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GLOBAL STRONG SOLUTIONS TO
THE COMPRESSIBLE NAVIER-STOKES SYSTEM WITH
POTENTIAL TEMPERATURE TRANSPORT*

XIAOPING ZHAI', YONGSHENG LI, AND FUJUN ZHOU$

Abstract. We study the global strong solutions to the compressible Navier-Stokes system with
potential temperature transport in R". Different from the Navier-Stokes-Fourier system, the pressure
being a nonlinear function of the density and the potential temperature, we can not exploit the special
quasi-diagonalization structure of this system to capture any dissipation of the density. Some new ideas
and delicate analysis involving high or low frequency decomposition in the Besov spaces have to be
made to close the energy estimates.
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1. Introduction and the main results
In this paper, we are concerned with the Cauchy problem of the compressible Navier-
Stokes system with potential temperature transport. The system has the following form:

Op+div(pu) =0,

p(Oru+u-Vu) — pAu— (A+p)Vdivu+VP(p,0) =0,
O¢(pf) +div (pfu) =0,

(p,1,0)|t=0=(po,10,0).

(1.1)

Here, = (z1,22, --,x,) ER™ and ¢t >0 are the space and time variables, respectively.
The unknown functions p is the fluid density, u is the velocity field, P is the scalar
pressure, 6 is the fluid potential temperature. The viscosity coefficients p and A are
subject to the standard physical restrictions:

pu>0 and nA+2p>0.
v >1 is the adiabatic index, the pressure state equation reads
P(p,0)=A(pd)", A>0. (1.2)

System (1.1) with (1.2) governs the motion of viscous compressible fluids with po-
tential temperature, where diabatic processes and the influence of molecular transport
on potential temperature are excluded. It’s often used in meteorological applications,
see, e.g., [17,19] and the references therein. Due to the importance of the system, it has
drawn much attention recently. For any ~>3/2,n =3, Michdlek [24] studied the stabil-
ity of weak solutions of (1.1)—(1.2), see also [19, Chapter 5 and Chapter 8], in which
Lions investigated the stability of weak solutions for the compressible Navier-Stokes
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equations with a scalar transport for v>9/5. For any v>9/5,n=3 or 7> 1,n=2, Mal-
tese et al. [22] obtained the existence of global-in-time weak solutions to (1.1)—(1.2)
with 87 =s" (s is the entropy). Feireisl et al. [10] analyzed the singular limit in the low
Mach/Froude number regime of the above Navier-Stokes system with y>3/2. By an-
alyzing the convergence of a suitable numerical scheme, the mixed finite element-finite
volume method, Lukéd¢ové-Medvid’ova and Schémer [20] proved the global-in-time ex-
istence of DMV (dissipative measure-valued) solutions for all adiabatic indices v >1
for n=2,3. Later, they [21] further established a DMV-strong uniqueness result for
(1.1)—(1.2). Moreover they showed that strong solutions are stable in the class of DMV
solutions. However, to the authors’ knowledge, there are few results about the strong
solutions of (1.1) with (1.2).

If the effect of the temperature is neglected and thus the pressure is a function of
p, Eq. (1.1) reduces to the following isentropic compressible Navier-Stokes equations,

Orp+div(pu) =0, L3
p(Oru+u-Vu) — pAu— (A +p)Vdiva+ Vp? =0. (13)
The above system (1.3) has been widely studied (see [2,3,5,7,12,27] and the references
therein). For arbitrary initial data and p=0, the breakthrough was made by Lions [19],
where the author proved the global existence of weak solutions for P = Ap” for v>9/5.
Later, Feireisl et al. [11] extended Lions’ result to the case of v>3/2. Jiang and Zhang
[15,16] improved the global existence of weak solution for any > 1 for the spherically
symmetric or axisymmetric initial data. However, the question of the regularity and
uniqueness of weak solutions is completely open even in the case of two dimensional
space.

Compared to the weak solutions, there are relative fruitful results on the strong
solutions. Nash [25] proved the local existence and uniqueness of smooth solution of the
isentropic compressible Navier-Stokes equations for smooth initial data without vacuum.
The global classical solutions were first obtained by Matsumura and Nishida [23] for
initial data (pg,ug) close to an equilibrium (p,0) in H? x H3*(R3), p>0. This result
was further generalized by Huang et al. [14] with constant state as far field which could
be either vacuum or non-vacuum in R3? with smooth initial data. Moreover, the initial
data are of small total energy but possibly large oscillations, see also Li and Xin [18]
for further developments.

In the framework of critical spaces, a breakthrough was made by Danchin [5] for
the isentropic compressible Navier-Stokes equations, where the author proved the local
wellposedness with large initial data and global solutions with small initial data. This
result was further extended by Charve and Danchin [2], Chen et al. [3], and Haspot
[12]. Recently, more and more researchers are devoted to the global solutions of the
compressible Navier-Stokes equations with different class of large initial data in the
critical spaces. Based on the spectral analysis for the linearized system and Hoff’s
energy method, Wang et al. [26] proved a global existence result of three dimensional
compressible Navier—Stokes equations for a class of initial data, which may have large
oscillation for the density and large energy for the velocity. Making use of the dispersive
estimates for the system of acoustics, Fang et al. [9] constructed the global strong
solutions to (1.3) in R™ which allows the low frequency part of the initial velocity field
to be large. He et al. [13] studied the global-in-time stability of (1.3) and proved that
any perturbed solution remains close to the reference solution if they are initially close
to each other. As a byproduct, they constructed also the global large solutions to (1.3)
which allow the vertical component of the initial velocity to be arbitrarily large. Zhai
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et al. [27] also constructed global solutions in R? with another class of large initial data

satisfying nonlinear smallness which allows each component of the incompressible part

of initial velocity to be arbitrarily large. Let pliz_ Q=T —-VA~!div be the Stokes

projection operator. Recently, Danchin and Mucha [8] obtained the global existence of
regular solutions to (1.3) with arbitrary large initial incompressible velocity Puy, almost
constant density pg, and large viscosity A. This result was further extended by Chen
and Zhai [4] in a critical LP framework, which implies that the highly oscillating initial
data are allowed.

Our main goal is to solve the Cauchy problem of the compressible Navier-Stokes
system with potential temperature transport. We will concentrate on the local well-
posedness issue for large data with no vacuum, on the global well-posedness issue for
small perturbations of a constant steady equilibrium, in the critical regularity frame-
work. By criticality, we mean that the scaling transformation which keeps the norms of
the function space of the solution also leaves (1.1) invariant. In the case of compressible
fluids, it is easy to see that the transformation

(p(t,z),u(t,x),0(t,x))— (p(£3t,lx), fu (>t 0x),0(0%t Lx)), £>0,

possesses such property provided the pressure tegn has been Shanged accordingly. One
can check that the product space B;l(R”) X BE;I(R”) X Bfl (R™) is a critical space
for the system (1.1).

To overcome the difficulties arising from the strong nonlinearity of the pressure,
combining with the renormalized equations of p and 6, we will transform (1.1) into
another form in terms of variables p,u, P,

Op~+div(pu) =0,
p(Opu+u-Vu) — pAu— (A+p)Vdivu+ VP =0, (1.4)
0:P+u-VP+~vyPdivu=0.

Moreover, to deal with the lack of dissipation on p and 6, we shall restrict the initial
data of (1.4) to satisfy

(p,u,P)(O,x):(po,uo,Po)(x)—>(ﬁ,O,P) as ‘.’E|%OO,
where p and P are two positive constants. For convenience, denote p=1,A=0, p=P=1

and define

.Aud;fAquVdivu, pdg1+a, Pd§f1+b, and I(a)dﬁfli7
a

we can rewrite (1.4) into the following new form

dia+diva+u-Va+adivua=0,
dpu+u-Vu—Au+Vb=1(a)Vb—I(a)Au,
Otb+~ydivu+u-Vb+~bdivu=0,

(a,u,b)|t:0 = (ao,uO,bo).

(1.5)

The above system (1.5) has a similar structure to the isentropic compressible Navier-
Stokes equations if we regard a and b as a whole, hence, we can follow the method used
in [3,5] and [6] to prove the local wellposedness. For readers’ convenience, we only state
the theorem as follows without detailed proof.
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.n_q
THEOREM 1.1 (Local wellposedness). Let n>2. Then for any uo€ By, (R"),

(ag,bo) EBQ%(]R") with 14+ag bounded away from zero, there exists a positive time T
such that the system (1.5) has a unique solution with

. n . n_q . nq
(a,b)€C([0,T];By,), ueC(0,T);B7, )NLY([0.T]:B5, ).

REMARK 1.1. We can generalize the above theorem to an LP-critical framework as [3]
and [6].

Before stating the second theorem, we introduce some notations. Let S(R™) be the
space of rapidly decreasing functions over R” and &’(R™) be its dual space. For any
z€S8'(R™), the lower and higher frequency parts are expressed as

def A def ;
P E Ajz and M= g Ajz

J<Jjo J>Jjo

for some fixed integer jo>1 (the value of jo is dependent in the proof of the main
theorems). The corresponding truncated semi-norms are defined as follows:

def

def
1 R EL e

1217

¢
Bj, Bs, and | z|

The second main result of the paper is stated as follows.

THEOREM 1.2 (Global well-posedness). Let n>2. Then for any (af,ug,bf) €
B;fl(R"), and (ak,bh) EBgl(R”), there exists a positive constant co such that if,

S SCO, (16)

L 14 h 1h
I v0.56)1 552+ 1 (a5

the system (1.5) has a unique global solution (a,u,b) so that
a' €Cy(RT;BE ), " eCy(RY;BS)),
b e Cy(RT; B )NLY(RT; BS)),
(') € Cy(RY; BE T ) NLYRY; BE).
Moreover, there exists some constant C' such that

||<a’£ab€7u) <CCO.

h 1h ¢
e [CRDI] +[1(0%,0)|| LiBE) =

. . n o 4"
”L;’ow; Ly (B2)) B2 1671

Li(
REMARK 1.2. Due to lack of dissipation of the density, it may be a challenge to
generalize the above theorem to more general Besov spaces related to the LP with

pF#2.

Strategy of the proof of Theorem 1.2. Now let us outline the main points of
the study and explain some of the major difficulties and techniques presented in this
article. By the continuity argument, the existence of the global solutions can be proven
by combining the local existence and the a priori estimates. The local well-posedness
can be proven by the standard compact argument as [5]. The key point is to obtain the a
priori estimates of the strong solutions. More specifically, since the dissipative variables
b and u satisfy (1.5)5 and (1.5), whose linear parts possess the same structure as that
of the compressible isentropic Navier-Stokes Equations (1.3). By spectral analysis just
like [3,4,7], the variable b has smoothing effect in the low frequency and damping effect
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in the high frequency. Moreover, the uniform bound of b,u can be established by a direct
energy method as in [3]-[5]. Due to the appearance of the non-dissipative variable a, the
main difficulty lies in how to enclose the energy estimates of the variable a. Different
from the isentropic compressible Navier-Stokes Equations (1.3), there is a missing term
Va in the momentum equation, so, the density function a possesses neither smoothing
effect in the low frequency nor damping effect in the high frequency Moreover we even
cannot directly control the low frequency part of a in the spaces 32 1 (R") as the linear
term divu appears in the first equatlon of (1.5). Indeed, for the first equation of (1.5),
if we make the energy estimate for a’ in the space L"O(B2 1 1) we have to control the
linear term ||u’|| €||

» . However, we can only obtain ||u from the previous

LY(B2Z,) Li(B2M
energy argument of (bé, u’). This leads to the loss of control for the nonlinear terms
I(a)Vb and I(a)Au. To overcome this difficulty, we need to introduce a combination

function cbdef ~va —b to annihilate the linear term divu. Exploiting some delicate energy

estimates, we can first get the bound of ||(;Se||E (.371) and then obtain the control

of ||b°||-_ . =_., which further implies the bound of ||az||~ _1.. This enables us
Lee(B2, 'Y BET

to obtain the energy estimates of the non-dissipative Varlable a and thus to prove the
global wellposedness.

The rest of this paper is arranged as follows. In the second section, we recall some
basic facts about Littlewood-Paley theory. In the third section, we use four subsections
to prove Theorem 1.2. In the first subsection, we obtain the estimates of Pu. In the
second and third subsections, we obtain the estimates of compressible part of (a,b, Qu)
in the low frequency and high frequency, respectively. In the last subsection, we use
the continuity argument to close the energy estimates and thus complete the proof of
Theorem 1.2.

Let us introduce some notations. For two operators A and B, we denote [A,B]=
AB — BA, the commutator between A and B. The letter C stands for a generic constant
whose meaning is clear from the context. We denote (a,b) the L?(R") inner product of
a and b and write a <b instead of a <Cb. Given a Banach space X, we shall denote
[1(a,0)[|x = llallx + 6] x-

2. Preliminaries

For readers’ convenience, in this section, we list some basic knowledge on
Littlewood-Paley theory. The Littlewood-Paley decomposition plays a central role in
our analysis. To define it, fix some smooth radial nonincreasing function y supported
in the ball B(0,3) of R", and with value 1 on, say, B(0,2), then set (&) zx(g) —x(8).
We have

Zw2 J)=1 in R™\{0} and Suppsz{fER" Z |§|§§}

JEZL

The homogeneous dyadic blocks Aj are defined on tempered distributions by

def def

uw= P27 D)u=FH(Y(277 ) Fu).

Let us remark that, for any homogeneous function A of order 0 smooth outside 0, we
have

vpelloo], A (AD)u)l|Le <CA;ullLe.
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DEFINITION 2.1. Let p,r be in [1,+00] and s in R, ueS'(R™). We define the Besov
norm by

def isn A
lull gy = 1@ 1A ullze)jller ).

We then define the spaces B;’T e {u €Sy (R™),

that u€ S'(R™) and lim;j_, o, ||Sjul| L=~ =0 (see Definition 1.26 of [1]).

HU”B;T <00}, where u € S}, (R™) means

When employing parabolic estimates in Besov spaces, it is somehow natural to take
the time-Lebesgue norm before performing the summation for computing the Besov
norm. So we next introduce the following Besov-Chemin-Lerner space Li.(B; ) (see [1]):

Lo(Bs,) = {ue (0,+00) x SHR™): ulzg (5, ) < +oo},

where

def

||“||ZQT(B;1T) = HQkS”Aku(t)HL‘I(O,T;LP)||gr-

The index T will be omitted if T'= 400 and we shall denote by 5;,([0,T];B;7T) the subset

of functions of Z%" (B;T) which are also continuous from [0,77] to B;,T.
The following Bernstein’s lemma will be repeatedly used throughout this paper.

LEMMA 2.1.  Let B be a ball and C a ring of R™. A constant C exists so that for any
positive real number X, any non-negative integer k, any smooth homogeneous function
o of degree m, and any couple of real numbers (p,q) with 1 <p<g<oo, there hold

Supp@ C AB= sup ||0%u/| L §C’k+1)\k+"(%7%)Hu||Lp,
|a|=k

Suppt C AC= C* I\ ||u|| 1o < sup [|0%ul|Lr < CEFFINF||u| 1o,
|a|=k
1

Supp@ C AC = |lo(D)ul| s < Cg,m)\m“l(E*%) llwl| e
Next, we give some important inequalities on Besov spaces.

LEMMA 2.2 ([5]). Let s1< 2%

5, 5255 and s1+s2>0. For any ueBS}l(R”), ve
B;Z1 (R™), we have

[[uv] B8 S llull gz [1oll 552, -
LeEMMA 2.3 (Lemma 2.100 in [1]).  Let —1-2<s<1+2, veBs;(R") and ue
Bz%;rl(R") with divu=0. Then there holds

1A u- Vvl Sd;279* |Vl 5 o]z -
; ,

,1

LEMMA 2.4 ([1]).  Let G with G(0)=0 be a smooth function defined on an open
interval I of R containing 0. Then the following estimates

IG5, I/

hold true for s>0, 1<qg<oo and f valued in a bounded interval J C I.

Bj, and ||G(f)HZ‘1T(B;J) S ||f||ZqT(B;71)
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LEMMA 2.5 ([1]). Letc €R, T>0, and 1 <qgs <qy <0o. Let u satisfy the heat equation
Oru—Au=f, up—o=1uo.
Then there holds the following a priori estimate

[l o+l)<HuOHBn A, -2z

q
1( 2,1 T 2,1

3. Proof of Theorem 1.2
In this section, we complete the proof of Theorem 1.2 by the following four subsec-
tions.

3.1. Estimates for incompressible part of the velocity Pu. First, we
apply the operator P to the second equation of (1.5) to get

dPu—APu=—P(u-Vu)+P((a)Vb—I(a)Au).
By Lemma 2.5, there holds

1Pullz s3-1,+Pull

LiBE
-1+ L(a)Vb]

L°°(132
A<J||7>uo||3gfl+||u-Vu|| @A
2,1

LiBE, 21) 3.1)

LI(B7, z
3.2. Estimates for the low frequency part of (a,b,Qu). We cannot use di-

rectly the equation of a to obtain ||a|| - _1_ as there is no control ||divu’|| n_y

LeB2, LB, )
Here, we introduce an unknown good function
¢ def ya— b
to overcome the difficulty.
It’s straightforward to deduce from (1.5) that ¢ satisfies
op+u-Vo+v(a—>b)divu=0. (3.2)

Applying Aj to both sides of (3.2) and using a commutator’s argument give rise to
A ;op+u-VA;o+[Aju-V]p+~A;((a—b)divua) =0.

Taking the L? inner product with AJ¢) and multiplying by 1/||Aj¢)HL2 27(3=1) formally
on both sides, then integrating the resultant inequality from 0 to ¢, we can get by
summing up about j < jo that

t
1607 1) S50 30+ / Jdivul o 6], 5 - ds

L‘X’(Bz

/ ZQ 1)J|| [Aj,u- V‘ZSHdeS*'V/ [((a—b)divu)|| .%qu.
0 B

3<Jjo

(3.3)
Thanks to Lemmas 2.2, 2.3 and the embedding relation Bfl (R™) < L*°(R™), there holds

Idivallzoe 160 g -2+ 57 27074y, 0 V16 2+l (@ = D)diva) ] -
Ji<jo '
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Sz - +vlla=bll g5 -2) [Vl (3.4)

B2’

from which we can get

6“1l - -1 Sleoll ﬂ—ﬁ/(ll(a DO, 7—1+||(a ol p3)ullggds. (3.5)

Ly (B2, ] By

For studying the coupling between b and Qu, it is convenient to set p=A"tdivu

(with A%z ef F~L(|€|*F2)(s €R)), keeping in mind that, bounding ¢ or Qu is equivalent,
as one can go from ¢ to Qu or from Qu to ¢ by means of a 0 order homogeneous Fourier
multiplier. Now, one can infer from (1.5) that

Ogb+ydiva+u-Vb+~bdivu =0,
{t v v (3.6)

Oyp+A"tdiv(u-Vu) —2A0 — Ab=A"'divF(a,u,b),

with F(a,u,b) % I(a)Vb—I(a)Au.
The estimates on the dissipation of b, Qu in the low frequency part are presented
in the following lemma.

LEMMA 3.1.  Under the assumption of Theorem 1.2, we have

(4 J4 4
I8 Qul o) H B QU s
S0 5) g+ -9l
vl s eVl g IF@B, e )

Proof. The linear equation of b, in (3.6) coincides with the compressible Navier-
Stokes equations, hence, we can follow the method used in [5] to get the desired esti-
mates. Here, we sketch its proof for readers’ convenience. We first rewrite (3.6) into

Ob+yAp=f1,
ib+yAp=fi (3.8)
81590_2A$0_Ab:f2a
with
fldef—u-Vb—q/bdivu7 fgdéfA_ldiv(—u-Vu—I—F(a,u,b)). (3.9)

~ Let ko be some integer, and e Skoz. Denote fr=Ayf, applying the operator
ASk, to the equations in (3.8), then multiplying (3.8); by b%, (3.8)2 by y¢%, respec-
tively, we can get

1d
5 i (PRI +710k122) + 20 AGKIE: = (PR +(()hreh). (310)

To capture the dissipation of b, we have to consider the time derivative of the mixed
terms involved in <@£,Ab£>:

<wk,Ab“>+ L b2, - 7||Asak||Lz —(Agi, Abg) — (Af1 Ty k) — <f2k,Abf;>
(3.11)

Zdt
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To eliminate the highest order term appearing on the right-hand side of (3.11), we next
want an estimate for |[Ab||2.. From (3.8), we have

b+ A%k = A(f1)}.
Testing that equation by Abi yields

1
IIAb 172 = (Aph, AbL) + = < F)ie A0 (3.12)

Denote

def
2 ”b[”LQ +7||90k”L2+*HAb£||L2 <<kaAbé>

Summing up (3.10), (3.11), and (3.12), we obtain

d
§@g+—m%hﬁ|www<umww%hmwm
1
_ §<(Af1)i,<pi>— §<(f2)£,Abf;>+;<(fl)£’Azbi>'

It’s straightforward to deduce from the low-frequency cut-off and Young inequality that

ci~||okaet. AW L = 106

which leads to

iﬁﬁ +22LE SNk ()l 22 L (3.13)

Multiplying the above inequality by 2( =17 /L, formally on both sides, and then inte-
grating from 0 to ¢, summing up about j <jo, we finally get that

0t ¢
157 e 531 Iy Wiy sz
SRRy B [(FAIAD] Joe (3.14)
The combination of (3.14) and (3.9) implies (3.7). This proves the lemma. O

3.3. Estimates for the high frequency part of (a,b,Qu).  We first present
the estimate of the high frequency part of a. Taking similar processes as the derivation
of (3.5), one can infer from the first equation of (1.5) that

uhhwﬂ)ﬂﬁnn+/wwnﬂw+/(ww ol )l 5.
(3.15)

We next deal with the high frequency estimates of b, Qu. By using the operator Q,
we infer from (1.5) that

(3.16)

Oib+ydiva=—u-Vb—~bdivu,
9 Qu—2AQu+Vb=—-Q(u-Vu)+ QF(a,u,b).
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Subsequently, we perform the energy argument in terms of the effective velocity by
following the approach used in [4,7], and [12] that

e 1,
G Qu- ;A Vb, (3.17)

then G satisfies
7 Y A1 1 Y—1. 1 .
8tG—2AG—§G+ZA Vb+§Q(bu)+TA V(bdivu) — Q(u-Vu) + QF (a,u,b).

By taking =73 —1, g1 =00,0r g1 =1, and g2 =1 in Lemma 2.5 respectively, we can get
the estimate of G in the high frequencies as follows

1G" 7. 51, +2G"

. .
Ly (322,1 L%(B22,1 )

t t t
< h n h n —1 h n h n
SIGH -+ [ 168 g vdst [ IATVH st [ Q@] s

t t t
+/ (A1 (bdivu))"| .%_lds+/ - V| .%_1ds+/ IF(a,w,b)] .5 ds.
0 By 0 By 0 B3y
(3.18)

The important point is that, owing to the high frequency cut-off at |£] ~ 27,

h
||G ”L%(Bfil

2 S22
)

<9~ 2o |G n n
N2 ||G ”L%(BE’JA 25’1* )

h
oy and B,

LE(BA)

Hence, if jg is large enough then the term ||G"|| n_;_may be absorbed in the right-

L{(Byy )
hand side.
In view of (3.17), one can get the equation of b

8tb+%b—f—wa:—'ydivG—’ybdivu. (3.19)
Applying A; to both sides of (3.19) and using a commutator’s argument give rise to
B A b+ gAjb+u-vAjb: —yA;divG —[A;,u-V]b— A, (ybdivu).
A standard energy argument leads to
. ’y t .
18,002+ [ 14,bl12s
t
§|\Ajb0\|L2+/ 1A, divG| = ds
0
t . t t
+/ ||divu||Loo||Ajb||des+/ ||[Aj,u~V]b||L2ds+/ |A;(bdivu)|| L2 ds
0 0 0
from which and Lemma 2.3 we can further get

161

t t
Yk h h
o +—=|b . n Sb n—|—/G . n ds+/ ull .o ||b|| .2 ds.
prcity 3Py n I8l + [ 16 e+ 19l 1010

(3.20)
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Multiplying by a suitable large constant on both sides of (3.18) and then summing up

the resultant and (3.20), we can infer that
1)+ 0"

n
2

h h h
16" )+ 18 ) IG5 Lk

B
S e / IVl bl dst / [(bivia)" 5 2
t t
/ (-l o4 0" 5 ) dst | B (@) 5 2ds.
2,1 0 2,1

A*1Vb and the embedding relation in the high frequency, there

(3.21)

In view odeefQ
hold

h <lgh ph

100 0, SUG o+

h h ph

100, 0, SIGH Ly g +I0 N,

As a result, we can rewrite (3.21) into

h h h h
I e ) TN N g 3 ) IOy 3 FIIQu HL1(32+1)
Sl +19081 5+ [ 19l ol o [ Wi
¢
+/ (-l g+ 005+ [ 0)] 3. (3.22)
0 2,1 2,1
Combining (3.5), (3.7), (3.15), with (3.22) gives
650 o IO HIOC, o + 10

2NN
§||(ao7bo,uo)|\32%171 + ||(a0,b0)||3§1

t t t
[ IVl bl g ds [ odiva)" ) st [ Sl s
0 B3, B3y 0
t
[+ @8 il de/ 10"+
0 2,1
t
+/ (lu-Vb|| .21 +|bdivul| .2 1 +|[F(a,u,b)| .2 1)ds. (3.23)
0 B2,1 32,1 BQl

We now bound each term on the right-hand side of (3.23). First, according to

product law in Lemma 2.2, we have
||b|| Hlibdivul 5

[Vl 5 8] 55+ (v s o <[Vl g
S +||bh||351>||u||351+1,
-l Sl o (321

By Lemma 2.2, the embedding relation in high frequency, the Young inequality, and the

interpolation inequality, there holds

n_q

. F
o Vbl s v o ()
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Slull s 1900550 +2100 55 v 52+ ]
gubu%% +|\u||2.g
S n+1+ubhu2 ]l (3.25)

At last, we deal with each term in F(a,u,b). We first use the fact that I(a)=a—al(a)
and Lemmas 2.2, 2.4 to get

H(a)ll 5 -+ Sllall, f—lHlall OIS S
N(||aéll~%—1+||ah||~%) (HaL]H 1+||ah|| )||a||B%
2.1
S(llaell 1+||ah|| 2 +1)(||a£|| 1+Hah|| )
Hence, in view of I(a)Vb:I(a)Vbe—i—I(a)Vbh, we further obtain
@bl g5 1 ST 5 1961 3 + 1) 5 1955
SIH (@)l ,,IHWH +||a\| ||Vbh||-%—1
By
<(lat) .g71+||ahu >|\bhu

+(lla’] ——1+||ah|| +1)(||a‘|| ——1+||ah|| )IIbEHB;jL (3.26)

Similarly,
1 h n < Z n h n n
(@) A+ Fediva)) 5 <ol g+ Dl oo (320)
From the definition of ¢, we have
IIC/II 2 1<||¢EH 1+||bZ||
Hence, collecting the above estimates (3.24)7(3.27), we can finally get from (3.23)
that
Y h ¢ N h
L A (RN I eI L e
I
s||<ao,b0,uo>||32;;1+||<ao,bo>||B§1
t
+ [ (@), f—1+||ah|| )(||bh|| .3 Hlull yz41)ds
0 By By,
+/O (1"l ,,1+\|bh\| 53, (16wl -"+1+th|| 53, )ds
¢
+/O (II(a*,091, f—1+|lah|| +1)(II(a", 091, f—1+||ah|| )||b€\|3§1+1d8- (3.28)
3.4. Continuity argument.
Proof.

(Proof of Theorem 1.2.) In this subsection, we complete the proof of
Theorem 1.2 by the continuity arguments. Denote

def
O [ 1 TP R (AN M L HO
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def

&0'= [[(ag,bh, o) 3+ + 11 (ag, b6l 3 -

2%1 B22,1
Subsequently, we deduce from (3.28) that
E(t)<E+C(EM)2(1+CE(t)). (3.29)

Under the setting of initial data in Theorem 1.2, there exists a positive constant
Cy such that & < Cpe. Due to the local existence result which has been achieved by
Theorem 1.1, there exists a positive time T such that

E(t)<2Cy e, Vte[0,T). (3.30)

Let T* be the largest possible time of T for which (3.30) holds. Now, we only need
to show T* =o0. By (3.29), we can use a standard continuation argument to prove that
T* = oo provided that € is small enough. We omit the details here. Hence, we finish the
proof of Theorem 1.2. 0
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