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AUTONOMOUS VEHICLES DRIVING TRAFFIC:
THE CAUCHY PROBLEM*

MAURO GARAVELLO!T AND FRANCESCA MARCELLINI#

Abstract. This paper deals with the Cauchy problem for a PDE-ODE model, where a system of
two conservation laws, namely the Two-Phase macroscopic model proposed in [Rinaldo M. Colombo,
Francesca Marcellini, and Michel Rascle, STAM J. Appl. Math., 70(7):2652-2666, 2010], is coupled
with an ordinary differential equation describing the trajectory of an autonomous vehicle (AV), which
aims to control the traffic flow. Under suitable assumptions, we prove a global-in-time existence result.
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1. Introduction

We consider a coupled PDE-ODE system that describes the mutual interaction
between bulk traffic and an autonomous vehicle (AV) responsible to control the traffic
flow. In recent years, the study of autonomous vehicles (AVs) to regulate road traffic
developed a lot. The AVs acting as controllers, appear to be the most innovative
technology for traffic monitoring and management, also in order to reduce congested
traffic and pollution; see [15,30,32,43,45]. The main results in this direction are based
on ODEs that describe the trajectories of both vehicles driven by humans and the AVs,
see for instance [16]. More recently, PDE models were coupled with ODEs via a moving
flux constraint, see [17,18] or via AVs see [19,24]. The novelty of this paper is the use
of a Two-Phase model for modeling the bulk traffic on the road. Up to now, only the
scalar case has been treated in the literature [24].

The PDE system considered in this paper is the Two-Phase traffic model recently
proposed in [13]. This is a possibly degenerate system of two conservation laws with
Lipschitz continuous flow. It is coupled with an ordinary differential equation describing
the trajectory of the AV. More precisely, the bulk traffic is governed by the system

Oep+ 0, (po(p,w)) =0
{@s(pw)wx (pwo(p,w)) =0, (1.1)

where p=p(t,x) €[0, R] is the car density, w =w(t,2) € [Wmin, Wmax] denotes the maximal
speed of drivers, and v=wv(p,w)=min{Viy.x,w)(p)} is the average speed. Here Viyax
is the maximal velocity of all the drivers and ¥ =v(p) a decreasing function. The AV
dynamics is described by the control equation

§(t) =minfu(t),v(p(t,y(t)+),w(t,y(t)+))}, (1.2)

where y(t) denotes the position of the AV at time ¢ and the control u=wu(t) € [0, Vipax]
represents the desired speed. The minimum in (1.2) takes care of the fact that the AV
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can not go faster than the cars immediately in front. Following [17,24] the complete
system is

8tp+8;v(pv(p’ ))

I (pw) + 0z (pwo(p,w )) 0

y(t) =min{u(t),v (p(t,y(t)+),w(t,y(t)+))}
p(ty@) (v(p(t,y(t), wt,yt))) —y(t) < Falw,y(t)),

where the last inequality imposes a flux constraint at the position of the AV through
the function F,, which describes the reduced capacity of the road at the AV position.
Finally, we couple (1.3) with the initial conditions

{ ((0,2),1(0,)) = (pox), wo () 1.4

(1.3)

y(0) =yo-

In this paper, we prove a global-in-time existence of solutions to the Cauchy problem
for the PDE-ODE model (1.3)-(1.4). Differently from classical results for hyperbolic
conservation laws, we are able to consider initial conditions with finite total variation,
not necessarily small. A consequence is that system (1.3) can be easily generalized to
the case of several autonomous vehicles provided they do not interact with each other.

Existence of solutions is obtained through compactness: we use, for the PDE system,
Helly’s theorem together with the wave-front tracking method, while, for the ODE
control equation, the classical Ascoli-Arzela theorem. Here, different from the scalar
case where fine estimates on traces are necessary, non-characteristic conditions at the
AV location guarantee that the limit is a solution to the Cauchy problem.

The literature on the modeling of vehicular traffic offers a lot of different approaches
as macroscopic, microscopic and kinetic models possibly coupled between them. In the
context of macroscopic models, based on partial differential equations, the basic one is
the classical Lighthill-Whitham [37] and Richards [41] (LWR) model, given by a single
conservation law. Then, the so-called second order ones are based on two equations, as
the Aw-Rascle-Zhang (ARZ) [3,46], the GARZ [21] and the collapsed GARZ (CGARZ)
model [22]. A further class, again based on two equations, is that of Two-Phase or
Phase Transition models as (1.1); they are characterized by two different phases: the
Free and the Congested one. A peculiarity of two-phase models is the existence of a free
regime where only the density characterizes the state of the system, while in congested
regime it is necessary to use an additional quantity. Thus, in the free phase the model
reduces to a single conservation law, while in the congested phase it is a hyperbolic
system of two conservation laws. For other Two-Phase and Phase Transition models
see [2,5,6,10,29,36]. For other kinetic, microscopic or coupled PDE-ODE descriptions
see [4,9,12,20, 26,28, 34,40].

Up to now, existence of solution to the Cauchy problem for AV coupled with PDE
has been obtained only in the scalar case, specifically for the LWR model. A similar, but
different, approach consists in the study of conservation laws with pointwise unilateral
constraints on the flow. Their peculiarity is the possible presence of a non-classical
shock, violating the classical Kruzkov [33] or Lax [35] entropy admissibility conditions,
at the constraint position. Scalar conservation laws with fixed flux constraints have
been introduced in [11]; here, the problem is to provide a mathematical framework to
model local constraints in traffic flow, such as traffic lights or tool gates. Results for the
second order models as the Aw-Rascle-Zhang (ARZ) model with fixed constraints are
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provided in [1,23,27]. Problems with moving constraints have been considered in [17]
for the scalar case and [44] for the ARZ model.

The article is organized as follows. Section 2 gives a description of the model from an
analytic point of view and describes the solution of the constrained Riemann problem.
Section 3 contains the proof of the existence result for the Cauchy problem; the proof
is divided into four different subsections. Finally an appendix with technical lemmas
concludes the paper.

2. Basic properties and the Riemann problem

In this section we recall basic properties of the Two-Phase model and the Riemann
problem both in the classical case and in presence of flux constraints. For a detailed
description of (1.1) we refer to [13]. The free and congested phases are described by the
sets

F={(p,w) €0, R] X [Wmin, Wmax] : v(p,pw) = Vinax},
C={(p,w) €[0, R] X [Wmin,Wmax] : v(p,pw) =w(p)},
represented in Figure 2.1. Here we assume the following conditions.
(H-1) R, Wmin, Wmax; Vmax are positive constants, with Vijax < Wmin < Wmax; R is the
maximal possible density, typically R=1.
(H-2) 9 eC2([0,R];[0,1]) is such that ¢(0)=1, ¥(R)=0, and, for every p€|0,R],
ey <= (p) <Cy, % (p¥(p)) <0 for suitable constants 0< ¢y < Cly.
(H-3) Waves of the first family in the congested phase C have negative speed. More
precisely, we assume that there exists a positive constant A such that A; (p,w) <

—\, where \; (p,w)=w(py’(p) +14(p)) is the first eigenvalue of the Jacobian
matrix of the flux.

(H-4) There exist Ly >0 and Fj, 1 € C ([wimin, Wmax);RT) satisfying:

(a) Fo(w,0)=Fy1(w)(Vimax—0) for every w € [Wmin, Wmax] and o € [0, Vinax],
where F,, is the function appearing in (1.3);

(b) the inequality
|Fo,1(w1) — Fo(we)| < Lp|wi —ws

holds for every wy,ws € [Wmin, Wmax);

(C) ¢ (Fa,l(wmax)) > @’

(d) Fiq1(w)>0 for every w € [Wmin, Wmax)-
Note that assumptions (H-1)-(H-2) imply that there exists a unique value p. €
(0, R) such that v(p.) = Ymax: see Figure 2.1 right.

w

REMARK 2.1. In the congested phase, the variable w is constant along the curves of the
first family. Similarly, the variable v is constant along the curves of the second family.
In particular, this implies that v and w are Riemann invariants. Thus, system (1.1) can
be represented alternatively through the couple (v,w).

For w € [Win, Wmax] and o € [0, Vinax], define the function

Yw,o:[0,R] — R
p+— Fy(w,0)+po

and the unique densities p=p(w,o) and p=p(w,o) respectively as the solutions to

Pw,o (ﬁ) = vamax
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F1G. 2.1. Left, the free phase F (in green) and the congested phase C' (in red) in the coordinates
(p,pv). Right, the construction of p, p, and pc.

and to
Pw,o (P) =wpy(p).
Moreover
. _Fu (w,0) _
plw.0) = =% = F(w) (2.1)

and so, if wy <ws and o € [0, Vipax], then by (H-4)
Ogﬁ(wg,a)—ﬁ(wl,a)SLF(wg—wl). (22)

By (H-4), the function p(w,o) is increasing with respect to w and constant in o. Note
also that, by assumption (c¢) in (H-4), (p,w)€ F\C for every w € [Wmin,Wmax]. In
principle the point (5,w) not necessarily belongs to C; however, in the following, when
the flux constraint is effective, then (p,w) is in C; see Figure 2.1, right.

2.1. Classical and constrained Riemann problems. First, we denote by

RS:  (FuC)®> —LL_(R;FUC)

((pr,wr), (prywy)) — (RS,,RSw)

the Riemann solver for the classical Riemann problem

Oup+ 0z (pu(p, ))
Or(pw) + 0 (pwv(p,w (2.3)
plawl '/I"<O7
{ pr,wr x>0,

in the sense that the functions
plt.a)=RS,(2).  wita)=RSu(3),

provide the solution to the Riemann problem (2.3).
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At the location of the AV, we have to consider a constrained Riemann problem,
which depends also on the speed of the AV; see also [39].

DEFINITION 2.1.  Fiz a constant GE[0,Vinax] and two states (pr,w;),(pr,wyr)€ FUC.

The Riemann problem for (1.3), related to @ and to (p;,w;) and (p,,w,), is the following
Cauchy problem

Oup+ 0z (pv(p,w )()

Oh(pw) + s (pwv(p,w)) =0
§(t) =min{@,v (p(t,y(t)+ ) w(t,y(t)+)},
p(t,y()) (0(p(t,y(6),w(t,y(1)) — (1)) < Fu(w,§(t)), (2:4)

(p7w) (O,x): { E/'Zi‘:/l;;lg)’a iig:
y(0)=0.

The solution to the constrained Riemann problem (2.4) is given through the constrained
Riemann solver, introduced in the following definition.

DEFINITION 2.2. The constrained Riemann solver

RS (FUC)? % [0, Vinax] — Lo (R; FUC) X [0, Vinas
((pl,wl),(pr,wr),u) — ((RSZ,RSi,),U)

is a function representing a solution to the constrained Riemann problem (2.4), in the
sense that the functions

C z C z
plta)=RS;(T).  wita)=RS;(F),  yt)=ut
are a solution to (2.4).
Denoting by fi1 (p,w)=pv(p,w), the construction of RS is as follows:
(1) if f1(RS((pr,wi), (prswr)) (@) <Py a(RS o (o1, wi), (prwy)) (@), then
c [T €T
RS (1w, (prw,). ) (5 ) = RS, (or,wn), (prvw)) (3 )

RS, (1), (prowr). 1) (T) = RS ((prw0), (pr.0,)) (jf ).
uzmin{ﬂ,’u(RS((pl,wl),(pr,wr)) (ﬂ+))}7

(2) if f1(RS((pr,wi), (pr,wr)) (@) > Puy,a(RS, ((p1,w1), (pr,w0r) ) ()

), then

c ([ o((orwr), (pywn)) (%), % <a,
Rl e 03 ) { Sp((p.wn) prvw)) (5. 5 >0
c T Sw((prwr), (p,wr)) (%), £ <,
’R,Sw((plawl)v(phwr)vu)(t)_{ Sul(5,w1), (pmwr))(%)’%>ﬁ7

u=1u.

REMARK 2.2. The Riemann solver RS® produces a solution to the constrained
Riemann problem (2.4) such that the density flux at the AV location is below the
constraint imposed by such vehicle. More precisely, it returns the “classical” solution
in the case its flux is below the threshold, otherwise it produces a non-classical wave
connecting two states, which satisfy the flux constraint, traveling with speed of the AV.
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It is interesting to note that the constrained Riemann solver, introduced in Defini-
tion 2.2, satisfies a consistency property.

PROPOSITION 2.1.  Fiz € [0, Vinax] and two states (pj,w;),(pr,wy)€ FUC and define
u as the velocity component of RS ((pr,w;),(pr,w,),u). Then

RS* ((plawl) ) (pmwT) 71_1‘) =RS® ((plvwl) ) (pvaT) 7u) : (25)

Proof. Tt fi(RS((pr;wi), (prywr)) (@) > Puya(RSp((pr,wi), (prswr)) (@), then u=
@ and so (2.5) clearly holds.

It fL(RS((pr,wi), (pr,wr)) (W) < Quy,a(RSp((pr,wi), (pr,wy)) (@), then
w=min{a,v (RS ((p;,w1), (pr,w;)) (a+))} <a.

Clearly in the case u =1, the conclusion easily follows. Assume therefore that u < u. De-
fine by (pm,wn,) as the middle state (if it exists) in the solution of the classical Riemann
problem with left state (p;,w;) and right state (p,.,w; ), otherwise put (., wm) = (p1,w;).
Then define

(ﬁ,’lI)) € {(pl;wl)a(pm,wm)a(prawr)}

such that uw=wv(p,w). Note that (p,w) exists by the construction in Definition 2.2. Since
u <8< Vinax, then (p,w) € C and so

fl (ﬁvw) =up< Fo (wlvu) Fup= Spwlyu(RSP((plawl)v (prvwr))(a))'
This permits to conclude. ]

2.2. Wave notation.  Below, we list the waves and the notations that we will
use in the present paper.

e First Family Wave 1: a wave connecting a left state (p;,w;) € C with a right
state (p,,w,) € C such that w; =w,.

e Second Family Wave 2: a wave connecting a left state (p;,w;) € C' with a right
state (p,,w,) € C such that v (p;,w;) =v(pr,wy).

e Linear Wave LWW: a wave connecting two states in the free phase.

e Phase Transition Wave PT: a wave connecting a left state (p;,w;) € F with a
right state (p,,w,) € C satistying w; = w,.

e Fictitious Wave FW : a wave denoting the AV trajectory without discontinuity
in (p,w). The notation stands for a fictitious wave.

e Non-Fictitious Wave N FW : a wave denoting the AV trajectory with disconti-
nuity in (p,w) and connecting the left state (p;,w;) with the right state (p;,w,)
such that w;=w,, p;=p(w;,0), and p,=p(w;,o) for some o € [0,Vipax][. The
notation stands for a non-fictitious wave.

e Special Non-Fictitious Wave SN FW : a wave denoting the AV trajectory with
discontinuity in (p,w), which is not a NFW.

REMARK 2.3.  We note that the states (p;,w;) and (p,w;) are connected by a possible
combination of waves of the first family and phase transition waves with speed less than
@. The states (p,w;) and (p,,w,) are connected either by a linear wave or by a possible
combination of a phase transition and a second family wave with speed greater than .

REMARK 2.4. NFWand SNFW are both waves denoting the AV trajectory. In the
former case, it is a wave where the flux constraints holds with equality, i.e. p(v—y)=F,
with ¢ < Vipax. In the latter case, the AV trajectory coincides with a classical wave of
the Two-Phase model.
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3. The Cauchy problem
In this section we consider the Cauchy problem for the control problem (1.3) with
moving constraint, that is

p+ 0z (pu(p,w)) =0
9 (pw) + 0z (pwv(p,w))

=0
§(t) =min {u(t),v (p(t,y(t

)+H),w(t,y(t)+))} (3.1)
p(ty(t) (v(p(t,y(t),w(t,y(t))) —9(t)) < Falw,y(t)) '
(p,w) (0,2) = (po(z),wo(z))

y(0) =yo,

with control function u € BV (RT;[0, Vipax|), initial data (pg,wo) :R— FUC, and yo €R.
Before stating the main result, we introduce the definition of solution to the constrained
Cauchy problem (3.1).

DEFINITION 3.1.  The couple

((p"w"),y*) € CO ([0, +00[ LY (R; FUC)) x Wyl ([0, +00[:R)

loc

is a solution to (3.1) with control u=u(t), if
(1) the function (p*,w*) is a weak solution (see Remark 3.2) to the PDE in (3.1),

for (t,z) €Q_ and for (t,z) €y, where
Q_={(t,z)€(0,+0) xR:x<y*(t)}
Q4 ={(t,2) € (0,4+00) xR 2> 5" (1)}
(2) for a.e. t>0, the function x— (p*(t,x),w*(t,x)) has bounded total variation;

(3) (p*(07x)aw>k(0ax)): (po(CC),’LU()(.’I?)), fO?” a.e. IEER,’
(4) the function y is a Caratheodory solution to the ODE in (5.1), i.e. for a.e.
teRT

=10 +/O min{u(s),v(s,y(s)+)}ds;

(5) the constraint is satisfied, in the sense that for a.e. t€RT

lim (p(t,2) (v(p(t,z),w(t,z)) = 9(1) = Fo (w(t,2),9(t))) <O0.

z—y(t)+

REMARK 3.1. Note that the point (4) of Definition 3.1 is formulated directly using
the variable v, accordingly with Remark 2.1.
REMARK 3.2. By [13, Remark 5.3], a couple (p*,w*) is a weak solution to the PDE
in (3.1) if and only if the couple (p*,n*), with n* = p*w*, is a weak solution to
Op+0: (pu(p,})) =0
On+0, (nv(p, 7)) =0.

We can now state the main result of the paper:

THEOREM 3.1.  Let assumptions (H-1), (H-2), (H-3), and (H-4) hold. Fiz the
control function u€ BV (RT;[0,Vinax]) and the initial conditions (po,wo)€ BV (R;FU
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C) and yo€R. Then there exists ((p*,w*),y*), a solution to (3.1) in the sense of
Definition 3.1.

The proof is contained in the following subsections. In particular, we construct a se-
quence of approximate solutions by using the wave-front tracking method, and we prove
its convergence. Throughout the section, we implicitly assume that hypotheses (H-1)—
(H-4) hold.

3.1. Wave-front tracking approximate solution. In this subsection we
construct piecewise constant approximations via the wave-front tracking method, which
is a set of techniques to obtain approximate solutions to hyperbolic conservation laws
in one space dimension. It was first introduced by Dafermos [14], see also [7,31] for the
general theory.

At first, we give the following definition of an s-approximate wave-front tracking
solution to (3.1).

DEFINITION 3.2. Given € >0, the map (z.,yc,u.) is an e-approximate wave-front
tracking solution to (3.1) if the following conditions hold.
(1) ze=(pe,we) € CO ([0, 00 LY (R; FUC));
(2) ye € Wee ([0, 400[;R);
(3) ue € BV ([0,400[;[0,Vinax]) is piecewise constant;
(4)

(pe,we) is piecewise constant, with discontinuities along finitely many straight
lines in (0,4+00) xR. Moreover the jumps can be of the first family, of the
second family, linear waves or phase transition waves;

(5) it holds that

H (ps(oa ')7w6(07 )) - (po(')7w0(')>”L1(R) <e
TV (pe(0,-),w:(0,-)) STV (po(-),wo(-))
l[ue —ullpr gy <€

TV (ue) <TV (u);

(6) for a.e. teRT,

¢
)=y [ min {us(s),0 (o (50 ) s} )} s (32
0
(7) the constraint is satisfied, in the sense that for a.e. t€R™

lim n (e (t,ye(£)+) (v(pe (t,ye (1) +), we (t,y= (1) +)) — ye (1)) (£, )

z—rye (1)
<F, (ws (tays(t)+) »ys(t)) .

We describe here a procedure for constructing a sequence of wave-front approximate
solutions. For every v €N\ {0}, we consider the triple (po,.,wo,.,u,) of piecewise con-
stant functions with a finite number of discontinuities such that the following conditions
hold.

(1) (po,v,wo,):R—FUC and u, :RT — [0, Vipax);
(2) the following limits hold

lim (po,u,wo,) = (po,wo) in LY(R; FUC)

v——+00

lim wu,=u in LY (R™;[0, Vinax));

v——+oo



GARAVELLO AND MARCELLINI 825

(3) the following inequalities hold

TV (po,u,wo,.) <TV(po, wo)
TV (u,) <TV (u).

Next, for every v € N\ {0}, we proceed with the following method. At time ¢t =0, we
solve all the classical Riemann problems for z € R, z #yy and the constrained Riemann
problem, located at yo. We approximate every rarefaction wave of the first family with
a rarefaction fan, formed by rarefaction shocks of strength less than % traveling with
the Rankine-Hugoniot speed. In this way we construct a piecewise approximate solution
(pv,wy,y,) until the first time at which two waves interact together, or a wave interacts
with the AV, or u, has a discontinuity. In the first case, we solve the classical Riemann
problem and we prolong the approximate solution beyond this time. In the second case
or in the third one, we solve the constrained Riemann problem and we prolong the
approximate solution beyond this time. We repeat this procedure at every interaction
time.

REMARK 3.3. Slightly changing the velocity of waves, as described in [7, Remark 7.1],
or the discontinuity times of u,, we may assume that, at every positive time ¢, at most
one of the following possibilities happens:
(1) two classical waves (first family wave, second family wave, linear wave, and
phase transition wave) interact together at a point x € R, with x #£y, (¢);

(2) a classical wave hits the AV trajectory y,;

(3) uy (t—) #uy, (t+).
REMARK 3.4. The NFW wave connects two states through a non-classical shock
with positive speed.

Instead, the SA'FW connects two states through a wave with positive speed, which
can be either a second family wave or a phase transition wave P7T, or a linear wave
L.

It is always possible to construct a wave-front tracking approximate solution such
that, for ¢ in a right neighborhood of 0, the SN FW wave is not present.

Moreover, the interaction estimates considered in Section 3.2 imply that, at positive
times, the SN FW wave can be only superimposed to a linear wave.

Given an e-approximate wave-front tracking solution (z.,y.,u.), define, for a.e.
t >0, the following functionals

Fult)=_ |w(ze(t.at)) —w(z(t,2-))| (3-3)

z€R
Fiolt) =D 19 (2 (t,a+)) =0 (2 (b2 =) = 208 (ze (£, (8) 1)) =0 (2= (L (£) =) (34)
z€R
F(t)=Fu(t) +Fa(t), (3.5)
N@)=#{zeR: 2. (t,x—) # 2. (t,z+)}, (3.6)

where, we denote by ¥ the function

3(pyw) = wip(p).

Moreover the functionals A (t) and N (¢) denote respectively the number of disconti-
nuities given by a wave of the first family at the left, resp. at the right, of y.(t). Finally,



826 AUTONOMOUS VEHICLES DRIVING TRAFFIC

Ny (), Ny (), Npr(t), Npr(t), Ny (t), Ny (t) are defined similarly. Note that the
previous functionals may vary only at times ¢, described in Remark 3.3.

The functional F(t) is composed by 2 terms. The first term measures the strength
of waves of second family. The second term measures the strength of waves of first
family and of phase transition waves. Moreover both of the first two terms measure the
strength of linear waves. Note that the functional F; contains a term which depends
on the position of the AV. This is just a technical tool for having better interaction
estimates; see [1] for a similar approach. In general this functional may assume negative
values; however it is bounded from below, since its second term is uniform bounded.

3.2. Interaction estimates. We consider interaction estimates between waves.
We will consider different types of interactions separately. It is not restrictive to assume
that, at any interaction time t=t, exactly one possibility enumerated in Remark 3.3
happens: either two waves interact, or a wave hits the AV trajectory, or the control
changes.

We describe wave interactions by the nature of the involved waves, see [25,26]. For
example, if a wave of the second family hits a wave of the first family producing a phase-
transition wave, we write 2-1/ PT. Here the symbol “/” divides the waves before and
after the interaction.

3.2.1. Collisions between classical waves. For the classical collision between
two waves, we have the following result.

LEMMA 3.1. Assume that the wave ((p',w!),(p™,w™)) interacts with the wave
((p™,w™),(p",w")) at the point (t,T) with t>0 and T€R. Then F(t+)<F(t—).
The possible interactions are: 2-1/1-2, LWNV-PT /PT-2, 1-1/1, PT-1/PT. Hence
N(t+)<N(t-).

See [38, Lemma 3.4.] for the proof.

3.2.2. Collisions with a fictitious wave. In this part, we assume that a wave
((p',wh), (p",w™)) interacts at a time # with the AV and that there is no discontinuity
at the position of the AV before time ¢. For simplicity, we introduce also the following
notations:

IS
I
IS
=
IS
+
I
IS
b(
i
b(
—
§‘
SN
:—/
>
i
b)
—
:\
SN
S~—

l (3.7)

T a

S
|

f](p 7wl)7 v :6(p 7wr)a U:f)(p,wl), @:f](paw )7
and we denote with £~ and £ respectively the speed of the AV before and after the
interaction (see (3.2)), and define Aé=¢T —¢7.

We have the following results.

LEMMA 3.2.  Assume that the second family wave ((p',w'),(p",w")) interacts from the
left with the FW wave at the point (t,Z) with t>0 and T €R. We have the following
cases:
(1) No new wave is produced. Then AF,,(t)=AF;(t)=AN(t) =0, so that AF(t)=
0. Finally |Ag| < |Ul —vr|.
(2) The interaction is of type 2-FW/1-NFW-PT-2. Then we deduce that
AF, () =AF;(t)=AF(t)=0, and AN (t)=3. Finally |A|=0.

Proof. We use the notation in (3.7). Since before # there is no discontinuity at the
position of the AV, then p"v" <@, ,— (p"). At time ¢, we need to consider the Riemann
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solver
RS ((p',w), (p"w"),u”)
and the AV enters the region with state (p',w'). We have two cases.

(1) plot < Pl - (p'). In this case, the second family wave crosses the AV trajectory
and no new wave is created. Thus, for the functionals (3.3)-(3.6), we have:

AFy(t) =AF3(t) = AF(t) =AN (1) =0.

Moreover £~ =min{v",u~}, " =min{v!,u"}, and so |AE| < o' —07|.

(2) p'v' >y - (p'). In this case, the second family wave crosses the AV tra-
jectory producing a first family shock wave ((p!,w!),(p,w')), a NFW wave
((p,w'),(p,w')), a phase transition wave with positive speed ((p,w'),(p!,w')),
and a second family wave ((p!,w!),(p",w")), so that AN (f)=3. For the func-
tional (3.3) we have AF,(f)=0.

For the functional (3.4), since v! =v" because the interacting wave is a second
family wave and since v! > 9, ¥ >0 and > o', we have that

A]-},(f):|vl—f)|+\®—ﬁ|+|@—vl|+|vl—vr|—2|®—@\—’vl—vr|
=0.

Here we have £~ =min{v",u~ }=u~, £T=u", and so A{=0.
a0
LEMMA 3.3.  Assume that the phase transition wave ((p',w'),(p",w")) interacts from
the left with the FW wave at the point (t,T) with t>0 and T €R. Then the interact-
ing phase transition wave has positive speed and no new wave is produced. Moreover
AF,(t)=AF;(t)=AF()=0 and AN (1)=0. Finally |AE] < |v'—07|.

Proof. We use the notation in (3.7). Since the interacting wave is a phase
transition, then w!=w". Before f there is no discontinuity at the position of the AV,
then pTUT S @wr,u* (pr)

The speed of the phase transition is bigger than that of the fictitious wave. In
particular it is positive and plvt < Ol - (p!). Thus, at time £, the solution of

RS ((p' 0", (p" w"),u")

is classical, in the sense that the phase transition wave crosses the AV trajectory and
no new wave is created. Thus, for the functionals (3.3)-(3.6), we have:

Here ¢~ =min{v",u™ }, " =min{Vipax,u™ } =", and so either |[A{|=0 or |Af|=u" —
"< ‘Ul —o" ’ 0
LEMMA 3.4. Assume that the FW wave interacts from the left with the phase transition
wave ((p',w'),(p",w")) at the point (t,7) with t>0 and TE€R. Then no new wave
is produced. Moreover AF, (t)=AF;(t)=AF(t)=0 and AN (t)=0. Finally |A¢|<
‘vl - v"| .

Proof. We use the notation in (3.7). Since the interacting wave is a phase
transition, then w!=w". Before £ there is no discontinuity at the position of the AV,
then p'o! <0, (p').
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The speed of the phase transition is smaller than that of the fictitious wave. In
particular p"v" <@, ,~(p"). Thus, at time ¢, the solution of

RS ((pwh), (p" w"),u”)

is classical, in the sense that the phase transition wave crosses the AV trajectory and
no new wave is created. Thus, for the functionals (3.3)-(3.6), we have:

AF (1) = AFs(f) = AF(E) = AN () = 0.

Here ¢~ =min{Vipax,u™ } =u~, " =min{v",u"}, and so either |[A{|=0 or |Af|=u" —
" < |vl —UT|. |
LEMMA 3.5. Assume that the linear wave ((p',w'),(p",w")) interacts with the
FW wave at the point (¢,%) with t >0 and T €R. We have the two different cases:

(1) No new wave is produced. Then AF, (t)=AF;(t)=AF(t)=AN(t)=0. Fi-
nally AE=0.

(2) The interaction is LW-FW /PT-NFW -LW. Then we get AF,(t)=0,
AF(t)=AF;(t) <0, and AN (t)=2. Finally AE=0.

Proof.  We use the notation in (3.7). Before ¢ there is no discontinuity at the
position of the AV, then p"v" <@~ (p7). At time ¢, we need to consider
RS ((p,w'), (p"w") u™).
We have two different cases.

(1) plot L Pt - (p!). In this case, the linear wave crosses the bus trajectory and
no new wave is created. Thus, for the functionals (3.3)-(3.6), we have:

AF,(t) =AF; (1) = AF(t) = AN (1) =0.

Here £~ =& =min{Viyax,u™ } =u~ and so AE=0.
(2) p'o' >yt o (p'). In this case the linear wave crosses the AV trajectory produc-
ing a phase transition wave ((p!,w'),(p,w!)), a NFW wave ((p,w'),(p,w')), and
a linear wave ((p,w'),(p",w")). For the functionals (3.3)-(3.6), since ©>v' >,
we have:
AF, ()= fwl —wr| — |wl —wr| =0,
AF5(E) =o' = o]+ |5 — 0| +]0—v"| —2[o— 5] — [v' ="

= (vl 717) —(0=0)+|p—0v"|— |vlf’ur}
<0
AN (t)=2.
Here £~ =min{Vyax,u™ }=u", £ =u~ and so A{=0.
0
LEMMA 3.6. Assume that the FW wave interacts with the first family wave

((p',wh), (p",w™)) at the point (,z) with t>0 and T €R. We have the following cases:
(1) No new wave is produced. Then AF,(t)=AF;&)=AF{)=AN(t)=0. Fi-
nally |AE] < ol —v7].
(2) The interaction is FW -1 /1-NFW -PT. Then AF,(t)=0, AF(t)=AF;(t) <
0, and AN (t)=2. Finally |A¢|<v" —vl.
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Proof.  We use the notation in (3.7). Before t there is no discontinuity at the
position of the AV, then plv! < Pt - (p!). Moreover w' =w" and at time ¢, we need to
consider

RS ((p'wh), (" w"),u”).
We have two different cases.

(1) p"v" <yt u- (p"). In this case, the first family wave crosses the AV trajectory
and no new wave is created. Thus, for the functionals (3.3)-(3.6), we have:

AF, (1) =AF;(1)=AF()=AN () =0.

Here ¢~ =min{v!,u~}, ¢F =min{v",u~}, and so |A¢|< |vl —’UT|.

(2) P"V" >yt - (p7). In this case, the interaction produces a first family wave
((p"wh), (p,w')), a NFWwave ((p,w'),(p,w')), and a phase transition wave
((p,w"),(p",wh)), with positive speed. Thus, for the functionals (3.3)-(3.6),
since ¥ >v" >0 >v!, we have:

AF, (1) =|w' —w"| = |w' —w"| =0,
AF5(8) =o' = o]+ |5 — 0| +]0—v"| —2[0— 5] — [v! ="
=(0—v") = (@—0)+ (0 —v")— (v —2')
=2(v—v") <0,
N(t)=2.
Here ¢~ =min{v',u"}, {F=u". Since v' <u™ <v", then |[A¢|=|v'—u~|=
u” —vt<om—ol.
O

REMARK 3.5. We observe that the following interaction can not happen:

o A FW wave can not interact from the left with a second family wave. Indeed the
velocity of cars coincides with that of the second family and so equation (1.2)
prevents such interaction.

3.2.3. Collisions from the left with a non-fictitious wave. In this part,
we assume that a wave ((p',w'),(p",w")) interacts from the left at a time # with the AV
and that there is a discontinuity at the position of the AV before time ¢. For simplicity,
we introduce also the following notations:

Ui;“@a ut=u", = (P w) " =0(p" w"),
ﬁ :ﬁ( 7wl)7 ﬁT:ﬁ(u_7wr)» ﬁ :ﬁ(u_ wl) pr= ( W ) (38)
: (P ’wl) o =0(p",w"), @l:ﬁ(ﬁl w ) "= ( W )

and we denote with £~ and £ respectively the speed of the AV before and after the
interaction (see (3.2)), and define A{ =&+ —¢~.

LEMMA 3.7. Assume that the second family wave ((p',w'),(p",w")) inter-
acts from the left with the NFW wave at the point (t,Z) with t>0 and ZT€
R. The intemction is 2-NFW /1-N]-"W -LW.  Moreover AF,(t)=0, AF;(t)<

(C,/,w Lp—<+w'CyLp+ 1) . AF () =AF;5(t), and AN (f) < Ymax where
Cr is a suztable positive constant depending only on (H-4). Finally A£=0.
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Proof. We use the notation in (3.8). Note that in this situation 4™ < Vipax,
otherwise the interaction wave can not happen. The left and right states at the position
of the AV before t are given respectively by

() =) and (7).
At time ¢, we need to consider the Riemann solver
RS® (o), (5 w") ")

Let (p™,w™) be in the intersection between the free and the congested phase, with
w™=w'. We have that p™v™ > pym 4~ (p™). In this case, there is a production of a
first family rarefaction wave ((pf,w'),(p',w!)), of a NFWwave ((p!,w'),(p',w')) and
of a linear wave connecting (p!,w!) with (5",w"). For the functionals (3.3)-(3.6), since
o' > 0!, 9" > 0" and v =v", we have

AF,(H) =0,
AF5(F) =o' =o'+ o' =o' |+ o' — 07| - 2| 0" — ']

—|vl—vT’—|vr—f1’”|+2|vr—i)r|

= ol — (5 ) 4 o0~
(),

Vmax

LY

AN(#) <

We have that
ot — 97|+ (07— o)

ot —o"| + (v — ')

AF;() = vt —o|— (o' — ') +
Z}vl—ﬁl’—i—(@l—vl)—i—

and so

AF;(t) <2|v! — o +2]o" — o7

By (H-2), (H-4), (2.2) and Lemma A.3, there exists Cp >0 such that
[of =0 =w'|v (o) —v ()| < Cyw'|p' = ']

< Cyu! (whu™) = Fa (w"u”)|

1
<Cypw'——|F,
v wl)\—l—u—’

SC’d,wlLF ! = ’wl—wT’.

Wmin

Moreover, by (H-2), (H-4), (2.1), and (2.2),

o =" = |w' (p) —w" (")
<w'Cy|p =" [+ (77) [w! —w"|

|Fa (whu™)—F, (w’",u_)‘
Vinax —u~

< (wlC’wLp—i—l) |wl —wT‘.

:wlC’w

o)t
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Therefore we conclude that

ot —o"

AF5(t) <2)o' -9 +2

min

1
§2<C¢,wlLF /\—i—wlC’wLF—i—l) ’wl—wT’.

Here £~ =¢t=u~ and so A{=0. This completes the proof. ]

LEMMA 3.8.  Assume that the phase transition wave ((p',w'),(p",w")), with positive
speed, interacts from the left with the NFW wave at the point (t,T) witht>0 and T €R.
The only interaction is PT-NFW /FW -LW. Then AF,,(t)=AF;(t)=AF(t)=0 and
AN (t)=—1. Finally A¢=0.

Proof.  We use the notation in (3.8). Note that in this case w!=w" and p'=
prpl=p", 0t =07, 0t =97 . At time %, we need to consider the Riemann solver
RSC ((plawl)v (ﬁlawl)au_) .

In this case p'v(p',w') < Doyl - (p). Thus, we apply the classical Riemann problem be-
tween the states (p',w!) and (p',w), see [13, Theorem 2.1]. That is, the phase transition
crosses the AV producing a linear wave ((p',w'),(p',w)). For the functionals (3.3)-(3.6),
since v" <! <!, we have

AF,(t)=0,
A}},(f):‘vl—{)l —’vl—v’“ —’vr—@l +2}vr—17l
ol =l =l + 5 — 0" =0,
AN (t)=—1.
Here £~ =u™, £ =min{Vinax,u” } =u", and so A{=0. d

REMARK 3.6. We note that the following interaction can not happen:

e A linear wave can not interact with a N'FW wave ((p,0),(p,w)) from the left,
since (p,w) is in the congested phase and a linear wave connects two states in
the free phase.

3.2.4. Collisions from the right with a non-fictitious wave. In this part,

we assume that a wave interacts from the right at a time f with the AV and that there
is a discontinuity at the position of the AV before time #. Again denote with £~ and ¢+
respectively the speed of the AV before and after the interaction (see (3.2)), and define
Ag=ET-¢.
LEMMA 3.9.  Assume that the NFW ((p,w),(p,w)) interacts with the phase transi-
tion wave ((p,w),(p",w")) at the point (t,T) with t >0 and T €R. The only interaction
is NFW -PT /1-FW . Then AF,(t)=AF(t)=AF(t)=0 and AN (f)=—1. Finally
|AL) <l =T

Proof. We use the notation in (3.7). At time ¢, we need to consider the Riemann
solver

RS¢ ((ﬁ,d)), (pr,wT),u_) .

In this case p"v(p",w") <Yy - (p"). Thus, we apply the classical Riemann problem
between the states (p,w) and (p",w"), see [13, Theorem 2.1]. That is, the phase transi-
tion wave crosses the AV producing a first family shock wave ((p,),(p",w")). For the
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functionals (3.3)-(3.6), since ¥ >v", v >0 and ¥ >v", we have

AN(t)=-1
Here ¢~ =w, T =min{v",u™ }. If u= <v", then AE=0. If u~ >v", then |Af|=u" —
V" < Vigax — 0" <0t —o". O

REMARK 3.7. We note that the following interactions can not happen:

e The NFW wave ((p,w),(p,w)) can not interact from the left with a second
family wave. Indeed if (p,w)e€ F\C, then the conclusion easily follows. If
(p,w) € FNC, then a wave of the second family coincides with a linear wave.

e The N FW wave ((p,),(p,w)) can not interact from the left with a first family
wave.

3.2.5. Collision with a special non-fictitious wave. In this part we focus
on the possible interactions of a SN/ FW with other waves.

LEMMA 3.10.  Assume that, at time t>0, the SN'FW connecting (p*,w') with (p",w")
interacts with another wave. Suppose that w'=w", (p',w')c FNC, (p",w') € F\C and
such that p" = p(w',0).

1) The interaction with a first family wave is not possible.

2

) The interaction with a second family wave is not possible.
3) The interaction with a linear wave is not possible.
)

(
(
(
(4) The interaction with a phase transition wave generates a (shock) wave of the
first family and a FW . More precisely the interaction is SNFW -PT /1-
FW . In this case AF,(t)=AF;(t)=AF({#)=0 and AN(t)=—-1. Finally

|AE|=v(p',w') —v(p",w'), where (p",w') is the right state of the PT.

Proof. By assumption the SN FWis also a linear wave, so that its velocity is
equal to Vi,ax. This implies that it can not interact with another linear wave or with a
second family wave.

In principle the SN/ FW can interact with a first family wave coming from the right.
In this situation the state (p",w") is the left state of the wave of the first family, but,
by hypothesis, (p",w") € F\ C. This is not possible.

Consider the case of the interaction with a phase transition wave connecting
(p",w") € F\C with (p",w") e C\ F. Note that (p",@") ¢ F, otherwise the phase tran-
sition has speed Viuax and the interaction is not possible. Clearly w" =w" =w'. At time
t, we need to consider the Riemann solver

RS¢ ((plvwl)a (ﬁrawl)vvmax) .

After the interaction, there is a (shock) wave of the first family, connecting (p',w')
with ([)”,wl) and a FW traveling at speed min{Vmax,v(ﬁ”,wl)} =v(p",w'), so that the
interaction is SNFW -PT /1-FW.

For the functionals (3.3)-(3.6), since (p',w') e FNC, (p",w') € F\C, and (p",w') €
C\ F, then 9(p",w') < 5(p',w") = Vipax < 0(p",w'); thus

AF, () =0,
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Interaction type [ AF, | AF, | AN [ Lemma
2-1/1-2
LW-PT/PT-2
/ =0 SO SO Lemma 3.1
1-1/1
PT-1/PT
2-FW/FW-2 =0
=0 = Lemma 3.2
2-FW /1-NFW-PT-2 =
PT-FW/FW-PT =0 =0 =0 Lemma 3.3
FW-PT/PT-FW =0 = =0 Lemma 3.4
LW-FW | FW-LW =0 =0
= Lemma 3.5
LW-FW [ PT-NFW -LW <0 =
FW-1/1-FW =0 =0
= Lemma 3.6
FW-1/1-NFW -PT <0 =2
2-NFW J1-NFW -LW =0 | <o()|w' —w"| | < % Lemma 3.7
PT-NFW |FW -LW = =0 =—1 | Lemma 3.8
NFW-PT/1-FW =0 =0 =—1 Lemma 3.9
SNFW-PT/1-FW =0 =0 =—1 | Lemma 3.10

TABLE 3.1. The variation of the functionals Fy, Fu, and N due to interactions between waves.
The Landau symbol O(1) denotes a constant; see Lemma 3.7 for the precise expression.

A}—T)(D = "D(plvwl) _ﬁ(ﬁrﬂwl” + |7~}(pl»wl) _f)(prawl)’ - |1~)(prvwl) _ﬁ(ﬁrﬂwl”
= Vinax — (0", w") +0(p",w") = Vinax — 9(p",w") +0(p",w') =0,
AN (E) =—1.

Here £~ = Vipax, £ =v(p",w!). Thus |A¢|=v(p!,w!) —v(p",wh). O

We collect all the interaction estimates between two waves in Table 3.1.

3.2.6. Control changes. = We focus here on the situations in which a jump in
the control function u occurs. and denote with £~ and ¢ respectively the speed of the
AV before and after the interaction (see (3.2)), and define AE=£+T —£~.

LEMMA 3.11.  Assume that, at time t>0, the control function u jumps from u™ =
u(t—) to ut =u(t+) and that we have a FW at time t—. We have the following cases.
(1) At time t+ we have a FW and no new wave is produced. Then AF, ()=
AF(t)=AF(t)=0 and AN (t)=0. Finally |AE] <|u™ —ut|.
(2) At time t+ we have a NFW and the number of waves increases. Then (p!,w') €
C, FW /1-NFW -PT, and ut <u~. The phase transition wave coincides
with a linear wave in the case (p',w')€ FNC. Moreover AF, (t)=AF;(t)=
AF(t)=0 and AN (t)=3. Finally |AE] <|u™ —uT|.

Proof. Here we use the following notations:

U‘i:u(t__)a u+:u(£+)v vl:f](plv l)v v"=0(p",w"),
ﬁl:ﬁ(u 7wl)7 pvr:ﬁ(u 7wr)7 ﬁl:ﬁ(u_7 l)7 ﬁT:ﬁ(u 7wr)7
{}l:ﬁ(plawl)v 0T =0(p",w"), @l:ﬁ(ﬁlvwl)a ﬁT:ﬁ(ﬁrva)
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At time ¢, we need to consider the Riemann solver
RS ((p'w'), (' w'h),u).

We have two different cases.
(1) p'v' <@yt y+(p'). In this case, at time £+, no new wave is produced and for the
functionals (3.3)-(3.6), we have

AFy(t) =F5(t) = AF () = AN () =0.

Here ¢~ =min{v!,u~}, & =min{o!,ut}, and so |AE| < |u™ —uT|.

(2) p'o' >+ (p'). In this case (p',w')€C, ut <u~, and there is a produc-
tion of a first family wave ((p',w'),(p,w')), of a NFWwave ((p,w'),(p,w'))
and of a phase transition wave connecting (p,w') with (p’,w'). Note that, if
(p',w') € FNC, then the phase transition wave is indeed a linear wave. For the
functionals (3.3)-(3.6), since ¥ >v' >0, we have

AF,(5) =0,
AF5(E) = |v! =]+ 60|+ |5 —o'| — 2|5 9]

Here ¢~ =min{v!,u~}, ¢F =ut, and v! >ut. Thus |A¢| <|u™ —ut]. 0

LEMMA 3.12.  Assume that, at time t>0, the control function u jumps from u~ =
u(t—) to ut =u(t+) and that we have a NFW at time t—, connecting (p',w') with
(p",w'). We have the following cases.
(1) At time t+ we have a SNFW and the number of waves increases. The
production is NFW /1-SNFW (LW). In this case, the left state of the
SN FW belongs to FNC, the right state belongs to F\C, and they have the
same w. Moreover AF,(t)=0, A}},(E)SQwZCwW(u+—u_), and
AN (F) <1+ Ymex . Finally |AE] < |u™ —u™].
(2) At time t+ we have a NFW and the number of waves increases. The
production is NFW /1-NFW -LW. Moreover AF,(t)=0, AF;(t)<
1
2wlC’wW\u+7uf| and AN(£) <1+ Ymex Finally it holds |A€|<
lu™ —ut|.

Proof. We use the following notations:

uw"=u(t=),  ut=u(t4), p=p(u=w'),  p=p(u,wh),
vl:@(plawl)v UT:'D(prvwl)a r[}:{)(pvwl)a ﬁ:f)(ﬁawl)a
prt=plut,w'), pr=put,w), vr=o@,w'), oF=i(ut,w).

Here in particular we have that ' =0 and v" =v. At time #, we need to consider the
Riemann solver

RS ((ﬁ,wl), (ﬁ,wl),u+) .

Let (p™,w™) be in the intersection between the free and the congested phase, with
w™ =w'. We have two different cases.
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PO <@y o+ (p™). By (2.1), p(w',o) depends only on w' for every o€
[0,Vinax]. Moreover p™ > p(w!,0) for o €[0,Viax]. Therefore we deduce that
Ut =Viax and p™v™ =@, .+ (p™). In this case there is a production of a
first family wave ((p,w!),(p™,w')) and of a linear wave connecting (p™,w')
with (p,w!), which is also a SNFW wave. Note that the left state of the
SN FW belongs to FFNC, while the right state belongs to F'\ C. For the func-
tionals (3.3)-(3.6), using (H-2) and Lemma A.3, we have

AF,(5) =0,
AF(t) =0 —v"|+[v™ — 0| =2]v™ — 0]
— |6 — 3| +2]6— 17|
=" =0)—(W—v")+(0—10)
=2(0™ —0)=2(v" —2')
=2uw' (Y(p™) = (p"))
<2u'Cylp"=p™,
wmax)+R( +

F,
< 2wlC¢’1(—f U

— /L[/_
wmin>\ ),

Vmax
AN () <1+ —2
v

Here ¢~ =u~, £t =u™, and so |AL| < |u™ —u™|.
PV > 0yt 4+ (™). In this case there is a production of a first family wave
((p,wh), (pt,wh)), of a NFWwave ((pF,w!),(p+,w')) and of a linear wave con-
necting (5, w!) with (p,w'). For the functionals (3.3)-(3.6), since v+ > 9% and
©>0, by Lemma A.1, we have

AF,(t)=0,

AFs()=o—ot|+]ot —ot |+ |0t —v| —2|o+ —oT|
S
=0T —o|—ot+ot+
<2)ot — o] +2|5" -
<2w'Cy (|p* = p|+ |t = 1l).

AN (D) <142

+0—9

ot =0

By (2.2), we have that [T —p|=0.
By Lemma A.3,

Hence

l
AF;(1) SQwT’,bWW* —u”|.
w

Here £~ =u~, £F =u™, and so |A¢| <|u™ —ut].
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] Waves’ type | AF, | AF, | AN [ Lemma
FW/FW =0 =0 =0 Lemma 3.11
FW [1-NFW -PT =2

NFW J1-SNFW (LW)
NFW J1-NFW -LW
SNFW J1-NFW =0 =0 =1 Lemma 3.13

=0 | <OM)ut—ut| | <14 Ymex | Lemma 312

TABLE 3.2. The variation of the functionals Fu,, Fv, and N due to control changes. The Landau
symbol O(1) denotes a constant; see Lemma 3.12 for the precise expression.

This completes the proof. 0

LEMMA 3.13.  Assume that, at time t >0, the control function u jumps from u~ = Viax
to ut =u(t+) and that we have a SNFW at time t—, connecting (p',w') € FNC with
(p",w') € F\C and such that p" = p(w',a) for every o € [0, Vinax|-

Then, at time t+ we have a N FW and the number of waves increases. The produc-
tion is SNFW /1-NFW . Moreover AF,,(t)=0, AF;(t)=0, and AN (¢)=1. Finally
|AL] = [u™ —u*].

Proof.  We use the following notations:

At time ¢, we need to consider the Riemann solver
RS ((p'wh), (p" wh),u™).

Since, by assumption, p" =p, we deduce that there is a production of a first family
(shock) wave ((p!,w!),(p,w')) and of a NFW connecting (p,w!) with (p",w!).
For the functionals (3.3)-(3.6), since 0 < V8 =Viax <®=1v" and the wave of the first
family is a shock, we have
AF,(t)=0,
AF () =0 —v'|+]0—v"|=2]0—v"| = o' —v"| +2|v! — 0|
= l—f)) —(v"—=0)+ (UT—’l}l) =0
AN () =1.

Here £~ =4~ =Viax, T =uT, and so |A¢| =|u~ —uT|, concluding the proof. O
We collect all the estimates due to the change of the control in Table 3.2.

3.3. Existence of a wave-front tracking approximate solution. In this
part we deal with the existence of a wave-front tracking approximate solution, in the
sense of Definition 3.2.

PROPOSITION 3.1.  For every v €N\{0}, the construction illustrated in Section 3.1
produces a wave-front tracking approximate solution, defined for every time t>0.

Proof.  Fix veN\{0}. We need to prove that the total number of waves and
interactions remain finite. By construction u, is piecewise constant with a finite number
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of discontinuities. Note also that, due to Lemma 3.10 and to Lemma 3.13, the SN FWis
superimposed only to a linear wave with left state in F’NC and right state in F'\ C' with
the same w coordinate as described in Lemma 3.13. Hence the interactions, described in
Lemma 3.11, in Lemma 3.12, and in Lemma 3.13, can happen at most a finite number of
times and so the number of new waves, generated by the changes of the control, is also
finite. Thus, without loss of generality, we may assume that the control u, is constant.
Therefore the interactions of Table 3.2 do not happen. Moreover the interactions in
Table 3.1 do not produce the SN FW wave. This implies that the SN FWW wave can be
generated only at time ¢ =0, but, under small perturbations in the AV initial position,
we can assume that SA/FW wave is not present.

New waves of the first family can not be generated to the right of the AV; see Ta-
ble 3.1. Therefore the functional ¢+ N;"(t) does not increase and so, for ¢ >0,

NI (1) SNTF(0+), (3.9)

which implies that also the interactions, studied in Lemma 3.6, can happen at most a
finite number of times.

New LW waves can not be generated to the left of the AV; see Table 3.1. Therefore
the functional t— N, (t) does not increase and so, for ¢ >0,

New () SNy (04), (3.10)

which implies that also the interactions, studied in Lemma 3.5, can happen at most a
finite number of times.

If, at time ¢ >0, there are two PT waves at the left (or at the right) of the AV,
then there exists at least one £V and one wave of the first family in between. Thus,
for t>0, using (3.9) and (3.10),

Npr(t) SNy (1) +1 <Ny, (04) +1
Npr(t) SN () +1< N (04) +1

and so
N7 (t) =Npr(t) + NE(t) SNz, (04) + N7 (0+) +2.

We now focus on the number of interactions of type 2-NFW /1-NFW -LW, de-
scribed in Lemma 3.7. New waves of the second family can be created at a positive time
only with the interaction LW-PT /PT-2. Then, the number of times the interactions
2-NFW [1-NFW -LW may happen is bounded by N5 (0+)+ Ny, (0+), since (3.10)
holds.

With the same reasoning, the interactions, described in Lemma 3.2, can happen at
most N, (0+)+N,, (0+) times.

Since the functional A strictly increases only in the interactions considered in
Lemma 3.2, Lemma 3.5, Lemma 3.6 and of Lemma 3.7, then

N(t) SN(0+) +3 (Ny (04) + N7y (04)) +2N 5, (04)

FONGH(04) 2 (N5 (00) + Vg (0))

14

v

< N(O4) 42N (04) + (3+ Vinax ) N (04)
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+ (5+ V‘f">/\fgw(0+)
< <6+ V“;"”‘)N(Oﬂ. (3.11)

Since in the interactions described in Lemma 3.8 and in Lemma 3.9 the number of waves
strictly decreases and since (3.11) holds, then these interactions can happen at most a
finite number of times. Similarly also the interactions 1-1/1 and PT-1/PT can happen
at most a finite number of times.

We claim now that the number of interactions 2-1/1-2 is finite. Indeed by (3.9) the
number of interactions 2-1/1-2 at the right of AV is finite. Moreover, as already proved,
the number of waves of the first family generated at a positive time at the AV location
is finite; thus the number of interactions 2-1/1-2 at the left of AV is also finite, proving
the claim.

Symmetrically also the number of interactions LW-PT /PT-2 is finite. This is a
consequence of the fact that the number of new linear waves generated at the location
of the AV is finite. Therefore all the interactions described in Lemma 3.1 are finite.

It remains to prove that the interactions in Lemma 3.3 and in Lemma 3.4 can happen
at most a finite number of times. Indeed when a phase-transition wave interacts with the
fictitious wave, the waves cross each other and they can not interact anymore without
other interactions before. This prevents the possibility of a combination of the two
interactions happening an infinite number of times.

The proof is thus concluded. ]
3.4. Existence of a solution. This section deals with the proof of the main
result.

Proof. (Proof of Theorem 3.1.) Fix (ze,yc,u.), an e-approximate wave-front
tracking solution to (3.1), in the sense of Definition 3.2, which exists by Proposition 3.1.
By assumptions there exists M >0 such that

Fu(0+)<M,  F,(04)<M,  and  TV(u)<M.

In particular, at least passing to a subsequence, there exists a control u*e
BV ([0,400[;[0,V]) such that

ue(t) = u*(t)

for a.e. t>0 as e—0.
By the interaction estimates in Section 3.2, see also Table 3.1 and Table 3.2, we
deduce that

fw(t):Fu1(0+)§M

for every t>0. Moreover the possible increments of the functional F, are described in
Lemma 3.7 and in the two cases of Lemma 3.12. In particular, the maximum possi-
ble increment due to the control’s change is proportional to the total variation of wu.;
see Lemma 3.12. Instead the maximum possible increment due to the interactions de-
scribed in Lemma 3.7 is proportional to F,,(04), since the waves of the second family
interacting with the AV either are original waves, i.e. generated at time =0, or are
generated by the interaction LW-PT /PT-2 at the left of the AV. The LW waves can
not be generated at positive time at the left of the AV and the strength F, of LW in
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the previous interaction is transferred to the wave of the second family. This permits
to conclude that

Fe(t)<O()M

for every ¢ >0, where the Landau symbol O(1) denotes a constant not depending on ¢,
e, and M.
Hence, at least passing to a subsequence, there exist w* and ©v* such that

w(ze (t,7)) = w*(t,) and (2 (t,)) = 0" (¢,-)
pointwise for a.e. t>0. Finally we deduce the existence of p*(¢,-) such that

Zs(ta ) — 2" (ta ) = (p* (ta ')7w*(t7 ))

pointwise for a.e. £>0.

Since |§c(t)] <[0,Vimax] for a.e. t>0, Ascoli-Arzela theorem [42, Theorem 7.25]
implies that, at least passing to a subsequence, there exists a continuous function y*
such that

Ye =y
uniformly. Moreover by the estimates in Section 3.2, we deduce that

TV () <supFy(t) + TV (u:) <O(1) M.
>0
Therefore we deduce that, at least passing to a subsequence,

Ye —=y"

in Wi ([0, +00); R).

It remains to prove that (z*,y*) satisfies Definition 3.1. The points (1), (2), and
(3) are straightforward.

Point (4) of Definition 3.1. We need to prove, for a.e. >0,

Y (1) =yo+ / min{u’ (s),v(s,y" (s)+)} ds. (3.12)

By construction we have, for a.e. ¢t >0,

t
ye(t)=yo+ [ min{uc(s),v(s,y:(s)+)}ds. (3.13)
0
We have u. —u* and y. —y* a.e. as e—0. Moreover the curve t—y*(¢) is non-
characteristic for the quantity v, since the Riemann coordinate v travels with velocity
given by A; <0; see (H-3). Hence v (s,y:(s)) = v(s,y*(s)) for a.e. s>0. Thus, passing
to the limit in (3.13) as € =0, we deduce (3.12).

Point (5) of Definition 3.1. We follow the same idea as in [24], based on the
fact that z. and z* are weak solutions to the PDE in (3.1). Without loss of generality,
we assume that z. is a sequence with all the limit properties highlighted in the previous
part of the proof. Fix T'>0, ¢ € CL(]0,T[xR;R"), and consider the sets

Di={(t,x) €[0,T] xR:z<y*(t)}
D ={(t,z)€[0,T] xR: z<y(t)}
IT={t>0:gy*(t) exists, y-(t) = y*(t) and g.(t) = y*(t) as e = 0}.
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Note that the Lebesgue measure of I is T. By [8, Theorem 2.2], for every e, we deduce
that

/DE (0 o+ (pev(pe,we))Opp) dt da
1

T
- / e (e (£)=) [0 (£, (£) =) — 3 (B)] 9ty (1)t
and

/D (0 Orp+ (oo™ w)) D) di da
1

T
- / P (b (=) " (b (6)=)) — 57 (D] (1" (8) .

The dominated convergence theorem implies

lim [ (pedrp+ (pev(pe,we))dpp) dtdx :/ (p" O+ (p*v(p",w"))0zp) dtde,

e—0 D D,
so that
T
/0 Pt (ty* (1) =) [ty (t) =) — g™ ()] (t,y"(1))dt
:gl_r% o pe (t,ye (t) =) [0 (8, 9= (t) =) — e (B)] (¢, ye () )dt
:gl_r% IPE (t,ye (t) =) [ve (8,9 (1) =) — 9 ()] (2, ye (1) )dt.
Define

L={tel:w.(t,y-(t)—) = w"(t,y*(t)) as e = 0}.
The construction of approximate solutions implies that
[ Pt lte0)-) e ot ()
I

< [ Falwelta0)-).de )t ()i
I
and so, using the dominated convergence theorem,

hminf/[ pe (t,ye(t)—) [UE (t,y=(t)=)) — e (t)] o(t,y=(t))dt

e—0

</ Fo(w™(t,y™(8)=), 5" (0))p(t,y™ (t))dt.

Consider now t€I\I;. At least passing to a subsequence, we may assume that
we(t,y-(%)) is uniformly far from w*(¢,y*(¢)), which implies that the boundary at ¢
is characteristic, so that

Ve ({7 Ye (E)) -y (t_)



GARAVELLO AND MARCELLINI 841

as € —0. The dominated convergence theorem implies that

21_1% ps( 7y€( ) )[Us(tvys(t)*))7y'6(t)]90(t7ys(t))dt
L

=0§/ Fo(w™(t,y" (1)), 9" ())e(t,y"(t))dt.
ITooly
Therefore

/0p*(t7y*(t)—)[v*(t,y*(t)—))—y*(t)]w(hy*(t))dt

=lim pe (t ye( ) ) [US (t7y€ (t)_)) - ye (t)] (p(t,ys(t))dt

e—0

e—0

zliminf/I pe (Y= () =) [ve (t, 9= (£) =) — 1= ()] (£, ye () )dt

’ Fo(w™(t,y"(8)=), 9" (0)p(t,y* (t))dt

S/IFa(w*(t»y*(t)—)al)*(t))w(t,y*(t))dt
Since ¢ >0, we deduce that

pr Ly () =) 0" (6y" (1) =) =g~ (D] (t,y™ (1))
SFa(w*(t,y™ (1) =),5" (1)) (7 (1))

for a.e. t€[0,7T], as required. A similar estimate holds for the right traces and so the
point (5) of Definition 3.1 is satisfied. The proof is concluded. |
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Appendix. Technical lemmas. We state the following results about v.

LEMMA A.1.  Assume (H-2) and fix w € [Wmin, Wmax|- Then 0 is Lipschitz continuous
with respect to p with Lipschitz constant wCy.

Proof. We have
|0,8] = [wi(p)| <wCy,

completing the proof. ]
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LEMMA A.2. Assume (H-2) and fix ©>0. Then the function w(p)= ﬁp) is invertible
1

and the inverse function is Lipschitz continuous with Lipschitz constant Bog

Proof. We have

' (p)| = [¥'(p)

’UC¢,

0
>———c
V0= gy =
concluding the proof. O

LEMMA A.3.  Assume (H-2) and (H-3). Fiz @ € [Wmin,Wmax] and consider, in the
plane (p,pv), p— L1 (p;w) =pw(p) the Lax curve of the first family with w=1w. Let
p1 < p2 such that (p1,L1(p1;w)) €C and (p2, L1 (p2;w)) € C.

(1) Fiz uw€[0,Vinax[- Define Fy > Fy such that
El(pl;’lf}):F1+up1 and ,Cl (pQ;TI/)ZFQ+UpQ. (A].)
Then

0<p2—p1 < — U(FI_F2)7

where X is defined in (H-3).
(2) Define uy >wug such that

L1 (p1;w) = Fo(w,ur) +u1p1

A2
£1(p238) = Fo(i0,2) + uzpa. (4.2)
Then
R+F, 1 (w
lp2—p1] < TL(Q)(’LU —usg),

where X is defined in (H-3).
Proof. For case 1, consider the function
G (p;w,u) =Ly (p;w) —up=pwip(p) — up.
Equation (A.1) implies that
G(p1;w,u)=F; and G (p2;w,u) = Fs,

so that we need to prove that G is invertible With respect to p and that the inverse is
Lipschitz continuous with Lipschitz constant — A T . We have

d _
6PG(p71D7u) :wdip (pd}(l))) 7u§ —WA—u< 03
by (H-2) and (H-3). Hence G is invertible with respect to p. Moreover

9pG (p;w,u) = (mb( ) —uzw((R)+ Ry (R)) —u.

Therefore the inverse function satisfies

1 _ 1
o SO () < (R + RO (R —u "
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and so

b
WA+ u

N

|0pG ™ (Fyw,u)|

concluding the proof.

In case 2, consider the function

G (p;w,u) =Ly (p;0) —up— Fo(0,u).

Equation (A.2) implies that

G (p1;w,u1)=0 and G (p2;w,uz) =0.

Using the implicit function theorem and analogous estimates contained in the previous
case, we easily conclude. ]
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