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GLOBAL STRONG SOLUTIONS TO THE COMPRESSIBLE
MAGNETOHYDRODYNAMIC EQUATIONS WITH SLIP BOUNDARY
CONDITIONS IN A 3D EXTERIOR DOMAIN*
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Abstract. In this paper we study the initial-boundary-value problem for the barotropic compress-
ible magnetohydrodynamic system with slip boundary conditions in three-dimensional exterior domain.
We establish the global existence and uniqueness of classical solutions to the exterior domain problem
with the regular initial data that are of small energy but possibly large oscillations with constant state
as far field which could be either vacuum or nonvacuum. In particular, the initial density of such a
classical solution is allowed to have large oscillations and can contain vacuum states. Moreover, the
large-time behavior of the solution is also shown.
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1. Introduction
We consider the viscous barotropic compressible magnetohydrodynamic (MHD)
equations for isentropic flows in a domain  CR3, which can be written as

pr+div(pu) =0,

(pu)s +div(pu@u)+ VP =pAu+ (p+A\)Vdivu+ (Vx H) x H,
H—Vx(uxH)=-vVx(VxH),

divH =0,

(1.1)

where (x,t) € Q2 x (0,T], t>0 is time, and = (x1,z2,23) is the spatial coordinate. The
unknown functions p,u= (u',u?u3),P=P(p), and H=(H',H? H?3) denote the fluid
density, velocity, pressure, and magnetic field, respectively. Here we consider the
barotropic flows with y-law pressure P(p)=ap? (a>0 and v>1). The physical con-
stants pu, A and v are shear viscosity, bulk coefficients and resistivity coefficient respec-
tively satisfying pu >0, 2u+3A>0 and v >0.

In this paper, we are concerned with the global existence of classical solutions of
(1.1) in the exterior domain of bounded region with slip boundary condition in R3,
which can be regarded as a continuation of our work in [7]. Throughout this paper, let
D be a simply connected bounded domain in R? with smooth boundary and contained
in the ball Br = {x € R3||z| < R} for the fixed R>0. Let Q CR? be the exterior domain
to D, i.e., Q=R3\D, that is an unbounded domain with smooth boundary Q. In
addition, this paper concerns the problem (1.1) with the initial data

(pap%H)’t:O:(1007POU07H0)> in Q7 (12)
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686 GLOBAL STRONG SOLUTIONS TO COMPRESSIBLE MHD EQUATIONS
and the far-field behavior

(p,u, H) = (po,0,0), as |z| = +o0, (1.3)
where po >0 is a given constant. The boundary condition is supposed by

u-n=0, curlu x n=0, on 01}, (1.4)
H-n=0, curlH xn=0, on 0f),
where n=(n',n2,n3) is the unit outward normal vector to 9. The boundary condition
(1.4) for the velocity presented in this paper can be regarded as a Navier-type slip
boundary condition (see e.g., [4]). For the magnetic field, the boundary condition (1.5)
describes that the boundary 02 is a perfect conductor (see e.g., [9]).

The compressible MHD system (1.1) is known to be one of the mathematical models
describing the motion of electrically conducting media (cf. gases) in an electromagnetic
field and a lot of literature has been devoted to the analysis of the well-posedness and
dynamic behavior to the solutions of the system, see, for example, [5,6,9-12,14-19,
21-23, 25, 26, 28-30, 32-34] and their references. Now, we briefly recall some results
concerned with well-posedness of solutions for multi-dimensional compressible MHD
equations which are related with our problem. Vol'pert-Hudjaev [30] and Fan-Yu [12]
obtained the local existence of classical solutions to the 3D compressible MHD equations
where the initial density is strictly positive or could contain vacuum, respectively. Lv-
Huang [25] obtained the local existence of classical solutions in R? with vacuum as far
field density. Tang-Gao [29] obtained the local strong solutions to the compressible
MHD equations in a 3D bounded domain with the Navier-slip condition. For global
existence, Kawashima [18] first established the global smooth solutions to the general
electro-magneto-fluid equations in two dimensions with non-vacuum. Hu-Wang [17]
proved the global existence of renormalized solutions for general large initial data, also
see [11,15] for the non-isentropic compressible MHD equations. Recently, Li et al. [19]
established the global existence and uniqueness of classical solutions with constant state
as far field in R? with large oscillations and vacuum. Hong et al. [14] generalized the
result for large initial data when y—1 and v~! are suitably small. Lv et al. [26] got
the global existence of unqgiue classical solutions in 2D case. Recently, we obtained the
global classical solutions with vacuum and small energy but possibly large oscillations in
a 3D bounded domain with slip boundary condition in [7]. Very recently, Liu et al. [21]
established the global existence of smooth solutions and the explicit decay rate near
a given constant state for 3-D compressible full MHD with the boundary conditions
of Navier-slip for the velocity field and perfect conduction for the magnetic field in
exterior domains. However, there are no works about the global existence of the strong
(classical) solution to the initial-boundary-value problem (1.1)-(1.5) in a 3D exterior
domain with initial density containing vacuum, at least to the best of our knowledge.

The main purpose of this paper is to establish the global well-posedness of classical
solutions of compressible MHD system (1.1)-(1.5) in a 3D exterior domain 2. Since 2
is no longer bounded, it is distinguishable from our former work [7]. Fortunately, we
have the Gagliardo-Nirenberg-type inequality in the exterior domain (see Lemma 2.1).
Moreover, thanks to [27], the elliptic regularity for the Neumann problem in exterior
domain leads us to derive the estimates for the gradient of the effective viscous flux (see
Lemma 2.9), which plays an important role in our analysis. Besides, we also apply the
LP-theory for the div-curl system for exterior domains to control Vu by means of divu
and curlu (Lemmas 2.3-2.5). In addition, the difficulties caused by the slip boundary
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still exist and cannot be dealt with by the methods in [7] directly. To deal with this
difficulty, we adapt the idea of [3] to obtain the boundary estimates (see Lemma 2.10),
which are used frequently to control the boundary terms in this paper. Furthermore,
in order to estimate the derivatives of the solutions, we recall the similar Beale-Kato-
Majda-type inequality in the exterior domain (see Lemma 2.6) to prove the important
estimates on the gradients of the density and velocity. Based on the above analysis,
we will establish the well-posedness of classical solutions to the initial-boundary-value
problem of compressible MHD system in a 3D exterior domain with large oscillations
and vacuum.

Before formulating our main result, we first explain the notation and conventions
used throughout the paper. We start with the definition of simply connected domains.

DEFINITION 1.1.  Let Q be a domain in R3. If the first Betti number of Q vanishes,
namely, any simple closed curve in ) can be contracted to a point, we say that € is
simply connected. If the second Betti number of § is zero, we say that 0 has no holes.

For integer k>1 and 1< ¢ < +00, the standard Sobolev spaces are denoted as fol-
lows:

Dk’q(Q):{UGL}oc(Q) : ||Vku|\Lq(Q)<+OO}» ||vu||D’W1(Q)é‘lvku”L‘Z(Q);

Q=

WH(Q) = LY(Q)ND*9(Q), with the norm [Jul|yyr.e(q) = Z V™| Fa 0

|m|<k

We denote DF(Q)2 DF2(Q), H*(Q)2WHk2(Q). For simplicity, we denote L7(f),
Wha(Q), H*(Q) and D*(Q) by L7, W4 H* and D¥ respectively, and set

/fdxé/gfd:r, /OT/fd:cth/OT/Qfdxdt.

For two 3 x 3 matrices A={a;;}, B={b;;}, the symbol A: B represents the trace of
AB*, where B* is the transpose of B, that is,

3
A: Bétl"(AB*) = Z aijbij~
ij=1
Finally, for v=(v',v%,v%), we denote Vv = (9;v!,0;v2,0;v%) for i=1,2,3, and the ma-

terial derivative of v by ©£ v, +u-Vo.
The initial total energy of (1.1) is defined as

1 1
CO:/ <200|U0|2+G(Po)+2|H0|2> dx, (1.6)
Q

where

(>

G(p)2p / P Py p2plon).

52

oo

Now we can state our main result, Theorem 1.1, concerning existence of global
classical solutions to the problem (1.1)-(1.5).
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THEOREM 1.1.  Let Q be the exterior domain of a simply connected bounded region
D in R with smooth boundary 0. For q € (3,6) and some given constants My, My >0,
and p> poo+1 , the initial data (po,uo,Ho) satisfy the boundary conditions (1.4)-(1.5)
and

0<po<p,  (po—poosP(po) = Poo) € H*NW?4,
(’U,Q,HQ)EDlﬂDQ, /)0|’U,0|2—|-C;(p0)—i-|I{0|2ELl7 divHy =0, (18)
[Vuollr2 <My, [[VHo| 2 < Ma, (1.9)

and the compatibility condition
—pulug— (u+X)Vdivug+VP(po) — (V x Ho) x Hy=pg g, (1.10)

for some g€ L?. Moreover, p€ L?'? when ps =0. Then there exists a positive constant
e depending only on u, \, v, v, a, peo, p, M1 and My such that for the initial energy
Coy as in (1.6) if

COSEa

then the system (1.1)-(1.5) has a unique global classical solution (p,u,H) in Qx (0,00)
satisfying

0<p(x,t)<2p, (x,t)eNx(0,00), (1.11)

(p— Poo, P— Ps) €C([0,00); HZNW?29),
Vue C([0,00); HY) N L2 (0,00, HZNW?29),

ug € L2 (0,00; D* N D?*)NHL (0,00; DY), (1.12)

loc
H e C([0,00); H?) N L5, (0,00; HY),
(0,00; HY)NLE®

loc
loc

H;eC([0,00); L?) N H}

loc

(0,00; H?).

Furthermore, for all r € (2,00) if poo >0 and r € (v,00) if poo =0, we have the following
large-time behavior

Jim ([lp(8) ~ pocll + (P ) 0) [+ [Vl D)2 +IVH (1) 22) =0, (1.13)

Then, when p,, >0 and the initial density contains vacuum state, we can deduce
the following large-time behavior of the gradient of the density.

THEOREM 1.2. Under the conditions of Theorem 1.1, assume further that ps >0
and there exists some point xo € Q such that po(xo)=0. Then the unique global classical
solution (p,u,H) to the problem (1.1)-(1.5) obtained in Theorem 1.1 satisfies that for
any >3,

Tim V(1)) = oo. (1.14)

REMARK 1.1. From Sobolev embedding theorem and (1.12); with ¢ > 3, the solution
obtained in Theorem 1.1 becomes a classical one away from the initial time. As far
as we know, this is the first result concerning the global existence of classical solutions
to the compressible MHD system in a 3D exterior domain with large oscillations and
vacuum.
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REMARK 1.2. When we consider the following generalized slip boundary for the
velocity field:

u-n=0, curlu x n=—Au on 01,

and assume that the 3 x 3 symmetric matrix A is smooth and positive semi-definite,
and even if the restriction on A is relaxed to A€ W25 and the negative eigenvalues of
A (if they exist) are small enough, in particular, set A=B—2D(n), where B € W26
is a positive semi-definite 3 x 3 symmetric matrix, Theorems 1.1 and 1.2 will still hold
provided that 243X >0. This can be achieved by a similar way as in [4,7].

REMARK 1.3. For the magnetic field, we also can subject to the Dirichlet condition
H =0, on 99,
or the insulating boundary condition (see [13])
H xn=0, on 99.

After some slight modification of the proof in this paper, Theorems 1.1 and 1.2 will still
hold.

The rest of the paper is organized as follows. In Section 2, we review some known
lemmas and derive the elementary energy estimates and some key a priori estimates that
we use intensively in this paper. Section 3 is devoted to deriving the necessary time-
independent lower-order estimates and time-dependent higher-order estimates, which
can guarantee the local classical solution to be a global classical one. Finally, the proof
of Theorems 1.1-1.2 will be completed in Section 4.

2. Preliminaries

In this section, we list some known facts and elementary inequalities that are used
extensively in this paper. We also derive the elementary energy estimates for the system
(1.1)-(1.5) and some key a priori estimates.

2.1. Some basic inequalities and lemmas. We first state the following
Gagliardo-Nirenberg-type inequality in the exterior domain (see [8]).

LEMMA 2.1. Assume that Q is an exterior domain of some simply connected domain
D in R®. For p€[2,6],q€ (1,00), and r € (3,00), there exist two generic constants C >0
which may depend on p, q and r such that for any f € H'(Q) and g€ L1(Q)N D7 (),
such that

1£1lzo ey < CILFISS PGP w7 )| 3P0/ 20, (2.1)

r—3)/(3r r—3)) 3r/(3r r—3
lglle ) < Cllglgs == v g7/ Creat=, (22)

Next, we give the following Zlotnik inequality (see [35]), which will be used to get
the uniform (in time) upper bound of the density.

LEMMA 2.2.  Suppose the function y satisfies
y'(t)=g(y)+V'(t) on [0,T], y(0)=1°,
with g€ C(R) and y,b€ WH(0,T). If g(o0) = —c0 and

b(tg)—b(t1)§N0+N1(t2—t1) (2.3)
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for all 0 <ty <to <T with some Ny >0 and N1 >0, then
y(t) <max{y°,C}+No < oo on [0,T],
where  is a constant such that

g(O<=Ni for (=C (2.4)
The following two lemmas are given in [31, Theorem 3.2] and [24, Theorem 5.1].
LEMMA 2.3.  Assume that Q) is an exterior domain of some simply connected domain
D in R? with CY! boundary. For ve DY9(Q) with v-n=0 on 9%, it holds that
VUl o) < C(||divol| Laqy +[[curlv|| Laqy) forany1<q<3,

and

VUl Loy < C(|divol| ooy +[|curlv|| o) + | Vv L2(q)) for any 3 <q<4-oc.

LEMMA 2.4. Assume that Q is an exterior domain of some simply connected domain
D in R? with CY! boundary. For any ve W19(Q) (1< g<+o0) with v xn=0 on 0, it
holds that

IVllza(@) S ClIvllze (o) + 1divol| o) +[leurlo La(q)-
Moreover, we have the following conclusion (see [3]).

LEMMA 2.5.  Assume that Q) is an exterior domain of some simply connected domain
D in R3 with C*' boundary. For ve D¥*1P(Q)NDY2(Q) for some k>0, p€[2,6] with
v-n=0 orvxn=0 on IQ and v(z,t) =0 as |x| — oo, there exists a positive constant

C=C(q,k,D) such that

IVllwes ) < C([divollwes @) + leurlollws @) + IVl L2(@)-

Besides, similar to [1], we need a Beale-Kato-Majda-type inequality with respect to
the slip boundary condition (1.4) which can be found in [4].

LEMMA 2.6. For3<gq<oo, assume that u-n=0 and curluxn=0 on 0, Vue W,
then there is a constant C'=C(q) such that the following estimate holds

V| o < C(||dival| peo + ||curlul| Lo ) In(e + || Vu|| o) + C|| V| 2 +C.

Finally, we have the following local existence of classical solution of (1.1)-(1.5),
which can be proven in a similar manner as that in [12,29].

LEMMA 2.7. Let Q be as in Theorem 1.1 and assume that the initial data (po,uo,Ho)
satisfies the conditions (1.7), (1.8) and (1.10). Then there exist a small time Ty >0 and
a unique classical solution (p,u,H) of the system (1.1)-(1.5) in Qx (0,Tp], satisfying
that p>0, and that for 7€ (0,Tp),

(P = Poos P = Pog) € C([0,Tp); H*NW29),

Vue C([0,Ty): HY)N L (r, Ty: H2NW29),

ug € L=(1,Ty; D*ND?)NH (1,Ty; DY), (2.5)
HeC([0,Ty); H*)N L (1,To; HY),

H,eC([0,T0); L) N HY (1, To; HY )N L>(7,To; H?).
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2.2. Elementary energy estimates. In the following, let 7'>0 be a fixed time
and (p,u,H) be a smooth solution to (1.1)-(1.5) on © x (0,T]. We derive the elementary
energy estimates for the system (1.1)-(1.5) and some key a priori estimates which are
frequently applied later. First, we rewrite (1.1) in the following form:

pe+div(pu) =0,

2
pur+ pu-Vu— (A2p) Vdive + pV xw+ V(P—Py) :H~VH—V%7
Hi4+u-VH—H-Vu+ Hdivu=—vV X curlH,
divH =0,

(2.6)

where w= V x u,curlH £V x H. In view of (1.3), (1.4) and (1.5), multiplying (2.6), by
G'(p), (2.6)y by u and (2.6), by H respectively, integrating by parts over €, summing
them up, we obtain

(/ (G<p>+;p|u|2+§H|2)dx>t

+u/|w|2dx+u/|cur1H\2dx:O, (2.7)

+(A+2p) /(divu)zdx

which, integrated over (0,T"), leads to the following elementary energy estimates.

LEMMA 2.8.  Let (p,u,H) be a smooth solution of (1.1)-(1.5) on 2 x (0,T]. Then

1 1
sup (Il + 16 + 5181
0<t<T

T
+/ O 200)l[divae] 2 + pl|w |22 + vl curl H|22)dt < Co. (2.8)
0
REMARK 2.1. According to Lemma 2.3, it follows from (1.4) and (1.5) that

[Vull2 < C(||divul| L2 +[Jwl|2), (2.9)
IVH| 2 < C|lcurlH]|| 2. (2.10)

Besides, it is easy to check that

CHp=pe)? <G(p) SC(p—poo)?s i poo>0,0<p<2p. '

Then (2.8) together with (2.9)-(2.11), for 0< p<2p, yields
T
sup llo=puclie+ | (IVallfs +IVHIE: e <CCo (212
0<t<T 0

where r €[2,00) if poo >0 and r € [y,00) if poo =0.

Similarly to the compressible Navier-Stokes equations, the effective viscous flux
1
F2(A\+2p)divu— (P —Py) — §|H|2, (2.13)

plays an important role in our following analysis. More precisely, we derive some priori
estimates for I, w and Vu, which will be frequently applied later.
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LEMMA 2.9. Let (p,u,H) be a smooth solution of (1.1)-(1.5) on Qx(0,T]. Then for
any p € [2,6], there exists a positive constant C' depending only on p, u and \ such that
IVFlr <C(llptl|Lr + | H- VH|| Lr), (2.14)
IVwllr <C(llpil e + |1 H -V H|| Lo + [l pte]| 2 + | H - VHI| 2 4[|Vl 2), (2.15)
(2.16)
(2.17)

—
=2

3p—6 S—p
1F |l Lo < C(llpitll 2 + (| H-VH]||2) "2 (HVUHL? + (| P—=Paoll 2+ | H[F4) =, 2.

lwllze < C(lpill 2 + | H -V H]|2) 5 ||VUHL” +C[[Vul| 2, 2.17

IVl e <C(lpill g2 + | H-VH [ 2 + | P—Pocl| o + | H[? | o) 57 IIVUIIL” +C|[Vul| 2.

(2.18)
Proof.  First, (2.6)2 and (2.13) yields that
pu=VF —uVxw+H-VH. (2.19)
By (1.4), one can find that the viscous flux F satisfies
/VF~Vnda::/(pu—H~VH) -Vndz, Vn € O (R?).
It follows from [27, Lemma 4.27], for ¢ € (1,00), that
IVE||za <C([ptl|lza + | H -V H| La), (2.20)
which gives (2.14). Besides, for any integer k> 1,
IV F o <C(lpitlls + 1 H -V Hlyo). (2.21)

Also, notice that wxn=0 on 02 and divw=0, by Lemmas 2.4-2.5 and (2.19)-(2.21),
we get

IVw|Le SC(IV xw|[La +|wl|La) < Cllptel| o + [ H -V HI| o + [[w]| £e), (2.22)
and for any integer k> 1,

IVwllwre SC(IV xwllw.a +[lw]£2)
<Cllptllwe.o+1H-VH|weo+|pil 2 + | H - VHI| 2 + [V 2)- (2.23)

By Sobolev’s inequality and (2.22), for p € [2,6], it follows that
IVwlle <C(llpillce + | H -V Hl[ Lo + [|pil L2 + | H - VHI| g2 + [[w][ £2),

which implies (2.15).
Now, in view of the Gagliardo-Nirenberg-type inequality (2.1) and (2.14), one can
deduce that for p € [2,6],

3p—6

1E v <CIIFII CIvElE
3p
<C(lpillz>+1H-VH| L) >

_6 S—p
7 (IVullge + |1P=Pullpe + [ H[7:) 7, (2.24)

similarly, by (2.1) and (2.22),

3p—6

[wl|z» <C||w||L’” IVewll 2 (2.25)

<C(lpitll gz + | H-VH|| 2 + || V| £2) 5 ||VUI|LP +C[Vul 2,
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and we arrive at (2.16) and (2.17). Finally, combining (2.1), (2.9), (2.16) and (2.17)
yields (2.18) holds and the proof is finished. d

REMARK 2.2. From Lemma 2.5 and Lemma 2.9, we can get the higher order estimates
of Vu, which will be devoted to giving higher order estimates in Section 3.2. More
precisely, we can get the estimates of ||V2u||» and ||V3ul|» for p € [2,6] by Lemma 2.5,
(2.20) and (2.21), for p€[2,6],

IV?ul| e < O(|divallwrr +lwllwe + [ Vul| 22)
<C(lplle + | H-VH| o + VPl Lo + 1P~ Pocll o + || H*| o + | VH - H| e
+lpillpe +[|H-VH| 2+ || P—Po| 2 + | H|[ s + |Vl 2), (2.26)
and
IV2ull e < C(|divallwzr +[lwllwzs + | Vul| 22)
<C(llpallwrr +I|H-VH|wip + | P~ Pollwzo + || H[*|lw2
+lpillpe +[[H-VH| 2+ | P—Po] 2 + | H|[Zs + |Vl £2)- (2:27)

Moreover, notice that H-n=0,curlH xn=0 on 0f), by Lemma 2.5, for any integer
k>1, p€|2,6], we obtain

IVH||wxr <C(||curlH ||yrp + | VH] 2)
< O(||curl® H ||yyi-1.0 + || curlH || o + || VH]| 12), (2.28)

where curl? H £ curlcurl H and we have used the fact diveurlH =0.

To this end, we give the following boundary estimates which will be used frequently
later.

LEMMA 2.10.  Assume that (2 is an exterior domain of the simply connected domain D
in R® with smooth boundary 02 and D C Br. Let u€ D' with u-n=0 on 0. It holds
for feD?,

fu-Vu-ndS <C||Vf|2||Vul2., (2.29)
o

| w9 5ds <CU9 eVl (2.30)

Moreover, for Vue L>°NL*, fe D' N D2,
/ fu-Vu-VnudS <OV fllee[Vullzo + CIV flle2 [ Vul g2 [Vl Zs- (2.31)
Pro?);z. We adapt the ideas due to Cai-Li [4]. Since u-n=0 on 9%, it follows that

u-Vu-n=—u-Vn-u, on . (2.32)

Furthermore, in order to get the boundary estimates, one can extend the unit normal
vector n to  such that n e C? (Q) and n=0 outside Bagr. Denote £ ByrNQ, it follows
that

fu-Vu-ndS=— fu-Vn-udS
a0 a0
<C(lfu-Vn-ullpr + [V (fu-Vn-u) L)
§0(||f||L6(Q)||U||2Le(Q) + ||Vf||L2(Q)||U||2La(Q) 1A zo@) I Vull 2 ey lull o )

<CIV S Vullz,
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which yields (2.29). Similarly,

f?u-Vu-ndS=— f?u-Vn-udS
a0 o0

<C(If*u-Vr-ullp + | V(f2u- Vrou)| 1)
<CUF B 1l iy 171 oy 19 F 1y Nl gy 1712 192 oy o)
<C|IVfllz=lIVullZ. (2.33)
Moreover, if f € L, it is easy to check that
fu-Vu-ndS <C| f| L= Vul2:. (2.34)
a9

Next, u-n=0 on 02 implies
u=ulxn, ondQ, (2.35)

where u £ —uxn on 99Q. Noticing that div(Vf xv)=V xv-Vf, we have

/ u~Vde:/ ulxnondS:/ Vfxut-ndS
a0 a0 a0
:/div(wqu)dx:/v><uL.Vfdxgcuwumnvuum,
which yields (2.30). Similarly,
/ fu-Vu-Vn-udS= [ f(u*xn)-Vu-Vn-udS
a0

o0

= [ f(Vu-Vn-u)xu*-ndS
o

:/div(f(Vanou) x ut)dx

:/((Vu-Vn-u)qu‘)~Vfdx+/f(Vxul)~Vu~Vn-udx
<OV fllesVullze + IV fllo2 | Vull 2| Vul 74,

which yields (2.31) and finishes the proof of Lemma 2.10. d

3. A priori estimates

In this section, we will establish the necessary time-independent lower-order esti-
mates and time-dependent higher-order estimates, which can guarantee the local clas-
sical solution to be a global classical one. Let T'>0 be a fixed time and (p,u,H) be a
smooth solution to (1.1)-(1.5) on Qx (0,7] with the initial data (po,uo,Ho) satisfying
(1.7)-(1.9).

3.1. Time-independent lower order estimates. In this subsection, we will
derive the time-independent a priori bounds of the solutions of the problem (1.1)-(1.5).
Set 0 =0(t) 2 min{1,t}, we define

T
Al(T)éogltlgg(IIVUIIiﬁIIVHHizH/O o(|lv/pullfz+curl® H|[Zo+| Hel72)dt, — (3.1)
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T
A2(T)éoiljggz(||\/ﬁi‘”%2+||Cur12HH%2+||Ht||%2)+/0 o ([VallZ:+ [ VHe||2)dt, (3.2)

As(T)% sup ||H|%s, (3.3)
0<t<T

T
AUT) Esupot (Fulet [VHIE)+ | od(1piles et B3+ | i), (3.0
Sis 0

As(T)2 sup |p3ulls, (3.5)
0<t<T

where v =v; +u- Vv is the material derivative.
Now we will give the following key a priori estimates in this section, which guarantee
the existence of a global classical solution of (1.1)—(1.5).

PROPOSITION 3.1. Assume that initial data (po,uo,Ho) satisfies (1.7)-(1.9). Let
(p,u,H) is a smooth solution of (1.1)-(1.5) on Qx (0,T] satisfying

sup p<2p, Ai(T)+Ax(T) <2CE,
Qx[0,7T] . . (36)
A3(T) <205, Au(o(T))+ 45 (0(T)) <205,

then there exists a positive constant € depending only on u, A, v, a, v, Poo, P, M1 and
Ms such that

_ 1
p<IZ, Ay(T)+Ay(T)<C§,
[ T . . (3.7)
( )<C5 s Au(o(T))+A5(0(T)) < C7,
provided Co <e.
Proof. Proposition 3.1 is a consequence of Lemmas 3.1, 3.5-3.7 below. O

In what follows, we denote by C or C; (i=1,2,---) the generic positive constants
which may depend on wu, A, v,7v,a, pso,p, M1 and Ms but are independent of T'>0. We
also use C(«a) to emphasize that C' depends on o.

REMARK 3.1. Under the Assumption (3.6), it is easy to show that if Cy <1, there is
a positive constant C' such that

2

T
/0 (IVullts + [ VH|[L)dt < CCF (3.8)

which will be used frequently later.

The following Lemmas 3.1-3.7 will be proven under the same assumptions as in
Proposition 3.1. First, we give the estimate of Az(T).

LEMMA 3.1. Under the conditions of Proposition 3.1, there is a positive constant e
depending on u, A, v, a, v, pso, p and My such that

A5(T) <0,

Ow\»—t

(3.9)

provided Cy <e;.
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Proof. Multiplying (2.6)s by 3|H|H and integrating by parts over 2, we have

d
£||H||i3:—3u/curlH-curl(|H|H)dx+3/|H|H-Vu-de—2/|H|3divudx
<O\ H|| = IVH|72 +C||Vull 2] H |76
<C|VH[ 2 ewlPH| 2, +C|VH| 72 +CIIVH||12 + C| Vul{z,  (3.10)
which together with (3.6) and (3.8) indicates that

sup || H||7
0<t<T

3 g 5/2 273 3
<ltollto+C [ IVHIYeurtH] it + CCo+ OCf
0

5 oT) , 5 \5/4/ 4 o g \/4 s
<ol e [ (IVAIE)" (ot feutH ) o b
0

T 2
+C sup |[VH| / (IVHI2)"* (olleant?H|[3.) " dt+CCo+OC
telo(T),T] o(T)
<C,C8 (3.11)
where in the last inequality we have used the simple fact

3
4

3 3 3
[Holl7s < Cl Holl 22V Holl 72 < C(Ma)Cy -

(3.12)

Thus it follows from (3.12) that (3.9) holds provided Cy <e; £ min{1,C; **}. The proof
of Lemma 3.1 is completed. 0

LEMMA 3.2. Under the conditions of Proposition 3.1, it holds

T
A (T) SCC’0+C/ o||Vul|3 s dt. (3.13)
0
Proof. The proof of this lemma proceeds in two steps. First, let us consider the

short-time estimate of H. Multiplying (2.6)s by H and integrating by parts over 2, by
(1.5), (2.1), (2.10), we have

1 v
(2|H||2L2) +ollewlH |7z <[Vl g2 | H[7a < S llowlH |72 + C[Vul 2 | H| 7,
t
which together with (2.10), (3.8) and Gronwall inequality gives

T
sup ||H |12+ / |V H2adt < C|| Hol 2. (3.14)
0<t<T 0

By Lemma 2.9, one easily deduces from (2.6)3 and (1.5) that
(SllcurtH3.) +02 et B3 + | il < CQITullfe + [ Vul L) IVHIZ:, (315

using (2.10), (3.8) and Gronwall inequality, we get

T
sup [[VH|3 + / (lewrH |3, + | Hill32) dt < C|VHo[3.  (3.16)
0<t<T 0
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Besides, multiplying (3.15) by ¢ and integrating it over (0,77), by (3.8) and (3.14), we
obtain

T
sup (CT”VHH%;)‘F/ O'(HCUI'IQH”%;+||Ht||2L2)dt§OCO (317)
0<t<T 0

Next, it remains to show the estimate of u and we follow the same plan as used
in [7,19]. We focus on the boundary terms and give the sketch of the proof. Let m >0
be a real number which will be determined later. Multiplying (2.6), by ¢4 and then
integrating the resulting equality over €2 lead to

/07”p|u|2dx:—/amﬂ-VPdm+(>\—|—2,u)/a’”Vdivu-udx
—u/omv><w-ﬂdw+/0m(H-VH—V|H|2/2)~udm
EN+ I+ 13+14. (3.18)
First, by (1.1); and Lemma 2.9, a direct calculation gives
I1:—/Umut-V(P—Poo)dac—/amewVde
= (/Um(P—Poo)divudx) —mamfla’/(P—Poo)divudx
¢

+/0mPVu:Vudx+('y—1)/amP(divu)2dx—/ o™ Pu-Vu-nds
19)

< </U”L(P—Poo)divudx) +O||Vul|2s +Cma™ o’ C, (3.19)
t

where we have used (2.34) with f=P to deal with the boundary term in the second
equality. Similarly, by (2.32), it indicates that

12:(A+2u)/

a0
A+2

:()\+2u)/ o™divu(u-Vu-n)ds— +2 H (/J’”(divu)de)

a0 ¢

A42u

o™divu(a-n)ds — (A+2u) /deivudivudas

+

+Mamfla'/(divu)2d$ (3.20)

/om(divu)3dx—(A+2u)/amdivuVu:Vudx

For the boundary term on the right-hand side of (3.20), applying Lemma 2.10 and (2.9),
we obtain

(A+2,u)/ o™divu (u-Vu-n)ds
o9
m m m | HI®
=/ o"Fu-Vu-nds+ | ™ (P—Px)u-Vu-nds+ | o™—u-Vu-nds
20 20 20 2
<Co™(|VF| 2l Vull iz + [ VulZ + [ VHIZ2 [ VullZ2)

<Co™(|lpillLz + | H-VH|| )| Vul L2+ Co™(|Vul| 72 + Co™ [ VH| 72| Vul|Z
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1
<50 IVpilfs +Co™ flewl® H|[ Lo + Co™ (| Vul Lo + [VH|Z:) (IVullZ2 +1), - (3.21)

where we have used

|H-VH| 2 <C|H|| 1| VH| o < COF ([lcwrl® H]| 2 + ||V H]| ). (3.22)
Therefore,
A+2 1
I, <— +2 K (/Um(divu)de) +C’Um||Vu||i3+§om||\/ﬁuH%2 +Co™|lcurl®H||2,
¢
+Co™ (| VullZ: + IVH|Z) I Vullfe + C(IVullZ: + [ VH| 7). (3.23)

Next, by (1.4), a straightforward computation shows that
I3:—H / ™ w|2dx +@o’”_10'/|w|2dx
2 2
u/ (V' x Viu) - wdx+g/am|w|2divudx

<-—

N\t

( m|w|2dx> +Cma™ o' | Vul|32 +Co™||Vul|3s. (3.24)
Finally, by (1.5) and (2.28), we have

Iy= </am(H~VHV|H|2/2) ~udx> fmgmfla’/(H.VwaHF/z)-udx

t
+/Um((H®H)t:VU_(|H‘2/2)tdiVU)daE+/J"L(H-VH—V|H|2/2)~u-Vuda:
< (/Um(H~VH—V|H|2/2)-ud:c> +C(IVH|Z2+ [ Vul7)
t

+Co™ (| Hel|72 + |curlH][22) + Co™ [Vul[7s + Co™ [V H |72 Vul 7
+Co™|VH| L (IVH| L + [ Vull72)- (3.25)

Making use of the results (3.19), (3.23), (3.24) and (3.25), it follows from (3.18) that

((/\—&—Q,u)/am(divu)zdx+u/am|w|2dx> +/amp|u|2da:
t

< (/O—W(P—Poo)divudx) + (/am(H-VH—V|H|2/2)~uda:>
t t
+Cmo™ o' Co+ C(||VH |32 + || Vaul|32) (|| Vull 32 +1) + Co™ || Vu||3s

+ 00" (| Hyl[ 72+ |lcwrlPH | 22) + Co™ [V H| 2 (I VH | L2 + [Vl ), (3.26)

integrating over (0,77, by (2.9), Lemma 2.8 and Young’s inequality, we conclude that
for any m >0,

T
o™ || Vul|2. +/ /Jmp|1l|2d:cdt

< [ o el lews HI [ o [T HI (9 A + [l )
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T T
+OCy+C / o™ |V ul2 (1Vul3s + [V H|32)dt +C / o Vuldadt.  (3.27)
0 0

Choose m=1, together with (3.6), (3.8) and (3.17), we obtain (3.13). The proof of
Lemma 3.2 is completed. 0

LEMMA 3.3.  Under the conditions of Proposition 3.1, there is a positive constant €5
depending only on pu, \, v, a, v, pso and p such that if Cy<eq,

31 T
A(T) < CCH +CA(T) +C / o2 [Vl dt. (3.28)
0

Proof. Operating o™’ [0/0t +div(u-)] to (2.19)7, summing with respect to j, and
integrating over ), together with (1.1),, we get

:—/amujdiv(puju)dx—%/ampt|u|2dx+/am(a-VFt + 4! div(ud; F))dz
—|—u/om(—u-V><wt—ujdiv((V x w) u))dx
+/am(a~(div(H@H))t+1Zjdiv((div(H®Hj)u))dx

:/Um(u'VFt + 1 div(ud; F))dz
+M/O’m(—’[lnv X wi — W div((V x w)? u))dzx
+/om(u-(div(H®H))t+ujdiv((div(H®Hj)u))d:c

£+ o+ Js. (3.29)

Let us estimate Ji,Jo and J3. By (1.4) and (2.6);, a direct computation yields
J1:/{momFm-nds—/UmFtdivudac—/Umu~Vuj8dea:

:/aQamFtﬂ-nds—(/\+2u)/om(div1l)2dx—|—(A+2u)/o’”divuVu:Vudx
—7/adeiviLdivuda:+/amdivdeFdx—/amu-Vﬂjadea:
+/UmdivﬂH-thm+/amdivau~VH~de

S/EmamFtu-nds—(/\+2u)/0m(divu)2dx+ %UmHVQHQLQ +Co™||Vul|].
+Co™ (| Vul3a I VFI3s + CF IVl + [Vl 32 VH 2. [VH26),  (3.30)

where in the second equality we have used

F,=Q2u+N)divi— (2u+X)Vu:Vu—u-VF+u-VH-H+~Pdivu— H - Hy.
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For the boundary term on the right-hand side of (3.30), using Lemma 2.10 with f=F,
we have

/ UmFtu-nds:—/ o™ Fy(u-Vn-u)ds
o0 o0
:_(/ Um(u.Vn.u)Fds) —|—mam710'/ (u-Vn-u)Fds
0 ¢ 00
—|—/ Jm(FiL-Vn-u—l—Fu-Vn-u)ds—/ o™ (F(u-V)u-Vn-u+Fu-Vn-(u-V)u)ds
o0 0
<-— (/ Jm(u.Vn-u)Fds) +Cma™ o' ||Vul| 32 ||VF|| 2 +%am|\vu||2ﬂ
90 ¢
+Co" (IVull 2l VEI 2 + [ Vul 2V El 2 + IV E | o | Va2 + | Vul 74). (3.31)

From Lemma 2.9 and (3.22), we have

IVul3=lIVF||7. <C(llv/pill 32 +lcurl?H||3:) | Vul|7 > + C|Vul|7: [VH[72,  (3.32)
5 .

[VF|| o] Vul32 < 2° IVal|32 +C|[Vull$ > + ClleurPHI|7 | Vul|7-
+C||VH|?2, +C||VH|, (3.33)
0 e - .

[Vul|Z:||[VF|7s < 12° IVill72 +Clly/pil 2 Vul 72
+C||Vul2: | VH||2: |carlH||2. +C||Vu|2: || VH| 1. (3.34)

Putting (3.31)-(3.34) into (3.30), we have

Ji < —()\—|—2,u)/am(divu)2dx— (/m Um(u~Vn-u)Fds)

t
[ m v 2 m 4 4 277112
—1-30 (IVU||72+Co™CF |VH |72 +Co™(|VH|| 72 + |Vl 2) |lcurl” H| 52

+00™ (|y/pil 2z +llewl*H|22) |Vl 72 + Co™ ly/pil| 2 [ Vull 7
+Co™ | Vul s+ Co™ (| Vul 1. +1)(IVul L2 + [ VH L) + Co™ [ VH]|[7
+Cma™ o' (||/pullfz + lewl? H|[ 72 + (| Vul 72 + [ VH| 72). (3.35)

Next, notice wy = curlit—u-Vw —Vu' x d;u and (1.4), it follows
Jo= fu/orm|curla\2dz+u/amcurla' (V' x Vu)da
- /L/O’mdiV’LL(w -curld)dz — ,u/am(w x Vu') -V uda
< —u/am|curla\2dz+ gamuwuiz +Co™ |Vl (3.36)
Finally, a direct computation shows that

ng—/amvu:(H®H)tdx—,u/amH.VHju-Vujdx
<Co™ (V|2 | H || s [ Hell o + IV ]| 2 [ H | Lo |V H]| Lo [|ul o)
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9
g o™ |Vl + Co™ (|VH| 72 + | Vul| 7o) [curl® H| 7 -
—|—CamC’077||VHtH%2 +Co™||VH|1:||Vul2e. (3.37)

Combining (3.35), (3.36) with (3.37), we deduce from (3.29) that

o™ .. m .
(2”@@2) O 2p2)0™ [divitl 22 + o™ eurli[2.
t

<- (/ Um(u-Vn-u)Fds> +60™|| V|3 —l—C’omC’(f%HVHtHQLQ
o9 t

+Co™||Vu| 1 +Co™(|VH| 22 + || Vul|22)|curl® H||2,

+Co™(|ly/pull7 + lleurl?H||32) [ Vull 72 + Co™||/pil 32|Vl 1-
+Co™(|[Vulli: + D(Vulll +[IVH|12) +Co™ | VH||
+Cmo™ Yo’ (||/pirl| 22 + ||carlP H |22 + || Vul| iz + || VH|22). (3.38)

As observed in [4], it follows from (2.35) that
(it — (u-Vn) xut)-n=0, (3.39)
which together with Lemma 2.3 yields

Vi 2 < C(|[dival| g2 + [Jeurlil| 2 + || V[(w- Vn) x u']]| 2)
< O(||divar g2 + || curla]| L2 + || V|22 + || Vaul[24). (3.40)

By (3.40) and Lemma 2.8, choosing § small enough, and integrating (3.38) over (0,77,
for m >0, we get

T
o Vpila+ [ om Vil
. T
S—/ Um(u-Vn-u)Fds—i—CCO”/ o™ ||V Hy||32dt
o0 0
T 2
JrC’/ o™ || Vul[}adt +CCJ sup o™(||curl® H||22 +||\/pit]|%2)
0<t<T

+CCO Sup o M(IVH|2: + || Vul22)+CCo  sup o™ || Vul2.
<T 0<t<o(T)

U(T)
+C’/ Lot 2z + ||curl® H||2,)dt + CCy. (3.41)

For the boundary term in the right-hand side of (3.41) , using Lemma 2.10 again, we
have

(u-Vn-u)Fds < C||Vul|32||VF|| L2
Q

Vi3 +CCF llewtH |2, +C(IVH |3+ [ Vull ). (3.42)

S—

L\DM—*

Therefore,

T 2 T
a’”H\/ﬁuHQLz—i-/ am||vu||izdt—c2cg7/ o™V Hy||2.dt
0 0
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T 2
<0 [ o IVullbudi+CC sup o™ (Jeut® |+ Vi)
0<t<T

+009 supTa M(VH|3: + || Vul22)+CCo  sup o™ || Vul/22

0<t<o(T)
a(T) )
+C [ mam (il + et |2 e+ OCy
+CCO27Jm||6ur12HHL2 +Co™(|VH|32 + || Vul|72)- (3.43)

Next, we need to estimate the term ||V H||2. Noticing that

{Htt — vV x (cwrlH;) = (H -Vu—u-VH— Hdivu);, in €, (3.44)

H; - n=0, curlH;xn=0, on 01,
and after direct computations we obtain
(G2 ) o™ et = om 1o/l
:/Um(Ht-Vu—u-VHt—thivu)~tha?
+/0m(H-Vu—u~VH—Hdivu)-thx
—/O’m(H'V(U'VU)—(U'VU)~VH—HdiV(U'VU))'thdi
LK1+ Ko+ Ks. (3.45)
By Lemma 2.1 and Lemma 2.9, a direct calculation leads to
Ky <Co™ ([ Hell s | Hell Lo |V ull 2 + [ull Lo [| Hel L3 [V He | 22)
< 2™V H s+ Co™ |Vl ol el (3.46)
Similarly,
Kz < Co™ || H] s | il o | Vit 2 — /a o (i) (H - Hy)ds
+/omdiqu-thx—f—/amipVHt-de
g/m " (V- u) (H-Hy)ds + CCZ o™ (| Vil 20+ V Hy |25). (3.47)

For the boundary term in the last inequality, we use the similar method as that used in
Lemma 2.10 to get that

/ o™ (u-Vn-u)(H-Hy)ds

o0

<Co™(|[ull o |Vl 2 | H || o || Hell o + ull 7o |V H || 2 | Hel| o
HlullZo IV Hell 2 [ H | o + [l Lol | H || o] | He | o)

s
< 0" IVHL 32 +Co™ ||Vl 1|V H] 2. (3.48)
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Combining (3.47) and (3.48), we have
) a .
Ky < Qo™ [V Ha +Co™ (IVull 2 [V H 32+ CF (Wil + [VHIZ:). (349
Similarly, by (3.48), a direct computation yields

5 . .
K3 < oo™ [VH||Z2 +Co™ (I Vullze + [ VH[72) ([ Vil 12 + [leur* H | 72)
+Ca™||Vul |22 IVH |22 (I V|72 + [ VH| 72 +1). (3.50)

Putting (3.46), (3.49) and (3.50) into (3.45), choosing ¢ small enough, we have

1
(™([Hell7z2), + 0" IVH |72 —CCF o™ (IVil 72 + | VH||72)
<Co™(|Vullp2 + IVH|| L) ([vpill 7z + el H|| 7, + | Hy72)
+Co™||Vul|2:||VH|2: (|[Vul|2: + || VH|2: +1) +Cma™ o' || Hy||2..  (3.51)

Integrating over (0,77, then by Lemma 2.8, for m >0, we get

T 1 T
o™ Hy |2+ / o™ |V Hy |2 dt — C5CF / o (V20 + |V Hy|2.)dt
0 0

2
<CCy sup o™ (|[V/pulze +|lcurl® H|[72 +[|Hel|72) +CCo sup o™|[VulZ,
0<t<T 0<t<T
3 2 2 o 1 2
+CC§ sup Um(||Vu||Lz—|—||VHHL2)+C/ mo™ || Hy||72dt. (3.52)
0<t<T 0
Now take m=2 in (3.43) and (3.52), we deduce after adding them together that

T
Uz(llx/ﬁitH%HIIHtII%z)Jr/O o*([Vall7z +[IV Hy 72 )dt

., (T . /T
—cgcoﬁ/o UZHVHtHQLth—CgC?/O o2 (| V|32 4+ ||V Hy||32)dt

T 2
SC/ o?||Vul[14dt+CC§ sup o> (||\/pil 72 + [lcurl H||7. + || Hyl|7)
0 0<t<T
2
+CC§ sup o*(|[VH||7:+[|Vul[72)+CCo sup o Vull7,
0<t<T 0<t<T
a(T) )
+C [ oIVpilfa+ leuHE + | Hll)di-+CCo
0
+CCF o?||carlPH|[22 + Co*(|VH |22 + || Vul 1)
T .
gc/ 2| Vul[L.dt+CCR +CAL(T)+CCo+CCH. (3.53)
0
Thus we have

T
sup 02(||ﬁu||ig+||Ht||iz)+/ o? (V|72 + |V He |72 )dt
0<t<T 0

T 31
gc/ 02| Vul|! adt +C Ay (T) + CCEE, (3.54)
0
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provided that Cj is chosen to satisfy
Co<es L minfer, (4Cy) 7, (4C) T},

Finally, by Lemma 2.1 and (1.1)s, it holds

1 1
lewrl® B 2 < O(1H | 2 + llewrl H| 2|V H| 2|Vl 2 + |V H] 12|V 22)

1
S5||Cur12H||L2+C(|\Ht||L2+|IVHIIL2IIVUII%ﬁIIVHHLzIIVUHB)- (3.55)

Thus, by (3.6) and (3.55), we have
2 2 772 T, 4 51
sup o|lcwl“H||7. <C [ o°||Vu||j4dt+CA(T)+CCE*. (3.56)
0<t<T 0

Combining (3.54) and (3.56), we give (3.28) and complete the proof of Lemma 3.3. 0O

LEMMA 3.4.  Under the conditions of Proposition 3.1, there exist positive constants
C=C(p,My,Ms) and e3 depending only on p, A\, v, 7y, a, poo, p, M1 and My such that if
Co<es,

a(T) B
sup [Vullas [ Rl <C, (3.57)
0<t<o(T) 0

o(T) B
O<thP(T)t(||x/5ﬂ||2m+||CUI"12H||2L2+||Ht||%2)+/O t(IValZ.+IVHel|72)dt< C. (3.58)

Proof. As we have done in the proof of Lemma 2.9, multiplying (2.6)2 by u; and
integrating over €, using (3.6), Sobolev’s and Young’s inequalities leads to

2 HP
(/\_; 'u/(divu)Qdm—l—%/lCurlu|2dm—/(P—Poo—| 2‘ )divudm) —|—/p|u|2da:
t

= (/(H-VH)~udm)t—|—/pu-(u-Vu)dm—/Ptdivuda:
—/(H~VH—VH-H)t-udx

2 d

dt
By (2.1) and (3.9), we have

Lo+Ly+Ly+Ls. (3.59)

2
Lo <C[|H|[s|[VH]| 2[Jul| s < %”VUHQLQ +CC§T | VH|[7». (3.60)

Using Lemma 2.1, Lemma 2.9, (3.6) and (3.22) yields

L, :/pa~ (u-Vu)dx

<Cllp2 i g2 p"*

ul| s [[Vul| Lo
R
<CCF |p2al|72 +C(|Vullfa+||P—Po|[ 7+ H-VH| 7 2)

1
<CyC§ (2 all7 + ewrl® H|[22 + | VH|72) + C(IVull22 4| P—Pocl7e).  (3:61)
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Next, by (2.6)1, (2.13), (3.6), Lemma 2.9, Sobolev’s and Young’s inequalities leads to

1
A42p
1

e / (P — Py)*divudz 4 / P(divu)?dz
<C(IVull 2| Fll 2 + 1P = Pocll s [V Fll 2 l|ull ) + | P = Poc | 2 | Vel 2 + [V 7.2)

1
<ClIVull 2 (IVpil 2 + [ Vull 2 + | P = Pl g2+ C§7 (llcurl® H| g2 +[|V H]| 2))

Ly= /(P—Poo)(Fdivu—i—VF-u)dac

1 . 2
<< IVpil 32 +C(IVull7z 4P = Poll72 + C57 ([cwl®H |72 + | VHI|72))- (3.62)
Using Lemma 2.1 and (3.17), a direct computation yields

L3:—/(Ht-VH—VH-Ht)-udx—/(H-VHt—VHt-H)-uda:
SC([Hil 2 IVH || s [Vl 2 + [ Hell 2 [ H || s [[ Vel o)

<CsC§ (lp2 il 72+ Vull2e + | Hel72 +llewr®H | 72 + | VH | 2 + | P—Poo | 76)
+C| Hel[ 72 + CUIVH 22 + lleurl® H| 2|V HI| 2) [ Vul |7 (3.63)

Putting (3.60)-(3.63) into (3.59), we obtain

H]|?

((/\+2u)divu||2L2 +u|\curlu||2L2—2/(P—Poo— )divudm) —|—/p|u|2da:
¢
2
S(%”VUHZL2+OCO27”VHH%2)15+C(1+HVHH%?+||Cur12HHL2HVHHLQ)HVUH%Z
+C (| P=Poclfo+1P—PoollZ2 + || Hel[72 + leurl*H[72 + [ VHZ2) (3.64)
provided that Cy<é; 2 (404 +4C5)~27. By Gronwall’s inequality, (3.16) and Lemmas
2.3, 2.8, one has
o(T) 13
sup HVUH%H-/ /PW\Qd%dtSC(HVUOH%z+||VH0||2L2)+CCO ;o (3.65)
0

0<t<o(T)

which yields (3.57).
It remains to prove (3.58). Taking m=2—s in (3.38), (3.52), and integrating over
(0,0(T)] instead of (0,T], in a similar way as we have gotten (3.53), we obtain

o(T)
sup o (| V/pil2s + | Hi|22) + / o (Vs + | V|22 dt
0<t<o(T) 0
a(T) 5
gc/ o||Vu||jdt+C, (3.66)
0

where we have taken advantage of (3.55) and (3.57). Furthermore, by (2.18), (3.22) and
(3.57), for s€(1/2,1], we have

o(T)
/ t| V|7 .dt
0

o(T . o(T
<C [Tt pal3s + lewrP H |3, + | P— Puolf3 s + | VHI[3) V| p2dt +C 77 | Vul4dt
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1 1 1 .
<c+c/ 3 (5[ VullF2) 2 (85 | pilF2)? (¢l Vil )t
+C / riw||Vu||L2>%<t%chﬂ?Hniné<t||cur12H||%2>dt
0

<0Cy sup  (t(||\/pull3.+ |curl®H|2,))+C.

0<t<o(T)
Besides, from (3.55) and (3.57), we have

sup t||cur12HHL2<C sup t||Ht||%2+C~’.
0<t<o(T) <t<o(T)

Then combining this with (3.66) and (3.67), we have

o(T)
sup o (|lv/pill7: + HHt||2L2)+/O o(IVal[Zz +IIVH:|7)dt

0<t<o(T)

1 .
<CeCy  sup o(|ly/pulz: +|[Hell72)+C
0<t<o(T)

(3.67)

(3.68)

(3.69)

Therefore, if we choose Cy to be such that Cy <e3 2 min{é;,(2Cs)~°}, (3.69) and (3.68)

implies (3.58). The proof of Lemma 3.4 is completed.

|

LEMMA 3.5.  Under the conditions of Proposition 3.1, there exists a positive constant

g4 depending only on p,A\,V,7y,a,p00,p, M1 and My such that if Cy<ey,

©l=

Ay(o(T))+As(0(T)) <C{.
Proof. We begin with the estimate on Ay4(c(T')). Using (3.57), we have

Ag(o(T) < sup ([Vul72) sup  (t]|Vul7a)

0<t<o(T) 0<t<o(T)
+ sup (|[VH[2)T sup (f|VH|2.)7
0<t<o(T) 0<t<o(T)

o) e T
e[ weralaa) ([ ot alear
0 0

1

o(T) 4 o(T) 4
+ / |cur®H||2, dt / tl|curl®H||2,dt
0 0

<cA(T)i<cof <oy,

(3.70)

(3.71)

Next, it remains to estimate As(o(7")). Multiplying (1.1), by 3|u|u, and integrating

over €2 leads to

(/p|u|3dx) SC/|u\|Vu|2dx+C/|P—POO||u||Vu\dx+C/|H||VH||u|2dx
t

5 1 1 1 1
<CIVull gz (llpil 22 + 1P = Pucl| 72 + llcwl*Hl| 22 + | VH )
1
+C|Vulf. +CCF [ Vulliz + C(IVH| L2 + [ Vul 72).

(3.72)
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Hence, integrating (3.72) over (0,0(T)) and using (3.6), (3.8), we get

o(T) L - ) ,
swp [ pluPde=e [0Vl (ol + eusPHIE) e
0<t<o(T) 0

+C / " vl et v E) et
+CCO+CCO%+/po\u0|3dat
<co§ +/po|u0|3dxgc7c§, (3.73)
where we have used the fact

1 3 3 3
[ mluolds <Clog uol 19wl f. <0G (3.74)

Finally, set e4 =min{es, (C7) 718}, we get A5(o(T)) SC’O%. The proof of Lemma 3.5 is
completed. ]

LEMMA 3.6. Under the conditions of Proposition 3.1, there exists a positive constant
g5 depending only on p, A\, v, v, a, peo, p, M1 and My such that

AL(T) + Ay(T) < Cp, (3.75)

provided Coy <es.
Proof. By (2.1) and (2.12), one can check that

T T T
/ a||Vu||§3dtgc/ o—||vu||L2||Vu||i4dt§cco+c/ 2| Vultdt,  (3.76)
0 0 0
which, along with (3.13) and (3.28) gives
& T 4
Al(T)+A2(T) SC(C(SM +/ g HV’LL||L4dt) (377)
0

So it reduces to estimating fOTU2HVuH‘i4dt. On the one hand, by (2.18), (3.22), (3.6)
and Lemma 2.9 again, it indicates that

a(T)
/ 2| Vul !, dt
0

o (T)
SC/O t2((IV/pillz> + | P=Pooll o+ IVH |22+ llcurl®H | 22) | Vul| 2 + | Vul 1. ) dt

o(T) 1,1 1,1 . 1 .
SC/o (7| Vull72)2 (85 || Vpull72) 2 (2] /pall72)de+CCo

o(T)
+C £ (47| V)| 22) 7 (5 eurl® H |1 22) (2| curl® H| 2. ) dt
0

<CCH. (3.78)
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On the other hand, by (3.6), (2.12) and Lemma 3.4, we have

T
/ o2 Vul| dt

(1)

<C/ ((IVpullZs+ 1P~ Pu|[7o+ IV H |22+ eurl® H[32) | Vull 2+ (| Va7 ) dt

§000+C/ 02||P— Py |3 4dt. (3.79)
o(T)

Furthermore, it follows from (1.1); and (2.13) that P — Py satisfies

P—P, -V(P—Py)+ P—P,
( Jet+u-V( )+ o +/\( F
b (PPt (P P)|H|?+yPxdivu=0. (3.80)
2+ A 220+ \)

Multiplying (3.80) by 3(P— P, )? and integrating over ), after using (2.16), we get

3v—1 4

P—P,
P Pl

<= (1P = Pllzs), +0llP = Pl s + ClIF |14+ ClIVH| 52+ C |Vl 7
<= (1P = Px|[75), +0l1P = Posllzs + C(llptel 72 +lleurl® H|[72) (I Vull 2 + [V H | 2)
+C(llpa 2 + |ewl® H||22) 1P = Pooll 2 +CIIVH| 32 + OV 2. (3.81)

Multiplying (3.81) by o2, then integrating over (0,7, and choosing § suitably small, by
(2.12), (3.6) and (3.8), we obtain

T
/ 02||P— Pso||3adt
0

<C sup | P Pulfls+C / |P— Pt

+C/ (lpilfs + lowr H I (V2 + |V H | 12)e

13
e / 2(|lpil[d. + lourlH|[32) | P — Paclladt + CCf +CC

<C(p )018. (3.82)
Combining (3.78), (3.79) and (3.82), it follows from (3.77) that
A1(T)+ Ao(T) < CsC . (3.83)
Set e5 2min{ey,(Cg °}, then (3.75) holds when Cy<es. The proof of Lemma 3.6 is
completed. ]
We now proceed to prove the uniform (in time) upper bound for the density.

LEMMA 3.7.  Under the conditions of Proposition 3.1, there exists a positive constant
gg depending only on p, A\, v, v, a, peo, p, M1 and My such that

-
sup_[lp(t)|z= <2, (3.84)
0<t<T

4



Y. CHEN, B. HUANG, AND X. SHI 709

provided Cy < é€g.

Proof. First, the equation of mass conservation (1.1), can be equivalently rewritten
in the form

Dip=g(p)+0'(t), (3.85)
where
P-P,) 1 g H|?
D,p2 . s PP—Po) s F dt.
02 pit+u-Vp, g(p) TE (t) ) Op( +-)

Naturally, we shall prove our conclusion by Lemma 2.2. It is sufficient to check that the
function b(¢) must verify (2.3) with some suitable constants Ny, V7.

For t€[0,0(T)], one deduces from (2.1), (2.2), (2.14), (2.16), (3.6) and Lemmas 2.9,
3.4 that for dp as in Proposition 3.1 and for all 0<t; <ty <o (T),

t 2
- N Ll
b(t2) b0l =55 || eE+

o(T) )
SCA (IF |+ [ H |2 )dt
or) . o(T)
<C [ AR Fdere [ el ] ot
0 0
a(T) 1 g 1 1
sq/ (vl Ea + et B )|Vl £ de
0
a(T) ! 9 1 1 9 3
+c/ /il 2+ e H|| 2 |V H | B eunt2 )|, dt
0
o(T) o 9k
+CA (/i 2 + leur2H| )|V H]| odt

a(T) 1 1 3 3 3
+C/ (IVHIZAIVal 2o + I VH| £ lewrl® H| £ + |V HI| 72 ) dt
0

o(T) 5
+C/ IVH||z2(|VH]| 2 + [leurl®H | 2)dt £ > B;. (3.86)
0 i=1
We have to estimate B;,i=1,2,---,5 one by one. A direct computation gives

o(T) l . 5
B <C/ % (Ipull7 2+ |lewrPH||72)) * (¢]|Vil|32) Tt 164t
<o (3.87)

similarly,

o(T) 1 1
&SCA (t(l /2 + [eurl2H|2.)) * (67| VH|2:)F

3
8

x (% |Jeurl2H|[2,) ¥ =2 dt < O, (3.88)

=

m\»a
m\w
©

dt<CC (3.89)

S

o(T) N
Bo<C [ (B (Ivpile+ lew HE) (9 HIE) b
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Bi< c/ IVH| L (H]Val2.) Tt de
U(T) 1 3 1 2 3 3
+c/ (I VH|Z) (¢ ewPH|22) o dt
0
o(T) L 3 5 1
+C’/ (IVH|Z) v ar < oo, (3.90)
0

oy 2 V3,1 277112 V24—
Bs < (t7|VH|32)® (t7 || cwrl®H|32) 2t~ 7 dtdt + CCo
0

<ccy. (3.91)
Putting (3.87)-(3.91) into (3.86), we have
1b(t2) — b(t1)] < CoC3F . (3.92)
Combining (3.92) with (3.85) and choosing N; =0, NO:CgC’OS%, ¢ =poso in Lemma 2.2
give

3
sup  lpllp~ <p+CoC3® <22, (3.93)

t€[0,0(T)] 2’

_\ 36
provided Cp < ég = min{es, (ﬁ) +-

On the other hand, for t € [o(T),T], o(T) <t; <t2 <T, it follows from (2.14), (3.6),
and Lemma 2.9 that

) =B <C [ (I s+ HIfE i

to
(ta—t1) 4+ C / IFIE3di+C / | H|)2 it
t1

T

< (t2 7t1)+CC§/ (IVall72 + IV H| g2 leurl® H|[72 + ||V H]| 72 )dt
A+2p o(T)

<
_)\+2

to
+CCy+C / (IVH | e llearlPH | 2 + |V H |22 )dt
t1

a 2/3
< — . .94
< )\+2/~L(t2 t1)+C10Cy (3.94)

Now we choose NozClng/S, N1 =575, in (2.3) and set (=22 in (2.4). Since for all
(>C=2>po+1,

aC SR a
TS S w7

Together with (3.85) and (3.94), by Lemma 2.2, we have

9(¢)=—

=—Nj.

3/ 0
sup  |pllpe <7+c1 02/3<Zp (3.95)

telo(T),T]

provided Cp <eg = min{567(4£10 )3/2}. The combination of (3.93) with (3.95) completes

the proof of Lemma 3.7. ]
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3.2. Time-dependent higher order estimates. In this subsection, we de-
rive the time-dependent higher order estimates, which are necessary for the global
existence of classical solutions. The procedure is similar as that in [3, 19, 20], and
we sketch it here for completeness. From now on, assume that the initial energy
Cyo<eg, and the positive constant C may depend on T, u, A\, v, a, ¥, Poo, P,
Q, My, Ms, [|[Vuol s, VHollmr,[[po — poollwza, [[P(po) = Pocllwza, |lgllz2 for g€ (3,6)
where g € L?(Q) is given by compatibility condition (1.10).

LEMMA 3.8. There exists a positive constant C, such that
T
OiltlgT(IIVUII%z+HVHH%z)+/O (Ivpulzs + 1 Helz2 + V2 H||Z2)dt <C, (3.96)

T
OggT(II\/ﬁ’tlH%+||Ht||%z+||V2H||iz)+/0 (IVallZs + I VH|[72)dt <C, (3.97)

T
sup (||VpllLonre +HVUHH1)+/ (IVullp= +V?u|Fe)dt < C. (3.98)
0<t<T 0
Proof. First, combining (2.28), (3.16) and (3.57) along with Proposition 3.1 gives

(3.96). Then choosing m=01in (3.38) and (3.51), integrating them over (0,7°), by (3.42),
(3.96) and the compatibility condition (1.10), we have

T
OiggT(H\/ﬁﬂH%erHHtl\sz+||V2HH%2)+/O (IVallZ: + IV Hyl[72)dt

T
<ctc / (Bl + IV2H| 2o + [VH|L V2 H |2, )dt
0
1 .
<Cty sup (il + V2 HIE.), (3.99)
0<t<T

where we have also used Lemma 2.1, Lemma 2.9, (3.22) and (3.55), then we deduce
(3.97) from (3.99).
Next we want to prove (3.98). For 2<p<6, |Vp|P satisfies
(IVolP)e +div([Vp[Pu) + (p— 1)V p[Pdivu

+p|VolP (V) Vu(Vp) +pp|Vp|P~?Vp- Vdivu =0.
Thus, by (2.14), it follows

(UIVellr)e <CA+(VullL=) IV ol + ClIVF| r + CVH - H]| Lo
<CA+VullL=)IVpll Lo +Cllpil| e +C|| H|| L || VH|| - (3.100)

We deduce from Gagliardo-Nirenberg’s inequality, (2.14), (2.15) and (3.97) that
[[dive]| Loe +[|w]| Lo
<C(IFllp=+11P =Pz + | Hll7 ) + [lw] £
<C(|F|lz + Vo +[lwll 22 + [ Vwllzs + [P = Pooll e + [ H | 6 [[VH | o)
<C([IVi L2 +1), (3.101)
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which together with Lemma 2.6 and (2.26) indicates that

[Vl e < C(||dival| Lo + |||z ) In(e+ | V3ul| o)+ C||Vu 12 +C
SC(1+(| Vi p2) In(e+ [Vl Lz + (Vo o)
<O+ ||Va||32) +C(1L+ || Vil z2) In(e+ || Vol £s)- (3.102)

Consequently, taking p==6 in (3.100) leads to
(e+IVpllzs)e <CA+[IValZa + 1+ (Vi L2) n(e+ [V pll o)l (e+ [Vl o),
which can be rewritten as
(In(e+[Vpllze)), < CQ+IVal|72) + CA+ Vil p2) In(e+ [ Vol o). (3.103)
By Gronwall’s inequality and (3.97), we derive

sup ||VpllLs <C. (3.104)
0<t<T
Furthermore, by (3.102) and (2.26), together with (3.96) and (3.97), we have
T
/ [Vu||p~dt <C. (3.105)
0

Similarly, taking p=2 in (3.100), by Gronwall’s inequality, together with (3.97) and
(3.105), we obtain that

sup ||Vpllp2<C. (3.106)
0<t<T
Moreover, combining (3.96), (3.97), (3.104), (3.105) and (3.106) yields
T
/ V2u||2cdt<C, sup |lulg><C. (3.107)
0 0<t<T

This finishes the proof of Lemma 3.8. ]

LEMMA 3.9. There exists a positive constant C' such that

T
sup |lv/pusl|32 +/ /\Vut|2d:rdt§07 (3.108)
0<t<T 0
sup ([lp— poollmz + | P — Poo|| ) < C, (3.109)
0<t<T
T

sup (HP*Poo||H2+||PtHHlHlPtHHlH/ (el 22+ Prell22) dt < C, (3.110)
0<t<T 0

T
sup oVl +[VHIE) + [ ol /Bunlfa+ [ Hal2)de <C. (3.111)
<t< 0

Proof. Based on Lemma 3.8, (3.108)-(3.110) can be obtained by the same way as
that in [4]. It remains to prove (3.111). Introduce the function

K(t):()‘+2“)/(divut)2dx+ﬂ/|Wt|2dm+u/|Cur1Ht|2dx.
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Since u;-n=0,H;-n=0 on 09, by Lemma 2.3, we have
IVue|32 4+ [VH |72 <C(Q)K (). (3.112)
Differentiating (2.6), 5 with respect to ¢,
puri— (A 20) Vdivuy +pV xw; ==V Py — pyus — (pu-Vu)+(H-VH—-V|H[*/2);, (3.113)
and
Hy —vV xcurlHy = (H-Vu—u-VH — Hdivu), (3.114)
then multiplying (3.113) by 2wy, multiplying (3.114) by 2Hy, we obtain
d
@K(t)+2/(p|utt|2+ |Hy|?)da
d
:%(7/pt|ut|2dxfQ/ptwVu~utdx+2/Ptdivutdm
—/(2(H®H)t Vo — \H|fdivutdx))
—|—/ptt|ut|2dw+2/(ptu-Vu)t-utd;v—2/p(u~Vu)t~uttdx
—Q/Pttdivutdx—i—/(Q(H@H)tt:Vut—|H|§tdivut)dx

—|—2/(HVU—UVH—Hd1VU)thtd$

6
d
£ K EK 3.115
dt O+i:1 ( )

Let us estimate K;, i=0,1,---,6. We conclude from (1.1);, (3.97), (3.98), (3.108),
(3.110), (3.112) and Sobolev’s, Poincaré’s inequalities that

Ko< ‘/diV(PU)IUthx +Cllpell s ull oo [Vl 2 [[wel o + Cl Pl L2 [| Ve ]| 2

1
O H | L | Hell 22| Veze 22 < S E(8) +C, (3.116)
K1<‘/ptt|ut|2dx :‘/div(pu)t|ut|2d:r :2‘/(ptu+put)-Vut-utdx
<O\ Vug|2: K (t) +C||Vug |22 +C, (3.117)
K2+K3+K4§C”ptt||%2 +CHVUtH%2+||p%UttH%2 +C||PttH%2 +C, (3118)
1
KSS§‘|Htt||%2JFC”Ht”%ﬁK(t)+C(HVHt||%2Jr”vut”%ﬁ)v (3.119)
1
KGSEHHH”%?+C(||VHtH%2+”VUtH%2)' (3.120)

Consequently, multiplying (3.115) by o, together with (3.117)-(3.120), we get

d
GORO=0K) w0 [ (olu + | Hl) o

SO+ Vuell72)o K (1) +C L+ Vuel|Z2 + [V Hel| 72 + | otell72 + | Prell72)-

(3.121)
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By Gronwall’s inequality, (3.97), (3.108), (3.110) and (3.116), we derive that

T
sup (oK(t))+/ o (ly/Buse 2 + | Hul|22)dt < C. (3.122)
0<t<T 0
As a result, by (3.112), we get (3.111). This finishes the proof . d

LEMMA 3.10. There exists a positive constant C' so that for any q € (3,6),

sup_([|p— pos|lw2.a +[|P = Poollw2.4) < C, (3.123)
t€[0,T]
sup o ([|Vul|7: + | VH|[:)
t€[0,T]
T
+/ (IVullFe + IVH |}z + V2l 1.0 +0 | Vue | F2) dE < C, (3.124)
0

9g—6
where po= 15i—5 € (1,%).

Proof. Let’s start with (3.124). By Lemma 3.8 and Poincaré’s, Sobolev’s inequal-
ities, one can check that

IV (pi) |2 <1V plluelll 22+l pVuel| 2+ 1V pl lul[Vull| 2+ oV *[| 22 + | plul |Vl | 2
<C+C||Vuy| 12 (3.125)

Consequently, together with (3.110) and Lemma 3.8, it yields

IV2ull g <C(l|pitll g + |1 H -V H || g1+ | P = Poo |l 2 + || H [l 122 + [Jull 22)
<C+C|| Vg 2. (3.126)

It then follows from (3.126), (3.98), (3.108) and (3.111) that

T
sup ||Vl +/ [ Vul|32dt < C. (3.127)
0<t<T 0

Next, from (2.6)s, (2.28), it follows

IV2H || g2 <C(||Hyl| g1 + ||u- VH| g1 + || H - V|| g2 + || Hdivul|| g2 + | VH]| 12)
<CHC||VH|| 2. (3.128)

Similarly, from (3.125), (3.96) and (3.98), we obtain
T
sup a||VH||§p+/ |VH|3:dt<C. (3.129)
0<t<T 0

Next, we deduce from Lemma 3.8 and (3.110) that
IV2uel| L2 < C((p)ell L2 + IV Pell 2 + (V% H) > H)el| 2 + [[ue]| =)
<Clp2usl|rz +C||Vuel 2 + C|VH, || 2 + C, (3.130)

where in the first inequality, we have utilized the LP-estimate for the following elliptic
system

(3.131)

pAu + (A4 p)Vdivey = (pu) + VP + (VX H) x H);  in{,
ug-n=0and wy xn=0 on Of).



Y. CHEN, B. HUANG, AND X. SHI 715
Together with (3.130) and (3.111) yields
T
/ o|| V|3 dt < C. (3.132)
0

By Sobolev’s inequality, (3.98), (3.110) and (3.111), we get for any g € (3,6),
IV (pi) | Lo < CIVplla (| Vil Lo + [Vl 2 + | Vul|72) + C[| V]| Lo

3(g—2)

<Co % +C||Vul| g2+ Co™ 2 (0| Vue|2) 50 +C. (3.133)

Integrating this inequality over [0,T], by (3.97) and (3.132), we have
T
/ |V (pi) ||} dt < C. (3.134)
0

On the other hand, notice that P satisfies
Pi4+u-VP+~yPdivu=0.
Differentiating it twice with respect to x leads to
V2P, +u-VV2P+2Vu- V2P +V?u-VP+~V?Pdivu+2yV PVdivu+vyPV3idivu =0,
and by Lemma 3.8 and (3.110), one has
(IV2P||2a): < ClIVull 1= [ V2P| s +Cl[V2ull .o
SCOA+|Vul L) IV2Pl o+ COA+ [ Vuell2) + ClIV (o) [ 2o, (3.135)
where in the last inequality we have used the following simple fact that
IV2ullwra < CA+|[Vuell 2+ [V (pi) || Lo + V2P| 1a), (3.136)

due to (2.26), (2.27), (3.97) and (3.110).
Hence, applying Gronwall’s inequality in (3.135), we deduce from (3.98), (3.108)
and (3.134) that

sup |V2P| . <C, (3.137)
te[0,7)

which along with (3.108), (3.110), (3.136) and (3.134) also gives

T
sup ||P — Pxllw2.a +/ [V2ul%o, ,dt<C. (3.138)
t€[0,T)] 0
Similarly, one has
sup |lp— poslw=a <C, (3.139)
0<t<T
which together with (3.138) gives (3.123). The proof of Lemma 3.10 is finished. d

LEMMA 3.11. There exists a positive constant C such that, for any q € (3,6),

1
sup o (JlpFuulze 4| Hall o+ Vel s + IV Hl g+ 9232+ [ T )
<t<

T
+/ o2 (| Vuge| 3+ |V Hul ) dt < C.
0
(3.140)
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Proof.  Differentiating (2.6)273 with respect to t twice, multiplying them by 2wy,

and 2Hy; respectively, and integrating over €2 lead to

d

o (plue|® + | Hee*)da
+2(/\+2u)/(divutt)2dx+2u/|wtt\2da:—|—2u/|cur1Htt|2dx

=—8/0uitu-Vuitdx—2ﬁpu)t-[V(ut-utt)—l—ZVut-utt]da:

— 2ﬁpttu + 2ptut) -Vu- UttdI — 2/(putt -Vu- Ut — Pttdivutt)dx

—2/(HVH—V‘H|2/2)ttuttdl'+2/(HVU—UVH—HdIVU)tthtdZC

(1>

6

>R,

i=1

Let us estimate R; for i=1,---,6. Holder’s inequality and (3.98) give
Ry <Cly/puse 2| Vugel| 2 ull o <8][Vugel|72 +C0)[[v/pus 72

By (3.97), (3.108), (3.110) and (3.111), we conclude that

Ry <0 Vuu|[ 72 + C(0)[Vuellz2 + C(0) | Vue 72,

Ry <0||Vuge |72 +C(0)llpeell72 + C(0) Ve |72,

Ry <6|[Vur|[Z2 + C(0)llv/puse |72 + C(0) | P72,

R <6[|Vuyl[72 +C ()| Hul 72 + C(O) I VH |7,

Ro <0(|Vul[7z + | VHe|[22) +C(8)|| Heell 72
+CO)(IVuell L2 [V Hell 7z + [ Vue |22 | VH[72).

Substituting (3.142)-(3.147) into (3.141), utilizing the fact that
Vel L2 < C(lldivugl| L2 +[[willz2),  [[VHiel|2 < CllcurlHye|[ L2,

and then choosing ¢ small enough, we can get

d
27 (IVPuallZe + | HullZ2) + [ Vet | 7 + |V Hee | 72

<C(Ivpueelliz +[Heel 22+l oeel 22 + | Pl 32 + [ Ve |[3 2 + [V He |3 2)
+ O (|| Vel 2|V Hel| 72 + | Vuel| 72 IV He |72,

which together with (3.110), (3.111), and by Gronwall’s inequality yields that

T
Sup 0’2(||\/,5uﬁ||iz+||Htt||iz)+/ o ([Vure |22 + | VHul[72)dt < C.
0<t<T 0

Furthermore, it follows from (2.28), (2.27), (3.130) and (3.111) that

sup (U||V2ut||Lz +U||V2Ht||L2)
0<t<T

<Co(1+ || p2usell 2 + || Heel 2 + | Ve | 2 + |V He | £2) < C.

(3.141)

(3.149)

(3.150)

(3.151)
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Finally, we deduce from (3.111), (3.123), (3.124), (3.128), (3.133), (3.136), (3.150) and
(3.151) that

o[ V2ullwra <Co(1+ | Vul| g2 + [V Hel| 2 + [V (pi) | Lo + [ V2P o)

<C(1+0||Vul g2 + 0} (0| Ve |20) ") <O+ Cot (07 1) T <0, (3.152)

and
ol|V2H | g2 < Co(1+ || VHil| 172 +[|Vull 2 | VH|172) < C, (3.153)
together with (3.150) and (3.151) yields (3.140) and finishes the proof. d

4. Proof of Theorems 1.1-1.2

In this section, we are prepared to prove the main results of this paper. Based on
the estimates in Section 3, we follow the procedure in [3,20] to give the sketch of the
proof.

Proof. (Proof of Theorem 1.1.) By Lemma 2.7, there exists a T, > 0 such that
the system (1.1)-(1.5) has a unique classical solution (p,u,H) on £ x (0,7,]. One may
use the a priori estimates, Proposition 3.1 and Lemmas 3.9-3.11 to extend the classical
solution (p,u,H) globally in time.

First, by the definition of (3.1)-(3.5), the assumption of the initial data (1.8) and
(3.74), one immediately checks that

0< p0< p, A1(0) + 42(0) =0, A3(0) < CF, A4(0) + A5(0) < Gy (4.1)

0<po<2p, A1 (T)+Ax(T) <2C{, (4.2)
A3(T)<2C5 , A4(o(T)) + As (o (T) <2C7,
hold for T'=T}. Next, we set
T* =sup{T'|(4.2) holds}. (4.3)

Then T* >T7 >0. Hence, for any 0<7<T <T* with T finite, it follows from Lemmas
3.8-3.11 that

{p—pooeC([OaT];HQHWQ’q% (4.4)

(Vu,VH) e C([r,T);HY), (Vuy,VH;)eC([r,T);L9);
where one has taken advantage of the standard embedding
L>(r,T;H)YNH (1, T;H™ ') = C([r,T];L?), for any ¢€[2,6).

Due to (3.108), (3.111), (3.140) and (1.1),, we obtain

)

T
<C [ (IoHunPla IVl + il o1 s e+ a2 ) e < C,

T
at< [ (loddu?a0 + 2o 12 e
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which together with (4.4) yields
pruy, prueC([r,T);L?). (4.5)
Finally, we claim that
T =00. (4.6)

Otherwise, T* < oo. Then by Proposition 3.1, it holds that
_ 1
1 1 .
A3(T") <Cy, Aa(o(T™)) + As(o(T7)) < Cyf .

It follows from Lemmas 3.10, 3.11 and (4.5) that (p(x,T%),u(x,T*),H(z,T*)) satis-
fies the initial data condition (1.7)-(1.8), (1.10), where g(z)£ \/pi(z,T*), z €Q. Thus,
Lemma 2.7 implies that there exists some T%* >T* such that (4.2) holds for T'=T"*,
which contradicts the definition of T*. As a result, (4.6) holds. By Lemmas 2.7 and
3.8-3.11, it indicates that (p,u,H) is in fact the unique classical solution defined on
Q% (0,7 for any 0<T <T* =00.

Finally, with (2.7), (2.9), (3.14), (2.11), (3.15) and (3.26) at hand, (1.13) can be
obtained by similar arguments as used in [3], and we omit the details. The proof of
Theorem 1.1 is finished. O

Proof. (Proof of Theorem 1.2.)  As is shown by [3], we sketch the proof for
completeness. First, we show that, for T'> 0, the Lagrangian coordinates of the system
are given by

{gX(T;t,x):u(X(T;t,x),T), 0<r<T (4.8)

X(tt,w)=z, 0<t<T,zcQ.

By (1.12), the transformation (4.8) is well-defined. In addition, by (1.1),, we have

p(x,t) :pO(X(O;t,:E))exp{—/O divu(X (7;t,2),7)dT}. (4.9)

If there exists some point xg € such that pg(zg) =0, then there is a point zy(t) €
such that X (0;t,2(t)) =zo. Hence, by (4.9), p(xo(t),t)=0 for any t>0.

Now we will prove Theorem 1.2 by contradiction. Suppose there exist some positive
constant C; and a subsequence t,;, t,, =00 as j— oo such that ||Vp(-,t;)|[z~ <Ch.
Consequently, by (2.2) and the assumption ps >0, we get that for r; € (3,00) and

_ r—3
9_ 27‘1—3’
-0
which is in contradiction with (1.13). The proof is completed. a0
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