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NON-UNIQUENESS OF TRANSONIC SHOCK SOLUTIONS TO
EULER-POISSON SYSTEM WITH VARYING BACKGROUND
CHARGES*

BEN DUANT, YUANYUAN XING!, AND HAORAN ZHENGS$

Abstract. The Euler-Poisson equations with varying background charges in finitely long flat
nozzles are investigated, for which two and only two transonic shock solutions are constructed. In
[T. Luo and Z.P. Xin, Commun. Math. Sci., 10:419-462, 2012], Luo and Xin established the well-
posedness of steady Euler-Poisson equations for the constant background charge. Motivated by their
pioneering work and combined with the special physical character of semiconductor devices, we propose
the transonic shock problem in which the density of the background charge is a piecewise constant
function and its discontinuity is determined only by shock fronts. The existence and non-uniqueness of
transonic shock solutions are obtained via the method of shock matching.
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1. Introduction
The charge transport governed by self-generated electric field in macroscopic scale
can be described by the Euler-Poisson equations

pr+(pu)z =
(pu)e+ (p(p )+PU) =pE, (1.1)
E,=p-0,

where u, p, and p represent the macroscopic particle velocity, density, and pressure,
respectively. The electric field E is generally generated by the Coulomb force of particles.
And the function b> 0 denotes the density of positive background charge. The pressure
p satisfies

p(0)=0, p'(p) >0, p"(p) >0, for p>0, p(+00)=+o0.

In gas dynamics, c=/p’(p) represents the local sound speed. The flow is supersonic if
u > ¢, and subsonic if u<c. Based on the special physical character of semiconductor
devices, the density of the background charge is prescribed as

by, if u>c,
by, if u<e,

b= (1.2)

where by and by are all positive constants.

The Euler-Poisson system under consideration consists of the isentropic Euler equa-
tions for the particle densities and momentum coupled with the Poisson equation
through a source term modeling the electrostatic force. This system describes the

*Received: November 30, 2022; Accepted (in revised form): September 01, 2023. Communicated by
Feimin Huang.

tSchool of Mathematics, Jilin University, Changchun, Jilin, China (bduan@jlu.edu.cn).

fCorresponding author. School of Mathematical Sciences, Dalian University of Technology, Dalian,
Liaoning, China (yxing-math@163.com).

§School of Mathematics, Jilin University, Changchun, Jilin, China (hrzheng22@mails.jlu.edu.cn).

s


mailto:bduan@jlu.edu.cn
mailto:yxing\protect _math@163.com
mailto:hrzheng22@mails.jlu.edu.cn

778 TRANSONIC SHOCK SOLUTIONS TO EULER-POISSON SYSTEM

dynamic behaviour of many important physical flows, including the propagation of
electrons in submicron semiconductor devices (see [22]), the biological transport of ions
for channel proteins (see [5]), the motion of plasmas and so on.

The well-posedness of steady Euler-Poisson equations is a hot topic in fluid dy-
namics. Many purely supersonic and subsonic solutions have been constructed for
one-dimensional and multi-dimensional Euler-Poisson equations, one may refer to
[2,3,10,14, 24] and references cited therein. For transonic problems, based on a large
number of experimental results, Courant and Friedrichs put forward a description in-
volving shock fronts phenomenon in [9]: Given an appropriately large receiver pressure
pe in a de Laval nozzle, if the upstream flow is still supersonic behind the throat of
the nozzle, then at a certain place in the widening part of the nozzle, a shock front
intervenes, and the flow is compressed and slowed down to subsonic state. The position
and the strength of the shock front are automatically adjusted so that the end pressure
becomes p..

One can notice that if the right-hand side of the second equation in (1.1) is zero
and the Poisson equation disappears, then the system (1.1) becomes Euler system. So
far, there have been many significant studies on transonic shock problems for Euler
equations, see [4,6,15,18,27-29]. Compared with Euler equations, the mathematical
research of transonic shocks for Euler-Poisson equations is not extensive enough. In [1],
Ascher, Markowich and Pietra considered a linear pressure function p(p) =kp and a spe-
cial boundary condition p(0)=p(L)=p. They proved the existence of transonic shock
solutions to Euler-Poisson equations with 0 <b< ps, where p and ps are the densities
on subsonic and sonic states respectively. In [25], Rosini presented a phase plane anal-
ysis for the steady Euler-Poisson system in terms of three different situations 0 <b < ps,
b=ps and b>ps;. Gamba constructed transonic shock solutions which may contain
boundary layers via the vanishing viscosity method in [13], for which the solutions
possibly admit more than one transonic shocks. For more general pressure functions
and boundary conditions, Luo and Xin established a thorough well-posedness theory of
isentropic Euler-Poisson equations in [19], where the existence and uniqueness of the
transonic shock solution are proved for 0 < b < ps, and the non-uniqueness is obtained for
b> ps. Their results revealed that the value of b plays a key role on the well-posedness
of transonic shock solutions. In [11], Duan and Zhang extended the non-uniqueness
results in [19] to the non-isentropic Euler-Poisson equations with the same assumption
b> ps. In addition, for the Euler-Poisson system with relaxation terms in [7,16,17], it
has been proved that the infinitely many transonic shock solutions exist for any L
background charge b within the subsonic or supersonic regions but sufficiently close to
the sonic line, or the transonic regions dominated by either the subsonic or supersonic
regions. For other significant works, one may refer to [8,12,20, 21, 23, 26].

In this paper, we investigate the transonic shock problem in which the density of the
background charge b is a piecewise constant function and the discontinuity of b is deter-
mined only by shock fronts. Since the shock is a free boundary connecting supersonic
and subsonic regions, the function b actually depends on transonic shock solutions. For
the Euler-Poisson equations with varying background charges, the solution trajectories
may have more plentiful phenomena than the ones of constant background charge. Our
goal is to establish the existence and non-uniqueness of transonic shock solutions under
a class of physical boundary conditions.

The steady Euler-Poisson equations are investigated in an interval 0 <z < L of the



B. DUAN, Y. XING, AND H. ZHENG 779

form

subject to the boundary conditions

(pyu, E)(0) = (po,uo, Eo), p(L)=pe. (1.4)

The first equation in (1.3) shows that pu(z) = J for some constant J. Thus the boundary
value problem (1.3)-(1.4) can be reduced to

(1.5)

The equation p’(p)p? = J? admits a unique solution p= p,, which is the density on sonic
state. Then the flow is supersonic (respectively subsonic) if

p'(p) < J?/p? i.e.p< ps (vespectively p/(p) > J?/p% i.e.p> ps).

The goal of this work is to construct the non-uniqueness of transonic shock solutions to
(1.5) in one dimensional flat nozzles, and to elucidate various analytical features espe-
cially including the monotonicity property between the shock location and the density
at the exit of nozzles. We concentrate on the case where 0 <b< p,; and the electric field
FE is negative in subsonic state.

The rest of this paper is organized as follows. In Section 2, the main theorem
and the detailed behavior of transonic shock solutions to Euler-Poisson Equations (1.3)
are elucidated via the method of shock matching. In Section 3, the existence result of
transonic shocks is established by a monotonicity argument. Furthermore, we prove that
there exist two and only two transonic shock solutions to the boundary value problem
(1.5).

2. Existence of transonic shock solutions

For the boundary value problem (1.5), we assume that py < ps and p. > ps. This
implies that flows are supersonic at £ =0 and subsonic at x=L. The definition of
transonic shock solutions to (1.5) is given as follows.

DEFINITION 2.1.  The piecewise smooth function

_J(p— E_)(z), 0<z <a”,
= {<p+,E+><x;z*>, v <r<L, 2

is a transonic shock solution to the boundary value problem (1.5) provided
(i) (p,E) is separated by a shock discontinuity located at x* € (0,L);
(ii) (p—,E-) and (p4+,Ey) satisfy (1.5) on the intervals (0,2*) and (z*,L), respec-
tively;
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(iii) the Rankine-Hugoniot conditions hold across the shock at x =x*,

{ (o) + 2 ) (@)= (plos) + £ (@), 2.9
E_(a%) =B+ (o)
(iv) the Laz’s entropy condition holds at x=1x*,

p+(x%) > ps > p—(27). (2.3)

Solutions to (1.3) can be analyzed visually in (p, E)-phase plane via using the shock
matching method. Any trajectory in (p, E)-plane satisfies

1 —b 2
d<2E2H(p)> =0, where H'(p)=— (p’(p)#) . (2.4)
The trajectory passing through (po,Eq) is obtained by
Lo g Lo

PO
The critical trajectory is defined as the trajectory passing through (ps,0) of the form

1 P
§E2 — | H'(r)dr=0.

Ps

There are two branches of the critical trajectory, a supersonic branch 0<b< ps, and
a subsonic branch b> p,. Hereafter, we focus on the case where Ey <0 and (po, Ep) is
in the supersonic critical trajectory for simplicity. When (p1,E71) and (p2,E2) are on
the same trajectory, we define [((p1,E1);(p2,F2)) as the length of the variable z for the
trajectory of (1.3) which connects (p1,F1) and (p2,FE2). If E does not change sign on
the trajectory connecting these two states, then

l((plvE1)3(p2»E2)):/p2 [%dp, (2.6)

where h(p) =p'(p) — .

02
The existence result of transonic shock solutions is given in the following theorem.

THEOREM 2.1. Let J, L, 0<by <by <ps be the given positive constants and (po, Ep)
be the supersonic boundary data with ug= J/po, then there exists an interval I = (p,p).
For any density at the exit of nozzles p € I, the boundary value problem (1.5) has ezactly
two transonic shock solutions on (0,L).

The flow pattern of the solution to (1.5) is described in Figure 2.1. Given pg, Fo and
Pe, there exist two kinds of flow patterns with shocks located at z7 and x5, respectively.
From (pg,Ep) to B or C, the flow is supersonic on the interval (0,z7) or (0,z3), with
the density of the background charge being by. Across the shock, the trajectory jumps
from B to B’ or from C to C’. Then, the phase plane changes to the one with respect
to the background charge bs. The flow becomes subsonic and travels to the state p=pe.
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Ps Pe
B (p—(27), E- (7)) C: (p_(a3), E_(x3))
B’ (pi (1), By (27)) C": (p+(a5), By (a3))

Fic. 2.1. Flow pattern of transonic shock solutions.

3. Proof of the main theorem

In this section, the monotonicity between the shock location and the density at
the exit of the nozzle is established. Furthermore, we prove the existence and non-
uniqueness of transonic shock solutions to the boundary value problem (1.5). Lemma
3.1 and Lemma 3.2 are the key ingredients to our proof.

LEMMA 3.1.  For the given constants J, L, by, ba and any supersonic boundary data
(po,Eo), suppose that

L=a"+1((p4 ("), B (27)); (p4 (Lz"), Ey (L"), (3.1)

where (py(L;x*), Ey(L;x*)) is the state at the exit of the nozzle. If E does not change
sign along the trajectory from (po(x*),E4(x*)) to (p+(L;z*),E+(L;x*)), then

dpi(Liz*) _p+(Lia")Ey (Liz”) (p-(z7)
do* Ror(Lzn)  \ pe(e®)

) ) [
+|——=b2—b1 |E_(z ———dr |, 3.2
<p+($*) 2 ! ( ) pt(x*) TE?;_(T,:E*) ( )

provided E (T,2*) satisfies
;Ei(m:*)—/( )(t_bi)h(t)dt:;Ei(m*) (3.3)
p+(z*

for T €lpy(x*), p4(Lia™)].
Proof. Tt follows from (2.6) that

p+(Lsz™)
L2 +/ _hD) 4, (3.4)
pi(z*) TE+(T,I )
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where

_(x¥) e
(o0 (o) B = [ (35)

A direct computation implies

dp_(a*) _p_(z")E_(x")

= (3.6)
& (@)
Differentiating (3.4) with respect to z* yields
ooty ML) dpi(Liat)  h(p(a)  dpse)
p+(Liz*) By (Liz®) - da* p(*)Ey(z*)  da
el h(r) OB (r,aY)

- : ——~dr. 3.7
/er(m o TER(1,2%) Ox* g (3.7)

Using the first equation in the Rankine-Hugoniot conditions (2.2), one can as well deduce

; oy P Ndp(aF) N S K. )
(Fo- )= ) ) = (- ) YL e
Substituting (3.6) into (3.8) yields
Ao (") _ - (")) dp_ (") _p(x)E_(a") 59
& hlpr(@)  der T h(ps(@) |
Employing the definition of F, (r,2*) in (3.3), it holds that
Similarly, returning to the Equation (2.5) we have
;Eﬁ(x*)/p:w)(t_l’iﬁl(t)dt;% (3.11)
and so deduce
o dE_(z) _ (p—(2") —bi)h(p_ (")) dp_(")
E_(z%) e @) s (3.12)
provided E_(2*)=F, (z*). Hence
OB (1,27) _ (p— (") =b1)h(p—(27)) dp_(z")
E(ra”) —(‘;x* N p—(z*) Cda
(P4 (27) =ba)h(py (x7)) dpy(z¥)
p+ (%) dz*
_p=() o
_(p+(:17*) by —by)E_(x7). (3.13)

This, together with (3.7) and (3.9), yields (3.2). The proof is completed. O
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In the following, we define

b
B=1{a:p-(2)< s},
2

where Z is a shock location determined later. Then the following lemma is obtained.

LEMMA 3.2. Let J, L, 0<b; <bs < ps be the given positive constants, then there exists
a non-empty parameter set B. For any supersonic boundary data (po, Eo), if E <0 along
the trajectory from (p4(z*), B4 (x*)) to (p4(L;x*), E4(L;x*)), then there exists a unique
shock location T € B and an & satisfying E4(L,%)=0 such that

L-x* Op+(Liz™) f % * =
i 2P 5 f"(ﬂgim*fo’ or Tz <Z, (3.14)
=i Ox* 22 >0, for T<a*<L
and thus
L;x)= i L;z™). 1
p+(Liz)=_ min py(Lia") (3.15)
Proof. Since £ <0 and F does not change sign along the trajectory from
(p4+ (%), B4 (")) to (p4(L;z*), B4 (L;x*)), it follows from Lemma 3.1 that
Op+(Liz*) _ py(Liz*) By (Liz™)
- Q(L:a*), 3.16
o Mor L) O (310
provided
. * p+(Liz) p
Q(L;x*):p*(m*) —1+<p(x*) -b2—b1> E,(x*)/ %dr (3.17)
P+ (%) Pt (%) po(aey  TEL(T,2*)

In order to determine the sign of (3.16), we first analyze the term Q(L;x*). According
to the subsonic trajectory, there exists a unique shock location & such that

L)~ H{pa () =~ H(ps (Li), (3.18)
that is
lim B, (L,z") =0, (3.19)
In addition
/ ot %dT = too. (3.20)
pi(e)  TEL(TE)

To verify this, note that F, (7,%) satisfies

LB (r,8)~ H(r) = L BL(5) — H{ps (3)) (3.21)

and —oo < E4 (7,%) <0. It is derived that

2(r,& T—02 / §
aEgi(T’) —om(r) = 2T =02) (p (1) - J) (3.22)
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for py(L;@) <7<p(&) and 7> be. Therefore, there exist positive constants C; and Co
such that

OE2 (1,%)
O < — 22 <0y, 3.23
<220 (3.29
Since E? (1,2) =0 at 7=p,4 (L;&), then
B2 (1,2)= (|7 - p4 (Lid)) (320
for small |7 — p4 (L;&)|, which confirms (3.20) and thus
Q(L;#) =+o0. (3.25)
Besides, plugging z* = L into the Equation (3.16) implies that
p—(L;L)
QL;L)=L="22) 1 <. (3.26)
) p+(L;L)
In view of the fact that
Op4(L;z* .
san(PHBT)) _en@(ria)) (3.27)
for * €[z,L], % changes the sign in this interval. Therefore, there exists some
Z € B between & and L such that
Opy (L;x
% =Q(L;z)=0. (3.28)
T

Differentiating Q(L;Z) with respect to T gives

p+(L;T) h(T)
(p_(Z)—b / SAS—
(o=t =h) pe@  TEL(T,T)

2 p+(L:T)  3p
pp () THEHTT

Owing to (3.16) and (3.28), we have

_y_ p-(7) p—(T) [ (e
Q(L:z)="L=2 —1+< Y by—by | E_(z M) gr—0. (330
0= w2 EO L TR (3.30)
Substituting (3.30) into (3.29) yields

0Q(L;z) _ pr(T)(ba=b1) [ _p-(D)E_(T) P
oz p—(2)bz—pi(2)b1 \ p+(2)h(p—(2))  PL(2)h(p+(2))
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= 2 p+(L:Z)  3p
- ("—(“’”) -bg—b1> 2 (a?)/ _sh)_,, (3.31)
p )
Based on (3.30), a direct computation gives

(p_(x)bg_bl)z.ﬁ(x) /Mm LSPR

z +(@) ) -

p+(T)
B (1 - £+Eg) (Z+Eg b2 _b1> E_l(gz)' (3.32)

Then we rewrite (3.31) as

0Q(L;) =31, (3.33)

provided

he (20 b1 ()= (@)
o @E @) @B
(@, Y g [T 30
ne-(Gen) 2o [ e

p—(2)

p+(LiE) g, 1
2 x/ ()

—_— — dT,
pi(zy TEL(1,Z) B2 (T)

== (1‘ Ziﬁ) (Zg bH”) e

Combining I3 with I together yields

7 2 p+(L;T) T
13+I4:<Z+Ex;b2—b1) B2 (%) /,, . TEE((T)’QC)( E;@— Ei(?’m))dmo, (3.34)

where the inequalities E2 (Z) > E2% (1,Z) and p(Z) > p+ (L) have been used. Therefore,

0Q(L; )
0z

<hi+1I+1Is. (335)

(3.35) can be transformed into

0Q(L;x) 1
T <_(ﬂ<m‘>.b2_b1)E_(x)(‘]l+J2)’ (3.36)

p+(Z)




786 TRANSONIC SHOCK SOLUTIONS TO EULER-POISSON SYSTEM

provided

2 (Z)E2 (z _(Z)E?(z
le(bg_b1)<p§( JEZ(z) i E JE= (7) ) (3.37)

_ by=bifp_(2) ) p—(@)=bitbs (p-(@) ,
J2= by <P+($) > bl) (p-(@)=b1)+ <P+( ) b b1>(3;38)

Indeed, J1 >0, owing to h(p—(Z)) <0 and h(p+(Z))>0. On the other hand, it can be
deduced from z € B that

8l

-
+(z

Consequently, if p_(Z)—by >0, then

PR C) b—2b1+b2 ((p(a?) .b2b1> - (bz—bl)(p(i)—bl))Q

)

hS)

I 81

~

-by — b1 <0. (339)

hs

p+(7) 2(p—(2) —b1+b2)
(b2 =01)%(p—(2) —b1)?
4(p—(T) = b1 +b2)b2
P (@) =bitby (ba=b1)*(p- (&) =b1)*  (b2—b1)*(p— (%) —b1)?
- b 4(p—(T) = b1 +b2)? 4(p— () = b1 +b2)b2
>0.

Otherwise, if p_(Z) —b; <0, then
= () (552 (g )5 0 -)
(7)

L (1) ()t
_p-(@) (p ()

(@) \p+ (@)
>0.

I

)
by — bl) (be = b1 —p4(Z) +p—(2))

Here the inequality 0<b; < by < ps < p4(Z) has been employed. Then
9Q(L; x)
or

is valid. Therefore, Q(L;z*) only changes the sign once at Z € (&,L). We conclude from
(3.25), (3.26) and (3.40) that

<0 (3.40)

Q(L;z*)>0, for Z<z*<T,

llg Q(x") =+o0, Q(L;z) =0, (3.41)
Q(L;x*) <0, for z<a*<L.
This confirms (3.14) and (3.15). d

The proof of Theorem 2.1: In Lemma 3.2, the monotonicity of p4 (L;x*) is obtained.
Set

p=p(L;z), p:=min{p(L;L),p(L;%)} and I=(p,p]. (3.42)
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Ap+(L;z¥)

sy

Fi1Gc. 3.1. Monotonicity.

As shown in Figure 3.1, for any p. € I, there exist exactly two shock locations x] and x3
such that p(L;zy) = p(L;x35) = p.. Therefore, the boundary value problem (1.5) admits
precisely two transonic shock solutions which satisfy the Rankine-Hugoniot conditions
(2.2) and the Lax’s entropy condition (2.3). This completes the proof of Theorem 2.1.
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