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EXISTENCE OF POSITIVE SOLUTIONS FOR A CLASS OF
QUASILINEAR ELLIPTIC EQUATIONS WITH PARAMETERS*

YINBIN DENG' AND YOUJUN WANGH

Abstract. This paper is devoted to investigating the existence of positive solutions for a class of
parameter-dependent quasilinear elliptic equations

- M AT = A\|ulP2 1N
Au+V(x)u 2\/1—&—7A 1+u?2=AulP"*u, ve H (R"), (0.1)

where 7, are positive parameters, N >3. For a trapping potential V(z) and p€ (2,2*), by con-
trolling the range of v and A, we establish the existence of positive solutions u. ) for the above

problem, where 2* = 1\?]:]2 is critical exponent. For super-critical case, we find a constant p* €
[2*,min{%,% v44'27}2*) such that Equation (0.1) has no positive solution for all v,A>0 if

p>p* and VV(x)-2>0 in RY. Furthermore, for fixed A >0, the asymptotic behavior of positive
solutions u. x is also obtained when V(z) is a positive constant as v — 0.
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1. Introduction
In this paper, we study the parameter-dependent quasilinear elliptic equations of
the form

yu N
—Au+V - AV1+u2= , eRY, 1.1
wt V(- oo AV = f(w), 4 (1.1)

where V(z) is a given potential, N >3, « is a parameter, f(s) is a real function. Equa-
tions of this type are related to the solitary wave solutions for the quasilinear Schrodinger
equations

Wy =~ AP+ W () — p([Y ) =AU ) ([9]*)e, =eRY, (1.2)

where ¥(t,z) :Rx RN — C, W(x) is a given potential, y is a parameter, p(s) and I(s)
are real functions. If I(s)=+/1+s and p(s):lfﬁ, Equation (1.2) is known to
describe propagation of high-power ultrashort laser pulse in a medium, see e.g. [5-9].
If I(s)=+/1—s, Equation (1.2) is the fundamental equation of motion for nonlinear
excitations in a classical planar Heisenberg ferromagnetic spin chain in an external field
[23,28]. In the case when [(s) =s, Equation (1.2) appears in various problems in plasma
physics and nonlinear optics, see e.g. [15,22]. We refer the readers to [12,13,16,17,19]
and the references therein for more results on the physical background.

In the last decade, a considerable attention has been devoted to the study of so-
lutions to (1.2) when I(s)=s, see for example [1,20,24,32] and the references therein.
Here, we focus on the case [(s) =+/1+s. A solution of the form ¢ (t,x) =exp(—iEt)u(x)
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is called a solitary wave solution, where F€R and u(z) is a real function. Then,
we observe that 1 satisfies (1.2) if and only if the function wu(z) satisfies (1.1) with

V(2)=W(z)—E, f(s)=p(|s]*)s and I(s) =v/1Fs.

Setting g, (u) =4/1+ Q(YT’U‘ZZ)’ then (1.1) can be reduced to quasilinear elliptic equa-
tions

—div(g (1) V) + Gy ()7, (0) VP + V(z)u=f(u), wERV. (1.3)

In the sequel, we always assume that V(z) € C(RY,R) is a trapping potential, that
is,

(V) 0<Vp <V (x) <limg— 400 V(7)) = Voo <400,

In [24], Shen and Wang proved the existence of nontrivial solutions for problem

(1.1) when v=1 and the nonlinear term f(s) satisfies the generalized global Ambrosetti—
Rabinowitz superlinear condition

3u>2,such that 0< puj(s)F(s) <G(s)f(s), V¥s>0, (1.4)
where §(s):=g1(s), é(s):fosg(t)dt and F(s)= [ f(t)dt. In view of the definition of

J(s), we get that g((;)) <6—2v/6 for all s>0. So, (1.4) is a consequence of the condition

3> 2,such that 0< u(6—2v6)F(s)<sf(s), Vs>0. (1.5)

From (1.5), we deduce that there exist constants C,Cy > 0 such that F(s) > C/|s[#(6-2V0)
for s>C;>0. Stated in the particular case of (1.5), for f(s)=|s[P~2s with pe
(12 —4+/6,2*), the existence of a nontrivial solution for (1.1) was proved in [32]. Unfortu-
nately, (1.5) is invalid for f(s)=|s[P~2s if p <12 —41/6 and thus the method used in [32]
can not be applied to study this case. Recently, in [10], Deng and Huang proved the exis-
tence of positive ground state solutions for (1.1) with y=1 and f(s)=|s[P~2s+|s|> ~2s,
where 2* = %, p€(2,12—4/6] for N >4 or pc (2,4) for N =3. In their paper, the Po-
hozaev type identity has been used to find a bounded (PS) sequence and thus conditions
on VV(x) were needed. Precisely, they assumed that

(VV) there exists Cp € (0, (N_2)2) such that |[VV(x)-z| < %’2, vz e RV \ {0}.

2

Thus, it is interesting to discuss the existence of positive solutions for (1.1) with
general v>0 and f(s)=\|s|P~2s when p€ (2,2*) if the condition (VV) is abandoned.
The present paper is to consider the existence of positive solutions for problem (1.1)
for general v >0 without assumption (VV'). Precisely, for the following parameter-
dependent equation

yu -2 N
—Au+V(x)u— ———=AV1+u2=ANu|’"“u, zeR", 1.6
(@u= e AT = Al (16)

where v and A\ are positive parameters, the existence and non-existence of positive
solutions are given by the following theorem.

THEOREM 1.1.  Assume that (V) and p>2, N>3. Then, the following statements
hold:

(1) for all A\>0 and p€(2,2*), Equation (1.6) has a positive classical solution if
v € (0,7*), where

400, if p>4’
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(2) for all v>0 and p€(2,2*), Equation (1.6) has a positive classical solution if
A€ (A*,+00), where

2(2* —p+2)(p—2)

\* :(p_g)Q%p (2 —2p+2> (e on? 27'22:2?3;?') S_(z*z(zri)(i;m

and S is the best Sobolev constant of inequality S|jul|2. < ||Vul|3, ue€ DV2(RY).

(3) for ally,A>0, there exists a constant p* € [2*, min{ ‘gigz, 27+4_,2YV 2Y19%) such
that Equation (1.6) has no positive solution if p € [p*,+00) and VV (x)-2>0 in

RN,

From the part (1) of Theorem 1.1, for all A>0 and p€ (2,2*), Equation (1.6) has
a positive classical solution if € (0,7*). For the case when V() is a positive constant
and A is fixed, we have the following delicate result:

THEOREM 1.2.  Suppose V(x)=p=constant >0, p<(2,2*), then the corresponding
solution u~ » of Equation (1.6) obtained in Theorem 1.1 is spherically symmetric and
monotone decreasing with respect to r=|z|. Passing to a subsequence if necessary, we
have

wyy—uy in HARM)NC*RY) as y—07,
where uy, is the ground state of semilinear problem
—Au+pu=NuP"?u, ue H'(RY). (1.7)
We observe that the natural energy functional corresponding to the Euler-Lagrange
Equation (1.6) is:

~ 1 . 1 A
I%,\(u):i/RNgg(uﬂVu\de—!—i/RN V(x)qux—E/RN |ulPdx. (1.8)

Notice that although FI:,,,\ is well defined in H'(RY), it is not smooth. It is difficult to
find the critical point of I, x(u) in H'(RY) by standard variational method. In [24],

the authors overcome this difficulty by introducing a change of variables s =G L(#) for
t€[0,+00), where

G(s)= [ a0 (1.9)

Then I~% » was converted to the following C!' functional:

~ 1 1 ~ A ~
JV,A(U)Zg/RN |Vv\2da:+§/ﬂwV(m)|G;1(v)|2dx—;/RN|G;1(v)\pdx. (1.10)

For y=1 and pe (12—4\/6,2*)7 the existence of positive critical point of j%,\ can be
proved via mountain pass theorem, which will lead to the existence of positive criti-
cal point of I, . It should be pointed out that the condition p>12—4+1/6 plays an
important role to prove the boundedness of (PS). sequence, see also [32].

The underling idea for proving Thereom 1.1-(1) can be processed by a standard way,
see [10,25]. The proof of Thereom 1.1—(2) is inspired by the recent work [1,29,30], where
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some other type of quasilinear elliptic equations were studied. In order to adopt the
variational method, we will first modify our problem. Namely, we establish an auxiliary
function g, (t) such that g, (t) =g, (t) for t € (0,¢1), where ¢; >0 is a proper cut-off point.
Then, we consider the modified quasilinear elliptic equation

—div(gi(u)Vu) +gv(u)g;(u)|Vu\2 +V(z)u=Au|P"%u, zcR". (1.11)

Direct calculations show that if g,(t)=g,(t), then Equation (1.11) becomes Equation
(1.6). Solutions of (1.11) correspond to critical points of the functional

1 1 A
I%A(u):i/RNgi(uMVu\Qda:—!—i/RN V(x)quac—;/RN |u|Pdz, (1.12)

where I, )(u) is well defined in H'(RY). However, it is nonsmooth. As in [24], we
introduce the change of variables u=G7"'(v) to reformulate functional I, x(u) by a
smooth functional J, »(v):

| | ) N[
J%,\(U)ZE/RN\Vv|2dx+§/RNV(a:)|G71(v)|2dx—E/RN G )Pde,  (113)

where G ( fo g~(7)dr. Then, we prove that J, x(v) has a positive critical point and so
(1.11) hab a pomtlve bOhlthIl Uy =G (v, ). Finally, using elliptic regularity estimate,
by choosing proper A, we show that |u, \(z)|<t; for all z€RY. Thus it is indeed a
positive solution of (1.6).

The outline of the article is as follows: In Section 2, by establishing an auxiliary
function, we modify (1.6). In Section 3, we prove the existence and nonexistence of a
positive solution for problem (1.6) by employing the variational technique and a general
Pohozaev identity. Finally, we study the asymptotic behavior of solution of (1.6) as
~—07 in Section 4.

In this paper, we always make use of the following notations: C' will denote various
positive constants whose exact value may change from line to line but are not essential to
the analysis of the problem; The symbol ||ul|, is used for the norm of the space LP(RY),
1<p<oo; By (V), we denote by H*(RY):={ue L2(RY):|Vu| € L?(R™)} endowed with

the norm [|ul|:= \/fRN(\VuP—&—V(JU)uQ)dJU.

2. The modification of Equation (1.6)
To prove our main result, we first introduce an auxiliary function g.(t) as follows:

1 ~t2 1

where 7)(t) is a spatial function satisfying either the following (11) or (n2):

(m) n(t)=1, for all teR;
(n2) n(t) € C§(R,[0,1]) is a cut-off function satisfying
=n(-t), if t<0,
=1, if 0<t< i p—2 ’
n(t) 2.1)
S (0,1)7 lf %\/7 %\/j’
207 lf t> %\/>
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where p € (2,2*). Moreover, it also satisfies

—oy/n(t) <1 (t)t<0, for all teR, (2.2)

where o is a positive constant independent of ~.

For the proper establishment of this kind of spatial function 7(t), people can refer
[30].
Set

Go(0)= [ or(e)is

Clearly, G,(t) is an odd C* function and increases in R. Thus, the inverse function
G (t) exists and it is also an odd C> function.
Now we first collect some properties of g, and G L(t), which will play important

roles in the proof of our main results. By direct calculations, we get the following lemma:

LEMMA 2.1. The following properties hold:

(1) lim G;l(t) -1
t—0 t ’
(2) lim G'?l(t) — %, if (m) holds,
et V2, if (m2) holds,
st |t if (m) holds,
(3) 1G; ()] e [ 7 \] 7 R
[ ’Y|| \[|t|} if (n2) holds,
, 0, 14 4=2/4F7 zm , if (m1) holds, B
W g_(;((tt))t © O, =2 } . ) for some constant C >0 and
i -G, pT}’ if (n2) holds,

all teR.

Proof.  We consider the case (12) and the case (1;) can be treated in exactly the
same manner. Since g, (t) is even and G (t) is odd, we only consider the case t >0. Tt
follows from Hospital’s principle that

O
lim =lim — =1
t—0 ¢t t=0g,(G5 (1))

and

Gt
lim — ():hm%lZ\/ﬁ.
t—o0 t t—o00 g’Y(G’Y (t))

Thus, the items (1) and (2) are proved.
From the definition of g, (t), we get \/gg g(t) < 2*% for t e R. Thus for all t >0,

we deduce that
1 t /2
\/>t <G, (1) :/ gy (s)ds < ﬂt,
2 0 2

which yields that ﬁt < G;l(t) < /2t for all t>0.
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Lastly, we prove (4). By (2.2), we get

gyt 29t2n(t) + 1+t [1+ (1+)t3n' ()t
In )2

g (1) 2(14+82)[1+ (1+7)t2]n(t) +2(1 +¢2
- WoT0) ~ . — 2.3
> TN b, 2, @ it o<i<d, 22, (29)

_ : 1 /p—2

To prove the second inequality, by (2.3), it suffices to consider the case 0 <t < %, / %.

In fact, we get

2vt%1)(t)
2(1+t2)[1+(1+7)t2]n(t)+2(1+t2)2

which yields the result. 0

REMARK 2.1.  We remark that the cut-off point J, in assumption (72) is not unique. In
QLI ..
g:(t) < P5= is guaranteed, any t € (0, \/g) is allowed.

We now consider the modified quasilinear Schrodinger equation of the form:
—div(gi(u)Vu) + 9+ (u)g?, (u) \Vaul? +V (z)u=NuP"2u, zcRY. (2.4)

It follows from assumption (72) that w must be a positive solution of (1.6), if we can
prove the existence of a positive solution u of (2.4) satisfying 0 <u(z) < %2 for all

reRN.
The associate variational functional for problem (2.4) is

1 1 A
I%A(u)zi[RNg?/(uﬂVu\gdx—l—g/RN V(m)qux—E/RN |ulPdz. (2.5)

Since g(t) is bounded, we can deduce that I, (u) is well defined in H'(RY). By
introducing the change of variables u=G7 1(v), we observe that functional I, ) can be
written in the following form

| 1 ) N[
J%A(v)zi/RNwm?dHi/RN V(x)\Gwl(v)Fdx—E/RN|G71(v)|pdx. (2.6)

From Lemma 2.1, J,  is well defined in H'(RY), J, » € C'(H'(RY),R) and

o= [ !

for all v,1p € HY(RY).
Note that any critical points of .J,  correspond to the solutions of the equation

W) L1606 W)

T(0) 9,(G5 T (v))

<

RN O O
(v)) 9,(G7"(v)

VoV +V(x)

((;7 1,/}] dx, (2.7)

~Av+V(z) , xRN, (2.8)

i
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In order to find positive solutions of (2.4), it suffices to study the existence of positive
solutions of Equation (2.8).

REMARK 2.2. It is easy to verify that u=G;'(v)e C*(RN)NH'(RY) must be a
classical solution for (2.4) if v € C?*(RN)NH*(RY) is a critical point of .J, .

REMARK 2.3. Because we look for positive solutions, we can rewrite the functional
Jyx in the following

1 1 _ A _
J%,\(v)zﬁ/RN|Vv\2dac+§/RN V(w)\Gyl(v)de—E/RN|G71(v+)|pda:,

where v =max{v,0}. Standard regularity arguments show that any critical points v
belong to C? and v(x) >0 from the strong maximum principle if v is nontrival.

3. Proof of Theorem 1.1
Thanks to Lemma 2.1—(3), it is easy to prove that the functional J,, 5 exhibits the
mountain pass geometry.

LEMMA 3.1. (i) Jy\(v)>C||>+o(|[v]|?) as v—0 in HL(RYN);
(i) there exists a e€ H'(RN), e£0 satisfying J, x(e) <0.

In view of Lemma 3.1, applying the mountain pass theorem [31], it follows that there
exists a (PS)., , sequence {v,} C H'Y(RM), i.e., a sequence such that J, x(v,) — ¢, ) and
J!, y(vn) =0, where ¢, ) is the mountain pass level of J, \ characterized by

cyy= inf sup J t 3.1
A= B s (€0 (3.1

and T, ,={(t)€C([0,1], HY(RN)):£(0)=0,£(1) #0,.J,,1(£(1)) <0}. Moreover, from
Lemma 3.1, we get ¢y, >0.

We next claim that the (PS). , sequence for .J, ) is bounded. To this end, we
assert that the item (4) in Lemma 2.1 plays an important role. Indeed, let {v,} be a
(PS) sequence for J, y, namely,

Cvy,x

Jya(vn) =y n+0n(1), <~Iy,>\(vn)7w>:0n(1)||w||v Vq/)eHl(RN)» (3.2)

where 0,(1) =0 as n—o0. Let ¢, =G (vn)gy (G5! (v,)). From Lemma 2.1—(3) and

(4),

<C|Vuul,  |Yn] <Clogl.

Vi, = ‘ <1+ le(”n)g'v(Gﬂ”")))wn

9+(G5 (vn))

Thus v, € H*(RY). By choosing 1 =1, as a test function and from Lemma 2.1-(3),
(4), we get

Py F0n (1) +on(D)[on]| =pJya(0n) = (T3, (0n), )

A B OO Sl C) P
_/RN< 2 gv(G’?l(Un)) >|v o

—2
+p—/ V(2)|G5 (v,) 2da
2 Jan




1996 QUASILINEAR ELLIPTIC EQUATIONS WITH PARAMETERS

GL M (H)gh (G (1) S P=2 _ 44y=2VAFE o
9+(G5 (1) 2 v
0 if pe(2,2*) and v€(0,7*). On the other hand, if (12) occurs, we get 252 —
G (1)g, (G5 (1)
9+(G51 (1))
Thus, up to subsequence, we may assume that there is v,y € H L(RY) such that

By Lemma 2.1-(4), if (n1) occurs, we get %_

> P22 This together with Lemma 2.1~(3) imply that ||v, | is bounded.

v — vy in HYRY),
v —vyn in LL (RY), qe[1,2%),

Up = Uy n a.e. in O:=suppy
and there exists wy(z) € LI(0O), such that for any n, |v,(z)| < |wg(x)| a.e. in O. Now we

are going to prove that v, » is a positive solution of (2.8).

LEMMA 3.2.  Suppose g (t) satisfy either (m1) or (n2), then v, x obtained above is a
positive solution for modified problem (2.8).

Proof.  We first show that (J] ,(v4,1),%) =0 for any P eCF(RY), ie., v, is a
critical point of J, x. Note that as n— oo, we get

Gt (vn) G (vyn)

0l 0l

(G @) (G5 vy 0))

G5 (W) P72G (vn) . G5 (0 )P 2GS (vy0)

a.e. in O, (3.3)

— — , a.e. in O. (3.4)
Qv(le(Un)) Q’Y(le(v’y,k))
Furthermore, by Lemma 2.1—(3), we have
G5 (vy)
5 .
—— ¥ SCilon| [ < Cilws|[¢],  ae. in O, (3.5)
9+(G5 1 (vn))
G71 n p72G71 »
&y )|_1 S )1/; §C’2|vn|p’1|1,b|SC’2|wp|p’1\77Z;|7 a.e. in O. (3.6)
9+(G5 " (vn))

Now, combining (3.3)—(3.6), the Lebesgue dominated convergence theorem and the weak
convergence vy, — v in H*(RY), we have (S5 A (Wn),¥0) = (J] \(v4,0),10) as n— oo. Be-
cause J. ;(vn) =0 as n— 00, we conclude that J! ,(vy,x)=0. By Remark 2.3, we may
assume v, ) >0. If v,y #0, by the strong maximum principle, we get v, >0. Oth-
erwise, assuming v, » =0, then, as in [24], {v,} is also a (PS). , for the function
J,‘;?A:HI(RN)%R:
o0 1 2 Voo —1/,\2 A -1
J,Y,,\(v):i/RN|Vv| derT/RN 1G5 ()] dxfg IRN|G,Y (v)|Pdx. (3.7
Next, we claim that there exist a, R>0 and {y,} CR" such that
lim vidr>a>0. (3.8)

n— 00 Br(yn)

Suppose by contradiction that for all R >0,

TL*}OOyE]RN

lim sup / vidr=0. (3.9)
Br(y)
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Then, by Lions compactness lemma [18], we deduce that v, —0 in LI(RY) for any
q€(2,2*). So by Lemma 2.1-(1) and (2), we have

lim 1G5 () [Pdz=0 (3.10)

n—oo RN

and

lim

n— oo

vpdz=0. (3.11)

/ G5 () P2G (vn)
RV g4(G5 (vn))

Thanks to Lemma 2.1—(1) , for any € > 0, there exists ¢ >0 such that for |v, ()| <,
we have

Un, _ 2
V(zx) - - 1‘ Gl () d:z:SVooa/ v2dr < Ce.
/{CEERN:UTL(CE)|<6} g’Y(G’Yl(vn))G’Yl(Un) | K | RN
(3.12)
On the other hand, by Lemma 2.1—(2) and (3), we get
v 2
lim V(x) T —1‘ G ()| de
00w eRN o, (2) 26} 9v(G5 () G5 (vn) 165 v
<CVoo6?7P lim |vp|Pd2 =0. (3.13)
n—oo RN
From (3.12) and (3.13), since ¢ is arbitrary, we have
G5 (vp
lim V(m)|G;1(vn)’2dx: lim V(m)#vndm. (3.14)
n—oo Jpn n—oo JpN g’Y<G’Y (Un))
Thus, by (3.11) and (3.14), we deduce that
Oznli_{I;JJ;,)\(vn)vvm
Gfl n Gfl n prGfl n
— lim |V’L}n|2+V(‘f)# n*>\| Y (’U )|71 Y ('U )'Un dx
oo Jry 9+(G5 " (vn)) 9+(G5 " (vn))
= lim (IVun? + V()G (vn)]?) da. (3.15)

n—oo RN

Then combining (3.10) and (3.15), we get J, x(v,) — 0 as n— oo, which is a contradic-
tion since J, x(vn) — 4,0 >0 as n—o00. The claim is proved, i.e., (3.8) holds.

Define @y,() = vy (2 +yn). Since {v,.} is a (PS)., , sequence for J°%, {0,} is also a
(PS)e, , sequence for J2%,. Arguing as in the case of {v, }, we get {0} is bounded. So,
we may assume that o, — o, in H'(RY) with (J5%)'(0,) =0. By (3.8), we have 0, #0.

Let

I R A O e AT
E“‘/RN< 2 G W) )V'd'

By Theorem 1.6 in [27], E(v) is weakly lower semi-continuous. Then according to



1998 QUASILINEAR ELLIPTIC EQUATIONS WITH PARAMETERS

Fatou’s lemma, we have

pey = lim (P15 (5) — (I35 (52,65 (50)05 (G (7))

— lim <p2 g;(G”l(ﬁfi)?VI%v R
2 9+(G~ 7 (Tn))

Y

p—2 ¢, (GJ'(v,)
Z/]RN< 2 g'y(G;1

PISA(T,) = (53 (04), G5 (0y)9, (G5 (85)))
pJ3 A(U'y)

GZY (v —9
1 ”) v e P2 [ 167 )P
RN

b

(3.16)
which yields that J5% (0y) < ¢y .
Analogous to the arguments used in [14], we can get a path x(¢):[0,L] — H'(RY)
such that

x(0)=0,J73(x(L)) <0,0, € x([0, L),

x(t)(x)>0,vzeRY,t€[0,L], (3.17)
[ Tax(t) = I3 (D).

Define the set
2y ={xeC(0,1], H'(R")): x(0) =0,x(1) #0,J5% (x(1)) <0}.

After a suitable scale change in ¢, we can assume x(t) €I'’’. Particularly,

tren[ax]J A x(t)) = fA(ﬁv)gc%A.

With restriction we can assume that V(x) <V, but V(z)# Vs (otherwise there is
nothing to prove). Thus, x(t) € '3, CT';, and hence

ey € J(c(8) =y a () < 5 (D) € i J55, (x(8)) = I3 (5 e

which is a contradiction. It follows from Remark 2.2 that v, » >0 is a critical point of

Jy.» and hence v,y is a positive solution of (2.8). d

For all v>0, if p€(2,2*) and v € (0,7*), we take n(t) satisfying (11). In this case,
G~(t) =g4(t) in (2.4) and hence (2.4) turns into (1.6). According to the above arguments,
we get uy =G5 (v,,0) >0 is a solution of (1.6).

However, if (12) occurs, (2.4) can not be transformed into (1.6) unless v, ) obtained

above satisfies 0 <uy,x(2) =G5 (vya(2)) < 4/ % for all x € RY. To this end, we next

establish the L°° estimate for v, . First we give the boundedness of its gradient.

P 1
) 22-p) \2-» .

LEMMA 3.3.  The solution vy x of (2.8) satisfies ||V x|z §\/§(2i7

Proof. Since v, is a critical point of .J, x, then
pey =PIy A(Vy0) — <Jw AV ), G (O )QV(G (U“/ 2)))

>—/ AN da?—i——/ v%)\)|2d:1c.
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It follows that,
4
IVoralB< - Foenn (3.18)

On the other hand, by Lemma 2.1—(3), we conclude that

P
1 A 2 2
J%)\(’U)SP%)\(’U)::§/RN \VU|2d~T+2Voo/RN|U|2d~T*5 (2‘1"7) /RN|U|pdx.

Denote

Sy ={€C((0,1], H (RY)):£(0) = 0,£(1) #0, P, A (£(1)) <0}
and note that ¥,y CI', », we have

cy = inf sup J t))< inf sup J t))< inf sup P. t)). (3.19
YA fer,ue[o?l] a(&( ))’Eezmue[o?l] o (&( ))7&2%”6[01?1] a§(t). (3.19)

Let us set
Sp:inf{/ (|VU|2+4VOO|U|2)CZ$:’UEHl(RN),/ |U|pd1‘:1}.
RN RN

It is well known that S, >0 and it is achieved at some v*, see e.g. [2].
Now, we take

b(z)=1 " @ if §,<1,
€)= R (R
v (SN ), if S, > 1.
Then, we have
I%lglg{P%,\(t(ﬁ) = P'y,)\(tmaqu)
p—2 2 b= 2 2 2 = / =7
_ _c = 4 P
) ot )
—2/ 2 \TF
Spzp (2+v> Ao (3.20)

Note that we can choose large T > t,q, such that P, x(T'¢) <0. Thus for ¢€0,1],

we get £(t) :=tT¢p € ¥, 5 such that P, 1 (£(t)) < %(ﬁ)ﬁ/\ﬁ It follows from (3.19)
that

which yields the result. O

REMARK 3.1. Note that equation

P
2 \2
AU+4VOOU)\<+) |o[P~2v, zeRN (3.21)
Y
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is the Euler-Lagrange equation associated to the energy functional P(v). In [21], Po-
hozaev showed that (3.21) possesses a solution if and only if pe(2,2*), N>3 (see
also [3]).

REMARK 3.2. From Lemma 3.3 and Sobolev inequality, we have

2@-p) 1 1
ol <57 HIVeral < V3 (1) T 57,

where S is the best Sobolev constant.

PROPOSITION 3.1.  The solution vy x of (2.8) satisfies

2(2* —p+2)

p(2* —2)

2% — 2 (2*—p)2 2:2*-2-p 2% 2 1 2(2=p)(2¥ —p)

oy allo < (Z22H2) O gt gty (L A5,
' - 2 2+

Proof.  The result can be proved in a similar way as Proposition 3.1 in [1], we give

the outline of the proof here. In what follows, for convenience, we denote v, by v. For
each me N and B> 1, let A, ={z R :|v|*~'<m} and B,, =RV \ 4,,. Define

{v|v|2(5_1), in A,
U =

m2v, in Bpy,.

Note that v,, € HY(RY). Using v,, as a test function in (2.7), we deduce that

/.

Besides, we have

Gy 1) _ [ el
Vvva—FV(m)Mvm} dx—)\/RN PRTEI) mdz.  (3.22)

/ vvvvmdx:(w_n/ |v|2<5*1>|vv\2dx+m2/ |Vo|?dz. (3.23)
RN m Bm
Let
{v|v|ﬂ1, in A,
Wm = .
muv, in By,.
Then
/ \Vwm|2dx:ﬁ2/ |v|2(ﬁ_1)|Vv|2dx+m2/ |Vo|2dz. (3.24)
RN Am B
Thus from (3.23) and (3.24), we get
/ (|Vwm|2—VvVUm)dx=(,8—1)2/ |28~V |V |dz. (3.25)
RN m

Combining Lemma 2.1—(3), (3.22), (3.23) and (3.25), since 8> 1, we have

2 (B-1)
/RN |Vw,|“dz < [ 271 +1} RNVUVUmda:
(v)
1

SN o o4
o [ G PG
= [ Gy

< \/552)\/ [o|P~2w?2, da.
RN

VoV, +V(x)
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By Holder inequality, and since |w,,| < |v|? in RY and |wy,|=|v|? in A,,, we get

Ty
-2 (/ |U|2ﬁq1d£€> ,
RN

. By Monotone Convergence Theorem, letting m — 0o, we have

N-—2

(/ |v|ﬁ2*dx> <V2)32
A

m

9%
where q1 = > _pr2

V]| g2= < B7 (V2X||0|[57) 27 [[v]| 284, - (3.26)

Setting o = % = 2*_2""’2 and f=o0 in (3.26), we obtain 2¢; f=2* and

[o]lo2e <o ( kg (3.27)
Taking f=0? in (3.26), we have
[0]l22+ <077 (V2A[[0][572) % ||0]| o - (3.28)

From (3.27) and (3.28),

0]l g20+ <0757 (V2A||][52) 27 ¥ 507 |[u] |2

Taking B=0" (i=1,2,---) and iterating (3.26), we get

[olgs2 < o= 57 (VEA ol f5%) 3 i or

Therefore, by (3.20), using Sobolev inequality, taking the limit of j — 400, we get

2*—2
HU” <gle- 1)2 24(0 1))\2(0 1)||'U‘ 2**1’
o 9 2(2**P+22) 1 T P(2;‘(*2) 5
— (2% —p)? 2.2% _2_p 2% —2 2(2—p)(2* —p 1
— 7p+ 27202 —p) § 20—p) [ —— A2-p .
2 2+
This ends the proof. ]

Proof of Theorem 1.1—(1). For all v>0, if p€(2,2*) and € (0,7*), we take
n(t) satisfying (11). In this case, g, (t) =g,(t) in (2.4) and hence (2.4) turns into (1.6).
It follows from Lemma 3.2 and Remark 2.2 that u, x=G;"(vy,x) >0 is a solution of
(1.6).

Proof of Theorem 1.1—(2). From Proposition 3.1, for any >0, we set K =

2(2* —p42) p(2*—2)

w > —p)2 2.2%—2-p 2*;2 2(2—p)(2F —p) pP=2
(2271’”) @ =0 9FET = §T T —p) (ﬁ) and choose A\* =dvy 2 with d=

(4V\TK)2 P such that

[ty Ao = |‘G71(U'y Moo
—2
<V2luylloe < V2EATT <f pT’ YAE (A%, +00).
In this case, we take 7(¢) satisfying (12). It follows from above estimate that g, () = g (t)

n (2.4) and hence (2.4) turns into (1.6) if A€ (A\*, +00). Again using Lemma 3.2 and
Remark 2.2 we obtain that u, =G "(v,,x) >0 is a solution of (1.6).
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Proof of Theorem 1.1—(3). We are going to find a constant

942y  2v+4-2\/442y 2*)
8+2’ vy

pte [2*, min{

such that problem (1.6) has no positive solution u€ HY(RY) for p>p* if z-VV(z) >0
in RV, It suffices to prove that problem (2.8) has no positive solution.

Suppose by contradiction that v€ H*(RY) is a positive solution of (2.8), it follows
from the Pohozaev identity that

—%/RN(x-VV(x))|G;1(v)|2dx:/RNK(G;l(v))dx

—./ K(u)dm—i—/ K(u)dz,
{z€RN:0<u< —4—} {zeRN:u>—1 1}

1 1

AP—2 AP—2

where u=G3"(v) and

(N =2)A G (u)up~? 3 N—Au”—i— ﬁuz N-2 Gv(u)u.
2 9(w) p 2 2 gy(u)

The assumption z-VV (x) >0 implies that

K(u)=

—%AN(x~VV(x))|G;1(v)|2dm<O.

Therefore, to complete the proof of our Theorem 1.1—(3), it suffices to verify that the
right-hand side of (3.29) is nonnegative.

Using Lemma 2.1-(4), we get K(u)>0 if p> % VAT29* > 9% Noting
that % VAT2Y 41 as v—0. Hence, we only need to consider the case pe
[2* 27+4—2‘/4+2'y2*).

Noting that

(N=2)A G, (w)uP~" N N 5 N-2G,(w)u

K(u)> u? + —u
(u) 2 g~ (1) 2% 2 2 gy(w)
_N=2 (ugy (1) — Gy (u)) (1 —AuP~2) +u? (3.30)
2 gy(u) K ? ’
we see
/ K (u)dz > 0. (3.31)
{zeRN:0<u<—4—}
AP—2

Observing (3.30), we can choose £ > —4— (which can be independent of p) such that

Ap—2
K(t) >0, Vte[——,%]. Now, by direct calculation, we see
AP—2
tg,(t) 1
gy(t)  2t724H(447)+(24+7)t2

1 1 _
<— — =n(t) < ———, Vit >1.
T2 2 (44y) + (2+)t2 n(_)_8+2’y -
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Hence, if we choose p> (1+n(t))2* =:p*, we find

N-2

5 (ugy(u) -G, (u)) +u?

(400G, (w) —ug, (w)| >0,

— % (%Gv(u) —ugv(u)> +

NuP—1
pg~ ()

K(u)

which combined with (3.31) implies that the right-hand side of (3.29) is positive.
As a result, we complete the proof of Theorem 1.1-(3).

REMARK 3.3. Since we can not find the explicit form of G(t), it is difficult for us to
give the exact value of ¢, below which K (u) in (3.30) is nonnegative. However, we guess
that ¢ there should be +oco, which implies that p* is exactly 2*, the critical exponent.

4. Asymptotic behavior of positive solution u.

In what follows, we assume that V' (z)=p>0. For fixed A >0, we study the asymp-
totic behavior of .\ as y—07.

Define

mo, x=inf{J, x(v);v€ H'(RY)\ {0} is a solution of (2.8)}.
Following the arguments of Berestycki and Lions in [3], we can prove that m. y >0 and
M., is attained by v, x satisfying
(1) vy,x >0 is spherically symmetric and v  decreases with respect to |z|;
(2) vyr €CP(RY);

(3) vy, together with its derivatives up to order 2 have exponential decay at infinity:
D%, 5| <Ce™ll 2 eRY,

for some C, >0 and || <2.

In [14], Jeanjean and Tanaka proved that m, x =c, x, where ¢, » is defined in (3.1)
with V(z) being replaced by p. Moreover, we choose 71 € (0, v*) such that u, =
G5! (vy,) is indeed of a solution of (1.6) with V(z)=pu for v€(0,7]. Similar to the
proof of Proposition 3.1, we can prove v,y is uniformly bounded with respect to .

We introduce the set P of non-trivial solutions of (2.8) satisfying Pohozaev identity
as follows:

B - N-2
p‘{veHl(RN)\{O}:P@):—m 8

1 _ A _
*5/ |G$<v>\2dw——/ Gﬂv)wda:o}.
RN P JrN

Then, similar to the proof of Lemma 3.1 in [14], we deduce that

|Vo|2dx
N

myx = inf Jy A (v)
vEP

From Lemma 2.1—(3), Lemma 3.3 and the definition of g, (t), we get

luy Al S Clloyall <C, (4.1)
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which implies that u._ ) is uniformly bounded with respect to v in H(RY). Passing to
a subsequence, we may assume that as v — 0T,

Uy x— Uy In HI(RN),

uyy—uy in LL (RY), g¢€[1,2%), (4.2)

loc
uy\—uy ae. in Ki=suppp, o(z)€CTRY).
Moreover, there exists a function ¢(z) € LI(K) such that |u, x| <¢(z) a.e. in K for all
.
We claim that wy is a solution of problem (1.7), namely, (I§(ux),p)=0, Vo€
C5°(RY), where Iy (u) is defined by

1 A
I,\(u):i/RN(|Vu|2—|—uu2)dx—;/RN |u|Pdz.

In fact, by (4.2), we have

0 :<I;(u%>\),<p>

:/RN (Vuy AV =+ puy zp)da

o
RN

:/ (VUW’)\V@—Fuu%)\(p)dx—)\/ [y AP uy apda +0(1)
RN RN

2

Uy, X 2 Uy 2
1 VPt sV, Ve

—D dr—\ U~y 2P 20 dx
2(1+u2 ) 2(1+u2 ) /RN‘“' e

=/ (Vchp—l—uwp)dm—)\/ |u|P~2updz +o(1). (4.3)
RN RN

Thus, we obtain
/ (Vuy + puy — Nux [P ~%uy)pdz =0, (4.4)
RN

which yields uy is a solution of problem (1.7). Since u, x(x)>0 and u, (z) € C?, we
have uy(z) > 0.

Note that at this stage, we do not know whether uy(x) 0 or not. Next we prove
ux(z)Z0 and thus uy(z) > 0.

To this end, set

Moy =inf{I, x(u);uc€ H'(RY)\ {0} is a solution of (2.4)}.

By Lemma 2.1, for ve HY(RY), u=G;'(v) € H(RY), while for ue H'(RY), v=
G- (u) € HY(RYN). Moreover, since

I’Y,)\(u) = J’y,)\(v)v

(I A (), 0) = (T A (),9:(GT (v))9), V€ C5°(RY),

we have m., x =m. x.
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Next, we set

N-2

11—{UEHHRN)\W}J%uy_fHVRN[L+ e %Nvuﬁmn+gA;Jm%m

2(14u

—i/ u|pda:=0}.
D Jry

Then, since P(u)=P(v) for u=G5(v), we get that

moyx= inf J, x(v) = inf I, x(u).
vEP u€P

LEMMA 4.1.

limsupmy x <my.
y—0+

where my is the ground state level of (1.7) defined by

my=inf{Iy(u):u€ H (RN)\ {0}, 1} (u) =0}.

Proof.  Let u be a ground state of (1.7) such that Iy(u)=my. By [3], ue L*>.
Moreover, u statisfies the Pohozaev identity:

N -2 A
—_— |Vu\2dx+ﬁ/ u2dx77/ |u|Pdx=0. (4.5)
2N RN 2 RN P JrN

For 7> 0, we let

a\\_ _N-2 y_, yu? 2
P(“(F))" oN | /RN {H2(1+u2)]|vu| de
—‘y—BTN/ u2dx—é7'N/ |ulPdx. (4.6)
2 RN p RN

It follows from (4.6) and (4.5) that

z\\ _N-2 n, _ 2/ 2 / u? 2
P(u<T>).— T %1 ) | Velduy | S V).

Let

u2
e [1+ iy || Vulde
S~ [Vu|?dz ’

Ty, A=

we get P(u(2))=0 and 7,y —1 as y—0T. Clearly, u(%) ep.
Therefore, we have Y

T
SES)
Ty,
2

L N2 [ yu } 2 1 N/ 2 A N/
=_T 14+ ——< | |Vul|"de+ -pur de——r. Pdx,
5T /N 20+ a) |Vu|*dz ghTy | uidr 5 |ulPdx
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which yields

. 1 9 9 A

limsupmy x < = (IVu|* + pu)dz — — |u|Pdx

Y0+ 2 Jrw P Jry

= I)\ (u) =m).
O
LEMMA 4.2.  For any given 7 >0, there exists some positive constant cz  such that
My >c5,5 for all v €(0,7).
Proof. For 4> 0, we define the functional

1 2 K 2 )‘/
- _ = de—2 P
Qr(0) Q/RN 2+5 ]RNU v D ]RN|U| !
and the set

25 ={€€C([0,1], H' (RY)):£(0) =0,€(1) #0,Q5x(v)(£(1)) <0}

By Lemma 2.1-(3), we have

QA (v) < Jya(v)

and thus I'y y C X5 5. So, we obtain

O<cia= inf sup Qsa(E(t)

€€X5.x¢€(0,1)
< inf  sup Q5 (&(t)) < inf  sup Jya(§(E)) =cyx =M 2.
et | Sup @, (@) < et sup (€(t) =cy Y
The proof is finished. ad

LEMMA 4.3.  Assume that uy,x is a solution of (2.]), then there exist L€ NU{0},
{yI}CRN, j=1,2,--- £ and u} € H'(RN)\{0} such that as v — 0%,

(1) I%A(Uw\)—>I>\(U,\)+Z§:1]>\(ui);
¢ ; .
(2) [luyx—ur—3 5wl (-—42)[|—=0;
(3) I\ (w}) =0, [gf| =00, |yt —y3| =0, i#].

Proof.  We follow the arguments developed by Benci and Cerami, see [4]. Let
ul \i=uyx—uy, then v} y =0 in H'(RY) and thus

[T 12 = et A1 = [ 4 0(1), (4.7)

where o(1) =0 as y— 0.
By Brezis-Lieb lemma [31], we get

[l Al1E = fuy al1g = [luallF +0(1), g€ (2,27). (4.8)
Since ||ty \||oo < C and [|u,,x|| < C, by (4.7) and (4.8), we have

My =1y x(Uy,5)

1 YU A
= I 7} 2q / d —7/ rd
Q/RN[ tonr o |IVeaPdet g | o= | apda
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= Ix(uzy 3) + Ia(ux) +o(1) (4.9)
and in a similar way that
0=(I(uy7) )

2
YU A 1 Uy X 1 2
= 1+$}Vu +uy))Vodr — / — —|V(u., y+u dx

/]RN[ 2(1 +U"2y,)\) ( YA )\) ¥ 0 . (1+u’2y)>\)2‘ ( v, )\)| ©

+u/ (ui,)\—l—u,\)(pdx—/ |u#’/\+u/\|1?—2(u#’/\+u,\)gadm
RN RN

=(I\(u} 1)) + (T3 (ur), ) +o(1)
=(I3(u} 2), ) +o(1), Ve H'(RY). (4.10)

Define

0= lim sup/ |u}%>\|2d:v.
Bi(y)

nHOOxGRN

If =0, then using Lions lemma [18], u! y =0 in LP(RY), p€(2,2*). Since by (4.10),
(I5(ul 5),ul ) =0, we have u} , =0 in H'(RY), namely, u, x —uy in H'(RY) and the
proof is complete. If § >0, we may assume that there exists {y#} C RN such that

5
|U1_>\|2d1’ > o)
/131<y1> v 2

5

that is,
1 1y2 g
[uy A (@ +y,)[Fde > 5. (4.11)
B1(0) 2

We may assume that u} (z+y}) —u} in H*(RY). By (4.11), u} #0 and since u} —0 in
H'(RY), we have |y}| —oo. Let u? y =ul y —ul(-—y1), we get

12 = lull® = [[ux]]* +o(1),

13 A% =ty

(|3 A5 =y Al — ual[5 — [[ux ][5 +o(1)
and in a similar way that

Moy x = In(u) + Ia(uy) + 1 (63 5) +o(1),

(I\(u'),) =0
and
(I\(u3 ), ) =0(1), Ve H'(RY).

Iterating the above procedure, since I (u?) >0 for every j, the iteration must terminate
at some finite index, we get the result. ]

We now prove uy 0. In fact, we have the following result:
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LEMMA 4.4.  There exists y, €ERN such that u, x(-—y,) —ur(-)>0 in HY(RY) as
v—0t.

Proof. 1In view of Lemma 4.3, if uy #Z0, we have

14
hm m,y)\—IA U —|—ZI>\ u)\ (€—|—1)
Jj=1

However, by Lemma 4.1, we get limsup,,_,o+m4 x <my. Thus £=0 and the proof is
complete provided y., =0.
If uy=0, then by Lemma 4.3 again, £=1. Thus we have u, x —uy(-—}) in HY(RY)

and I} (ul)=0. Since the ground state of (1.7) is unique up to translation, it follows
that u}(z)= u,\(x—i—gj) for some §€RY, where uy is the ground state of (1.7). So,
u%>\—>u,\(~—y}/+gj) in HY(RV). 0

LEMMA 4.5.  [|Vuqyi|leo <C.

Proof. Recalling that v, ) satisfies

Gl (030) 16 0y )P 2GS (0y0)

—AU%)\:—M —
94(G5 1 (v3,0)) 9+(G7 1 (v3,0))
By Lemma 2.1, we get
|Avy A <C( APTH.
For any ¢ > 2*, we have
[[Avy A g SCHU%AHQ""CHUZW)_lnq
a=2% —1)—2* 2%
SC[oyalloe” Fllvyalloe * | lloyalls*
<C. (4.12)

By Corollary 9.10 in [11], [|D?uqy||q <C||Auy |l for C=C(n,p)>0. Then, by
the interpolation, we have [|vya|lw2.q@v)<C. Since ¢>2*, by Sobolev inequalities
W24(RN) — CLA(RY), we get [|vya||crs@y) < C, where the constant C' depends only
on § and g. The result follows from the fact ||V a|loo <C||Vya||oo- 0

LEMMA 4.6.  u,—uy in H*(RY).

Proof. We claim that there exists C' >0 independent of v € (0,79) such that
At~y |2 <C. Indeed, we observe that
7,

)

2
Y Uy, \
—(1+>Am— B e P IR

Thus, by Lemma 4.5 and (4.1), we have

1/1—|—u2 VT
[ Ay 2|[2 = — {Uy 2+ a L 2) [V, /\| + Alus, /\|p Uy, A
1+u? /\+'qu/\ 2/ U+u

2

(4.13)
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Let L=—A+pul, then L~! is a bounded operator from L?(RY) to H?(RY),

2
_ yuy N Uy, A _
uy =L %AUWJ\*7772|VU%/\|2+)\|“%/\|I) 2uy\
Y, 1—|—u%)\ Y, (1—|—u%>\)3
and
uA:L_l()\|u>\|p_2u,\).
Thus, we get
[Tty 3 = all 2 S C OV Ay a2+ Y g AVt 2] ]2) + Al Tty AP 720 5 = [P~ |2.
(4.14)
By Lemma 4.5 and (4.13), we get
M Awy All2 4y A Vg 5?2 = 0. (4.15)
Since u.,y is radial, by the radial lemma [26], we have
il < Cilluall S s el 21
Uy N ST UM ST x| = 1.
T |z
Thus, for any € >0, there exists R>0 such that
[y AP~ 20y 5 = [ufP ™2l L2 @\ B (o)) <& (4.16)

Since u, y —uy in H(RY), it follows that there exists ¢(z) € L*(Bg(0)) such that
Juy AP < Clél € LY (Br(0)).
Moreover
[ty AP 21y 2\ — [un [P 2uy, ae. in Bg(0).
Thus, by Lebesgue dominated convergence theorem, we have

p—2

|Hu%>\ ’UJ%)\—|u,\|p72uA||L2(BR(O))—>O. (4.17)

Finally, combining (4.14) — (4.17), we obtain

lim ||u~y ) —u =0.
. 0+|| yA — Ul 2
LEMMA 4.7. Uy \ —> UN mn CQ(RN).

Proof.  First, we show that v,y —uy in C*(RY). Since

C C
va,A\émva,AHémv [ >1,

for any ¢>2 and & >0, there exists R >0 independent of v such that

L G oyn) |G oy A )P2G (vy,0)
9+(G5 1 (v4,1)) 9+(G5 (vs,0))

<€
La(RN\Br(0))
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and
-1
||MUA||L4(RN\BR(0))+|||U>\\p ||L<1(RN\BR(0))<€-
On the other hand, since

[y alloo = 1GTH (03,0 llo0 < C,
we have
G;l(v%A)—MM, a.e. in RV,

G7l(v
— 1 () — —puy, a.e. in RY.

1 +G’71(U%>\)2

By Lebesgue dominated convergence theorem, we get
—1
H —u G'y (’li’YJ\)
1+ Gy (v p)?

e T e PN O
L1(BRr(0))

+ pu

L(Br(0))

(4.18)
Thus we have limsup,,_, o+ [[A(vy x —ux)||za <2¢. Since € >0 is arbitrary, we get v,y —
uy in W24(RYN) for any ¢>2 as v—0%. By Sobolev embedding, we have Uy A —> Uy in
C1P(RY). By the bootstrap arguments, we have v, —uy in C?(RY).
Next, we prove v, \ —u, x —0 in C?(RY). Clearly, we have
t?

‘ [ Ht?)l]dt

< iﬁuv. (4.19)

|y, A — Uy, \

Thus, from Proposition 3.1 that
sup |vya(z) —uya(2)] <Cy/y—0.

z€RN

From Lemma 4.5 and Vu, x =g (G5 (v4,1))Voy,a, we get

2
yus Vg x
sup |Vuyx(x) —Vuya(z)|= sup v
2€RV 2€RN \/2+(2+7)U3{\/2(1+U3)+\/2+(2+7)U3J
<Cv—=0.

Similarly, we get

G-l (v G_l v, p_zG_l v
sup |—u ~ S 7,)\) +| ( 'y)\)| . ( %A) +NU7,A—)\\U7,>\\I)_2U%A 0.
zERN 9v(G5 " (v4,2)) gy(G5 7 (v4,0))
From

YUy X

\J1+u2
|Au'Y7)\| = _/J“U’WA + D s
\/ (1+u2)?

\/1+u2 42

<C,

[Vyal? + Aluqy z |p2U%/\]
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we obtain
U~y N 2
Sup |A(vy x =y 2)| Sy sup | === |V 2 [? |+ sup | —==Au,
zERN zeRN | [(1+u2)3 zERN 1/1+u3
G (vy0) |G (0 2)[P2GS H (0y,0)
+ sup |—p — A —
z€RN 9+(G5 " (vy,2)) 9+ (G5 7 (vy,0))
R LGP (T ol T
—0. (4.20)

In a similar way, using (4.20), together with Sobolev interpolation inequality, we
can show

sup | D7 (vyx—uy0)| =0, [ <2,

Tz€RN
and this completes the proof of Lemma 4.7. ]
Proof. (Proof of Theorem 1.2.) Since u,(z)=G;"(vya(x)), G;'(t) is an

odd C*° function and increases in R, v, x(x) is spherically symmetric and monotone
decreasing with respect to r = |z|, we deduce that u. x(x) is also spherically symmetric
and monotone decreasing with respect to r=|z|. Finally, the asymptotic behavior of
U, follows from Lemmas 4.6 and 4.7. 0
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