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STABILITY OF
CONTACT LINES IN 2D STATIONARY BENARD CONVECTION*

YUNRUI ZHENG'

Abstract. We consider the evolution of contact lines for thermal convection of viscous fluids in
a two-dimensional open-top vessel. The domain is bounded above by a free moving boundary and
otherwise by the solid wall of a vessel. The dynamics of the fluid are governed by the incompressible
Boussinesq approximation under the influence of gravity, and the interface between fluid and air is
under the effect of capillary forces. Here we develop global well posedness theory in the framework of
nonlinear energy methods for the initial data sufficiently close to equilibrium. Moreover, the solutions
decay to equilibrium at an exponential rate. Our methods are mainly based on the elliptic analysis
near corners and a priori estimates of a geometric formulation of the Boussinesq equations.
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1. Introduction

1.1. Formulation of the problem in Eulerian coordinates. @ We consider a
2-dimensional open-top vessel as a bounded, connected open set V C R? which consists
of two “almost” disjoint sections, i.e., V= Viop U Vyor. The word almost means Viop M Vior
is a set of measure 0 in R2. We assume that the “top” part Viop consists of a rectangular
channel defined by

Viep=VNRE ={yeR?: —l<y; <, 0<y, <L}

for some ¢, L>0, where R? is the half-plane R% ={y € R?:y, >0}. Similarly, we write
the “bottom” part as

Voot = VNRE =VN{yeR?:y, <0}.

In addition, we also assume that the boundary 9V of V is C? away from the points
(£¢,L). We refer to Figure 1.1 for an example.

Now we consider a viscous incompressible fluid filling the Vi, entirely and Vi
partially. More precisely, we assume that the fluid occupies the domain Q(t) with an
upper free surface,

Q) =Vhot U{y eR*: —l <y <€, 0<y2 < (y1,1)},

where the free surface ((y;,t) is assumed to be a graph of the function ¢: [—¢,/] x Ry —R
satisfying 0 < {(£¢,t) <L for all t € R, which means the fluid does not spill out of the
top domain. For simplicity, we write the free surface as 3(t) ={y2=((y1,t)} and the
interface between fluid and solid as X4(t) =0Q(¢) \ X(¢). We refer to Figure 1.2 for the
description of the domain.

*Received: May 07, 2019; Accepted (in revised form): August 30, 2023. Communicated by Yan
Guo.

tSchool of Mathematics, Shandong University, Jinan 250100, Shandong, P.R. China (yunrui_zheng@
sdu.edu.cn).

747


mailto:yunrui\protect _zheng@sdu.edu.cn
mailto:yunrui\protect _zheng@sdu.edu.cn

748 CONTACT LINES IN 2D BENARD CONVECTION

Vtop
Q) |Zs)
Vot
FiG. 1.1. A vessel V. F1G. 1.2. The domain Q(t).

For each t>0, the fluid is described by its velocity, pressure and temperature
(u,P,0):Q(t) »R? xR x R, the dynamics of which is governed by the Boussinesq ap-
proximation [3] for ¢ > 0:

divS(Pu)+u-Vu=VP—puAu+u-Vu=ga(©—0Bp)e,, in Q(t),
divu=0, u-VO-kAO=0 in Q(¢),
S(Pu)v=g{v—cH({)v, v-VO+O=1 on X(t),
(S(Pu)v—pPu)-7=0, u-v=0, ©=1 on X,(t), (1.1)
Ol =u-v=us—u10:C on X(t),

ocet)= (o o)

with the initial data ¢(y1,t=0)=¢(0), ;¢ (y1,t =0) =8;¢(0), and 92((y1,t=0) =02¢(0).
In the above system (1.1), S(p,u) is the viscous stress tensor determined by

S(P,u) =PI — pDu,

where I is the 2 x 2 identity matrix, ;> 0 is the coefficient of viscosity, Du= Vu+V " u is
the symmetric gradient of u for VT u the transpose of the matrix Vu, P is the difference
between the full pressure and the hydrostatic pressure. O is a reference temperature,
which is chosen here to be the temperature on the solid wall, i.e. ©g=1. e,, =(0,1).
k>0 is the thermal conduction coefficient. >0 is the coefficient of cubical expansion.
v is the outward unit normal. 7 is the unit tangent. o >0 is the coefficient of surface
tension, and

#0=0 (e

is twice the mean curvature of the free surface. >0 is the Navier slip friction coeffi-
cient on the vessel walls. The function ¥ :R — R is the contact point velocity response
function which is a C? increasing diffeomorphism satisfying #/(0) =0. For more discus-
sion about the choice of ¥, we refer to [8, Section 1.3]. []]:="~sv —Vss for Veu, 755 €R,
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where sy, vsf are measures of the free-energy per unit length with respect to the solid-
vapor and solid-fluid intersection, respectively. In addition, we assume that the Young
relation [17] holds:

a1

<1 1.2
e, (12)

which is necessary for the existence of an equilibrium state. For convenience, we intro-
duce the inverse function % =% ~! and rewrite the final equation in (1.1) as

218

W (0C(£L,1)) =[V]] ¥UW

(£0,1). (1.3)

The slip condition of fluids along the solid wall is introduced due to the the incom-
patibility of no-slip condition (u=0), and the kinematics of free boundary (9, =u-v) at
contact points. In particular, fluid along the solid wall obeys the Navier-slip condition

u-v=0, and (S(Pu)v—_pSu) -7=0,

which is found in [13].

The system of (1.1) is semi-stationary. The dynamics of viscous thermal convection
is stationary for each time, while the domain §2(¢) is time-dependent and the free surface
is deformable. Here, for simplicity, we neglect the Marangoni effect, that means we still
assume that the coefficient of surface tension ¢ has no relationship with temperature.

1.2. Known results. The Bénard convection is a classical problem in fluids
and will creates chaos, which has attracted many famous mathematicians, see [5] and
references therein. The free boundary problem of global well-posedness and stability for
Bénard convection was first proved in [9] for 2D domains. The global well-posedness and
stability for Bénard convection with a free surface for 3D domains was proved by [12].
Both of these results employ parabolic regularity theory in a functional framework of [2].
They assume that the surface tension is under the effect of Marangoni, and the domains
are horizontally periodic. Both the results of [9, 12] are inspired by the idea in [2].
In the case without surface tension, [18] proved the local well-posedness for the 3D
horizontally periodic domains using the energy estimates inspired by ideas of [6,7]. All
of these results are considered the Navier-Stokes equations coupled with the evolution
heat equations.

For the framework of contact lines in bounded domains, [19] proved the local well-
posedness for Stokes equations. [8] proved the global well-posedness and stability of
Stokes equations. The series of [19] and [8] is the first complete theory for contact
lines in Stokes equations which allow both dynamic contact points and dynamic contact
angles.

In this paper, we consider the stationary Bénard convection including the dynamic
contact points and contact angles. We first give the elliptic analysis for evolutionary
heat equations near corner points, then construct a priori estimates for Boussinesq
equations. Finally, we establish the linear solutions for steady heat equations evolving
in time, which coupled with the a priori estimates yields our main results. In the
following papers, we will present the full non-stationary Bénard convection.

1.3. Reformulation around equilibrium. A steady-state equilibrium so-
lution to (1.1) corresponds to u=0, P(y,t)=Po(y), ¢((y1,t)=C(o(y) and ©=1. These
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satisfy
VPy=0 in ©(0),
PO:ggOC_UH(CO) o1 (_Eaz)? (14)
0 () ==%[].

o160
V1+101¢0|?

It is well known (see, for instance, the discussion in the introduction of [8]) that there
exists a smooth solution (o :[—¢,¢] — (0,L).

In order to work in the fixed domain formed by equilibrium, we follow the path
of [19]. Let (o € C°°[—{, ] be the equilibrium surface given by (1.4). We then define the
equilibrium domain 2 CR? by

Q:=VU{zeR?| —l<a; <0< 29 <(o(x1)}.
The boundary 9f2 of the equilibrium €2 is defined by
0N : =X U3,
where
Yi={2eR?| U<z <liwa=(o(x1)}, L,=00\X.

Here X is the equilibrium free surface. The corner angle w € (0,7) of € is the contact
angle formed by the fluid and solid. We will view the function {(y;,t) of the free surface
as the perturbation of (o(y1):

C(ylat):CO(y1)+n(ylvt)' (15)

Let ¢ € C*°(R) be such that ¢(z)=0 for 2 < imin¢y and ¢(z) =2z for z> Imin(p.
Now we define the mapping ®: Q2+ Q(t) by

D (z1,20,t) = <331,362+ Z((z))n(whmmt)) =(P1(x1,22,t),Pa(x1,22,1)) = (y1,¥2) €QE)
(1.6)

with 7 defined by
n(x1,22,t) :==PEn(z1,22—(o(71),1), (1.7)

where E: H*(—{,¢)— H*(R) is a bounded extension operator for all 0<s<3 and P is
the lower Poisson extension given by

Piesas) = [ feemiinemnas

If 7 is sufficiently small (in appropriate Sobolev spaces), the mapping ® is a C* dif-
feomorphism of Q onto Q(t) that maps the components of 9 to the corresponding
components of 9€(t).

We have the Jacobian matrix V® and the transform matrix A of ®,

vq><jl3), A(V@)T(é‘f}f{) (1.8)
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for

by b L b _1
A—Coc’)m CgalCon, J—1+C077+400277, K=-. (1.9)

We define the transformed differential operators as follows:
(Vaf)i=A;0;f, divaX:=A4,;0;X;, Aaf:=divaVaf
for appropriate f and X. We write the stress tensor as
S4(P,u)=PI— D gu,

where I is the 2 x 2 identity matrix and (D u);; = AirOru;j + AjrOru; is the symmetric
A-gradient. Note that if we extend div4 to act on symmetric tensors in the natural
way, then div4.S4(P,u)=—pA qu+V 4P for vector fields satisfying div_4u=0.

We assume that ® is a diffeomorphism (actually this will be proved by the local
well-posedness). Then we can transform the problem (1.1) into the equilibrium domain
Q for t>0. In the new coordinates, (1.1) becomes the .4-Stokes problem

divg Sa(Pu)+u-Vsu=—pAqu+ VAP +u-V qu=—ga(0©—1)V 4P,y in Q,
divqu=0, u-V40—-EkEA,0=0 in Q,
SA(Pu)N =g(N —oH(ON, kVAO-N+0=1 on X,
(Sa(Pu)y—pu)-7=0, w-v=0, O=1 on X,
WC=u-N on X,
418
W (0 (£L,1)) [[’Y]]jFGW(ﬂ:t),
¢(21,0)=Go(21) +m0(21),  8iC(21,0)=0pn(x1,0), 97((21,0)=07n(x1,0).

(1.10)

Here we have still written N :=—0;(e; + ez for the normal to X(t).

Since all terms in (1.10) are in terms of 7, (1.10) is connected to the geometry of the
free surface. This geometric structure is essential to control higher-order derivatives.

To this end we define new perturbed unknowns (u,p,6,7) so that u=0+wu, P=
Py+p, ©=1+46 and (=(o+7n. Then we will reformulate (1.10) in terms of the new
unknowns following the path of [19] to the following perturbative form of the Stokes
equations:

divg Sa(p,u)+u-Vsgu=—pAqu+Vsgp+u-V4u=—gabdV 4Py in Q,
divgu=0, u-V40—kA40=0 in €,
8177

= - T A A N33 - by
Sap N =g 00 (gt )N - (ROGADN  on,
KV 40-N =0 on 3,
(Salp,u)v—Lu)-7=0, u-v=0, 6=0 on X,
on=u-N on X,

N 817]

Om(£L,t W (Oym(+L,t)) = ——— + R(01 (0,0 +0,t
DL, 40 (Oun(0.0) =¥ (s RO ) ()

(1.11)
with the initial data n(z1,0) =n0(z1), d;n(x1,0), and 92n(x1,0). Here A and A are still
determined in terms of (=(y+7. In the following, we write Ay to be the non-unit-
normal for the equilibrium surface ¥, and N' =Ny — d1ne;.
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1.4. Main theorems. In order to state our result, we need to explain our
notation for Sobolev spaces and norms. We take H*(Q) and H*(X) for k>0 to be
the usual Sobolev spaces, and take W¥(2) and Wk (X) for k>0 and § € (0,1) to be the

weighted Sobolev spaces defined in [19, Section 2]. We write norms 107 ul| and |67 p|x
in the space H*(9), and [|0/n||x in the space H*(X).
Now, we define the energy and dissipation used in this paper. The energy is
E() = lullfyz + 10w} + 1Pl 2 + 19epl G0 + 10152 + 1100117
2

+||77||€V;/2+H3ﬂ7||§/2+z||3§?7Hfzp, (1.12)
=0

and the dissipation is

D(t)

1
(108 ulls + 197113, + 10701z + 1107 I12, /2
Jj=0

+ > (7 ull + 1107 ullo sy + [0Fu- N7

.
ool Mm
o

+3° (NoEpl3+ 10701 + 107nl3 ) + 195013 o (1.13)

J

where [f]2, H*((—(,0)), and W} () are defined in [19, Section 2].
Our main result is the global-in-time solutions and decay estimates for (1.1).

THEOREM 1.1. Let we(0,m) be the angle formed by (o at the corners, d,=
max{0,2—Z}€(0,1) and 0 € (d,,1). Suppose that the initial data (no,8;n(0),07n(0))
satisfy the compatibility condition (5.18) and (5.19) such that there exists a universal
small parameter vo >0, and the initial energy satisfies

£(0) <. (1.14)

Then there exist a universal constant A>0 and a solution (u,p,0,n) of (1.11) global in
time such that

sup [£(0)+¢* (Iju(®)1F + u(t) s, +[u(t) N + p(0) 3+ 160) 1)

+/OOD(t)dt§05(0), (1.15)

where C is a universal constant.

. . . . 1
REMARK 1.1. Theorem 1.1 implies that for any given Rayleigh number R, ~O (ﬁ)’

the system (1.11) has a unique solution global in time. This is in contrast with the
non-stationary case in [12] where they assume that the Rayleigh number is sufficiently
small.

1.5. Notation and terminology. Now, we mention some definitions, notation,
and conventions that we will use throughout this paper.

(1) Constants. The symbol C'>0 will denote a universal constant that only depends
on the parameters of the problem and €2, but does not depend on the data, etc. It
is allowed to change from line to line. We will write C'=C/(z) to indicate that the
constant C depends on z. We will write a <b to mean that a <Cb for a universal
constant C' > 0.
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(2) Norms. We will write H* for H¥(Q) for k>0, and H*(Z) with s€R for the
usual Sobolev spaces. We will typically write H°=L?, though we will also
use L2([0,T); H*) (or L2([0,T];H*(X))) to denote the space of temporal square—
integrable functions with values in H* (or H*(X)). Sometimes we will write
[l instead of |[-[lgr(y or |[-llgr(x). We also will write ||| 25+ instead of
|| . ||L2([O,T];H’“(Q)) or || . ||L2([O,T];H’“(Z))' When we do this it will be clear from the
context on which set the norm is evaluated and the argument of the norm.

2. Functional setting and basic estimates

2.1. Functional spaces.  Throughout this paper, we use the functional spaces
introduced in [19, Section 2]. But for convenience, we still list them here. In addition,
the proof of almost all estimates in this section might be found in [19, Section 2], so
we omit the details here. For the details of usual Sobolev embedding theory, we refer
to [16].

The proof of following propositions for weighted Sobolev embedding theory, could
be found in [8, Appendix C and D].

PROPOSITION 2.1.  Let k€N and 0<§<1. Then W§(Q) =W, for 1<q< k. In

particular, Wi () — LP(2), for 1<p< %, and W;/Q(GQ) — L1(09), for 1<g< %

From the Proposition 2.1, we could deduce the following useful corollary.

COROLLARY 2.1.  Let 6, =max{0,2— T} €[0,1) and § € (d.,,1). Then
WE(Q)— H*(Q), and Wf/Q(GQ)(—)H”%(aQ), when 1<s<min{2,ﬁ}.
w

Proof. For 1<p< %Jré, we employ Proposition 2.1 to deduce WZ(Q) < WP ().

Then we choose s:3—%. Clearly, 1<s<min{2,Z}. Then we use the embedding

W2P () — H* 7 (Q) to deduce W2(Q) < H>~# (Q) = H*(Q).
The above analysis also implies W2(2) — H*T(Q). For any f€ W§/2(GQ), there
exists a F'€ W2(€2) such that 1 Fllws ) < Then F e H*TH(Q), and fe€

H*+z (09) satisfy

Hf”W;/z(OQ)

£ o+ oy S IE N msv1@) SIE lwp) S I lwsr2 ag)-

PROPOSITION 2.2.  Let 0<d<1. Then for each q€[0,00),
1 f Il o) S fllw

for all feWLH(Q).

PROPOSITION 2.3.  Let 0<d<1 and k€ (0,1). Suppose that fEW;m(E) and that
g€ HY/?+5(2). Then fgeWél/Q(Z) and

1f9llvrr2 SUF sz 9l 25

2.2. Weak formulation and basic estimates. Suppose that {=(y+n and
that A, N are in terms of 5. We refer the velocity to v, pressure to ¢, temperature
to ¥ and surface function to € in order to distinguish from (u,p,0,n). That’s because
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in our analysis, (v,q,9,£) represent not only (u,p,8,n), but also represent the temporal
derivatives of (u,p,0,n). We assume that (v,q,9,£) satisfies

div 4 Sa(v,q) — gadV 4Py = F', divqv=F? —kA9=F% inQ,

SA(v, )N =géN —ady ((1+|3811§)|2)3/2+F4>N+F5 on X,

KV 40 N =F° on X, 2.1)

(Sa(v,qv—pFv)-T=F", v-v=0,9=0 on X, '

Oé=v-N+F8 on X,

ko6 =Fo (815+F4> — kF? at L0,
(1+]01Go[?)3/2

LEMMA 2.1.  Assume that (v,q,9,€) are sufficiently smooth and satisfy (2.1). Suppose
that ¢ € H(t), and that y» €W(t). Then

¥/
k(0,6)31 = (F*.0) 30 + /_ o, (22)

and

(v,9)) = (g, diva)po + (&9 N)i s +[v- N, Ne— ga(9V 4 ®2,1) 30
4
:(Fl,zp)ﬂo—/ [0F* (- N)+ F? -4 / F'(4p-7)J —[F®+F° - N, (2.3)
—¢

Proof.  The proof is very standard. Multiplying ¢J on both sides of the third
equation of (2.1), we might integrate over {2, and integrate by parts to reveal (2.2).
Then (2.3) is derived by the same method, so we omit the details here. a

This lemma implies the following evolution of energy formula for (v,q,9,£).

THEOREM 2.1.  Suppose that ( =C(o+n and that A, N are determined in terms of n.
Suppose that (v,q,9,€) satisfy (2.1). Then

l
/k|VA19\2J:/F3z9J+/ Fb9, (2.4)
Q Q —L

d 2, g |81§\2 H 2 2 2
d(/ €17+ QWQ)P)S/Q)JF/QQ'DAM JJFﬁ/ZS(U'T) +v-NJg

:ga/ﬂVA@TUJr/(Fl"UJquz)Jf/ F'(v-1)J—[F®+F°v-NJ,
Q Q P

s

and

/f [JF4(U~N)+F5-vg§F8 (2.5)

—2

o 0160, F8 }
(1+[01G0o]2)3/2 )
Proof. We choose the test functions ¢ =1, ¥ =v in Lemma 2.1 to deduce that

¥/
K(0, &) = (F*,8)ao + / . (2.6)
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and
((v,0)) = (g,div 4 v) o + (§,v-N )1 n+[v N7 — ga(9V 4 Po,v) 30

¢
:(Fl,v)ﬂo—/ [UF4(U-N)+F5'U]—/E F'(v-7)J = [F¥+ F°v-NJ,. (2.7)

—L

Equation (2.6) is exactly (2.4). Then we compute

Ev-Nie=(E0E~Fs
d 2,7 01| 8 NED FB
St </ 2GR 3”) [ gers T+ [0:GP 7

then plug this into (2.7) to deduce (2.5). |

3. Elliptic estimates
In order to solve the Equation (1.11), we need some elliptic estimates. The corner-
stone of these elliptic estimates is the part near the corner points.

3.1. Analysis for Poisson equations near the corner points. First, we
introduce the notion of cone. Let (r,p) be the polar coordinates for R2.

={zeR*:r>0and pe (—71/2,~7/2+w)}

denotes the cones with open angle w € (0,7). The lower and upper boundaries of K,
are

_={zeR?*:r>0and p=—7/2} and Ty ={z €R?*:r>0 and p=—7/2+w}

respectively.
Now, we consider the 2A-equation. We first give the proof of ¥ through the Poisson
equations

—kAg =G> in K,
EVad-(Av)=G®  on T, (3.1)
¥=0 on I'_,

where the differential operators Vg and Ag are defined in the same way as V4 and
A 4, Sg is defined in the same way as S 4 and V®s = (2a1,22). Clearly, when =I5y,
(3.1) becomes

—kAY=G3 in K,,
EVY-v=G® on Ty, (3.2)
¥=0 on I'_.

THEOREM 3.1. Assume that the forcing terms in (3.1) satisfy G* € WQ(K,,) and
G° EW;/2(F+). Suppose that 9 € HY(K,,) satisfies

/ wmﬁ.vw:/ G3¢>+/ Go¢,
K. K. Iy
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for all pe{pec H'(K,,):¢|lr_=0}. Furthermore, assume that ¥ and all the forcing
terms G are supported in K,NB1(0), where B1(0) is a unit disk centered at 0 with
radius 1. Then V29 € W(K,). Moreover,

V200 rc,) SNG v () IG5 12 (3.3)
5( ) 5( ) Wa

(r+)’

Proof.  The key point for proof is the utilization of [10, Theorem 8.2.1], which
gives the condition in terms of eigenvalue of associated operator pencil (see [10] for
the terminology) for solving the corresponding elliptic systems. The assumptions on 2
guarantee that the two Poisson equations in (3.1) and (3.2) generate the same operator
pencil. The eigenvalues of operator pencil for (3.2) could be easily derived (for instance,
refer to [10]) as {“F:n€Z\{0}}, which are not contained in

{(AEC:0<RA<1—0}.

Thus we could use [10, Theorem 8.2.1], and then argue as [11, Theorem 6.4.6] to derive
that V29 € W{(K,) satisfying

V29110 SIG*fye + IG5 /2- (3-4)
8

From the assumption on ¥ and the Poincare inequality together with Sobolev embedding
theory in [8, Appendix C], we also have

191z (e S UG v + G212 (3.5)
0

3.2. A-Poisson equation. Now, we consider the Poisson equation

—kAY=G> in Q,
kEV9-v=G® on %, (3.6)
¥=0 on X,

where v is the unit outward normal and unit tangent of 0f2.
First, we study the weak solution of (3.6).

DEFINITION 3.1.  Assume that G* € W(Q) and G® € W;/Q(Z) for some 0<d<1. We
say ¥ € H(Q) is a weak solution of (3.6) if

/ka.w:/ﬂag'm/zc;% (3.7)

holds for any ¢ € H'(Q). Clearly, from Proposition 2.1, the integrations on the right-
hand side of (3.7) are well-defined.

Now we sketch the proof of existence and uniqueness of weak solutions of elliptic
Equation (3.6). First, (3.7) allows us to use Riesz representation theorem to obtain the
existence of 9 such that [|[VI|[§ <S[G?1%,0 + HGGH?/VUQ. Then the Poincdre inequality

s 5
implies [[0]]F S 1G?[[F0 +1GOII2,1 /-
s 5

The next theorem shows that, regularity of weak solution of the Equation (3.6)
could be improved to second-order.
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THEOREM 3.2. Assume that G3 € W(Q) and G® € W;/2(E) for some 0<d<1. Then
there exists a unique ¥ solving (3.6) such that 9 € WZ(Q). Moreover,

19100 S 1G g G, (3.9)

Proof.  The idea of this proof is very standard. We divided 2 into three parts.
One is away from the corners. Thus, we might use the standard elliptic theory (for
instance, [1, Theorem 10.5]) to obtain the results. The other two parts are near corners.
Then we might use Theorem 3.1 to derive the conclusion. The proof is in a similar way
as that of [8, Theorem 5.6]. So we omit the details. d

Suppose that n and A, N, etc. are given. We consider the equation
— kA 9=G3 in Q,

EVA0-N=G® on X, (3.9)
9=0 on Y.

THEOREM 3.3.  Let 0 € (d,,1). Suppose that ||nl|,,s2 <o where vo<<1 . Assume
5

that G3 € WQ(Q2) and G° € W;/Q(E). Then there exists a unique 9 € WE(Q) solving (3.9).
Moreover,

1912 S UG yg + 1G22 (3.10)

Proof. We rewrite (3.9) as the perturbation form:

—kAY=G3—kdiv;_4 V40 —kdivV_40 in €,
EVI-Ny=GO+kV;_40-N+kVI-(Ny—N) on %, (3.11)
¥=0 on Y.

We now employ fixed point theory to solve (3.9). Suppose that 6 € W2(Q). Then we
define the operator T}, : W2(2) — W2(Q2) via 09 =T,0, where 9 and 6 satisfy

—kAY =G —kdivi_ 4V 40 —kdivV;_40 in Q,
EVO-No=GO+kV;_40-N+kVO-(No—N) on X, (3.12)
9=0 on X,.

In order to use Theorem 3.2, we need to estimate the right side of (3.12). We first
choose r, s> 1 satisfying %—&— % =5 to estimate
Idivr—aVafl[fyo +[1divVi—afly,
S = AN VA2 o [ VO + 1T = Al 72 -y
+{IT = AlfZo (1+ AN 10152

§IIWII€V§/2II9H§V3- (3.13)

dévaHiwu—s)

Similarly, we use the trace theory to see that
2 2
||VI*A9.N||W61/2(Z) + Hva (NO _N)”W;/Z(Z)
S ”VI—AH'(NO_alﬁel)H%/Vg + ||V9'817761||%v51
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SV = A2/ @m0 INo = O17ier[Toe + 1T = Al L [V (N = Or77e1) 17 212 )
[ V0]l L2/ + (I = Al < [No — di7zer| |7 + 10177117 ) 1161]5y2
"‘”8177”%2/(2—5) déV@HLZ/(s—l)
Sl /2 1011z (3.14)

We now use Theorem 3.2 to (3.12) to obtain that
191~ D2l S Il 101 el (3.15)
for the mapping 1,,0; =1;, j =1,2. Then we choose 7 sufficiently small such that
1
||191*192|12/v52 §Z||91*92||‘24/52» (3.16)

which yields T;, is strictly contractive. Thus, we use Banach’s fixed point theory to
deduce that (3.11) has a unique solution 9 € W2. d

Finally, we consider the equation

— kA 9=G3 in Q,
EV A9 N+9=G° onx, (3.17)
¥=0 on Y.

THEOREM 3.4. Let 6 € (dy,1). Suppose that ||n|| s> <vo where o is the same as
s

Theorem 5.3. Assume that G> € W(Q) and G® € W;/Z(E). Then there exists a unique
Y EeWE(Q) solving (3.17). Moreover,

1913 S NG IGO0 (319
Proof. For simplicity, we define the trace operator R:WZ(Q2)—W2(Q)x
W2 (5) x W3 (s,) via
RY=1(0,0,9|x,)-

Note that R is compact, since the embedding Wg/Q(E) <—>W51/2(E) is compact. So the
operator T;,+ R is Fredholm, which means the dimensions of kernel and co-kernel of
T, + R are both finite. However, for ¥ € KerT; + R, we multiply the first equation in
(3.17) by ¥J, and integrate by parts over  to see that

k/|VA19|2J+/|19|2:0, (3.19)
Q >

which implies ¥=0. So T; + R is injective. Then Fredholm alternative tells us that
T,+R is also surjective. Hence T, + R is an isomorphism. Thus (3.17) is uniquely
solvable and the estimate (3.18) holds. |

4. A priori estimates

Now, we employ the energy formulation in Theorem 2.1 and elliptic estimates to
derive a priori estimates. The key point is that we could be able to estimate the
interacting terms appearing on the right-hand side of (2.4) and (2.5). So, we first need
to confirm the forcing terms F in (2.4) and (2.5) in the Appendix.
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4.1. Estimates for interaction. Now, we could estimate the interaction terms
on the right-hand side of (2.4) and (2.5). Thanks to [8, Section 6], some of them have
been done. So, we only need to estimate the rest. And we only give the estimates for the
twice temporally differentiated case. The corresponding estimates for once temporally
differentiated problem and the problem without temporal differentiation are similar and
much easier to handle.

In the remaining sections, we write d = dist(-, N), where N ={(—¢,(o(—¥)),(£,(o(€))}
is the set of corner points of 2. In the subsequent estimates, the following lemma is
useful. The proof is trivial, so we omit it.

LEMMA 4.1.  Suppose that d=dist(-,N) and that 0<5<1. Then d=°cL"(Q) for
2<r<2.

PROPOSITION 4.1.
| oIS v (VE+EVD
Q

for all € HY(Q).

Proof. We first use Holder inequality, Sobolev embedding theory, and trace theory
to estimate

/ 2gaat9Vat_A<I32 .1/)J+an0V3tA8t<I>2~¢J
Q

S/QI(M’\(I@??\HV@??I)(H\Vﬁl)ller\9\(|5tﬁ\+\V3tﬁD2w

S 001 L3 (19:77l| s + V0| L) [0 s + 10201 2 (110077]| Lo + (VO | L) [Vl s 19| s
100 W0en]| 2 + Vel L2) |9]] o

SUOBIL19enlls 2L+ Imlla o) 1ol + 1IN OnllE ol 12 S 1411 (VE+E)VD. (4.1)

We then use Holder inequality, usual Sobolev embedding theory, Corollary 2.1, and
trace theory to estimate

/29a3t9VA3t‘b2'¢J‘S||A||Lw||3t9||L3||V3t77||L3||¢||L3
Q
§(1+IIH\IW;/z)||<9t9||1||<9t77||3/z||w||1SJIIle(\@Jrf’?)\/ﬁ (4.2)
Similarly,
’/gaevagA@g-¢J+ga9vAa§<1>2-¢J’
Q

S/Q|9|[(|V<9t2ﬁ|+|3t277l)(1+IVﬁ|+|ﬁ|)+|V3tﬁl2+\0tﬁl2]w
SN0 10700321+ Il 1l + 1011 10enll3 2l S 1l (VE+E)VD. (4.3)

Then we use the same method to estimate the convection terms in FI.

/af.vAu.szwatu.vAatuwuu.vAatu.w‘
Q

SIIAIILw/Q(IafuIIVUI+|5tUI|V5tUI+|u||V5t2u\)l¢|
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AN oo (107wl oVl L2 + 10pull L4 |V Ol L2 + [l 24 [V O | 2) 46| s
(Lt 1l /) OFwlly fulls + 1Ol D[l S 1011 (VE +E)VD. (4.4)

AN N

‘We now turn to estimate

/ 2(0wu-Vo, A)u-pJ +2(u-Va, 4)0u-1pJ
Q

< / (180l V2| + [l V0l (1007] + [V Be) ]
<l1vullslall el 21l < 618D, (4.5)
and finally we estimate
\ / <u-va;A>u-w]s / | (IV 27|+ 1027 + |V 8el? + 0,2 [V

Sl 1070z /2 + 18113 o) 111 S 101, EVD. (4.6)

Then combining all the above estimates together with [8, Proposition 6.2] completes the
proof. 0

PROPOSITION 4.2.

/ F37 <6l (VE+EVD
Q

for all peH".
Proof. We first estimate

/ <2div6tAvAate>¢J]5 [1owaiivazaolvoaivilvae|s
Q Q

+ /Q VoIV V20:6] 4]
=1+11.

For I, we choose 2<r< %, and g>1 such that %—i—%:%. Then we employ Holder
inequality, Lemma 4.1, Propositions 2.1, 2.2 for the weighted Sobolev inequality, usual

Sobolev embedding inequality and usual trace theory to deduce that
<V palld= | e |V 28,0| 2|6 ]| Lo + [V Oeil Lo [V 27 22 [V 3:6] - | ]| o
S N0emlls 211060l wz 011 + 10emlls 2| nlls 2100 w2 6111 S 6]l (VE +E)VD.

LT

(4.7)

For I1, we choose 2<r<2, and p>1 such that 2+21=1_ Then we employ Holder
inequality, Lemma 4.1, Sobolev embedding inequality and usual trace theory to deduce
that

I < |Vl oIVl olld |- | d°V?:6| 2 | 6]l o

(4.8)
S10enlla 2 linlls 2100l w2 6l S |6l VEVD.

Then we could use the same method to estimate the other terms as follows. In the
following three estimates, we choose 2 <1 < %, p,q > 1 such that %—i— % = % and % + % = %

/ (div.a Vo, 40:0)0J
Q
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< / V271V 0,6|6| + Vo] 720,016
Q

SIV20uil| 2 IV 00 L ]| o + IV e Lo [|d” | L | d° V2860 2 ||| o
SHoemls/ll0llwzllgl S gl VEVD. (4.9)

We now turn to the term

/Q(diVagAVAO)ch‘S/leaf?ﬂlvz@l¢|+|V3t2ﬁ||V2ﬁ|V9|
SIVOEnlLalld™ Nl 1d V0] callgll o + IV O Ll V27l 22 VO - || o
<1076l /2116 1lwz ISl + 1013 216wz ]2 S N6l (VE+E)VD. (4.10)

With the same tools, we have

\ / (divAva;Amw\s [ Ivezalvolol +Iv2oza)
< V2 ol P28 12 |8 2o + 1| V2027 [ V61 o1 6] o
< 102l [0l < 161 VEVD. (4.1)

Now, we choose 2 <r < %, and p,q>1 such that %—i—%:% and %—i— % :% to estimate

| / (div@wwe)]s [ 1v0ar 19161+ (Voo vello
Q Q

SV Zalld L 1d° V20l L2 6l| Lo + 1V Ol Lo V2 eiill 2 VO - [|l] o
SOl l0llwz gl S gl €VD. (4.12)

0
PROPOSITION 4.3.

/Z Fo < |6, (VE+EVD
¢

for all peH(Q).

Proof.  We choose ¢,p,r such that 1<¢< 1%, % %:1 and %4—%:1. First, we

employ the weighted Sobolev inequality in Proposition 2.1, usual Sobolev embedding
theory and trace theory, Holder inequality to estimate

¢
|/Z(V81A6t9'-/\/')¢ SN0eAl Lo () VOO Loy IN e |8l 1o ()

SN0eill 2y 1060l 32 5y |91 17205
Somlls 200wl ol S N6l VEVD. (4.13)

The same tools allow us to estimate

£
’/Z(Vazﬁ-/\/)cé SN0 Allr () IV o) IN | o 101 2o (s

§||a15277||3/2||9”W52”¢H15||¢||1\/E\/5. (4.14)
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Then it is much easier to estimate

S110:Al

L7(2)HV0HL¢1(2)”81:N|

e ol =)

¥/
‘/é(vatﬁ-at/\fw

SOl 2l0llwz gl Slgllh€VD. (4.15)

In the following, we have

¥
/ (V 4040- 0N}

—¢

SIAl 2= V00| Las) 10:011]| Lo () | Dl Lo (5

S0l 211 0:6llwz 6l S 8l VEVD. (4.16)

The term of two time derivatives on the normal direction is estimated by

14
‘/[(VA@@?NW SUAlL= VOO Lo () 1010 Lo () 19l] o )

SOl 2l0llwz 6l S N1l VEVD. (4.17)
0

4.2. Estimates for elliptic terms. We now estimate for the right-hand side
of the elliptic estimate in Theorem 3.3. We only give the estimates for the time differ-
entiated case. The case without temporal differentiation, may be handled in the same
way and is much easier.

PROPOSITION 4.4.
IF [0 S (E+E)D.

Proof. First, we use Holder inequality and the usual Sobolev inequality to derive
that

lgatV o, 4%2|3y0 + 9abV 40, P2 [0
SllgaVo,a®a|7: + 190V 40, P2 |7
SNOIZ100AI 7 [V |7 + LA 0] 24 VO 2|74
SN6lE10enl5/, SED.
Then we choose ¢,p such that 2<¢g< % and %—l— % = % The Holder inequality, Proposi-

tion 2.1 and Corollary 2.1 for weighted Sobolev inequality and usual Sobolev inequality
and trace theory reveal that

0ru- ¥ aullZyp + - ¥ adyullZyp +llu- Vo, aullye
S AL 10eullf e I VullZe + AL < lull 2o [V Opull 7z + [l 2o |0pAll L [Vl Lo
SN0l Zlell3 + Nl 2 0pull + [[ull 1013 ol Fy2
< 9vally 4 el 2 @l + a9l ol < (€ +€2)D.
Then combining the estimates in [8, Proposition 7.1], we have the conclusion. ]

PROPOSITION 4.5.

1F3)3 < (£ +€2)D.
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Proof. First, for 1<s<min{2,7}, we choose p such that 2+%:%. Then

P
we employ Holder inequality, Proposition 2.1 and Corollary 2.1 for weighted Sobolev
inequality and usual Sobolev inequality and trace theory to deduce that

1diva, 4V 40lyo S 4" V2OIIZ: | AIL < 00 Al T~ + 10 AIL IVAI? 2 IV
SN0l 1200052 +10mll5 21113 41 /201012 < (5+52)
Similarly,
1diva Vo, a0llye S IAllL< (10 A7 < 1d° V2O 2o + VLA 2 [1d°VO]|, 2,)
S10mlZ 4120005 SED.

Then we choose g,r such that 2<g< % and %—i— i— % The Holder inequality, Proposi-
tion 2.1 and Corollary 2.1 for weighted Sobolev inequality and usual Sobolev inequality
and trace theory reveal that

0ha- ¥ B + -V 0460 + lu- Vi, 48] 2
< 19rauly 21011 + [l 196613 + 103 181132 < (£ +€2)D

PROPOSITION 4.6.
|FO0512 S(E+E)D
5

Proof.  For 1<s<min{2, T}, we employ Proposition 2.3, Corollary 2.1 and trace
theory to derive that
V000 N2y S IVO12 5 1AL IV

<||9HW2(Q)||81577H2 572 (14 nll5 5/2) SD(E+E).

Similarly,
IV.40- 0N 1/2(Z)N||V9||2 1725 Ml s 1 101071l

<1015 Q>H?7|\2 572 (110l 5/2) SD(E* +E).

Finally, we present the following theorem.

THEOREM 4.1. Let we (0,m) be the angle generated by (o at the corners, d, €
max{0,2— 2} and § € (0u,1). Suppose that |0l <70, where o is given as Theo-
S5

rem 3.3. Then we have

Z 107 ulliy + 1107015, + 197013z + 1071l 512 SDIHD(E+E), (4.18)
7=0
where, the lower order of dissipation is D,‘—Z?ZO(H@guﬂ%—&—”agu”%p@s)+[8gu-
N12) —I—ZJ o (187l +10]6)3 + ||8f77||3/2) + ||8f’77||1/2 This theorem is based on Propo-
sitions 4.4-4.6, and is proved in a similar way as in [8]. So we omit the details here.
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4.3. A priori estimates. Now we present a priori estimates, which are the
most important part in this section. First, we will develop a decay estimate for some
lower-order terms. Then we will present a higher-order bound for energy and dissipation.

THEOREM 4.2.  There exists a universal constant vo >0 such that if

T
sup 5(t)+/ D(t)dt <70,
0<t<T 0

then there exists a universal constant X>0 such that

sup e’ (5.‘(t)+ lu()IIF +u() 717 (s, + ) NI + PG+ |I9(t)\|%) $&i(0).

0<t<T
(4.19)
Then we present a higher-order bound for energy and dissipation.

THEOREM 4.3. For § being the same as in Theorem 3.3, there exists a o such that if

T
sup 5(t)+/ D(t)dt <+,
0<t<T 0

then

T
sup E(t)+ / D(t)dt <E(0). (4.20)
o<t<T 0

Theorems 4.2 and 4.3 are proved in the similar way as in [8], based on Propositions
4.1- 4.6 and Theorem 4.1. So we omit the details here.

5. Linear problem

5.1. Construction of initial data. Before we study the well-posedness of (1.11),

we first consider the initial data and the initial energy £(0). Suppose that g € W; / 2(2),
om(0) € H32(X), 92n(0) € H'(X), and that

2

€)= 101125725, + 1001 g2y + D 19O sy <70
=0

where vy > 0 is small enough to satisfy the conditions in Theorem 3.3. We now construct
the initial data u(t =0)=1wug, p(t=0)=po and 6(t=0) =0y. When ¢ =0, we consider the
elliptic equation

div_4(0) S.4(0) (o, u0) — 9oV 40y P2(0) = 1oV 4(0)uo in Q,

div 40yuo=0 in £,

— kidiVA(o) V.A(O) 90 = —UOVA(0)90 in Q,
uo-N(0)=09m(0), pD40)uoN(0)-T(0)=0 on X, (5.1)
ug-v=0, wpb@)yuor-7—PBug-7=0 on X,
kVA(O)GQ N(O) =0 on Z,

0p=0 on Y.
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First, we consider the linear equation

div.ao) Sa) (phug”) — 9005V 40 ®2(0) =0 in €,
div 40y u ( =0 in £,
— kdiv 4(0) V a0)05” =0 n Q
u - N(0)=8m(0), uDayus N (0)-T(0)=0, KV -N(0)=0 on I,
ul =0, D0 ulv-7—Bul =0, 6" =0 on é )

We employ Theorem 3.3 for Equation (5.2) to deduce that there exists a unique
(ug (0) Do (0) 0(0))6W62 X W(;l x W2, and

0
s 2+ 126”5 + 1667 132 < 10m(O) /2 < 19en(0) 3 - (5:3)
Actually, 0(()0) =0. For simplicity, we rewrite the linear Equation (5.2) as
L(ug” py”,05”) = (0,0,0,9m(0),0,0,0,0,0),

with the linear operator L: & — O defined as

L(u,p,0) = (div 4(0) Sa0) (P, 1) — gV 4(0)P2(0), divg0yu, —kA 4¢0)0,
u N(O)a ,LLD.A(O)U‘N(O) : T(O)v u-v, /LDA(O)UV . Tﬁﬂu T,
kVA(O)Q-J\/(O), 0s.),

where the space
S =WZ(Q) x W} (Q) x WE(Q)
and
N= W () x W () x WP () x W5 (2) x Wy 2(2) x Wy (8,) x W5 *(2,)
W5 (2) x W3*(8,).
Then we define the nonlinear operator N : G — 91 as
N (u,p,0) = (u-V 40yu,0,u-V 40)0,0,0,0,0,0,0).
Then nonlinear Equation (5.1) might be rewritten as
L(u0,po,60) + N (uo.po.0) = (0,0,0,8,1(0).0,0,0,0,0) = L(u” .p;” .65”).
From the solvable equation of (5.2), L has a bounded inverse L~!. Thus
(uo0,p0,00) = (g ,p§”,05”) — LN (ug, po, o)

Since  N(0,0,0)=0 and [[N(u,p,0) = N(v,q.9)| < (ullwz +llvllwz +16]lwz)(|lu—
v|lwz +1/6—Jlwz), we then could use a standard argument (for instance, see [15, Propo-

sition 1.38]) to deduce the existence and uniqueness of (ug,po,60) € W2 x W} x W2, and

oIz + lIpo 5, + 16015z S 19em(O)IIT, /2 S 19em(O)5 - (5-4)
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Clearly, from the embedding WZ(Q) — H'(2) and the boundary condition, ug € V(0).

Then we construct dyu(0) and 9;p(0). In order to preserve the divergence-free
condition, we construct D;u(0) instead of 9;u(0), where D;u is defined via

Dyu=0u— (0,(KV®))(KV®)u. (5.5)

The advantage of D, is that it preserves the div4 free condition. Now we temporally
differentiate the Equation (1.11), then take t=0,

div 40y S.4(0) (9p(0), Dyu(0)) — gad:8(0)V _a(0)P2(0) + (D (0)) - V a0y o

+g - V. a0y (Dyu(0)) = F(0) in Q,
div 4(0) Dsu(0) =0 in €,
— kA 4(0):0(0) + (D¢u(0)) - V a0) 0 + o - V. a(0)0:0(0) = F*(0) in Q,
S 4(0) (D10(0), Dyu(0))N'(0) = gdyn(O)N(0) — o0 (”’7(0)) N(0)

(1+1Co])3/2

+ 0, F*(0)N(0) + F*(0) on %,
(S.a(0) (8:p(0), Dyu(0))v — BDu(0)) - 7=F°,  Dwu(0)-v=0, 860(0)=0  on I,
Dyu(0)-N(0)=97n(0), £V 4(0)0:8(0)-N(0) = F on %,
R E0)+ k07 Oun(0)(0)=Fa (A +0(0)) (40,

(5.6)
where

I (O) = 7diV5tA(0) SA(O) (po,’lLo) Jr/LdiV_A(o) ]D)@tA(Q)’UJo Jr;LdiVA(O) ]D)A(O) (R(O)UO)
—9a00(Va, 40)P2(0) +V 4(0)0:P2(0)) — (R(0)uo) - V a(0yu0 — uo - Va,.4(0) U0,

FS(O) = kdiVGtA(O) VA(0)90 -+ kdiVA(O) V(’)tA(O)QO — (R(O)uo) 'VA(O)HO —Uup- VBtA(O)GO
O F*(0) =0.R(010,01m0)D19¢m(0),
F*(0)=puD 4(0) (R(0)uo)N'(0) + D, a0y uoN (0)

o
gno— o ((+|311§o|02)3/2 +R(51C0781770)>} 9N (0),

F5 (0) = D 40y (R(0)uo)v - 7+ Dy, a(0yuov - 7+ BR(0)ug - 7,
F5(0)=~kV,.40)00 - N (0) =V 4(0)00 - N (0).

+

Then the pressureless weak formulation could be rewritten, by utilizing the last
equation of (5.6), as

B[(Dyu(0),0:6(0)), (w, )] = L{(w, )], (5.7)
where w € V(0) and ¢ € H'(0), and
B[(Dyu(0),0,6(0)), (w,)]
= ((Du(0),w)) + (Dyu(0) - N (0),w-N(0))1,5 +/€/QVA(0)3t9(O)(0)'VA(0)¢J(0)

+/Q[—9045t9(0)v,4(0)¢2(0) + (Dyu(0)) - V a0y to + o - V 40y (Deu(0))] - wJ (0)
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+/Q[(Dtu(0)) “V 40000 + 0V _4(0)0:0(0)]#J (0), (5.8)
and
L{(w,¢)]:= (9;n(0),w-N(0))1,2 — (9en(0),w- N (0))1,2 — k/iwmﬂo 0N (0)p

‘ d1mo
_/—e {9770_051 ((+31§02)3/2 +R(3150731770))] N (0)-w

¥/
_ / DR(D:Co,010)r D 0)01 (w0-N(0) ~ | B(RO)uo-7)a-7)(0)

s

- 1
- /Q (dIVatA(o) S a0y (Po,u0) - w+ 5 Do, 40t Daoyw

+ gDA(O) (R(O)uo) :]D)A(O)w> J(O) + k/ﬂdivat.A(O) V.A(O)Qod)
—[07n(0),w-N(0)]¢— [0:# (0n) (0),w- N (0)]¢.J (0). (5.9)

If we denote (D;u(0),0:0(0)) be a new unknown, and (w,¢) be a new test function, then
Bl-,-]: (V(0) x H1(0)) x (V(0) x H1(0)) — R is a bilinear mapping satisfying

Bl(v,9), (w, )] S ([ollw + 19]l22) (lwllw +[|6ll9¢),

and L[-]: V(0) x H1(0) — R is a bounded linear functional on V(0) x H1(0). Now we show
the bilinear form B[-,-] is coercive. We utilize Holder inequality and Sobolev inequalities
to deduce that

2 /Q Y 40)90(0) -V 4(0)2:6(0).10)

+ / [(De(0))- a0)0 4110 -V a0, :0(0)]046(0) J(0)

211:0(0)I[3 = 1D (0) | 24V 00]l 2 186 (0)]| 24+ [|uol| 4[| VOO (0) | 2 [|3:6(0) | 4
2118:0(0)[[3: = [1Du(O) 1100l w2 9260 ]1 — lluollw2 [12:(0)]5- (5.10)

Then Cauchy-Schwarz inequality, (5.4) and smallness of 7o imply

E [V 40)0:0(0) -V 4(0)9:0(0)J (0) + [ [(Dyu(0)) - V a(0)00 + 1o - V a(0)0:0(0)]3,6(0).J (0)
Z[18:0(0) |13, = 10:n(0) 13 2| Dyu(0) 13 (5.11)

Similarly,
((Dyu(0), Dyu(0))) + (Dyu(0) - N(0), Dyu(0) - N(0))1,5
JF/Q[*QaatG(O)VA(O)qh(O)JF(DtU(O))'VA(O)UO+U0'VA(O)(DtU(O))]'DtU(O)J(O)
2l Deu(0) 3y — 19:0(0)]I3- (5.12)
Then we plug (5.11) into (5.12) to deduce that

BI(D:u(0),2:8(0)), (Du(0),9:6(0))] 2 | Dsu(0) - (5.13)
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Similarly, plugging (5.12) into (5.11) reveals
B[(Dyu(0),0,6(0)),(Dru(0),8:6(0))] Z 10:0(0) 11 - (5.14)
Combining (5.13) and (5.14) imply
B[(Dyu(0),0:0(0)), (Dyu(0),:0(0))] 2 | Dyu(0) [y + 10:0(0) 11 - (5.15)

Thus the bilinear form B[-,-] is coercive. Then Lax-Millgram theorem guarantees that
there exists a unique pair (D;u(0),8,0(0)) € V(0) x H*(0), such that

1D:u(0)[1F + 126 O S Imoll3y /2 + 10m(0) 13 2 + 197 m(O) - (5.16)

Now from [8, Theorem 4.6], we may recover 9;p(0) € H°(€) such that
19ep(O)IIG < lmoll3 /2 + 19en (O3 2+ 107 O) 17 (5.17)

In the construction of initial data above, 19, 9:1(0), and 927(0) need to satisfy some
compatibility conditions. At the corner points x1 ==+,

/iatn(()) +/€7/A(8t77(0)) =Fo < 81770 372 +R(61C0,61n0)> (518)

(1+01¢0l?)
and

010m(0)

k0P (0)+ KA (91(0))97n(0) =Fo ((1+WlCo|2)3/2

+5z73(31§0,31770)313t77(0)> :
(5.19)

5.2. Linear problem for Poisson system. Suppose that 7 is given and that
A, J, N, etc. are determined in terms of 7. Before turning to an analysis of the linear
problem, we define various quantities in terms of 7:

1 2 3
D) =D N0 a2+ D_ 1082 e + 10705 ayyns2 + S N el 710,105
Jj=0 j=0 j=1

2
&(n) = ||77||iQCW§>/2 1017 e gz + Y 0007 1y R(0) =D () +E(n),
=0

2
€y =Co(n):= Hnol\ivés/z +0m(0) 137372+ > 1070(0)[13:- (5.20)
=0

Throughout this section, we always assume that £(n) <+ and 7o >0 is sufficiently
small.

For the purpose of constructing solutions to the nonlinear system, we need to con-
sider the following modified linear problem

—kA40=F3 in Q,
kEVA0-N+0=F° on X, (5.21)
0=0 on Y.

To analyze (5.21), we need to consider two notions of solution: weak and strong.
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DEFINITION 5.1.  Suppose that 3+ F6 € (HL)*. 6 is called a weak solution of (5.21),
provided that 0 € L*([0,T);0H () and satisfies

T T T pL
— 3 6 _
E[ 00V atho = [ (gt [ [ (#00)0 (:22)

for each ¢ € Hi.

In the following, we will see that weak solutions will arise as a byproduct of the
construction of strong solutions to (5.21). Hence, we now ignore the existence of weak
solutions and record a uniqueness result based on some integral equalities and bounds
satisfied by weak solutions.

PROPOSITION 5.1.  Weak solutions to (5.21) are unique.

Proof. If §* and 62 are both weak solutions to (5.21), then §=0' —6? is a weak
solution of (5.21) with F3=F%=0. Using the test function X0, € HL., where X0, 18
a temporal indicator function, we have that

t t
/0 1012, + / 1611370 s5) =0, (5.23)

which implies 6 =0. O
We now give our definition of strong solutions.

DEFINITION 5.2.  Suppose that the forcing functions satisfy

F*e L2([0,T);W32(Q)), FSe L([0,T);W, (%)),

(5.24)
Op(F°+F°) e L*([0,T1]; (H')").
If there exists a 6 satisfying (5.21) in the strong sense of
0 L*(0,T;WF (%), 9]0 €L*(0,TT;0H' (), (5.25)

for j=0,1, we call it a strong solution.
The proof of the following lemma is in the similar way as in [14].

LEMMA 5.1. Suppose that the right-hand side of the following are finite. Then
0eCO[0,T);0H () and ue C°([0,T];0H(Q)), satisfying

1ONZ 11 S 160l15y2 + 101172 111+ 110601172 1
Now we state our main theorem for the strong solutions.

THEOREM 5.1.  Suppose that the forcing terms F® and FS satisfy the condition (5.24),
that the initial data are the same as in Section 5.1. Suppose that &(n) <o is smaller
than o in Theorem 3.3. Then there exists a unique strong solution 6 solving (5.21)
such that 6 satisfies (5.25). The solution obeys the estimate

1
> 1070072 g1+ 10l L rr + 101721172
=0

S+ [(F2+F)(0)[Fyer)- + Em (1 I F2wwo +IFCI17 5 0172)

+(1+ &) (10:(F° + F%) B30, )-)- (5.26)
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Moreover, 0,0 satisfies

- kAAate = 8tF3 +G3 m Q,
EV40,0-N+0,0=0,F°+G®  on %, (5.27)
0:0=0 on X,

in the weak sense of (5.22), where G® is defined by

G? =kdivo, A(—RV A0+ Vo,40), (5.28)
and G5 by

GO =—kVg, a0 - N —kV 40-ON. (5.29)
More precisely, (5.27) holds in the weak sense of

/vAate-quu:/[atF3+F3atJK]¢J+/(atF6—ag'9)¢
Q Q b

—/[VatAe-VA¢+VA9'VatA¢+VA9'VatA¢3tJKN (5.30)
Q

Proof. We only need to prove the results concerning the temperature . Then due
to the proof of [19, Theorem 4.13], we may make some refinement to obtain our results
for u here. Since the equations for 6 are a Poisson system, we expect to use the elliptic
analysis to obtain the existence and uniqueness of 6 for a.e. t€[0,7]. Nevertheless
for solving the equations for u, we are necessarily to gain the control of one temporal
regularity for #. That is the reason why we still use the Galerkin method.

In order to utilize the Galerkin method (for instance, see [4]), we must first construct
a countable basis of H2(Q)NH!(t) for each t€[0,T]. For each t€[0,7], the space
H?(Q)NH(t) is separable, so the existence of a countable basis is not an issue.

Since H?(2)NoH'(Q) is separable, it possess a countable basis {w’}32,. Note that
this basis is not time-dependent. Since H2(Q)NH!(t) is time-dependent, we define
¢’ (t) = K(t)w’. Then it is easy to show that {¢/(t)}52, is a countable basis of H?(©2)N
H1(t) for each t € [0,T]. Moreover, we could express 9;¢(t) in terms of ¢ (t) as

0! (t) = 0 K (t)w? = 0, K (t)J () K (t)w? =0, K (t)J (t)¢’ (t).
For any integer m > 1, we define the finite dimensional space
HL =span{p!(t),d%(t),...,¢" ()} S H>(Q)NH (). (5.31)
Then we define an approximate solution
O™ (t):=dJ"(t)¢’ (t), with d}*:[0,T] - R for j=1,...,m, (5.32)

where as usual we use the Einstein convention of summation of the repeated index j.
We want to choose the coefficients d* € C°([0,T7), so that

(V48" ¥ adhruo = (F* 0o+ [ £ (53)
b
for each ¢ € H}, (). Then we plug (5.32) into (5.33) to deduce the equation for dJ*,

4} [(Va? V40" g0 +(¢7,8") o) | = (F2, 0" )00 +/2F6¢’“- (5.34)
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From the definition of #!, the matrix with entry (V.a¢?,V.a4¢*)o+(¢7,0") go(s) is
invertible. Since the coefficients of linear system (5.33) are in C°([0,7), and the forcing
terms are in C°([0,T]), we find that d7* € C°([0,T]). Then from the assumptions for
the forcing terms, we could temporally differentiate (5.33) to find that d7* € C%'([0,T7)
actually.

By our construction, #™ € H. . Then we take the test function ¢=60" in (5.33) to
derive that

107 2 + 116" | 20 ) = /Q Fm T+ / Fo. (5.35)

Then we choose p,q,r such that 1<q<% with 0<d <1 and %—Fé:l, 2<7‘<% and
2r

r'=-=5. Then we employ Holder inequality, Lemma 4.1, Proposition 2.1, Sobolev
inequality and usual trace theory to deduce that

6™ 113 S IFZ lwo ld™ 1107 e + 1 FC e 107 | o
SIE w107+ 11210711 (5.36)

Then together with Cauchy inequality we have
16713 S N2 1ve + 1015, 172 (5.37)
Then integrating from 0 to T', we have that

167 122 i1 SIE? (2o + 1|l (5.38)

2
1/2-
L2W)

Suppose that ¢p=a}’¢’ with a7* € C%'([0,T]). It is easy to verify that dip € H,,.
We take this ¢ in (5.33), then temporally differentiate (5.33), and then subtract (5.33)
with the test function ¢ replaced by 0i¢. This eliminates the terms for d;¢ and leaves
us the equality

(VAatQm,VAqZ))Ho:/[8tF3+F36tJK]¢J+/6tF6<b—/VatAHm-VA(éJ
Q > Q
— [ V40™ -V, 40] — / V0™ -V 4¢Or K J. (5.39)
Q Q

Then, we choose the test function ¢=0;0" and utilize the Holder inequality to find
that

10:0™ ()30 S N0AllL< 107 [11110:0™ [[1 + [10e T[] oo 167 |1 10:6™ 1+
H10:(F2 + FO) | 32y 10:0™ 1+ 1106 T |1 F2 o |0:6™ 1
SOl /216 (1100 (|1 + 1106 (F? + FO) [ 32 - [10:6™ 12
10l 2l F2 lwoll0e0™ |- (5.40)

Then after an integration from 0 to 7', Cauchy inequality, Lemma 5.1 and the smallness

of vy imply
10:6™ 72 0 SN0l 2 yy5/2 107 oo i1 + 106 | e gz +IF (2 vw0 + 10 (F> + FO)|[ 2 (341 )-

LQW(;
S €+ (L+RM)(IF|[72wo + \IFGHizwgm)+(1+ﬁ(77))|\0t(F3+F6)Hizm1>*-
(5.41)
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From the energy estimates for 8" and 9;0™, we know that the sequences {#™} and
{0,0™} are uniformly bounded in L?oH'. Then up to an extraction of a subsequence,
we have that

0™ — @ weakly in L2gH', 0,0™ — 9,0 weakly in L% H".
By lower semicontinuity, the energy estimates imply that
101122 2 + 110201172 11

is bounded. Then we pass to the limit for (5.35) with almost ¢ €[0,T7],

k(VAQ,VA¢)Ho:/F3¢J+/F6¢, (5.42)
Q b
which means € is the weak solution for the elliptic equation

~kAL0=F%inQ, kVA0-N+0=F°onY, 6=0onX,. (5.43)

The elliptic estimates arguments similar to those in Theorem 3.3 imply that the elliptic
Equation (5.43) admits a unique strong solution with

10 52 SIF @0 +IEC@)3, 172 (5.44)
5 5 S
After integration from 0 to T,

1013 21y2 S I gy + 1FOI2 0o (5.45)

Then we pass to the limit for (5.39) with almost ¢ € (0,77,
(VAatQ,VA@Ho+(8t9,¢)H0(E):/[GtF3+F38tJK]¢J+/&gFG(b—/ Vo,40-V 40 J
Q b Q

—/VA9~VatA(bJ—/VAQ-VA¢875JKJ. (5.46)
Q Q

Then an integration by parts reveals that
—/ VatA9~VA¢J—/ VAQ-VatAq’)J—/ VA0-V 490, JKJ
Q Q Q
:—/ vatAe-qusJ—/ Va0 RV 4]
Q Q

:_/ (VatAe—FRVAQ)-VA(bJ
Q

= (diVA(VatA9+RVA9),¢) — <VatA9~N+ V40- 3tN,¢>_1/2 . (5.47)
This completes the proof for 6. ]

In order to state our higher regularity results for the problem (5.21), we must be able
to define the forcing terms and initial data for the problem that results from temporally
differentiating (5.21) one time. First, we define some mappings. Given F*, v, ¢, £, we
define the vector fields &', &3 in Q, &°, 8% on ¥ and &7 on 3, by

®3(9) =div4(—RV 49+ Vg, 49),

S o . (5.48)
B0 (9) = -V 40-ON — Vi, 40N,
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These mappings allow us to define the forcing terms as follows. We write F'3 = F'3 and
F60=F6. Then we write

F3 =0, 3+ &%), F% :=0,F°+8°0). (5.49)

When F? are sufficiently regular for the following to make sense, we define the vectors
F32.=83(0,0)+ 0, F>',  F5%:=&5(0,0) 40, F%'. (5.50)

In the following theorem, we present the higher order regularity of Equation (5.21),

which is a direct corollary of Theorem 5.1.

THEOREM 5.2.  Suppose that 8(n) <« is sufficiently small, and that 3gFi, 1=3,6, j=
1,2, satisfy the assumptions in (5.24). Let 6y € W2(2) and 8,0(0) € H'(Q) be determined
in terms of g, On(0) and d?n(0) as in Section 5.1. Then there exists To >0 such that
for 0<T <Ty, then there exists a unique strong solution 6 to (5.21) on [0,To] such that
070 satisfies

— kA LD 0=F3I in Q,
EVAS0-N+0/0=F%  on %, (5.51)
8{9:() on X,

in the strong sense with initial data 8,{9(0) for j=0,1 and in the weak sense for j=2.
Moreover, the solution satisfies the estimate

K(0) S €01+ F*(0)[fyn +1F O)IIF, 172 + 106 (F2 + F2)(0) [F )
1

RS (1 F oy 12,0
7=0

+(1+EMNN0F(F* +FO)|f ), (5.52)

where 8(0)= (10113 w2 + 10017 pra + 10172002 + 3250 1076172 11

6. The full nonlinear equation

We finally turn to our main result for solutions global and decaying in time. The
local well posedness for (1.10) is proved in the similar way as in [19] based on linear
theory in Theorem 5.2. So we omit the details. We directly sketch the proof of our
main results.

Proof. (Proof of Theorem 1.1.) We set

T* :sup{T> 0: For each choice of the initial data (19,0;7(0),071(0)) satisfying the

compatibility condition (5.18) and (5.19) such that there exists a universal small
parameter 7o >0, and the initial energy satisfies £(0) <~p. There exists a unique

solution on [0,7] satisfying

sup[£(6)+e™ (Jul@) 1+ [[ut)- 732, +[u@)-NOF + [pOI3+ 10013 |

0<t<T

T
+/O D(t)dt < 5(0)}. (6.1)
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Then with the local existence theory, the set on the right side of (6.1) is nonempty.
Then a standard continuity argument coupling Theorem 4.2 and Theorem 4.3 implies
T* =+o00. This completes the proof. ]
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Appendix. Forcing terms. The forcing terms F? in (2.1) are in terms of the
temporal differentiation for velocity, pressure, temperature and surface functions. In
particular,

(1) When (v,q,9,8) = (u,p,0,7),
F'=—u-Vu, F?=0, F3=—u-V 40, F*=R(0:(0,017),
FO=FS=FT=F3=0, F*=x¥# (8yn).

(2) When (U7Q719’£):(8tu7atpaat07atn)a

F'= —divy, 4 Sa(u,p) 4+ pdiv 4Dy, gu+ gadV s, 4P+ gabdV 40, P,
—O0u-Vau—u-Va, au—u-V 40:u,

F2=—diV3tAu,
F3:diVatAVA9+diVAV3tA9—atu~VAG—U~Vat_,49—u-v_,48t9,

F*=9, [R(01¢0,011m)],

0
F° :gﬁat-/\/'*gal <(1+|811£(7)|2)3/2 R(31C0,31W)> 8tN+#D81,AUN*SA(p7U)atNa

FS= -V, 40 N =V 40-ON, F"=—pDy, quv-T,
Fe=u-0N, F*=#"(0m)dn.
(3) When (v,q,9,¢) = (97w, 87 p,0,0,07n),

F'=—2divg, 4 SA(0ru,0:p) +2pdiv 4 Dy, 40su~+290ad;0V 5, 4 P2 +2900;0V 40, P2
—divgz 4 Sa(u,p) +2udive, a Do, au+pdivaDaz qu+ gabV g2 4 o
+29a0V 5, 410: P2 —l—ga@VAaf(I)g — 8t2u -V au—20u-Va, au—20iu-V A0u
—u~V8t2Au—2u-VgtA8tu—u-VAafu,

F?= —divgz gu—2divg, 4 Oru,

F?=2div, 4 V4010 +2diva Vo, 40,0 +2divy, 4 Vo, 40 +diver 4 Va0 +diva Ve 40,

F'=82[R(D1¢0,01m)),

F? =2uDp, 40;uN + 1Dg2 4uN + Do, AuON

010im
+2 [gatﬂ —od, ((1+|8140|2)3/2 + 0 [R(51Co,3177)]) - SA(atpvat“)] 0N



YUNRUI ZHENG 775

+2 [gn—a& < 0 573 +R(5‘14073177)> —SA(I%U)} RN,

FO=—2V5,4000- N =2V 40,0 - ON —V g2 A0 - N — 2V 5, 40 - OLN =V 4007 N,
F7"=2uDp, 40yuv -7+ pDg2 quv -,
F® =20,u-0,N +u- 020N, FO=#"(0m)0n+#"(0:m)(0%n)>.

A key feature for all of the F'® terms is that they vanish at the point x, = £/, since both
uy and Oyu; vanish at 1 =+¢. We usually use this feature throughout the paper.
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