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GLOBAL MILD SOLUTIONS OF THE NON-CUTOFF
VLASOV-POISSON-BOLTZMANN SYSTEM*

HAO WANG' AND GUANGQING WANGH

Abstract. This paper is concerned with the Cauchy problem on the Vlasov-Poisson-Boltzmann
system in the torus domain. The Boltzmann collision kernel is assumed to be angular non-cutoff with
0<~v<1and1/2<s<1, where v,s are two parameters describing the kinetic and angular singularities,
respectively. We obtain the global-in-time unique mild solutions, and prove that the solutions converge
to the global Maxwellian with the large-time decay rate of O(e~**) in the L} L2-norm for some A> 0.
Furthermore, we justify the property of propagation of regularity of solutions in the spatial variable.
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1. Introduction

The Vlasov-Poisson-Boltzmann system is a physical model describing the time evo-
lution of dilute charged particles (e.g. electrons) in the absence of an external magnetic
field [6]. When the constant background charge density is normalized to be unity, the
Vlasov-Poisson-Boltzmann system reads

O F +0-VoF + Va6V, F=Q(F,F), (1.1)
Ayp= | Fdv—1 (1.2)
RS

with prescribed initial data
F(0,z,v)=Fy(z,v). (1.3)

Here, F'(t,x,v) >0 represents the density function at time ¢ >0, with spatial coordinate
r=(x1,72,23) €T? and velocity v= (vy,v2,v3) ER3. The electric potential ¢ =¢(t,x)
generating the self-consistent electric field V¢ in (1.1) is coupled with F'(¢,z,v) through
the Poisson Equation (1.2). The bilinear collision operator Q(F,G) on the right-hand
side of (1.1) is defined by

Q(F,G)(v) :/RS /SQB(vfu,J)[F(u’)G’(v’) — F(u)G(v)]dodu,

where (v,u) and (v',u’), denoting velocities of two particles before and after their coll-
sions respectively, satisfy

, vtu  |v—ul , vtu  |v—ul
V' = o, W=———
2 2 ’ 2 2
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114 THE VLASOV-POISSON-BOLTZMANN SYSTEM

The non-negative Boltzmann collision kernel B(v—wu,0) depends only on the ralative
velocity |v—wu| and on the deviation angle 6 given by cosf = (o, (v—u)/|v—ul|), where
(-,-) is the usual dot product in R®. Without loss of generality, we suppose that B(v —
u,0) is supported on cosf >0, c.f. [22]. Throughout the paper we further assume that
the collision kernel B(v—wu,0) takes the product form as follows:

B(v—u,0)=Cpglv—u|"b(cosb),

for a constant C'g >0, where |v —ul” is called the kinetic factor with v > —3, and b(cos6)
is called the angular part satisfying that there are C, >0, 0 <s <1 such that

. Cy ™
WSSIHQ[)(COSG)S@, N 96(0,5]

Recall y=0 is the Maxwellian molecules case and meanwhile the case of —3 <y <0 and
0<~vy<1 are called, respectively, soft potential and hard potential. In the rest of this
paper we are concerned about the case of Maxwellian molecules and hard potential, i.e.,
0<y<1.

We will consider the Cauchy problem (1.1)—(1.3) around a normalized global
Maxwellian

p(v) = (2m) =3/ 2eI0/2,
Set the perturbation f= f(t,z,v) by
F=p+./nf.
Then f and ¢ satisfy the perturbed system:

atf"'v'v:cf"'vxd)'vvf_%'U'Vx(bf_vxﬁﬁ'v\/ﬁ‘FLf:F(faf)a (1'4)

Ao [ Vitdo, (15)
f(0,z,v) = fo(z,v). (1.6)

Here, the linearized collision operator L and the nonlinear collision operator I' are
respectively given by

Lf == 2Q(u,/inf) — 1 P Q1 ),
L(f,9)=n"2Q(Vif,\/ig).

Recalling (1.5), we can rewrite ¢(t,x) in terms of f(¢,z,v) as

1
— /
P(t,x)= ] x/mul 2 fdv, (1.7)

where *, denotes the convolution with respect to the x variable.
Now we start to state the main results of this paper. As in [14], we introduce the
function space X7 with 0<T <oo. Define

Xp:=L} Ly L?
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with corresponding norm
I£0er = [ sup |7tk ]a2dS() < oc.
73 0<t<T

Here, the Fourier transform of f(t,z,v) with respect to x € T? is defined by

3
f(t,k,v):,?a:f(t,k‘,v):/ e "k f(t,x,0)d, x-k:ijk:j,
’]I‘S

Jj=1

for k€73, where i=+/—1€C. For any given t >0, we define the following norms in x
and v:

1 Ollz2 = [ |F D]z (o),
and
V2000l = [ |9t

For any integer m >0, the corresponding high-order norms are defined by
£l 2= [ 071Dz (b,

and
V2000, = [ (0" TR ()

As in [2], we define

1= [ [ [ Bo-uomise) - 1) T 70D
+[ [ [Bo-wore T (Vi - v (1.8)

where the integration is over R¥ xRR3 xSZ. Here, we use f to denote the standard
complex conjugate of f. We can also refer to the work of Gressman-Strain [22] for
another equivalent definition of this norm.

For given function f(¢,z,v) with corresponding ¢(¢,x) in (1.7), we define the energy
functional and energy dissipation rate functional respectively as

Er(f) =z psorz +IVadl L1 nee

- / sup |F(t,k,) 12 dS (k) + / sup [Vod(th)ldS(k)  (L9)
VA VA

30<t<T 30<t<T

and

T 1/2
2r(f)=1flepsge, = [ ( | 1o dt) o) (1.10)
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THEOREM 1.1. Let 0<vy<1, 1/2<s<1. Assume that Fo(x,v)=p+p'/?fo(x,v) >0.
If

co=|foll 2 + | Vadoll L,
is sufficiently small, by the Poisson Equation (1.5),
Vato() = Vad(0,2) = Vo AT (Vi )12,

then there exists a unique global mild solution f(t,x,v) to the Cauchy problem (1.4)-
(1.6) of the Vlasov-Poisson-Boltzmann system such that F(t,z,v)= p+/nf(t,z,v)>0
and

1F Oz +Ved@) Lz SeMeo, (1.11)

k™~ v
for some A>0, and any t>0.

THEOREM 1.2. Under the assumptions of Theorem 1.1, for any integer m >0, if

€0=||f0||L1

k,m

2 +1Vadollry

is sufficiently small, then the solution f(t,x,v) to the Cauchy problem (1.4)—(1.6) estab-
lished in Theorem 1.1 satisfies

[om s (faBlzasm+ [ 0 s (Foomlase)
Z3 73

0<t<T 0<t<T
T 1/2
[ [1FeRi at) a0 S ol o+ IVatuliy 0 (112

for any T > 0.

First of all, we recall some known results on the Boltzmann equations. For global
solutions to the renormalized equation with large initial data, we mention the classical
works by Diperna and Lions [8], Lions [32], Desvillettes-Villani [13], Alexandre-Villani
[1]. When considering the Boltzmann equation with cutoff either in the whole space or
a torus domain, we mention Guo [24,25], Liu-Yang-Yu [30,31]. For the non-cutoff cases,
the global-in-time existence theory in the perturbation framework for the Boltzmann
equation has been well established in smooth Sobolev space. Gressman-Strain [22]
first constructed the global small-amplitude classical solution in a periodic box for hard
potential case v+ 2s >0 and for the general soft potential case v+ 2s <0, then Strain [35]
extended these results to the whole space. Similar results were also independently
obtained by AMUXY in their series of works [2-5] in the whole space. A key point
in those well-known works is to characterize the dissipation property in the L? norm
in v for the linearized Boltzmann collision operator and further carry out the energy
estimates by controlling the trilinear term in an appropriate way. Recently, Duan-Liu-
Sakamoto-Strain [14] proved the existence of small-amplitude global-in-time unique mild
solutions to both the Landau equation and the Boltzmann equation without angular
cutoff, they created a new function space with low regularity in the spatial variable to
treat the problem for the case when the spatial domain is either a torus, or a finite
channel with boundary, and they also obtained the large-time behavior of solutions for
both hard and soft potentials. When considering the Cauchy problem for the non-
cutoff Boltzmann equation on the torus, Duan-Li-Liu [15] established the global-in-
time Gevrey smoothness in velocity and space variables for a class of low-regularity
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mild solutions near Maxwellians with the Gevrey index depending only on the angular
singularity. Readers are referred to [7,9-11,28,29, 34] for more information.

Back to the Vlasov-Poisson-Boltzmann system, there have been some investigations
about the dynamical problems. Global-in-time renormalized solutions with large initial
data to the Vlasov-Poisson-Boltzmann system were constructed by Lions [32] and this
result was later extended to the case with boundary in [33]. On the other hand, the
global classical solutions to the Vlasov-Poisson-Boltzmann system near Maxwellian was
firstly established in [26] in periodic box. Since then, there have been extensive works
on the global solutions to this system in the whole space R3. For the hard-sphere
model, the global existence of solutions to the Vlasov-Poisson-Boltzmann system was
proved in [38] and [17] in different function spaces, and the corresponding large-time
behavior of solutions was obtained in [39] and [16], respectively. For the case of hard
potentials and soft pontentials, the authors obtained the global classical solutions and
the optimal time rate in [18] and [21]. These works listed above are all under Grad’s
angular cut-off assumption, we can refer to [12,19,23,27] for more information. For
the Vlasov-Poisson-Boltzmann systen with non-cutoff case, when initial data is near
Maxwellians, Duan-Liu [20] established the global existence and convergence rates of
classical solutions to the Cauchy problem without angular cutoff for soft potentials
—3 << —2s with strong angular singularity 1/2<s<1. And Xiao-Xiong-Zhao [37]
obtained the globally smooth solutions near a given global Maxwellian to the Cauchy
problem for hard potentials v+ 2s>0 with weak angular singularity 0<s<1/2.

Finally we sketch the main ideas used in deducing our results. Our main ideas
are inspired by the work by Duan-Liu-Sakamoto-Strain [14], they use the L. norm
to replace the L2 norm when studying the non-cutoff Boltzmann equation, since L},
norm has the Banach algebra property. In our paper, we consider the Cauchy problem
of the Vlasov-Poisson-Boltzmann system for hard potentials v >0 with strong angular
singularity 1/2<s<1 because of the existence of the nonlinear terms Vﬁvf, V-
V/EE’ in (2.5). In fact, when making estimates for the nonlinear terms above, due to
the Fourier transform in z, the following L? inner product

(Vod Vol f)r2 (1.13)

does not disappear. We can regard the first-order velocity differentiation as V,=
(V)Y%(V,)'/? in a rough way, so that (1.13) can be bounded by

/Z3 Vo (k—=0)] [(0)72(1=A0)*2 (D) 2] (0) /2 (1= Au)*/2 f () | 2.d5(D),
where s>1/2 and >0 are used. Notice that
D20 D)+ ST
Thus (1.13) can be bounded by the dissipation norm

[ I¥ebtk =01 @Il (0] pd=)

A

For the term (v-V.¢f,f)r2, we use the following inequality, for 2s+~v>1,

o] < (0)* 772 (v) 4772
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to make an estimate for it. For more specific details, one can refer to Lemmas 2.5 and
2.6 in the next section. When making macroscopic estimates, we construct a time-
frequency interactive functional to deduce the desired estimates, which is different from
Duan-Liu-Sakamoto-Strain [14], by using dual argument. And finally we point out that,
throughout the paper we do not need the conservation laws:

/ Vif(tx,v)dvdr =0,

T3 JR3

//vi\/ﬁf(t,x,v)dvdmzo, 1=1,2,3,
T3 JR3

// (Jo]*Vaf (t,z,0)+|V40|?)dvdz =0.
T3 JRR3

The rest of the paper will be arranged as follows. In Section 2, we list basic lemmas
concerning the properties of L and I'; and give the estimates on all the nonlinear terms
in Section 3. Section 4 is concerned with the estimates on the macroscopic dissipation.
In Section 5, we complete the proof of Theorems 1.1 and 1.2.

Notations. In this paper, we let C' stand for some positive (generally large) inessential
constant and A denote some positive (generally small) inessential constant, where both
C and A may change values from line to line. Furthermore A < B means A<CB, and
AZ B means B<S A. In addition, A~ B means A< B and B < A.

2. Preliminaries

In this section, we need to make some preparations for the rest of this paper. Firstly,
we introduce the following macro-micro decomposition. As we know, the null space of
the operator L is given by

N = KerL=span{\/li,v1/}1, v2 /1, vs/1 [0]* 1}

We further define P the orthogonal projection from L?(R3) to N, then for any given
function f, one can write

Pf={a(t,z)+b(t,)-v+c(t,z)(Jv]* = 3)}u' /2,
—_ 1/2 d
a /RBM fdv,

2.1
b= v,ul/2fdv, @1)
R?)
1
c=7/ (\0\2—3)/,L1/2fdv.
6 s

Thus, we have the macro-micro decomposition introduced in [25],

ft,z,0)=Pf(t,z,0)+{I-P}f(t,x,v),

where Pf and {I—P}f are called the macroscopic component and the microscopic
component of f(t,x,v), respectively.

On the other hand, we are concerned about the estimate on the linearized Boltz-
mann operator L, that is the following lemma;:

LEMMA 2.1 (Proposition 2.1 in [2]). Let 0<s<1 and y>—3. It holds that
(Lf.f)zz 2 {I-P}f[D. (2.2)
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For this term |f|p above, we refer to [2] to obtain that,
LEMMA 2.2. Let0<s<1 and~y>—3. Then there exist two generic constants C1,Cy >
0 such that

Cr{lfls +1f13 Y<IFIH<Colfl3 . (2.3)

¥/2 s+v/2 s+v/2

Here the weighted fractional Sobolev norm | f(v) %I; =[(v)* f(v)|%. is given by

L _ )4 2
=100 g+ [ o [ aulH OB IO

The following lemma concerns on the estimate on the nonlinear Boltzmann collision
operator I', which can be found in [5, Theorem 1.2].

LEMMA 2.3. Let 0<s<1 and v>max{—3,—3 —2s}. It holds that

(C(f59):h) 2| S

Now we will make the estimates for the nonlinear terms in the following Equation
(2.5), wherein the Fourier transform has been taken in variable z. Let f = f(t,z,v), 0<
t<T, z€T? veR3, be asmooth solution to

(2.4)

Of+v-Vof+Vap-Vo f — UV¢f Vag-vy/n+Lf =T(f,[).
Taking the Fourier transform in z, we conclude

Ouf(t,k,v)+iv-kf(tk,v)— /v Vad(t,k)+ LE(t k)

I D k) Vo Vo (k) + 5007 1,k ). (25)

To the end we always use the notation

v) (v—u,0) 1/2 f * Fu)*g(v odu
G- [ [ B () () ) (8) ~ L7 ) )] ) o,
where the convolutions are taken with respect to k:
[f ()% g(v")] (k) = Zsf(k—l,U’)ﬁ(l,v’)dZ(l),
@)@k = | Fk=1u)g(l,0)d2(0).

For the other two terms, we have

-

Vab VoS (khv)= | Voolk=0)-Vof(1,0)dS(0),

—

v- Va6 f (k,v)=v- Zg@( DF (1) ().

With the above information provided, we first give the estimate on the nonlinear
term I'(f,g) in the following lemma whose proof can be found in [14].
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LEMMA 2.4. Let v>max{—3,—2s— %} Then we have

(T

73

The following lemma concerns the estimate on Vm of-

LEMMA 2.5. Let 0<~vy<1, 1/2<s<1. It holds that

‘(vaf,ﬁ)L%

< / oo (kD 1 Db 1K) dS().
73

S 1fk=Dlez 19DIp [Ak)|p dE(1).

(2.7)

Proof. Noticing 1/2< s <1, by Fubini’s theorem and Parseval indentity, one has

:/ Voo (k—1)-V, f(1,v) h(k,v)dS (1) dv
RrR3.J73

:/ Vad(k—1)-V, f(l,v) h(k:,v)dvdz(l)’
73 JR3

= | [ oot [ e #0F0) F @] dea

IN

h(k)|gr=d%(1)

< [ 19200l 1F Dl
< [ IS0 =01 1F )i, 0, 0200

< [ IVadtk =01 fOlp [h®]p ()

10k =D [ 22 AF D] |22, )] 20

where %, is the Fourier transform with respect to v-variable, £ denotes the correspond-
ing frequency variable. Here we have used (2.3) and the fact that: for v >0 and suitable

function g,

l9|es < |g|as

v/2°

This completes the proof of Lemma 2.5.

The following lemma concerns the estimate on v- m

LEMMA 2.6. Let 0<~vy<1, 1/2<s<1. It holds that

(U'W’B)Lg

S [ [Fete=1)] F 0l k)] dS().
73
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Proof. We use Fubini’s theorem and Cauchy-Schwarz inequality to obtain

/ / 0V (k—1)f(1,v) h(k,v)dS(1)dv
]RB Z3

(U'mﬁ)q

/Z3 Asv'@(k—l)f(l,v) h(k,v)dvdz(l)'

— B U1/2A v v1/2A v v
< [ o=l [ 10200l o i) av)ast)

3

< [ 920001 (62 0.0) 25 10 2hk,0) 12500
ZB

|(k,0)] 2

< [ IVl 1@l 420

+v/2
< / a0k =D 1F )b 1A(R) b dS(0).
ZS

Here, we have used the fact that: Since v>0,1/2<s< 1, we have s++/2>1/2, and by
Lemma 2.2, one has

|(0)!2gl12 <lglr2,_ , Slglp,

for suitable function g. And this completes the proof of Lemma 2.6. 0

3. Nonlinear estimates
The goal of this section is to make the energy estimates on those nonlinear terms in
(2.5). We always suppose 0<y <1, 1/2<s<1 in the sequel. The first lemma concerns

the estimates on the nonlinear term I'(f, f), the proof of the estimate (2.6) will be used,
which has been proved in [14].

LEMMA 3.1. It holds that

T 1/2
L[ |0 o) s
z3 \Jo v
Sn”hHL}ﬂL%LiD + Ol fllLr o re HgHLtL%Lj,Dv (3.1)

where n>0 is an arbitrary small constant, and C,, is a universal large constant depending
only on n.

For the estimate on vaf, we have:

LEMMA 3.2. It holds that

LL

<nllbllzizzre , +CnllVadliirsellfllizzze (3.2)

- 1/2
(Voo Vo f.h) dt> ds (k)

L2

where >0 is an arbitrary small constant, and C,, is a universal large constant depending
only on n.

Proof. Firstly, we use (2.7) to yield

(Vad-Vufih) s

< [ 19200601 10l )0 =0,
ZS
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Then, as in [14], we apply Cauchy-Schwarz inequality with respect to fo -)dt and further
use Young inequality to yield
1/2
dt> dx(k)

L

<[ ([ [ 9okl i lienlo as) ) s

< [ ([ ([ wmoterni i ameya) < ([ liemipa e
< [ (f Sy @) s

r — . , \ 12
+CU/Z3 (/0 ( Z3|vz¢(t,k—l)‘ |f(t,D|p dE(l)) dt) as(k),

(Ve Vo fih) s

where 77> 0 is an arbitrary small constant. For the second term on the right-hand side
of the above estimate, by using Minkowski inequality, one has

1/2

</OT( Voot k=] [ft.D)]b dg(l))‘zdt)
/(/ Fob(tk— D2 |F(0[3 di)2ds().

Therefore we can get

/ (/T(/m Voot k=D |f(t,0)]|p dzu))?dty/zdk

1/2
/ / sup [Vod(t,k—1)| (/ FEDR dt) d5(1)ds (k).
73 J730<t<T

Subsequently, we use Fubini’s theorem and translation invariance to compute

/2
/ / sup |Vod(t,k—1)| </ 1FED% dt) ax(1)ds (k)
73 J 73 0<t<T

-[.(/ B dt)l/z( / 30235T|v’;z><t7k—w|d2<k>)dzm

T R 1/2
=[IVadllr 15 [fEDID dt ) du(D).
kT 73 0
By collecting all the estimates above, we can get the desired estimate (3.2). ]

For the estimate on v~m, we have:

LEMMA 3.3. It holds that

JAA

<77||hHL1L2 L2

v,D

1/2
dt> s (k)
TClVadllire i rzrz

(U'm’iL)Lﬁ

(3.3)
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where n>0 is an arbitrary small constant, and C,, is a universal large constant depending
only on 7.

Proof. 'We use (2.8) to obtain

LU ) o

< / ( / : / 920k =D 1FW)o 5(K) dza>dt)1/2dz<k).

The remaining process of the proof is similar to that of Lemma 3.2 above, we omit it
for brevity of presentation. ]

(v'mvﬁ)%

The following lemmas will be useful for dealing with the nonlinear terms arising
from the macroscopic estimates in the next section.

LEMMA 3.4 ([14] Lemma 4.4). Assume that ((v) depends only on v and decays rapidly
at infinity. Then we have

L

LEMMA 3.5.  Assume that ((v) depends only on v and decays rapidly at infinity. Then
we have

LOL
L

Proof.  We just need to prove (3.5), since the proof of (3.6) is similar. By using
Lemma 2.5, one has
2\ 1/2
o)

( /O Nwawr.cw)

([ ([wmoer-oieos o) «)

Then we use the Minkowski inequality

—

2\ 1/2
TR O P ) R R P T PP )

- 2\ 1/2
T R P R R O S S PP X

and

(v V2of C(v)

T v,D

1/2
dt) BSIVabliin iz - (36)

1/2

-z e < -2 ]

</0T( Zglv/;b(t’k—l)l e dZ(l)>2dt>1/2

<[ ([ war-vr e @) asw,

to obtain
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We further apply Fubini’s theorem and translation invariance to get

/Z/Z (/ Vst k=D 1F 0[5 dt)1/2d2(1)d2(k)
/ZS/Zgoggngvm (t.k—1)] (/OTf(t,z)@, dt)1/2d2(l)d2(k;)

< ([ ) ([ s 1€oo0n- s )aso

SIVadllrirgellfllirare -

This completes the proof of Lemma 3.5. 0

4. Macroscopic estimates
In this section we shall derive the uniform a priori estimates for the macroscopic
part of a solution to the linearized system with a nonhomogeneous source h(t,z,v):

8tf+v~V$f—V$¢-v\/ﬂ+Lf=h,

Boo= [ Vit (4.1)
R3

f(O,x,v)Zfo(x,v).

Notice that for the nonlinear Vlasov-Poisson-Boltzmann system (1.4) and (1.5), the
nonhomogeneous source takes the form of

1
h= *vxﬁb vvf+ §Uvz¢f+]-—‘(f,f),
which satisfies the mass conservation law

(ho /) 2 = 0. (4.2)

Here we emphasize that: throughout this section, 7'>0 is an arbitrary fixed con-
stant, and the universal constant C' >0 is independent of T'.

THEOREM 4.1. Let f be a solution to the linearized system (4.1). If h satisfies (4.2),
then we have

lla;b,clllzyrz SIKL=P}fllzazare , +Ifllcipgere +follnyre

L[ e )

where [-,-,-] represents a vector.

1/2
dt) ax(k), (4.3)

The rest of this section is devoted to the proof of Theorem 4.1. Firstly, we give
the macroscopic equations of the linearized system (4.1). Define the moment functions

O=(O;m(-))3x3 and A=(A;(-))1<j<3 by

Gjm(f)z/RS(vjvm—l),ul/Qfdv, Aj(f):%/ﬂ{3(|v|2—5)vj,u1/2fdv.
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Then, as in [20], we can deduce a fluid-type system of equations

5‘ta+vx-b:0,
3
Osbj+0j(a+20)+ > OmOjm({I-P}f) =056 = (h,vjv/l) L2,
m=1
1 5o 1

Oret 3V bt 2D 00 ({T=P}) = ¢ (b (Jv]* = 3) V) 2, (4.4)

j=1
Azd=a,

i Aj({I-P}f)+0;e=A;(r+h),

at{GJm({Iip}f)+206]m}+ajbm+amb] :®j7n(r+h)7

with
r=—v-V {I-P}f+Lf.

As in [36], we construct a time-frequency interactive functional to deduce the fol-
lowing estimate. In order to express clearly, some notations are given as follows. For
two complex vectors z;, zo €C3, (z1|22) = z1 - Z3 denotes the dot product in the complex
field C3, where %3 is the complex conjugate of z. And we usually use % to denote the
real part of a complex number.

LEMMA 4.1.  For any t>0 and k€T3, there are twoAsuitable constants 0 < kg <K K1
such that the time-frequency interactive functional E;nt(f)(t,k) defined by

3
Emnt(F) () =+ +|k| Z:j (ik5elA;({T=P}1))

+1+|k2j;1(zk o ik 50 i ({1— P}f)+2c5Jm>

HWZ silb;) (45)
and

R Ems ) (t.K)+ L (521 Jef2) 4 Ma?
t nt 9 1+|k"2

SHT=P 2+ (b, /) 2] (4.6)

Proof.  We shall make estimates on E,é,d individually and then take the proper
linear combination to deduce the desired energy inequality (4.6).

Estimate of b. For any 0 <n <1, one has

3
Ay <¢kjb2+ikm@|{@jm({1—P}f)+2a<sjm}>+|k|2|13|2

Jym=1

<n(L+ K1) @l + Cy kP 1e + Cy (L+ R H{T=PLf[B + Cl(h, 1) 12 . (4.7)
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In fact, observe the identity

3
S ikjbum +ikimby[? = 2/K[?b]* + 2]k bJ2.

j,m=1
On the other hand, compute from (4.4)g that

3
S ik +ikmb; |2
j,m=1
3 — ~ ~ ~
=Y (ikjbm—l—ikmbj’—8t{@jm({I—P}f)+2é6jm}+@jm(f+h)>
j,m=1

3

=0 > (ika?m +ikmb§|{@jm<{1—P}f)+2aajm}>

Jym=1

3
+ > (ikjatbm+ikmatz?jy@jm({I—P}f)Jr%ajm)
j,m=1
3 —~ ~ ~
+ > (ikjbm+ikmbj|®jm(f+h)>.
J,m=1
We further have

3
Y (ikjbmﬂkmz?j\{@jm({I—P}f)+2é<5jm})+2|k2|13|2+2k.132
Jj,m=1
3 — ~ A,
= Z <zk]8tbm+zkm8tbj|9jm({I—P}f)+2é(5]m>

j,m=1
3 —~ ~ ~
+ Z (ikjbm+ikmbj|@jm(f+h)> =51+ 5. (4.8)
J,m=1
For S;, we decompose it as

3
S1= Z (—(%b/\m ]ikajm({I—P}f) +2ikjé5jm>

Jj,m=1
3 ~ A,
+ > (—Btbj]z’kajm({I—P}f)+2ikmé(5jm>.
j,m=1
One can use the Fourier transform of (4.4)y and (4.4)4:

3
O+ ik (a+28) + 3 ik ;O ({1-P}f) ik = (v /) 2. (4.9)

j=1

—|I€|2(ZA5:(A1 (410)
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to estimate it as
Sy <nlk*(1af* + &) +nlal* + Cy k1?1 + Cy k> Y 10;m {T=P}f >+ C|(hyp'/*) 2
jm
<n(L+[k[*)|al? +Cy k(e + Oy |k [{T=PY 15 + Ol (A, 2 . (4.11)
For S5, notice that
r=—v-V {I-P}f+Lf.
We then use (2.4) to obtain
105 (P S (1+ [k {I-P}f[3.
Therefore, S5 is bounded by

S <k [bm | +Cp D (10m ()2 +0m (B) )

jm
k[ o] + Cy (14 k) {T=P}f|B + C| (A, i) 2] (4.12)

Thus, with 7 >0 suitably small, (4.7) follows by taking the real part of (4.8), plugging
(4.11) and (4.12) into it.
Estimate of ¢. For any 0<n <1, one has

&s%’Z ({I=P}f)lik;é) + (1 —n) k| lef

<n|k|* Ib\2+0n(1+ [k[*) {I=P}fB +C|(h.u' ) 2 . (4.13)
In fact, the Fourier transform of (4.4)5 gives
N ;({I-P}f)+ikje=A;(7+h),
we then take the complex dot product with ¢k;¢ to derive
o1, (1= P} f)lik,2) + |k, el

=(A; (P4 h)[ik;e) + (A; ({T=P} f)[ik; 0,¢)
=53+ 5,. (4.14)

S3 is bounded by
S < nlk; P62+ Co (1A, (7) 2 + A, (R)]?
<lk;P[e]? + Cy (L4 [k[*) TP} f[B +Cp | () 12 (4.15)

For Sy, taking the Fourier transform of (4.4)3

—_

3
O+ bt 2 S ik Ay (TP} )= & (b (ol ~3) s

=1
to replace 0;¢, one has

Sa <nlk[* (b + Cy kI =P} [+ Ol (h,u'*) 2. (4.16)
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Hence, one can take the real part of (4.14) and apply (4.15) and (4.16), and then take
the summation over {j=1,2,3} to deduce (4.13).

Estimate on a. For any 0 <n <1, one has

3
0 Y (bjlik;a) + (1 —n)(L+ k) af?
j=1
<k + Cy kP (12l® + [{T=P}f|B) + Cl(h. ' *) 2] (4.17)

Indeed, we take the complex inner product with ik;a and (4.9), and then take the
summation over {j=1,2,3} to get

00> (b lik;a)+[k[*|al* = > (ik;dlik;a)
J J

=— 2Z(ikjé|¢kja) =Y (ikmOjm({I- P} f)|ik;a)

Jsm

+ 3 ((hovs/B) palika) + ) (b;ik; 0s). (4.18)
J J
Using (4.10), one has

Z zqu5|zk a Z(

) af.
J J

The first two terms on the right-hand side of (4.18) are bounded by
nlk|*al* +Cyk* (e + {I-P}3lD),
the third term is bounded by

Ik 1af® +Col(hy /) 12 2,
while for the last term, we have
> (bslik;ona) =y (b ik; (kb)) = k- bl < [k (b
J J
Here we have used the Fourier transform of (4.4);
dya+ik-b=0.

Then, putting the above estimates into (4.18) and taking the real part yields (4.17) .
Finally, (4.6) follows from the proper linear combination of (4.7), (4.13) and (4.17)

by taking 0 <7 <1 small enough and choosing two suitable constants 0 < ke < k1. This

completes the proof of Lemma 4.1. ]

Proof. (Proof of Theorem 4.1.) By using (4.10), one has
L
L+ |k[?
e (R U e
— L [RP |1<1|2

(1a]? + [bl> + |e> + V2 9[).

(B> +1e*) +|af*
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We apply the result in Lemma 4.1 to give

A Ak
O0Es 1)(0) + Tt 61+ 7+ e+ 720

SI{I*P}fI%Jr\(37u1/4)Lg|2-
Due to k€73 it holds that
ORE i () (1, 1)+ A (11> + D)+ e+ V)
SHI=P}f[3 +1(h,pu/*) 12

we then integrate it over [0,77] to yield

7

T —
%&'m(f)(T,k)*%’&m(f)(@,k)%\/ (|af + [P +2]* +| V20 ?)dt

T
_pF2 14y 1201
< [ WP [ G uspa

From (4.5), one has

3

[Eine (N (&R S (P + B +1e) + D (19, ({T-PYP +|4;({(I-P}f)*)

J,m=1
SIPF + {T-P} s SIF(E).

We further have

T
[ a0
0

. ) T R
5|f(Tvk)|%3+|f(07k)|%g+/o I{I—P}fl%dtJr/ by 14) 2

Thus, we can use the above inequality to yield the desired estimate (4.3). This completes
the proof of Theorem 4.1. O

5. Proof of the main results
In this section we give the proof of Theorems 1.1 and 1.2. Recall (1.9) and (1.10)
for & (f) and 2r(f), respectively.

Proof. (Proof of Theorem 1.1.) Firstly, we will deduce the uniform a priori
estimate on the solution to the Cauchy problem (1.4)-(1.6). The Fourier transform in
x of (1.4) gives

O f(t,k,v)+iv-kf(tk,v)— /i Vad(t,k)+ LE(t k)

——

=T(f,F)(t.k,0) = Voo Vo £t ,0) +

—_

3
50 Vaof(tk,v) ZlHJ (5.1)
iz

Taking the product of (5.1) with the complex conjugate of f(¢,k,v) and further taking
the real part of the resulting equation, one has

DN =

3
CIF k0 (k- 0b 1)+ R(LF ) = 3 R
j=1
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where (+|-) denotes the complex inner product over the complex field. Integrating the
above identity with respect to v, one has

S =2 heod i i 4P =Y AT Dz, (52
£
Notice that by (2.2),
A(LF f)12 2 NP} f15,
Applying (2.1)s, (4.4)1 and (4.4)s, one has
~2(ik-vp\/i, )12 = ~R(i9|k-b) = ~2(ig|idsa)
=~ |~k )= 5 5 [Taplt. )

With the above estimatess, we now integrate the identity (5.2) with respect to ¢ to yield
. 5 1 — 9 t 22
KB+ 50t R+ [ [{T-PYiBdr

0

N = N =

3 t
N 1 —— .
oW +5IVado W2+ / BT f) 2 dr.
j=1
We further have
. _ t A 1/2
f(t7k>|Lg+|vm¢<t,k)|+(/ |{I—P}f%d7-)
0

R o 3 t 1/2
<Co{ a0z +V2nh + 3 ([ 1T Duzlar) ),
j=1

where Cy >0 is a suitable constant. Moreover, we take suppo<t<7 on both sides of the
above estimate, and then integrate the resulting inequality with respect to k to deduce

[ s fehlzdsw [ s (Foblase)
Z 7

30<t<T 30<t<T

L] T|{I—P}f(t,k>%dt)1/2d2<k>
SCO{|f0||LiLg+”vx¢0L}C+j2i;/zg (/OT|(E7J€)L%|dt> I/de(k)} (5.3)

Recall that
Er(f)=fllcrreere + Vel L1 nee
and

Ir()=Ifllciezez o eo=Ifollzrrz +11Vadollry -
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We then apply (3.1), (3.2), (3.3) and (5.3) to deduce

1/2

s+ [ ([ 1a-risena)

<Coco+nlfllrirzrz , +Cy{IVadllpipee + 1 fllLizsorz }

T v

<Coco+nllfllrrrzrz , +Cnér(f)Zr(f). (5.4)

v,D

|flzirzrz

By using Theorem 4.1 and (3.4)—(3.6), one has the following macroscopic dissipation
estimate:

a0,y 2 SIKI=P}fllryrzez , + 1 leiegre + 1 follzyre
FUIVatllrr e + Al ooz I Fllr oz 2 - (5.5)

v,D

Consequently, a suitable linear combination of the estimate (5.4) and the above
estimate (5.5) gives

Er(f)+2r(f) Seo+Er(f)2r(f), (5.6)

for suitably small > 0. Therefore, under the smallness assumption on €y, we can obtain
the uniform a priori estimate:

&r(f)+27(f) Seo-

The rest is to prove the local existence and uniqueness of solutions and the non-
negativity of F'=p+./if, and the details of the proof are omitted for brevity; see
also [14] and [4]. Therefore, the global existence of mild solutions follows with the help
of the continuity argument.

Next, we consider the rate of convergence of the obtained solutions. Set

w=ef, p=eMg¢ (5.7)
with A >0 determined later. Since f and ¢ satisfy (1.4), then
Oyi+iv- kb — /v - V o+ Lib
= M)~ e NV Vowt go N Tpu 4 i,
Bop= [ Vi,
RS
with initial data

w(0,k,v) =g (k,v).

Then we repeat the procesess used to derive (5.6) to deduce

[ s ot Rlzd=+ [ s [Top(tblas(b)
Z 7

30<t<T 30<t<T

+/ZB (/OT |w(t,k)|2Ddt)1/2dZ(k)

T 1/2
Mollsgas +1¥atollig +VA [ ([ oftzar) asoo
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Since r+2s>1, we use (2.3) to get

@]z < |@|p-

v

By choosing A >0 sufficiently small, one then has

[ sup lae0lds®+ [ s [Fop(t ks
78 0<t<T 73 0<t<T

T 1/2
+/ (/ ﬁ)(t,k)|2Ddt) dx (k)
73 \Jo
Slfollrzz +1VadollLr -
Subsequently, we use the Minkowski inequality
1Dl <0 g

and (5.7) to obtain the time decay estimate (1.11). This completes the proof of Theorem
1.1. O

Now let’s give the proof of Theorem 1.2.

Proof. (Proof of Theorem 1.2.) As in [14], we can use similar arguments as
those in Lemma 3.2 to deduce,

L ([ |G,

<nllflley | rzrz , +Cnllfliey

v,D k,m
T
»/st (/0

dt) 1/2d2(k)

rerzllflic L3L2 o (5.8)

k,m

and

dt> I/QdZ(k:)

(vw¢vvfa <k>2mf>L%
<nllfllcy  2r2 , +CollVadliy | rellfllzy | rzrz (5.9)

v,D v,D

and

o R 1/2
(v-Vaof, ()" ) 12 dt) dx (k)

<ullfllcy, rzr2 , +CnllVadlliy  reellflley | r212 - (5.10)

LT

We can also use similar arguments as those in Theorem 4.1 to deduce

”[aava]HL}c’mL% < ”{pr}f”Li,mLQTL%’D + ”fHL}c’mLOOL? + HfO”Li,ng

LA I

2 1/2
dt> dx (k). (5.11)
E(t,k):—vmvf+%v~m+@)~

(R e ) Y)

Note that
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By using similar arguments as those in Lemma 3.5, we further deduce that

/Zs (/OT ()™t ), 1% o

S{IA Nz rerz T Vadl L L?}Hf”L}mmL%Lz,D' (5.12)

k,m k,m

2 1/2
dt) (k)

We take the L2 inner product of the Fourier transform in z of (1.4) and (k)2™ f to yield
(Ouf k)™ F iz + (10, (k)™ F) 2 — (VE- Vo, (k)™ )z + (LF, (k)™ ) 12
(FU ) (K™ Pl = (V26 (927 Fag + 5 (00 (K" Pz

Then by using the same arguments that were used to derive (5.3), we have
/ sup_[(k)™ f (¢, k)| 2 dk+ / sup | (k)" Vo (t, k)| dS(k)
73 0<t<T 73 0<t<T
T 1/2
myy__ n 2
<[ wm i) s
T R 1/2
<Co{ Illy oz +19s00ley + [ ([ ICTED0 Duzlat) iz
’ ' z3 \Jo
T 1/2
Voo Vof, (k)2 f zd) ds(k
(1T Tt fyugla) - asie
T
RSPV 2m ¢ R
w ([ 1w Tt g

Thus, under the smallness assumption on £¢, a combination of the estimates (5.8), (5.9),
(5.10), (5.11), (5.12) and (5.13) gives

dt) 1/2d2(k)}. (5.13)

/ )™ sup [|F(tk )| dS (k) + / K™ sup [Vao(t,k)|d(k)
73 0<t<T 73

0<t<T

k,m

T 1/2
+f < | iwm it dt) S0 N follsy oe+1Vadollur
3 0 5

which implies (1.12). This completes the proof of Theorem 1.2. d

Acknowledgments. G.Q. Wang was supported by Scientific Research Foun-
dation of Education Department of Anhui Province of China (No.2022AH051320)
and Doctoral Scientific Research Initiation Project of Fuyang Normal University
(No.2021KYQDO0001).

REFERENCES

[1] R. Alexandre and C. Villani, On the Boltzmann equation for long-range interaction, Commun.
Pure Appl. Math., 55:30-70, 2002. 1

[2] R. Alexandre, Y. Morimoto, S. Ukai, C.J. Xu, and T. Yang, Boltzmann equation without angular
cutoff in the whole space: I, global existence for soft potential, J. Funct. Anal., 262:915-1010,
2012. 1, 1, 2.1, 2

[3] R. Alexandre, Y. Morimoto, S. Ukai, C.J. Xu, and T. Yang, The Boltzmann equation without
angular cutoff in the whole space: II, global existence for hard potential, Anal. Appl., 9:113—
134, 2011. 1


https://doi.org/10.1002/cpa.10012
https://doi.org/10.1016/j.jfa.2011.10.007
https://doi.org/10.1016/j.jfa.2011.10.007
https://doi.org/10.1142/S0219530511001777
https://doi.org/10.1142/S0219530511001777

134

THE VLASOV-POISSON-BOLTZMANN SYSTEM

[4] R. Alexandre, Y. Morimoto, S. Ukai, C.J. Xu, and T. Yang, Global ezxistence and full regularity of

the Boltzmann equation without angular cutoff, Commun. Math. Phys., 304:513-581, 2011. 1, 5

[5] R. Alexandre, Y. Morimoto, S. Ukai, C.J. Xu, and T. Yang, Local existence with mild regularity

for the Boltzmann equation, Kinet. Relat. Models, 6:1011-1041, 2013. 1, 2

[6] C. Cercignani, R. Illner, and M. Pulvirenti, The Mathematical Theory of Dilute Gases, Springer,

New York, 1994. 1

[7] H. Chen, X. Hu, W.X. Li, and J.P. Zhang, Gevrey smoothing effect for the spatially inhomogeneous

Boltzmann equations without cut-off, Sci. China Math., 65:443-470, 2022. 1

[8] R.J. DiPerna and P.L. Lions, On the Cauchy problem for Boltzmann equations: Global ezxistence

and weak stability, Ann. Math., 130:321-366, 1989. 1

[9] L. Desvillettes, Regularization for the non-cutoff 2D radially symmetric Boltzmann equation with

[10]

[11]
[12]
[13]

[14]

a velocity dependant cross section, Transp. Theory Statist. Phys., 25:383-394, 1996. 1

L. Desvillettes, Regularization properties of the 2-dimensional non radially symmetric non cutoff
spatially homogeneous Boltzmann equation for Mazwellian molecules, Transp. Theory Statist.
Phys., 26:341-357, 1997. 1

L. Desvillettes and B. Wennberg, Smoothness of the solution of the spatially homogeneous Boltz-
mann equation without cutoff, Commun. Partial Differ. Equ., 2:133-155, 2004. 1

L. Desvillettes and J. Dolbeault, On long time asymptotics of the Vlasov-Poisson-Boltzmann
equation, Commun. Partial Differ. Equ., 16:451-489, 1991. 1

L. Desvillettes and C. Villani, On the trend to global equilibrium for spatially inhomogeneous
kinetic systems: the Boltzmann equation, Invent. Math., 159:245-316, 2005. 1

R.J. Duan, S.Q. Liu, S. Sakamoto, and R.M. Strain, Global mild solutions of the Landau and
non-cutoff Boltzmann equations, Commun. Pure Appl. Math., 74:932-1020, 2020. 1, 1, 1, 2, 3,
3,34,5,5

R.J. Duan, W.X. Li, and L.Q. Liu, Gevrey regularity of mild solutions to the non-cutoff Boltzmann
equation, Adv. Math., 395:108159, 2021. 1

R.J. Duan and R.M. Strain, Optimal time decay of the Vlasov-Poisson-Boltzmann system in R3,
Arch. Ration. Mech. Anal., 199:291-328, 2011. 1

R.J. Duan and T. Yang, Stability of the one-species Vilasov-Poisson-Boltzmann system, STAM J.
Math. Anal., 41:2353-2387, 2010. 1

R.J. Duan, T. Yang, and H.J. Zhao, The Vlasov-Poisson-Boltzmann system in the whole space:
The hard potential case, J. Differ. Equ., 252:6356-6386, 2012. 1

R.J. Duan, T. Yang, and C.J. Zhu, Boltzmann equation with external force and Vlasov-Poisson-
Boltzmann system in infinite vacuum, Discrete Contin. Dyn. Syst., 16:253-277, 2006. 1

R.J. Duan and S.Q. Liu, The Vlasov-Poisson-Boltzmann system without angular cutoff, Commun.
Math. Phys., 324:1-45, 2013. 1, 4

R.J. Duan, T. Yang, and H.J. Zhao, The Vlasov-Poisson-Boltzmann system for soft potentials,
Math. Models Meth. Appl. Sci., 23:979-1028, 2013. 1

P.-T. Gressman and R.M. Strain, Global classical solutions of the Boltzmann equation without
angular cut-off, J. Amer. Math. Soc., 24:771-847, 2011. 1, 1, 1

R.T. Glassey and W.A. Strauss, Perturbation of essential spectra of evolution operators and the
Vlasov-Poisson-Boltzmann system, Discrete Contin. Dyn. Syst. Ser. A, 5:457-472, 1999. 1

Y. Guo, The Landau equation in a periodic boxr, Commun. Math. Phys., 231:391-434, 2002. 1

Y. Guo, The Boltzmann equation in the whole space, Indiana Univ. Math. J., 53:1081-1094, 2004.
1,2

Y. Guo, The Vlasov-Poisson-Boltzmann system mear Mazwellians, Commun. Pure Appl. Math.,
55:1104-1135, 2002. 1

Y. Guo and J. Jang, Global Hilbert expansion for the Viasov-Poisson-Boltzmann system, Commun.
Math. Phys., 299:469-501, 2010. 1

Z.H. Huo, Y. Morimoto, S. Ukai, and T. Yang, Regularity of solutions for spatially homogeneous
Boltzmann equation without angular cutoff, Kinet. Relat. Models, 1:453-489, 2008. 1

N. Jiang, C.J. Xu, and H.J. Zhao, Incompressible Navier-Stokes-Fourier limit from the Boltzmann
equation: classical solutions, Indiana Univ. Math. J., 67:1817-1855, 2018. 1

T.P. Liu, T. Yang, and S.H. Yu, Energy method for Boltzmann equation, Phys. D, 188:178-192,
2004. 1

T.P. Liu and S.H. Yu, Micro-macro decompositions and positivity of shock profiles, Commun.
Math. Phys., 246:133-179, 2004. 1

P.L. Lions, On Boltzmann and Landau equations, Philos. Trans. Roy. Soc. London Ser. A, 346:191
204, 1679. 1

S. Mischler, On the initial boundary value problem for the Viasov-Poisson-Boltzmann system,
Commun. Math. Phys., 210:447-466, 2000. 1

Y.P. Pao, Boltzmann collision operator with inverse power intermolecular potential, I, II, Com-


https://link.springer.com/article/10.1007/s00220-011-1242-9
https://doi.org/10.3934/krm.2013.6.1011
https://link.springer.com/book/10.1007/978-1-4419-8524-8
https://doi.org/10.48550/arXiv.1805.12543
https://doi.org/10.2307/1971423
https://doi.org/10.1080/00411459608220708
https://doi.org/10.1080/00411459708020291
https://doi.org/10.1081/PDE-120028847
https://doi.org/10.1080/03605309108820765
https://link.springer.com/article/10.1007/s00222-004-0389-9
https://doi.org/10.1002/cpa.21920
https://doi.org/10.1016/j.aim.2021.108159
https://link.springer.com/article/10.1007/s00205-010-0318-6
https://doi.org/10.1137/090745775
https://doi.org/10.1016/j.jde.2012.03.012
https://doi.org/10.3934/dcds.2006.16.253
https://link.springer.com/article/10.1007/s00220-013-1807-x
https://doi.org/10.1142/S0218202513500012
https://www.ams.org/journals/jams/2011-24-03/S0894-0347-2011-00697-8/S0894-0347-2011-00697-8.pdf
https://doi.org/10.3934/dcds.1999.5.457
https://link.springer.com/article/10.1007/s00220-002-0729-9
https://doi.org/10.1512/IUMJ.2004.53.2574
https://doi.org/10.1002/cpa.10040
https://link.springer.com/article/10.1007/s00220-010-1089-5
https://doi.org/10.3934/krm.2008.1.453
https://doi.org/10.1512/IUMJ.2018.67.5940
https://doi.org/10.1016/j.physd.2003.07.011
https://doi.org/10.1016/j.physd.2003.07.011
https://link.springer.com/article/10.1007/s00220-003-1030-2
https://doi.org/10.1098/rsta.1994.0018
https://doi.org/10.1098/rsta.1994.0018
https://link.springer.com/article/10.1007/s002200050787

HAO WANG AND GUANGQING WANG 135

mun. Pure Appl. Math., 27:407-428; 559-581, 1974. 1

[35] R.M. Strain, Optimal ttme decay of the non cut-off Boltzmann equation in the whole space, Kinet.
Relat. Models, 5:583-613, 2012. 1

[36] H. Wang, Global existence and decay of solutions for soft potentials to the Fokker-Planck-
Boltzmann equation without cut-off, J. Math. Anal. Appl., 486(2):123947, 2020. 4

[37] Q.H. Xiao, L.J. Xiong, and H.J. Zhao, The Vlasov-Poisson-Boltzmann system for non-cutoff hard
potentials, Sci. China Math., 57:515-540, 2014. 1

[38] T. Yang, H.J. Yu, and H.J. Zhao, Cauchy problem for the Vlasov-Poisson-Boltzmann system,
Arch. Ration Mech. Anal., 182:415-470, 2006. 1

[39] T. Yang and H.J. Zhao, Global existence of classical solutions to the Vlasov-Poisson-Boltzmann
system, Commun. Math. Phys., 268:569-605, 2006. 1


https://doi.org/10.1002/cpa.3160270402
https://doi.org/10.1002/cpa.3160270406
https://doi.org/10.3934/krm.2012.5.583
https://doi.org/10.1016/j.jmaa.2020.123947
https://link.springer.com/article/10.1007/s11425-013-4712-z
https://link.springer.com/article/10.1007/s00205-006-0009-5
https://link.springer.com/article/10.1007/s00220-006-0103-4

