COMMUN. MATH. SCI. @ 2024 International Press
Vol. 22, No. 1, pp. 227-255

A VARIATIONAL APPROACH FOR
PRICE FORMATION MODELS IN ONE DIMENSION*

YURI ASHRAFYANT, TIGRAN BAKARYAN#, DIOGO GOMESS, AND
JULIAN GUTIERREZY

Abstract. In this paper, we study a class of first-order mean-field games (MFGs) that model
price formation. Using Poincaré lemma, we eliminate one of the equations of the MFGs system and
obtain a variational problem for a single function. We prove the uniqueness of the solutions to the
variational problem and address the existence of solutions by applying relaxation arguments. Moreover,
we establish a correspondence between solutions of the MFGs system and the variational problem.
Based on this correspondence, we introduce an alternative numerical approach for the solution of the
original MFGs problem. We end the paper with numerical results for a linear-quadratic model.
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1. Introduction

Here, we consider the numerical solution of the first-order mean-field games (MFGs)
system introduced in [34] to model price formation. The solution to this system deter-
mines the price w of a commodity with supply @ when a large group of rational agents
trades that commodity. The original price problem reads as follows:

PROBLEM 1.1.  Suppose that mg € P(R), H € C*(R), and Q, V, and ur are continuous.
Assume further that H is uniformly convez. Find u,m:[0,T]xR—R and w:[0,T7] - R
satisfying m >0,

—us+ H(w+ug)+V(z)=0 [0,T] xR,
my— (H' (w+ugz)m), =0 [0,T] xR, (1.1)

x

— Jo H (w+uz)mdz=Q(t) (0,77,
and

0,2)=
m0,2)=mole) g (1.2)
u(T,z)=ur(z)
We work under assumptions similar to the ones introduced in [34] to guarantee the
existence and uniqueness of (u,m,w) solving (1.1) and (1.2). The first two assumptions
require standard growth and convexity properties for H.
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AssumPTION 1.1. There exist constants ¢>0 and p>1, such that the Legendre-
Fenchel transform of H, the function L in (1.3), satisfies

L(v) = clv|?.

ASSUMPTION 1.2. For all x€R, the map p— H(p) is uniformly convex; that is,
there exists a constant k>0 such that H"(p) >k for all peR. Moreover, there exists a
positive constant, C, such that |H"'|<C.

For the supply, to simplify, we assume it is a smooth function of time.
ASSUMPTION 1.3.  The supply function, Q, is C*([0,T]).

The following assumption is technical and was used in [34] to get bounds for the
price.

ASSUMPTION 1.4. The potential V', the terminal cost up, and the initial density
function mg are C*(R), and V', ur are globally Lipschitz. Furthermore, there erists a
constant C' >0 such that

VII<C, Jur|<C, |mgl<C.
The following condition guarantees the uniqueness of solutions of (1.1) and (1.2).

ASSUMPTION 1.5.  The potential V' and the terminal cost ur are conver.

Finally, because we are interested in problems where the agent’s assets are bounded,
we require the following assumption on mg. This assumption further simplifies some
technical points in the presentation.

ASSUMPTION 1.6.  The initial density function mg has compact support; that is, there
exists Ry >0 such that supp(mg) C [—Ro, Ro].

The existence of solutions (u,m,w) to Problem 1.1 under Assumptions 1.2, 1.1, 1.4,
and 1.5 was proved in [34]. The first equation is solved in the viscosity sense by the
value function of a typical player u€ C([0,7] x R). The second equation is solved in the
distributional sense by the probability distribution of the agents m e C([0,7],P(R)).
The price @ is a continuous function on [0,7].

Problem 1.1 is derived by considering price formation on a market where agents
interact through the price function alone. Based on the price, they optimize the cost
criteria

/0 (L(v(s)) +oo(s)v(s) =V (x(s))) dt +ur(2(T))

by choosing v to control their dynamics z’'(s) =v(s). The optimal selection is charac-
terized by the first equation in (1.1). The Hamiltonian H is the Legendre transform
of a Lagrangian L, as we introduce below. Under the optimal selection, the evolution
of mg in (1.2) is determined by the second equation in (1.1), while the third equation
imposes an equilibrium condition between the aggregated trading rate and the supply
@. The price arises as the Lagrange multiplier of the equilibrium constraint, being
the only function for which agents minimize their costs while satisfying the equilibrium
constraint. Remarkably, in our approach, we obtain the rate of change of the price, w,
as the Lagrange multiplier of a constraint imposed on a new variational problem (see
(4.20)).
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Price formation models offer a load-adaptive pricing strategy relevant in energy
markets. For instance, [6] and [7] modeled intraday electricity markets, obtaining a
price from the solution of forward-backward equations. In [27] and [31] authors studied
the effects of a major player in the market. The latest paper considered N-agent setting.
A deterministic N-agent price model was studied in [8]. A MFG model of homogeneous
agents for the electricity markets was considered in [28]. In [4], the price equilibrium
is obtained for a finite number of agents who optimally control their production and
trading rates to satisfy a demand subjected to common noise. Stackelberg games for
price formation under revenue optimization were proposed in [13] and [43], and Cournot
models in [23]. A MFG of optimal switching was presented in [5] to model the transi-
tion to renewable energies. [24] studied the convergence of a finite-population game to
a MFG. In their model, a market clearing condition matched an aggregated inventory
trade with noise to a demand/supply rate. Other works incorporating market-clearing
conditions are [44] and [30], the former specializing in Solar Renewable Energy Cer-
tificate Markets and the latter in exchange markets. The stochastic supply case was
studied in [32], where authors obtained a price from a Lagrange multiplier rule for the
balance constraint.

The standard MFG system exhibits a coupling of two partial differential equations
with initial and terminal conditions (see for example [16]). Several numerical methods
have been proposed to solve these MFG systems. Finite difference schemes and Newton-
based methods were introduced in [1] and [2]. A recent survey can be found in [3].
Optimization methods and Fourier series approximations were proposed in [38]. Machine
learning methods have been studied in [17,18,42], and [37]. However, the MFG system
(1.1)-(1.2) not only couples a forward equation for m with a backward equation for u but
also determines the coupling term w through an integral constraint, which is the third
equation in (1.1). Therefore, the numerical approximation of the solution (u,m,w) of
Problem 1.1 is challenging, and the main application of our methods is a novel numerical
scheme for Problem 1.1.

The word Potential in MFGs is used in two unrelated contexts. Potential MFGs
([16,36,39]) are MFG systems given by the first-order optimality conditions of a min-
imization problem. Previously, standard optimization techniques were used for its nu-
merical solution ([14]). In contrast, our potential approach relies on the structure of the
continuity equation and Poincaré lemma ([19], Theorem 1.22). We introduce a potential
functional that integrates the transport equation in (1.1).

Poincaré lemma was used for the continuity equation in [12] for the MFG plan-
ning problem. The authors obtained a variational problem for a potential function by
eliminating one of the equations in the MFG system. Moreover, the solution (u,m) of
the planning MFG can be recovered using only the solution of the variational problem.
The structure of the MFG planning problem differs from that in Problem 1.1 in two
critical aspects: the initial-terminal conditions and the way the constraint couples the
equations.

In Section 2, we use the existence result for Problem 1.1 provided in [34] to formally
obtain a potential function, ¢. In Proposition 2.1, we show that (1.1) corresponds to
the Euler-Lagrange equation of a constrained variational problem depending on ¢. To
introduce this problem, let L be the Legendre transform of H; that is,

L(y)=8161§[py—H(p)]7 yER, (1.3)
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and let L: R x R} —R$ U{+00} be given by

L(2)y, (59)€RxRY,
L(z,y) = 4o, z2#0,y=0, (1.4)
0, z=0,y=0.

The constrained variational problem is

PROBLEM 1.2.  Suppose that mo € P(R), H is uniformly convez, and Q, V, and ur
are continuous. Find ¢:[0,T] x R—R that minimizes the functional

T
‘P'—>/ /E(%%)—V(:E)%—u’T(x)% dzdt,
0 R

over the set of functions such that o, (t,-) is a probability density on R for t€[0,T],
¢2(0,-) =mo ("), and satisfying

/gp(t,x)—Mo(x)dx:—/ Q(s)ds, te[0,T],
R 0

where My(z) = ffoo mo(y)dy.

We rigorously study Problem 1.2 in Section 3 by considering a variational problem
and a relaxed version. We use Proposition A.1 and Corollary A.1 in the Appendix
to show that the formulation of Problem 1.2 is independent of the solution (u,m,w)
of Problem 1.1, and relies only on problem data. In Section 3.1, relying on the tech-
nical results of Proposition 3.1 and Corollary 3.1, Proposition 3.2 shows uniqueness of
solutions to Problem 1.2. Moreover, Proposition 3.3 offers additional bounds on the
minimization problem. However, the limit of minimizing sequences may not be admis-
sible. Therefore, in Section 3.2, we use Proposition 3.4, Lemma 3.1, and Theorem 3.1
to identify a relaxed variational problem that is lower semi-continuous. Theorem 3.2
obtains existence of minimizers in the relaxed setting. Next, we address the relation
between solutions of Problems 1.1 and 1.2 in Section 4. In Proposition 4.1, we show
that the price @ in (1.1) is given by a Lagrange multiplier associated to the variational
setting. The improvement of our approach consists in obtaining the solution of Problem
1.1 from a simpler problem, Problem 1.2, which is a convex minimization problem with
constraints. This is the content of our main result, proved in Section 4:

THEOREM 1.1.  Suppose that ¢ € C?([0,T] x R) solves Problem 1.2 . Then, the solution
(u,m,w) of Problem 1.1 admits the representation

Pa(s,z)

u(t,x) =ur(z) —ftTH(L’ (M))ds—(T—t)V(l‘), (t,x)€[0,T] xR

where wr = [ (LE(T,y) —up(y)) e (T,y)dy,

wi)= [ (<Ez<s,y>>t+(mz<s,y>—v<y>)$)%<s,y>dy, selo.7),

and 1} and 1Ly are defined in (4.10) and (4.11), respectively.
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Because the previous main result holds under regularity assumptions, further study
of the properties of solutions of Problem 1.2 is required. However, some classes of
problems admit regular solutions, as in the linear-quadratic setting, which we illustrate
in Section 5. In this case, Theorem 1.1 shows that existence of solutions of Problem
1.1 is equivalent to existence of solutions of Problem 1.2, as well as for its relaxed
formulation. Moreover, because Problem 1.2 is a convex minimization problem, we
approximate its solution ¢ using standard optimization methods. Furthermore, using
the approximations for ¢ and Theorem 1.1, we obtain efficient approximation methods
for the solution to Problem 1.1. In the linear-quadratic setting, we use the explicit
formulas provided in [34] as benchmarks. For all these benchmarks, our numerical
method provides accurate approximations.

2. Derivation of the variational problem

In this section, we present a formal derivation of the variational problem for the
potential function using the solution of the MFGs system. In Proposition 2.1, we show
that (1.1) corresponds to the Euler-Lagrange equation of a variational problem. The
rigorous statement of the variational problem is given in Section 3, where we no longer
rely on the solution of the MFGs system.

Recalling (1.4), let us consider the functional

T
/ /]L(@ta@m)*VQOmdxdt*/UIT(SC)(QO(T,:C)*QO(O,JI)) dz (2.1)
0 R R

subject to

/ —(pt+Qpz)dz=0, on [0,77], (2.2)
R
and with initial condition
xr
p(0.0)= [ molu)dy.
— 00

where ¢:[0,7] xR—R. We consider the augmented functional associated with the
constraint (2.2); that is, we introduce a Lagrange multiplier w: [0,7] — R and define

T
:/ /RJL(%%)—w(@ﬁQ% )=V, —up(z)p; dadt (2.3)
0

with initial condition ¢(0,z) f mo(y)dy. In Section 4, we address the existence of
the price w as a Lagrange multlpher associated with a minimizer of (2.1). By considering
critical points (¢,w) of the functional in (2.3), we obtain the following.

PROPOSITION 2.1.  Let (¢, ) be a crz'tical point of the functional (2.3) over C?([0,T] x
R) x C1([0,TY)) satisfying ¢(0,2) = [* _mo(y)dy. Assume further that ¢, >0. Then, the
corresponding Fuler-Lagrange equatwn is equivalent to

{—(L’(iﬁ)—w)ﬁ(ﬂ(ﬂ’(ii)))ﬂ’:o DI,

fngothngm dz=0 tel0,77],

with terminal condition

> —w(T)=up(z) z€R (2.5)
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The function ¢ obtained as follows allows to identify the variational problem whose
Euler-Lagrange Equation (2.4) and (2.5) is precisely (1.1) and (1.2). Let (u,m,w) solve
Problem 1.1 with m >0. Then, the second equation in (1.1) can be written as

div(s z) (m,—H'(w+uz)m) =0, [0,T]xR. (2.6)

The previous equation combined with Poincaré lemma (see [19], Theorem 1.22) gives
the existence of a function (the potential) ¢:[0,7] x R—R such that

{m—ww (2.7)

H' (w4 ugz)m= ;.
Because H is uniformly convex, H' is strictly monotone. Therefore, by (1.3), we have

-1
L'y)=(H') " (y)- (2.8)
Hence, from the second equation in (2.7), we deduce that
%:U<%)—w (2.9)
Pz
If VeCY(R), and u is twice differentiable, we differentiate the Hamilton-Jacobi
equation in (1.1) with respect to x to obtain

—(ug)t + (H(w+uy)),+ V' =0.

Using the previous equation and (2.9), we obtain (2.4) and (2.5).

REMARK 2.1.  Notice that the initial condition implies that ¢, (0,2) =mg(z), z€R,
which is the first equation in (1.2). Moreover, we have the following explicit formula for
¢ in terms of the solution (u,m,w) of (1.1) and (1.2)

cp(t,x):/x mo(y)dy—i—/o H'(w(s)+uz(s,z))m(s,x)ds, (t,x)€[0,T]xR. (2.10)

— 00

Therefore, the potential function ¢, which in principle has a closed formula arising from
the solution of (1.1) and (1.2), can be characterized using the initial condition with my,
(2.4) and (2.5), which depend only, up to w, on problem data.

REMARK 2.2. Notice that the first equation in (2.4) shows that the expression

) (),

is independent of z €R, so it is a function of time only and equal to <o. Similarly, (2.5)

shows that
T,x)
I/ th( , o
(o)~

is independent of x € R, and equal to the constant (7). Because any numerical method
to compute ¢ provides an approximation of the value ¢(¢,z), we can not expect the
numerical approximation to be independent of  in (2.4) and (2.5). Therefore, we can
not rely on these formulas to recover w using an approximation of . In Section 4, we
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provide a formula approximating w that averages the dependence on z, and thus, can
be implemented with any approximation of the potential.

REMARK 2.3. To understand the role that the uni-dimensionality of (1.1) plays in the
use of Poincaré lemma, let us obtain (2.7) from (2.6) using differential forms. Consider
the 1-form w; =mdx+mH' (w+u,)dt. Then,

o(m) O(mH (w+uy,))

d:z:/\dt—( 5% o )dt/\d:c—O.

O(mH' (w+uy))

d a(m) =

Thus, w; is a closed form, and, by Poincaré lemma, it is exact; that is, w; =dwq for a
0-form wyg, which can be identified with a function, ¢:[0,7] x R—R. Then, (2.7) follows
from writing dwg=dp = %—f dt+ g—i dx and using the expression for ws.

Now, let us consider (2.6) in dimension d > 1. In this setting, the state variable z € R,
as presented in Problem 1.1, is replaced by x € R?, the supply function Q:[0,7] — R is
replaced by Q= (Q1,...,Qq):[0,7] = R%, and H,V:R? = R. The corresponding MFG
system is

—uz+ H(w+ Du)+V(x)=0 [0,T] x RY,
my —div(mDH(w+Du))=0  [0,T]x R4,
— JgamHy, (w+Du)dx=Q;(t) [0,7],ie{1,...,d},

and

{m(O,x>—mo<x> p—

u(T,x) =up(x)

The previous system is a natural extension of (1.1) and (1.2) for a multi-dimensional
commodity with supply Q. However, the existence and uniqueness results we rely on
were presented in [34] for the one-dimensional model. Nonetheless, consider the d-form

wg=mdz1 A Adzg+mHy dtAdza AL Adxg
+mHp,dri AdtAdzg AL Adag+...+mHp,, dey Adza AL Adzg_g Adt.

Then,

_(9m d(mHp,) d(mH,,) _
dwg= ( 5 Ry Ry dindzi A...ANdxg=0.

As before, by Poincaré lemma, wg, being closed is exact. Thus, wy=dwg—1 for a (d—1)-
form wg_1. However, unlike in the one-dimensional setting, wy_1 can not be identified
with a function on [0,77] X R9. Yet, it is possible to obtain a variational problem in the
context of differential forms, similar to those introduced in [21] and [20], and obtain
existence and uniqueness of minimizers in a weak sense. While most of the tools devel-
oped in [21] and [20] could be used in our setting, we have chosen to limit the scope
of the present work to the one-dimensional case, which allows us to illustrate the main
features of our approach and rely on the results presented in [34].

Proof. (Proof of Proposition 2.1.) Let (¢,w) be a critical point of (2.3). Taking
(BY,82) € CL((0,T] xR) x C([0,T]), we have

Elem e ) =0 (211)
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The previous identity implies that
— (Lt 02) —@), — (Ly (1, 92)), + V' =0, (2.12)
and
L. (¢t(T,2),02(T,2)) —@(T) —up () =0 (2.13)

on [0,7] x R. Because ¢, >0, (1.4) gives

]Lz((pt#pz) :Ll (%) 5

Py
Lo, = (20 (£) 4L (:j)) -2 (v (z))

Notice that, by (2.8), we have

()5 () 215
Pz z P Pz z
Combining the identities in (2.14) with (2.15) and using (2.12), we deduce the first

equation in (2.4). Using the first identity of (2.14) in (2.13), we obtain (2.5).
Finally, taking 3' =0 in (2.11), we obtain

/OT (/R_(sotwgoz)dx) 5 dt—o,

where (32 is arbitrary. Thus, the second equation in (2.4) holds. |

(2.14)

3. The variational approach

Here, we examine a variational problem associated with the MFG system (1.1)-
(1.2). This problem is obtained by minimizing the functional (2.1) in a suitable class
of admissible functions. We study the existence and uniqueness of solutions to this
variational problem. Relying on the results in the Appendix, we show that, contrary to
the formal derivation in Section 2, we can formulate the variational problem regardless
of the solution (u,m,w) of (1.1). In Section 3.1, we obtain uniqueness of solutions to
the variational problem. We introduced a relaxed formulation in Section 3.2 to obtain
existence. The results of this section allow us to establish a formula representing the
solution to the MFG system (1.1)-(1.2), in terms of the solution to this variational
problem, as we prove in Section 4.

First, we recall that, under Assumptions 1.1-1.5, Theorem 1 in [34] gives existence
and uniqueness of solutions (u,m,w) to Problem 1.1, where meP(R)NC([0,7] xR).
Moreover, u is a viscosity solution to the first equation in (1.1), Lipschitz continuous
and semi-concave in z, and g, Uz, m are bounded. Furthermore, by the results in [10],
w is Lipschitz continuous.

Next, to formulate our variational problem, we use Corollary A.1 in the Appendix
to motivate the choice of the function spaces.

REMARK 3.1. Consider the potential ¢ associated with the solution (u,m,w) of
the MFG system (1.1)-(1.2), as given by (2.7). By Corollary A.1, we deduce that the
gradient of the potential ¢ has compact support; that is, supp(¢¢(t,-)),supp(¢.(t,-)) C
[— R, Rm] for all t€[0,7]. Thus, (A.11) shows that, by selecting

R>(Ro+CoT) (14 CoTeT),
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we obtain a compact set [— R, R] that depends only on problem data and which contains
the support of the gradient of ¢ when (2.10) holds. Thus, using this compact set, we can
formulate our variational problem independently of the solution (u,m,w) of the MFGs
system (1.1) and (1.2). Notice that (2.10) already suggests a candidate for a minimizer.
However, we study the existence of solutions to the variational problem independently
of solutions to the MFGs system. Moreover, if uniqueness holds and we have existence
for both problems, then (2.10) is the unique minimizer.

3.1. Statement of the variational problem. In this subsection, we present our
variational approach rigorously using only problem data. We start with the notations
and the definition of admissible functions, deriving technical properties in Proposition
3.1 and Corollary 3.1. Then, we formulate our variational problem, obtaining uniqueness
in Proposition 3.2 and bounds in Proposition 3.3.

Let Ry be given by Assumption 1.6 and let

R> max{(Ro -‘rCoT) (1 +00T600T) ,Ro+ HQHLl([O,T]) } . (31)

Notice that, by (A.11), R is an upper bound for R,,, as required, according to Re-
mark 3.1. The additional requirement R> Ro+ Q| 1 (jo,77) guarantees that the set of
admissible functions we define below is not empty. Set

Qr=[0,T]x[-R,R], Q=1[0,T]xR.

We denote by M(Qg) (M()) the set of Radon measures on Qp CR? (2 CR?) and by
BV (Qgr) (BV(£)) the set of functions with bounded variation on Qg (92) (see [9,26]).

To define the admissible set for our variational problem, we rewrite the balance
condition, the second equation in (2.4). Recall that supp(mg) C [—Rp,Ro] and R > Ry.
Let

MO@:[ mo(y)dyZ/;mo(y)dy, z€R, (32)

be the cumulative density function of mg. Note that after integrating the balance
condition over [0,#], and requiring that [; ¢, (t,2)dz=1 for t€[0,T] (which follows in
case that (2.7) holds), we get

/ot/R“"t dxdsz—/OtQ(S)ds, te0,7).

Therefore, we write the balance condition as

/cp(tm)—Mo(x) dx:—/ Q(s)ds, te][0,T]. (3.3)
R 0

Relying on (3.3) and taking into account the discussion in Remark 3.1, for any set
A CR? satisfying [0,7] x [-R, R] C A, we denote

Br(A)={p:[0,T] x[~R,R]: (p—Mo) e W"!(4A),
Supp(‘pt(tv'))7supp<<pm(t7')) - (_RaR)a te [O7T]}7

B(A){soeBRm): p220, ol00)= [ me()(y)dy, eR

/Rap(t,x)—Mo(x) dx:—/OtQ(s) ds, /_z%(t,x)dx:L te[O,T]},
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which are convex sets. Before proceeding, we prove a crucial property of the set B(Q).

PROPOSITION 3.1.  For any function ¢ € B(Q), we have, for t<[0,T],

0 :L’E(—OO,—R],
@(tv‘r): (P(t7x) LCE(—R,R),
1 z € [R,+00).

Finally, the set of admissible functions for our variational problem is given by
A(QR) = {9 BOr): plt,—R) =0}, (3.4)

As a result of Proposition 3.1, we obtain the following relation between the admissible
set A(Qg) and the set B(Q).

COROLLARY 3.1.  For any function ¢ € B(Q) there exists a function ¢ € A(Qg) such
that o=@ in Qgr. The opposite is also true.

Under Assumption 1.4, we have

/ ulp (2) 4 dxdt' <Lip(uT)/ |or| dadt, (3.5)
Qr Q

R

where Lip(ur) is the Lipschitz constant of ur. Relying on the previous inequality, we
consider the following variational problem

inf L(pt,02) — Voo —up(z)pe dadt,
PeB(Q) Jag

which, by Corollary 3.1, coincides with the following (see (2.1))

inf  I[y), 3.6
ot ] (3.6)

where
I[@] ::/ E(‘Pta@x)_vwz—u}(x)gat dzdt.
Qr

As anticipated in Remark 3.1, (3.1) guarantees that the previous variational problem
does not rely on the solution (u,m,w) to (1.1)-(1.2) but only on the data of Problem
1.1. Moreover, the next result shows that the infimum in (3.6) can be attained by at
most one function.

PROPOSITION 3.2. Suppose that Assumptions 1.1-1.6 hold. Then, at most, one
function attains the infimum in (3.6).

Next, we prove that the infimum in (3.6) is bounded.

PrROPOSITION 3.3. Assume that Assumptions 1.1-1.6 hold. Then, there exist positive
constants, C1 and Cs, depending only on the problem data such that

—Cy < Inf Ifp]<C. 3.7
2 Inf | [p] <Ch (3.7)

Furthermore, there exists a positive constant, C, depending only on problem data, such
that for every minimizing sequence {¢"}nen of the variational problem (3.6), we have

n|p
[ i<, ofluon<C 55)
R
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Thus, for all minimizing sequences of the variational problem (3.6), we obtain uni-
form bounds in W11(Qg). Therefore, any minimizing sequence has a weakly convergent
sub-sequence in BV (Qg) ([26], Chapter 5). However, it is not guaranteed that the infi-
mum in (3.6) is attained in A(2g). Therefore, we enlarge the set of admissible functions
by relaxing the conditions defining A(Qg), as we present in the next section.

Proof.  (Proof of Proposition 3.1.)  Because (p—My)eWhH(Q) and

lirf_l My(x)=1, for each t€][0,T], there exists a sequence xzj such that z; — oo and
Tr—r+00

lim ¢(t,zx)=1. On the other hand, recalling that

k——+o0

supp(p¢(t,-)),supp(px(t,-)) C (=R, R),

we have that ¢ is constant on Q\[0,7] x (—R,R). Consequently, ¢(t,x)=1 for z €
[R,+00). Similarly, we can prove that ¢(t,2) =0, x € (—oco,—R]. d

Proof. (Proof of Proposition 3.2.) Let ¢! and ¢? attain the infimum in (3.6).
By Proposition 3.3, we denote

/= min I[p]eR.
PEA(QR) [QO]

Thus, I[p']=1[¢?]=C(. Set g=1(p'+¢?). Due to the properties of the Legendre-
Fenchel transform (1.3), L is convex, which in turn implies the convexity of L (see [12],
Lemma 8.1). Thus, we obtain

(IR < 31"+ 511 =¢. (3.9)

_— e . o~ e
Hence, ¢ is also minimizer of (3.6). Let ¢ = %5 and

U, z{(t,x) EQRZQD:}C >0}, UQZ{(t,LE) EQRZQpi >0}7
U={(t,z) €EQr: P, >0} =U={(t,x) EQr: P, >0} =U Ulhs.

Arguing as in (3.9), we have
e< 1A < Hlp!)+ gl = . (3.10)
This with (3.9), yields that

Lot 08), L7, 02), L(Pt, Px), L(Gr, p2) < +00 ace. in Qp.

Therefore,
et =0 a.e.in Qg \U,
2 .
=0 a.e. in Qg \Us,
e in g\t (3.11)
?r=0 a.e. in Qr\U
¢ =0 ae. in Qp\U.

Furthermore, (3.10) implies

/Q (%E(%,@i)%ﬂ(@t,%) —IL(%%)) dzdt=0. (3.12)
R
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The convexity of L and (3.12) implies
%E(wi?wi:)—i_%E(@ta@w)_E(Satﬂbw)207 a.e. in QR-
Consequently, the following also holds
sL(ot,03) + 31(Pe,02) —L(G1,82) =0, ae. in U NUNU. (3.13)

Because L is strictly convex in RxRT and U; NU NU=U; CRxR", we obtain from
(3.13) that

1 _ =
{% L& a.e. in U

5091529590-
Hence,
1,2
%‘i %2 a.e. in U (3.14)
Pr= P

Taking (2 instead of ¢! in (3.10) and arguing as before, we obtain

1_ 2
TV e in U (3.15)
P =Pz~
Combing (3.11), (3.14) and (3.15), we conclude that ¢! = 2. ad

Proof. (Proof of Proposition 3.3.) First, we prove the upper bound in (3.7).
Let

soo(tw) = Mo (x—q(t)),

where My is defined by (3.2) and ¢(¢ fo ) dr. Therefore, since ¢(0) =0, we have

O(O,w)=/_;mo(y)dy, pr=mo(z—q(t)), ¢/=-mo(z—q(t))Q(t).  (3.16)

Thus, recalling (3.1),
W’ A(QR). (3.17)

Taking into account (3.16), we have

inf Il <)< / L0, 02) + 1V | (- oy @2+ [0 | poe o |8 dedt =:Ca. (3.18)
R

Next, relying on this bound, we prove (3.8), implying the lower bound in (3.7). By
Assumption 1.1 , L>0. Thus, for all ¢ € A(Qg), we have

—/ Vi, +uppidrdt <I[p]. (3.19)
QR

Recalling that V' is continuous and taking into account Assumption 1.4 by (3.5) and
(3.19), we get

—C(ur,R,V)~Lip(uz) /Q (oo (t,)] dadt < T[], (3.20)



YURI, TIGRAN, DIOGO, AND JULIAN 239

From (3.18) follows that for any minimizing sequence {p"},cn, there exists N such
that n> N implies I[¢"] < Ci+1. Consequently, recalling the definition of I in (1.4),
by Assumption 1.1 and (3.5), we deduce that

p
e[ Lt <O 1V ey [ e+ LinGur) [ ol ()] deds
QR(Wm) Qr 2

<C-+Lip(ur) [ |7 (t.0)|dodt,
R
(3.21)
for all n€N. On the other hand, by Young’s inequality, we have

n _ |(pt‘ p=1 |<pt |P n
|| dadt = (cpx) 7 dedt<e ———dxdt+C(e) prpdzdt,
Qr Qr (7 ) P Qr (%c) Qr

(3.22)
where szm' Recalling that ffR 0z (-,x)dz =1, the preceding inequality and

(3.21) imply (3.8). Finally, (3.8) and (3.20) yield the lower bound in (3.7). d

2. Relaxed variational problem. Here, we relax the variational problem
(3.6) to ensure the existence of minimizers in the set of admissible functions. Using
Proposition 3.4, Lemma 3.1, and Theorem 3.1, we identify the appropriate relaxed
problem for which lower semi-continuity holds, and we obtain existence of minimizers

in Theorem 3.2.
First, we extend the functional in (3.6) to the convex set

BV, (Qr)={ € BV(QR) 1, >0}.
For that, let W: BVt (Qr) —RU{+oc} be given by

Wie] = fQ (01,02) — Vo —ulp(z)p, dzdt, pe WHL(QR)N BV, (QR)
400, otherwise.

In BV (Qp), we consider the intermediate convergence; that is, (¢ )reny C BV (Qg) con-
verges to ¢ € BV (Qg) in the intermediate (or strict) sense if

or—¢in L'(Qg) and || Dekl|(Qr) — | Dol (QR),

where ||[Del|(2g) is the total variation of the measure Dy on Qg (see [9]). We recall
that WH1(Qpg) is dense in BV (Qgr) with respect to the intermediate convergence (see
Theorem 10.1.2 in [11]). We aim to define a functional W, the sequential lower semicon-
tinuous envelope of W w.r.t. intermediate convergence on BV (Chapter 3, [22]); that
is

Wip]=sup{G[y]: GKW, G is sequentially lower semicontinuous on BV (Qg)

w.r.t. intermediate convergence},

which is the greatest functional below W that is sequentially lower semi-continuous w.r.t
intermediate convergence in BV (2g). Let

Tl :inf{ lirginf[[go"] {p"y W QR)N BV (QR),
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©™ —  in the sense of the intermediate convergence in BV (2 R)}.

Next, we prove that actually W=7 and obtain an explicit expression for 7.
Assuming that Assumption 1.1 holds for some ¢>0, p>1 and arguing as in (3.22)
by using Young’s inequality, we obtain

ep(Jvr|+v2) KL(vi,v2) +¢(2p—1)v2, (v1,v2) ERXRY. (3.23)
Let
f(v1,02) =L(v1,v2) —upvy — Vg = fn (v1,02) + fr.(v1,02), (3.24)
where
fn(vi,v2) =L(vi,v2) +e(2p—1va,  fr(v1,v2) =—upvr —(V+¢(2p—1))va.

According to Lemmas 8.1 and 8.3 in [12], if Assumption 1.2 holds, the function IL defined
in (1.4) is convex and lower semicontinuous in R x Rar ; therefore, fx is convex and lower
semicontinuous.

For the next result, we compute the recession function, fy, of fy, which is given

by
fn(z,y) =sup{ fn (w1 +2,w2 +y) = fv(wi,wa) 1 (wi,w2) € dome(fiv)},
for (z,y) ER xR{, where
dom,(fn):= {(wl,wg) cRx RS‘ s v (wy,we) < —|—oo}.
Because fx is convex, from Theorem 4.70 in [29], we have

i IV (Yt (wi,w2)) = fv (w1, wp)

T 1500 t ’

fN(Zvy)

for any (w1, ws) ERxRY. Taking (w1, ws)=(0,0) in the preceding equation and con-
sidering (1.4), we deduce that fx is equal to its recession function; that is,

L(E)y+c(2p—1)y (2,y) ERxRT,
_ y
In(zy)=fn(zy) =1 +o00 z2#0,y=0,
0 2:07y:07
where the constants ¢ and p are given by Assumption 1.1. Using the preceding obser-

vation, we prove that the first integrand of the functional in (2.1) is sequentially lower
semi-continuous w.r.t. the weak -x convergence of measures.

PROPOSITION 3.4. Suppose that Assumption 1.2 holds. Let (v},v})€ LY(Qgr) x
LYQp;RY) and p= (p1,p2) € M(QR) x M(Qr;RY) be such that

(U?vvg)‘czl_QRi(:uh:u?)? in M(QR)XM(QR7R8_)

Then,

liminf [ fn (v}, v5)dzdt
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> [t Jasae [ g (G0 ) dl 00,

where NZ%LQR—’_MS is the Radon-Nikodym decomposition of p w.r.t. the two-

dpis

dimensional Lebesgue measure L2, and ATl is the Radon-Nikodym derivative of s

w.r.t its total variation.

_ Proof. By Assumption 1.2, fy is convex and lower semi-continuous in R x RS‘ and
fn = fn. Hence, the proof follows from Theorem 5.19 in [29]. d

LEMMA 3.1.  Suppose that Assumption 1.4 holds. Let v —v1 and v§ — vy weakly in
M(QR). Then,

lim (—/ (V—|—C)v?+uépv§dxdt> :—/ (V+C)vy +ulp(x)ve dadt,
Qr Qr

n—oo

for any C eR.
Proof. Tt is enough to notice that the functions V' and w/»(x) are continuous. 0O
Now, we are ready to prove that W=7.

THEOREM 3.1.  Suppose that Assumptions 1.2 and 1.4 hold for some ¢>0 and p>1.
Then, for every ¢ € BV, (QR)

Wil =3lel= | v (A2 en) anie— [ e [ e

(Dta:(p)s T T
S R O ) KL )

Next, relying on Theorem 3.1, we state the relaxed variational problem. We set
% (t, )),Supp(gom (t’ )) g (7R7R)} 3
x
K ={eeki@m)o00= [ maly
-R

R R ¢
[wa(t,m)zl, /Rgo(t,x)—Mo(a:) dxz—/o Q(s) ds, tG[O,T]}.

Ko(r) = {p € BV;" (Qr) : supp(yp

dy7 (P(t7 _R) =0,

Note that A(Qr) CB(Qr) CK(QR), so (3.17) guarantees that K(Qg) is a nonempty
convex set. Our relaxed variational problem is

in Z[y|, 3.25
onin [¢] (3.25)

where
I[SO]:/ fN( (SZ;@)( 7:10)> dxdt—/gR(V-Fc@p—l))sDz—/QRu'T(x)got
e[ g (M<t7m>)d|<Dt,ms|<t,x>.

The next theorem proves the existence of solutions to the preceding variational problem.
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THEOREM 3.2. Suppose that Assumptions 1.1-1.5 hold. Then, there exists ¢ € KC(Qr)
such that

Ilpl= we%%IéR)IM

REMARK 3.2. Under Assumptions 1.2-1.5, Theorem 1 in [34] implies that ¢ given by
(2.10) belongs to K(2g) and is a minimizer of (3.25). Thus, under Assumptions 1.1-1.5,
if we have uniqueness, ¢ given by Theorem 3.2, and ¢ given by (2.10) coincide.

Proof. (Proof of Theorem 3.1.) Taking into account (3.23) and the definition
of fn, (3.24), we have

ep(|vi|+v2) < fy(vr,ve),  (v1,v2) ERXRSF.

Recalling that fy is convex and using the preceding estimate, the proof follows from
Remark 5.37 in [29] and Proposition 3.1. 0

Proof. (Proof of Theorem 3.2.) We recall that W11 (Qg) is dense in BV (Q2g)
with respect to the intermediate convergence (see Theorem 10.1.2 in [11]). Accordingly,
we can take a minimizing sequence, {¢"}°° , such that ¢ € Wh1(Qpg). Therefore,

yomn T [¢]= lim Z["|=liminf ITp"],
where I, T are defined by (3.6) and (3.25), respectively. Note that because
or €P(—R,R)NL' (-R,R),
where P(—R,R) denotes the set of probability measures on (—R,R), there exists u€
P(—R,R), such that
llezllLren) <C, @y — p weakly in M(Qg). (3.26)

Combining these estimates with the argument in Proposition 3.3, we deduce that

et llzr (2p) S C- (3.27)
Consequently, because Qg is bounded, Prohorov lemma (see Theorem 2.29 in [35]) gives
the existence of v € M(Qg) such that ¢} —v weakly in M(Q2g). On the other hand,
because ffR@(t,x)—Mo(x) dx:—fOtQ(s) ds, we have that ‘fngondx‘ <C, where C

does not depend on ¢. Hence, by Poincaré inequality (see Theorem 1 in Section 5.8.1
n [25]) from (3.26) and (3.27), we get

™12t (r) <@ 1 @r) T et 1 (@p) +C < C.

Therefore, ||¢™||w1.1(q,) <C. Consequently, Rellich-Kondrachov theorem (see Theorem
1, Section 5.7 in [25]) implies that there exists p € L*(Qg) for aw€[1,2), such that
©™ converges to ¢ strongly in L*(Qg). In particular, ¢™ converges to ¢ strongly in
L'(Qg). This convergence, combined with (3.26) and (3.27), implies that there exists
w€ BV (QR), such that ¢™ — ¢ in the sense of intermediate convergence in BV (Qg).
Finally, relying on this and recalling that ¢™ € K(Qg)NWH1(Qg) from [11, Theorem
10.2.2], we deduce that ¢ € L(Qgr). Moreover, recalling the definition of fy and using
Propositions 3.4 and 3.1, we get

in Z[y]= lim Z[p"]|=liminfI[p"] > Z[p]= min T[],
vek(@n) [W]= lim Zlp"]=liminf [[o"] > T{y] peR(@n) V]

which completes the proof. ]
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4. Price as Lagrange multiplier

In this section, we provide a representation formula for the price w using the mini-
mizer ¢ of (3.6). This formula shows that the Lagrange multiplier associated with the
balance constraint (3.3) characterizes the price.

PROPOSITION 4.1.  Suppose that Assumptions 1.2-1.5 hold. Let R satisfy (3.1). Let
(u,m,w) solve (1.1) and let € A(Qr) attain the minimum in (3.6). Furthermore,
assume that p € C*(Qr). Then, w is given by a Lagrange multiplier w:[0,T] — R asso-
ciated with .

The previous result is critical to proving our main result, Theorem 1.1.

Proof. (Proof of Theorem 1.1.) Because ¢ solves Problem 1.2, we obtain w
according to Proposition 4.1. Therefore, (,w) minimizes (2.3), and by Proposition
2.1 satisfies an Euler-Lagrange equation equivalent to (2.4)-(2.5). Since the solution
(u,m,w) of (1.1) defines a potential function according to (2.10), which satisfies (2.4)-
(2.5), the convexity of (2.3) implies that this potential is a minimizer of (2.3). Thus, by
Proposition 3.2, we conclude that the potential function defined by (u,m,w) coincides
with the minimizer ¢. Thus, we can recover u and m using (2.7); that is,

u(t,x)_uT(z)_/tTH<L'<W))ds_(T_t)V(m), (t,2)€[0,T] xR,  (4.1)

Pa(s,2)
where the right-hand side of the previous expression is well defined because p, and ¢;
have the same compact support, and m(t,x) =@, (t,x), (t,2) €[0,T] xR. O

Proof. (Proof of Proposition 4.1.) The existence and uniqueness of the solution,
(u,m,w), to Problem 1.1 follows from Theorem 1 in [34]. Because L is convex, and
recalling Remark 2.1, the solution (u,m,w) to Problem 1.1 defines a minimizer of (3.6)
in A(Q2g), which is given by (2.10). By Proposition 3.2, we deduce that ¢ coincides
with (2.10), as it is the unique minimizer of (3.6). Furthermore, by Remark 2.1 and
Corollary A.1, it follows that there exists 0 < R; < R such that

Supp(@w(t")) - [_Rlle] C (_R7R)7 te [07T] (42)
Because ¢ is the minimizer of (3.6)
or(t,x)=0 a.e. in{p,(t,x)=0:(t,x) EQr}. (4.3)
Let
R
z(t) :=/Rxnpz(t,x)darzR—[Rw(t,m)dx, te0,7T). (4.4)

Let 9 € WH1(Qpg) be such that (¢,-) is a cumulative distribution function on (—R,R)
for t €[0,T, and satisfies

77[](0’1.>:SO(07$)7 Supp(wﬂc(tf))gsupp(@w(tv'))g[_RlaRl]C(_RaR)v tG[O,T(’L )
4.5
and

Pi(t,x)=0 a.e. in {(t,x) €Qr: 1, (t,x)=0}. (4.6)
Set

R
E(t)::/R:cwx(t,x)dx:Rf[R¢(t,x)dx, te[0,T]. (4.7
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Notice that [T —2| <4R. Let 0<e <min{£-51 1}. Thus,
[~Ri,R1]C (—R—e(@(t)—Z(t)), R—<(T(t) —Z(t)))N(~R,R), t[0,T].  (4.8)
Let
¢ (t,0) = (1—e)p(t,x —e(T(t) —2(t))) + ey (t,z —e(@(t) —=(1)))-

We claim that ¢° € A(Qg). Indeed, by (4.5) and (4.8), we have

R
;. >0, / prder=1, ¢°(0,2)=My(x) z€[-R,R],
R
©*(t,—R)=0, te][0,T].

It remains to prove that ¢° satisfies the balance condition; that is,

R t R
/R@E(t,x)dx:—/o Q(s)ds—l—/_RMo(a:)dx, te[0,7]. (4.9)

Because ¢ € A(2R), (4.4) shows that to prove (4.9), it is enough to verify that
/x(p;(t,z)dzzf(t), te[0,T7.
R
Computing the left-hand side of the previous identity, we have
/mgpi (t,x)dx
R
—(1-2) [ spultr—e(@O) ~2O)ds +e [ wb. (b0 e(@le) ~3(0)da
R R

:(1—5)/Rxg0m(t,x)dx+€(f(t)—E(t))+€/R;m/)x(t,x)dx+€(f(t)—E(t))
— (1) (@(t) () 3(0))) & (2(0) + e(x(t) ~2(1)))
=T(t).

Therefore, ¢° € A(2r), and the map e — I[p°] has a minimum at € =0; that is,
¥

To compute the left-hand side of the previous inequality, we notice that
i (t,x)=(1—¢) (%(tw—ﬁ(w(t) —Z(t))) = pu(t,x —e(T(t) —2(1)))e (z(2) —é(t))>
e (n(tan =010 ~2(0) =t a10) = 2(0)e (310~ 300) )

oo (t,x) =(1—e)pe(t,x —e (T(t) —2(1))) +e¢u (t, 2 —e (T(t) —=(1)))-
Note that (4.3) and (4.6) imply

ei(t,x)=0 a.e. in {g5(t,z)=0:(t,z)€Qr}.
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Furthermore,

lim 5 (.2) = — i (t,) — e (t,2) (T(t) = Z(1) — pa(t,2) (T(t) = Z(1)) +41(t,2)

e—0+ de

= (- ettn) +vtt.0) - atr) ) 30 ).
i 0% (1) =~ (0) — 2 (1,0 (5(0) 2(0) + 1 (02)

- % (— o(t,z)+(t,x) — @ (t,2) (T(t) —z(t))) )

For ease of notation, we denote

]LZ t? b ' t? 9 T t7 O
L (t,2) = (pe(t, ) ¢ (t,x)), pa(t,x)> (4.10)
0, otherwise,
and
L t «(t,2)),  a(t,
v 0, otherwise.
Taking into account (4.3) and (4.6), we obtain
d _ _
vt %I / / ) (¢(t7x)—e@(t,x)—@x(t7w) (z(t)—Z(t))>dwdt

- / / Ty (t2) =V () %(wa,x)—so(ta)—%(t,x)(f(t)—z(t)))dxdt.

Integrating by parts in the right-hand side of the previous identity, using that z(0)=
z(0), and recalling (4.2) and (4.5), we obtain

i L rtg)= [ @00 o) (W)~ o00) - 2 T0) D) -0 Yo
T rR
[ (wan s @ - v, )
(w(t,x) —p(t,x) — @ (t,x) (T(t) —z(t)))dmdt. (4.12)
Recalling (4.4) and (4.7), we have

R
()~ 2(t) = / (lta)—plt)ds, te0.T)

Using the previous identity and Fubini’s theorem, we write the first term on the right-
hand side of (4.12) as follows

R
| @ - (1/)(T,:c)—<p(T,m)—gpx(T,x) <x<T>—z<T>>)dz
R

R R
- / <1L:<T,z> () - / L4(T,) —u&(y»mm)dy) ($(T,2) - o(T,2))dz.
o B (4.13)
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Similarly, the second term on the right-hand side of (4.12) becomes
T R
[/ ((mz(t,x»ﬁ(m;(ax)fV(x))z)(w<t,m>w(t,x)fsoz@,m)(f(t)fz(t)))dxdt
0 —R
T R
-[/ ((m:u,x))ﬁ(m;a,x)—wx))z
0 —R

R
-/ ((Li(t,y>>t+(mz<ay)—V<y>)z)soz<t,y>dy) ((t.2)— plt,2)) dzdr. (4.14)

—R

Define the Lagrange multiplier by
R
wr= [ (LT~ )es (T,
—-R

R
W(t)=/ ((El‘(t,y))ﬂr(EZ(t’y)—V(y))x><ﬁx(t,y)dy, t€[0,T]. (4.15)

-R

Then, replacing (4.13) and (4.14) in (4.12), we get

/R (]L:(T,.T)_U/T(x’)—wT> (W(To) — (T, 2)) da

R
+/0 /_R<(]L§(t,x))t+(IL;(t,x)—V(ac))w—w(t)) ((t,2) — p(tx))dedt>0.  (4.16)

Notice that, in the previous inequality, the function ¢ =1 — ¢ can be selected to be
strictly positive or negative in any neighborhood of (0,7T) x (—R, R). Therefore, we can
infer the nullity of the functions in both integrals in (4.16) as follows. First, select v
satisfying ¢(T,-) =¢(T,-). Then, (4.16) shows that

/OT /IIZ ((E’;(t,x))t + (ILZ(t,w) - V(m))x —w(t)) o(t,z)dzdt >0. (4.17)
The regularity of
(t,2) = (L (1,2)), + (L (1,2) V() — w()
allows the localization of the integral in (4.17) using ¢, and we conclude that
(LL(t,2),+ (Ly (tx) =V (z)) —w(t)=0 ae. (t,2)€(0,T)x (~R,R). (4.18)
Then, (4.16) reduces to

R
[ (120 i (o) - wr ) (0T~ () a0,
-R

and we proceed as before by localizing the integral using z+— ¢(7,z) to conclude that

Li(T,z) —up(z) —wr=0 ae. x€(—R,R). (4.19)

Recalling (2.12), which characterizes w, the identities (4.18) and (4.19) show that the
price, w, is given by the Lagrange multiplier (4.15) according to

st =w(t), te[0,T], =(T)=wr, (4.20)

which completes the proof. ]
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5. Numerical results

In this section, we provide the results of the potential approach applied to the
price formation MFG system with quadratic cost and oscillating supply. We use the
semi-explicit formulas introduced in [34] to assess the error in our approximation. We
use the standard solver for finite-dimensional convex problems provided by the software
Mathematica to approximate the potential function in a discrete grid in time and space.

Let k€R, n>0, and ¢>0. For the quadratic cost configuration, we take

_ 1y _n 2 _
H(p)—Q—Cp , V(m)——g(x—/{) , and wup(z)=0.

Thus, L(v)=S$v?. As shown in [34] and [33], a feature of the quadratic setting is the
solvability of the Hamilton-Jacobi equation in (1.1) in the class of quadratic functions
of = with time-dependent coefficients

u(t,r) =ao(t)+ay (t)x+az(t)z?, t€[0,T], z€R.

The coefficients ag, a1, and as solve an ODE system that derives from the Hamilton-
Jacobi equation by matching powers of the x variable. Figure 5.1c shows the value
function for (x,t) € [0,7] x [—1,1]. Moreover, the price has the following explicit formula

w(t)=n(k—mm0) (T—t)—n / / "Q(r)drds—cQ(t), te[0,T],

where my = fR xmo(z)dz. The initial condition my is centered at © =0 and with compact
support [—0.5,0.5] (see Figure 5.1a). The vector-field transporting my is

b(t,z) = —% (@ (t)+ar(t)+2as(t)z), te[0,T], z€R,
which we use to compute m using the method of characteristics (see Figure 5.2b).
Thus, recalling (2.7) and (2.10), we have explicit formulas for ¢, ¢,, and ¢;. We use
the previous expressions as a benchmark for the approximation obtained using (4.15).
For the discretization of the time variable, we set T=1 and N;=20 time steps
uniformly spaced. Thus, hy =0.05 is the time step size. To discretize the space variable,
the selection of R in (3.1), where Ry =0.5, becomes

R>max{5.57742 , 0.811579}.

However, to simplify the computational cost, we optimize the selection of R by looking at
the support of m(t,-) for t € [0,T], which we illustrate in Figure 5.2b. Thus, we discretize
the space variable in the space domain [—1,1] using N, =40 time steps equally spaced.
Thus, h, =0.05 is the step size.

Because in several applications, the supply function satisfies a mean reversion as-
sumption, we assume that it follows the ordinary differential equation

Q(t)=Q(t)—aQ(t), te[0,T],
Q(O) =4qo,
where @ :[0,7] — R represents the average supply over time, o € R measures the ten-

dency to go towards the average, and gy € R is the initial supply. For numerical purposes,
we select

Q(t)=5sin(3nt), a=4, qgo=-0.5.
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While the particular choice of () does not change the problem substantially, the preced-
ing choice has oscillatory features, as we want to demonstrate how price changes, and,
at the same time, we recover simple analytic expressions. As Figure 5.1b shows, the
price inherits the oscillating behavior from the supply.

Using the solution (u,m,w), we get @:, @, from (2.7) (see Figures 5.2a and 5.2b),
and so (2.10) gives ¢, illustrated in Figure 5.2c. The value of (3.6) is 0.106525, which
we use as an additional benchmark to assess our numerical approximation.

L i L i
-1 08 06 -04 -032 02 04 08 08 1

(a) mo (b) Price and supply (c) value function u

Fig. 5.1: Data mo and Q, and solutions u and @ for Q(t) = 5sin(3rt).
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(c) potential ¢

Fig. 5.2: Analytic solution ¢ and its partial derivatives for Q(t)=5sin(3mt). The blue lines outline
the support of m.

We discretize (3.6) over the time-space grid using finite differences to approximate
¢ and @, ; that is

hy ’

o(ti,xj+he) —p(ti,z;)
hy ’

ei(ti, )= @z (ti,rg) =

for i=1,...,20, and j=1,...,40. We obtain a finite-dimensional convex optimization
problem with the following constraints

N, i
ou(tisz) 20, Z (p(ti,x;) — Mo(z4)) he +ZQ(tk)hta
j=1 k=0

(,D(O,:Ej)—,2\4()(33J‘):()7 (p(ti,—l):O, (p(ti71)=1, izl,...,Nt,jzl,...,Nz,

which correspond to the discretization of the admissible set A(Q2g) (see (3.4)). The
results are depicted in Figure 5.3. The approximated value of (3.6) is 0.103765, in good
agreement with the theoretical value 0.106525.
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Fig. 5.3: Approzimated solution ¢ for Q(t) =5sin(3t).
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Fig. 5.4: Approzimated solution @ for Q(t) = 5sin(3t).

Using (4.15), we obtain the corresponding approximation of w, illustrated in Figure
5.4. Because of the implementation of finite differences, we can compute the price on
the time horizon [2h:,T]. The plots show good agreement between the values of our
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nﬁf

1, o4}
M0

(a) u approximation (b) approximation error

Fig. 5.5: Approzimated solution u for Q(t)=5sin(3xt).

numerical results with a small discrepancy that improves as the grid size increases (here,
we show the results for the finest grid we used).

As the last benchmark, we consider the value function u. To compute u, we round
the approximation to avoid indeterminate expressions, and we use (4.1). The result is
depicted in Figure 5.5. Again, we obtain a good agreement with the exact solution.

6. Conclusions and further directions

In this paper, we presented a variational approach based on Poincaré lemma, reduc-
ing one variable in the MFG price formation model. We studied the variational approach
independently of the MFG problem. We obtained existence for a relaxed formulation
using bounded variation functions, and we proved uniqueness of the potential function.
We showed that price existence follows a Lagrange multiplier rule associated with the
balance constrained, an integral equation for the MFG model depending on a supply
function. For the price problem, the variational formulation allows an efficient compu-
tation without solving the backward-forward coupled problem with integral constraints.
The convexity of the variational approach allows the use of standard optimization tools
to solve its discrete formulation. Our numerical method shows promising results and
good agreement with the explicit solutions. We consider that we can apply a similar
approach to the price formation model with common noise, which corresponds to the
case of a stochastic supply function. One challenge is the dependence of the variational
problem formulation on the supply, requiring the discretization of time, state variables,
and the common noise. We plan to investigate this case in future works.

Acknowledgements. The authors were supported by King Abdullah University
of Science and Technology (KAUST) baseline funds and KAUST OSR-CRG2021-4674.

Appendix. Preliminary results for the continuity equation. Here, we prove
a general result for the continuity equation (the second equation in (1.1)).

We recall the following result from [15] about the existence and uniqueness of solu-
tions to the continuity equation. Let uo € C'(R), be L1([0,T]; WL (R))NC([0,T] x R),
and b, € L*([0,T] x R). Then, the continuity equation

(A1)

pe+(bp)z =0 [0, T] xR,
1(0,) =po(z) z€R

has a unique solution p€ L*°([0,7] xR) in the distributional sense. The existence re-
sult follows from Theorem 1.1 in [15], which addresses the existence and uniqueness of
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distributional solutions to the continuity Equation (A.1) for a vector field b satisfying
weaker conditions.

Now, we prove that if the initial condition pg of the continuity equation is compactly
supported, the solution y is also compactly supported.

PROPOSITION A.1. Let poeCY(R), be LY([0,T); WL (R))NC([0,T] xR), and b, €

loc

L>([0,T] xR). Assume further that g € C}(R). Then, the unique solution to the con-
tinuity Equation (A.1) has compact support; that is, p€ L ([0,T] x R).

Proof. From the results in [15], it follows that there exists a unique, p€ L*([0,T] x
R) solving (A.1) in the distributional sense. Let b° be a sequence of functions in
C*>([0,T] x R) satisfying:
e b° is Lipschitz continuous w.r.t. x, and its Lipschitz constant satisfies Lip(b¢) <
Lip(b),
e b° — b uniformly on every compact set of [0,7] x R.

We can obtain such a sequence b° by considering the convolution with standard mollifiers
in x and a partition of unity construction in ¢. Next, we consider the continuity equation
with the vector field b°

(A.2)

s+ (0°pf), =0 [0,T] xR,
pe(0,z) =po(x) x€R.

Because b°, b5 € C1([0,7] x R), by Theorem 6.3 in [41], (A.2) has a unique solution u° €
C*([0,T] x R) given by
pe (X5 (6y)) I (Gy) =poly),  (Ly) €[0,T] xR, (A.3)

where

J(t;y) =exp (/Otbi(s,Xs(S;y)) d8> : (A4)

and X°¢ solves the following initial value problem

{X%t;y):bf(m(t;y)) (t:9) € (0.T] xR, (A5)

Xe(0;y)=y yER.

Because b° € C1([0,T] x R), the map y+ X¢(¢;y) is a diffeomorphism (see [40], Chapter
3). Moreover, because b € C*([0,T] x R) is Lipschitz continuous w.r.t. z, we have

|6°(t,2)| < Ce (1 [z]) (A.6)
where, by the uniform convergence of b° to b on compact sets, we have
C. <max{1+ [b(-,0)l| = o171, Lin(8) . (A7)

for 0<e < 1. Integrating (A.5) on [0,t], for 0<¢< T, and using A.6, we have
¢
Xl <o+ [ (X ()l
0

t
<Jyl+Cut+C. / X (s53)|ds
0
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t
<Jyl+CT+C. / X5 (s:9)|ds:
0

that is, for y € R, the non-negative function
n(t):=|X(t;y)], t€][0,71],

satisfies

t
n(t)SC'l/ n(s)ds+Cy,
0

for C1 =C; and Cy = |y|+ C.T. Therefore, by the integral Gronwall’s inequality (see [25],
Appendix B), we obtain

XE ()| < (ly] + CT) (14 C.TeCT). (A8)

Because po € CL(R), there exists Rg>0 such that po(y) =0 for all |y| > Ry. This, with
(A.3), implies that p® may have non-zero values only for those y satisfying |y| < Rp.
Hence, (A.8) yields

| X (t)| < (Ro+C.T) (14+C.Te”") =: R..
Thus, supp(pf) C[0,T] x [—Re,R:], which, by (A.7), provides the existence of R>0,
depending on T and Lip(b), such that suppu® C[0,T] x [—R, R] for every 1>>¢>0. Fur-
thermore, (A.3) and (A.4) imply that there exists C' >0, depending on T', Lip(b) and py,

such that ||p®[| e ([0,7xr) < C for all 1>>¢>0. Therefore, by Banach-Alaoglu theorem,
there exists i € L*°([0,7] x R) such that

pf i as e—0 in L*®([0,T] xR).

Consequently, suppf C [0,T] x [- R, R] as well. On the other hand, p also solves (A.2)
in the sense of distributions; that is,

/OT/RME(@bE%)dxdt/]RuO(b dz, (A.9)

for any ¢ € C}([0,T) xR).
Thus, given ¢ € CL([0,T) x R), we write

-/ ' [ 6 =bo)dact

T
:_/O /Rxf (60 =b¢2) + (1 — ) (¢ — bds) + by (b—b°) dawdt. (A.10)

Because ¢y, ¢, bd, € L*([0,T] x R), the second term on the right-hand side of (A.10)
vanishes as € = 0. Furthermore, using the uniform bound for p®, and because b° con-
verges uniformly to b in the compact support of ¢, we obtain that the third term on the
right-hand side of (A.10) also vanishes as € — 0. Thus, using (A.9), we get

—/OT/RN(¢t_b¢w)dxdt:/R“0¢ de,
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and since ¢ is arbitrary, we conclude that fi is a solution to (A.1) in the distributional
sense.

To conclude the proof, it is enough to recall that the results in [15] provide unique-
ness for the initial value problem in (A.1) in the sense of the distributions. |

Applying the previous result to the MFG system (1.1)-(1.2), we obtain the following.

COROLLARY A.1. Suppose that Assumptions 1.1-1.5 hold. Let (u,m,w) be the solution
to (1.1). Assume further that Assumption 1.6 holds with Ry>0. Then, m is compactly
supported; that is, there exists a constant Ry, > Ry, such that suppm(t,-) C [— Ry, R
fort€[0,T]. Moreover, R, is bounded by a constant that depends only on the problem
data.

Proof.  Let b(t,x)=H'(w(t) +us(t,z)) denote the vector field of the continuity
equation in (1.1). By Proposition 8 in [34], |uze| < C(T,V,ur), which implies that wu,
is Lipschitz w.r.t. z. By Assumptions 1.1 and 1.2, for p>2, |H"|<C(L), for some
C(L)>0. Thus, b(t,-) € C(R) is Lipschitz continuous in R uniformly with respect to t.
Furthermore, the Lipchitz constant satisfies

Lip(b(t,-)) < Co,

where Co=Cy(T,V,L,ur). Therefore, Proposition A.l implies the first part of the
result. Moreover, (A.8) shows that

Ry <(Ro+CoT) (1+CoTeT), (A.11)

which concludes the proof. 0
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