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EXISTENCE AND DECAY OF
GLOBAL STRONG SOLUTIONS TO THE NONHOMOGENEOUS
INCOMPRESSIBLE LIQUID CRYSTAL SYSTEM WITH VACUUM

AND DENSITY-DEPENDENT VISCOSITY∗

XIA YE† AND MINGXUAN ZHU‡

Abstract. This paper is concerned with the initial value problem of the three-dimensional nonho-
mogeneous incompressible liquid crystal system with vacuum and density-dependent viscosity. We prove
the existence of global strong solution on R3×(0,∞) under the initial norm ∥u0∥Ḣα +∥∇d0∥Ḣα (1/2<
α≤1) being suitably small. In addition, the algebraic decay rate estimates of the global strong solution
are obtained.
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1. Introduction
In this paper, we consider the nonhomogeneous incompressible liquid crystal system

with density-dependent viscosity in R3
ρt+div(ρu)=0,

ρut+ρu ·∇u+∇P =div(µ(ρ)∇u)−div(∇d⊙∇d),

dt+u ·∇d=∆d+ |∇d|2d,
divu=0, |d|2=1,

(1.1)

where the unknowns are the vector fields u=(u1,u2,u3), ρ and P representing the fluid
velocity, density and pressure, respectively. And d :R3→S2, it belongs to the unit
sphere. In addition, ∇d⊙∇d=(∂id ·∂jd)3×3. The viscosity coefficient µ=µ(ρ) is a
function of density, and satisfies

0<µ(ρ), µ(ρ)∈C1[0,∞). (1.2)

System (1.1), which is a simplification of the original Ericksen-Leslie model [8, 18],
can be used to describe the evolutionary behavior of nematic liquid crystal flows. We
refer to the monographs [2, 5] for a detailed presentation of the physical foundations
of continuum theories of liquid crystals. Gao, Tao and Yao [9] studied the local well-
posedness of strong solutions. Liu [29] established the global strong solutions with
vacuum, provided that ∥∇u0∥L2 +∥∆d0∥L2 is suitably small. Later, Liu [30] established
the global strong solutions with vacuum, provided that ρ̄+∥∇d0∥L3 is suitably small.

When the viscosity coefficient µ(ρ) is a constant, it is the classical nonhomoge-
neous incompressible liquid crystal system. Wen and Ding [40] established the local
well-posedness of strong solutions to the three dimensional liquid crystal system. Li
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and Wang [21] obtained the local well-posedness of this system without the initial value
compatibility condition. Global well-posedness was studied under some smallness as-
sumption on the initial data and the initial density away from vacuum. Li and Wang [22]
studied the initial-boundary value problem for the density-dependent incompressible
flow of liquid crystals in a three-dimensional bounded smooth domain. For the initial
density away from vacuum, local solution and global small solution were obtained. Hu
and Liu [13] studied the global existence and uniqueness of solution to this system with
variable density in the framework of Besov spaces. Ding, Huang and Xia [7] proved
global existence and uniqueness of the strong solutions with vacuum and small initial
data in three dimensions. In two dimensions, Liu and Zhang [27] obtained global well-
posedness with vacuum with the initial data satisfying some smallness condition. They
also present a Serrins-type criterion depending only on ∇d, for the breakdown of local
strong solutions. Li [19] proved the global existence and uniqueness of strong solutions to
this system with vacuum. More precisely, for the two dimensional case, he requires that
the basic energy ∥√ρ0u0∥2L2 +∥∇d0∥2L2 is small, while for the three dimensional case,
he needed the smallness of (∥√ρ0u0∥2L2 +∥∇d0∥2L2)(∥∇u0∥2L2 +∥∆d0∥2L2). De Anna [4]
established the global existence of solutions for small initial data by assuming that the
initial density is bounded and kept away far from vacuum, while the initial velocity and
the gradient of the initial director field belong to certain critical Besov spaces. Liu and
Zhong [31] obtained global well-posedness of strong solutions with large velocity and
vacuum provided that ∥ρ0∥L∞ +∥∇d0∥L3 is suitably small. The large-time behavior of
the solution was also obtained. Zhong [44] proved that there exists a unique global
strong solution provided that the initial orientation satisfies a geometric condition in
dimension two. Liu et al. [28] proved that the 2D nonhomogeneous incompressible ne-
matic liquid crystal flows admit a unique global strong solution provided that the initial
data density and the gradient of orientation decay are not too slow at infinity, and the
initial orientation satisfies a geometric condition.

When the density ρ is a constant, it is the homogeneous incompressible liquid
crystal system. In dimension two, Lin, Lin and Wang [23] established both interior and
boundary regularity theorems for such a flow under smallness conditions. Hong [12]
proved global existence of solutions to the Ericksen-Leslie system, where the solutions
are regular except for at a finite number of singular times. Xu and Zhang [42] proved
the global existence and regularity of weak solution for the liquid crystal flows with the
large initial velocity. The uniqueness of weak solution was also proved by using the
Littlewood-Paley analysis in [42]. In dimension three, Lin and Wang [26] studied the
global existence of weak solutions. In the N -dimensional whole space, Schonbek and
Shibata [35] proved the global well-posedness of strong solutions for small initial data by
combining the maximal Lp−Lq regularities and Lp−Lq decay properties of solutions for
the Stokes equations and heat equations. Several works on the mathematical analysis
for general liquid crystal system can been found in [1,14,17,20,24,25,34,36–39,41] and
references therein.

Further more, if d=d1 for some constant vector d1∈S2, system (1.1) reduces to
the nonhomogeneous incompressible Navier-Stokes equations with density-dependent
viscosity. Desjardins [6] established the global weak solution with more regularity pro-
vided that µ(ρ) is a small perturbation of a positive constant in dimension two. If
vacuum does not appear, Gui and Zhang [10] obtained the global well-posedness in the
case when the initial density ρ0 is a small perturbation around a positive state inHs with
s≥2. Local existence of strong solutions with compatibility condition was established
by Cho and Kim [3]. Huang and Wang [15] obtained the global strong solutions under
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the assumption that ∥∇µ(ρ0)∥Lq ,(q>2) is small in dimension two. Zhang [43](see also
Huang and Wang [16]) proved the global strong solutions under the assumption that
∥∇u0∥L2 is small in dimension three. Then, He-Li-Lv [11] established the global strong
solutions with smallness in ∥u0∥Ḣα(1/2<α≤1) in the whole 3D space.

In this paper, we consider the Cauchy problem of (1.1) with the initial data

ρ(x,0)=ρ0(x), u(x,0)=u0(x), d(x,0)=d0(x), and |d0(x)|=1, x∈R3 (1.3)

and the far-field behavior

ρ(x,t)→0, u(x,t)→0, |d(x,t)|→1, as |x|→+∞, for t>0. (1.4)

Theorem 1.1. For given numbers ρ̄≥0, p>3, and α∈ (1/2,1], assume the initial
data (ρ0,u0,d0) satisfies

0≤ρ0≤ ρ̄, ρ0∈L3/2∩H1, ∇µ(ρ0)∈Lp, u0∈H1
0 ∩Ḣα, ∇d0∈L3/2∩Ḣα∩H1.

(1.5)
Then there exists a positive constant ε0 depending on ρ̄,p,µ,∥ρ0∥L3/2 ,∥∇d0∥L3/2 , such
that if

Π0≜∥u0∥Ḣα +∥∇d0∥Ḣα ≤ε0,

the Cauchy problem (1.1)-(1.5) has a unique global strong solution (ρ,u,d) satisfying
that for any 0<τ <T ,

0≤ρ∈C([0,T );L3/2∩L∞), ∇µ(ρ)∈C([0,T );Lp),

P ∈L∞([τ,T );L2∩H1), Pt∈L2([τ,T );L2),

(∇u,∇2d)∈L∞([0,T );L2)∩L2([0,T );L2),

(
√
ρut,∇dt)∈L∞([τ,T );L2)∩L2([0,T );L2),

(∇ut,∇2dt)∈L2([τ,T );L2)∩L∞([τ,T );L2),

(
√
ρutt,∇dtt)∈L2([τ,T );L2).

(1.6)

For all t>1, there exist these global decay estimates:

∥∇u(·,t)∥2L2 +∥∇2d(·,t)∥2L2 +∥P (·,t)∥2L2 ≤Ct−1, (1.7)

∥√ρut(·,t)∥2L2 +∥∇dt(·,t)∥2L2 +∥∇P (·,t)∥2L2 ≤Ct−2, (1.8)

here C depends only on ρ̄,p,µ,∥ρ0∥L3/2 ,∥∇d0∥L3/2 and Π0.
In addition, we also have

∥∇ut(·,t)∥2L2 +∥∇2dt(·,t)∥2L2 ≤Ct−2, (1.9)

here C depends only on ρ̄,p,µ,∥ρ0∥L3/2 ,∥∇d0∥L3/2 , Π0, ∥∇u0∥L2 ,∥∇ρ0∥L2 and
∥∇2d0∥L2 .

Remark 1.1. Inspired by Reference [11], we obtain a weighted estimate of the solution
and the existence of a global strong solution without the initial value compatibility
condition. Moreover, comparing with [29], our smallness condition can be seen as an
improvement.
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Remark 1.2. The constant C in (1.9) depends on the initial data ∥∇u0∥L2 , ∥∇ρ0∥L2

and ∥∇2d0∥L2 while the constant in (1.7) and (1.8) does not depend on these initial
values. Moreover, if the initial density ρ0∈H2, we can prove the existence of the global
classical strong solution for (1.1)-(1.5) without initial compatibility condition.

We now make some comments on the analysis in this paper. Based on the local
strong solution, we need some global a priori estimates to extend the local solution to
globally in time. First, we give some a priori hypothesis (Proposition 3.1). Under the a
priori assumptions, we can obtain some uniform global estimates. The key point is to
close a priori hypothesis and obtain higher-order decay estimates of strong solution. To
this end, we consider dividing the time into segments on time [0,σ(T )] and [σ(T ),T ],
and linearize the velocity equation to overcome the difficulty of strong coupling of equa-
tions. Then, thanks to the definition of σ(T ), the construction of equations and some
time-weighted estimates of solution (Lemmas 3.2-3.4), using Sobolev inequality, we can
obtain the bound on L1([0,σ(T )];L∞) of ∇u which can be controlled by Π0 (see (3.69)).
The difficulty lies in the bound for L1[σ(T ),T );L∞) of ∇u which can be controlled

by Π0. Using interpolation inequality ∥∇d0∥2L2 ≤C∥∇d0∥4α/(1+2α)

L3/2 ∥∇d0∥2/(1+2α)

Ḣα
to get

the bound on L∞[σ(T ),T );L2) of t(
√
ρut,∇dt) and t1/2(∇u,∇2d) which can be con-

trolled by ∥u0∥2Ḣα +∥∇d0∥2/(1+2α)

Ḣα
, respectively, (see (3.9), (3.18), (3.51)). However,

the time-weighted power is still insufficient, utilizing the estimation of solution to el-
liptic equation to obtain ∥∇u∥2L2 ≤C

(
∥√ρut∥2L2 +∥∇u∥4L2 +∥∇3d∥2L2

)
, and to increase

the time-weighted power of ∥∇u∥2L2 and using Sobolev inequality to get the bound of

t6/5∥∇2d∥2L2 , which is the key to prove bound on the L1([σ(T ),T );L∞) of ∇u. Finally,
we use these a priori estimates to close the priori hypothesis (Proposition 3.1) and take
full advantage of the structure of equations to obtain these higher-order decay estimates
for strong solution.

2. Preliminaries
In this section, we list the preliminary lemmas, which will be used.
First, using the method of reference [32], we can similarly obtain the following local

existence of strong solutions to the problem (1.1)-(1.5).

Lemma 2.1. Assume that (ρ0,u0,d0) satisfies (1.5). Then there exist a small time
T1>0 and a unique strong solution (ρ,u,d) to the problem (1.1)-(1.5) in R3×(0,T1)
satisfying (1.6).

Lemma 2.2 ([11]). Let F ∈L6/5∩Lr with r∈ [2p/(p+2),p], assume (ρ,u) be a smooth
solution to the following problem

−div(µ(ρ)∇u)+∇P =F, x∈R3,

divu=0, x∈R3,

u(x)→0, |x|→∞,

(2.1)

then, there exists a positive constant C depending on µ,r,p such that (ρ,u,P ) satisfies

∥∇u∥L2 +∥P∥L2 ≤C∥F∥L6/5 , (2.2)

∥∇2u∥Lr +∥∇P∥Lr ≤C

(
∥F∥Lr +∥∇µ(ρ)∥

p(5r−6)
2r(p−3)

Lp ∥F∥L6/5

)
. (2.3)

Moreover, if F =divg1+g2 with g1∈L2∩Lr̄, g2∈L6/5∩L
3r̄

r̄+3 for some r̄∈ (6p/(p+
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6),p), then

∥∇u∥L2∩Lr̄ +∥P∥L2∩Lr̄ ≤C

(
∥g1∥L2∩Lr̄ +∥∇µ(ρ)∥

3p(r̄−2)
2r̄(p−3)

Lp ∥g1∥L2 +∥g2∥
L6/5∩L

3r̄
r̄+3

)
.

(2.4)

Lemma 2.3 ( [33]). Let f :Rn→R, if f ∈Lq(Rn) and Dmf ∈Lr, 1≤ q,r≤∞, for the
0≤ j≤m, the following inequality holds

∥Dju∥Lp ≤C∥Dmf∥αLr∥u∥1−α
Lq , (2.5)

where

1

p
=

j

m
+α(

1

r
−m

n
)+(1−α)

1

q
,

for all α in the interval

j

m
≤α≤1,

with the following exceptional cases

(1) If j=0,rm<n,q=∞, then we make the additional assumption that either f tends
to zero at infinity or f ∈Lq̃ for finite q̃ >0.

(2) If 1<r<∞ and m−j−n/r is a non-negative integer, then (2.5) holds only for α
satisfying j/m≤α<1.

3. Time-independent estimates
In this section, we give the following key a priori estimates.

Proposition 3.1. Assume (ρ,u,d) be a smooth solution of (1.1)-(1.5), then there exists
a positive constant ε0 depending only on p,µ(ρ), ρ̄,α,∥ρ0∥L3/2 ,∥∇d0∥L3/2 ,∥∇µ(ρ0)∥Lp ,
such that (ρ,u,d) satisfies

sup
0≤t≤T

∥∇µ(ρ)∥Lp ≤2∥∇µ(ρ0)∥Lp , sup
0≤t≤T

∥∇d∥3L3 ≤2∥∇d0∥
4

2α+1

Ḣα
,∫ T

0

(
∥∇u∥4L2 +∥∇2d∥4L2

)
dt≤2Π0,

∫ T

0

∥∇u∥L∞dt≤2,

(3.1)

then the following estimates hold
sup

0≤t≤T
∥∇µ(ρ)∥Lp ≤3/2∥∇µ(ρ0)∥Lp , sup

0≤t≤T
∥∇d∥3L3 ≤∥∇d0∥

4
2α+1

Ḣα
,∫ T

0

(
∥∇u∥4L2 +∥∇2d∥4L2

)
dt≤Π0,

∫ T

0

∥∇u∥L∞dt≤1,

(3.2)

provided that the initial data Π0≤ε0.

Lemma 3.1. Assume that (ρ,u,d) be a smooth solution to (1.1)-(1.5) satisfying (3.1),
then

0≤ρ(x,t)≤ ρ̄, for any (x,t)∈R3× [0,T ), 0<µ≤µ(ρ)≤ µ̄, (3.3)

sup
0≤t≤T

(∥ρ∥L3/2 +∥∇d∥L3/2)≤C, sup
0≤t≤T

∥∇d∥2L2 +

∫ T

0

∥∇2d∥2L2dt≤C∥∇d0∥
2

1+2α

Ḣα

(3.4)
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and

sup
0≤t≤T

∥√ρu∥2L2 +

∫ T

0

∥∇u∥2L2dt≤C

(
∥u0∥2Ḣα +∥∇d0∥

2
1+2α

Ḣα

)
, (3.5)

here these constants µ and µ̄ depend only on ρ̄, the constant C depends on
ρ̄,p,µ,∥ρ0∥L3/2 ,∥∇d0∥L3/2 and Π0.

Proof. First, multiplying (1.1)1 by |ρ|m−2ρ, and integrating it by parts, we get

sup
0≤t≤T

∥ρ∥Lm =∥ρ0∥Lm .

Let m→∞, we get

sup
0≤t≤T

∥ρ∥L∞ ≤C,

due to µ(ρ)∈C ′[0,∞) and µ(ρ)>0, it is easy to deduce that (3.3) holds. Multiplying
(1.1)3 by ∆d, by integration by parts, we have

d

dt
∥∇d∥2L2 +∥∇2d∥2L2 ≤C

(
∥u ·∇d∥2L2 +∥∇d∥4L4

)
≤C

(
∥u∥2L6∥∇d∥2L3 +∥∇d∥2L6∥∇d∥2L3

)
≤C

(
∥∇u∥2L2∥∇d∥L2∥∇2d∥L2 +∥∇2d∥2L2∥∇d∥L2∥∇2d∥L2

)
≤C

(
∥∇u∥4L2 +∥∆d∥4L2

)
∥∇d∥2L2 +1/2∥∇2d∥2L2 , (3.6)

here, we have used ∥f∥L3 ≤C∥f∥1/2L2 ∥∇f∥1/2L2 . It follows from (3.1), (3.6) and Gronwall’s
inequality that

sup
0≤t≤T

∥∇d∥2L2 +

∫ T

0

∥∇2d∥2L2dt≤C∥∇d0∥2L2

≤C∥∇d0∥
4α

1+2α

L3/2 ∥∇d0∥
2

1+2α

L6/(3−2α)

≤C∥∇d0∥
2

1+2α

Ḣα
, (3.7)

where we have used Lemma 2.3 and the inequality ∥f∥L6/(3−2α) ≤C∥f∥Ḣα .

Secondly, in order to estimate ∥∇d∥L3/2 ≤C, let φη(θ)=
(
η2+θ2

)3/4
, then |φ′

η(θ)|≤
3/2|θ|1/2 and φ′′

η(θ)>0. Applying operator ∇ to (1.1)3, and multiplying it by φ′
η(∇d),

yields

d

dt

∫
φη(∇d)dx≤C

(
|
∫

∇(u ·∇d)φ′
η(∇d)dx|+ |

∫
∇(|∇d|2d)φ′

η(∇d)dx|
)

≤C
(
∥∇u∥L∞∥∇d∥3/2

L3/2 +∥∇u∥L2∥∆d∥L2∥∇d∥1/2
L3/2 +∥∇d∥7/2

L7/2 +∥∇d∥3/2L3 ∥∇2d∥L2

)
≤C

(
∥∇u∥L∞∥∇d∥3/2

L3/2 +∥∇u∥2L2 +∥∆d∥2L2 +∥∇2d∥4L2 +∥∆d∥2L2∥∇d∥3/2
L3/2

)
which, by Gronwall’s inequality, and letting η→0, gives

sup
0≤t≤T

∥∇d∥L3/2 ≤C.
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To estimate (3.5), multiplying (1.1)2 by u in L2 and by integrating by parts, we have

d

dt
∥√ρu∥2L2 +∥∇u∥2L2 ≤C∥∇d∥2L6∥∇d∥2L3

≤C
(
∥∇d∥2L2∥∆d∥2L2 +∥∆d∥4L2

)
.

Integrating it over [0,T), using α≤1 and (3.1), it is easy to deduce that

sup
0≤t≤T

∥√ρu∥2L2 +

∫ T

0

∥∇u∥2L2dt

≤∥√ρ0u0∥2L2 +C

(
sup

0≤t≤T
∥∇d∥2L2

∫ T

0

∥∇2d∥2L2dt+

∫ T

0

∥∇2d∥4L2dt

)
≤C

(
∥√ρ0u0∥2L2 +∥∇d0∥2L2 +∥u0∥2Ḣα +∥∇d0∥2Ḣα

)
≤C

(
∥ρ0∥L3/(2α)∥u0∥2L6/(3−2α) +∥∇d0∥

4α
1+2α

L3/2 ∥∇d0∥
2

1+2α

L6/(3−2α) +∥u0∥2Ḣα +∥∇d0∥2Ḣα

)
≤C

(
∥u0∥2Ḣα +∥∇d0∥

2
1+2α

Ḣα

)
.

Hence, we complete the proof of Lemma 3.1.

Lemma 3.2. Assume that (ρ,u,d) be a smooth solution to (1.1)-(1.5) satisfying (3.1),
then

sup
0≤t≤T

t1−α∥∇2d∥2L2 +

∫ T

0

t1−α
(
∥∇dt∥2L2 +∥∇3d∥2L2

)
dt≤C∥∇d0∥2Ḣα (3.8)

and

sup
0≤t≤T

t∥∇2d∥2L2 +

∫ T

0

t
(
∥∇dt∥2L2 +∥∇3d∥2L2

)
dt≤C∥∇d0∥

2
1+2α

Ḣα
, (3.9)

here C depends only on ρ̄,p,µ,∥ρ0∥L3/2 ,∥∇d0∥L3/2 and Π0.

Proof. Multiplying (1.1)3 by ∆dt in L2, we get

1

2

d

dt
∥∇2d∥2L2 +∥∇dt∥2L2 =

∫
u ·∇d ·∆dtdx−

∫
|∇d|2d∆dtdx

≤C
(
∥∇(u ·∇d)∥2L2 +∥∇(|∇d|2d)∥2L2

)
+

1

2
∥∇dt∥2L2 . (3.10)

In the following, using Hölder’s inequality and Sobolev’s inequality to estimate the
right-hand side of (3.10).

∥∇(u ·∇d)∥2L2 ≤C
(
∥∇u∥2L2∥∇d∥2L∞ +∥u∥2L6∥∇2d∥2L3

)
≤C∥∇u∥4L2∥∇2d∥2L2 +ε∥∇3d∥2L2 , (3.11)

∥∇(|∇d|2d)∥2L2 ≤C
(
∥∇d∇2d∥2L2 +∥∇d∥6L6

)
≤C

(
∥∇2d∥L2∥∇3d∥L2∥∇2d∥2L2 +∥∇d∥6L6

)
≤C∥∇2d∥6L2 +ε∥∇3d∥2L2 , (3.12)
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here we have used ∥f∥L∞ ≤C∥∇f∥1/2L2 ∥∇2f∥1/2L2 . According to (1.1)3, a direct calcula-
tion gives that

∥∇3d∥2L2

≤C
(
∥∇dt∥2L2 +∥∇(u ·∇d)∥2L2 +∥∇(|∇d|2d)∥2L2

)
≤C

(
∥∇dt∥2L2 +∥∇u∥2L2∥∇d∥2L∞ +∥u∥2L6∥∇2d∥2L3 +∥∇d∥2L6∥∇2d∥2L3 +∥∇d∥6L6

)
≤C

(
∥∇dt∥2L2 +∥∇u∥4L2∥∇2d∥2L2 +∥∇2d∥6L2

)
+

1

2
∥∇3d∥2L2 . (3.13)

Inserting (3.11)-(3.13) into (3.10), choosing ε sufficiently small, we obtain

d

dt
∥∇2d∥2L2 +∥∇dt∥2L2 ≤C

(
∥∇u∥4L2 +∥∇2d∥4L2

)
∥∇2d∥2L2 , (3.14)

which, by using Gronwall’s inequality, (3.1) and (3.13), gives

sup
0≤t≤T

∥∇2d∥2L2 +

∫ T

0

(
∥∇dt∥2L2 +∥∇3d∥2L2

)
dt≤C∥∇2d0∥2L2 . (3.15)

Multiplying (3.14) by t, we have

d

dt
(t∥∇2d∥2L2)+ t∥∇dt∥2L2 ≤C

(
∥∇u∥4L2 +∥∇2d∥4L2

)
t∥∇2d∥2L2 +∥∇2d∥2L2 ,

which, by Gronwall’s inequality, (3.1), (3.7) and (3.13), also gives

sup
0≤t≤T

t∥∇2d∥2L2 +

∫ T

0

t
(
∥∇dt∥2L2 +∥∇3d∥2L2

)
dt≤C∥∇d0∥2L2

≤C∥∇d0∥
2

1+2α

Ḣα
. (3.16)

Combining with (3.15) and (3.16), the standard interpolation arguments imply that, for
any α∈ (1/2,1]

sup
0≤t≤T

t1−α∥∇2d∥2L2 +

∫ T

0

t1−α
(
∥∇dt∥2L2 +∥∇3d∥2L2

)
dt≤C(α)∥∇d0∥2Ḣα .

Lemma 3.3. Assume that (ρ,u,d) be a smooth solution to (1.1)-(1.5) satisfying (3.1),
then

sup
0≤t≤T

t1−α∥∇u∥2L2 +

∫ T

0

t1−α∥√ρut∥2L2dt≤CΠ0, (3.17)

sup
0≤t≤T

t∥∇u∥2L2 +

∫ T

0

t∥√ρut∥2L2dt+

∫ T

0

t∥∇u∥2L2dt≤CΠ
1

1+2α

0 , (3.18)

here C depends only on ρ̄,p,µ,∥ρ0∥L3/2 ,∥∇d0∥L3/2 and Π0.

Proof. To overcome the difficulty of strong coupling of equations, for fixed (ρ,u,d),
the initial value problem (1.1)2 with the initial data u(x,0)=u0(x) is divided into the
following two linear initial value problems:{

ρwt+ρu ·∇w+∇P −div(µ(ρ)∇w)=−div(∇d⊙∇d),

divw=0, w|t=0=0
(3.19)
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and {
ρvt+ρu ·∇v+∇P −div(µ(ρ)∇v)=0,

divv=0, v|t=0=u0.
(3.20)

For the problem of (3.19) with homogeneous boundary conditions, we will prove the
estimate of w can be controlled by d, and for the problem of (3.20) with inhomogeneous
boundary conditions, we will prove the estimate of v can be controlled by the initial
data of v.

First, we consider the initial value problem (3.19). Now, from Lemma 2.2, (3.3)
and (3.4), we give the following inequality which will be used later.

∥∇2w∥L2 ≤C (∥ρwt+ρu ·∇w+div(∇d⊙∇d)∥L2 +∥ρwt+ρu ·∇w+div(∇d⊙∇d)∥L6/5)

≤C
(
∥√ρwt∥L2 +∥ρ∥1/2

L3/2∥
√
ρwt∥L2 +∥u∥L6∥∇w∥L3 +∥∇d∥L6∥∇2d∥L3

+∥∇d∥L3/2∥∇2d∥L6

)
≤C

(
∥√ρwt∥L2 +∥∇u∥2L2∥∇w∥L2 +∥∇2d∥3L2 +∥∇3d∥L2

)
+

1

2
∥∇2w∥L2 ,

it yields that

∥∇2w∥L2 ≤C
(
∥√ρwt∥L2 +∥∇u∥2L2∥∇w∥L2 +∥∇2d∥3L2 +∥∇3d∥L2

)
. (3.21)

Multiplying (3.19)1 by wt in L2, we have

1

2

d

dt

∫
µ(ρ)|∇w|2dx+

∫
ρ|wt|2dx

=−
∫

ρu ·∇w ·wtdx+
1

2

∫
µt(ρ)|∇w|2dx+

∫
∇d⊙∇d ·∇wtdx≜

3∑
i=1

Mi. (3.22)

To estimate Mi, applying Sobolev’s inequality, (3.3) and (3.21), the estimate deduces

|M1|≤C∥√ρwt∥L2∥u∥L6∥∇w∥L3 ≤C∥√ρwt∥L2∥∇u∥L2∥∇w∥1/2L2 ∥∇2w∥1/2L2

≤ 1

4
∥√ρwt∥2L2 +C

(
∥∇u∥4L2∥∇w∥2L2 +∥∇2d∥6L2 +∥∇3d∥2L2

)
. (3.23)

By (3.3), (3.21) and using the fact µt(ρ)=−div(µ(ρ)u) and (3.21), we get

|M2|≤∥u∥L6∥∇w∥L3∥∇2w∥L2 ≤C∥∇u∥L2∥∇w∥1/2L2 ∥∇2w∥3/2L2

≤C∥∇u∥L2∥∇w∥1/2L2

(
∥√ρwt∥3/2L2 +∥∇u∥3L2∥∇w∥3/2L2 +∥∇2d∥9/2L2 +∥∇3d∥3/2L2

)
≤ 1

8
∥√ρwt∥2L2 +C

(
∥∇u∥4L2∥∇w∥2L2 +∥∇2d∥6L2 +∥∇3d∥2L2

)
, (3.24)

M3=
d

dt

∫
∇d⊙∇d ·∇wdx−2

∫
∇d⊙∇dt ·∇wdx

≤ d

dt

∫
∇d⊙∇d ·∇wdx+C∥∇2d∥2L2∥∇w∥L2∥∇2w∥L2 +C∥∇dt∥2L2

≤ d

dt

∫
∇d⊙∇d ·∇wdx+

1

2
∥√ρwt∥2L2 +C

(
∥∇2d∥4L2 +∥∇u∥4L2

)
∥∇w∥2L2

+C
(
∥∇2d∥6L2 +∥∇3d∥2L2 +∥∇dt∥2L2

)
. (3.25)
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Substituting (3.23)-(3.25) into (3.22), we have

d

dt
∥∇w∥2L2 +∥√ρwt∥2L2 ≤C

(
∥∇u∥4L2 +∥∇2d∥4L2

)
∥∇w∥2L2

+C

(
∥∇2d∥6L2 +∥∇dt∥2L2 +∥∇3d∥2L2 +

d

dt

∫
∇d⊙∇d ·∇wdx

)
(3.26)

which together with Gronwall’s inequality, (3.1) and (3.15), implies that

sup
0≤t≤T

∥∇w∥2L2 +

∫ T

0

∥√ρwt∥2L2dt≤C∥∆d0∥2L2 +
1

2
∥∇w∥2L2 , (3.27)

where we have used (3.15) to get

∥|∇d|2∇w∥L1 ≤C∥∇d∥L3∥∇d∥L6∥∇w∥L2

≤C∥∇d∥1−α/2
L2 ∥∇d∥α/2

L6/(3−2α)∥∇2d∥2L2 +
1

2
∥∇w∥2L2

≤C∥∇d0∥α/2Hα ∥∇2d∥2L2 +
1

2
∥∇w∥2L2

≤C∥∆d0∥2L2 +
1

2
∥∇w∥2L2 .

It follows from (3.27) that

sup
0≤t≤T

∥∇w∥2L2 +

∫ T

0

∥√ρwt∥2L2dt≤C∥∆d0∥2L2 . (3.28)

Multiplying (3.26) by t, using (3.16), gives

sup
0≤t≤T

t
(
∥∇w∥2L2 +∥∇2d∥2L2

)
+

∫ T

0

t∥√ρwt∥2L2dt≤C∥∇d0∥2L2 . (3.29)

Collecting (3.28) and (3.29), deduce that

sup
0≤t≤T

t1−α∥∇w∥2L2 +

∫ T

0

t1−α∥√ρwt∥2L2dt≤C∥∇d0∥2Ḣα . (3.30)

Now, we consider the Cauchy problem of (3.20), multiplying (3.20)1 by vt in L2, in view
of (3.3), we get

1

2

d

dt

∫
µ(ρ)|∇v|2dx+

∫
ρ|vt|2dx=−

∫
ρu ·∇v ·vtdx+

1

2

∫
µt(ρ)|∇v|2dx

≤C
(
∥u∥2L6∥∇v∥2L3 +∥u∥L6∥∇v∥L3∥∇2v∥L2

)
+

1

2
∥√ρvt∥2L2

≤C∥∇u∥4L2∥∇v∥2L2 +
1

2
∥√ρvt∥2L2 +ε∥∇2v∥2L2 . (3.31)

Using Lemma 2.2, (3.3), (3.4) and the properties of solution to elliptic equation, we
obtain

∥∇2v∥2L2 ≤C
(
∥√ρvt+ρu ·∇v∥2L2 +∥√ρvt+ρu ·∇v∥2L6/5

)
≤C

(
∥√ρvt∥2L2 +∥ρ∥L3/2∥

√
ρvt∥2L2 +∥u∥2L6∥∇v∥2L3

)
≤C∥∇u∥4L2∥∇v∥2L2 +C∥√ρvt∥2L2 +

1

2
∥∇2v∥2L2
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which, inserting into (3.31), and choosing ε small enough, gives

d

dt

∫
|∇v|2dx+

∫
ρ|vt|2dx≤C∥∇u∥4L2∥∇v∥2L2 . (3.32)

Combining this with Gronwall’s inequality and (3.1) implies that

sup
0≤t≤T

∥∇v∥2L2 +

∫ T

0

∥√ρvt∥2L2dt≤C∥∇v0∥2L2 . (3.33)

Multiplying (3.20)1 by v in L2, thanks to (3.3), we obtian

sup
0≤t≤T

∥√ρv∥2L2 +

∫ T

0

∥∇v∥2L2dt≤∥√ρ0v0∥2L2 . (3.34)

Multiplying (3.32) by t and using (3.34), we deduce

sup
0≤t≤T

t∥∇v∥2L2 +

∫ T

0

t∥√ρvt∥2L2dt≤C∥√ρ0v0∥2L2 . (3.35)

Combining this and (3.33), gives

sup
0≤t≤T

t1−α∥∇v∥2L2 +

∫ T

0

t1−α∥√ρvt∥2L2dt≤C∥v0∥2Ḣα . (3.36)

According to the additivity of the solution for the linear equation, we have u=v+w,
combining with (3.30) and (3.36), gives (3.17).

And from (3.29) and (3.35), we have

sup
0≤t≤T

t∥∇u∥2L2 +

∫ T

0

t∥√ρut∥2L2dt≤C
(
∥√ρ0u0∥2L2 +∥∇d0∥2L2

)
≤C

(
∥u0∥2Ḣα +∥∇d0∥

2
1+2α

Ḣα

)
. (3.37)

It deduces from Lemma 2.2 and (3.3) that

∥P∥2L2 +∥∇u∥2L2 ≤C
(
∥ρut∥2L6/5 +∥ρu ·∇u∥2L6/5 +∥div(∇d⊙∇d)∥2L6/5

)
≤C

(
∥√ρ∥2L3∥

√
ρut∥2L2 +∥ρ∥2L6∥u∥2L6∥∇u∥2L2 +∥∇d∥L3/2∥∇2d∥2L6

)
≤C

(
∥√ρut∥2L2 +∥∇u∥4L2 +∥∇3d∥2L2

)
, (3.38)

hence, from (3.5), (3.9), (3.37) and (3.38), it is easy to find that∫ T

0

t∥∇u∥2L2dt

≤C

(∫ T

0

t∥√ρut∥2L2dt+ sup
0≤t≤T

t∥∇u∥2L2

∫ T

0

∥∇u∥2L2dt+

∫ T

0

t∥∇3d∥2L2dt

)

≤C

(
∥u0∥2Ḣα +∥∇d0∥

2
1+2α

Ḣα

)
≤Π

1
1+2α

0 ,

which together with (3.37), gives (3.18). Therefore, we complete the proof of Lemma
3.3.
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Lemma 3.4. Assume that (ρ,u,d) be a smooth solution to (1.1)-(1.5) satisfying (3.1),
then

sup
0≤t≤σ(T )

t2−α
(
∥√ρut∥2L2 +∥∇P∥2L2 +∥∇dt∥2L2

)
+

∫ σ(T )

0

t2−α
(
∥∇ut∥2L2 +∥dtt∥2L2

)
dt≤CΠ0, (3.39)

sup
σ(T )≤t≤T

t2
(
∥√ρut∥2L2 +∥∇dt∥2L2 +∥∇3d∥2L2 +∥∇u∥2L2 +∥∇P∥2L2

)
+

∫ T

σ(T )

t2
(
∥∇ut∥2L2 +∥dtt∥2L2 +∥∇2dt∥2L2 +∥∇4d∥2L2

)
dt

≤C

(
∥u0∥2Ḣα +∥∇d0∥

2
1+2α

Ḣα

)
, (3.40)

here σ(T )≜min{1,T}, C depends only on ρ̄,p,µ,∥ρ0∥L3/2 ,∥∇d0∥L3/2 and Π0.

Proof. Operating ∂t to (1.1)2, and multiplying it by ut in L2, we obtain after
integration by parts and µt(ρ)+∇µ(ρ) ·u=0 that

1

2

d

dt
∥√ρut∥2L2 +∥

√
µ(ρ)∇ut∥2L2 =−2

∫
ρu ·∇ut ·utdx−

∫
ρu ·∇(u ·∇u ·ut)dx

−
∫

ρut ·∇u ·utdx+

∫
(u ·∇µ(ρ))∇u ·∇utdx+

∫
[div(∇d⊙∇d)]t ·utdx

≜
5∑

i=1

Mi. (3.41)

Mi can be dealt as follows, we get by direct calculation and (3.3) that

|M1|+ |M3|≤C (∥√ρut∥L3∥u∥L6∥∇ut∥L2 +∥√ρut∥L3∥∇u∥L2∥ut∥L6)

≤C∥∇u∥4L2∥
√
ρut∥2L2 +

1

8
∥∇ut∥2L2 , (3.42)

M2≤C
(
∥u∥L6∥ut∥L6∥∇u∥2L3 +∥u∥2L6∥ut∥L6∥∇2u∥L2 +∥u∥2L6∥∇u∥L6∥∇ut∥L2

)
≤C∥∇u∥4L2∥∇2u∥2L2 +

1

8
∥∇ut∥2L2 . (3.43)

From Lemma 2.2, (3.13) and similar to (3.21), we have

∥∇P∥2L2 +∥∇2u∥2L2 ≤C
(
∥√ρut∥2L2 +∥∇u∥6L2 +∥∇2d∥6L2 +∥∇dt∥2L2

)
. (3.44)

Inserting (3.44) into (3.43), we get

M2≤C∥∇u∥4L2

(
∥√ρut∥2L2 +∥∇u∥6L2 +∥∇2d∥6L2 +∥∇dt∥2L2

)
+

1

8
∥∇ut∥2L2 . (3.45)

Using (3.1), we have

M4≤C∥∇µ(ρ)∥Lp∥u∥L∞∥∇ut∥L2∥∇u∥L2p/(p−2)

≤C∥u∥1/2L6 ∥∇u∥1/2L6 ∥∇ut∥L2∥∇u∥(p−3)/p
L2 ∥∇2u∥3/pL2

≤C
(
∥∇u∥L2∥∇2u∥3L2 +∥∇u∥4L2

)
+

1

8
∥∇ut∥2L2 ,

(3.46)



XIA YE AND MINGXUAN ZHU 269

it follows from (3.44) that

M4≤C∥∇u∥L2

(
∥√ρut∥3L2 +∥∇u∥9L2 +∥∇2d∥9L2

+∥∇dt∥3L2 +∥∇u∥3L2

)
+

1

8
∥∇ut∥2L2 , (3.47)

M5≤C∥∇2d∥4L2∥∇dt∥2L2 +
1

8

(
∥∇ut∥2L2 +∥∇2dt∥2L2

)
. (3.48)

Substituting (3.42)-(3.48) into (3.41), we have

d
dt∥

√
ρut∥2L2 +∥∇ut∥2L2 ≤C

(
∥∇u∥4L2 +∥∇2d∥4L2 +∥∇u∥L2∥√ρut∥L2 +∥∇u∥L2∥∇dt∥L2

)
×
(
∥√ρut∥2L2 +∥∇dt∥2L2

)
+C

(
∥∇u∥10L2 +∥∇2d∥10L2 +∥∇u∥4L2

)
+

1

8
∥∇2dt∥2L2 . (3.49)

Operating ∂t to (1.1)3, and multiplying it by dtt, by integrating the resulting equality
by parts, (3.1) and (3.4), we get

1

2

d

dt
∥∇dt∥2L2 +∥dtt∥2L2 =−

∫
(u ·∇d)t ·dttdx+

∫
(|∇d|2d)t ·dttdx

≤C
(
∥ut ·∇d∥2L2 +∥u ·∇dt∥2L2 +∥|∇d|2dt∥2L2 +∥∇d⊙∇dt∥2L2

)
+

1

2
∥dtt∥2L2

≤C
(
∥ut∥2L6∥∇d∥2L3 +∥u∥2L6∥∇dt∥2L3 +∥∇d∥4L6∥dt∥2L6 +∥∇d∥2L6∥∇dt∥2L3

)
+

1

2
∥dtt∥2L2

≤C1∥∇ut∥2L2 +C
(
∥∇u∥4L2 +∥∇2d∥4L2

)
∥∇dt∥2L2 +ε∥∇2dt∥2L2 +

1

2
∥dtt∥2L2 (3.50)

and by (1.1)3 to get

∥∇2dt∥2L2

≤C
(
∥dtt∥2L2 +∥ut ·∇d∥2L2 +∥u ·∇dt∥2L2 +∥|∇d⊙∇dt∥2L2 +∥(∇d)2dt∥2L2

)
≤C

(
∥dtt∥2L2 +∥ut∥2L6∥∇d∥2L3 +∥u∥2L6∥∇dt∥2L3 +∥∇d∥2L6∥∇dt∥2L3 +∥∇d∥4L6∥dt∥2L6

)
≤C∥dtt∥2L2 +C1∥∇ut∥2L2 +

(
∥∇u∥4L2 +∥∇2d∥4L2

)
∥∇dt∥2L2 +

1

2
∥∇2dt∥2L2 . (3.51)

Adding 4C1×(3.49) with (3.50), by (3.51) and choosing ε sufficiently small, gives

d

dt

(
∥√ρut∥2L2 +∥∇dt∥2L2

)
+C1∥∇ut∥2L2 +∥dtt∥2L2

≤C
(
∥∇u∥4L2 +∥∇2d∥4L2 +∥∇u∥L2∥√ρut∥L2 +∥∇u∥L2∥∇dt∥L2

)
×
(
∥√ρut∥2L2 +∥∇dt∥2L2

)
+
(
∥∇u∥10L2 +∥∇2d∥10L2 +∥∇u∥4L2

)
, (3.52)

which multiplied by t2−α, we have

d

dt
t2−α

(
∥√ρut∥2L2 +∥∇dt∥2L2

)
+C1t

2−α∥∇ut∥2L2 +∥dtt∥2L2

≤C
(
∥∇u∥4L2 +∥∇2d∥4L2 +∥∇u∥L2∥√ρut∥L2 +∥∇u∥L2∥∇dt∥L2

)
× t2−α

(
∥√ρut∥2L2 +∥∇dt∥2L2

)
+Ct2−α

(
∥∇u∥10L2 +∥∇2d∥10L2 +∥∇u∥4L2

)
. (3.53)

According to the definition of σ(T ), σ(T )≤1, 1/2<α≤1, sup
0≤t≤σ(T )

∥∇u∥2L2 ≤Ctα−1,
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sup
0≤t≤σ(T )

∥∇2d∥2L2 ≤Ctα−1, we can get the following inequalities

∫ σ(T )

0

∥∇u∥L2∥√ρut∥L2dt≤C

∫ σ(T )

0

t
α−1
2 ∥√ρut∥L2dt

≤C

∫ σ(T )

0

t1−α∥√ρut∥2L2dt

∫ σ(T )

0

t2α−2dt≤C,

∫ σ(T )

0

∥∇u∥10L2dt≤Ct2α−1

∫ σ(T )

0

∥∇u∥4L2dt≤C
(
∥u0∥2Ḣα +∥∇d0∥2Ḣα

)
.

Inserting the above inequalities into (3.53) and (3.44), it is easy to deduce that

sup
0≤t≤σ(T )

t2−α
(
∥√ρut∥2L2 +∥∇P∥2L2 +∥∇dt∥2L2

)
+

∫ σ(T )

0

t2−α
(
∥∇ut∥2L2 +∥dtt∥2L2

)
dt

≤C
(
∥u0∥2Ḣα +∥∇d0∥2Ḣα

)
. (3.54)

On the other hand, with the help of (3.18), we give the following inequality∫ T

σ(T )

t2∥∇u∥4L2dt≤ sup
σ(T )≤t≤T

t∥∇u∥2L2

∫ T

σ(T )

t∥∇u∥2L2dt≤C

(
∥u0∥2Ḣα +∥∇d0∥

2
1+2α

Ḣα

)2

.

(3.55)

Multiplying (3.52) by t2, and according to the definition of σ(T ), (3.13), (3.18), (3.44)
and (3.55), by Gronwall’s inequality we obtain

sup
σ(T )≤t≤T

t2
(
∥√ρut∥2L2 +∥∇dt∥2L2 +∥∇P∥2L2 +∥∇3d∥2L2

)
+

∫ T

σ(T )

t2
(
∥∇ut∥2L2 +∥dtt∥2L2

)
dt≤C

(
∥u0∥2Ḣα +∥∇d0∥

2
1+2α

Ḣα

)
, (3.56)

where we used
∫ T

σ(T )
t2∥f∥10L2dt≤

∫ T

σ(T )
t5∥f∥10L2dt≤ t4 supσ(T )≤t≤T ∥f∥8L2

∫ T

σ(T )
t∥f∥2L2

dt.

Applying Hölder’s inequality, we arrive at

∥∇4d∥2L2 ≤C
(
∥∇2dt∥2L2 +∥∇2(u ·∇d)∥L2 +∥∇2(|∇d|2d)∥2L2

)
≤C

(
∥∇2dt∥2L2 +∥∇u∥L2∥∇2u∥L2∥∇3d∥2L2 +∥∇2u∥3L2∥∇3d∥L2 +∥∇2d∥4L2∥∇3d∥2L2

)
and

∥∇2dt∥2L2 ≤C
(
∥dtt∥2L2 +∥(u ·∇d)t∥2L2 +∥(|∇d|2d)∥2L2

)
≤C

(
∥dtt∥2L2 +∥∇ut∥2L2∥∇d∥L2∥∇2d∥L2 +∥∇u∥2L2∥∇dt∥L2∥∇2dt∥L2

+∥∇2d∥4L2∥∇dt∥2L2

)
.

Combining with above inequalities, (3.18), (3.38) and (3.56), we get

sup
σ(T )≤t≤T

t2∥∇u∥2L2 +

∫ T

σ(T )

t2
(
∥∇2dt∥2L2 +∥∇4d∥2L2

)
dt≤C

(
∥u0∥2Ḣα +∥∇d0∥

2
1+2α

Ḣα

)
,

this together with (3.54) and (3.56), finishes the proof of Lemma 3.4.
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Remark 3.1. In order to prove the bound on L1([0,T ];L∞) of ∇u can be controlled
by Π0, we need to obtain different powers of time-weighted estimates on [0,σ(T )] and
[σ(T ),T ].

In addition, we need the following Lemma 3.5 to obtain the result of Proposition
3.1.

Lemma 3.5. Assume that (ρ,u,d) be a smooth solution to (1.1) satisfying (3.1), then

sup
σ(T )≤t≤T

t6/5∥∇2d∥2L2 ≤CΠ
3

5(1+2α)

0 , (3.57)∫ T

0

∥div(∇d⊙∇d)∥L6/5dt≤CΠ
31

70(1+2α)

0 , (3.58)

here C depends only on ρ̄,p,µ,∥ρ0∥L3/2 ,∥∇d0∥L3/2 and Π0.

Proof. First, it is easily deduced from (3.4) and (3.40) that

sup
σ(T )≤t≤T

t3/5∥∇2d∥L2 ≤C sup
σ(T )≤t≤T

∥∇d∥2/5
L3/2 sup

σ(T )≤t≤T

(
t3/5∥∇3d∥3/5L2

)
≤CΠ

3
10(1+2α)

0 .

Next, along with (3.8) and (3.40), we give∫ T

0

∥div(∇d⊙∇d)∥L6/5dt

≤C sup
0≤t≤σ(T )

∥∇d∥L3/2

∫ σ(T )

0

∥∇2d∥L6dt+C

∫ T

σ(T )

∥∇2d∥L2∥∇d∥5/7
L3/2∥∇4d∥2/7L2 dt

≤C

∫ σ(T )

0

t
1−α
2 ∥∇3d∥L2t

α−1
2 dt+C sup

σ(T )≤t≤T

t3/5∥∇2d∥L2

∫ T

σ(T )

t−31/35t2/7∥∇4d∥2/7L2 dt

≤C

(∫ σ(T )

0

tα−1dt

)1/2

∥∇d0∥Ḣα +CΠ
31

70(1+2α)

0

(∫ T

σ(T )

t−31/30dt

)6/7

≤CΠ
31

70(1+2α)

0 ,

here, we used Lemma 2.3 to get the inequality ∥∇2f∥L3/2 ≤C∥∇f∥5/7
L3/2∥∇4f∥2/7L2 .

Proof. (Proof of Proposition 3.1.) To estimate
∫ T

0
∥∇u∥L∞dt≤1, choosing

r∈ (3,min{6,p, α−2

α−1
,

6

3−2α
}). (3.59)

Thanks to Gagliardo-Nirenberg inequality∫ T

0

∥∇u∥L∞dt≤C

∫ T

0

(
∥∇u∥L2 +∥∇2u∥Lr

)
dt. (3.60)

Next, to prove the upper bound of
∫ T

0
∥∇2u∥Lrdt. With the help of (3.3), we estimate

the following inequality

∥ρut+ρu ·∇u+div(∇d⊙∇d)∥Lr

≤C

(
∥√ρut∥

6−r
2r

L2 ∥∇ut∥
3r−6
2r

L2 +∥∇u∥L2∥∇u∥
L

6r
6−r

+∥∇2d∥L2∥∇2d∥
L

6r
6−r

)
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≤C

(
∥√ρut∥

6−r
2r

L2 ∥∇ut∥
3r−6
2r

L2 +∥∇u∥L2∥∇u∥
r

5r−6

L2 ∥∇2u∥
4r−6
5r−6

Lr +∥∇2d∥L2∥∇2d∥
r

5r−6

L2 ∥∇3d∥
4r−6
5r−6

Lr

)
≤C

(
∥√ρut∥

6−r
2r

L2 ∥∇ut∥
3r−6
2r

L2 +∥∇u∥
6r−6

r

L2 +∥∇2d∥
6r−6

r

L2

)
+ε

(
∥∇2u∥Lr +∥∇3d∥Lr

)
, (3.61)

where, we used ∥f∥L6r/(6−r) ≤C∥∇f∥r/(5r−6)
L2 ∥∇2f∥(4r−6)/(5r−6)

Lr .

∥ρut+ρu ·∇u+div(∇d⊙∇d)∥L6/5

≤C (∥√ρ∥L3∥√ρut∥L2 +∥ρ∥L6∥u∥L6∥∇u∥L2 +∥div(∇d⊙∇d)∥L6/5)

≤C
(
∥√ρut∥L2 +∥∇u∥2L2 +∥div(∇d⊙∇d)∥L6/5

)
. (3.62)

Using (3.61), (3.62) and taking ε suitably small, it deduces from Lemma 2.2 that

∥∇2u∥Lr +∥∇P∥Lr

≤C (∥ρut+ρu ·∇u+div(∇d⊙∇d)∥Lr +∥ρut+ρu ·∇u+div(∇d⊙∇d)∥L6/5)

≤C
(
∥√ρut∥

6−r
2r

L2 ∥∇ut∥
3r−6
2r

L2 +∥∇u∥
6r−6

r

L2 +∥∇2d∥
6r−6

r

L2

)
+C

(
∥√ρut∥L2 +∥∇u∥2L2 +∥div(∇d⊙∇d)∥L6/5

)
+ε∥∇3d∥Lr . (3.63)

To estimate ∥∇3d∥Lr , according to the properties of elliptic equations, we give

∥∇3d∥Lr ≤C
(
∥∇dt∥Lr +∥∇(u ·∇d)∥Lr +∥∇(|∇d|2d)∥Lr

)
. (3.64)

We will use Lemma 2.3 to estimate each term on the right-hand side of (3.64) as follows:

∥∇dt∥Lr ≤C∥∇dt∥(6−r)/(2r)
L2 ∥∇2dt∥(3r−6)/(2r)

L2 , (3.65)

∥∇(u ·∇d)∥Lr ≤C
(
∥∇u∥L6∥∇u∥

L
6r

6−r
+∥u∥L6∥∇2d∥

L
6r

6−r

)
≤C

(
∥∇2d∥L2∥∇u∥

r
5r−6

L2 ∥∇2u∥
4r−6
5r−6

Lr +∥∇u∥L2∥∇2d∥
r

5r−6

L2 ∥∇3d∥
4r−6
5r−6

Lr

)
≤C

(
∥∇2d∥

5r−6
r

L2 ∥∇u∥L2 +∥∇u∥
5r−6

r

L2 ∥∇2d∥L2

)
+ε
(
∥∇3d∥Lr +∥∇2u∥Lr

)
≤C

(
∥∇2d∥

6r−6
r

L2 +∥∇u∥
6r−6

r

L2

)
+ε
(
∥∇3d∥Lr +∥∇2u∥Lr

)
(3.66)

and

∥∇(|∇d|2d)∥Lr ≤C
(
∥∇d∥3L3r +∥∇d∥L6∥∇2d∥

L
6r

6−r

)
≤C

(
∥∇d∥

12r−12
5r−6

L6 ∥∇3d∥
3r−6
5r−6

Lr +∥∇2d∥L2∥∇2d∥
r

5r−6

L2 ∥∇3d∥
4r−6
5r−6

Lr

)
≤C

(
∥∇2d∥

6r−6
r

L2 +ε∥∇3d∥Lr

)
, (3.67)

here, we have used ∥f∥L3r ≤C∥f∥(4r−4)/(5r−6)
L6 ∥∇2f∥(r−2)/(5r−6)

Lr and

∥f∥
L

6r
6−r

≤C∥f∥
r

5r−6

L2 ∥∇f∥
4r−6
5r−6

Lr .
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Hence, inserting (3.65)-(3.67) into (3.64), adding (3.63), choosing ε sufficiently small,
give

∥∇3d∥Lr +∥∇2u∥Lr

≤C
(
∥√ρut∥

6−r
2r

L2 ∥∇ut∥
3r−6
2r

L2 +∥∇u∥
6r−6

r

L2 +∥∇2d∥
6r−6

r

L2

+∥√ρut∥L2 +∥∇u∥2L2 +∥div(∇d⊙∇d)∥L6/5

)
≤C

(
∥√ρut∥

6−r
2r

L2 ∥∇ut∥
3r−6
2r

L2 +∥∇u∥2(r−1)
L2 +∥∇2d∥2(r−1)

L2

+∥∇u∥4L2 +∥∇2d∥4L2 +∥√ρut∥L2 +∥∇u∥2L2 +∥div(∇d⊙∇d)∥L6/5

)
. (3.68)

On the one hand, it follows from (3.58), (3.59), (3.68), that∫ σ(T )

0

(
∥∇u∥L2 +∥∇2u∥Lr

)
dt

≤C sup
0≤t≤σ(T )

(
t
1−α
2 ∥∇u∥L2

)∫ σ(T )

0

t
α−1
2 dt+C sup

0≤t≤σ(T )

t
2−α
2 ∥√ρut∥L2

∫ σ(T )

0

t
α−2
2 dt

+C sup
0≤t≤σ(T )

((∥√ρut∥L2t
2−α
2 )

6−r
2r

∫ σ(T )

0

(
∥∇ut∥L2t

2−α
2

) 3r−6
2r

t
α−2
2 dt

+C sup0≤t≤σ(T )(t
1−α∥∇u∥2L2)r−1

∫ σ(T )

0
t(α−1)(r−1)dt+C

∫ σ(T )

0

(
∥∇u∥4L2 +∥∇2d∥4L2

)
dt

+C

∫ σ(T )

0

∥div(∇d⊙∇d)∥L6/5dt

≤CΠ
31

70(1+2α)

0 +∥u0∥
6−r
2r

Ḣα

(∫ σ(T )

0

t2−α∥∇ut∥2L2dt

) 3r−6
4r
(∫ σ(T )

0

t
2(α−2)r

r+6 dt

) r+6
4r

≤CΠ
31

70(1+2α)

0 . (3.69)

On the other hand, from Lemma 2.2, (3.18) and (3.40), we have∫ T

σ(T )

∥∇u∥L2dt≤C

∫ T

σ(T )

(∥ρut∥L6/5 +∥ρu ·∇u∥L6/5 +∥div(∇d⊙∇d)∥L6/5)dt

≤C

(∫ T

σ(T )

t2∥∇ut∥2L2dt

)1/2(∫ T

σ(T )

t−2dt

)1/2

+

∫ T

σ(T )

∥∇u∥2L2dt

+C

∫ T

σ(T )

∥div(∇d⊙∇d)∥L6/5dt

≤CΠ
31

70(1+2α)

0 , (3.70)

∫ T

σ(T )

∥√ρut∥(6−r)/(2r)
L2 ∥∇ut∥(3r−6)/(2r)

L2

≤C

(∫ T

σ(T )

t1−α∥√ρut∥2L2dt+

∫ T

σ(T )

t2−α∥∇ut∥2L2dt

)
≤C

(
∥u0∥2Ḣα +∥∇d0∥2Ḣα

)
, (3.71)
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σ(T )

(
∥∇u∥2(r−1)

L2 +∥∇2d∥2(r−1)
L2 +∥∇u∥4L2 +∥∇2d∥4L2 +∥∇u∥2L2

)
dt

≤ sup
σ(T )≤t≤T

[
t(1−α)

(
∥∇u∥2L2 +∥∇2d∥2L2

)](r−2)
∫ T

σ(T )

(
∥∇u∥2L2 +∥∇2d∥2L2

)
dt

+

∫ T

σ(T )

(
∥∇u∥4L2 +∥∇2d∥4L2 +∥∇u∥2L2

)
dt

≤C
(
∥u0∥2Ḣα +∥∇d0∥2Ḣα

)
, (3.72)

∫ T

σ(T )

∥∇ut∥L2dt≤C

(∫ T

σ(T )

t2∥∇ut∥2L2dt

)1/2(∫ T

σ(T )

t−2dt

)1/2

≤CΠ
1

2(1+2α)

0 . (3.73)

Combining with (3.70)-(3.73), applying (3.68), (3.60) to show∫ T

σ(T )

∥∇u∥L∞dt≤CΠ
31

70(1+2α)

0 ,

which, together with (3.69), choosing Π0 small enough, deduces that∫ T

0

∥∇u∥L∞dt≤1. (3.74)

Next, to prove (3.2), we rewrite the equation of µ(ρ) as follows:

µt(ρ)+u ·∇µ(ρ)=0

which, multiplying by |∇µ(ρ)|p−2∇µ(ρ) and integrating it by parts, we find

d

dt
∥∇µ(ρ)∥Lp ≤C∥∇u∥L∞∥∇µ(ρ)∥Lp .

This, combined with (3.1), shows that

sup
0≤t≤T

∥∇µ(ρ)∥Lp ≤∥∇µ(ρ0)∥Lp exp

{∫ T

0

∥∇u∥L∞dt

}

≤∥∇µ(ρ0)∥Lp exp

{
CΠ

31
70(1+2α)

0

}
≤3/2∥∇µ(ρ0)∥Lp , (3.75)

where we have chosen Π0 small enough.
Similarly, applying (1.1)3, the inequality ∥f∥3L9 ≤C∥∇|f |3/2∥L2 and Hölder’s in-

equality, we have

d

dt
∥∇d∥3L3 +∥

√
|∇d|∇2d∥2L2 ≤C∥∇u∥L∞∥∇d∥3L3 +C∥∇d∥5L5

≤C∥∇u∥L∞∥∇d∥3L3 +C∥∇d∥2L3∥∇d∥3L9

≤C∥∇u∥L∞∥∇d∥3L3 +C∥∇d∥2L3∥
√

|∇d|∇2d∥2L2 ,
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which together with Gronwall’s inequality, by (3.1) and we choose ∥∇d0∥Ḣα small
enough to get

sup
0≤t≤T

∥∇d∥3L3 +

∫ T

0

∥
√
|∇d|∇2d∥2L2dt≤C∥∇d0∥3L3

≤C∥∇d0∥
3(2α−1)
2α+1

L3/2 ∥∇d0∥
6

2α+1

L6/(3−2α)

≤C∥∇d0∥
6

2α+1

Ḣα
≤∥∇d0∥

4
2α+1

Ḣα
. (3.76)

To prove
∫ T

0

(
∥∇u∥4L2 +∥∇2d∥4L2

)
dt≤Π0, one derives from (3.8) and (3.17) that∫ T

0

(
∥∇u∥4L2 +∥∇2d∥4L2

)
dt≤ sup

0≤t≤σ(T )

t2−2α
(
∥∇u∥4L2 +∥∇2d∥4L2

)∫ σ(T )

0

t2α−2dt

+ sup
σ(T )≤t≤T

(
t1−α

(
∥∇u∥2L2 +∥∇2d∥2L2

))∫ T

σ(T )

(
∥∇u∥2L2 +∥∇2d∥2L2

)
dt

≤CΠ
2+2α
1+2α

0 ≤Π0,

here we have chosen Π0 small enough. This combined with (3.74), (3.75) and (3.76)
complete the proof of Proposition 3.1.

Lemma 3.6. Assume that (ρ,u,d) be a smooth solution to (1.1)-(1.5), let p̄≜min{6,p},
then

sup
0≤t≤T

(
∥∇u∥2L2 +∥∇d∥2H1 +∥∇ρ∥2L2

)
+

∫ T

0

(
∥√ρut∥2L2 +∥dt∥2H1 +∥∇2d∥2H1

)
dt≤C,

(3.77)

sup
0≤t≤T

(
t∥√ρut∥2L2 +∥∇dt∥2L2

)
+

∫ T

0

t
(
∥∇ut∥2L2 +∥dtt∥2L2

)
dt≤C, (3.78)

∥∇ut∥Lp̄ +∥Pt∥Lp̄ ≤C∥√ρutt∥L2 +C
(
1+∥∇u∥3/2H1 +∥∇2d∥3/2H1

)(
∥∇ut∥L2 +∥∇2dt∥L2

)
+C

(
∥∇u∥H1 +∥∇2d∥H1

)(
∥∇u∥3L2 +∥∇2d∥3L2 +∥∇2u∥L2 +∥∇3d∥L2

)
, (3.79)

here C depends only on ρ̄,p,µ,∥ρ0∥L3/2 ,∥∇d0∥L3/2 , Π0, ∥∇u0∥L2 , ∥∇ρ0∥L2 and
∥∇2d0∥L2 .

Proof. First, according to (3.4), (3.13), (3.15), (3.27) and (3.33), it is easy to
deduce that (3.77) holds. And multiplying (3.52) by t, it follows from (3.9), (3.18) and
(3.77) that (3.78) holds.

Next, differentiating (1.1)2 with respect to t, we obtain

−div(µ(ρ)∇ut)+∇Pt=(−ρut−ρu ·∇u)t+div(µ(ρ)t∇u−(∇d⊙∇d)t)

=A1+divA2.

It follows from Lemma 2.2 that

∥∇ut∥Lp̄ +∥Pt∥Lp̄ ≤C
(
∥A1∥

L
3p̄

3+p̄
+∥A2∥Lp̄

)
. (3.80)
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To estimate term by term in (3.80), we first get, by applying (3.3) and (3.77), that

∥A1∥
L

3p̄
3+p̄

≤C
(
∥ρutt∥

L
3p̄

3+p̄
+∥ρtut∥

L
3p̄

3+p̄
+∥ρtu ·∇u∥

L
3p̄

3+p̄
+∥ρut ·∇u∥

L
3p̄

3+p̄
+∥ρu ·∇ut∥

L
3p̄

3+p̄

)
≤C

(
∥√ρutt∥L2 +∥ρt∥L2

(
∥ut∥

L
6p̄

6−p̄
+∥∇u∥L∞∥u∥

L
6p̄

6−p̄

)
+∥∇u∥L2∥ut∥

L
6p̄

6−p̄

)
+C∥∇ut∥L2∥u∥

L
6p̄

6−p̄

≤C∥√ρutt∥L2 +
1

4
∥∇ut∥Lp̄ +C

(
1+∥∇u∥3/2H1

)(
∥∇ut∥L2 +∥∇2dt∥L2

)
+∥∇u∥H1

(
∥∇u∥3L2 +∥∇2d∥3L2 +∥∇2u∥L2 +∥∇3d∥L2

)
, (3.81)

here we use (2.5) to have

∥u∥
L

6p̄
6−p̄

≤C∥∇u∥H1 , ∥ut∥
L

6p̄
6−p̄

≤C∥ut∥
p̄

3p̄−6

L6 ∥∇ut∥
2p̄−6
3p̄−6

Lp̄ ,

use (3.77) to get

∥ρt∥L2 ≤∥∇ρ ·u∥L2 ≤C∥∇ρ∥L2∥∇u∥1/2L2 ∥∇2u∥1/2L2 ≤C∥∇2u∥1/2L2 , (3.82)

and use (3.68) and (3.77) to give

∥∇u∥L∞ ≤C
(
∥∇ut∥L2 +∥∇2dt∥L2 +∥∇u∥3L2 +∥∇2d∥3L2 +∥∇2u∥L2 +∥∇3d∥L2

)
.

(3.83)

We deduce from (3.1), (3.3) and (3.83) that

∥A2∥Lp̄ ≤C (∥∇µ(ρ)∥Lp∥u∥Lp̄p/(p−p̄)∥∇u∥L∞ +∥∇d∥L∞∥∇dt∥Lp̄)

≤C
(
∥∇u∥H1∥∇u∥L∞ +∥∇2d∥H1

(
∥∇dt∥L2 +∥∇2dt∥L2

))
≤C

(
∥∇u∥H1 +∥∇2d∥H1

)(
∥∇ut∥L2 +∥∇2dt∥L2

)
+C∥∇u∥H1

(
∥∇u∥3L2

+∥∇2d∥3L2 +∥∇2u∥L2 +∥∇3d∥L2

)
+C∥∇2d∥H1∥∇dt∥L2

≤C
(
∥∇u∥H1 +∥∇2d∥H1

)(
∥∇ut∥L2 +∥∇2dt∥L2

)
+C (∥∇u∥H1

+∥∇2d∥H1

)(
∥∇u∥3L2 +∥∇2d∥3L2 +∥∇2u∥L2 +∥∇3d∥L2

)
(3.84)

where, we have used

∥∇dt∥L2 ≤C
(
∥∇(u ·∇d)∥L2 +∥∇3d∥L2 +∥∇(|∇d|2d)∥L2

)
≤C

(
∥∇u∥3L2 +∥∇2d∥3L2 +∥∇3d∥L2

)
. (3.85)

By inserting the estimates (3.81), (3.84) into (3.80), we obtain (3.79).

Lemma 3.7. Assume that (ρ,u,d) be a smooth solution to (1.1)-(1.5), let β=
max{5/2,(5p̄p−4p̄−10p)/(4p̄p−4p̄−8p))}, then

sup
0≤t≤σ(T )

tβ
(
∥∇ut∥2L2 +∥∇2dt∥2L2

)
+

∫ σ(T )

0

tβ
(
∥√ρutt∥2L2 +∥∇dtt∥2L2 +∥Pt∥2L2

)
dt≤C,

sup
σ(T )≤t≤T

t2
(
∥∇ut∥2L2 +∥∇2dt∥2L2

)
+

∫ T

σ(T )

t2
(
∥√ρutt∥2L2 +∥∇dtt∥2L2 +∥Pt∥2L2

)
dt≤C,

(3.86)
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here C depends only on ρ̄,p,µ,∥ρ0∥L3/2 ,∥∇d0∥L3/2 , Π0, ∥∇u0∥2L2 , ∥∇ρ0∥L2 and
∥∇2d0∥2L2 .

Proof. Operate ∂t to (1.1)2, and multiplying it by utt in L2, we have

1

2

d

dt

∫
µ(ρ)|∇ut|2dx+

∫
ρ|utt|2dx=

∫
div[µ(ρ)t∇u]uttdx+

1

2

∫
µ(ρ)t|∇ut|2dx

−
∫

ρtut ·uttdx−
∫
(ρu ·∇u)t ·uttdx−

∫
div(∇d⊙∇d)t ·uttdx

≜
5∑

i=1

Bi. (3.87)

Next, we gives the estimates of Bi one by one. By some direct calculation, get

B1=
d

dt

∫
∂i(µ(ρ)t∂iu

j)uj
tdx−

∫
∂i(µ(ρ)∂iu

j)tu
k ·∂kuj

tdx

−
∫

∂i(µ(ρ)∂iu
j)uk

t ∂ku
j
tdx+

∫
[µ(ρ)∂iu

j∂iu
k]t∂ku

j
tdx+

∫
[µ(ρ)uk∂k∂iu

j ]t∂iu
j
tdx

=− d

dt

∫
µ(ρ)t∂iu

j∂iu
j
tdx+

4∑
i=1

B1i, (3.88)

we estimate the left-hand side term in (3.88). Applying (1.1)2, (3.3), (3.77), (3.79),
(3.82) and (3.83), we have

B11=−
∫

(ρuj
t)tu

k∂ku
j
tdx−

∫
(ρu ·∇uj)tu

k∂ku
j
tdx

−
∫

∂jPtu
k∂ku

j
tdx−

∫
div(∇d⊙∇d)jtu

k∂ku
j
tdx

≤C (∥ρt∥L2∥ut∥L∞∥u∥L∞∥∇ut∥L2 +∥ρutt∥L2∥u∥L∞∥∇ut∥L2

+∥ρt∥L2∥u∥2L∞∥∇u∥L∞∥∇ut∥L2 +∥ρut∥L6∥∇u∥L6∥u∥L6∥∇ut∥L2

+∥u∥2L∞∥∇ut∥2L2 +∥Pt∥L3∥∇u∥L6∥∇ut∥L2

+∥∇2dt∥L2∥∇ut∥L2∥∇d∥L∞∥u∥L∞ +∥∇2d∥L6∥∇dt∥L6∥u∥6∥∇ut∥L2

)
≤C

(
∥ut∥

1− p̄
3p̄−6

L6 ∥∇ut∥
p̄

3p̄−6

Lp̄ ∥∇u∥H1∥∇ut∥L2 +∥√ρutt∥L2∥∇u∥1/2
H1 ∥∇ut∥L2

+∥∇u∥3/2
H1 ∥∇ut∥L2∥∇u∥L∞ +∥∇u∥H1∥∇ut∥2L2

+∥Pt∥
1− p̄

3(p̄−2)

L2 ∥Pt∥
p̄

3(p̄−2)

Lp̄ ∥∇2u∥L2∥∇ut∥L2 +∥∇2dt∥L2∥∇2d∥1/2
H1 ∥∇u∥1/2

H1 ∥∇ut∥L2

)
≤1

8
∥√ρutt∥2L2 +C

(
1+∥∇u∥3H1 +∥∇2d∥3H1 +∥√ρut∥3L2

)(
∥∇ut∥2L2 +∥∇2dt∥2L2

)
+C

(
∥∇u∥2H1 +∥∇2d∥2H1

)(
∥∇u∥6L2 +∥∇2d∥6L2 +∥∇2u∥2L2 +∥∇3d∥2L2

)
, (3.89)

here we use the inequality ∥f∥L6 ≤C∥∇f∥L2 , (1.1)1, (3.3), (3.38) and (3.77) to get

∥Pt∥L2 ≤C (∥(ρut)t∥L6/5 +∥(ρu ·∇u)t∥L6/5 +∥µt(ρ)∇u∥L2 +∥∇d⊙∇dt∥L2)

≤C (∥ρutt∥L6/5 +∥ρtut∥L6/5 +∥ρtu ·∇u∥L6/5 +∥ρut ·∇u∥L6/5 +∥ρu ·∇ut∥L6/5

+∥µt(ρ)∇u∥L2 +∥∇d⊙∇dt∥L2)
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≤C (∥√ρutt∥L2 +∥∇ρ∥L2∥u∥L6∥ut∥L6 +∥∇ρ∥L2∥u∥L6∥u∥L∞∥∇u∥L6

+∥√ρut∥L2∥∇u∥L6 +∥u∥L6∥∇ut∥L2 +∥∇µ(ρ)∥Lp∥u∥L6∥∇u∥H1 +∥∇d∥L3∥∇2dt∥L2

)
≤C

(
∥√ρutt∥L2 +∥∇u∥H1∥∇ut∥L2 +∥∇2u∥3/2L2 ∥∇u∥L2 +∥∇µ(ρ)∥Lp∥u∥L6∥∇u∥H1

+∥∇d∥L3∥∇2dt∥L2

)
. (3.90)

Since µt(ρ)+∇µ(ρ) ·u=0, we use (3.1), (3.77) and (3.79) to obtain

B12≤C
(
∥∇µ(ρ)∥Lp∥∇u∥

L
2p

p−2
+∥∇2u∥L2

)
∥ut∥L∞∥∇ut∥L2

≤C∥∇u∥H1∥ut∥
1− p̄

3p̄−6

L6 ∥∇ut∥
p̄

3p̄−6

Lp̄ ∥∇ut∥L2

≤ 1

8
∥√ρutt∥2L2 +C

(
1+∥∇2d∥3H1 +∥∇u∥3H1

)(
∥∇ut∥2L2 +∥∇2dt∥2L2

)
+C

(
∥∇2d∥H1 +∥∇u∥2H1

)(
∥∇u∥6L2 +∥∇2d∥6L2 +∥∇2u∥2L2 +∥∇3d∥2L2

)
, (3.91)

using (3.1) and (3.83), we also get

B13≤C
(
∥∇µ(ρ)∥Lp∥u∥L∞∥∇u∥L∞∥∇u∥

L
2p

p−2
∥∇ut∥L2 +∥∇u∥L∞∥∇ut∥2L2

)
≤C

(
1+∥∇u∥3H1 +∥∇u∥L∞

)(
∥∇ut∥2L2 +∥∇2dt∥2L2

)
+C∥∇u∥H1

(
∥∇u∥6L2

+∥∇2d∥6L2 +∥∇2u∥2L2 +∥∇3d∥2L2

)
(3.92)

and

B14=

∫
µt(ρ)u

k∂k∂iu
j∂iu

j
t +µ(ρ)uk

t ∂k∂iu
i∂iu

j
tdx+

1

2

∫
∂kµ(ρ)u

k(∂iu
j
t )

2dx

≤C∥∇µ(ρ)∥Lp

(
∥u∥2L∞∥∇2u∥

L
2p

p−2
∥∇ut∥L2 +∥u∥L∞∥∇ut∥

2p̄
p(p̄−2)

Lp̄ ∥∇ut∥
2(pp̄−p̄−2p)

p(p̄−2)

L2

)
+C∥ut∥L∞∥∇2u∥L2∥∇ut∥L2

≤C

(
∥∇2u∥L2∥∇2u∥

L
2p

p−2
∥∇ut∥L2 +∥∇2u∥

p(p̄−2)
2(pp̄−p̄−2p)

L2 ∥∇ut∥2L2

)
+ε∥∇ut∥2Lp̄

+C(∥∇ut∥L2 +∥∇ut∥Lp̄)∥∇2u∥L2∥∇ut∥L2

≤ 1
8∥

√
ρutt∥2L2 +

(
1+∥∇2d∥3H1 +∥∇u∥3H1 +∥∇2u∥

p(p̄−2)
2(pp̄−p̄−2p)

L2

)(
∥∇ut∥2L2 +∥∇2dt∥2L2

)
+C∥∇u∥2H1

(
∥∇u∥6L2 +∥∇2d∥6L2 +∥∇2u∥2L2 +∥∇3d∥2L2

)
, (3.93)

where choose ε small enough, and use (3.68) to get

∥∇2u∥
L

2p
p−2

≤C
(
∥√ρut∥L2 +∥∇ut∥L2 +∥∇u∥2L2 +∥∇2d∥2L2 +∥∇3d∥L2

)
≤C

(
∥√ρ∥L3∥ut∥L6 +∥∇ut∥L2 +∥∇u∥2L2 +∥∇2d∥2L2 +∥∇3d∥L2

)
≤C

(
∥∇ut∥L2 +∥∇u∥2L2 +∥∇2d∥2L2 +∥∇3d∥L2

)
. (3.94)

Substituting (3.89)-(3.93) into (3.88), we get

B1≤− d

dt

∫
µ(ρ)t∂iu

j∂iu
j
tdx+

1

4
∥√ρutt∥2L2 +C

(
1+∥∇u∥3H1 +∥∇2d∥3H1

+∥∇u∥L∞ +∥√ρut∥3L2 +∥∇2u∥
p(p̄−2)

2(pp̄−p̄−2p)

L2

)(
∥∇ut∥2L2 +∥∇2dt∥2L2

)
+C

(
∥∇u∥2H1 +∥∇2d∥2H1

)(
∥∇u∥6L2 +∥∇2d∥6L2 +∥∇2u∥2L2 +∥∇3d∥2L2

)
.
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Applying (3.79), similar to B14, choosing ε suitably small, we deduce

B2≤ε∥∇ut∥2Lp̄ +C∥∇2u∥
p(p̄−2)

2(pp̄−p̄−2p)

L2 ∥∇ut∥2L2

≤ 1

8
∥√ρutt∥2L2 +C∥∇u∥2H1

(
∥∇u∥6L2 +∥∇2d∥6L2 +∥∇2u∥2L2 +∥∇3d∥2L2

)
+C

(
1+∥∇u∥3H1 +∥∇2d∥3H1 +∥∇2u∥

p(p̄−2)
2(pp̄−p̄−2p)

L2

)(
∥∇ut∥2L2 +∥∇2dt∥2L2

)
and

B3=
1

2

d

dt

∫
ρt|ut|2dx+

∫
(ρuj)tu

j
t∂ju

i
tdx

≤ 1

2

d

dt

∫
ρt|ut|2dx+C

(
(∥∇ρ∥Lp∥u∥2

L
4p

p−2
+∥√ρut∥L2)∥ut∥L∞∥∇ut∥L2

)
≤ 1

2

d

dt

∫
ρt|ut|2dx+C

(
∥∇u∥2H1 +∥√ρut∥L2

)
(∥∇ut∥L2 +∥∇ut∥Lp̄)∥∇ut∥L2

≤ 1

2

d

dt

∫
ρt|ut|2dx+C

(
1+∥∇2d∥3L2 +∥∇u∥3H1 +∥√ρut∥2L2

)(
∥∇ut∥2L2 +∥∇2dt∥2L2

)
+C

(
∥∇u∥2H1 +∥∇2d∥2H1

)(
∥∇u∥6L2 +∥∇2d∥6L2 +∥∇3d∥2L2 +∥∇2u∥2L2

)
+

1

8
∥√ρutt∥2L2 .

By some direct calculation, in view of (3.3), (3.4) and (3.77), we get

B4=− d

dt

∫
ρtu ·∇u ·utdx+

∫
(ρu)t ·∇(u ·∇u ·ut)dx

+

∫
ρtut ·∇u ·utdx+

∫
ρtu ·∇ut ·utdx−

∫
ρut ·∇u ·uttdx

−
∫

ρu ·∇ut ·uttdx

≤− d

dt

∫
ρtu ·∇u ·utdx+C∥ρt∥L2∥∇u∥H1

(
∥∇2u∥3/2

L2 ∥∇ut∥L2 +∥∇2u∥L2∥ut∥L∞

+∥∇u∥L∞∥∇ut∥L2 +∥∇ut∥2L2 +∥ut∥L∞∥∇ut∥L2

)
+C∥∇ut∥2L2∥∇u∥2H1

+
1

8
∥√ρutt∥2L2

≤− d

dt

∫
ρtu ·∇u ·utdx+C

(
1+∥∇2d∥3H1 +∥∇u∥3H1

)(
∥∇ut∥2L2 +∥∇2dt∥2L2

)
+C

(
∥∇u∥2H1 +∥∇2d∥2H1

)(
∥∇u∥6L2 +∥∇2d∥6L2 +∥∇2u∥2L2 +∥∇3d∥2L2

)
+

1

8
∥√ρutt∥2L2

and

B5=
d

dt

∫
div(∇d⊙∇d)t ·utdx+

∫
(∇d⊙∇d)tt ·∇utdx

≤ d

dt

∫
div(∇d⊙∇d)t ·utdx+C∥∇dt∥1/2L2 ∥∇2dt∥3/2L2 ∥∇ut∥L2 +

1

8
∥∇dtt∥2L2

+C∥∇d∥2L∞∥∇ut∥2L2

≤ d

dt

∫
div(∇d⊙∇d)t ·utdx+C

(
1+∥∇dt∥2L2 +∥∇2d∥2H1

)(
∥∇ut∥2L2 +∥∇2dt∥2L2

)
+

1

8
∥∇dtt∥2L2 .
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In the end, putting B1−B5 into (3.87), we find

d

dt
∥∇ut∥2L2 +∥√ρutt∥2L2 ≤C

(
1+∥√ρut∥3L2 +∥∇u∥3H1 +∥∇2d∥3H1 +∥∇u∥L∞

+∥∇2u∥
p(p̄−2)

2(pp̄−p̄−2p)

L2 +∥∇dt∥2L2

)(
∥∇ut∥2L2 +∥∇2dt∥2L2

)
+

d

dt

∫ (
∂i(µ(ρ)t∂iu

j)uj
tdx+ρt|ut|2+ρtu ·∇u ·ut+div(∇d⊙∇d)t ·ut

)
dx

+C
(
∥∇u∥2H1 +∥∇2d∥2H1

)(
∥∇u∥6L2 +∥∇2d∥6H1 +∥∇2u∥2L2 +∥∇3d∥2L2

)
+

1

8
∥∇dtt∥2L2 . (3.95)

Let

φ(t)≜
∫ (

∂i(µ(ρ)t∂iu
j)uj

tdx+ρt|ut|2+ρtu ·∇u ·ut+div(∇d⊙∇d)t ·ut

)
dx,

it follows from (3.1) that

|φ(t)|≤C
(
∥∇µ(ρ)∥Lp∥∇ut∥L2∥∇u∥2H1 +∥ρut∥L2∥∇ut∥L2∥∇u∥H1

+∥ρt∥L2∥∇u∥2H1∥ut∥L6 +∥∇d∥L3∥∇dt∥L6∥∇ut∥L2

)
≤ 1

4
∥∇ut∥2L2 +C2∥∇2dt∥2L2 +C

(
∥√ρut∥2L2∥∇u∥2H1 +∥∇u∥4H1

)
. (3.96)

Operating ∂t to (1.1)3, multiplying it by ∆dtt, due to the Sobolev inequality, we get

1

2

d

dt
∥∇2dt∥2L2 +∥∇dtt∥2L2

≤C
(
∥∇(u ·∇d)t∥2L2 +∥∇(|∇d|2d)t∥2L2

)
+

1

2
∥∇dtt∥2L2

≤C
(
∥∇u∥2H1 +∥∇2d∥2H1

)(
∥∇ut∥2L2 +∥∇2dt∥2L2

)
+C∥∇3d∥2L2∥∇dt∥2L2 +

1

2
∥∇dtt∥2L2 . (3.97)

Then (3.95)+2C2(3.97), by (3.85), we get that

d

dt

(
∥∇ut∥2L2 +2C2∥∇2dt∥2L2

)
+∥√ρutt∥2L2 +∥∇dtt∥2L2

≤C

(
1+∥√ρut∥3L2 +∥∇u∥3H1 +∥∇2d∥3H1 +∥∇u∥L∞ +∥∇2u∥

p(p̄−2)
2(pp̄−p̄−2p)

L2

+∥∇dt∥2L2

)(
∥∇ut∥2L2 +∥∇2dt∥2L2

)
+φ′(t)+C

(
∥∇u∥2H1 +∥∇2d∥2H1

)
×
(
∥∇u∥6L2 +∥∇2d∥6L2 +∥∇2u∥2L2 +∥∇3d∥2L2

)
. (3.98)

To prove the first inequality of Lemma 3.7, multiplying (3.98) by tβ , we apply (3.17),
(3.39), (3.44), (3.78) and β=max{5/2,(5p̄p−4p̄−10p)/(4p̄p−4p̄−8p))}, to have∫ σ(T )

0

tβ∥∇u∥3H1

(
∥∇ut∥2L2 +∥∇2dt∥2L2

)
dt

≤ sup
0≤t≤σ(T )

t3/2∥∇u∥3H1

∫ σ(T )

0

t
(
∥∇ut∥2L2 +∥∇2dt∥2L2

)
dt≤C (3.99)
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and ∫ σ(T )

0

tβ∥∇2u∥
p(p̄−2)

2(pp̄−p̄−2p)

L2 ∥∇ut∥2L2dt

≤C sup
0≤t≤σ(T )

(t∥∇2u∥2L2)
p(p̄−2)

4(pp̄−p̄−2p)

∫ σ(T )

0

t∥∇ut∥2L2dt≤C. (3.100)

We get after Gronwall’s inequality, by (3.77), (3.90), (3.96), (3.99) and (3.100) to obtain

sup
0≤t≤σ(T )

tβ
(
∥∇ut∥2L2 +∥∇2dt∥2L2

)
+

∫ σ(T )

0

tβ
(
∥√ρutt∥2L2 +∥∇dtt∥2L2

)
≤C. (3.101)

To prove the second inequality of Lemma 3.7, multiplying (3.98) by t2, from (3.1),
(3.40), (3.44), (3.74), (3.77), (3.78) and (3.96) and the definition of σ(T ), we have

sup
σ(T )≤t≤T

t2
(
∥∇ut∥2L2 +∥∇2dt∥2L2

)
+

∫ T

σ(T )

t2
(
∥√ρutt∥2L2 +∥∇dtt∥2L2

)
dt≤C,

which together with (3.18) and (3.101), completes the proof of Lemma 3.7.

4. Proof of Theorem 1.1.
We devote this section to proving the main result of this paper. First, there exists a
T1 such that the problem of (1.1)-(1.5) has a local strong solution on R3×(0,T1] (see
Lemma 2.1). Hence, there exists a T0∈ (0,T1] such that (3.1) holds for T =T0.

Set

T ∗≜ sup{(ρ,u,P,d) is a strong solution on R3×(0,T] and (3.1) holds}. (4.1)

Then T ∗⩾T0>0. For any 0<τ <T ≤T ∗ with T finite, one deduces from Lemmas
3.1-3.7 and standard embedding that{

ρ∈C([0,T ];L3/2∩H1),∇µ(ρ)∈C([0,T ];Lp),

u∈C([τ,T ];H1
0 ),∇d∈C([0,T ];L3/2∩H1).

(4.2)

We claim that

T ∗=∞.

Otherwise, T ∗<∞. Proposition 3.1 implies that (3.2) hold at T =T ∗. Let

(ρ∗,u∗,d∗)≜ (ρ,u,d)= lim
t→T∗

(ρ,u,d)(x,t) (4.3)

and

ρ∗∈L3/2∩H1, ∇µ(ρ∗)∈Lp, u∗∈H1
0 , ∇d∗∈L3/2∩H1.

Therefore, one can choose (ρ∗,u∗,d∗) as the initial data and to extend the local strong
solution beyond T ∗. This contradicts the assumption of T ∗ in (4.1). Hence, T ∗=∞.
We finish the proof of Theorem 1.1 since the decay estimate of (1.7), (1.8) and (1.9)
follow directly from (3.9), (3.18), (3.38), (3.40) and (3.86), respectively.



282 NONHOMOGENEOUS INCOMPRESSIBLE LIQUID CRYSTAL SYSTEM

Acknowledgments. The authors would like to thank the referees for their valuable
suggestions. This work was supported by the National Natural Science Foundation
of China (No.12061037; No.11971209) and the Natural Science Foundation of Jiangxi
Province (Grant No. 20212BAB201016).

REFERENCES

[1] C. Cavaterra, E. Rocca, and H. Wu, Global weak solution and blow-up criterion of the general
Ericksen-Leslie system for nematic liquid crystal flows, J. Differ. Equ., 255:24–57, 2013. 1

[2] S. Chandrasekhar, Liquid Crystals, Cambridge Univ. Press, Cambridge, 1977. 1
[3] Y. Cho and H. Kim, Unique solvability for the density-dependent Navier-Stokes equations, Nonlin-

ear Anal., 59:465–489, 2004. 1
[4] F. De Anna, Global solvability of the inhomogeneous Ericksen-Leslie system with only bounded

density, Anal. Appl. (Singap.), 15(6):863–913, 2017. 1
[5] P.G. De Gennes, The Physics of Liquid Crystals, Oxford Univ. Press, London, 1974. 1
[6] B. Desjardins, Regularity results for two-dimensional flows of multiphase viscous fluids, Arch.

Ration. Mech. Anal., 137:135–158, 1997. 1
[7] S. Ding, J. Huang, and F. Xia, Global existence of strong solutions for incompressible hydrodynamic

flow of liquid crystals with vacuum, Filomat, 27(7):1247–1257, 2013. 1
[8] J. Ericksen, Liquid crystals with variable degree of orientation, Arch. Ration. Mech. Anal., 113:97–

120, 1991. 1
[9] J. Gao, Q. Tao, and Z. Yao, Strong solutions to the density-dependent incompressible nematic liquid

crystal flows, J. Differ. Equ., 260(4):3691–3748, 2016. 1
[10] G. Gui and P. Zhang, Global smooth solutions to the 2-D inhomogeneous Navier-Stokes equations

with variable viscosity, Chinese Ann. Math. Ser. B, 30:607–630, 2009. 1
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