

and

Noticing that the relations P’(r)r —P(r) =p(r) and P’ (r)r =p’(r), we have

/ dt/ )] Xn®m do dt
/ dt/ 7)Xn®m da dt+/ /le P)VXnom) dz dt
:/ atX"/¢m P(r)] dz dt+/ Xn/cf)mr@t '(r) do dt

n /0 o [ v VP (1) do e+ /0 X [ up(rdivy dz di
+/0Txn/p(r)v~v¢m dx dt. (5.4)

Collecting (5.1)-(5.4) together, we obtain that
r 1
~ [ 00 [ 6 [~ e+ o P p+ P )P do
0
T T
:f/ xn/¢mp(u7v)~Vv~(us) dz dt+/ Xn/(;Smp(@therv)(vfu) dz dt
0 0
T T
—|—/ Xn/(bm(r—p)atP’(r) dz dt+/ Xn/¢m(rv—pu)-VP’(r) dx dt

/ Xn/@bm (r))divv dz dt+/ Xn/¢m (Vu): Vv dz dt+Ry, ..,
(5.5)

where

Rxmm/OTatXn/(l¢m){;p|u|2+P(p)} da dt

X1
T T
f/ Xn/pu@u:(Vgﬁm@v) dx dtf/ Xn/p(p)v~V¢m dx dt
0 0
Xo
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T T
1

—|—/ Xn/S(Vu):(Vd),n@v) dz dt+/ Xn/§|v\2pu-v¢m dz dt

0 0

x;v, x4

T T
—/ Xn/pP'(r)u-ngm dz dt+/ Xn/p(r)v-v¢m dz dt.

0 0

Xs

Xe

We endow a sequence ¢, € C°(£2) with

1
0<¢m <1, ¢, =1 for z €9, dist(z,00) > —
m
Om—1, [Vom|<2m for z €.
We first tackle with the term R, 4,,. For the term X; in R, 4,., in view of (2.26),
and using the Lebesgue’s dominated convergence theorem, one has, as m — oo,

For the term X5, by Holder’s inequality and (2.26), we get, as m — oo,
T
xgg/ X,,/(p|u|2+p(p))|v¢mdist(x,m)\|v[dist(:c,afz)r1\ de dt
0

T
<C(m [ Ivdist(2.09)] = /{ oIl o) da

z:dist(z,00)< L

<C(n) s [ pluf?+p(p) da x v [dist(,02)] 111 0.7
0<t<T J{z:dist(x,0Q)< =}

—0. (5.7)

Here, we have employed the fact that v[dist(z,0Q)]~!'€ L'(0,T;L>°). Indeed, by
Hardy’s inequality, we have

| v[dist(z,09)] " | z» <C||VV|zr <C||VV| L, for 1<p<oo.

Since Vv € L>®(0,T;L4) for ¢>1 and Vv e L'(0,T;L>) (see Remark 2.2), by Lemma
A5, the conclusion holds.

With a similar argument to the term X5, by Holder’s inequality and Hardy’s in-
equality, along with (2.26) and the regularities of » and v in Theorem 2.2, it infers that,
as m— oo,

X; —0, for i=23,4,5,6. (5.8)
Then, we have, as m — oo,
Rnpm — 0.
Taking
0, t<s t>t
R L

~Lt—1), I-h<t<i
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for any 0<3<f<T and 0<h< 555, and x,(t) = [x* 177(2)](t) € C*((0,T)) for large n,
where 7(t) is the mollifier in (3.2), it follows from Lemmas A.6 and A.7 that, as n — oo,

Xn =X atXn ‘>X;ua

for a.e. t€(0,T), where

0, t<3, t>t

X/ (t): %, %§t<§+fb

w 0, §+h<t<t—h,
-3, t-h<t<id,

which is the weak derivative of x(t) with respect to time.
Now, letting m — oo and then n— oo in (5.5), by the Lebesgue’s dominated con-
vergence theorem, we have

;L/;h/ [fpu.va%/J|V|2*P,(T)PJFP'(T)T*P(T)} dz dt
—;L/:M/[—pu-V+;pVIQ—P’(T)p+P’(r)r—P(r)} dz dt

/Ex/p(uv)~Vv~(uv) dz dt+/£x/p(8tv+v~Vv)~(vu) do dt

/ /7“— VO, P’ dxdt—i—/ /rv pu)-VP'(r) dz dt
/ / ))divv dx dt+/ / (Vu): Vv dzx dt.

Letting h — 0 above, by the Lebesgue’s differentiation theorem and Lebesgue’s dom-
inated convergence theorem, it deduces that

gp,ll’l"V)‘t i g(pvurv)|t 5

// u—v)-Vv-(u—v dz+// (Opv+v-Vv) - (v—u) dz
+/ /(T—p)BtP’(r) dx dt+/ /(rv—pu)~VP'(r) dx dt
/ / ))divv dx+/ /S (Vu): Vv dz dt, (5.9)

G(pir) = [ [~ purvs ol =P (r)p+ Py = P(r)] do

where

Adding [1plul®?+P(p dz|t + [ [S(Vu): Vu dz dt to both sides of (5.9), using
the energy inequality (2.29) in Definition 2.2, and by means of the definitions F; (r,v)
and Fy(r,v) in (1.5), we have, for a.e. € (O,T),

E(p,u;r,v)|t_t~+ét~/S(Vu—Vv):V(u—v) dz
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< [ 3295 (o) dr e+ Glpmirvl-
/ [ =oa=3) D) (a=v) = (plo) =P () p—1) ~p(r)divy d e
+ / / (r—p)P”(r)El(r,v)+§E2(r,v)-(v—u) da dt

[ ]

With the same way as (2.11) to deal with the last term on the right-hand side of
(5.10), applying Gronwall’s inequality (integral form), it yields, for any 0 <3<t <T,
that

dle (Vv)-(v—u) dz dt. (5.10)

1 i:
E(p,u;r,v)|t:t~+§/ /S(Vu—Vv):V(u—v) dz ds

g(/j(]o” )exp / CoA( ds+1){/;|rrplz|2+P(po) dz+G(p,u;r,v)|i=3
+/Ot/\(r—p)P”(r)E1(r,V)’+":E2(7“7V)'(V—u)‘ dz ds}-

Using (2.26), (2.27) and (2.28) in Definition 2.2, and making the density arguments,
the weak solution (p,u) belongs to the regularity Class

peC([0,T);L7 —w), pucC([0,T);L7% —w). (5.11)

Choosing §:=s,, with s, = 0(n—00), and taking advantage of (5.11), it implies
that

1 |my|?
[ 55 4 (p0) Gl

2 1
_/2| pg +P(po) d:c—/pu-v dx‘t:sn’+/§p|v|2 dz‘tzsn

—/pP/(’I") dz +/P/(T)T—P(T) dz

1 mg 2 ’
— 5/)0‘%—‘/0‘ +P(po) —P'(r0)(po—r0) —P(ro) dz

=:£0(po,mo;70,Vp) as n—o0.

t=s, t=sn,

Thus, we complete the proof of Theorem 2.2.
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Appendix. In this appendix, we first collect a few classical inequalities, some prop-
erties of LP space, and two weak convergence results. Then, we add two supplementary
lemmas (Lemmas A.2 and A.8) and give their proofs. These facts are frequently used in
the proof of our main results. We point out that the Lemma A.8 subjects to the density
arguments to deduce (3.7), (3.8) and (3.18) in Section 3.

First, we list the Poincaré inequalities.

LeMMA A.1 ([3], Chapter 9, Poincaré-Wirtinger’s inequality). Let Q CR™ be a bounded
domain with a C* boundary 0. Then,

1
— [ S| <CIV S, VEEW,
|77 .7 2], g <1V e, v

pn
where 1§qgﬂ forn>p.

LEMMA A.2. Let QCR" be a bounded domain with a C' boundary 02, and a non-
negative function 7 satisfies

0<M0§/Fdz, /F’Y dCCSMh
Q Q

for some positive constants My and My, where it assumes > n%lz for n>3. Then,
there exists a constant &y :=C(n,v,Q, My, M) such that

1) S E (IV Fllz2 ) + IVFF | L2@))-

REMARK A.1l. Lemmas A.1 and A.2 still hold when Q=T". Lemma A.2 can be
directly deduced by Theorem 11.23 called generalized Korn-Poincaré inequality in [9].
For reader’s convenience, we give a brief proof by means of Lemma A.1 as follows.

Proof. By Minkowski’s inequality and Poincaré’s inequality in Lemma A.1, it
follows that

oo <l =gz [ £ e+ [ £ ]

<OV fllz@ + 192 | fllo @

L2(Q)

Then, we know

1 lers ) < CIV ey +C / f] da.

Using Hélder’s inequality, one has

/Q”dxﬁﬂ/g‘fl dxg/gr‘f_ﬁ/fdx‘ dx+/QT|f| da

1
< b —— d H .
N e A IR IV P s

Taking p= %, it sees that % = :—fQ By the Poincaré-Wirtinger’s inequality stated
in Lemma A.1 and the restrictions on ~, the conclusion follows. ]

Next, we recall some basic properties of LP space.
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LEMMA A.3 ([3], Lemma 4.3 in Chapter 4). Let QCR"™ be an open set, KCCQ, K=
if Q=T™ or R™. Then, for f€ LP(Q), 1<p<oo, as {0,

Hf(l‘-i-f) _f(x)HLP(K) — 0.

LEMMA A.4 ([3], Theorem 4.15 in Chapter 4). Let f€ L*(R™) and g€ LP(R™) with
1<p<oo. Define

(fxg)(x)= [ [flz—y)g(y) dy.

Rn
Then,
1 f*gllLe@ny < fllz1 @) 9]l e @)

LEMMA A.5. Let QCR"™, 0<T <oo. If f€L>®(0,T;LP*(Q)) for some py>1 , and
I £l Lro (0,750 (0)) <M <00 for fized 1 <py<oco and all 1 <p< oo, where the constant M
is independent of p. Then, for 1<py<oo, fe€LP(0,T;L>(Q)) ; for 1<pg<oo, as
p— 00,

||f||LP1 (0,T;LP(Q)) — Hf”LPl((),T;LOO(Q))a 1<p1 <po.

Proof.  Since fe€ L>(0,T;LP*) for some p; >1, by Rudin ([17], Exercises 4(e),
Chapter 3), it gives

Il fllLe)y = |l fllLee (o) a.e. in t€(0,T).
For 1 <pg < oo,
1125 0y € L1 (0.1,

Fatou’s lemma gives

T T
Ppo — g Do g Dbo 14
HfHLPo(O,T;LOO) _/O lggngfHLp(Q) dtélgggf/o Hf”L:D(Q) dt < M*°.
For 1< pg < oo, Egoroff’s theorem implies

I £l zes 0,720 ) = 1 fl o1 (0,750 (92))
as p— 00, where 1 <p; <pg. O

The following three lemmas are about mollifier. Let f be a locally integrable func-
tion. Recall the definitions of mollifiers n(z) in (3.1) and 7(¢) in (3.2). We use f9 to
denote the mollification of f with respect to x, and ft‘i . to denote the mollification of f
with respect to both x and ¢, that is,

Ftx)=(f*n°)(t,x) = . fltz—y)n’(y) dy,
F2 () = (i) (t,2) = / F(s,z— )’ () dyif’ (t—s) ds.
RJR™

LEMMA A.6. Let f € WP with 1<p<oo, then, for |a| <k,

D f2=(D[)3.
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REMARK A.2. This lemma is one conclusion during the proof of Theorem 1 in
Section 5.3 of [6], which means that the a'" order partial derivative of the smooth
function f? is the mollification of the o' order weak partial derivative of f. Similarly,
the regularization in ¢ has the same property. We directly write it as follows, if 9, f €
L9(0,T;LP), 1< p,q<oo, then 0, f , = (0:f)] .-

LEMMA A.7 ([3], Theorem 4.22 in Chapter 4). Let QCR™ be an open set, K CC,
K=Qif Q=T" or R". Let f:Q—R is a locally integrable function. Then, fo— f on
a.e. x€ K, and for f€ LP(Q), 1<p< oo,

Hff*f”Lp(K) —0 as § —0.

LEMMA A.8. Let QCR"™ be a bounded domain, K CCQ, K=Q if Q=T", and
(t1,t2) CC(0,T) with any T € (0,00). Then

(1) For 8yf € L'(0,T5L1(Q)), Vf € L®(0,T; L} (%)), we have
||ft6,x_fHLoc(t17t2;Loo(K)) —0 as 6 —0.

(2) For 0,f € L'(0,T;L'(2)), f€ L>(0,T;LP(Q)) with 1 <p< oo, we have

||ff,z_f||L°°(t1,t2;Lp(K)) —0 as §—0.

Proof.
(1) By the definition of mollifiers in (3.1) and (3.2), and with some direct computations,
it has

fowltio) = f(t,) // t—s,x—y)— f(t,2)n’ (y) dyi’(s) ds
// flt=s,x—y)— f(tz—y)n’ (y) dyi’(s) ds
/“[f(tﬂﬁ y) = f(t2)]n’ (y) dy
:/R/n[f(t—fss’x—t?y)—f(t,w—éy)}n(y) dyii(s) ds

y:=y’' =0y, s:=s'=Js

+/n [f(t,z—0y) — f(t,2)n(y) dy

yi=y'=by

/// 7f (t—7ds,x—0y) drn(y) dyn(s) ds
+/n/0 3/t —rdy) dr(y) dy

1
:/ / O f(t—7ds,x—dy) x (—d0s)n(y) dyn(s) ds dr
0 JRJR®

Fubini’s theorem

1
4 / Vf(t,x—7by) - (~5y)n(y) dy dr
0 RTL

Fubini’s theorem
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:le +IQ (Al)

For the first part I7, noticing that supp n(y) ={y €R": |y| <1} and supp 7(s) ={s €
R: |s| <1}, we have

I1<C’5/1/ / |0 f (t—Tds,2—dy)| dy ds dr.

0 J{s:|s|<1} /{y:|y|<1}

For (t,z) € (t1,t2) x K CC (0,T) x £, since 7 € [0,1], |s| <1 and |y| <1, it follows that
(t=70s,w—0dy) € ([tr, o] = {s": [s'| <0}) x (K = {y/: [y/| <4}),

where [tq,ta] —{s': |¢/| <} ={t—5":t€[t1,t2],5' €R,|¢'| <6} and K—{y:|y|<

0y ={z -y :xe K,y €R",|y'| <d}. There exists dy >0 such that [t1,t5] —{s": || <
0} C(0,T) and K —{y: |y/| <0} CQ for 0<§ <dp. Then,

1
11§C<5// / 0,f(t,2)] dz dt dr
0 J[t1,t2]U([tr,t2]—{s":|s’|<6}) J KUK —{y":|y’|<6})

<C|[0cf L1 (o,r:20 () (A2)

Similarly, for the second part I, it holds

1
Iy §C5/ / |V f(t,x—7dy)| dy dr
{y:ly|<1}

1
§C’5/ / |V f(t,z)| de dr
0 JKUK—{y'":|y'|<d})

<CS|IVft )L @)-
Therefore,

||f2m_fHL°°(t17t2§L°°(K))
f||L1(O,T;L1(Q)) +Cfs”Vf||L°°(0,T;L1(Q)) =0,

as 0 —0.
(2) Taking the similar arguments to (A.1) and (A.2), we have

F(t) -~ F(1.2)
= [ [ s = s’ ) v (s) ds
/ || orte=rbs.a—0) x (<5n(s) dyi(s) ds ar
+ [ 1t =6y) - fta)lntw) dy
<CBl0f | oraron+C [ 1f(te=0n)-fta)] ay

{y:ly|<1}

Using Minkowski’s integral inequality, then we arrive at

‘lfgx(t7x) - f(t7x)||L°°(t1,t2;Lp(K))
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<C6[|0uf L2 0,7520 () +C sup / 1f(t,x—0y) — f(t.2)|| 1oy dy.
0<t<TJ{y:ly|<1}

By Lemma A.3, it gives

”ft(s,z _fHLOC(tl,tmLP(K)) -0,
as 6§ —0. a

Finally, we recall two important lemmas to deal with the product of two weak
convergence sequences.

LEMMA A.9 ([15], Lemma C.1). Let X be a reflexive Banach space, Y be a Banach
space, X =Y, Y’ is separable and dense in X'. Assume a sequence {f,} satisfies
fn€L>®(0,T;X) and Oy f, € LP(0,T;Y) with 1 <p<oo. Then, f, is relatively compact
in C([0,T]; X —w).

LEMMA A.10 ([16], Lemma 5.1).  Assume g, — g weakly in LP*(0,T;LP?), h, —h
weakly in L9 (0,T;L9%2), p%—i—p%:q%—l—q%:l, 1<p1,p2 <00, g1 >1. In addition, Oygy

is uniformly bounded in LY(0,T;W=FY) for some k>0, and |h,(t,x)—h,(t,z+
ElLar (o,7;092) =0 as |E] =0 for any n. Then, gnhy, — gh in D'((0,T) x Q).
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