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NON-UNIQUENESS OF TRANSONIC SHOCK SOLUTIONS TO
EULER-POISSON SYSTEM WITH VARYING BACKGROUND

CHARGES∗
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Abstract. The Euler-Poisson equations with varying background charges in finitely long flat
nozzles are investigated, for which two and only two transonic shock solutions are constructed. In
[T. Luo and Z.P. Xin, Commun. Math. Sci., 10:419–462, 2012], Luo and Xin established the well-
posedness of steady Euler-Poisson equations for the constant background charge. Motivated by their
pioneering work and combined with the special physical character of semiconductor devices, we propose
the transonic shock problem in which the density of the background charge is a piecewise constant
function and its discontinuity is determined only by shock fronts. The existence and non-uniqueness of
transonic shock solutions are obtained via the method of shock matching.
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1. Introduction
The charge transport governed by self-generated electric field in macroscopic scale

can be described by the Euler-Poisson equations
ρt+(ρu)x=0,

(ρu)t+(p(ρ)+ρu2)x=ρE,

Ex=ρ−b,

(1.1)

where u, ρ, and p represent the macroscopic particle velocity, density, and pressure,
respectively. The electric field E is generally generated by the Coulomb force of particles.
And the function b>0 denotes the density of positive background charge. The pressure
p satisfies

p(0)=0, p′(ρ)>0, p′′(ρ)>0, for ρ>0, p(+∞)=+∞.

In gas dynamics, c=
√

p′(ρ) represents the local sound speed. The flow is supersonic if
u>c, and subsonic if u<c. Based on the special physical character of semiconductor
devices, the density of the background charge is prescribed as

b=

{
b1, if u>c,

b2, if u<c,
(1.2)

where b1 and b2 are all positive constants.
The Euler-Poisson system under consideration consists of the isentropic Euler equa-

tions for the particle densities and momentum coupled with the Poisson equation
through a source term modeling the electrostatic force. This system describes the
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dynamic behaviour of many important physical flows, including the propagation of
electrons in submicron semiconductor devices (see [22]), the biological transport of ions
for channel proteins (see [5]), the motion of plasmas and so on.

The well-posedness of steady Euler-Poisson equations is a hot topic in fluid dy-
namics. Many purely supersonic and subsonic solutions have been constructed for
one-dimensional and multi-dimensional Euler-Poisson equations, one may refer to
[2, 3, 10, 14, 24] and references cited therein. For transonic problems, based on a large
number of experimental results, Courant and Friedrichs put forward a description in-
volving shock fronts phenomenon in [9]: Given an appropriately large receiver pressure
pe in a de Laval nozzle, if the upstream flow is still supersonic behind the throat of
the nozzle, then at a certain place in the widening part of the nozzle, a shock front
intervenes, and the flow is compressed and slowed down to subsonic state. The position
and the strength of the shock front are automatically adjusted so that the end pressure
becomes pe.

One can notice that if the right-hand side of the second equation in (1.1) is zero
and the Poisson equation disappears, then the system (1.1) becomes Euler system. So
far, there have been many significant studies on transonic shock problems for Euler
equations, see [4, 6, 15, 18, 27–29]. Compared with Euler equations, the mathematical
research of transonic shocks for Euler-Poisson equations is not extensive enough. In [1],
Ascher, Markowich and Pietra considered a linear pressure function p(ρ)=kρ and a spe-
cial boundary condition ρ(0)=ρ(L)= ρ̄. They proved the existence of transonic shock
solutions to Euler-Poisson equations with 0<b<ρs, where ρ̄ and ρs are the densities
on subsonic and sonic states respectively. In [25], Rosini presented a phase plane anal-
ysis for the steady Euler-Poisson system in terms of three different situations 0<b<ρs,
b=ρs and b>ρs. Gamba constructed transonic shock solutions which may contain
boundary layers via the vanishing viscosity method in [13], for which the solutions
possibly admit more than one transonic shocks. For more general pressure functions
and boundary conditions, Luo and Xin established a thorough well-posedness theory of
isentropic Euler-Poisson equations in [19], where the existence and uniqueness of the
transonic shock solution are proved for 0<b<ρs, and the non-uniqueness is obtained for
b>ρs. Their results revealed that the value of b plays a key role on the well-posedness
of transonic shock solutions. In [11], Duan and Zhang extended the non-uniqueness
results in [19] to the non-isentropic Euler-Poisson equations with the same assumption
b>ρs. In addition, for the Euler-Poisson system with relaxation terms in [7, 16, 17], it
has been proved that the infinitely many transonic shock solutions exist for any L∞

background charge b within the subsonic or supersonic regions but sufficiently close to
the sonic line, or the transonic regions dominated by either the subsonic or supersonic
regions. For other significant works, one may refer to [8, 12,20,21,23,26].

In this paper, we investigate the transonic shock problem in which the density of the
background charge b is a piecewise constant function and the discontinuity of b is deter-
mined only by shock fronts. Since the shock is a free boundary connecting supersonic
and subsonic regions, the function b actually depends on transonic shock solutions. For
the Euler-Poisson equations with varying background charges, the solution trajectories
may have more plentiful phenomena than the ones of constant background charge. Our
goal is to establish the existence and non-uniqueness of transonic shock solutions under
a class of physical boundary conditions.

The steady Euler-Poisson equations are investigated in an interval 0≤x≤L of the
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form 
(ρu)x=0,

(p(ρ)+ρu2)x=ρE,

Ex=ρ−b,

(1.3)

subject to the boundary conditions

(ρ,u,E)(0)=(ρ0,u0,E0), ρ(L)=ρe. (1.4)

The first equation in (1.3) shows that ρu(x)=J for some constant J . Thus the boundary
value problem (1.3)-(1.4) can be reduced to

(
p(ρ)+ J2

ρ

)
x
=ρE,

Ex=ρ−b,

(ρ,E)(0)=(ρ0,E0),

ρ(L)=ρe.

(1.5)

The equation p′(ρ)ρ2=J2 admits a unique solution ρ=ρs, which is the density on sonic
state. Then the flow is supersonic (respectively subsonic) if

p′(ρ)<J2/ρ2, i.e.ρ<ρs (respectively p′(ρ)>J2/ρ2, i.e.ρ>ρs).

The goal of this work is to construct the non-uniqueness of transonic shock solutions to
(1.5) in one dimensional flat nozzles, and to elucidate various analytical features espe-
cially including the monotonicity property between the shock location and the density
at the exit of nozzles. We concentrate on the case where 0<b<ρs and the electric field
E is negative in subsonic state.

The rest of this paper is organized as follows. In Section 2, the main theorem
and the detailed behavior of transonic shock solutions to Euler-Poisson Equations (1.3)
are elucidated via the method of shock matching. In Section 3, the existence result of
transonic shocks is established by a monotonicity argument. Furthermore, we prove that
there exist two and only two transonic shock solutions to the boundary value problem
(1.5).

2. Existence of transonic shock solutions

For the boundary value problem (1.5), we assume that ρ0<ρs and ρe>ρs. This
implies that flows are supersonic at x=0 and subsonic at x=L. The definition of
transonic shock solutions to (1.5) is given as follows.

Definition 2.1. The piecewise smooth function

(ρ,E)=

{
(ρ−,E−)(x), 0≤x<x∗,

(ρ+,E+)(x;x
∗), x∗<x≤L,

(2.1)

is a transonic shock solution to the boundary value problem (1.5) provided

(i) (ρ,E) is separated by a shock discontinuity located at x∗∈ (0,L);

(ii) (ρ−,E−) and (ρ+,E+) satisfy (1.5) on the intervals (0,x∗) and (x∗,L), respec-
tively;
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(iii) the Rankine-Hugoniot conditions hold across the shock at x=x∗,{(
p(ρ−)+

J2

ρ−

)
(x∗)=

(
p(ρ+)+

J2

ρ+

)
(x∗),

E−(x
∗)=E+(x

∗);
(2.2)

(iv) the Lax’s entropy condition holds at x=x∗,

ρ+(x
∗)>ρs>ρ−(x

∗). (2.3)

Solutions to (1.3) can be analyzed visually in (ρ,E)-phase plane via using the shock
matching method. Any trajectory in (ρ,E)-plane satisfies

d

(
1

2
E2−H(ρ)

)
=0, where H ′(ρ)=

ρ−b

ρ

(
p′(ρ)− J2

ρ2

)
. (2.4)

The trajectory passing through (ρ0,E0) is obtained by

1

2
E2−

∫ ρ

ρ0

H ′(τ)dτ =
1

2
E2

0 . (2.5)

The critical trajectory is defined as the trajectory passing through (ρs,0) of the form

1

2
E2−

∫ ρ

ρs

H ′(τ)dτ =0.

There are two branches of the critical trajectory, a supersonic branch 0<b<ρs, and
a subsonic branch b>ρs. Hereafter, we focus on the case where E0<0 and (ρ0,E0) is
in the supersonic critical trajectory for simplicity. When (ρ1,E1) and (ρ2,E2) are on
the same trajectory, we define l((ρ1,E1);(ρ2,E2)) as the length of the variable x for the
trajectory of (1.3) which connects (ρ1,E1) and (ρ2,E2). If E does not change sign on
the trajectory connecting these two states, then

l((ρ1,E1);(ρ2,E2))=

∫ ρ2

ρ1

h(ρ)

ρE(ρ)
dρ, (2.6)

where h(ρ)=p′(ρ)− J2

ρ2 .

The existence result of transonic shock solutions is given in the following theorem.

Theorem 2.1. Let J , L, 0<b1<b2<ρs be the given positive constants and (ρ0,E0)
be the supersonic boundary data with u0= J/ρ0 , then there exists an interval I=(ρ,ρ).
For any density at the exit of nozzles ρe∈ I, the boundary value problem (1.5) has exactly
two transonic shock solutions on (0,L).

The flow pattern of the solution to (1.5) is described in Figure 2.1. Given ρ0, E0 and
ρe, there exist two kinds of flow patterns with shocks located at x∗

1 and x∗
2, respectively.

From (ρ0,E0) to B or C, the flow is supersonic on the interval (0,x∗
1) or (0,x∗

2), with
the density of the background charge being b1. Across the shock, the trajectory jumps
from B to B′ or from C to C ′. Then, the phase plane changes to the one with respect
to the background charge b2. The flow becomes subsonic and travels to the state ρ=ρe.
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b1

ρs

b2

E

ρ0 (ρ0, E0)

ρe

B : (ρ−(x
∗
1), E−(x

∗
1))

B
C

C′

B′

B′ : (ρ+(x
∗
1), E+(x

∗
1))

C : (ρ−(x
∗
2), E−(x

∗
2))

C′ : (ρ+(x
∗
2), E+(x

∗
2))

Fig. 2.1. Flow pattern of transonic shock solutions.

3. Proof of the main theorem
In this section, the monotonicity between the shock location and the density at

the exit of the nozzle is established. Furthermore, we prove the existence and non-
uniqueness of transonic shock solutions to the boundary value problem (1.5). Lemma
3.1 and Lemma 3.2 are the key ingredients to our proof.

Lemma 3.1. For the given constants J , L, b1, b2 and any supersonic boundary data
(ρ0,E0), suppose that

L=x∗+ l((ρ+(x
∗),E+(x

∗));(ρ+(L;x
∗),E+(L;x

∗))), (3.1)

where (ρ+(L;x
∗),E+(L;x

∗)) is the state at the exit of the nozzle. If E does not change
sign along the trajectory from (ρ+(x

∗),E+(x
∗)) to (ρ+(L;x

∗),E+(L;x
∗)), then

dρ+(L;x
∗)

dx∗ =
ρ+(L;x

∗)E+(L;x
∗)

h(ρ+(L;x∗))

(
ρ−(x

∗)

ρ+(x∗)
−1

+

(
ρ−(x

∗)

ρ+(x∗)
·b2−b1

)
E−(x

∗)

∫ ρ+(L;x∗)

ρ+(x∗)

h(τ)

τE3
+(τ,x

∗)
dτ

)
, (3.2)

provided E+(τ,x
∗) satisfies

1

2
E2

+(τ,x
∗)−

∫ τ

ρ+(x∗)

(t−b2)h(t)

t
dt=

1

2
E2

+(x
∗) (3.3)

for τ ∈ [ρ+(x
∗),ρ+(L;x

∗)].

Proof. It follows from (2.6) that

L=x∗+

∫ ρ+(L;x∗)

ρ+(x∗)

h(τ)

τE+(τ,x∗)
dτ, (3.4)
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where

x∗= l((ρ0,E0),(ρ−(x
∗),E−(x

∗)))=

∫ ρ−(x∗)

ρ0

h(τ)

τE−(τ)
dτ. (3.5)

A direct computation implies

dρ−(x
∗)

dx∗ =
ρ−(x

∗)E−(x
∗)

h(ρ−(x∗))
. (3.6)

Differentiating (3.4) with respect to x∗ yields

0=1+
h(ρ+(L;x

∗))

ρ+(L;x∗)E+(L;x∗)
· dρ+(L;x

∗)

dx∗ − h(ρ+(x
∗))

ρ+(x∗)E+(x∗)
· dρ+(x

∗)

dx∗

−
∫ ρ+(L;x∗)

ρ+(x∗)

h(τ)

τE2
+(τ,x

∗)
· ∂E+(τ,x

∗)

∂x∗ dτ. (3.7)

Using the first equation in the Rankine-Hugoniot conditions (2.2), one can as well deduce

(
p′(ρ−(x

∗))− J2

ρ−(x∗)2

)
dρ−(x

∗)

dx∗ =

(
p(ρ+(x

∗))− J2

ρ+(x∗)2

)
dρ+(x

∗)

dx∗ . (3.8)

Substituting (3.6) into (3.8) yields

dρ+(x
∗)

dx∗ =
h(ρ−(x

∗))

h(ρ+(x∗))
· dρ−(x

∗)

dx∗ =
ρ−(x

∗)E−(x
∗)

h(ρ+(x∗))
. (3.9)

Employing the definition of E+(τ,x
∗) in (3.3), it holds that

E+(τ,x
∗)
∂E+(τ,x

∗)

∂x∗ =E+(x
∗)
dE+(x

∗)

dx∗ − (ρ+(x
∗)−b2)h(ρ+(x

∗))

ρ+(x∗)
· dρ+(x

∗)

dx∗ . (3.10)

Similarly, returning to the Equation (2.5) we have

1

2
E2

−(x
∗)−

∫ ρ−(x∗)

ρ0

(t−b1)h(t)

t
dt=

1

2
E2

0 (3.11)

and so deduce

E−(x
∗)
dE−(x

∗)

dx∗ =
(ρ−(x

∗)−b1)h(ρ−(x
∗))

ρ−(x∗)
· dρ−(x

∗)

dx∗ , (3.12)

provided E−(x
∗)=E+(x

∗). Hence

E+(τ,x
∗)
∂E+(τ,x

∗)

∂x∗ =
(ρ−(x

∗)−b1)h(ρ−(x
∗))

ρ−(x∗)
· dρ−(x

∗)

dx∗

− (ρ+(x
∗)−b2)h(ρ+(x

∗))

ρ+(x∗)
· dρ+(x

∗)

dx∗

=(
ρ−(x

∗)

ρ+(x∗)
·b2−b1)E−(x

∗). (3.13)

This, together with (3.7) and (3.9), yields (3.2). The proof is completed.
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In the following, we define

B={x̄ :ρ−(x̄)<
b1
b2
ρs},

where x̄ is a shock location determined later. Then the following lemma is obtained.

Lemma 3.2. Let J , L, 0<b1<b2<ρs be the given positive constants, then there exists
a non-empty parameter set B. For any supersonic boundary data (ρ0,E0), if E<0 along
the trajectory from (ρ+(x

∗),E+(x
∗)) to (ρ+(L;x

∗),E+(L;x
∗)), then there exists a unique

shock location x̄∈B and an x̌ satisfying E+(L,x̌)=0 such that

lim
x∗→x̌

∂ρ+(L;x
∗)

∂x∗ =−∞,

{
∂ρ+(L;x∗)

∂x∗ <0, for x̌<x∗<x̄,
∂ρ+(L;x∗)

∂x∗ >0, for x̄<x∗<L
(3.14)

and thus

ρ+(L;x̄)= min
x̌<x∗<L

ρ+(L;x
∗). (3.15)

Proof. Since E<0 and E does not change sign along the trajectory from
(ρ+(x

∗),E+(x
∗)) to (ρ+(L;x

∗),E+(L;x
∗)), it follows from Lemma 3.1 that

∂ρ+(L;x
∗)

∂x∗ =
ρ+(L;x

∗)E+(L;x
∗)

h(ρ+(L;x∗))
Q(L;x∗), (3.16)

provided

Q(L;x∗)=
ρ−(x

∗)

ρ+(x∗)
−1+

(
ρ−(x

∗)

ρ+(x∗)
·b2−b1

)
E−(x

∗)

∫ ρ+(L;x∗)

ρ+(x∗)

h(τ)

τE3
+(τ,x

∗)
dτ. (3.17)

In order to determine the sign of (3.16), we first analyze the term Q(L;x∗). According
to the subsonic trajectory, there exists a unique shock location x̌ such that

1

2
E2

+(x̌)−H(ρ+(x̌))=−H(ρ+(L;x̌)), (3.18)

that is

lim
x∗→x̌

E+(L,x
∗)=0. (3.19)

In addition ∫ ρ+(L;x̌)

ρ+(x̌)

h(τ)

τE3
+(τ,x̌)

dτ =+∞. (3.20)

To verify this, note that E+(τ,x̌) satisfies

1

2
E2

+(τ,x̌)−H(τ)=
1

2
E2

+(x̌)−H(ρ+(x̌)) (3.21)

and −∞<E+(τ,x̌)<0. It is derived that

∂E2
+(τ,x̌)

∂τ
=2H ′(τ)=

2(τ−b2)

τ

(
p′(τ)− J2

τ2

)
(3.22)
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for ρ+(L;x̌)≤ τ ≤ρ(x̌) and τ >b2. Therefore, there exist positive constants C1 and C2

such that

C1≤
∂E2

+(τ,x̌)

∂τ
≤C2. (3.23)

Since E2
+(τ,x̌)=0 at τ =ρ+(L;x̌), then

E2
+(τ,x̌)=O(|τ−ρ+(L;x̌)|) (3.24)

for small |τ−ρ+(L;x̌)|, which confirms (3.20) and thus

Q(L;x̌)=+∞. (3.25)

Besides, plugging x∗=L into the Equation (3.16) implies that

Q(L;L)=
ρ−(L;L)

ρ+(L;L)
−1<0. (3.26)

In view of the fact that

sgn(
∂ρ+(L;x

∗)

∂x∗ )=−sgn(Q(L;x∗)) (3.27)

for x∗∈ [x̌,L], ∂ρ+(L;x∗)
∂x∗ changes the sign in this interval. Therefore, there exists some

x̄∈B between x̌ and L such that

∂ρ+(L;x̄)

∂x̄
=Q(L;x̄)=0. (3.28)

Differentiating Q(L;x̄) with respect to x̄ gives

∂Q(L;x̄)

∂x̄
=

ρ−(x̄)E−(x̄)

ρ+(x̄)h(ρ−(x̄))
−

ρ2−(x̄)E−(x̄)

ρ2+(x̄)h(ρ+(x̄))

+

(
ρ−(x̄)E−(x̄)

ρ+(x̄)h(ρ−(x̄))
−

ρ2−(x̄)E−(x̄)

ρ2+(x̄)h(ρ+(x̄))

)
·b2E−(x̄)

∫ ρ+(L;x̄)

ρ+(x̄)

h(τ)

τE3
+(τ,x̄)

dτ

−
(
ρ−(x̄)

ρ+(x̄)
·b2−b1

)
· ρ−(x̄)

ρ+(x̄)E−(x̄)

+

(
ρ−(x̄)

ρ+(x̄)
·b2−b1

)
·(ρ−(x̄)−b1)

∫ ρ+(L;x̄)

ρ+(x̄)

h(τ)

τE3
+(τ,x̄)

dτ

−
(
ρ−(x̄)

ρ+(x̄)
·b2−b1

)2

·E2
−(x̄)

∫ ρ+(L;x̄)

ρ+(x̄)

3h(τ)

τE5
+(τ,x̄)

dτ. (3.29)

Owing to (3.16) and (3.28), we have

Q(L;x̄)=
ρ−(x̄)

ρ+(x̄)
−1+

(
ρ−(x̄)

ρ+(x̄)
·b2−b1

)
E−(x̄)

∫ ρ+(L;x̄)

ρ+(x̄)

h(τ)

τE3
+(τ,x̄)

dτ =0. (3.30)

Substituting (3.30) into (3.29) yields

∂Q(L;x̄)

∂x̄
=

ρ+(x̄)(b2−b1)

ρ−(x̄)b2−ρ+(x̄)b1
·

(
ρ−(x̄)E−(x̄)

ρ+(x̄)h(ρ−(x̄))
−

ρ2−(x̄)E−(x̄)

ρ2+(x̄)h(ρ+(x̄))

)
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−
(
ρ−(x̄)

ρ+(x̄)
·b2−b1

)
· ρ−(x̄)

ρ+(x̄)E−(x̄)

+
(ρ−(x̄)−b1)(ρ+(x̄)−ρ−(x̄))

ρ+(x̄)E−(x̄)

−
(
ρ−(x̄)

ρ+(x̄)
·b2−b1

)2

·E2
−(x̄)

∫ ρ+(L;x̄)

ρ+(x̄)

3h(τ)

τE5
+(τ,x̄)

dτ. (3.31)

Based on (3.30), a direct computation gives(
ρ−(x̄)

ρ+(x̄)
b2−b1

)2

·E2
−(x̄)

∫ ρ+(L;x̄)

ρ+(x̄)

h(τ)

τE3
+(τ,x̄)

· 1

E2
−(x̄)

dτ

=

(
1− ρ−(x̄)

ρ+(x̄)

)(
ρ−(x̄)

ρ+(x̄)
b2−b1

)
1

E−(x̄)
. (3.32)

Then we rewrite (3.31) as

∂Q(L;x̄)

∂x̄
=

5∑
i=1

Ii, (3.33)

provided

I1=
ρ+(x̄)(b2−b1)

ρ−(x̄)b2−ρ+(x̄)b1
·

(
ρ−(x̄)E−(x̄)

ρ+(x̄)h(ρ−(x̄))
−

ρ2−(x̄)E−(x̄)

ρ2+(x̄)h(ρ+(x̄))

)
,

I2=−
(
ρ−(x̄)

ρ+(x̄)
·b2−b1

)
· ρ−(x̄)

ρ+(x̄)E−(x̄)
+

(ρ−(x̄)−b1)(ρ+(x̄)−ρ−(x̄))

ρ+(x̄)E−(x̄)
,

I3=−
(
ρ−(x̄)

ρ+(x̄)
·b2−b1

)2

·E2
−(x̄)

∫ ρ+(L;x̄)

ρ+(x̄)

3h(τ)

τE5
+(τ,x̄)

dτ,

I4=

(
ρ−(x̄)

ρ+(x̄)
b2−b1

)2

·E2
−(x̄)

∫ ρ+(L;x̄)

ρ+(x̄)

h(τ)

τE3
+(τ,x̄)

1

E2
−(x̄)

dτ,

I5=−
(
1− ρ−(x̄)

ρ+(x̄)

)(
ρ−(x̄)

ρ+(x̄)
b2−b1

)
1

E−(x̄)
.

Combining I3 with I4 together yields

I3+I4=

(
ρ−(x̄)

ρ+(x̄)
b2−b1

)2

E2
−(x̄)

∫ ρ+(L;x̄)

ρ+(x̄)

h(τ)

τE3
+(τ,x̄)

(
1

E2
−(x̄)

− 3

E2
+(τ,x̄)

)dτ <0, (3.34)

where the inequalities E2
−(x̄)>E2

+(τ,x̄) and ρ+(x̄)>ρ+(L) have been used. Therefore,

∂Q(L;x̄)

∂x̄
<I1+I2+I5. (3.35)

(3.35) can be transformed into

∂Q(L;x̄)

∂x̄
<− 1(

ρ−(x̄)
ρ+(x̄) ·b2−b1

)
E−(x̄)

(J1+J2), (3.36)
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provided

J1=(b2−b1)

(
ρ2−(x̄)E

2
−(x̄)

ρ2+(x̄)h(ρ+(x̄))
−

ρ−(x̄)E
2
−(x̄)

ρ+(x̄)h(ρ−(x̄))

)
, (3.37)

J2=−b2−b1
b2

(
ρ−(x̄)

ρ+(x̄)
·b2−b1

)
(ρ−(x̄)−b1)+

ρ−(x̄)−b1+b2
b2

(
ρ−(x̄)

ρ+(x̄)
·b2−b1

)2

.

(3.38)

Indeed, J1>0, owing to h(ρ−(x̄))<0 and h(ρ+(x̄))>0. On the other hand, it can be
deduced from x̄∈B that

ρ−(x̄)

ρ+(x̄)
·b2−b1<0. (3.39)

Consequently, if ρ−(x̄)−b1≥0, then

J2=
ρ−(x̄)−b1+b2

b2

((
ρ−(x̄)

ρ+(x̄)
·b2−b1

)
− (b2−b1)(ρ−(x̄)−b1)

2(ρ−(x̄)−b1+b2)

)2

− (b2−b1)
2(ρ−(x̄)−b1)

2

4(ρ−(x̄)−b1+b2)b2

≥ρ−(x̄)−b1+b2
b2

· (b2−b1)
2(ρ−(x̄)−b1)

2

4(ρ−(x̄)−b1+b2)2
− (b2−b1)

2(ρ−(x̄)−b1)
2

4(ρ−(x̄)−b1+b2)b2

≥0.

Otherwise, if ρ−(x̄)−b1<0, then

J2=

(
ρ−(x̄)

ρ+(x̄)
·b2−b1

)(
ρ−(x̄)−b1+b2

b2

(
ρ−(x̄)

ρ+(x̄)
·b2−b1

)
− b2−b1

b2
(ρ−(x̄)−b1)

)
=

ρ−(x̄)−b1+b2
b2

(
ρ−(x̄)

ρ+(x̄)
·b2−b1

)((
ρ−(x̄)

ρ+(x̄)
·b2−b1

)
− (b2−b1)(ρ−(x̄)−b1)

ρ−(x̄)+b2−b1

)
=

ρ−(x̄)

ρ+(x̄)

(
ρ−(x̄)

ρ+(x̄)
·b2−b1

)
(b2−b1−ρ+(x̄)+ρ−(x̄))

≥0.

Here the inequality 0<b1<b2<ρs<ρ+(x̄) has been employed. Then

∂Q(L;x̄)

∂x̄
<0 (3.40)

is valid. Therefore, Q(L;x∗) only changes the sign once at x̄∈ (x̌,L). We conclude from
(3.25), (3.26) and (3.40) that

lim
x∗→x̌

Q(x∗)=+∞,


Q(L;x∗)>0, for x̌<x∗<x̄,

Q(L;x̄)=0,

Q(L;x∗)<0, for x̄<x∗<L.

(3.41)

This confirms (3.14) and (3.15).

The proof of Theorem 2.1: In Lemma 3.2, the monotonicity of ρ+(L;x
∗) is obtained.

Set

ρ :=ρ(L;x̄), ρ :=min{ρ(L;L),ρ(L;x̌)} and I=(ρ,ρ]. (3.42)
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0 x∗Lx∗2x∗1 x̄x̌

ρ

ρ

ρe

ρ+(L;x
∗)

Fig. 3.1. Monotonicity.

As shown in Figure 3.1, for any ρe∈ I, there exist exactly two shock locations x∗
1 and x∗

2

such that ρ(L;x∗
1)=ρ(L;x∗

2)=ρe. Therefore, the boundary value problem (1.5) admits
precisely two transonic shock solutions which satisfy the Rankine-Hugoniot conditions
(2.2) and the Lax’s entropy condition (2.3). This completes the proof of Theorem 2.1.
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