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GLOBAL SMOOTH SOLUTIONS TO THE TWO-DIMENSIONAL
AXISYMMETRIC ZELDOVICH-VON NEUMANN-DORING
COMBUSTION EQUATIONS WITH SWIRL*

HONGHUA CHENT, GENG LAI¥, AND WANCHENG SHENGS#

Abstract. This paper studies the two-dimensional (2D) Zeldovich-von Neumann-Déring (ZND)
combustion equations with initial data, which are a combination of an axisymmetric flow in a ring and
vacuum in the remaining domain. Existence of a global-in-time smooth solution to the initial value
problem is obtained by the method of characteristic decomposition, provided that the initial data satisfy
some sufficient conditions. The large-time behavior of the solution is also studied. As a result, at any
time, the ring continues to expand until the gas burns out in infinite time for the system. The solution
describes a phenomenon of the expansion of 2D reacting flows with swirl in vacuum or a phenomenon
of “fire whirl”.
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1. Introduction

The Zeldovich-von Neumann-Doring (ZND) combustion model is an important and
well-studied model to describe the propagation of combustion waves in one-step exother-
mic chemical reaction. This combustion model is formed by the Euler equations of
gas dynamics and a combustion reaction equation for combustible gases. The two-
dimensional (2D) inviscid ZND combustion equations can be written in the form

pe+(pu1)z, +(pu2)z, =0,

(pur)e + (puf +p)ay + (puruz)s, =0,

(pu2)¢ + (puruz) e, + (pu +p)e, =0, (1.1)
(PE)t+ (pur E+uip) s, + (puz E+uzp)., =0,

(pz)t + (pulz)ml + (pu2z):1:2 = _¢PZ7

where (u1,us2) is the velocity, p is the density, p is the pressure, E'= %(u% +u3) + e+ 2bg
is the total energy, € is the internal energy, z is the fraction of unburnt gas in the
mixture, by is the binding energy per unit mass of unburnt gas, and ¢ is an ignition
function. For convenience, we assume by =1. We assume that the ignition function ¢
has the Arrhenius kinetics mechanism

ke T, T>0,
(;5—{07 T<o, (1.2)

where T is the temperature and k is a positive constant. We refer the reader to [8,37,41]
for more details about the inviscid ZND combustion model.
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For polytropic gases,

e y—1
e=L (1.3)
v—1
where s is the specific entropy and « is a positive constant. Then by the fundamental
relation de=Tds — pdT we have

C2

—eSp7 d T: = — 14
p=e'’ and T=c=— (1.4)

where ¢=+/7vesp7~1 represents the speed of sound. The ignition function ¢ can also be
seen as a function of ¢, i.e., p=¢(c). Moreover, we have
/
limﬂzo and limL(C):O (1.5)
c—0 " c—=0 "
for any fixed n.

There is a lot of literature on the ZND combustion model. The local and global
existence of solutions to the 1D Cauchy problem for the ZND combustion model for
initial data with small bounded variations were obtained in [11,43] and [3], respectively.
Kuang and Zhao [18] obtained the global existence of weak solutions to a 1D piston
problem for the ZND combustion model. Zumbrun [44,45] studied the stability of
detonation waves for the ZND combustion model. Costanzino et al. [7] obtained finite
time existence of multi-D unsteady detonation waves for both ZND and CJ combustion
equations. Chen et al. [2,4] constructed global entropy solutions to supersonic reacting
flows past Lipschitz bending walls and supersonic reacting flows around sharp corners
for 2D steady ZND combustion equations. There is also a lot of literature on the Cauchy
problem for a scalar ZND combustion model proposed independently by Fickett [12] and
Majda [36]; see, e.g., [1,23,29,30,42].

In this paper, we are concerned with axial symmetric flows to the inviscid ZND
combustion Equations (1.1). That is, the flow has the property

p(x,0,t)=p(x,t), s(x,0,t)=s(z,t), 2(x,0,t)=2(x,t),
()= (o) (26e0) .

for all >0, §€[0,27), and x>0, where (z,0) are the polar coordinates of the (x1,2z2)-
plane. With this symmetry, system (1.1) can be reduced to

U
pt+(pu)x+%=0,

w2 — 12
pu)i+ (pu® +p)s + % =0,

2puv -0, (1.7)

pv)e+ (puv)s +
pull up

PE)i+ (puE+up)s + — T 0,

uz
pz)e+(puz)s + % =—¢pz.

(
(
(
(

Notice now that « and v in (1.7) represent the radial and pure rotational velocities in
the flow, respectively.
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We consider (1.7) with initial data

(uo,v0,¢0,50,20)(x), a <x <D,

(u,v,¢,s,2)(x,0) :{

vacuum, otherwise,
where 0 <a<b, (ug,v9,c0,50)(z) € Ct[a,b], co(a) =co(b) =0, zo(z) =1, and
co(z)>0 and so(z)>0 for z€la,b].

The problem (1.7, 1.8) describes the expansion of a 2D axisymmetric reacting flow in
vacuum or an interesting phenomena like “fire whirl”. The aim of this paper is to find
some sufficient conditions on the initial data to ensure that the problem (1.7, 1.8) admits
a global-in-time smooth solution.

P

Vacuum

Fic. 1.1. Initial data in the (xz1,z2)-plane.

We define the following constants

§1:= sup {1?2((5)) }7 N:= sup {lsc‘l/((z))l}, $.:=2 sup so(z),
ze(ab) L ° ze(ab) L O w€(ab) (1.9)
2

¢y =2 sup co(z), ua:=uo(a), up:=uo(b), K:=57.

z€(a,b)
The main result of the paper is stated as follows.

THEOREM 1.1.  Assume 5/3<~vy<3 and N is finite. Assume further that there exists
a constant C € (1,k) such that the initial data (1.8) satisfy

uo(®) uo(®)

kleo' ()] + < up'(z) < —kKle (z)|+(2€—1) for z € [a,b]. (1.10)

Then when 61 and c,, are sufficiently small the problem (1.7, 1.8) admits a classical
solution in

Q={(z,t)|a+ust <z <b+upyt, 0<t<-+oo}.
Moreover, the solution satisfies p€ C(2), p>0in Q, and p=0 on CIUCS, where C2:=

{(z,t) |z=a+uyt,t >0} and Ct:={(x,t)|r=a+upt,t>0} are two vacuum bound-
aries.
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The main difficulty for the global existence is to establish a uniform a priori es-
timate for the C''-norm of the solution. In this paper, we use the method of charac-
teristic decomposition to establish the estimate. This method was first proposed by
Li, Zhang, and Zheng [25] in investigating simple waves of the 2D compressible Euler
equations. Recently, this method was extensively used to establish the global exis-
tence of smooth solutions for quasilinear hyperbolic systems with two variables, see,
e.g., [5,6,15,19,20,24-28]. Motivated by recent works of Lai et al. [21,22], we derive
a group of characteristic decompositions for (1.7); see (2.8), (2.13) and (2.14). These
characteristic decompositions can be seen as a system of ODEs for the derivatives of
the unknown functions. Using these decompositions we establish a uniform a priori
C'-norm estimate for the solution.

In the paper we also obtain that |Ve| is bounded in the domain £2; see (3.35) in
Remark 3.1. This implies that 7p, =0 on the vacuum boundaries, and hence there is
no force to accelerate the vacuum boundaries. So the vacuum boundaries C¢ and C?
are not physical vacuum boundaries introduced in [33,34]. Recently, there is a lot of
literature on compressible flows with a physical vacuum boundary. We refer the reader
to [9,10,14,16,17,27,35,39,40] for this direction.

There are some other related works about global-in-time solutions to gas expansion
in vacuum problem for the compressible Euler equations. Serre [38] established the
global existence of classical solutions for the compressible Euler equations with com-
pactly supported density in multi-dimensions, provided that the initial velocity is close
to a linear field and the initial density is sufficiently small. Subsequently, Grassin [13]
obtained the global existence of smooth solutions in multi-dimensions, provided the ini-
tial velocity forces particles to spread out and the initial density is sufficiently small in
some norm. Li and Zheng [27] obtained the global existence of classical solutions to the
expansion of a wedge of gas in vacuum.

The rest of the paper is organized as follows. In Section 2, we derive the character-
istic decompositions for the system (1.7). The global existence of a classical solution to
the problem (1.7, 1.8) is obtained in Section 3.

2. Characteristic equations for the axisymmetric ZND combustion equa-
tions

2.1. Characteristic equations. For smooth flow, system (1.7) can be changed
into the form

U
pt+(pu)z+% =0,
2
ut+uux+&7vf:0,
p x
vt+uvx+ﬁ20, (2.1)
T
2z
St Jrusm:%,
Zttuz, =—0o¢z.

The eigenvalues of system (2.1) are
Ap=u+c, Ag=u (triple), A_=u—c.

The Cy, Cy, and C_ characteristic curves are defined as the integral curves of ‘é—f =
Ay, i—f =)o, and % = \_, respectively. The left eigenvectors corresponding to Ay are
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I+ =(c,£p,0,, /%pWTH,O). Multiplying (2.1) on the left by I+ we get the characteristic

equations

2
cOrptporutpre’s, :—@:I:pi,
x x

where
0y =0+ (u=£c)0;.
From c? =~e®p?~! we have

2c0rc—ypY1e*Oys
Yy —1)espr—2

Orp=
From the fourth equation of (2.1) we have
O0rs= % +cs,.
Hence, we get
2p0Lc _ype® cppz

cO+p= F Sy — .
S T(yv-1)

c? coz uc  v?
oru= 16+C+ ( 71)51+T(771)_?+;)
2 c? cpz uc  v?
O_u=——0_c+ Sg— —+—
-1 Yy=1) " T(h-1) = =
From (2.3) we have
axi(‘ﬁ—af and at: (u—c)8+—(u+c)8,
2¢ 2¢

2.2. Characteristic decompositions.
LEMMA 2.1.  For the system (1.7), we have the commutator relation

2cu?

0.0 —0.0, — (—1(3+c+ac) -2+ T(jin) (04 —0.),

~y—1

where p? = T

Proof. Using (2.4) and 0, = 8*;;)’ , we have

0+0-—0-04 = (0t + A1.02) (O + A= 0z) — (Op + A0 ) (Or + A1.0z)
= (8+A_ — 8_)\+)8a; = (8+U — 8+C— O_u— 8_6)335

¢z

1 U
= (_20,[1/2(84_0_‘_8_6)—374_1—‘(’}/—1)) (8+—6_)

We then complete the proof of this lemma.
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LEMMA 2.2.  For smooth flow, we have

o (%)ZEE_WSZ% 20'zca _ 2y(y—L)zes | 2(v—1)dz

o™ 27 EESU 871 27
y—1 Y- y— y—1
c c / c c (2.8)
60( ):gzi_wzzx_ 20/z¢, ¢z
where 8y =0; +ud, and ¢’ =52
Proof. By (2.4) we have
00028 = (090 — 000) 8+ Oy (q;z) =—0,u0;5+ 0y <(§f)
(Orc+0-c) u oz ¢z
_ U, __ 97 2.
(y=1)c sw+xsm (’y—l)ngc_H3 T (29)
Thus, by Oy = a++8 we have
OoSya 21 25,
60( ) cr —c 17—1600
 _wfO4ct0d-c U 1) ¢z v+l 28,
(B et e e o (7)) - e
-k —K ¢Z —K ¢Z
=c xsm c (7_1)Tsz+c Oy T
:usx_wbism 2(25:?_27(721_)1@% el ;)szx (2.10)
Tt AT cr—1 c—1 cr—1
Similarly, we have
090,z =(000z — 0200) 2 — Oz (02) = —0pu0pz — 0, (92)
Oyc+0_c U ’yd)zzx 2¢¢’ zcy
o, - gy — . 2.11
CEET R TeY 241
Thus,
2y 1 (04c+0-c)zy
0 (Gr) = ouz —e TR
o 0O4c+0_c u VP22 2¢¢’ zcy _at1 (Opc+0_c)zy
- < O ) e R AeTeT ) A
/
ik 20 R0 0% (212)
pet G o1
This completes the proof of the lemma. ]

ProrosiTION 2.1.  We have the characteristic decompositions

= e
) (DT asﬂf)

1 uc  c? (y—1)u?c?
:ﬁ(8+c+8,c)8+c+( 8+c+ 8 C)x %(&rc—@,c)—kT
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y—1)c*?  3(y—1Dcuv?® c* c3 u oz
_ )2 + 3 — 5y — Sz —((7—1)28+c
2x 2z 2vx ny z 2c

c? 1y =1)¢z

(v +1)(r— 1)a_c) — 55y e+ T (O 00)

9%
4c

L A=edz  edz | 2Py —1)¢%2?  A(y—Dude
2 2 7 2¢2 T

(r+ Dezd’ 5 (y= ez’ Doc (v =7)9°2

((7+1)8,c+(7+5)6+c>+ 5 o 5

(2.13)

and
-1 2 2
oy (0-et DT O )
Y

u?c?

2

uc

1
ZQILLZ(8+C+8C>8C+( 8 c+ = 8+C) 267<6+C 8 C) (’Y

(y=1Dc*?  3(y—1)cur? Au oz
- s — 3 — Syt —— w——((’y—l)Qa_c
2z 2x 2vx 2v x 2c

c? Y(y=1)¢z

+(’y—1)(”y+1)8+c> + o gy @ret0clsa+ (D4c+0_c)

9z
dc
(P28 (h=Deg cdz (v =D)¢%2  y(y—Dugz

2 Ty Ry S 22 x

(y—1)czg o et (y+1)czg
2y 2y

(D0t (y+5)0-c) + d.c

(2.14)

Proof. Using the commutator relation (2.6) for the variable ¢, we have

¢z

0,0 c—0_0,c= (— (Dpc+0_c)— % + T(7—1)) (D4c—0_c). (2.15)

1
2cp?
Using the commutator relation (2.6) for the variable u, we have

¢z

040_u—0_0yu= (— (Dyc+0_c)— g + w) (O5u—0_u). (2.16)

1
2cp?
Inserting (2.4) into (2.16), we get

c04+0_c+cO-04c

o+l 2cu & 3 (Y +3)cgz
=307 )(8+c—|—8 o)+ o (Oyc+0-c)+ m(8+c 0_c) T —1)

" 2(7_;2)6 " (7_23@2 - (W_zl)ca* (vfjsxl)) i (7_21)08* (v(cjsfn)

O (00 () vo- (a6 ) ) - o (5 )*Qa(ﬂ

_ () 2Pz u
vzt T2 (y—1) T

(Orc+0-c)

(2.17)
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Combining (2.15) and (2.17), we get

co_ (6+C—M —0—25 )

2z 2"
M gt 0 +( Dict+ a e S Dm0 )
—2(7_1) +C —Cc)oy4cC +C C - 273381 o0 +C _C
gz B PPz u (v+3)cpz (y—1)uc?
72T(7_1)(3+c 0_c) T @ AT(-1) (6+c+8_c)+7x2
3 (y—1)c*? _c s, s, (y=1e v? v?
o2 1 04 5 +0_ 5 1 O+ +0_ .
(coz)? cpz cpz
+2T2('y—) 4 o T +0_ T : (2.18)
By a direct computation and recalling (2.9), we have
v? v? 2v 2uv? 6uv?
0Dy (D)= 20,00 - 2 - O (2.19)

and

s, ) <02 Sa ) 2¢ 2¢2
15) +0_ =—(0yrc+0_¢c)sp+—0y5,
(= “(0re 0 st 200

~y
2c 2c2 ((&rc—l—@_c)sw u Pz (qbz))
=—(04c+0_c)sy+— | —F—————+ -5, — Sz + 0y
Y O Joet cly=1) 27" (v-1T T
2
:2—_61(8+c+6_c)sz—2¢>zsw 2¢ uss +2(y—1)pz,

20z 2(y—1)¢z
+< S = )(8+c—ac). (2.20)

A direct computation yields
cpz cpz
(7 )+ (F)
1
7(7 = )¢Z(8 c+0_c )+c<a+ (g; > +0- (?))

:W@+C+a_c)+c (M?OZ + < 224fc_ 27(7_1)¢Z> (8+C+8—C))

Ty(v—1) c?
2v(y—1 1
:—M <2 ¢ — W) (Bpc+d_c). (2.21)
Inserting (2.19), (2.20) and (2.21) into (2.18) we get the Equation (2.13). The Equation
(2.14) can be proved similarly. This completes the proof of the proposition. ]

From (2.13) and (2.14) we have

1 (8+c+g)%+(§%+18 C)x

c (Oyc O-c (y—1)u?
c 2 ¢ 2c (7 7)4—

2¢\ ¢ c x2
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C(y=10*  3(y—1Duv? (7—1)v2g_8+ca_c_is _cu, csy 0—c
212 2cx? 2cx c c? 2y " 2yx " 2y ¢
=g e (%+g) 9z 20 =D a(=1)éz u
2c 77 2(yv=-1\ ¢ c 2 S 2c* c? x
¢z d_c 0:c) (0 1)¢'z0-c  (y=1d'z0:c y(y-1)¢%
1)2=< “+° =Y =o+c NI )Y <
42 <(’Y+ ) c +(y+5) c 2~y c 2~ c 2c2
oz 9 0_c 504cC ('y 1)¢z(8+c 6_0)
() ()2 ) R JOR oc 2.92
52 \ (7 =D+ (=17 1 - T (2.22)
and
— 12
a+(ﬂ+u+g%)
2cx 2y
L (B Teyde, (30c 1%)5&(%*g)+<%1>u2
2ut\ ¢ ¢ c 2 ¢ 2 ¢ 2z \ ¢ ¢ 22
B (771)v273(771)uv (v—=1v 2%784_03 C,i cu _Cs Oyc
212 2cx? 2cx c c2 2'ya: 2v x S 27 ¢
1 N24222(y — 1 1
e )d)zx c (5'+c+3 C)s oz . @52(4v ) y(y=1)¢z u
2¢ 2y=1)\ ¢ 2¢ 2¢ c? x
9z dyc 7+1)¢'z 8+c (y=1)¢'z0-c y(y—1)¢*z
1) == AEYA soddh A W A diod
42 (( + ) +0 >+ + 2y c 2¢?
oz 8+c 7 1 (bz 8+c d_c
~ga (07D (F5+5) (2.23)
We define
R, _0rc (=10* csp  K(y—Du
oc 2cz 2y z
d_c (y=1)% ecs, (v=1) (2.24)
rR.=LC S
c 2cx 2y T
Then by (2.22) and (2.23) we have
8+R, :(IHR% +a12R+R, +ai13R_ +a14R+ +ais, (2 25)
0_ R+ = CL21R3_ + Cl22R+R_ +CL23R+ + Cl24R_ +ass, .
where
(=3, 1 (o 1\e (+Dv?  wese y’+y-ladz, (y+Dag'z\u
a14—( 2 "ty (2Ii Z)u deu Jr4’yu 2u 2 T 2vu x’
(2.26)
_(v=3,_,1 1\ e, (0+D? wes, y’4y-ladz, (y+Dag'z\u
a24—( 2 H+2+(2H Z)uJr deu dyu 2u 2 T 2yu z’
(2.27)
ax 2k —3k+1—2k(1— n) +(yk—2)— f T xd)'zﬁimc(b'z
= w7 cu  2cu?  2vyu? ¢ U
oz 2 rQz T K TCSy K c T IZ‘ICSI — 1L2
+ :; (Q’Y?%_;Tg)_‘— 2u2 ¢ +’Y(’Y+1) _W_i_kw; Z) +2’yg)('y—1)u2) & mlz) ) (228)
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and
V2 220z, xd'zv®  Kxd'z
— (262 — 3kt 1+20(1— k) — (yr—2) L P TOZU
25 ( " rot1426( ) (s )cu 2cu?  2yu? ¢ u
L2z (a+ e 1 v yxd | 0* adr  zess 7y ke
2 u 2u? ¢ 2u?  2u?2 2 2vu? u  u
/. -1 2
xd'z-xesy \ (Y—1Du (2.29)
292 (v —1)u? x?
We define
5 Opc (=107 c 2(y=1)u
o 2cx 27y (v+1)z’
7 0_c n (y=1)0?* ¢ 2(y—1u (2.30)
T ¢ 2cx 297" (y+ 1)z
Then by (2.22) and (2.23), we have
5+1§7 2&11327 +fl12-§+§7 +&13§7 +&141§++&15, (2.31)
o_ R+ = dmRi_ + &22R+R_ +d23R+ +ao4 R_ +€L25,
where
. (375 T—y ¢ (y+Dv? wese PHy—lagz  (v+Dag'z\u
= (2(7 +1) 2(v+1)u dow dvyu 2u 2 2yu x’ (2:32)
_ 2 2 _ /
loa = 3y—5 T—y ¢ (y+Dv° xesa 7y 1ﬂqﬁz+(7+1)x¢z 37 (2.33)
2(v+ 1) 2(v+1) w deu dyu 2u c? 2vu x
e — (v=3)(y=1) 4(y—-1)ec 2 ﬁ x¢'z-xC88 T P2 sz)/zﬁ
v (y+1)2 (y+1)?2u ~vy4+lecu 292(y—1Du?  2cu®  29u? ¢
rQpz 2 rQpz €T TCSy C T ,Z — u2
+3 (Fa - e TR - B oot ) ) O e
and

o (v=3)(vy=1) ,4(v-1De¢c 2 f_ x@'z-xCs, _x2¢z$_a:(b’zvj
2 (v+1)2 (v+1)2u ~vy+lcu 292(y—Du?  2cu?  29u? ¢

$¢Z(72 TPz YTP 1 v®2 2y zesp, v 2y c)

2u? 2 2u?2 2uPc  u 2y? u (y+luw

(2.35)

LEMMA 2.3.  Assume §<’y<3. Then there exist small positive constants d1,---,0g
and c,, such that the following inequalities hold

=5 T—yem (+1)& & (PHy—1d  (y+1)d

P1 0
(P1) y+1 41 g Qg 2vUq Ug Vg =Y
P2 (’)/73)(’)/7 1) 56 (51 '54 52 '54 5 ’)’253 52 51
(P2) 2 9,2 2 2(~_ 3 103 3 T 2 T 9.2
(v+1) 2ug - 2yug o 293 (v—Dug ug - 2yug  2ud
2
+ T4 ) <o,

(Y+1u2  uq
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3v—5 So (¥ +v—-1)63

P3 — — 0
(P3) 2(v+1)  4dvyu, 2u, =%
(P4) (v=3)(vy=1) 4(y—De, 2 & I 8204 703
(v+1)2 (Y+1)2 ug  y+1lug 202 292(y—Du2 ' P\ 202
2 2
— 0
ot 3 ) <0
() 2l 5 g Beey 201 woe 9% A(OYZDO 2% do
2 2 2, Uy dyug  Ug 2vUq 2u2 2u2
51 '(53 . 51 '54 _ 62 '(53 52 '54 /s'yéch

2 2yuZ  2yu2 22(y—1DuE w2

26242 -2 )
(P6) 22— 31— ZH2Mey  (09=2)00 05 ks 9% O 010y
Ug U Ug u,  2u?

51 '54 (52 '53 H753CM (52 f154

C 2y 2w 22(y—Dug
In view of 3 <y <3 and (P1)—(P4), we have

2 2
LEMMA 2.4, If0<c<c,, u>u,, % <01, [vc5.] <02, f—f <03, @' <d4, and Lf < g,
then a14 >0, G924 >0, a15 <0, a5 <0.

3. Global smooth solution to the initial value problem

3.1. A priori C! estimate. We now consider (1.7) with initial data
(u,v,¢,s,2)(2,0) = (uo,v0,c0,50,20)(z), a+0<x<b—J, (3.1

where 0 >0 may be arbitrarily small.

The existence and uniqueness of a local C'! solution to the problem (1.7) with (3.1)
are known by the method of characteristics (cf. [32]). That is to say there exists a small
T >0 such that the problem admits a classical solution (u,v,¢,s,z) in a domain (9,7
closed by {t=0}, {t=T7}, a C characteristic curve issuing from (a+4,0) (see CJ in
Figure 3.1), and a C_ characteristic curve issuing from (b—9,0) (see C° in Figure 3.1).
The characteristic curves C$ can be represented by x =z (t) which satisfy

azt (1)
dt
2% (0)=a+d, 2°(0)=b—>4.

=(ute)(zd(t),t), t>0, (3.2)

b—48 b

Fi1Gc. 3.1. Characteristic curves
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In order to extend the local solution to a whole domain of determinacy, one needs
to establish an a priori C! estimate for the solution.

LEMMA 3.1.  Assume that the Cauchy problem (1.7), (3.1) admits a classical solution
in Q8,T) for some T >0. Then the solution satisfies

_O=lh % 2w Oic o |sa| Nz fze) o
2a 2va  a ck a cl o a
§i<07 Ri>0, 0<s<sy, 0<c<e, and u,<u<up. (3.3)

Proof. We shall prove this lemma by the method of continuity. The proof proceeds
in two steps.

Step 1. We first prove that the inequalities in (3.3) hold on {(z,t)|t=0,a <z <b}.
From c? =~e®p?~! we have
2cc, —vespr s, 2cc, —ye*p? s,
pr=—r— ", pp= —
v(y=1espr=2 Y(y=1espr=2

Inserting this into the first equation of (1.7) and using the fourth equation of (1.7), we
get

—Deuy  (y—1 ~1
Ct:_ucz_(v Q)Cu (v 2I>CU+’Y(’Y - )9z (3.4)

Hence, we have

(y—Deus _ (y=Deu  y(y—1)¢z
2 22 2c ’

Orc=ci+ (utc)ey, ==tec, — (3.5)

Consequently, by Assumption (1.10) and (1.5) we have that when ¢,, is sufficiently
small,

L (ai) (2,0) =o' () ”*1)2“0/(” - (”*12);0(”

+W<O for a <z <b. (3.6)

5 _ (7—1)Uo/(w)+< 2 1>(7—1)uo(x)

2 ¥y+1 2 z
C(y=DweP(x)  colz)so’(z) | v(y—1)e(co())
2¢o(x)x 2 + 2¢02 () (3.7)
and
5 o (y—Duo'(@) | (y=1wo*(@) | co(@)so’ ()
R_(2,0)=—co/(z) - Tt 2o (;)x + =2 270

2¢02(x)

Then, by Assumption (1.10) and (1.5) we know that when 4, and ¢,, are sufficiently
small,

~

Ry(z,0)<0 for a<x<b. (3.9)
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Similarly, by (3.5) we have

2

co(x)so’(z —1)p(co(x
- o )270( )+V(V2co)j((x)o( )

Ry (2,0)=+c'(z) - w + <f<c - 1) — 1;%(:5) (v ;ctl))(la}:i(x)

(3.10)

Thus, by Assumption (1.10) and (1.5) we know that when §; and ¢,, are sufficiently
small,

Ry(z,0)>0 for a<x<b. (3.11)

The other inequalities in (3.3) are obviously true on {(z,t)|t=0,a <z <b}.

Step 2. Let P:=(zp,t,) be an arbitrary point in the domain. The backward Cy and
C_ characteristic curves issuing from P intersect the z-axis at some points Py and P_,
respectively. The backward stream line Cj issuing from P intersects the xz-axis at some
point Py. Let Qp be a closed triangle domain closed by JZTD, ]@, and Py P_ (see
Figure 3.2). We are going to prove that if the inequalities in (3.3) hold for all points in
Qp\{P}, then they also hold at P.

cl

P, pP. bd

Fic. 3.2. Domain Q,

Since Ry <0 in Qp\{P}, we have

Gc __200=Du__20y=1)
c y+1 =z y+1

dlnz in Qp\{P}.

Integrating it along ]5073 from Py to P, we get

_2(0—=1)

¢(P) < c(Py) (”) o (3.12)

Po

In addition, in view of u >0 in Qp\ {P}, one has z, >z, and hence c(P) <c(Po) <c,,.
Actually, we have

_2(v=1)

y+1
c<cy, <> in Qp. (3.13)

a

From Ry >0 in Qp\ {P}, we have

Goc f@ in Qp\{P).

C
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Integrating it along 15073 from Py to P, we have

—r(y=1)
o(P)>c(Py) (jp) >0. (3.14)

From the third equation of (2.1) we have
doln|v|=—dpInz. (3.15)

Integrating it along ]%TD from Py to P, we get

Tp
[o(P)l=—_>[v(Fo)l- (3.16)
P
Combining (3.14) and (3.16) and z, >z, , k= 17We get
02 02 z, r(y=1)—2
— |(P)<| — | (F . <d. 3.17
N
In view of (2.4), we have
2 = Yoz 2 = 2 1. 2uc  vyoz
e 92 __ S yZue, nes 1
0_u 7_1cR . <0, Ou 7_10R++(7+1 2) g >0 (3.18)

in Qp\ {P}. Thus, by integration we have
g <u(Py) <u(P)<u(P-)<up.

In view of (1.5), (3.13), (2.5), and the assumption that the inequalities in (3.3) hold
for all points in Qp\ {P}, we know that there exist sufficiently small constants ¢, £1, &2
depending only on c¢. When ¢,, is sufficiently small, such that

) /
0*2 <e, 5 <éq, a <é€39.
Then, we get
19z Sz 29’z cp  29(y—1)¢z ¢ A(y—1)¢ 2
T2 2 + _2 3 L—i_ 2 _2
2 7= ¢ eI c T c 1
<’ (7_1)¢ 2z 0z S 2925/2 Cx _’_’27(7_1)@52 Cg
2 2 2 2 2 3 2
C cr—1 C* ey-1 C cr-1 C cr—1

3y—=5 3v—=5

X X u U
<7(7—1)6; +7€(N+1)5 +2e9¢, " ?+27(7—1)6lcﬂ}’1 -

b b 3y—5 u 3y—5 u
<y(y—=1e=+~ve(N+1)—+4escy = —+4y(y—1)e1cy ' — < —. (3.19)
a a x T T
Similarly, we have

2y -

’ VPzzy 2925/26.1 zg
T iy(y=1) T

8 |

in Qp\{P}. Thus, integrating (2.8) from P, to P one gets

<C|j§|l)(P)§ </mp Tro gy +<mz| >(p0)><(N+a1)xP (3.20)

Po
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and

2z xz, [P x
( 22| )(P)g/ —rde<r, (3.21)
.’L'PO

cv-1 Z,,

Using (3.20) and z, >z, we know that when c,, is small,

y+1
rey—1

Sz
2

241\ .\ 2-2
<<xcsx|(p0)+bc}41)(m’”) <dy at P (3.22)

Po

|zes.| =
cy—

From (1.5) and (3.12) we know that when ¢,, is small, there hold

2,2 2
@ < 63, Igﬁl < (547 ﬁ < 55 and ﬂ < 56 at P. (323)
c? c? c
In what follows, we are going to prove ﬁi <0and R+ >0 at P.
Suppose R_=0and 1§+ <0 at P. Then by the assumption that the inequalities in
(3.3) hold in Qp\ {P}, we have Oy R_ >0 at P. While, by the first equation of (2.31),
(P1) and (P2) we have

6+§_: Q14 §+ + a5 <0 at P (324)
>0 <0 <0
This leads to a contradiction. We then get R_(P)<0. Similarly, we have R (P)<0.

Suppose R_ =0 and Ry >0 at P. Then by the assumption we have 041 R_ <0 at
P. While, by the first equation of (2.25), (P5) and (P6) we have that at the point P,

-1 1 5
o p > taslyzu o faEle 5o
T 2 2
3ke,, @ K02 L(Sg K(y—1)d4 L55 (576 01-03 0104
2, Uy dyUug  Ug 27Uq 2u2 22 2u2 292
(52 . (53 (52 '54 H’}/(53CM (’}/ — 1)U2
- - _ >0 fas<0,
2vuZ 29 (y—1)u2 ug 2 s

OrR_>a15>{2k*—3K+1
(2k2+2kK)c,, (ky—2)01 703 KOs 65 O O61-63 O1-04

Ug Ug Ug  Ug 202 2uZ 2uZ 2yu?
8o-0 396 ) —1u?
e 27 — F08C (7 )U >0 if a14 > 0.
29uz  29%(y—-1)ud ug z?

This leads to a contradiction. We then get R_(P)>0. Similarly, we have R, (P)>0.
Using R4 (P)<0, Re(P)>0, (3.17), and (3.22) we have —Q=1% _ 8 _ 2w o
9£¢ <) at P. We then prove that if the inequalities in (3.3) hold for all points in

Q}\{P}, then they also hold at P. Therefore, by an argument of continuity we know
that the classical solution of the Cauchy problem satisfies (3.3).

This completes the proof of the lemma. 0

As in (3.14), we know that the solution to the problem (1.7) with (3.1) satisfies

c>csb®r 2, (3.25)
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where ¢5:= [mi&nb . ¢o(z). Moreover, according to (3.2) we know that  <b— 0 +upt.
z€|a+0,b—

Combining this with (3.25) we know that the solution satisfies
e>csb®(b— 8 +upt) 2 (3.26)

Combining (2.5), (3.3), (3.17), and (3.26) we obtain an a priori C° estimate for (u,v,c)
and gradient estimates for ¢, z and s. The gradient estimate for v can be obtained by
(2.4). In order to estimate |Vv|, we use the commutator relation

090z — 0,000 = — O, u0,0.
Inserting the third equation of (2.1) into this, we have

uv VO U

00(0zv) + <% +3zu) Opv = o

. (3.27)

The gradient estimate for v can be obtained by (3.27) and the third equation of (2.1).
We then establish an a priori C! estimate for the solution. Thus, the existence of global
classical solution can be obtained by the classical extension method (cf. Li [31]). We
then get the following global existence.

LEMMA 3.2. The initial value problem (1.7) with (3.1) admits a global classical
solution in a domain Q(08) bounded by {(x,t)|a+d<x<b—4,t=0}, CS and C° (see
Figure 1.1). Moreover, the solution satisfies (3.3) and (5.26).

LEMMA 3.3. By Lemmas 5.1 and 3.2, we obtain that the solution satisfies p€ C(Q).

Proof. In what follows, we are going to prove that for any fixed 7 >0,
|2, (t) — (a+uqt)llo;o,77—0 and |2 () — (b+upt)|lo;0o,;7 =0 as §—0. (3.28)
Firstly, by 0_c<0 and 0_u <0 we have
c<co(b—6) and u<ug(b—05) on C°. (3.29)
By a direct computation, we have

25, — 50 c— ez
sy =50_c—0_(cs)+ T

Hence, we get

2 d_(cs) s0_c ¢z  uc v
Oo_u= 0_c— —(v-1)—+—+—. 3.30
y—1 y(y=1) ~(v—=1) N (3.50)
As in (3.12) we know that the solution satisfies
_2(y=1)
x y+1
c<cy, <) . (3.31)
a
Combining this with (1.5) we know that when § >0 is small,
¢ < (u=c)e on C°. (3.32)

c 2
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Thus, by integrating (3.30) along C® we get

2 1 5
u>u0(b—§)—ﬁ(l—i—s*—i—m)co(b—&) on C?2. (3.33)

Combining (3.29) and (3.33), one gets
[(u—c)—upllg.cs -0 as d—0. (3.34)

Thus, for any fixed T >0, we obtain [|2% (t) — (b+ust)||0;(0,77 — 0 as § — 0. Similarly, we
have ||z (t) — (a4 uqt)|l0;0,77 — 0 as 6 —0. O

Consequently, we obtain a solution in §2. The property that p>0in Q2 and p=0 on
C2UC? is obvious. This completes the proof of Theorem 1.1.

COROLLARY 3.1.  [[z(t)[ly.r =0, as t— +o0.

Proof. From the last equation of (2.1), we get

t t X
z=exp (—/ ¢(c)dt> =exp (—k/ ] )dt> .
0 0

Like the proof of the Theorem 1.1, we have

c(Py) (Z) i <c(Py) (;’:) - <e.

A direct computation yields

o)) (1)
/Ot¢(c) dt>/0tkexp <_VC(27(1—301))) <%>_4dt.

¢ t
Thus, we get / ¢(c) dt — +o0 for t — +o0, i.e., exp (—/ qﬁ(c)dt) —0, as t—+oo. O
0 0

Then, we have

REMARK 3.1. From Lemma 3.1, the solution of the initial value problem (1.7) with
(1.8) satisfies
(’y - 1)51 52 2uy,

——+—+4+—in . 3.35
Vel < 2a +27a+ a m ( )

4. Summary

With axial symmetry, we have obtained that the problem (1.7) with (1.8) admits
a classical solution in the domain 2. We propose to construct a global-in-time smooth
reacting flow solution expanding in vacuum. The solution describes a phenomenon of
the expansion of 2D reacting flows with swirl in vacuum or a phenomenon of “fire whirl”.
As a result, we get for any ¢, that the ring continues to expand until the gas burns out
in infinite time for the system (1.1).
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