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GLOBAL STRONG SOLUTIONS TO THE COMPRESSIBLE
MAGNETOHYDRODYNAMIC EQUATIONS WITH SLIP BOUNDARY

CONDITIONS IN A 3D EXTERIOR DOMAIN∗

YAZHOU CHEN† , BIN HUANG‡ , AND XIAODING SHI§

Abstract. In this paper we study the initial-boundary-value problem for the barotropic compress-
ible magnetohydrodynamic system with slip boundary conditions in three-dimensional exterior domain.
We establish the global existence and uniqueness of classical solutions to the exterior domain problem
with the regular initial data that are of small energy but possibly large oscillations with constant state
as far field which could be either vacuum or nonvacuum. In particular, the initial density of such a
classical solution is allowed to have large oscillations and can contain vacuum states. Moreover, the
large-time behavior of the solution is also shown.
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1. Introduction
We consider the viscous barotropic compressible magnetohydrodynamic (MHD)

equations for isentropic flows in a domain Ω⊂R3, which can be written as
ρt+div(ρu)=0,

(ρu)t+div(ρu⊗u)+∇P =µ∆u+(µ+λ)∇divu+(∇×H)×H,

Ht−∇×(u×H)=−ν∇×(∇×H),

divH=0,

(1.1)

where (x,t)∈Ω×(0,T ], t≥0 is time, and x=(x1,x2,x3) is the spatial coordinate. The
unknown functions ρ,u=(u1,u2,u3),P =P (ρ), and H=(H1,H2,H3) denote the fluid
density, velocity, pressure, and magnetic field, respectively. Here we consider the
barotropic flows with γ-law pressure P (ρ)=aργ (a>0 and γ>1). The physical con-
stants µ, λ and ν are shear viscosity, bulk coefficients and resistivity coefficient respec-
tively satisfying µ>0, 2µ+3λ≥0 and ν >0.

In this paper, we are concerned with the global existence of classical solutions of
(1.1) in the exterior domain of bounded region with slip boundary condition in R3,
which can be regarded as a continuation of our work in [7]. Throughout this paper, let
D be a simply connected bounded domain in R3 with smooth boundary and contained
in the ball BR≜{x∈R3||x|<R} for the fixed R>0. Let Ω⊂R3 be the exterior domain
to D, i.e., Ω=R3 \ D̄, that is an unbounded domain with smooth boundary ∂Ω. In
addition, this paper concerns the problem (1.1) with the initial data

(ρ,ρu,H)
∣∣
t=0

=(ρ0,ρ0u0,H0), in Ω, (1.2)
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and the far-field behavior

(ρ,u,H)→ (ρ∞,0,0), as |x|→+∞, (1.3)

where ρ∞≥0 is a given constant. The boundary condition is supposed by

u ·n=0, curlu×n=0, on ∂Ω, (1.4)

H ·n=0, curlH×n=0, on ∂Ω, (1.5)

where n=(n1,n2,n3) is the unit outward normal vector to ∂Ω. The boundary condition
(1.4) for the velocity presented in this paper can be regarded as a Navier-type slip
boundary condition (see e.g., [4]). For the magnetic field, the boundary condition (1.5)
describes that the boundary ∂Ω is a perfect conductor (see e.g., [9]).

The compressible MHD system (1.1) is known to be one of the mathematical models
describing the motion of electrically conducting media (cf. gases) in an electromagnetic
field and a lot of literature has been devoted to the analysis of the well-posedness and
dynamic behavior to the solutions of the system, see, for example, [5, 6, 9–12, 14–19,
21–23, 25, 26, 28–30, 32–34] and their references. Now, we briefly recall some results
concerned with well-posedness of solutions for multi-dimensional compressible MHD
equations which are related with our problem. Vol’pert-Hudjaev [30] and Fan-Yu [12]
obtained the local existence of classical solutions to the 3D compressible MHD equations
where the initial density is strictly positive or could contain vacuum, respectively. Lv-
Huang [25] obtained the local existence of classical solutions in R2 with vacuum as far
field density. Tang-Gao [29] obtained the local strong solutions to the compressible
MHD equations in a 3D bounded domain with the Navier-slip condition. For global
existence, Kawashima [18] first established the global smooth solutions to the general
electro-magneto-fluid equations in two dimensions with non-vacuum. Hu-Wang [17]
proved the global existence of renormalized solutions for general large initial data, also
see [11, 15] for the non-isentropic compressible MHD equations. Recently, Li et al. [19]
established the global existence and uniqueness of classical solutions with constant state
as far field in R3 with large oscillations and vacuum. Hong et al. [14] generalized the
result for large initial data when γ−1 and ν−1 are suitably small. Lv et al. [26] got
the global existence of unqiue classical solutions in 2D case. Recently, we obtained the
global classical solutions with vacuum and small energy but possibly large oscillations in
a 3D bounded domain with slip boundary condition in [7]. Very recently, Liu et al. [21]
established the global existence of smooth solutions and the explicit decay rate near
a given constant state for 3-D compressible full MHD with the boundary conditions
of Navier-slip for the velocity field and perfect conduction for the magnetic field in
exterior domains. However, there are no works about the global existence of the strong
(classical) solution to the initial-boundary-value problem (1.1)-(1.5) in a 3D exterior
domain with initial density containing vacuum, at least to the best of our knowledge.

The main purpose of this paper is to establish the global well-posedness of classical
solutions of compressible MHD system (1.1)-(1.5) in a 3D exterior domain Ω. Since Ω
is no longer bounded, it is distinguishable from our former work [7]. Fortunately, we
have the Gagliardo-Nirenberg-type inequality in the exterior domain (see Lemma 2.1).
Moreover, thanks to [27], the elliptic regularity for the Neumann problem in exterior
domain leads us to derive the estimates for the gradient of the effective viscous flux (see
Lemma 2.9), which plays an important role in our analysis. Besides, we also apply the
Lp-theory for the div-curl system for exterior domains to control ∇u by means of divu
and curlu (Lemmas 2.3-2.5). In addition, the difficulties caused by the slip boundary
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still exist and cannot be dealt with by the methods in [7] directly. To deal with this
difficulty, we adapt the idea of [3] to obtain the boundary estimates (see Lemma 2.10),
which are used frequently to control the boundary terms in this paper. Furthermore,
in order to estimate the derivatives of the solutions, we recall the similar Beale-Kato-
Majda-type inequality in the exterior domain (see Lemma 2.6) to prove the important
estimates on the gradients of the density and velocity. Based on the above analysis,
we will establish the well-posedness of classical solutions to the initial-boundary-value
problem of compressible MHD system in a 3D exterior domain with large oscillations
and vacuum.

Before formulating our main result, we first explain the notation and conventions
used throughout the paper. We start with the definition of simply connected domains.

Definition 1.1. Let Ω be a domain in R3. If the first Betti number of Ω vanishes,
namely, any simple closed curve in Ω can be contracted to a point, we say that Ω is
simply connected. If the second Betti number of Ω is zero, we say that Ω has no holes.

For integer k≥1 and 1≤ q<+∞, the standard Sobolev spaces are denoted as fol-
lows:

Dk,q(Ω)={u∈L1
loc(Ω) : ∥∇ku∥Lq(Ω)<+∞}, ∥∇u∥Dk,q(Ω)≜∥∇ku∥Lq(Ω);

W k,q(Ω)=Lq(Ω)∩Dk,q(Ω), with the norm ∥u∥Wk,q(Ω)≜

 ∑
|m|≤k

∥∇mu∥qLq(Ω)

 1
q

.

We denote Dk(Ω)≜Dk,2(Ω),Hk(Ω)≜W k,2(Ω). For simplicity, we denote Lq(Ω),
W k,q(Ω), Hk(Ω) and Dk(Ω) by Lq, W k,q, Hk and Dk respectively, and set∫

fdx≜
∫
Ω

fdx,

∫ T

0

∫
fdxdt≜

∫ T

0

∫
Ω

fdxdt.

For two 3×3 matrices A={aij}, B={bij}, the symbol A : B represents the trace of
AB∗, where B∗ is the transpose of B, that is,

A : B≜ tr(AB∗)=

3∑
i,j=1

aijbij .

Finally, for v=(v1,v2,v3), we denote ∇iv≜ (∂iv
1,∂iv

2,∂iv
3) for i=1,2,3, and the ma-

terial derivative of v by v̇≜vt+u ·∇v.
The initial total energy of (1.1) is defined as

C0=

∫
Ω

(
1

2
ρ0|u0|2+G(ρ0)+

1

2
|H0|2

)
dx, (1.6)

where

G(ρ)≜ρ

∫ ρ

ρ∞

P (s)−P∞

s2
ds, P∞≜P (ρ∞).

Now we can state our main result, Theorem 1.1, concerning existence of global
classical solutions to the problem (1.1)-(1.5).
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Theorem 1.1. Let Ω be the exterior domain of a simply connected bounded region
D in R3 with smooth boundary ∂Ω. For q∈ (3,6) and some given constants M1,M2>0,
and ρ̄≥ρ∞+1 , the initial data (ρ0,u0,H0) satisfy the boundary conditions (1.4)-(1.5)
and

0≤ρ0≤ ρ̄, (ρ0−ρ∞,P (ρ0)−P∞)∈H2∩W 2,q, (1.7)

(u0,H0)∈D1∩D2, ρ0|u0|2+G(ρ0)+ |H0|2∈L1, divH0=0, (1.8)

∥∇u0∥L2 ≤M1, ∥∇H0∥L2 ≤M2, (1.9)

and the compatibility condition

−µ△u0−(µ+λ)∇divu0+∇P (ρ0)−(∇×H0)×H0=ρ
1
2
0 g, (1.10)

for some g∈L2. Moreover, ρ∈L3/2 when ρ∞=0. Then there exists a positive constant
ε depending only on µ, λ, ν, γ, a, ρ∞, ρ̄, M1 and M2 such that for the initial energy
C0 as in (1.6) if

C0≤ε,

then the system (1.1)-(1.5) has a unique global classical solution (ρ,u,H) in Ω×(0,∞)
satisfying

0≤ρ(x,t)≤2ρ̄, (x,t)∈Ω×(0,∞), (1.11)



(ρ−ρ∞,P −P∞)∈C([0,∞);H2∩W 2,q),

∇u∈C([0,∞);H1)∩L∞
loc(0,∞;H2∩W 2,q),

ut∈L∞
loc(0,∞;D1∩D2)∩H1

loc(0,∞;D1),

H ∈C([0,∞);H2)∩L∞
loc(0,∞;H4),

Ht∈C([0,∞);L2)∩H1
loc(0,∞;H1)∩L∞

loc(0,∞;H2).

(1.12)

Furthermore, for all r∈ (2,∞) if ρ∞>0 and r∈ (γ,∞) if ρ∞=0, we have the following
large-time behavior

lim
t→∞

(
∥ρ(·,t)−ρ∞∥Lr +∥(ρ 1

8u)(·,t)∥L4 +∥∇u(·,t)∥L2 +∥∇H(·,t)∥L2

)
=0. (1.13)

Then, when ρ∞>0 and the initial density contains vacuum state, we can deduce
the following large-time behavior of the gradient of the density.

Theorem 1.2. Under the conditions of Theorem 1.1, assume further that ρ∞>0
and there exists some point x0∈Ω such that ρ0(x0)=0. Then the unique global classical
solution (ρ,u,H) to the problem (1.1)-(1.5) obtained in Theorem 1.1 satisfies that for
any r1>3,

lim
t→∞

∥∇ρ(·,t)∥Lr1 =∞. (1.14)

Remark 1.1. From Sobolev embedding theorem and (1.12)1 with q>3, the solution
obtained in Theorem 1.1 becomes a classical one away from the initial time. As far
as we know, this is the first result concerning the global existence of classical solutions
to the compressible MHD system in a 3D exterior domain with large oscillations and
vacuum.
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Remark 1.2. When we consider the following generalized slip boundary for the
velocity field:

u ·n=0, curlu×n=−Au on ∂Ω,

and assume that the 3×3 symmetric matrix A is smooth and positive semi-definite,
and even if the restriction on A is relaxed to A∈W 2,6 and the negative eigenvalues of
A (if they exist) are small enough, in particular, set A=B−2D(n), where B∈W 2,6

is a positive semi-definite 3×3 symmetric matrix, Theorems 1.1 and 1.2 will still hold
provided that 2µ+3λ>0. This can be achieved by a similar way as in [4, 7].

Remark 1.3. For the magnetic field, we also can subject to the Dirichlet condition

H=0, on ∂Ω,

or the insulating boundary condition (see [13])

H×n=0, on ∂Ω.

After some slight modification of the proof in this paper, Theorems 1.1 and 1.2 will still
hold.

The rest of the paper is organized as follows. In Section 2, we review some known
lemmas and derive the elementary energy estimates and some key a priori estimates that
we use intensively in this paper. Section 3 is devoted to deriving the necessary time-
independent lower-order estimates and time-dependent higher-order estimates, which
can guarantee the local classical solution to be a global classical one. Finally, the proof
of Theorems 1.1-1.2 will be completed in Section 4.

2. Preliminaries
In this section, we list some known facts and elementary inequalities that are used

extensively in this paper. We also derive the elementary energy estimates for the system
(1.1)-(1.5) and some key a priori estimates.

2.1. Some basic inequalities and lemmas. We first state the following
Gagliardo-Nirenberg-type inequality in the exterior domain (see [8]).

Lemma 2.1. Assume that Ω is an exterior domain of some simply connected domain
D in R3. For p∈ [2,6], q∈ (1,∞), and r∈ (3,∞), there exist two generic constants C>0
which may depend on p, q and r such that for any f ∈H1(Ω) and g∈Lq(Ω)∩D1,r(Ω),
such that

∥f∥Lp(Ω)≤C∥f∥(6−p)/(2p)
L2 ∥∇f∥(3p−6)/(2p)

L2 , (2.1)

∥g∥C(Ω)≤C∥g∥q(r−3)/(3r+q(r−3))
Lq ∥∇g∥3r/(3r+q(r−3))

Lr . (2.2)

Next, we give the following Zlotnik inequality (see [35]), which will be used to get
the uniform (in time) upper bound of the density.

Lemma 2.2. Suppose the function y satisfies

y′(t)=g(y)+b′(t) on [0,T ], y(0)=y0,

with g∈C(R) and y,b∈W 1,1(0,T ). If g(∞)=−∞ and

b(t2)−b(t1)≤N0+N1(t2− t1) (2.3)
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for all 0≤ t1<t2≤T with some N0≥0 and N1≥0, then

y(t)≤max
{
y0,ζ

}
+N0<∞ on [0,T ],

where ζ is a constant such that

g(ζ)≤−N1 for ζ≥ ζ. (2.4)

The following two lemmas are given in [31, Theorem 3.2] and [24, Theorem 5.1].

Lemma 2.3. Assume that Ω is an exterior domain of some simply connected domain
D in R3 with C1,1 boundary. For v∈D1,q(Ω) with v ·n=0 on ∂Ω, it holds that

∥∇v∥Lq(Ω)≤C(∥divv∥Lq(Ω)+∥curlv∥Lq(Ω)) for any 1<q<3,

and

∥∇v∥Lq(Ω)≤C(∥divv∥Lq(Ω)+∥curlv∥Lq(Ω)+∥∇v∥L2(Ω)) for any 3≤ q<+∞.

Lemma 2.4. Assume that Ω is an exterior domain of some simply connected domain
D in R3 with C1,1 boundary. For any v∈W 1,q(Ω) (1<q<+∞) with v×n=0 on ∂Ω, it
holds that

∥∇v∥Lq(Ω)≤C(∥v∥Lq(Ω)+∥divv∥Lq(Ω)+∥curlv∥Lq(Ω)).

Moreover, we have the following conclusion (see [3]).

Lemma 2.5. Assume that Ω is an exterior domain of some simply connected domain
D in R3 with C1,1 boundary. For v∈Dk+1,p(Ω)∩D1,2(Ω) for some k≥0, p∈ [2,6] with
v ·n=0 or v×n=0 on ∂Ω and v(x,t)→0 as |x|→∞, there exists a positive constant
C=C(q,k,D) such that

∥∇v∥Wk,p(Ω)≤C(∥divv∥Wk,p(Ω)+∥curlv∥Wk,p(Ω)+∥∇v∥L2(Ω)).

Besides, similar to [1], we need a Beale-Kato-Majda-type inequality with respect to
the slip boundary condition (1.4) which can be found in [4].

Lemma 2.6. For 3<q<∞, assume that u ·n=0 and curlu×n=0 on ∂Ω, ∇u∈W 1,q,
then there is a constant C=C(q) such that the following estimate holds

∥∇u∥L∞ ≤C (∥divu∥L∞ +∥curlu∥L∞)ln(e+∥∇2u∥Lq )+C∥∇u∥L2 +C.

Finally, we have the following local existence of classical solution of (1.1)-(1.5),
which can be proven in a similar manner as that in [12,29].

Lemma 2.7. Let Ω be as in Theorem 1.1 and assume that the initial data (ρ0,u0,H0)
satisfies the conditions (1.7), (1.8) and (1.10). Then there exist a small time T0>0 and
a unique classical solution (ρ,u,H) of the system (1.1)-(1.5) in Ω×(0,T0], satisfying
that ρ≥0, and that for τ ∈ (0,T0),

(ρ−ρ∞,P −P∞)∈C([0,T0);H
2∩W 2,q),

∇u∈C([0,T0);H
1)∩L∞(τ,T0;H

2∩W 2,q),

ut∈L∞(τ,T0;D
1∩D2)∩H1(τ,T0;D

1),

H ∈C([0,T0);H
2)∩L∞(τ,T0;H

4),

Ht∈C([0,T0);L
2)∩H1(τ,T0;H

1)∩L∞(τ,T0;H
2).

(2.5)
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2.2. Elementary energy estimates. In the following, let T >0 be a fixed time
and (ρ,u,H) be a smooth solution to (1.1)-(1.5) on Ω×(0,T ]. We derive the elementary
energy estimates for the system (1.1)-(1.5) and some key a priori estimates which are
frequently applied later. First, we rewrite (1.1) in the following form:

ρt+div(ρu)=0,

ρut+ρu ·∇u−(λ+2µ)∇divu+µ∇×ω+∇(P−P∞)=H ·∇H−∇ |H|2
2 ,

Ht+u ·∇H−H ·∇u+Hdivu=−ν∇×curlH,

divH=0,

(2.6)

where ω≜∇×u,curlH≜∇×H. In view of (1.3), (1.4) and (1.5), multiplying (2.6)1 by
G′(ρ), (2.6)2 by u and (2.6)3 by H respectively, integrating by parts over Ω, summing
them up, we obtain(∫ (

G(ρ)+
1

2
ρ|u|2+ 1

2
|H|2

)
dx

)
t

+(λ+2µ)

∫
(divu)2dx

+µ

∫
|ω|2dx+ν

∫
|curlH|2dx=0, (2.7)

which, integrated over (0,T ), leads to the following elementary energy estimates.

Lemma 2.8. Let (ρ,u,H) be a smooth solution of (1.1)-(1.5) on Ω×(0,T ]. Then

sup
0≤t≤T

(
1

2
∥√ρu∥2L2 +∥G(ρ)∥L1 +

1

2
∥H∥2L2

)
+

∫ T

0

(λ+2µ)∥divu∥2L2 +µ∥ω∥2L2 +ν∥curlH∥2L2)dt≤C0. (2.8)

Remark 2.1. According to Lemma 2.3, it follows from (1.4) and (1.5) that

∥∇u∥L2 ≤C(∥divu∥L2 +∥ω∥L2), (2.9)

∥∇H∥L2 ≤C∥curlH∥L2 . (2.10)

Besides, it is easy to check that{
G(ρ)= 1

γ−1P (ρ), if ρ∞=0,

C−1(ρ−ρ∞)2≤G(ρ)≤C(ρ−ρ∞)2, if ρ∞>0, 0≤ρ≤2ρ̄.
(2.11)

Then (2.8) together with (2.9)-(2.11), for 0≤ρ≤2ρ̄, yields

sup
0≤t≤T

∥ρ−ρ∞∥rLr +

∫ T

0

(∥∇u∥2L2 +∥∇H∥2L2)dt≤CC0, (2.12)

where r∈ [2,∞) if ρ∞>0 and r∈ [γ,∞) if ρ∞=0.

Similarly to the compressible Navier-Stokes equations, the effective viscous flux

F ≜ (λ+2µ)divu−(P −P∞)− 1

2
|H|2, (2.13)

plays an important role in our following analysis. More precisely, we derive some priori
estimates for F , ω and ∇u, which will be frequently applied later.
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Lemma 2.9. Let (ρ,u,H) be a smooth solution of (1.1)-(1.5) on Ω×(0,T ]. Then for
any p∈ [2,6], there exists a positive constant C depending only on p, µ and λ such that

∥∇F∥Lp ≤C(∥ρu̇∥Lp +∥H ·∇H∥Lp), (2.14)

∥∇ω∥Lp ≤C(∥ρu̇∥Lp +∥H ·∇H∥Lp +∥ρu̇∥L2 +∥H ·∇H∥L2 +∥∇u∥L2), (2.15)

∥F∥Lp ≤C(∥ρu̇∥L2 +∥H ·∇H∥L2)
3p−6
2p (∥∇u∥L2 +∥P−P∞∥L2 +∥H∥2L4)

6−p
2p , (2.16)

∥ω∥Lp ≤C(∥ρu̇∥L2 +∥H ·∇H∥L2)
3p−6
2p ∥∇u∥

6−p
2p

L2 +C∥∇u∥L2 , (2.17)

∥∇u∥Lp ≤C(∥ρu̇∥L2 +∥H ·∇H∥L2 +∥P−P∞∥L6 +∥|H|2∥L6)
3p−6
2p ∥∇u∥

6−p
2p

L2 +C∥∇u∥L2 .
(2.18)

Proof. First, (2.6)2 and (2.13) yields that

ρu̇=∇F −µ∇×ω+H ·∇H. (2.19)

By (1.4), one can find that the viscous flux F satisfies∫
∇F ·∇ηdx=

∫
(ρu̇−H ·∇H) ·∇ηdx, ∀η∈C∞(R3).

It follows from [27, Lemma 4.27], for q∈ (1,∞), that

∥∇F∥Lq ≤C(∥ρu̇∥Lq +∥H ·∇H∥Lq ), (2.20)

which gives (2.14). Besides, for any integer k≥1,

∥∇F∥Wk,q≤C(∥ρu̇∥Wk,q +∥H ·∇H∥Wk,q ). (2.21)

Also, notice that ω×n=0 on ∂Ω and divω=0, by Lemmas 2.4-2.5 and (2.19)-(2.21),
we get

∥∇ω∥Lq ≤C(∥∇×ω∥Lq +∥ω∥Lq )≤C(∥ρu̇∥Lq +∥H ·∇H∥Lq +∥ω∥Lq ), (2.22)

and for any integer k≥1,

∥∇ω∥Wk,q ≤C(∥∇×ω∥Wk,q +∥ω∥L2)

≤C(∥ρu̇∥Wk,q +∥H ·∇H∥Wk,q +∥ρu̇∥L2 +∥H ·∇H∥L2 +∥∇u∥L2). (2.23)

By Sobolev’s inequality and (2.22), for p∈ [2,6], it follows that

∥∇ω∥Lp ≤C(∥ρu̇∥Lp +∥H ·∇H∥Lp +∥ρu̇∥L2 +∥H ·∇H∥L2 +∥ω∥L2),

which implies (2.15).
Now, in view of the Gagliardo-Nirenberg-type inequality (2.1) and (2.14), one can

deduce that for p∈ [2,6],

∥F∥Lp ≤C∥F∥
6−p
2p

L2 ∥∇F∥
3p−6
2p

L2

≤C(∥ρu̇∥L2 +∥H ·∇H∥L2)
3p−6
2p (∥∇u∥L2 +∥P−P∞∥L2 +∥H∥2L4)

6−p
2p , (2.24)

similarly, by (2.1) and (2.22),

∥ω∥Lp ≤C∥ω∥
6−p
2p

L2 ∥∇ω∥
3p−6
2p

L2

≤C(∥ρu̇∥L2 +∥H ·∇H∥L2 +∥∇u∥L2)
3p−6
2p ∥∇u∥

6−p
2p

L2 +C∥∇u∥L2 ,

(2.25)
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and we arrive at (2.16) and (2.17). Finally, combining (2.1), (2.9), (2.16) and (2.17)
yields (2.18) holds and the proof is finished.

Remark 2.2. From Lemma 2.5 and Lemma 2.9, we can get the higher order estimates
of ∇u, which will be devoted to giving higher order estimates in Section 3.2. More
precisely, we can get the estimates of ∥∇2u∥Lp and ∥∇3u∥Lp for p∈ [2,6] by Lemma 2.5,
(2.20) and (2.21), for p∈ [2,6],

∥∇2u∥Lp ≤C(∥divu∥W 1,p +∥ω∥W 1,p +∥∇u∥L2)

≤C(∥ρu̇∥Lp +∥H ·∇H∥Lp +∥∇P∥Lp +∥P −P∞∥Lp +∥|H|2∥Lp +∥∇H ·H∥Lp

+∥ρu̇∥L2 +∥H ·∇H∥L2 +∥P−P∞∥L2 +∥H∥2L4 +∥∇u∥L2), (2.26)

and

∥∇3u∥Lp ≤C(∥divu∥W 2,p +∥ω∥W 2,p +∥∇u∥L2)

≤C(∥ρu̇∥W 1,p +∥H ·∇H∥W 1,p +∥P −P∞∥W 2,p +∥|H|2∥W 2,p

+∥ρu̇∥L2 +∥H ·∇H∥L2 +∥P−P∞∥L2 +∥H∥2L4 +∥∇u∥L2). (2.27)

Moreover, notice that H ·n=0,curlH×n=0 on ∂Ω, by Lemma 2.5, for any integer
k≥1, p∈ [2,6], we obtain

∥∇H∥Wk,p ≤C(∥curlH∥Wk,p +∥∇H∥L2)

≤C(∥curl2H∥Wk−1,p +∥curlH∥Lp +∥∇H∥L2), (2.28)

where curl2H≜ curlcurlH and we have used the fact divcurlH=0.

To this end, we give the following boundary estimates which will be used frequently
later.

Lemma 2.10. Assume that Ω is an exterior domain of the simply connected domain D
in R3 with smooth boundary ∂Ω and D̄⊂BR. Let u∈D1 with u ·n=0 on ∂Ω. It holds
for f ∈D1, ∫

∂Ω

fu ·∇u ·ndS≤C∥∇f∥L2∥∇u∥2L2 , (2.29)∫
∂Ω

u ·∇fdS≤C∥∇f∥L2∥∇u∥L2 . (2.30)

Moreover, for ∇u∈L2∩L4,f ∈D1∩D2,∫
∂Ω

fu ·∇u ·∇n ·udS≤C∥∇f∥L6∥∇u∥3L2 +C∥∇f∥L2∥∇u∥L2∥∇u∥2L4 . (2.31)

Proof. We adapt the ideas due to Cai-Li [4]. Since u ·n=0 on ∂Ω, it follows that

u ·∇u ·n=−u ·∇n ·u, on ∂Ω. (2.32)

Furthermore, in order to get the boundary estimates, one can extend the unit normal
vector n to Ω such that n∈C3(Ω) and n≡0 outside B2R. Denote Ω̃≜B2R∩Ω, it follows
that ∫

∂Ω

fu ·∇u ·ndS=−
∫
∂Ω

fu ·∇n ·udS

≤C(∥fu ·∇n ·u∥L1 +∥∇(fu ·∇n ·u)∥L1)

≤C(∥f∥L6(Ω̃)∥u∥
2
L6(Ω̃)

+∥∇f∥L2(Ω̃)∥u∥
2
L6(Ω̃)

+∥f∥L6(Ω̃)∥∇u∥L2(Ω̃)∥u∥L6(Ω̃))

≤C∥∇f∥L2∥∇u∥2L2 ,
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which yields (2.29). Similarly,∫
∂Ω

f2u ·∇u ·ndS=−
∫
∂Ω

f2u ·∇n ·udS

≤C(∥f2u ·∇n ·u∥L1 +∥∇(f2u ·∇n ·u)∥L1)

≤C(∥f∥2
L6(Ω̃)

∥u∥2
L6(Ω̃)

+∥f∥L6(Ω̃)∥∇f∥L2(Ω̃)∥u∥
2
L6(Ω̃)

+∥f∥2
L6(Ω̃)

∥∇u∥L2(Ω̃)∥u∥L6(Ω̃))

≤C∥∇f∥2L2∥∇u∥2L2 . (2.33)

Moreover, if f ∈L∞, it is easy to check that∫
∂Ω

fu ·∇u ·ndS≤C∥f∥L∞∥∇u∥2L2 . (2.34)

Next, u ·n=0 on ∂Ω implies

u=u⊥×n, on ∂Ω, (2.35)

where u⊥≜−u×n on ∂Ω. Noticing that div(∇f×v)=∇×v ·∇f , we have∫
∂Ω

u ·∇fdS=

∫
∂Ω

u⊥×n ·∇fdS=

∫
∂Ω

∇f×u⊥ ·ndS

=

∫
div(∇f×u⊥)dx=

∫
∇×u⊥ ·∇fdx≤C∥∇f∥L2∥∇u∥L2 ,

which yields (2.30). Similarly,∫
∂Ω

fu ·∇u ·∇n ·udS=

∫
∂Ω

f(u⊥×n) ·∇u ·∇n ·udS

=

∫
∂Ω

f(∇u ·∇n ·u)×u⊥ ·ndS

=

∫
div(f(∇u ·∇n ·u)×u⊥)dx

=

∫
((∇u ·∇n ·u)×u⊥) ·∇fdx+

∫
f(∇×u⊥) ·∇u ·∇n ·udx

≤C∥∇f∥L6∥∇u∥3L2 +∥∇f∥L2∥∇u∥L2∥∇u∥2L4 ,

which yields (2.31) and finishes the proof of Lemma 2.10.

3. A priori estimates
In this section, we will establish the necessary time-independent lower-order esti-

mates and time-dependent higher-order estimates, which can guarantee the local clas-
sical solution to be a global classical one. Let T >0 be a fixed time and (ρ,u,H) be a
smooth solution to (1.1)-(1.5) on Ω×(0,T ] with the initial data (ρ0,u0,H0) satisfying
(1.7)-(1.9).

3.1. Time-independent lower order estimates. In this subsection, we will
derive the time-independent a priori bounds of the solutions of the problem (1.1)-(1.5).

Set σ=σ(t)≜min{1,t}, we define

A1(T )≜ sup
0≤t≤T

σ
(
∥∇u∥2L2+∥∇H∥2L2

)
+

∫ T

0

σ(∥√ρu̇∥2L2+∥curl2H∥2L2+∥Ht∥2L2)dt, (3.1)
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A2(T )≜ sup
0≤t≤T

σ2(∥√ρu̇∥2L2+∥curl2H∥2L2+∥Ht∥2L2)+

∫ T

0

σ2(∥∇u̇∥2L2+∥∇Ht∥2L2)dt, (3.2)

A3(T )≜ sup
0≤t≤T

∥H∥3L3 , (3.3)

A4(T )≜ sup
0≤t≤T

σ
1
4

(
∥∇u∥2L2+∥∇H∥2L2

)
+

∫ T

0

σ
1
4 (∥√ρu̇∥2L2+∥curl2H∥2L2+∥Ht∥2L2)dt, (3.4)

A5(T )≜ sup
0≤t≤T

∥ρ 1
3u∥3L3 , (3.5)

where v̇=vt+u ·∇v is the material derivative.

Now we will give the following key a priori estimates in this section, which guarantee
the existence of a global classical solution of (1.1)–(1.5).

Proposition 3.1. Assume that initial data (ρ0,u0,H0) satisfies (1.7)-(1.9). Let
(ρ,u,H) is a smooth solution of (1.1)-(1.5) on Ω×(0,T ] satisfying sup

Ω×[0,T ]

ρ≤2ρ̄, A1(T )+A2(T )≤2C
1
2
0 ,

A3(T )≤2C
1
9
0 , A4(σ(T ))+A5(σ(T ))≤2C

1
9
0 ,

(3.6)

then there exists a positive constant ε depending only on µ, λ, ν, a, γ, ρ∞, ρ̄, M1 and
M2 such that  sup

Ω×[0,T ]

ρ≤ 7ρ̄
4 , A1(T )+A2(T )≤C

1
2
0 ,

A3(T )≤C
1
9
0 , A4(σ(T ))+A5(σ(T ))≤C

1
9
0 ,

(3.7)

provided C0≤ε.

Proof. Proposition 3.1 is a consequence of Lemmas 3.1, 3.5-3.7 below.

In what follows, we denote by C or Ci (i=1,2, ·· ·) the generic positive constants
which may depend on µ,λ, ν,γ,a, ρ∞, ρ̄, M1 and M2 but are independent of T >0. We
also use C(α) to emphasize that C depends on α.

Remark 3.1. Under the Assumption (3.6), it is easy to show that if C0≤1, there is
a positive constant C such that∫ T

0

(∥∇u∥4L2 +∥∇H∥4L2)dt≤CC
2
9
0 , (3.8)

which will be used frequently later.

The following Lemmas 3.1-3.7 will be proven under the same assumptions as in
Proposition 3.1. First, we give the estimate of A3(T ).

Lemma 3.1. Under the conditions of Proposition 3.1, there is a positive constant ε1
depending on µ, λ, ν, a, γ, ρ∞, ρ̄ and M2 such that

A3(T )≤C
1
9
0 , (3.9)

provided C0≤ε1.
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Proof. Multiplying (2.6)3 by 3|H|H and integrating by parts over Ω, we have

d

dt
∥H∥3L3 =−3ν

∫
curlH ·curl(|H|H)dx+3

∫
|H|H ·∇u ·Hdx−2

∫
|H|3divudx

≤C∥H∥L∞∥∇H∥2L2 +C∥∇u∥L2∥H∥3L6

≤C∥∇H∥5/2L2 ∥curl2H∥
1
2

L2 +C∥∇H∥2L2 +C∥∇H∥4L2 +C∥∇u∥4L2 , (3.10)

which together with (3.6) and (3.8) indicates that

sup
0≤t≤T

∥H∥3L3

≤∥H0∥3L3 +C

∫ T

0

∥∇H∥5/2L2 ∥curl2H∥
1
2

L2dt+CC0+CC
2
9
0

≤∥H0∥3L3 +C

∫ σ(T )

0

(
σ

1
4 ∥∇H∥2L2

)5/4(
σ

1
4 ∥curl2H∥2L2

)1/4
σ− 3

8 dt

+C sup
t∈[σ(T ),T ]

∥∇H∥L2

∫ T

σ(T )

(
∥∇H∥2L2

)3/4(
σ∥curl2H∥2L2

)1/4
dt+CC0+CC

2
9
0

≤C1C
1
6
0 (3.11)

where in the last inequality we have used the simple fact

∥H0∥3L3 ≤C∥H0∥
3
2

L2∥∇H0∥
3
2

L2 ≤C(M2)C
3
4
0 . (3.12)

Thus it follows from (3.12) that (3.9) holds provided C0≤ε1≜min{1,C−18
1 }. The proof

of Lemma 3.1 is completed.

Lemma 3.2. Under the conditions of Proposition 3.1, it holds

A1(T )≤CC0+C

∫ T

0

σ∥∇u∥3L3dt. (3.13)

Proof. The proof of this lemma proceeds in two steps. First, let us consider the
short-time estimate of H. Multiplying (2.6)3 by H and integrating by parts over Ω, by
(1.5), (2.1), (2.10), we have(

1

2
∥H∥2L2

)
t

+ν∥curlH∥2L2 ≤∥∇u∥L2∥H∥2L4 ≤
ν

2
∥curlH∥2L2 +C∥∇u∥4L2∥H∥2L2 ,

which together with (2.10), (3.8) and Gronwall inequality gives

sup
0≤t≤T

∥H∥2L2 +

∫ T

0

∥∇H∥2L2dt≤C∥H0∥2L2 . (3.14)

By Lemma 2.9, one easily deduces from (2.6)3 and (1.5) that(ν
2
∥curlH∥2L2

)
t
+ν2∥curl2H∥2L2 +∥Ht∥2L2 ≤C(∥∇u∥2L2 +∥∇u∥4L2)∥∇H∥2L2 , (3.15)

using (2.10), (3.8) and Gronwall inequality, we get

sup
0≤t≤T

∥∇H∥2L2 +

∫ T

0

(
∥curl2H∥2L2 +∥Ht∥2L2

)
dt≤C∥∇H0∥2L2 . (3.16)
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Besides, multiplying (3.15) by σ and integrating it over (0,T ), by (3.8) and (3.14), we
obtain

sup
0≤t≤T

(
σ∥∇H∥2L2

)
+

∫ T

0

σ
(
∥curl2H∥2L2 +∥Ht∥2L2

)
dt≤CC0. (3.17)

Next, it remains to show the estimate of u and we follow the same plan as used
in [7, 19]. We focus on the boundary terms and give the sketch of the proof. Let m≥0
be a real number which will be determined later. Multiplying (2.6)2 by σmu̇ and then
integrating the resulting equality over Ω lead to∫

σmρ|u̇|2dx=−
∫

σmu̇ ·∇Pdx+(λ+2µ)

∫
σm∇divu · u̇dx

−µ

∫
σm∇×ω · u̇dx+

∫
σm(H ·∇H−∇|H|2/2) · u̇dx

≜ I1+I2+I3+I4. (3.18)

First, by (1.1)1 and Lemma 2.9, a direct calculation gives

I1=−
∫

σmut ·∇(P −P∞)dx−
∫

σmu ·∇u ·∇Pdx

=

(∫
σm(P −P∞)divudx

)
t

−mσm−1σ′
∫
(P −P∞)divudx

+

∫
σmP∇u :∇udx+(γ−1)

∫
σmP (divu)2dx−

∫
∂Ω

σmPu ·∇u ·nds

≤
(∫

σm(P −P∞)divudx

)
t

+C∥∇u∥2L2 +Cmσm−1σ′C0, (3.19)

where we have used (2.34) with f =P to deal with the boundary term in the second
equality. Similarly, by (2.32), it indicates that

I2=(λ+2µ)

∫
∂Ω

σmdivu(u̇ ·n)ds−(λ+2µ)

∫
σmdivudivu̇dx

=(λ+2µ)

∫
∂Ω

σmdivu(u ·∇u ·n)ds− λ+2µ

2

(∫
σm(divu)2dx

)
t

+
λ+2µ

2

∫
σm(divu)3dx−(λ+2µ)

∫
σmdivu∇u :∇udx

+
m(λ+2µ)

2
σm−1σ′

∫
(divu)2dx. (3.20)

For the boundary term on the right-hand side of (3.20), applying Lemma 2.10 and (2.9),
we obtain

(λ+2µ)

∫
∂Ω

σmdivu(u ·∇u ·n)ds

=

∫
∂Ω

σmFu ·∇u ·nds+
∫
∂Ω

σm(P −P∞)u ·∇u ·nds+
∫
∂Ω

σm |H|2

2
u ·∇u ·nds

≤Cσm(∥∇F∥L2∥∇u∥2L2 +∥∇u∥2L2 +∥∇H∥2L2∥∇u∥2L2)

≤Cσm(∥ρu̇∥L2 +∥H ·∇H∥L2)∥∇u∥2L2 +Cσm∥∇u∥2L2 +Cσm∥∇H∥2L2∥∇u∥2L2
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≤1

2
σm∥√ρu̇∥2L2 +Cσm∥curl2H∥2L2 +Cσm(∥∇u∥2L2 +∥∇H∥2L2)(∥∇u∥2L2 +1), (3.21)

where we have used

∥H ·∇H∥L2 ≤C∥H∥L3∥∇H∥L6 ≤CC
1
27
0 (∥curl2H∥L2 +∥∇H∥L2). (3.22)

Therefore,

I2≤− λ+2µ

2

(∫
σm(divu)2dx

)
t

+Cσm∥∇u∥3L3 +
1

2
σm∥√ρu̇∥2L2 +Cσm∥curl2H∥2L2

+Cσm(∥∇u∥2L2 +∥∇H∥2L2)∥∇u∥2L2 +C(∥∇u∥2L2 +∥∇H∥2L2). (3.23)

Next, by (1.4), a straightforward computation shows that

I3=−µ

2

(∫
σm|ω|2dx

)
t

+
µm

2
σm−1σ′

∫
|ω|2dx

−µ

∫
σm(∇ui×∇iu) ·ωdx+

µ

2

∫
σm|ω|2divudx

≤−µ

2

(∫
σm|ω|2dx

)
t

+Cmσm−1σ′∥∇u∥2L2 +Cσm∥∇u∥3L3 . (3.24)

Finally, by (1.5) and (2.28), we have

I4=

(∫
σm(H ·∇H−∇|H|2/2) ·udx

)
t

−mσm−1σ′
∫
(H ·∇H−∇|H|2/2) ·udx

+

∫
σm
(
(H⊗H)t :∇u−(|H|2/2)tdivu

)
dx+

∫
σm(H ·∇H−∇|H|2/2) ·u ·∇udx

≤
(∫

σm(H ·∇H−∇|H|2/2) ·udx
)

t

+C(∥∇H∥2L2 +∥∇u∥2L2)

+Cσm(∥Ht∥2L2 +∥curl2H∥2L2)+Cσm∥∇u∥3L3 +Cσm∥∇H∥2L2∥∇u∥2L2

+Cσm∥∇H∥2L2(∥∇H∥4L2 +∥∇u∥4L2). (3.25)

Making use of the results (3.19), (3.23), (3.24) and (3.25), it follows from (3.18) that(
(λ+2µ)

∫
σm(divu)2dx+µ

∫
σm|ω|2dx

)
t

+

∫
σmρ|u̇|2dx

≤
(∫

σm(P −P∞)divudx

)
t

+

(∫
σm(H ·∇H−∇|H|2/2) ·udx

)
t

+Cmσm−1σ′C0+C(∥∇H∥2L2 +∥∇u∥2L2)(∥∇u∥2L2 +1)+Cσm∥∇u∥3L3

+Cσm(∥Ht∥2L2 +∥curl2H∥2L2)+Cσm∥∇H∥2L2(∥∇H∥4L2 +∥∇u∥4L2), (3.26)

integrating over (0,T ], by (2.9), Lemma 2.8 and Young’s inequality, we conclude that
for any m>0,

σm∥∇u∥2L2 +

∫ T

0

∫
σmρ|u̇|2dxdt

≤C

∫ T

0

σm(∥Ht∥2L2 +∥curl2H∥2L2)dt+C

∫ T

0

σm∥∇H∥2L2(∥∇H∥4L2 +∥∇u∥4L2)dt
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+CC0+C

∫ T

0

σm∥∇u∥2L2(∥∇u∥2L2 +∥∇H∥2L2)dt+C

∫ T

0

σm∥∇u∥3L3dt. (3.27)

Choose m=1, together with (3.6), (3.8) and (3.17), we obtain (3.13). The proof of
Lemma 3.2 is completed.

Lemma 3.3. Under the conditions of Proposition 3.1, there is a positive constant ε2
depending only on µ, λ, ν, a, γ, ρ∞ and ρ̄ such that if C0≤ε2,

A2(T )≤CC
31
54
0 +CA1(T )+C

∫ T

0

σ2∥∇u∥4L4dt. (3.28)

Proof. Operating σmu̇j [∂/∂t+div(u·)] to (2.19)j , summing with respect to j, and
integrating over Ω, together with (1.1)1, we get(

σm

2

∫
ρ|u̇|2dx

)
t

−m

2
σm−1σ′

∫
ρ|u̇|2dx

=−
∫

σmu̇jdiv(ρu̇ju)dx− 1

2

∫
σmρt|u̇|2dx+

∫
σm(u̇ ·∇Ft+ u̇j div(u∂jF ))dx

+µ

∫
σm(−u̇ ·∇×ωt− u̇jdiv((∇×ω)j u))dx

+

∫
σm(u̇ ·(div(H⊗H))t+ u̇jdiv((div(H⊗Hj)u))dx

=

∫
σm(u̇ ·∇Ft+ u̇j div(u∂jF ))dx

+µ

∫
σm(−u̇ ·∇×ωt− u̇jdiv((∇×ω)j u))dx

+

∫
σm(u̇ ·(div(H⊗H))t+ u̇jdiv((div(H⊗Hj)u))dx

≜J1+J2+J3. (3.29)

Let us estimate J1,J2 and J3. By (1.4) and (2.6)1, a direct computation yields

J1=

∫
∂Ω

σmFtu̇ ·nds−
∫

σmFtdivu̇dx−
∫

σmu ·∇u̇j∂jFdx

=

∫
∂Ω

σmFtu̇ ·nds−(λ+2µ)

∫
σm(divu̇)2dx+(λ+2µ)

∫
σmdivu̇∇u :∇udx

−γ

∫
σmPdivu̇divudx+

∫
σmdivu̇u ·∇Fdx−

∫
σmu ·∇u̇j∂jFdx

+

∫
σmdivu̇H ·Htdx+

∫
σmdivu̇u ·∇H ·Hdx

≤
∫
∂Ω

σmFtu̇ ·nds−(λ+2µ)

∫
σm(divu̇)2dx+

δ

12
σm∥∇u̇∥2L2 +Cσm∥∇u∥4L4

+Cσm
(
∥∇u∥2L2∥∇F∥2L3 +C

2
27
0 ∥∇Ht∥2L2 +∥∇u∥2L2∥∇H∥2L2∥∇H∥2L6

)
, (3.30)

where in the second equality we have used

Ft=(2µ+λ)divu̇−(2µ+λ)∇u :∇u−u ·∇F +u ·∇H ·H+γPdivu−H ·Ht.
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For the boundary term on the right-hand side of (3.30), using Lemma 2.10 with f =F ,
we have∫

∂Ω

σmFtu̇ ·nds=−
∫
∂Ω

σmFt (u ·∇n ·u)ds

=−
(∫

∂Ω

σm(u ·∇n ·u)Fds

)
t

+mσm−1σ′
∫
∂Ω

(u ·∇n ·u)Fds

+

∫
∂Ω

σm(
Fu̇ ·∇n ·u+Fu ·∇n · u̇

)
ds−

∫
∂Ω

σm(
F (u ·∇)u ·∇n ·u+Fu ·∇n ·(u ·∇)u

)
ds

≤−
(∫

∂Ω

σm(u ·∇n ·u)Fds

)
t

+Cmσm−1σ′∥∇u∥2L2∥∇F∥L2 +
δ

12
σm∥∇u̇∥2L2

+Cσm(∥∇u∥2L2∥∇F∥2L2 +∥∇u∥3L2∥∇F∥L2 +∥∇F∥L6∥∇u∥3L2 +∥∇u∥4L4). (3.31)

From Lemma 2.9 and (3.22), we have

∥∇u∥2L2∥∇F∥2L2 ≤C(∥√ρu̇∥2L2 +∥curl2H∥2L2)∥∇u∥2L2 +C∥∇u∥2L2∥∇H∥2L2 , (3.32)

∥∇F∥L6∥∇u∥3L2 ≤
δ

12
σm∥∇u̇∥2L2 +C∥∇u∥6L2 +C∥curl2H∥2L2∥∇u∥4L2

+C∥∇H∥2L2 +C∥∇H∥4L2 , (3.33)

∥∇u∥2L2∥∇F∥2L3 ≤
δ

12
σm∥∇u̇∥2L2 +C∥√ρu̇∥2L2∥∇u∥4L2

+C∥∇u∥2L2∥∇H∥2L2∥curl2H∥2L2 +C∥∇u∥2L2∥∇H∥4L2 . (3.34)

Putting (3.31)-(3.34) into (3.30), we have

J1≤−(λ+2µ)

∫
σm(divu̇)2dx−

(∫
∂Ω

σm(u ·∇n ·u)Fds

)
t

+
δ

3
σm∥∇u̇∥2L2 +CσmC

2
27
0 ∥∇Ht∥2L2 +Cσm(∥∇H∥4L2 +∥∇u∥4L2)∥curl2H∥2L2

+Cσm(∥√ρu̇∥2L2 +∥curl2H∥2L2)∥∇u∥2L2 +Cσm∥√ρu̇∥2L2∥∇u∥4L2

+Cσm∥∇u∥4L4 +Cσm(∥∇u∥2L2 +1)(∥∇u∥4L2 +∥∇H∥4L2)+Cσm∥∇H∥2L2

+Cmσm−1σ′(∥√ρu̇∥2L2 +∥curl2H∥2L2 +∥∇u∥4L2 +∥∇H∥2L2). (3.35)

Next, notice ωt=curlu̇−u ·∇ω−∇ui×∂iu and (1.4), it follows

J2=−µ

∫
σm|curlu̇|2dx+µ

∫
σmcurlu̇ ·(∇ui×∇iu)dx

−µ

∫
σmdivu(ω ·curlu̇)dx−µ

∫
σm(ω×∇ui) ·∇iu̇dx

≤−µ

∫
σm|curlu̇|2dx+ δ

3
σm∥∇u̇∥2L2 +Cσm∥∇u∥4L4 . (3.36)

Finally, a direct computation shows that

J3=−
∫

σm∇u̇ : (H⊗H)tdx−µ

∫
σmH ·∇Hju ·∇u̇jdx

≤Cσm(∥∇u̇∥L2∥H∥L3∥Ht∥L6 +∥∇u̇∥L2∥H∥L6∥∇H∥L6∥u∥L6)
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≤ δ

3
σm∥∇u̇∥2L2 +Cσm(∥∇H∥4L2 +∥∇u∥4L2)∥curl2H∥2L2

+CσmC
2
27
0 ∥∇Ht∥2L2 +Cσm∥∇H∥4L2∥∇u∥2L2 . (3.37)

Combining (3.35), (3.36) with (3.37), we deduce from (3.29) that(
σm

2
∥√ρu̇∥2L2

)
t

+(λ+2µ)σm∥divu̇∥2L2 +µσm∥curlu̇∥2L2

≤−
(∫

∂Ω

σm(u ·∇n ·u)Fds

)
t

+δσm∥∇u̇∥2L2 +CσmC
2
27
0 ∥∇Ht∥2L2

+Cσm∥∇u∥4L4 +Cσm(∥∇H∥4L2 +∥∇u∥4L2)∥curl2H∥2L2

+Cσm(∥√ρu̇∥2L2 +∥curl2H∥2L2)∥∇u∥2L2 +Cσm∥√ρu̇∥2L2∥∇u∥4L2

+Cσm(∥∇u∥2L2 +1)(∥∇u∥4L2 +∥∇H∥4L2)+Cσm∥∇H∥2L2

+Cmσm−1σ′(∥√ρu̇∥2L2 +∥curl2H∥2L2 +∥∇u∥4L2 +∥∇H∥2L2). (3.38)

As observed in [4], it follows from (2.35) that

(u̇−(u ·∇n)×u⊥) ·n=0, (3.39)

which together with Lemma 2.3 yields

∥∇u̇∥L2 ≤C(∥divu̇∥L2 +∥curlu̇∥L2 +∥∇[(u ·∇n)×u⊥]∥L2)

≤C(∥divu̇∥L2 +∥curlu̇∥L2 +∥∇u∥2L2 +∥∇u∥2L4). (3.40)

By (3.40) and Lemma 2.8, choosing δ small enough, and integrating (3.38) over (0,T ],
for m>0, we get

σm∥√ρu̇∥2L2 +

∫ T

0

σm∥∇u̇∥2L2dt

≤−
∫
∂Ω

σm(u ·∇n ·u)Fds+CC
2
27
0

∫ T

0

σm∥∇Ht∥2L2dt

+C

∫ T

0

σm∥∇u∥4L4dt+CC
2
9
0 sup

0≤t≤T
σm(∥curl2H∥2L2 +∥√ρu̇∥2L2)

+CC
2
9
0 sup

0≤t≤T
σm(∥∇H∥2L2 +∥∇u∥2L2)+CC0 sup

0≤t≤σ(T )

σm−1∥∇u∥2L2

+C

∫ σ(T )

0

mσm−1(∥√ρu̇∥2L2 +∥curl2H∥2L2)dt+CC0. (3.41)

For the boundary term in the right-hand side of (3.41) , using Lemma 2.10 again, we
have ∫

∂Ω

(u ·∇n ·u)Fds≤C∥∇u∥2L2∥∇F∥L2

≤ 1

2
∥√ρu̇∥2L2 +CC

2
27
0 ∥curl2H∥2L2 +C(∥∇H∥2L2 +∥∇u∥4L2). (3.42)

Therefore,

σm∥√ρu̇∥2L2 +

∫ T

0

σm∥∇u̇∥2L2dt−C2C
2
27
0

∫ T

0

σm∥∇Ht∥2L2dt
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≤C

∫ T

0

σm∥∇u∥4L4dt+CC
2
9
0 sup

0≤t≤T
σm(∥curl2H∥2L2 +∥√ρu̇∥2L2)

+CC
2
9
0 sup

0≤t≤T
σm(∥∇H∥2L2 +∥∇u∥2L2)+CC0 sup

0≤t≤σ(T )

σm−1∥∇u∥2L2

+C

∫ σ(T )

0

mσm−1(∥√ρu̇∥2L2 +∥curl2H∥2L2)dt+CC0

+CC
2
27
0 σm∥curl2H∥2L2 +Cσm(∥∇H∥2L2 +∥∇u∥4L2). (3.43)

Next, we need to estimate the term ∥∇Ht∥L2 . Noticing that{
Htt−ν∇×(curlHt)=(H ·∇u−u ·∇H−Hdivu)t, in Ω,

Ht ·n=0, curlHt×n=0, on ∂Ω,
(3.44)

and after direct computations we obtain(
σm

2
∥Ht∥2L2

)
t

+σm∥curlHt∥2L2 −
m

2
σm−1σ′∥Ht∥2L2

=

∫
σm(Ht ·∇u−u ·∇Ht−Htdivu) ·Htdx

+

∫
σm(H ·∇u̇− u̇ ·∇H−Hdivu̇) ·Htdx

−
∫

σm(H ·∇(u ·∇u)−(u ·∇u) ·∇H−Hdiv(u ·∇u)) ·Htdx

≜K1+K2+K3. (3.45)

By Lemma 2.1 and Lemma 2.9, a direct calculation leads to

K1≤Cσm(∥Ht∥L3∥Ht∥L6∥∇u∥L2 +∥u∥L6∥Ht∥L3∥∇Ht∥L2)

≤ δ

4
σm∥∇Ht∥2L2 +Cσm∥∇u∥4L2∥Ht∥2L2 . (3.46)

Similarly,

K2≤Cσm∥H∥L3∥Ht∥L6∥∇u̇∥L2 −
∫
∂Ω

σm(u̇ ·n)(H ·Ht)ds

+

∫
σmdivu̇H ·Htdx+

∫
σmu̇ ·∇Ht ·Hdx

≤
∫
∂Ω

σm(u·∇n ·u)(H ·Ht)ds+CC
1
27
0 σm(∥∇u̇∥2L2+∥∇Ht∥2L2). (3.47)

For the boundary term in the last inequality, we use the similar method as that used in
Lemma 2.10 to get that∫

∂Ω

σm(u ·∇n ·u)(H ·Ht)ds

≤Cσm(∥u∥L6∥∇u∥L2∥H∥L6∥Ht∥L6 +∥u∥2L6∥∇H∥L2∥Ht∥L6

+∥u∥2L6∥∇Ht∥L2∥H∥L6 +∥u∥2L6∥H∥L6∥Ht∥L6)

≤δ

4
σm∥∇Ht∥2L2 +Cσm∥∇u∥4L2∥∇H∥2L2 . (3.48)
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Combining (3.47) and (3.48), we have

K2≤
δ

4
σm∥∇Ht∥2L2 +Cσm(∥∇u∥4L2∥∇H∥2L2 +C

1
27 (∥∇u̇∥2L2 +∥∇Ht∥2L2)). (3.49)

Similarly, by (3.48), a direct computation yields

K3≤
δ

2
σm∥∇Ht∥2L2 +Cσm(∥∇u∥4L2 +∥∇H∥4L2)(∥

√
ρu̇∥2L2 +∥curl2H∥2L2)

+Cσm∥∇u∥2L2∥∇H∥2L2(∥∇u∥2L2 +∥∇H∥2L2 +1). (3.50)

Putting (3.46), (3.49) and (3.50) into (3.45), choosing δ small enough, we have(
σm∥Ht∥2L2

)
t
+σm∥∇Ht∥2L2 −CC

1
27
0 σm(∥∇u̇∥2L2 +∥∇Ht∥2L2)

≤Cσm(∥∇u∥4L2 +∥∇H∥4L2)(∥
√
ρu̇∥2L2 +∥curl2H∥2L2 +∥Ht∥2L2)

+Cσm∥∇u∥2L2∥∇H∥2L2(∥∇u∥2L2 +∥∇H∥2L2 +1)+Cmσm−1σ′∥Ht∥2L2 . (3.51)

Integrating over (0,T ], then by Lemma 2.8, for m>0, we get

σm∥Ht∥2L2 +

∫ T

0

σm∥∇Ht∥2L2dt−C3C
1
27
0

∫ T

0

σm(∥∇u̇∥2L2 +∥∇Ht∥2L2)dt

≤CC
2
9
0 sup

0≤t≤T
σm(∥√ρu̇∥2L2 +∥curl2H∥2L2 +∥Ht∥2L2)+CC0 sup

0≤t≤T
σm∥∇u∥2L2

+CC
2
9
0 sup

0≤t≤T
σm(∥∇u∥2L2 +∥∇H∥2L2)+C

∫ σ(T )

0

mσm−1∥Ht∥2L2dt. (3.52)

Now take m=2 in (3.43) and (3.52), we deduce after adding them together that

σ2(∥√ρu̇∥2L2 +∥Ht∥2L2)+

∫ T

0

σ2(∥∇u̇∥2L2 +∥∇Ht∥2L2)dt

−C2C
2
27
0

∫ T

0

σ2∥∇Ht∥2L2dt−C3C
1
27

∫ T

0

σ2(∥∇u̇∥2L2 +∥∇Ht∥2L2)dt

≤C

∫ T

0

σ2∥∇u∥4L4dt+CC
2
9
0 sup

0≤t≤T
σ2(∥√ρu̇∥2L2 +∥curl2H∥2L2 +∥Ht∥2L2)

+CC
2
9
0 sup

0≤t≤T
σ2(∥∇H∥2L2 +∥∇u∥2L2)+CC0 sup

0≤t≤T
σ∥∇u∥2L2

+C

∫ σ(T )

0

σ(∥√ρu̇∥2L2 +∥curl2H∥2L2 +∥Ht∥2L2)dt+CC0

+CC
2
27
0 σ2∥curl2H∥2L2 +Cσ2(∥∇H∥2L2 +∥∇u∥4L2)

≤C

∫ T

0

σ2∥∇u∥4L4dt+CC
13
18
0 +CA1(T )+CC0+CC

31
54
0 . (3.53)

Thus we have

sup
0≤t≤T

σ2(∥√ρu̇∥2L2 +∥Ht∥2L2)+

∫ T

0

σ2(∥∇u̇∥2L2 +∥∇Ht∥2L2)dt

≤C

∫ T

0

σ2∥∇u∥4L4dt+CA1(T )+CC
31
54
0 , (3.54)
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provided that C0 is chosen to satisfy

C0≤ε2≜min{ε1,(4C2)
− 27

2 ,(4C3)
−27}.

Finally, by Lemma 2.1 and (1.1)3, it holds

∥curl2H∥L2 ≤C(∥Ht∥L2 +∥curl2H∥
1
2

L2∥∇H∥
1
2

L2∥∇u∥L2 +∥∇H∥L2∥∇u∥L2)

≤ 1

2
∥curl2H∥L2+C(∥Ht∥L2+∥∇H∥L2∥∇u∥2L2+∥∇H∥L2∥∇u∥L2). (3.55)

Thus, by (3.6) and (3.55), we have

sup
0≤t≤T

σ2∥curl2H∥2L2 ≤C

∫ T

0

σ2∥∇u∥4L4dt+CA1(T )+CC
31
54
0 . (3.56)

Combining (3.54) and (3.56), we give (3.28) and complete the proof of Lemma 3.3.

Lemma 3.4. Under the conditions of Proposition 3.1, there exist positive constants
C̃=C(ρ̄,M1,M2) and ε3 depending only on µ, λ, ν, γ, a, ρ∞, ρ̄, M1 and M2 such that if
C0<ε3,

sup
0≤t≤σ(T )

∥∇u∥2L2 +

∫ σ(T )

0

∥√ρu̇∥2L2dt≤ C̃, (3.57)

sup
0≤t≤σ(T )

t(∥√ρu̇∥2L2+∥curl2H∥2L2+∥Ht∥2L2)+

∫ σ(T )

0

t(∥∇u̇∥2L2+∥∇Ht∥2L2)dt≤ C̃. (3.58)

Proof. As we have done in the proof of Lemma 2.9, multiplying (2.6)2 by ut and
integrating over Ω, using (3.6), Sobolev’s and Young’s inequalities leads to(

λ+2µ

2

∫
(divu)2dx+

µ

2

∫
|curlu|2dx−

∫
(P −P∞− |H|2

2
)divudx

)
t

+

∫
ρ|u̇|2dx

=

(∫
(H ·∇H) ·udx

)
t

+

∫
ρu̇ ·(u ·∇u)dx−

∫
Ptdivudx

−
∫
(H ·∇H−∇H ·H)t ·udx

≜
d

dt
L0+L1+L2+L3. (3.59)

By (2.1) and (3.9), we have

L0≤C∥H∥L3∥∇H∥L2∥u∥L6 ≤ µ

4
∥∇u∥2L2 +CC

2
27
0 ∥∇H∥2L2 . (3.60)

Using Lemma 2.1, Lemma 2.9, (3.6) and (3.22) yields

L1=

∫
ρu̇ ·(u ·∇u)dx

≤C∥ρ 1
2 u̇∥L2∥ρ1/3u∥L3∥∇u∥L6

≤CC
1
27
0 ∥ρ 1

2 u̇∥2L2 +C(∥∇u∥2L2+∥P−P∞∥2L6+∥H ·∇H∥2L2)

≤C4C
1
27
0 (∥ρ 1

2 u̇∥2L2 +∥curl2H∥2L2 +∥∇H∥2L2)+C(∥∇u∥2L2+∥P−P∞∥2L6). (3.61)
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Next, by (2.6)1, (2.13), (3.6), Lemma 2.9, Sobolev’s and Young’s inequalities leads to

L2=− 1

λ+2µ

∫
(P −P∞)(Fdivu+∇F ·u)dx

− 1

2(λ+2µ)

∫
(P −P∞)2divudx+γ

∫
P (divu)2dx

≤C(∥∇u∥L2∥F∥L2 +∥P −P∞∥L3∥∇F∥L2∥u∥L6)+∥P −P∞∥L2∥∇u∥L2 +∥∇u∥2L2)

≤C∥∇u∥L2(∥√ρu̇∥L2 +∥∇u∥L2 +∥P −P∞∥L2 +C
1
27
0 (∥curl2H∥L2 +∥∇H∥L2))

≤1

4
∥√ρu̇∥2L2+C(∥∇u∥2L2+∥P−P∞∥2L2 +C

2
27
0 (∥curl2H∥2L2 +∥∇H∥2L2)). (3.62)

Using Lemma 2.1 and (3.17), a direct computation yields

L3=−
∫
(Ht ·∇H−∇H ·Ht) ·udx−

∫
(H ·∇Ht−∇Ht ·H) ·udx

≤C(∥Ht∥L2∥∇H∥L3∥∇u∥L2 +∥Ht∥L2∥H∥L3∥∇u∥L6)

≤C5C
1
27
0 (∥ρ 1

2 u̇∥2L2 +∥∇u∥2L2 +∥Ht∥2L2 +∥curl2H∥2L2 +∥∇H∥2L2 +∥P−P∞∥2L6)

+C∥Ht∥2L2 +C(∥∇H∥2L2 +∥curl2H∥L2∥∇H∥L2)∥∇u∥2L2 . (3.63)

Putting (3.60)-(3.63) into (3.59), we obtain(
(λ+2µ)∥divu∥2L2 +µ∥curlu∥2L2 −2

∫
(P −P∞− |H|2

2
)divudx

)
t

+

∫
ρ|u̇|2dx

≤ (
µ

4
∥∇u∥2L2 +CC

2
27
0 ∥∇H∥2L2)t+C(1+∥∇H∥2L2 +∥curl2H∥L2∥∇H∥L2)∥∇u∥2L2

+C
(
∥P−P∞∥2L6+∥P−P∞∥2L2 +∥Ht∥2L2 +∥curl2H∥2L2 +∥∇H∥2L2

)
, (3.64)

provided that C0<ε̂1≜ (4C4+4C5)
−27. By Gronwall’s inequality, (3.16) and Lemmas

2.3, 2.8, one has

sup
0≤t≤σ(T )

∥∇u∥2L2 +

∫ σ(T )

0

∫
ρ|u̇|2dxdt≤C(∥∇u0∥2L2 +∥∇H0∥2L2)+CC

1/3
0 , (3.65)

which yields (3.57).
It remains to prove (3.58). Taking m=2−s in (3.38), (3.52), and integrating over

(0,σ(T )] instead of (0,T ], in a similar way as we have gotten (3.53), we obtain

sup
0≤t≤σ(T )

σ(∥√ρu̇∥2L2 +∥Ht∥2L2)+

∫ σ(T )

0

σ(∥∇u̇∥2L2 +∥∇Ht∥2L2)dt

≤C

∫ σ(T )

0

σ∥∇u∥4L4dt+ C̃, (3.66)

where we have taken advantage of (3.55) and (3.57). Furthermore, by (2.18), (3.22) and
(3.57), for s∈ (1/2,1], we have∫ σ(T )

0

t∥∇u∥4L4dt

≤C
∫ σ(T )

0
t(∥√ρu̇∥3L2 +∥curl2H∥3L2 +∥P −P∞∥3L6 +∥∇H∥3L2)∥∇u∥L2dt+C

∫ σ(T )

0
t∥∇u∥4L2dt
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≤C+C

∫ σ(T )

0

t−
1
4 (t

1
4 ∥∇u∥2L2)

1
2 (t

1
4 ∥√ρu̇∥2L2)

1
2 (t∥√ρu̇∥2L2)dt

+C

∫ σ(T )

0

t−
1
4 (t

1
4 ∥∇u∥2L2)

1
2 (t

1
4 ∥curl2H∥2L2)

1
2 (t∥curl2H∥2L2)dt

≤CC
1
9
0 sup

0≤t≤σ(T )

(t(∥√ρu̇∥2L2 +∥curl2H∥2L2))+C. (3.67)

Besides, from (3.55) and (3.57), we have

sup
0≤t≤σ(T )

t∥curl2H∥2L2 ≤C sup
0≤t≤σ(T )

t∥Ht∥2L2 + C̃. (3.68)

Then combining this with (3.66) and (3.67), we have

sup
0≤t≤σ(T )

σ(∥√ρu̇∥2L2 +∥Ht∥2L2)+

∫ σ(T )

0

σ(∥∇u̇∥2L2 +∥∇Ht∥2L2)dt

≤C6C
1
9
0 sup

0≤t≤σ(T )

σ(∥√ρu̇∥2L2 +∥Ht∥2L2)+ C̃. (3.69)

Therefore, if we choose C0 to be such that C0≤ε3≜min{ε̂1,(2C6)
−9}, (3.69) and (3.68)

implies (3.58). The proof of Lemma 3.4 is completed.

Lemma 3.5. Under the conditions of Proposition 3.1, there exists a positive constant
ε4 depending only on µ,λ,ν,γ,a,ρ∞, ρ̄, M1 and M2 such that if C0<ε4,

A4(σ(T ))+A5(σ(T ))≤C
1
9
0 . (3.70)

Proof. We begin with the estimate on A4(σ(T )). Using (3.57), we have

A4(σ(T ))≤ sup
0≤t≤σ(T )

(∥∇u∥2L2)
3
4 sup
0≤t≤σ(T )

(t∥∇u∥2L2)
1
4

+ sup
0≤t≤σ(T )

(∥∇H∥2L2)
3
4 sup
0≤t≤σ(T )

(t∥∇H∥2L2)
1
4

+

(∫ σ(T )

0

∥ρ 1
2 u̇∥2L2dt

) 3
4
(∫ σ(T )

0

t∥ρ 1
2 u̇∥2L2dt

) 1
4

+

(∫ σ(T )

0

∥curl2H∥2L2dt

) 3
4
(∫ σ(T )

0

t∥curl2H∥2L2dt

) 1
4

≤CA1(T )
1
4 ≤CC

1
8
0 ≤C

1
9
0 . (3.71)

Next, it remains to estimate A5(σ(T )). Multiplying (1.1)2 by 3|u|u, and integrating
over Ω leads to(∫

ρ|u|3dx
)

t

≤C

∫
|u||∇u|2dx+C

∫
|P −P∞||u||∇u|dx+C

∫
|H||∇H||u|2dx

≤C∥∇u∥
5
2

L2(∥ρu̇∥
1
2

L2 +∥P −P∞∥
1
2

L2 +∥curl2H∥
1
2

L2 +∥∇H∥
1
2

L2)

+C∥∇u∥3L2 +CC
1
6
0 ∥∇u∥2L2 +C(∥∇H∥4L2 +∥∇u∥4L2). (3.72)
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Hence, integrating (3.72) over (0,σ(T )) and using (3.6), (3.8), we get

sup
0≤t≤σ(T )

∫
ρ|u|3dx≤C

∫ σ(T )

0

(t
1
4 ∥∇u∥2L2)

5
4 (t

1
4 (∥ρu̇∥2L2 +∥curl2H∥2L2))

1
4 t−

3
8 dt

+C

∫ σ(T )

0

(t
1
4 ∥∇u∥2L2)

5
4 (t

1
4 ∥∇H∥2L2)

1
4 t−

3
8 dt

+CC0+CC
2
9
0 +

∫
ρ0|u0|3dx

≤CC
1
6
0 +

∫
ρ0|u0|3dx≤C7C

1
6
0 , (3.73)

where we have used the fact∫
ρ0|u0|3dx≤C∥ρ

1
2
0 u0∥

3
2

L2∥∇u0∥
3
2

L2 ≤CC
3
2
0 . (3.74)

Finally, set ε4≜min{ε3,(C7)
−18}, we get A5(σ(T ))≤C

1
9
0 . The proof of Lemma 3.5 is

completed.

Lemma 3.6. Under the conditions of Proposition 3.1, there exists a positive constant
ε5 depending only on µ, λ, ν, γ, a, ρ∞, ρ̄, M1 and M2 such that

A1(T )+A2(T )≤C
1
2
0 , (3.75)

provided C0≤ε5.

Proof. By (2.1) and (2.12), one can check that∫ T

0

σ∥∇u∥3L3dt≤C

∫ T

0

σ∥∇u∥L2∥∇u∥2L4dt≤CC0+C

∫ T

0

σ2∥∇u∥4L4dt, (3.76)

which, along with (3.13) and (3.28) gives

A1(T )+A2(T )≤C(C
31
54
0 +

∫ T

0

σ2∥∇u∥4L4dt). (3.77)

So it reduces to estimating
∫ T

0
σ2∥∇u∥4L4dt. On the one hand, by (2.18), (3.22), (3.6)

and Lemma 2.9 again, it indicates that∫ σ(T )

0

t2∥∇u∥4L4dt

≤C

∫ σ(T )

0

t2
(
(∥√ρu̇∥3L2+∥P−P∞∥3L6+∥∇H∥3L2+∥curl2H∥3L2)∥∇u∥L2+∥∇u∥4L2

)
dt

≤C

∫ σ(T )

0

t−
1
4 (t

1
4 ∥∇u∥2L2)

1
2 (t

1
4 ∥√ρu̇∥2L2)

1
2 (t2∥√ρu̇∥2L2)dt+CC0

+C

∫ σ(T )

0

t−
1
4 (t

1
4 ∥∇u∥2L2)

1
2 (t

1
4 ∥curl2H∥2L2)

1
2 (t2∥curl2H∥2L2)dt

≤CC
11
18
0 . (3.78)
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On the other hand, by (3.6), (2.12) and Lemma 3.4, we have∫ T

σ(T )

σ2∥∇u∥4L4dt

≤C

∫ T

σ(T )

σ2
(
(∥√ρu̇∥3L2+∥P−P∞∥3L6+∥∇H∥3L2+∥curl2H∥3L2)∥∇u∥L2+∥∇u∥4L2

)
dt

≤CC0+C

∫ T

σ(T )

σ2∥P−P∞∥4L4dt. (3.79)

Furthermore, it follows from (1.1)1 and (2.13) that P −P∞ satisfies

(P −P∞)t+u ·∇(P −P∞)+
γ

2µ+λ
(P −P∞)F

+
γ

2µ+λ
(P −P∞)2+

γ

2(2µ+λ)
(P −P∞)|H|2+γP∞divu=0. (3.80)

Multiplying (3.80) by 3(P −P∞)2 and integrating over Ω, after using (2.16), we get

3γ−1

2µ+λ
∥P −P∞∥4L4

≤−
(
∥P −P∞∥3L3

)
t
+δ∥P −P∞∥4L4 +C∥F∥4L4 +C∥∇H∥6L2 +C∥∇u∥2L2

≤−
(
∥P −P∞∥3L3

)
t
+δ∥P −P∞∥4L4 +C(∥ρu̇∥3L2 +∥curl2H∥3L2)(∥∇u∥L2 +∥∇H∥L2)

+C(∥ρu̇∥3L2 +∥curl2H∥3L2)∥P −P∞∥L2 +C∥∇H∥6L2 +C∥∇u∥2L2 . (3.81)

Multiplying (3.81) by σ2, then integrating over (0,T ], and choosing δ suitably small, by
(2.12), (3.6) and (3.8), we obtain∫ T

0

σ2∥P −P∞∥4L4dt

≤C sup
0≤t≤T

∥P −P∞∥3L3 +C

∫ σ(T )

0

∥P −P∞∥3L3dt

+C

∫ T

0

σ2(∥ρu̇∥3L2 +∥curl2H∥3L2)(∥∇u∥L2 +∥∇H∥L2)dt

+C

∫ T

0

σ2(∥ρu̇∥3L2 +∥curl2H∥3L2)∥P −P∞∥L2dt+CC
13
18
0 +CC0

≤C(ρ̄)C
11
18
0 . (3.82)

Combining (3.78), (3.79) and (3.82), it follows from (3.77) that

A1(T )+A2(T )≤C8C
11
18
0 . (3.83)

Set ε5≜min{ε4,(C−9
8 }, then (3.75) holds when C0<ε5. The proof of Lemma 3.6 is

completed.

We now proceed to prove the uniform (in time) upper bound for the density.

Lemma 3.7. Under the conditions of Proposition 3.1, there exists a positive constant
ε6 depending only on µ, λ, ν, γ, a, ρ∞, ρ̄, M1 and M2 such that

sup
0≤t≤T

∥ρ(t)∥L∞ ≤ 7ρ̄

4
, (3.84)
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provided C0≤ε6.

Proof. First, the equation of mass conservation (1.1)1 can be equivalently rewritten
in the form

Dtρ=g(ρ)+b′(t), (3.85)

where

Dtρ≜ρt+u ·∇ρ, g(ρ)≜−ρ(P −P∞)

2µ+λ
, b(t)≜− 1

2µ+λ

∫ t

0

ρ(F +
|H|2

2
)dt.

Naturally, we shall prove our conclusion by Lemma 2.2. It is sufficient to check that the
function b(t) must verify (2.3) with some suitable constants N0, N1.

For t∈ [0,σ(T )], one deduces from (2.1), (2.2), (2.14), (2.16), (3.6) and Lemmas 2.9,
3.4 that for δ0 as in Proposition 3.1 and for all 0≤ t1≤ t2≤σ(T ),

|b(t2)−b(t1)|=
1

λ+2µ

∣∣∣∣∫ t2

t1

ρ(F +
|H|2

2
)dt

∣∣∣∣
≤C

∫ σ(T )

0

(∥F∥L∞ +∥H∥2L∞)dt

≤C

∫ σ(T )

0

∥F∥
1
2

L6∥∇F∥
1
2

L6dt+C

∫ σ(T )

0

∥H∥L6∥∇H∥L6dt

≤C

∫ σ(T )

0

(∥√ρu̇∥
1
2

L2 +∥curl2H∥
1
2

L2)∥∇u̇∥
1
2

L2dt

+C

∫ σ(T )

0

(∥√ρu̇∥
1
2

L2 +∥curl2H∥
1
2

L2)∥∇H∥
1
4

L2∥curl2H∥
3
4

L2dt

+C

∫ σ(T )

0

(∥√ρu̇∥
1
2

L2 +∥curl2H∥
1
2

L2)∥∇H∥L2dt

+C

∫ σ(T )

0

(∥∇H∥
1
2

L2∥∇u̇∥
1
2

L2 +∥∇H∥
3
4

L2∥curl2H∥
3
4

L2 +∥∇H∥
3
2

L2)dt

+C

∫ σ(T )

0

∥∇H∥L2(∥∇H∥L2 +∥curl2H∥L2)dt≜
5∑

i=1

Bi. (3.86)

We have to estimate Bi,i=1,2,·· · ,5 one by one. A direct computation gives

B1≤C

∫ σ(T )

0

(
t
1
4 (∥√ρu̇∥2L2 +∥curl2H∥2L2)

) 1
4
(
t∥∇u̇∥2L2

) 1
4 t−

5
16 dt

≤CC
1
36
0 , (3.87)

similarly,

B2≤C

∫ σ(T )

0

(
t(∥√ρu̇∥2L2 +∥curl2H∥2L2)

) 1
4
(
t
1
4 ∥∇H∥2L2

) 1
8

×
(
t
1
4 ∥curl2H∥2L2

) 3
8 t−

3
8 dt≤CC

1
36
0 , (3.88)

B3≤C

∫ σ(T )

0

(
t
1
4 (∥√ρu̇∥2L2 +∥curl2H∥2L2)

) 1
4
(
t
1
4 ∥∇H∥2L2

) 1
2 t−

3
8 dt≤CC

1
12
0 , (3.89)
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B4≤C

∫ σ(T )

0

∥∇H∥
1
2

L2

(
t∥∇u̇∥2L2

) 1
4 t−

1
4 dt

+C

∫ σ(T )

0

(
t
1
4 ∥∇H∥2L2

) 3
8
(
t
1
4 ∥curl2H∥2L2

) 3
8 t−

3
16 dt

+C

∫ σ(T )

0

(
t
1
4 ∥∇H∥2L2

) 3
4 t−

3
16 dt≤CC

1
12
0 , (3.90)

B5≤
∫ σ(T )

0

(
t
1
4 ∥∇H∥2L2

) 1
2
(
t
1
4 ∥curl2H∥2L2

) 1
2 t−

1
4 dtdt+CC0

≤CC
5
9
0 . (3.91)

Putting (3.87)-(3.91) into (3.86), we have

|b(t2)−b(t1)|≤C9C
1
36
0 . (3.92)

Combining (3.92) with (3.85) and choosing N1=0, N0=C9C
1
36
0 , ζ̄=ρ∞ in Lemma 2.2

give

sup
t∈[0,σ(T )]

∥ρ∥L∞ ≤ ρ̄+C9C
1
36
0 ≤ 3ρ̄

2
, (3.93)

provided C0≤ ε̂6≜min{ε5,
(

ρ̄
2C9

)36
}.

On the other hand, for t∈ [σ(T ),T ], σ(T )≤ t1≤ t2≤T, it follows from (2.14), (3.6),
and Lemma 2.9 that

|b(t2)−b(t1)|≤C

∫ t2

t1

(∥F∥L∞ +∥H∥2L∞)dt

≤ a

λ+2µ
(t2− t1)+C

∫ t2

t1

∥F∥8/3L∞dt+C

∫ t2

t1

∥H∥2L∞dt

≤ a

λ+2µ
(t2− t1)+CC

1
6
0

∫ T

σ(T )

(∥∇u̇∥2L2 +∥∇H∥L2∥curl2H∥3L2 +∥∇H∥4L2)dt

+CC0+C

∫ t2

t1

(∥∇H∥L2∥curl2H∥L2 +∥∇H∥2L2)dt

≤ a

λ+2µ
(t2− t1)+C10C

2/3
0 . (3.94)

Now we choose N0=C10C
2/3
0 , N1=

a
λ+2µ in (2.3) and set ζ̄= 3ρ̄

2 in (2.4). Since for all

ζ≥ ζ̄= 3ρ̄
2 >ρ∞+1,

g(ζ)=− aζ

2µ+λ
(ζγ−ργ∞)≤− a

λ+2µ
=−N1.

Together with (3.85) and (3.94), by Lemma 2.2, we have

sup
t∈[σ(T ),T ]

∥ρ∥L∞ ≤ 3ρ̂

2
+C10C

2/3
0 ≤ 7ρ̂

4
, (3.95)

provided C0≤ε6≜min{ε̂6,( ρ̂
4C10

)3/2}. The combination of (3.93) with (3.95) completes
the proof of Lemma 3.7.
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3.2. Time-dependent higher order estimates. In this subsection, we de-
rive the time-dependent higher order estimates, which are necessary for the global
existence of classical solutions. The procedure is similar as that in [3, 19, 20], and
we sketch it here for completeness. From now on, assume that the initial energy
C0≤ε6, and the positive constant C may depend on T, µ, λ, ν, a, γ, ρ∞, ρ̄,
Ω, M1,M2, ∥∇u0∥H1 ,∥∇H0∥H1 ,∥ρ0−ρ∞∥W 2,q , ∥P (ρ0)−P∞∥W 2,q , ∥g∥L2 for q∈ (3,6)
where g∈L2(Ω) is given by compatibility condition (1.10).

Lemma 3.8. There exists a positive constant C, such that

sup
0≤t≤T

(∥∇u∥2L2 +∥∇H∥2L2)+

∫ T

0

(∥√ρu̇∥2L2 +∥Ht∥2L2 +∥∇2H∥2L2)dt≤C, (3.96)

sup
0≤t≤T

(∥√ρu̇∥2L2 +∥Ht∥2L2 +∥∇2H∥2L2)+

∫ T

0

(∥∇u̇∥2L2 +∥∇Ht∥2L2)dt≤C, (3.97)

sup
0≤t≤T

(∥∇ρ∥L6∩L2 +∥∇u∥H1)+

∫ T

0

(∥∇u∥L∞ +∥∇2u∥2L6)dt≤C. (3.98)

Proof. First, combining (2.28), (3.16) and (3.57) along with Proposition 3.1 gives
(3.96). Then choosing m=0 in (3.38) and (3.51), integrating them over (0,T ), by (3.42),
(3.96) and the compatibility condition (1.10), we have

sup
0≤t≤T

(∥√ρu̇∥2L2 +∥Ht∥2L2 +∥∇2H∥2L2)+

∫ T

0

(∥∇u̇∥2L2 +∥∇Ht∥2L2)dt

≤C+C

∫ T

0

(∥√ρu̇∥3L2 +∥∇2H∥3L2 +∥∇H∥4L2∥∇2H∥2L2)dt

≤C+
1

2
sup

0≤t≤T
(∥√ρu̇∥2L2 +∥∇2H∥2L2), (3.99)

where we have also used Lemma 2.1, Lemma 2.9, (3.22) and (3.55), then we deduce
(3.97) from (3.99).

Next we want to prove (3.98). For 2≤p≤6, |∇ρ|p satisfies

(|∇ρ|p)t+div(|∇ρ|pu)+(p−1)|∇ρ|pdivu

+p|∇ρ|p−2(∇ρ)∗∇u(∇ρ)+pρ|∇ρ|p−2∇ρ ·∇divu=0.

Thus, by (2.14), it follows

(∥∇ρ∥Lp)t≤C(1+∥∇u∥L∞)∥∇ρ∥Lp +C∥∇F∥Lp +C∥∇H ·H∥Lp

≤C(1+∥∇u∥L∞)∥∇ρ∥Lp +C∥ρu̇∥Lp +C∥H∥L∞∥∇H∥Lp . (3.100)

We deduce from Gagliardo-Nirenberg’s inequality, (2.14), (2.15) and (3.97) that

∥divu∥L∞ +∥ω∥L∞

≤C(∥F∥L∞ +∥P −P∞∥L∞ +∥H∥2L∞)+∥ω∥L∞

≤C(∥F∥L2 +∥∇F∥L6 +∥ω∥L2 +∥∇ω∥L6 +∥P −P∞∥L∞ +∥H∥L6∥∇H∥L6)

≤C(∥∇u̇∥L2 +1), (3.101)
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which together with Lemma 2.6 and (2.26) indicates that

∥∇u∥L∞ ≤C (∥divu∥L∞ +∥ω∥L∞)ln(e+∥∇2u∥L6)+C∥∇u∥L2 +C

≤C(1+∥∇u̇∥L2)ln(e+∥∇u̇∥L2 +∥∇ρ∥L6)

≤C(1+∥∇u̇∥2L2)+C(1+∥∇u̇∥L2)ln(e+∥∇ρ∥L6). (3.102)

Consequently, taking p=6 in (3.100) leads to

(e+∥∇ρ∥L6)t≤C[1+∥∇u̇∥2L2 +(1+∥∇u̇∥L2)ln(e+∥∇ρ∥L6)](e+∥∇ρ∥L6),

which can be rewritten as

(ln(e+∥∇ρ∥L6))t≤C(1+∥∇u̇∥2L2)+C(1+∥∇u̇∥L2)ln(e+∥∇ρ∥L6). (3.103)

By Gronwall’s inequality and (3.97), we derive

sup
0≤t≤T

∥∇ρ∥L6 ≤C. (3.104)

Furthermore, by (3.102) and (2.26), together with (3.96) and (3.97), we have∫ T

0

∥∇u∥L∞dt≤C. (3.105)

Similarly, taking p=2 in (3.100), by Gronwall’s inequality, together with (3.97) and
(3.105), we obtain that

sup
0≤t≤T

∥∇ρ∥L2 ≤C. (3.106)

Moreover, combining (3.96), (3.97), (3.104), (3.105) and (3.106) yields∫ T

0

∥∇2u∥2L6dt≤C , sup
0≤t≤T

∥u∥H2 ≤C. (3.107)

This finishes the proof of Lemma 3.8.

Lemma 3.9. There exists a positive constant C such that

sup
0≤t≤T

∥√ρut∥2L2 +

∫ T

0

∫
|∇ut|2dxdt≤C, (3.108)

sup
0≤t≤T

(∥ρ−ρ∞∥H2 +∥P −P∞∥H2)≤C, (3.109)

sup
0≤t≤T

(∥P−P∞∥H2+∥ρt∥H1+∥Pt∥H1)+

∫ T

0

(
∥ρtt∥2L2+∥Ptt∥2L2

)
dt≤C, (3.110)

sup
0≤t≤T

σ(∥∇ut∥2L2 +∥∇Ht∥2L2)+

∫ T

0

σ(∥√ρutt∥2L2 +∥Htt∥2L2)dt≤C. (3.111)

Proof. Based on Lemma 3.8, (3.108)-(3.110) can be obtained by the same way as
that in [4]. It remains to prove (3.111). Introduce the function

K(t)=(λ+2µ)

∫
(divut)

2dx+µ

∫
|ωt|2dx+ν

∫
|curlHt|2dx.
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Since ut ·n=0,Ht ·n=0 on ∂Ω, by Lemma 2.3, we have

∥∇ut∥2L2 +∥∇Ht∥2L2 ≤C(Ω)K(t). (3.112)

Differentiating (2.6)2,3 with respect to t,

ρutt−(λ+2µ)∇divut+µ∇×ωt=−∇Pt−ρtut−(ρu·∇u)t+(H ·∇H−∇|H|2/2)t, (3.113)

and

Htt−ν∇×curlHt=(H ·∇u−u ·∇H−Hdivu)t, (3.114)

then multiplying (3.113) by 2utt, multiplying (3.114) by 2Htt, we obtain

d

dt
K(t)+2

∫
(ρ|utt|2+ |Htt|2)dx

=
d

dt

(
−
∫

ρt|ut|2dx−2

∫
ρtu ·∇u ·utdx+2

∫
Ptdivutdx

−
∫
(2(H⊗H)t :∇ut−|H|2tdivutdx)

)
+

∫
ρtt|ut|2dx+2

∫
(ρtu ·∇u)t ·utdx−2

∫
ρ(u ·∇u)t ·uttdx

−2

∫
Pttdivutdx+

∫
(2(H⊗H)tt :∇ut−|H|2ttdivut)dx

+2

∫
(H ·∇u−u ·∇H−Hdivu)t ·Httdx

≜
d

dt
K0+

6∑
i=1

Ki. (3.115)

Let us estimate Ki, i=0,1, ·· · ,6. We conclude from (1.1)1, (3.97), (3.98), (3.108),
(3.110), (3.112) and Sobolev’s, Poincaré’s inequalities that

K0≤
∣∣∣∣∫ div(ρu) |ut|2dx

∣∣∣∣+C∥ρt∥L3∥u∥L∞∥∇u∥L2∥ut∥L6 +C∥Pt∥L2∥∇ut∥L2

+C∥H∥L∞∥Ht∥L2∥∇ut∥L2 ≤ 1

2
K(t)+C, (3.116)

K1≤
∣∣∣∣∫ρtt |ut|2dx

∣∣∣∣= ∣∣∣∣∫div(ρu)t |ut|2dx
∣∣∣∣=2

∣∣∣∣∫(ρtu+ρut) ·∇ut ·utdx

∣∣∣∣
≤C∥∇ut∥2L2K(t)+C∥∇ut∥2L2 +C, (3.117)

K2+K3+K4≤C∥ρtt∥2L2 +C∥∇ut∥2L2 +∥ρ 1
2utt∥2L2 +C∥Ptt∥2L2 +C, (3.118)

K5≤
1

2
∥Htt∥2L2 +C∥Ht∥2L2K(t)+C(∥∇Ht∥2L2 +∥∇ut∥2L2), (3.119)

K6≤
1

2
∥Htt∥2L2 +C(∥∇Ht∥2L2 +∥∇ut∥2L2). (3.120)

Consequently, multiplying (3.115) by σ, together with (3.117)-(3.120), we get

d

dt
(σK(t)−σK0)+σ

∫
(ρ|utt|2+ |Htt|2)dx

≤C(1+∥∇ut∥2L2)σK(t)+C(1+∥∇ut∥2L2 +∥∇Ht∥2L2 +∥ρtt∥2L2 +∥Ptt∥2L2).

(3.121)
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By Gronwall’s inequality, (3.97), (3.108), (3.110) and (3.116), we derive that

sup
0≤t≤T

(σK(t))+

∫ T

0

σ(∥√ρutt∥2L2 +∥Htt∥2L2)dt≤C. (3.122)

As a result, by (3.112), we get (3.111). This finishes the proof .

Lemma 3.10. There exists a positive constant C so that for any q∈ (3,6),

sup
t∈[0,T ]

(∥ρ−ρ∞∥W 2,q +∥P −P∞∥W 2,q )≤C, (3.123)

sup
t∈[0,T ]

σ(∥∇u∥2H2 +∥∇H∥2H2)

+

∫ T

0

(
∥∇u∥2H2 +∥∇H∥2H2 +∥∇2u∥p0

W 1,q +σ∥∇ut∥2H1

)
dt≤C, (3.124)

where p0=
9q−6

10q−12 ∈ (1, 76 ).

Proof. Let’s start with (3.124). By Lemma 3.8 and Poincaré’s, Sobolev’s inequal-
ities, one can check that

∥∇(ρu̇)∥L2 ≤∥|∇ρ||ut|∥L2+∥ρ∇ut∥L2+∥|∇ρ||u||∇u|∥L2+∥ρ|∇u|2∥L2+∥ρ|u||∇2u|∥L2

≤C+C∥∇ut∥L2 . (3.125)

Consequently, together with (3.110) and Lemma 3.8, it yields

∥∇2u∥H1 ≤C(∥ρu̇∥H1 +∥H ·∇H∥H1 +∥P −P∞∥H2 +∥|H|2∥H2 +∥u∥L2)

≤C+C∥∇ut∥L2 . (3.126)

It then follows from (3.126), (3.98), (3.108) and (3.111) that

sup
0≤t≤T

σ∥∇u∥2H2 +

∫ T

0

∥∇u∥2H2dt≤C. (3.127)

Next, from (2.6)3, (2.28), it follows

∥∇2H∥H1 ≤C(∥Ht∥H1 +∥u ·∇H∥H1 +∥H ·∇u∥H1 +∥Hdivu∥H1 +∥∇H∥L2)

≤C+C∥∇Ht∥L2 . (3.128)

Similarly, from (3.125), (3.96) and (3.98), we obtain

sup
0≤t≤T

σ∥∇H∥2H2 +

∫ T

0

∥∇H∥2H2dt≤C. (3.129)

Next, we deduce from Lemma 3.8 and (3.110) that

∥∇2ut∥L2 ≤C(∥(ρu̇)t∥L2 +∥∇Pt∥L2 +∥((∇×H)×H)t∥L2 +∥ut∥L2)

≤C∥ρ 1
2utt∥L2 +C∥∇ut∥L2 +C∥∇Ht∥L2 +C, (3.130)

where in the first inequality, we have utilized the Lp-estimate for the following elliptic
system {

µ∆ut+(λ+µ)∇divut=(ρu̇)t+∇Pt+((∇×H)×H)t inΩ,

ut ·n=0 and ωt×n=0 on ∂Ω.
(3.131)
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Together with (3.130) and (3.111) yields∫ T

0

σ∥∇ut∥2H1dt≤C. (3.132)

By Sobolev’s inequality, (3.98), (3.110) and (3.111), we get for any q∈ (3,6),

∥∇(ρu̇)∥Lq ≤C∥∇ρ∥Lq (∥∇u̇∥Lq +∥∇u̇∥L2 +∥∇u∥2L2)+C∥∇u̇∥Lq

≤Cσ− 1
2 +C∥∇u∥H2 +Cσ− 1

2 (σ∥∇ut∥2H1)
3(q−2)

4q +C. (3.133)

Integrating this inequality over [0,T ], by (3.97) and (3.132), we have∫ T

0

∥∇(ρu̇)∥p0

Lqdt≤C. (3.134)

On the other hand, notice that P satisfies

Pt+u ·∇P +γP divu=0.

Differentiating it twice with respect to x leads to

∇2Pt+u ·∇∇2P +2∇u ·∇2P +∇2u ·∇P +γ∇2Pdivu+2γ∇P∇divu+γP∇2divu=0,

and by Lemma 3.8 and (3.110), one has

(∥∇2P∥Lq )t≤C∥∇u∥L∞∥∇2P∥Lq +C∥∇2u∥W 1,q

≤C(1+∥∇u∥L∞)∥∇2P∥Lq +C(1+∥∇ut∥L2)+C∥∇(ρu̇)∥Lq , (3.135)

where in the last inequality we have used the following simple fact that

∥∇2u∥W 1,q ≤C(1+∥∇ut∥L2 +∥∇(ρu̇)∥Lq +∥∇2P∥Lq ), (3.136)

due to (2.26), (2.27), (3.97) and (3.110).
Hence, applying Gronwall’s inequality in (3.135), we deduce from (3.98), (3.108)

and (3.134) that

sup
t∈[0,T ]

∥∇2P∥Lq ≤C, (3.137)

which along with (3.108), (3.110), (3.136) and (3.134) also gives

sup
t∈[0,T ]

∥P −P∞∥W 2,q +

∫ T

0

∥∇2u∥p0

W 1,qdt≤C. (3.138)

Similarly, one has

sup
0≤t≤T

∥ρ−ρ∞∥W 2,q ≤C, (3.139)

which together with (3.138) gives (3.123). The proof of Lemma 3.10 is finished.

Lemma 3.11. There exists a positive constant C such that, for any q∈ (3,6),

sup
0≤t≤T

σ
(
∥ρ 1

2utt∥L2 +∥Htt∥L2 +∥∇ut∥H1 +∥∇Ht∥H1 +∥∇2H∥H2 +∥∇u∥W 2,q

)
+

∫ T

0

σ2(∥∇utt∥22+∥∇Htt∥22)dt≤C.

(3.140)
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Proof. Differentiating (2.6)2,3 with respect to t twice, multiplying them by 2utt

and 2Htt respectively, and integrating over Ω lead to

d

dt

∫
(ρ|utt|2+ |Htt|2)dx

+2(λ+2µ)

∫
(divutt)

2dx+2µ

∫
|ωtt|2dx+2ν

∫
|curlHtt|2dx

=−8

∫
ρui

ttu ·∇ui
ttdx−2

∫
(ρu)t · [∇(ut ·utt)+2∇ut ·utt]dx

−2

∫
(ρttu+2ρtut) ·∇u ·uttdx−2

∫
(ρutt ·∇u ·utt−Pttdivutt)dx

−2

∫
(H ·∇H−∇|H|2/2)ttuttdx+2

∫
(H ·∇u−u ·∇H−Hdivu)ttHttdx

≜
6∑

i=1

Ri. (3.141)

Let us estimate Ri for i=1, ·· · ,6. Hölder’s inequality and (3.98) give

R1≤C∥√ρutt∥L2∥∇utt∥L2∥u∥L∞ ≤ δ∥∇utt∥2L2 +C(δ)∥√ρutt∥2L2 . (3.142)

By (3.97), (3.108), (3.110) and (3.111), we conclude that

R2≤ δ∥∇utt∥2L2 +C(δ)∥∇ut∥3L2 +C(δ)∥∇ut∥2L2 , (3.143)

R3≤ δ∥∇utt∥2L2 +C(δ)∥ρtt∥2L2 +C(δ)∥∇ut∥2L2 , (3.144)

R4≤ δ∥∇utt∥2L2 +C(δ)∥√ρutt∥2L2 +C(δ)∥Ptt∥2L2 , (3.145)

R5≤ δ∥∇utt∥2L2 +C(δ)∥Htt∥2L2 +C(δ)∥∇Ht∥3L2 , (3.146)

R6≤ δ(∥∇utt∥2L2 +∥∇Htt∥2L2)+C(δ)∥Htt∥2L2

+C(δ)(∥∇ut∥L2∥∇Ht∥2L2 +∥∇ut∥2L2∥∇Ht∥2L2). (3.147)

Substituting (3.142)-(3.147) into (3.141), utilizing the fact that

∥∇utt∥L2 ≤C(∥divutt∥L2 +∥ωtt∥L2), ∥∇Htt∥L2 ≤C∥curlHtt∥L2 , (3.148)

and then choosing δ small enough, we can get

d

dt
(∥√ρutt∥2L2 +∥Htt∥2L2)+∥∇utt∥2L2 +∥∇Htt∥2L2

≤C(∥√ρutt∥2L2 +∥Htt∥2L2 +∥ρtt∥2L2 +∥Ptt∥2L2 +∥∇ut∥3L2 +∥∇Ht∥3L2)

+C(∥∇ut∥L2∥∇Ht∥2L2 +∥∇ut∥2L2∥∇Ht∥2L2), (3.149)

which together with (3.110), (3.111), and by Gronwall’s inequality yields that

sup
0≤t≤T

σ2(∥√ρutt∥2L2 +∥Htt∥2L2)+

∫ T

0

σ2(∥∇utt∥2L2 +∥∇Htt∥2L2)dt≤C. (3.150)

Furthermore, it follows from (2.28), (2.27), (3.130) and (3.111) that

sup
0≤t≤T

(σ∥∇2ut∥L2 +σ∥∇2Ht∥L2)

≤Cσ(1+∥ρ 1
2utt∥L2 +∥Htt∥L2 +∥∇ut∥L2 +∥∇Ht∥L2)≤C.

(3.151)
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Finally, we deduce from (3.111), (3.123), (3.124), (3.128), (3.133), (3.136), (3.150) and
(3.151) that

σ∥∇2u∥W 1,q ≤Cσ(1+∥∇ut∥L2 +∥∇Ht∥L2 +∥∇(ρu̇)∥Lq +∥∇2P∥Lq )

≤C(1+σ∥∇u∥H2 +σ
1
2 (σ∥∇ut∥2H1)

3(q−2)
4q )≤C+Cσ

1
2 (σ−1)

3(q−2)
4q ≤C, (3.152)

and

σ∥∇2H∥H2 ≤Cσ(1+∥∇Ht∥H1 +∥∇u∥H2∥∇H∥H2)≤C, (3.153)

together with (3.150) and (3.151) yields (3.140) and finishes the proof.

4. Proof of Theorems 1.1-1.2
In this section, we are prepared to prove the main results of this paper. Based on

the estimates in Section 3, we follow the procedure in [3, 20] to give the sketch of the
proof.

Proof. (Proof of Theorem 1.1.) By Lemma 2.7, there exists a T∗>0 such that
the system (1.1)-(1.5) has a unique classical solution (ρ,u,H) on Ω×(0,T∗]. One may
use the a priori estimates, Proposition 3.1 and Lemmas 3.9-3.11 to extend the classical
solution (ρ,u,H) globally in time.

First, by the definition of (3.1)-(3.5), the assumption of the initial data (1.8) and
(3.74), one immediately checks that

0≤ρ0≤ ρ̄, A1(0)+A2(0)=0, A3(0)≤C
1
9
0 , A4(0)+A5(0)≤C

1
9
0 . (4.1)

Therefore, there exists a T1∈ (0,T∗] such that{
0≤ρ0≤2ρ̄, A1(T )+A2(T )≤2C

1
2
0 ,

A3(T )≤2C
1
9
0 , A4(σ(T ))+A5(σ(T ))≤2C

1
9
0 ,

(4.2)

hold for T =T1. Next, we set

T ∗=sup{T |(4.2) holds}. (4.3)

Then T ∗≥T1>0. Hence, for any 0<τ <T ≤T ∗ with T finite, it follows from Lemmas
3.8-3.11 that {

ρ−ρ∞∈C([0,T ];H2∩W 2,q),

(∇u,∇H)∈C([τ,T ];H1), (∇ut,∇Ht)∈C([τ,T ];Lq);
(4.4)

where one has taken advantage of the standard embedding

L∞(τ,T ;H1)∩H1(τ,T ;H−1) ↪→C ([τ,T ];Lq), for any q∈ [2,6).

Due to (3.108), (3.111), (3.140) and (1.1)1, we obtain∫ T

τ

∣∣∣∣(∫ ρ|ut|2dx
)

t

∣∣∣∣dt≤∫ T

τ

(
∥ρt|ut|2∥L1 +2∥ρut ·utt∥L1

)
dt

≤C

∫ T

τ

(
∥ρ 1

2 |ut|2∥L2∥∇u∥L∞ +∥u∥L6∥∇ρ∥L2∥ut∥2L6 +∥√ρutt∥L2

)
dt≤C,
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which together with (4.4) yields

ρ
1
2ut, ρ

1
2 u̇∈C([τ,T ];L2). (4.5)

Finally, we claim that

T ∗=∞. (4.6)

Otherwise, T ∗<∞. Then by Proposition 3.1, it holds that{
0≤ρ≤ 7ρ̄

4 , A1(T
∗)+A2(T

∗)≤C
1
2
0 ,

A3(T
∗)≤C

1
9
0 , A4(σ(T

∗))+A5(σ(T
∗))≤C

1
9
0 .

(4.7)

It follows from Lemmas 3.10, 3.11 and (4.5) that (ρ(x,T ∗),u(x,T ∗),H(x,T ∗)) satis-
fies the initial data condition (1.7)-(1.8), (1.10), where g(x)≜

√
ρu̇(x,T ∗), x∈Ω. Thus,

Lemma 2.7 implies that there exists some T ∗∗>T ∗ such that (4.2) holds for T =T ∗∗,
which contradicts the definition of T ∗. As a result, (4.6) holds. By Lemmas 2.7 and
3.8-3.11, it indicates that (ρ,u,H) is in fact the unique classical solution defined on
Ω×(0,T ] for any 0<T <T ∗=∞.

Finally, with (2.7), (2.9), (3.14), (2.11), (3.15) and (3.26) at hand, (1.13) can be
obtained by similar arguments as used in [3], and we omit the details. The proof of
Theorem 1.1 is finished.

Proof. (Proof of Theorem 1.2.) As is shown by [3], we sketch the proof for
completeness. First, we show that, for T >0, the Lagrangian coordinates of the system
are given by {

∂
∂τX(τ ;t,x)=u(X(τ ;t,x),τ), 0≤ τ ≤T

X(t;t,x)=x, 0≤ t≤T, x∈ Ω̄.
(4.8)

By (1.12), the transformation (4.8) is well-defined. In addition, by (1.1)1, we have

ρ(x,t)=ρ0(X(0;t,x))exp{−
∫ t

0

divu(X(τ ;t,x),τ)dτ}. (4.9)

If there exists some point x0∈Ω such that ρ0(x0)=0, then there is a point x0(t)∈ Ω̄
such that X(0;t,x0(t))=x0. Hence, by (4.9), ρ(x0(t),t)≡0 for any t≥0.

Now we will prove Theorem 1.2 by contradiction. Suppose there exist some positive
constant C1 and a subsequence tnj , tnj →∞ as j→∞ such that ∥∇ρ(·,tnj )∥Lr1 <C1.
Consequently, by (2.2) and the assumption ρ∞>0, we get that for r1∈ (3,∞) and
θ= r1−3

2r1−3 ,

ρ∞≤∥ρ(·,tnj
)−ρ∞∥C(Ω)≤C∥ρ(·,tnj

)−ρ∞∥θL3∥∇ρ(·,tnj
)∥1−θ

Lr1 , (4.10)

which is in contradiction with (1.13). The proof is completed.

Acknowledgements. This research was partially supported by National Natural
Science Foundation of China (Nos. 12171024, 11901025, 11971217, 11971020).



Y. CHEN, B. HUANG, AND X. SHI 719

REFERENCES

[1] J.T. Beale, T. Kato, and A. Majda, Remarks on the breakdown of smooth solutions for the 3-D
Euler equations, Commun. Math. Phys., 94:61–66, 1984. 2.1
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