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ON GLOBAL SOLUTIONS TO THE INHOMOGENEOUS,
INCOMPRESSIBLE NAVIER-STOKES EQUATIONS WITH
TEMPERATURE-DEPENDENT COEFFICIENTS*
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Abstract. In this paper, we study the initial-boundary value problem for the full inhomogeneous,
incompressible Navier-Stokes equations with temperature-dependent viscosity and heat conductivity
coefficients. The viscosity coefficient may be degenerate in the sense that it may vanish in the region
of absolutely zero temperature. Our main result is to prove the global existence of large weak solutions
to such a system. The proof is based on a three-level approximate scheme, the Galerkin method, De
Giorgi’s method and appropriate compactness arguments.
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1. Introduction and main result
In the present paper, we consider the following three-dimensional inhomogeneous,
incompressible Navier-Stokes equations with heat-conducting effects

Orp+div(pu) =0,

O (pu) +div(pu®u) + VP =divs,
O (pf) +div(pub) +divq=S: Vu,
divu=0.

(1.1)

This system is supplemented with the initial conditions
(9. p,0)(0,2) = (po,m, ) (2) 2, (1.2)
and the boundary conditions
u(t,z)=0, VO(t,z)-n(x)=0 onl0,7]x 09, (1.3)

where Q CR3 is a bounded domain of class C?*" with v >0, n(z) is the unit outward
normal vector to the boundary at = € 9Q. Here, p=p(t,z) is the density of the fluid,
u=u(t,x) is the velocity field, § =0(t,z) is the temperature, P = P(t,x) is the pressure,
S denotes the viscous stress tensor given by

S=pu(0)(Vu+VTu),

where V7u is the transposition of Vu and () >0 is the viscosity coefficient which
depends on the temperature and may degenerate in the region of absolutely zero tem-
perature, and q denotes the heat flux of the fluid satisfying Fourier’s law

q= _H(Q)vaa

with k(0) > 0 being the heat conductivity coefficient depending on the fluid temperature.
Moreover, it is easily seen that our discussion below still holds with more general internal
energy e =c,0, with ¢, >0 being the specific heat at constant volume.
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436 ON GLOBAL SOLUTIONS TO THE INCOMPRESSIBLE N-S EQUATIONS

The global existence of solutions to system (1.1)-(1.3) is an open problem, even for
the homogeneous case (i.e. p=-const.>0) in the class of the weak solutions introduced
by Leray [26]. The main difficulty lies in the dissipative term

S:Vu= @ fVu+VTu|2.

This term is the only source of a priori estimates on Vu, and at the same time, only
weakly lower semicontinuous with respect to Vu. Therefore, the temperature Equation
(1.1)5 has to be replaced by the inequalities

O(p0) +div(pud) +divq >S: Vu,

and
1o\ (1 ,
Oy §p|u| +div §p|u| +P Ju|—div(Su)+S: Vu<0.

Notably, this difficulty can be tackled if we consider some non-Newtonian fluids (see
[8,31]) or two-dimensional case (see [9]), where better a priori estimates for Vu can be
obtained.

Without heat-conducting effects, there has been a lot of literature on the existence
of solutions to the inhomogeneous, incompressible Navier-Stokes equations. When the
viscosity coeflicient is a positive constant, Kazhikhov [1,2,23] proved the global existence
of weak solutions and local strong solution in the absence of vacuum. Then, Simon [32]
established global weak solutions with finite energy for the case that the initial data
may contain vacuum. Later, based on some compatibility condition, Choe-Kim [7]
constructed a local strong solution, which was extended to be a global one by Huang-
Wang [20] for two-dimensional case and Kim [24] for three-dimensional case if ||Vup]|
is sufficiently small. Recently, Lii-Shi-Zhong [28] removed the compatibility condition
and showed the global existence of strong solutions with large initial data on the whole
space R2. When the viscosity coefficient depends on density, Diperna-Lions [12,27]
constructed global weak solutions. Then, Desjardins [11] proved the global existence of
weak solutions with higher regularity for two-dimensional case where p is a small per-
turbation of a positive constant in L>°-norm. Meanwhile, we also mention the existence
of global strong solutions in the absence of the vacuum states (see [18,21, 22,34, 35]).

When the heat-conducting effects are considered, for the homogeneous case (i.e.
p=const.>0), Lions [27] studied (1.1)-(1.3) with constant viscosity and heat conduc-
tivity coefficients, which means that system (1.1),, (1.1), and Equation (1.1), are uncou-
pled, therefore, Lions established the existence of global weak solutions by two different
approaches. To be specific, the first approach, called decoupled approach is to solve
first (1.1);, (1.1),, then, given a weak solution u of (1.1);, (1.1),, in particular, for
a given L'-function S:Vu on the right-hand side of (1.1),, try to solve (1.1),. The
second approach is to solve (1.1),, (1.1), and (1.1), simultaneously, where however, the
temperature Equation (1.1), is replaced by the total energy equation

Oy (;|u|2+0) +div [<;|u|2+P+9) u] +divg=div(Su).

Then, based on the second approach in [27], Feireisl-Mdlek [15] established a global
weak solution in a periodic domain with the viscosity and heat conductivity coefficients
depending on temperature. Later, Bulicek-Feireisl-Mélek [5] extended [15] to general
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three-dimensional domains with Navier’s slip boundary condition for the velocity. This
result also extended the result of Caffarelli-Kohn-Nirenberg [6], from a purely mechanical
context to a complete thermodynamic setting.

For the compressible Navier-Stokes equations with heat-conducting effects, Feireisl
first introduced the concept of “variational” solutions, and in [13], he proved the global
existence of “variational” solutions in a bounded domain Q C RV, N >2 with boundary
of class C?*V for a certain v >0, where the constant viscosity coefficients are assumed
to satisfy

2
>0, A+—p>0.
[t +hZ
Then, Feireisl [14] extended the above result to the case that the viscosity coefficients
are functions of temperature satisfying

p(0)=p>0, M6)+ ()20,
for some positive constant p>0. Recently, Wang-Zuo [33] further strengthened the re-
sult [14] and established global weak solutions to the compressible Navier-Stokes equa-
tions with degenerate, or even vanishing shear viscosity coefficient.

The existence of global weak solutions to the inhomogeneous, incompressible Navier-
Stokes with heat-conducting effects (1.1)-(1.3) was first proposed by Lions in his book
[27], Sect. 3.4, where the viscosity and heat conductivity coefficients were assumed to
be functions of density and temperature satisfying u,x € C([0,00) X R)

inf{u(t,s)||t| <R,seR}>0, inf{k(t,s)||t|<R,s€R}>0forall R>0.

Lions pointed out that it was possible to study such a problem by the methods developed
in Chapter 2 and Chapter 3 of his book. However, precise results about this problem
were not given therein. Note that the assumption that the viscosity coefficient was
bounded below from zero played an essential role in the compactness analysis in [27].

In this paper, we aim to study the global existence of weak solutions to the initial-
boundary problem (1.1)-(1.3), with the viscosity and heat conductivity coefficients de-
pending on the temperature. It should be emphasized that the viscosity coefficient is
assumed to be degenerate and may vanish in the region of absolutely zero temperature.
This assumption is based on the observation that zero viscosity occurs when the tem-
perature is very low in superfluids in [4]. The degeneracy of the viscosity coefficient
may lead to the failure of parabolicity of the momentum Equation (1.1),, which makes
it invalid to apply the Galerkin method to the momentum Equation (1.1), to establish
approximate solutions. Another negative effect of this degeneracy is that we are unable
to obtain a priori estimates on Vu from the energy inequality, which makes compactness
analysis extremely difficult.

To tackle these two difficulties, we add an artificial viscosity term eAu (¢ >0) in
the momentum equation. Such an artificial viscosity term makes it possible to apply
the Galerkin method to obtain global approximate solutions and plays an important
role in obtaining estimates for the gradient of velocity. At the same time, to eliminate
this artificial viscosity term as € — 07, we need to obtain uniform estimates on Vu
independent of € >0, which is one of the most serious challenges we face.

The crucial point in obtaining uniform bounds on Vu independent of € >0 is to
show that the temperature is bounded away from zero by De Giorgi’s method [10],
which was originally developed by De Giorgi for the regularity of elliptic equations with
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discontinuous coefficients, then applied by Baer-Vasseur [3] and Mellet-Vasseur [29] to
give a positive bound from below for the temperature in compressible Navier-Stokes
equations. Those results can be viewed as a priori estimates for the temperature and
motivate us to show that the temperature is uniformly bounded away from zero for the
approximated solutions of the incompressible Navier-Stokes equations. Furthermore,
by the assumptions imposed on p(6), we can obtain a lower bound for the viscosity
coefficient, that is, (0) > p for some positive constant p independent of € > 0. Then the
uniform H!-regularity of the velocity field u could be derived by the elementary energy
inequality.

Another difficulty in proving the global solvability of (1.1)-(1.3) lies in dealing with
the temperature concentration, which as in [13,14] can be resolved by the renormaliza-
tion of the temperature Equation (1.1),. To be specific, multiplying (1.1), by h(#) for
some suitable function h, we obtain

Or(pH(0))+div(puH(6)) — AK(6) = h(8)S: Vu— 1 ()x(6)|V6?,

where

0 [’
H(0)= /0 W)z, Kn(0) = /0 K(2)h(2)dz.

The idea of renormalization is inspired by DiPerna-Lions [12] where they replaced the
continuity Equation (1.1); by

9:b(p) +div(b(p)u) + (¥'(p)p—b(p))divu=0,

for suitable functions b=0(p), and then was used by Feireisl [13] and Lions [27] to
overcome the temperature concentration. However, as mentioned above, due to the
dissipative term S:Vu, we can only obtain an inequality instead of (1.1), by passing to
the limit.

The weak solutions to the initial-boundary value problem (1.1)-(1.3) are defined in
the following sense:

DEFINITION 1.1. We call (p,u,0,P) a weak solution to the initial-boundary value
problem (1.1)-(1.3) if
(i) the density p>0 satisfies

peL7((0,T) x2)NC([0,T]; LP(2)), 1 <p < o0,

the velocity u belongs to L2(0,T;Wy2(R)), and (p,u) is a renormalized solution
of the continuity Equation (1.1), in the sense of distributions, that is,

T
/ / b(p)0:®+b(p)u-Ve+ (b(p)—b'(p)p)divuddzdt =0,
0o Jo
holds for any b satisfying
be C'0,00), V' (p)=0forall plarge enough,

and any € C((0,T) x Q);
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the momentum Equation (1.1), and the incompressibility condition (1.1), hold in
D'((0,T)xQ), that is,

T T T
/ /pu-@,@dmdt—l—/ /pu@u:V@dmdt:/ /S:V@dwdt,
0 Jo 0o Jo o Jao

holds for any ® € C°((0,T) x Q) satisfying div® =0, where
pS=pp(8)(Vu+v'u),

and for any n€ C(Q), it holds that for a.a. t€(0,T)

/ u-Vndzx=0.
Q

Moreover, pue C([0,T); L2, () satisfies the initial condition (1.2);
the temperature 0 >0 satisfies

0 L?(0,T;WH(Q)), p#eL>(0,T;L'(2)),

and the temperature inequality holds in the sense of distributions, that is,

T T
/ /p@(“)tgodxdt—i—/ /(pu@-Vgo—i—/C(@)A(p)dmdt
o Ja 0o Jo

T
g—/ /S:Vugpdxdt—/poemp(o),
0 JQ Q

for any 0 € CX([0,T] x Q) satisfying
©=>0,¢(T,)=0, Ve nlsgo =0,

where

Moreover, 0(t,-) — 0 in D' () as t— 07, that is, for any x € C(Q), it holds

lim 9(t,x)x(x)dx:/QQO(J:)X(m)dx;

t—0t Jo
the energy inequality holds, that is, for a.a. t€(0,T),
Elp,u,0](t) < Elp,u,0](0),
where
1
E[,o,u,ﬂ(t):/Q (2p|u|2+p€> (t)dz,
and
1 lm®
Elo,u,61(0)= | {5705 4 pofy ) de.
a\2 po
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REMARK 1.1.  As mentioned in [15], the reason for introducing the function K(6)=

foe k(z)dz with VIC(0) =k (0)V0 = —q is that we are unable to deduce x(0)V#8 is locally
integrable by a priori estimates that we can obtain. However, for weak formulation, we
can write

/AIC(G)godxdt:/lC(Q)Agodmdt,
Q Q

where the right-hand side makes sense for any function ¢ € C?(Q).

REMARK 1.2. Asshown later, the bounds on the velocity fail to ensure the convergence
of the term S:Vu in the sense of distributions. Therefore, as in [13,14], we replaced
the temperature Equation (1.1); by the following two inequalities in Definition 1.1

O(pf) +div(pud) — AK(0) >S: Vu,
and
Elp,u6](t) < Elp,u,0](0).

Our main result can be stated as follows.

THEOREM 1.1.  Let QCR? be a bounded domain of class C*TV, with v>0. Assume
that

(i) the heat conductivity coefficient r(6) € C1([0,00)) satisfies
K(1460%) <k(0) <R(1+6?), (1.4)

for constants k>0 and &> 0;
(ii) the wviscosity coefficient pu(6) is globally Lipschitz continuous on [0,00) and it is a
positive function on [0,00), satisfying

elim w(@)>0, and pu(0)>kb, for 0<0<0; (1.5)
—00

(iii) the initial data satisfy

po€L>(Q), po>0 on (2,
0o e L' (),00>0>0 onQ,
2
weLl(Q).
Po

(1.6)

Then, for any given T >0, the initial-boundary value problem (1.1)-(1.3) admits a
global weak solution (p,u,d,P) in the sense of Definition 1.1.

REMARK 1.3. As mentioned in [4], zero viscosity only occurs when the temperature is
very low in superfluids. Otherwise, by the second law of thermodynamics, the viscosity
of all fluids is positive. Thus, our restriction (1.5) is physical. Moreover, the assumptions
imposed on the viscosity coefficient p(6) in Theorem 1.1 are definitely not optimal, but
our goal is to highlight the main ideas of the proof without going into unnecessary
technical details.

The proof of Theorem 1.1 will be roughly divided into the following three steps:
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Step 1: For fixed e, § >0, we solve the approximate system (2.1)-(2.3) by the
Galerkin method, to be specific, we first solve the problem in a suitable finite dimensional
space X, then recover a global solution by passing to the limit as n — oo;

Step 2: For fixed § >0, letting e — 07 to eliminate the artificial viscosity in the
momentum Equation (1.1),. The crucial point is to obtain a below bound for the
temperature by De Giorgi’s method, which is motivated by the work of Mellet-Vasseur
[29]. This implies that the temperature-depending viscosity coefficient is bounded away
from zero by the assumptions in Theorem 1.1. Thus, one can obtain uniform bounds
for the velocity for passing to the limits. Note that the below bound of temperature is
also uniform in § >0. This means that the uniform bounds are also available for the
limits as § goes to zero;

Step 3: We are able to recover a globally defined weak solution to the initial-
boundary value problem (1.1)-(1.3) by letting § —07.

Now we would like to give some comments on Theorem 1.1 by comparing it with
the relevant result [33] for the compressible Navier-Stokes equations. Roughly speaking,
there are two major differences between the inhomogeneous, incompressible case and
compressible case, that is,

(1) the pressure. The pressure is an independent variable in terms of the density and
the velocity for the incompressible case, which can be tackled by choosing suit-
able divergence-free test functions in Definition 1.1. For the compressible case, the
pressure is a function of the density and the main source of integrability of the
density;

(2) the continuity equation. For the incompressible case, the continuity equation can
be rewritten as the transport form

Op+u-Vp=0,

which can be solved based on Lions’ result [27]. However, this method is invalid for

the compressible case.

Therefore, the approximate system and compactness arguments established in the
present paper are different from that in [33].

The rest of the paper is organized as follows. In Section 2, we construct a suitable
approximate system (2.1)-(2.3) and obtain the global solvability by the Galerkin method.
In Section 3, we perform the limit ¢ — 0% to eliminate the artificial viscosity. In Section
4, we let § — 07 to finish the proof of Theorem 1.1.

2. The construction of approximate solutions
First, we construct the following approximate system

Orp+div(pu) =0,

O¢(pu) +div(pu®u)+ VP —divS —eAu =0,

D1 ((6+p)8) +div(pud) — AK(0) + 663 = (1—6)S: Vu,
divu=0,

(2.1)

where both € and ¢ are positive parameters, supplemented with the initial condition

(p,pu,0)(0) = (po,5,mo,5,00,5) inf, (2.2)

and the boundary condition

u=0, Vf6-n=0 ondQ. (2.3)
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Note that the construction of the above approximate system is motivated but dif-
ferent from [13,14,16,17]. Moreover, the regularized initial data are required to satisfy
the following conditions:

po,s €C*T(Q), 0<8<pos(z)<p;
pos— poin L2(Q),  [{z€Q|pos(x)<po(x)}|—0,asd—0;
00,5 €C*T (), Vo5 nlan=0, 0<0<6bps;

o5 — 0pin L?(Q2), as§ — 0;

my, if pos > po,

0, if po,5 < po,

mys =

where p and 6 are independent of § >0. In particular, the regularized initial value of
the total energy

E5(0) = /Q (1|m°’5|2+(5+p0,5)00,5> dx (2.5)

2 pos
is bounded by a constant independent of § > 0.
REMARK 2.1. In Equations (2.1), and (2.1),, the quantities ¢ and ¢ are small positive
parameters. Roughly speaking, the extra term e/Au represents the artificial viscosity
which ensures the parabolic property of the momentum Equation (2.1),. The quantity
063 is introduced to improve the integrability of the temperature. The other terms

related to the parameter § >0 are introduced to avoid technicalities in the temperature
estimates.

We give our result about the global solvability of the approximate problem (2.1)-
(2.3) in the following proposition.

PrOPOSITION 2.1.  For any fized €, § >0, under the hypotheses of Theorem 1.1 and
the assumptions imposed on the initial data (2.4), the approximate system (2.1)-(2.3)
admits a global weak solution (p,u,0,P) satisfying the following properties:

(i) the density p>0 satisfies
peL®((0,T)xQ)NC([0,T;LP(Q)),1 <p< o0,

the velocity u belongs to the space LQ(O,T;WOLQ(Q)), and (p,u) is a renormalized
solution of the continuity Equation (2.1), in the sense of distributions;

(ii) the modified momentum Equation (2.1), and the incompressibility condition (2.1),
hold in D'((0,T) x Q). Moreover, pue C([0,T];L2 .. (Q)) satisfies the initial con-
dition (2.2);

(iii) the temperature 6 >0 satisfies
0 12(0,T W2 (@) N IF((0,T) x ), phe (0,511 (@),

and the renormalized temperature inequality holds in the sense of distributions,
that is,

/ /5+p 8tgodzdt+/ / pH(O)u-Vp+K,(0) Ap—663h(0)p ) dzdt

S/O /Q(((5—1)S:Vuh(9)+h’(9)fi(9)|ve2)wdwdt—/Q((S—i—po,(;)H(Go’(;)(p(o)(dx |
2.6
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for any 0 € CX([0,T] x Q) satisfying
SDZO7 L)0(1—‘7) :05 V(‘D'l’l|8Q 207

where H(@):foeh(z)dz and Kh(e):foeﬂ(z)h(z)dz, with the non-increasing h €
C?([0,00)) satisfying

0<h(0) < oo, Zan;Qh(z)zO, (2.7)
and
B (2)h(z) >2(W (2))? forall z > 0; (2.8)

(iv) the energy inequality
1 t
/<2pu|2+(5+p)9> (t)dm—f—/ /6S:Vu—|—6|Vu\2+693dxds
Q 0 Jo

1 2
S/ 1 jmo[® + (64 po,5)00,5dx (2.9)
Q2 pos

holds for a.a. t€[0,T).

REMARK 2.2.  As proved in [13] for the constant viscosity coeflicient case, the hy-
potheses (2.7)-(2.8) are imposed to ensure the convex and weakly lower semi-continuous
property of the function

(0,Vu) > h(0)S: Vu, (2.10)

which is still valid for the temperature-depending viscosity coefficient case (cf. [19]).

2.1. Global solvability of the approximate system in a finite dimensional
space. Let {n,} be a family of divergence-free linearly independent smooth vector
functions that vanish on the boundary 0€2. Consider a sequence of finite dimensional
spaces

X =span{n,no,....nn},n=1,2---. (2.11)
The global solvability of the approximate problem (2.1)-(2.3) in the finite dimensional

space X,, can be achieved by the following four steps:

Step 1: Given u=u, € C([0,T];X,), the approximate continuity Equation (2.1),
can be seen as a transport equation of p, which can be solved directly by the character-
istics method. We denote the solution by p, :=p[u,] and give the details in Proposition
2.2.

Step 2: Given u=u, and p= p,, the approximate temperature Equation (2.1), can
be seen as a quasi-linear parabolic equation of 8, which can be solved by applying the
parabolic theory [25]. See details in Proposition 2.3. Denote the solutions by 6,, :=6[u,,].

Step 3: Substituting p=p, and § =40, into the following integral equation

t
/(pun)(t)-nd:vf/mo,a'ndx:/ /(pun®un—Sn—evun);vndxds, (2.12)
Q Q 0 JQ
for any n € X,,, with
Sn=n(0)(Vun + V' u,),
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we can obtain a local solution u,, € C([0,T,]; X,,) with T,, <T by the standard fixed-
point theorem. See details in Proposition 2.4.

Step 4: By virtue of some uniform (in time) estimates, we can extend T}, to T to
obtain a global existence result.

REMARK 2.3. Note that the integral Equation (2.12) can be seen as a projection of
the momentum Equation (2.1), onto the finite dimensional space X,, in the sense of
distributions.

Following the steps presented above, for fixed velocity field u=u, € C([0,7]; X,,),
we first study the solvability of the approximate continuity Equation (2.1),.

PROPOSITION 2.2.  Let u=u, be a given vector function belonging to C([0,T];X,).
Assume that the initial data po s satisfy the hypotheses in (2.4).
Then there exists a mapping p, = p[uy]:

having the following properties:
o the initial value problem (2.1),, (2.2) possesses a unique classical solution p,;
o 0<d<p[u,]<p forallt€[0,T);

e continuity of the mapping:
[0y = Pns HC([O,T];C2(Q)) < CT[ap, —up, [l (o,7):x,)- (2.13)

Proof.  Taking u=u,, we can rewrite the continuity Equation (2.1); as the fol-
lowing transport equation

Oyp+u,-Vp=0.
By characteristics method, we have

p(t,x)=po,s(x—upt), (2.14)

which, combined with the assumptions imposed on the initial data pgs in (2.4), yields
the properties in Proposition 2.2. O

For the temperature Equation (2.1),, similarly as in [13,16], we have the following
proposition.

PROPOSITION 2.3.  Let u=u, be a given vector function belonging to C([0,T];X,)
and p=py, be the unique solution in Proposition 2.2. Suppose that the initial data 0y s
satisfy the hypotheses in (2.4).

Then there exists a mapping 0, =0[u,] having the following properties:

o the initial-boundary value problem (2.1),, (2.2) and (2.3) admits a unique strong
solution 0, =0[u,];

e the solution 0, has the following regularity properties:
V0, € L*((0,T)xQ), 840, € L*((0,T)xQ);
e continuity of the mapping:

100, = Ons |l L2073 () < CVT||u,, —u,, lcqo,71:x0) - (2.15)
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Based on Proposition 2.2 and Proposition 2.3, we can follow the same idea as in [13]-
[16] to obtain the local existence as follows.

PROPOSITION 2.4.  For fized £,06 >0, assume that the initial data satisfy (2.4) and X,

is defined by (2.11). Denote u,(0):=uq, and suppose posUg s, =mMg s for any n.
Then the approzimate problem (2.1)-(2.3) admits a local solution (pn,un,0,) on a

short time interval [0,T,,] with T,, <T satisfying Proposition 2.2 and Proposition 2.3.

Now, in order to show T, =T for any n, it is enough to obtain uniform (in time)
bounds on the norm |lu, ()| x, for ¢ €[0,T,] independent of T;,, which is often obtained
by energy estimates.

First, by (2.12), we obtain that the velocity u,, is continuously differentiable, which
implies that the following integral identity holds on (0,7;,) for any ne€ X,

/at(pnun)mdx:/ (prnu, ®@u, —S, —eVu,): Vndz. (2.16)
Q Q
Taking n=u,, in (2.16), we obtain
d 1 1
pn\un|2dx+/ (GH)(Vun+VTun)2dﬂc+5/ |V, |2dz=0. (2.17)
dt o 2" 0

Integratmg (2.17) over (0,7) for any 7€ 1[0,T,], we have

;/(pn\un| dx—i—/ / ) (Vu, +VTu,) dxds+5/ /|Vun|2dxds
1

:f/mo’g-un(O)d:r
2Ja

where the term on the right-hand side can be controlled by

/mog u,(0)dx= /m05 U, 5,ndT

2
my s my s

Sf/ (||+005|u06n| )da:— /("+mo,6'uo,6,n>dl"-
2Ja\ pPos 2Ja\ pos

Thus, we deduce that for any 7€ [0,T;,]

1
2/(pn\un| dac—l—/ / ) (Vu,+V7u,) dxds+€/ /|Vun| dxds

L mosl (2.18)

“2Ja pos
This implies
/Pl o< (0,7, 22(0)) < C,

where C is independent of n and T,,.
Since p,, is bounded from below by a positive constant, we deduce

[l £ 0,17,522 () < C. (2.19)
By virtue of the fact that all norms are equivalent on X,,, we have
lanll Lo 0,75x,) < C, (2.20)

with C' independent of n and 7;,, which allows to extend the local existence result on
T,, to the global existence on T' by repeating the fixed-point argument above after finite
steps.
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2.2. Passing to the limit for n —oco0.  The goal of this subsection is to pass limit
to the approximate solutions (p,,u,,0,) to recover a weak solution to the approximate
system (2.1)-(2.3) as n— oo, for any fixed ¢, 6 >0. For convenience, in the rest of this
subsection, we denote C' a generic positive constant which is independent of n. In fact,
we have the following uniform bounds.

PROPOSITION 2.5. For fized €, § >0, under the hypotheses of Proposition 2.1, we have

lonll Lo 0,7y x2) < C, (2.21a)
||un||L2(O’T;WC}’2(Q)) <C, (2.21b)
100l 220,712 (0)) < C, (2.21c)
10713 0,7y %) < C, (2.21d)
VP, anllLe<0,1;22(0) < C, (2.21e)
lPnOnll Lo 0,1521 (02)) < C. (2.21f)

Proof.  First, replacing T,, by T in the energy inequality (2.18) and thanks to
Poincaré’s inequality, we have (2.21b) and (2.21e). Moreover, as proved in [27], by the
divergence-free property of u,, we have for all 0<a << oo

meas{z € Q|a < p,(t,z) <[} isindependent of ¢ >0,

which, combined with 0<d < pg s(z) <p implies (2.21a).
Then, integrating the Equation (2.1), over (0,7) x 2 for any 7€[0,7] and adding
o (2.18), we obtain the following total energy inequality

Jo (3pnlun|?+(0+pn)0n) (T)dx+€fOT Jo |Vun|2dxds+5foT Jo (63 +S,:Vu,)dzds
1 2
< [ (5720454 54 s)ons ) (222)
Q

2 pos

which implies (2.21d) and (2.21f).
Next, multiplying (2.1); by h(6,), we have

0r((6+pn) H (0 ))+d1V(PnunH(9n))_AICh(en)+"5(9n)h/(9n)|ven‘2+592h(9n)
=(1-9)S;: Vu, h(0n), (2.23)

where H (6 fo z)dz and Kp,(0) = f k(z)h(z)dz, with h meeting (2.7) and (2.8). In-
tegratmg (2 23) over (0,7) x 2 for any 7€ [0,T], one obtains

/((5+pn) On) dm+// )| V0|2 + 3803 1(6,,)) dwds
=(1-9) / / Sn: Vu,h(6y,)dzds + /Q (6+ po,s)H (0,5)dz. (2.24)

Choosing h(6,) = n (2.24), we obtain

1+0

| [ medxds—/((mn) 0.0) (e [ (6 p0) (0050

// dxds—lé//S Vi gy

(2. 25)
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where by the growth restriction imposed on () (1.4), the term on the left-hand side
can be controlled by

T T an)
0<C / / V0, |2deds < / / _#il0n) V0, [2dzds,
0 Q| | o Ja (1+9n)2| |

hence (2.21c¢) holds. |

2.2.1. Strong convergence of the approximate densities. In this subsec-
tion, we recall a strong convergence result for the densities p,.

LEMMA 2.1 ([12,27]). Assume that the sequence (pn,uy) solves Equations (2.1), and
(2.1), in the sense of distributions, and satisfies the estimates (2.21a) and (2.21b).
Then we have

pn— pin C([0,T]; LP(€2)) (2.26)
for any 1 <p<oco. Moreover, p satisfies
meas{r € Q]a<p(t,x) <B}isindependent of £ >0,

for all 0<a< B < 0.

2.2.2. Limit in the approximate continuity equation. By (2.21b), we
assume

u,, — uweakly in L?(0,7; W, (Q)), (2.27)

at least for a suitable subsequence.
Therefore, in order to prove that {p,u} solves the continuity Equation (2.1), in the
sense of distributions, it suffices to show

pruy, — puinD'((0,T) x Q),

which can be achieved by (2.26) and (2.27).

2.2.3. Strong convergence of the approximate temperatures. Before
proving the strong convergence of the approximate temperature 6,,, we need the follow-
ing variant of the Aubin-Lions lemma, which plays an essential role in our proof.

LEMMA 2.2 ([13]). Let {v,}32 be a sequence of functions such that
vy isboundedin L2(0,T; LI(Q)) N L= (0,T; L*(Q)), withg>6/5,
furthermore, assume that
Ovp > 1, nD'((0,T) x Q),
where
I, is bounded in L* (0,7; W ~"-"(Q))

for a certain m>1, r>1.
Then {v,}52, contains a subsequence such that

V= vin L2(0,T; H ().
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Now we apply Lemma 2.2 to (2.1); with v, =(6+4pn)0,. By estimates (2.21a),
(2.21c) and (2.21f), we have

(6 + pn)By isbounded in L*((0,T) x Q)N L>(0,T; L' (2)),
and
(64 pn)bn) =1, nD'((0,T) x Q),
where
Iy = —div(paunb,) + AK(0,) — 003 +(1-0)S, : Vu,.

Owing to estimates (2.21a)-(2.21d) and the compact imbedding of L!(€) into W ~1(Q),
with s€(1,3), we have

I, is bounded in L (0, 7; W =37(Q)), r > 1.
Therefore, we obtain
(84 pn)0n — (5+p)0in L*(0,T; H ().
Thanks to (2.21c), this yields
(6+pn)02 = (5+p)0?inD'((0,T) x Q),
which, combined with (2.26), implies

/T/ (6+p)02 dxdt

/ [(6+p)—(6+pn)]6? da:dt—i—/ / 6+ pp )02 dxdt

Q
—>/ /(6+p)02dxdt.
0 Jo
Thus, we have
0, —0in L*((0,T) x Q). (2.28)
2.2.4. Limit in the approximate momentum equation. In order to take

the limit n — oo in the approximate momentum Equation (2.12), it suffices to deal with
the nonlinear terms.

First, similarly as in the previous subsection, applying Lemma 2.2 to (2.12) with
Vi, = pPrUy, we have

Py — puin L2([0,T]; H1(Q)),
which, combined with (2.27), gives
Pr, @u, — puuinD'((0,T) x Q).

Then, for the nonlinear term p(6,,)(Vu,, +V7Tu,), by (2.28) and the Lipschitz con-
tinuity of u(6), we have

11(0,) — p(0) in L*((0,T) x €2),
which, with help of (2.27) yields
w(0,)(Vu, +V¥Ta,) = u(0)(Vu+V7ia)in D' ((0,T) x Q).
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2.2.5. Limit in the renormalized temperature equation. First, by (2.28)
and the properties of h(f) in Proposition 2.1, we have

H(0,)— H(0)in L*((0,T) x Q), (2.29)
which, combined with (2.26), yields
(6-+pn)H(60n) = (0+p)H(6) in L*(0,T; L™ (<)),
for any 1<m < 2. Moreover, by (2.26), (2.27) and (2.29), we have
pnH (0,)0,, — pH(0)uweakly in L' ((0,T) x Q). (2.30)

Then, thanks to Proposition 2.1 in [13], we are able to deal with the terms Kp(6,,)
and 602 h(6,,). To be specific, by the property

lim h(z)=0,

Z—> 00
we have

lim Kn(z)

Z—00 K(z) =0.

By (2.21d) and the growth restriction imposed on x(0) (1.4), we have

sup/ K(0,,)dy < oo,

n>1JQ
thus, Proposition 2.1 in [13] yields
K (6) — K1 (0) weakly in L' ((0,T) x 2). (2.31)

Similarly, for the term §63h(6,,), owing to

3
lim 23 g,
z—o0 23
and
sup/ 63 dy < oo,
n>1JQ
we have
502 h(0,,) — 66> h(0) weakly in L ((0,T) x Q). (2.32)

Next, owing to 0 <k <k(f) and the non-increasing property of h, we have

/ / 0)I (6)|V6|2pdedt < — limint / / V0 Podedt,  (2.33)

n—oQ

for any non-negative function ¢ € C°((0,7) x Q).

Finally, it is crucial to have the following lemma to deal with the term S,, : Vu, h(6,,).
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LeMMA 2.3 ([19]). Let g(0) be a bounded, continuous and non-negative function
from [0,00) to R. Suppose that 6,, and u,, are two sequences of functions defined on
satisfying

0, —0a.e.in,

and
u,, —uweakly in W2(Q).

Then

[ @ (©)vuids <timint [ 96,0V, Pz,
Q n o0

Q

where the function h(0) satisfies (2.7) and (2.8). In particular,

n—oo

S Vuh(60 @dxgliminf/ Sy : Vu, h(0,,)pdz, (2.34)
Q

for any non-negative function o € C2°((0,T) x ).

With this lemma at hand, combining (2.29)-(2.34), we can obtain (2.6) by letting
n— o0 in (2.23). We are also able to deduce the energy inequality (2.9) in Proposition
2.1 by letting n— oo in (2.22).

3. Limit passage for ¢ tends to zero

In this section, we use (pe,u.,0.) to denote the weak solutions constructed in Propo-
sition 2.1. The main task is to pass limits to (pe,ue,0) as e —0". Note that, for any
fixed £ >0, v/eVu, is bounded in L?((0,T) x £2), which is crucial to show the compact-
ness of weak solutions as n goes to infinity. However, this estimate is not uniform on €.
This will lead to the loss of compactness of weak solutions. Our alternative way is to
show that the temperature-depending viscosity coefficient is bounded below from zero,
which can provide the uniform bound of Vu. in L?((0,7) x 2). With such a bound, we
are able to obtain the exact same compactness as in Section 2. Thus, to pass to the
limits as € — 07, we mainly need to prove the temperature is bounded below from zero.
Therefore, this section will be devoted to obtain a positive bound from below for the
temperature, which is uniform in terms of € >0 and § > 0.

3.1. A positive bound from below for the temperature. = We first give our
result about the positive bound for the temperature 6..

PROPOSITION 3.1.  Let (pe,ue,8:) be a weak solution to the approzimate system (2.1)-
(2.3) in the sense of Proposition 2.1. Assume that the initial temperature satisfies the
assumptions in (2.4), that is,

0:(0)=005>60>0.
Then there exists a constant 0 >0 such that
0.(t,x)>60>0 (3.1)
for all t€[0,T] and almost all x €.

REMARK 3.1. We emphasize here that the constant 6 does not depend on the param-
eters € >0 and & >0, which is essential in the limit passage later.
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To prove Proposition 3.1, we need the following important lemmas.
LEMMA 3.1 ([30]). Let Uy be a sequence satisfying
(ii) for some constants A>1, 1< B <y and C >0,

0<U, <o (U'311+U,f"’1)

Then there exists some Ky such that for every K > Ky, the sequence Uy, converges to 0
when k goes to infinity.

LEMMA 3.2 ([13]). Let p be a non-negative function such that
. 6
0< M, < | odz, | o"dx<Msy, withy> —.
Q Q 5
Then there exists a positive constant C' depending only on My, My such that

||vH1<Q>sc(||vV||m<m+ / gv|dx).
Q

Our proof is in the spirit of the work of Mellet-Vasseur [29], where they first used
De Giorgi’s method to give a positive bound from below for the temperature.

Proof. (Proof of Proposition 3.1.) Taking

with h(z)= 1{24w<cy for some constant w >0, we have

z+w

H(0.) = —In(0: +w)+nw, ifl.+w<C,
] =InC +Inw, if.+w>C.

Thanks to (2.6), the weak solution (p.,u.,0.) satisfies the following temperature in-
equality in the sense of distributions

Ot ((6+pe)H(0:)) +div(peuH(0c)) — AKR(0:) — h/( )r(0 )|V0 |2
<56%h(8.) — (1—5)S. : Vu.h(6.), (3.2)

with H (0 *fo 2)dz and Kp(0 7,f0
Then, letting ¢(6 E):H(HE)—l—lnC’—lnw— [ln (m)} and integrating (3.2) over
c +
(s,£) xQ for any 0<s<t<T, we deduce

/((6+p5>¢<ag)>< pae=201-5) [ [ D020 (021
/ qu” 0.)|V0.|*dzdr

< /Q (54 pe)b(62)) (3)dx 5 / /Q 03 (0.)dudr, (3.3)
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where D(u)=1 (Vu+V7u). Now, introducing a sequence of real numbers

Cr=eMI=27"1 for all positive integers k, (3.4)

where M is a positive number to be chosen later. We define ¢y, as

Cr

ot =m (5] (35)
O-+w/ |,

then
) 1
¢k,w(95)=—m1{95+wgck}7 (3.6)
1
Z,w(es)Zml{eawgck}- (3.7)

Next define Uy, by

Uk,w :=8Upp, <t<T (fg 5+P5)¢k,w(95)d95) +2(1-9) f:/Tk Ja S‘fiﬁ Lgo. yw<cyy | D(ue) [P dzdt
/ / 1{9 +w<ck}|v9 | dacdt (38)
Tk

where {T}} is a sequence of non-negative numbers. Note that Uy, depends on ¢, § and
w, that is, Uy ., = Uk 5,0, and for convenience, we still write it as Uy .
Assuming T}, =0 for all k€N, from (3.3) and (3.8), we claim that

Uk:,w_/ (5+po 6)¢k w(eog d:r+5/ / + 1{9 +w<Ck}dxdt (3.9)

In fact, taking 0<Ty_1 <s<T} <t<T in (3.3) and using (3.6)-(3.7), one gets

(u.)|*dzdr

/Q (54 p2) b (62)) (1

T 905+w

‘ K (0e)
el g 0.|?dxd
T 93
< [ (@+pdona@Nda+s [ [ ey dudr (3.10)
Q Te_1JQ 5+w

Taking the supremum over t € [T, T] on both sides of (3.10), one deduces that

T 03
U= [ (@ +ponnt0)(dod [ [ 2Bt ocodode. (301
Q T._1 95 +W

If T, =0 for all k€ N, then s=0in (3.11), thus we get (3.9).
Next, we prove that the second term on the right-hand side of (3.9) can be controlled
by U,_, ., for some > 1. More precisely, we claim that

ka
5/ /9 tw 1{9 +w<ck}d$dt<c k 1,00 (312)
Tr—1

for some > 1, where the constant C' is independent of £,4 > 0.
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Indeed, if 6. +w < Cy, we have

93
Hsiwgl,foranyw>0, (3.13)
by taking M large enough such that C} is small enough, and
Cr—1 Ck 1
_1w(fe)=11
0= [ (5)] 20
which implies
Cr—1]“ o
119, 4w<cyy < |In - Pr—1,w(0:)%, forany a > 0. (3.14)
k

Taking (3.13) and (3.14) into account, we deduce

T 93
5/ /751 w dxdt
o Jo O +w {0c+w<Cy}

-
<ot=p [mC’“] / /(5+p5)%k_1,w(95)ada¢dt
Ck Ti—1/9Q

_ Cr_1]“ / , N
<Co = [t | P 0P 54 s 0 N ey (319

where %—i— L =1 and l—i—i, =1. For the last term in (3.15), we have

16+ pe)’ dr—1,0(0)" e (@ 1520 (2)
=18+ )bt 1,0 (0))" S 1,0 (0) /s, 100
<N (E+ )10 * 3, o5
I6k—1,00(6)" Bm“il B78 (Tp_1 T3 L T 575 (2))
=18+ p) 1,0 017 e (e 0y 19510 (O |52, o)
<G+ ) br— 1,0 O Lo 7y s ()
(Ilped)k—l,w( E)||L&(Tk71,T;L1(Q))+qubk—Lw(ae)||L2((Tk71,T)><Q))a7/3
<cvf ,, (UiorwtUf3,)""

atB
S C (Ulgl,w + Ukzl,w) ’

where we used Lemma 3.2 in the third inequality from below, the growth restriction
imposed on x(6) (1.4) in the second inequality from below, and the coefficients p, ¢, «

(3.16)

and [ satisfy

11— B/a 1_@_’_1—5/04
c

poa 2 g«

Substituting (3.16) into (3.15), we have

g 02 1 Cpa]™® ats
5/T / ﬁl{ge-Huﬁck}dxdtSCd - [lnck} (Ulgl,w—i_Uk_zl,w) . (317)
k—1 €
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Then, by (3.4), we have

Ck—l - 2ka
1 =—. 3.18
w3 (318)
Meanwhile, we can choose <1, a>1 such that
7:min<cﬁ5,a) >1, (3.19)
and
A<, (3.20)

Combining (3.17)-(3.20) together, we obtain (3.12).
We are now ready to complete the proof of Proposition 3.1. By assumption 6 5 >

0> 0, choosing M large enough such that e /2 <@, we have for any w >0
e—M[1-27F]
wbos)=|In| ——— =0. 3.21
Prew(00,5) fos o (3.21)
+
Substituting (3.12) and (3.21) into (3.9), we obtain
2ka
UkMSCWUIZfl,w Wlth’)/>1 (322)

Thanks to Lemma 3.1, for M large enough (independently on ¢, § and w), we have

lim Uy, =0, (3.23)
k—o0

which, combined with the definition of Uy ., (3.8) yields
T e_M 2
k(6:)|V |In
/0 /Q (6e) { 0c +"J +

/Q((Hpe) {ln ;;MJ +dm ~0. (3.25)

€

dedt=0, (3.24)

and

By (1.4) and (3.24), we obtain

-M
{ln ¢ ] is constant in Q for all ¢ € [0,T7, (3.26)
0. +w "

and with help of (3.25), this implies

-M
{lne ] =0.
Oc+w]

This yields
0. +w>e M

for any w >0, which completes our proof. ]
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3.2. Estimates independent of > 0. By virtue of Proposition 3.1 and the
assumptions imposed on p(¢) in Theorem 1.1, we can obtain a positive constant
independent of £,0 >0 such that

w(0e) > p>0. (3.27)
This, combined with the energy inequality (2.9), yields
Vu. is bounded in L*((0,T) x Q) (3.28)
by a positive constant independent of € >0. Thanks to Poincaré’s inequality, we have
HuEHLQ(O,T;W&a(Q)) <C, (3.29)

where C' is independent of € >0. Thus, we are able to get the following uniform bounds
for (pe,uc,6:) as in Section 2.

PROPOSITION 3.2.  For fized § >0, under the hypotheses of Theorem 1.1 and Proposi-
tion 2.1, we have

o< ll o< 0,7y x2) < C, (3.30a)
||u5||L2(O’T;WC}’2(Q)) <C, (3.30Db)
10e I 2 0,7:w1:2 () < C, (3.30c)
101 23 0,1y x ) < C, (3.30d)
Ivpouellos 0, 1:22(02) < C, (3.30e)
p<Ocll L= 0,111 (2)) < C, (3.30f)

where all constants C' are independent of € > 0.

Thanks to (3.30a)-(3.30f), we are able to derive the same compactness structure for
(pe,uc,0:) as (pn,un,0,). Thus, we can show the following proposition by passing to
the limits as ¢ — 0.

PRrROPOSITION 3.3.  For fized § >0, under the hypotheses of Theorem 1.1 and Proposi-
tion 2.1, the initial-boundary value problem (1.1)-(1.3) with the parameter § >0 admits
an approzimate solution (p,u,0, P), which is also the limit of the weak solution to (2.1)-
(2.3) when e — 0", satisfying

(i) the density p>0 satisfies

peL=((0.T) x QNC(0,TLP(Q)), 1<p<oc,

the velocity u belongs to the space L*(0,T;W,7*(Q)), and (p,u) is a renormalized
solution of the continuity Equation (1.1), in the sense of distributions;

(ii) the momentum Equation (1.1), and the incompressibility condition (1.1), hold in
D'((0,T)x Q). Moreover, pueC([0,T);L?,.(2) satisfies the initial condition
(2.2);

(iil) the temperature 6 >0 satisfies
0 L(0,T;WH(Q)NL*((0,T) xQ),  pfe L>(0,T; L' (),

and the renormalized temperature inequality holds in the sense of distributions,
that is,

/T/(6+p)H(0)8t<pda:dt+/T/ (pH(G)u-V<p+lCh(9)Ago—593h(6')ap) dzdt
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g/T/ ((5—1)5;Vuh(e)+h’(e)n(e)\v9|2)godxdt—/(5+p0,5)H(90,5)<p(0)dx, (3.31)
for any 0 € CX([0,T] x Q) satisfying
©>0,¢(T,")=0, Ve -n|pg =0,

where H(0) :foah(z)dz and Kn(0) :foeﬁ(z)h(z)dz, with non-increasing h €
C?([0,00)) satisfying (2.7) and (2.8);
(iv) the energy inequality holds, that is, for a.a. t€(0,T),

t
/(1p|u2+(5+p)9) (t)dx+5/ /S:Vu+93dxds
Q 0 Jo

1 2
g/ Imo” + (64 po.6)00,5d. (3.32)
2 pos

4. Limit passage for ¢ tends to zero

The final step is to recover a weak solution to the initial-boundary value problem
(1.1)-(1.3) by passing to the limit as § —0%". In this section, we denote by (ps,us,0s)
the weak solutions constructed in Proposition 3.3. Note that the positive below bound
of the temperature in Proposition 3.1 does not depend on § >0 , so we have

w(0s) > p>0 (4.1)

for some positive constant p independent of § >0 in this whole section.

4.1. Estimates independent of § >0.  Observe that estimates for ps are similar
as in the previous sections, and estimates for us can be deduced after some calculations,
thus our main task in this section is to deal with terms related to 65. For convenience,
in the rest of this section, we denote C' a generic positive constant independent of § > 0.

First, by (2.5) and the energy inequality (3.32), we have the following estimates

vpsusl| Lo (o,r;2(0)) <C, (4.2a)

(64 ps)bsl o< (0,7;01(02)) <C, (4.2b)

6/ /85 Vusdadt <C, (4.2¢)

5 / / 03dxdt <C. (4.2d)
0 Jo

Then, taking ¢(t,x) =1(t) satisfying 0<¢ <1, € C°(0,T) and h(f) = (1+9)’ with
0<l<1in (3.31), we have

k(0
/ /<1+9 Ss V‘”“( (6))1+1|V96|2>¢dxdt

= /0 /Q(IT‘Z&)zwdxdt— /O /Q (6-+ ps) H (05)Dyipdadt, (4.3)

with H(6) :foe (ITIZ),d@ which, combined with estimates (4.2b)-(4.2d) implies

/ / <Slé—|—79;l6 (1 i(;;))lﬂ |V952) Ydrdt <C (4.4)
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for some constant C' independent of § >0. Letting [ —0 in (4.4), we obtain

T
/ / Ss: Vusdzdt <C. (4.5)
o Ja

This, with help of (4.1) and Poincaré’s inequality, yields

a5l 22 0 w2 () < C- (4.6)
In addition, for fixed 0 <l <1, by virtue of (4.4) and the growth restriction imposed on
k(0) (1.4), we obtain
HVG? 20,1y x0) <C(1), (4.7)
together with
V05|l 20,y x0) < C (1), (4.8)

with the constant C(I) depending on [ € (0,1). Thanks to Lemma 3.2, estimates (4.2b)
and (4.8) yield

||96HL2(07T;W1,2(Q)) < C(l) (4.9)
Bootstraping (4.7) and (4.9), we deduce

3—1

105> 1l 22(0,7:w12 ) <C(1). (4.10)

Combining (4.2b) with (4.10) and thanks to the interpolation inequality, we deduce for
a certain p>1 and a small positive number w

63 is bounded in L ({ps (t,x) >w >0}) (4.11)

by a positive constant independent of § > 0.
Putting all estimates independent of § >0 together, we have the following result.

PROPOSITION 4.1. Under the hypotheses of Theorem 1.1 and Proposition 2.1, we have

lps || oo (0, 17y x2) < C, (4.12a)
sl 20, 7w 20y < s (4.12D)
||9;%l |2(0,mw12(0)) < C(1), with € (0,1], (4.12¢)
||9g||Lﬁ({p5(t,z)2w>0}) <C, forsomep > 1. (4.12d)

By virtue of (4.12a) and (4.12b), we can obtain the same compactness result for
(ps,us) as (pn,uy). Thus, in the rest of this section, we focus our attention on the
compactness of 6.

4.2. Strong convergence of the approximate temperatures. Similarly as
the process in obtaining the strong convergence of 8,,, the main difficulty is to prove

(6+ps)0s — p@in L2(0,T; H(Q)), as § — 0. (4.13)

In order to obtain (4.13), by virtue of Lemma 2.2 and estimates (4.12a)-(4.12d), it
suffices to prove that

05 is bounded in L* ({ ps(w,t) <w}) (4.14)
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by a positive constant independent of § >0, with w being a sufficiently small positive
number.
As in [13,14], for each ¢t € (0,T'), one can solve the Neumann problem

Lot) = Blos(t) =y [ Blos(t)ds

Vns-n=0 onod,
/ ns(t)dz =0,
Q

with B € C*°(R) non-increasing and satisfying

{0, if z<w,

B(z) = .
-1, ifz>2w.

Now the estimate (4.14) can be achieved by taking

t.x) =) (n(t,z) — ithn= inf t
o(t,x) =1 (t)(n(t,x)—n), withn te[o}%ymegn( \ ),

where ¢ € C2°(0,T)
0<1 <1, ¢ is non-decreasing on (0,a] and non-increasing on [a,T’),

as a test function in (3.31). Since this process is similar to that in [13,14], we omit the
details here.
Combining (4.12¢) and (4.13), we have

05— 0in L*({p>0}). (4.15)

Taking (4.15) into account, we can perform the limit § — 07 as in Section 2. For con-
venience, we only give the details of the limit passage in the renormalized temperature
inequality.

4.3. Limit in the renormalized temperature inequality. First, for fixed
h, passing to the limit § — 07" in the same way as in Section 2 for the renormalized
temperature inequality (3.31), we obtain

/OT/Q(pH(a)aW+'OUH(9)'V‘p+WA<P) dudt

T
S—/ /h(é)S:Vmpdajdt—/poH(Go)cp(O)dx, (4.16)
o Ja Q
where
p/Ch(G) :p’Ch(é)7
and

pS=pu(0)(Vu+VTiu).

Next, taking

1
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in (4.16), letting I — 0 and using the monotone convergence theorem, we have

T T
/ /(pé@tgo—l—puﬂ_'Vgo—i—lC(G)Ago) dmdtg—/ /S:Vugpdzdt—/po%w(O)dm,
o Ja o Ja Q
where
pK(0) = pK(0),
and
pS=pu(0)(Vu+V'u).

Finally, denote

We observe the new function 0 satisfies
p0=pba.e.in (0,T) x Q.

Therefore, we have

T T
/ / (p00i o+ puld -V + K(0)Ap)drdt < —/ S:Vmpdxdt—/ p0bop(0)dz,
o Ja 0o Ja Q
with
pS=pp(0)(Vu+V'u),

which is exactly the temperature inequality in Definition 1.1.
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