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EXISTENCE AND LARGE TIME BEHAVIOR FOR A DISSIPATIVE
VARIANT OF THE ROTATIONAL NLS EQUATION*

PAOLO ANTONELLIt AND BORIS SHAKAROV?

Abstract. We study a dissipative variant of the Gross-Pitaevskii equation with rotation. The
model contains a nonlocal, nonlinear term that forces the conservation of L2-norm of solutions. We are
motivated by several physical experiments and numerical simulations studying the formation of vortices
in Bose-Einstein condensates. We show local and global well-posedness of this model and investigate
the asymptotic behavior of its solutions. In the linear case, the solution asymptotically tends to the
eigenspace associated with the smallest eigenvalue in the decomposition of the initial datum. In the
nonlinear case, we obtain weak convergence to a stationary state. Moreover, for initial energies in a
specific range, we prove strong asymptotic stability of ground state solutions.
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1. Introduction

1.1. Physical background and motivations. Since their first experimental re-
alization [19,30], Bose-Einstein condensates (BECs) have become the object of intensive
research in the scientific community. In particular, the observation and measurement of
its superfluid properties, such as quantized vortices [2,32,33] for instance, stimulated a
considerable amount of interest, leading to investigations of their dynamics [11].

From the theoretical point of view, one of the main features of BECs is that they are
accurately described by the Gross-Pitaevskii (GP) equation [23,35], see [36] for a com-
prehensive physical introduction on the model, its derivation and main properties. The
GP description allows the prediction and simulation of relevant phenomena observed in
experiments [20]. In a rotating frame, the (scaled) GP equation may be written as

100 = — 5 AU+ Vot gl — 0 Ly (11)

with 1/ :R'*% = C being the order parameter describing the condensate. In Equation
(1.1), g €R denotes the (scaled) Gross-Pitaevskii constant, (2 € R? determines the rota-
tion axis, L is the angular momentum operator defined by

Li=—izAV, (1.2)
and V is a (possibly anisotropic) harmonic confining potential [22], given by

d

1
V(x):§ZwJ2-x?7 w; > 0. (1.3)
j=1

Throughout this paper, we consider d=2,3, for physical motivations. The case d=2
describes the effective dynamics of a BEC under the influence of a strongly anisotropic

*Received: September 15, 2023; Accepted (in revised form): January 10, 2024. Communicated by
‘Weizhu Bao.

TGran Sasso Science Institute, viale Francesco Crispi, 7, 67100 L’Aquila Italy (paolo.antonelli@
gssi.it).

HInstitut de Mathematiques de Toulouse, UPS IMT, F-31062, Toulouse Cedex 9, France (boris.
shakarov@math.univ-toulouse.fr).

1601


mailto:paolo.antonelli@gssi.it
mailto:paolo.antonelli@gssi.it
mailto:boris.shakarov@math.univ-toulouse.fr
mailto:boris.shakarov@math.univ-toulouse.fr

1602 P. ANTONELLI AND B. SHAKAROV

(cigar-shaped) potential, see [1] where a similar dimensional reduction was rigorously
proved, [9] for some related numerical experiments. In this case, the rotation term
becomes

QL= —i|Q\(:v162 —1‘281).

Equation (1.1) possesses a Hamiltonian given by the total energy

B0 = [ 3196t +V @l + Slo(ta)lt - (@ L)) (ta)de. (L4

Although the GP theory works remarkably well for a broad range of applications, in
some specific regimes thermal and quantum fluctuations cannot be ignored. In order
to accurately describe some specific phenomena (e.g. collective damped oscillations or
finite temperature effects), dissipative terms must be taken into account. Several models
have been proposed to extend the well-established GP description, see [37] for a general
overview. For systems close to thermal equilibrium, the dynamics may be described by

(=)0 =3 Y+ Vgl — 9 L — . (15)

In this extended model, the damping coefficient v>0 is a phenomenological constant
that is introduced to fit experimental data, see [12] and the references therein. Moreover,
Equation (1.5) is also used to numerically investigate particular features of atomic BECs,
such as the formation of vortex lattices [27] or the stabilization of dark solitons [38].
This aspect is actually related to a class of numerical methods [8,18,21] developed to
compute ground state solutions to GP-type equations by means of a normalized gradient
flow, see [7] for a general overview and also [3] for the rigorous analysis of the related
parabolic model.

Physical motivations demand this extended model to conserve the total number of
particles, that for Equation (1.5) amounts to require the conservation of the L?-norm.
This is achieved by setting the chemical potential i to depend on the solution itself as
follows

1 1 2 2 4 7y
(0= g ([ GIT0OP+ VB0 P +oloo) ~ (@ Ly (0ds ). (10)

This choice is also consistent with the numerical methods developed in [8,18,21], see
also [3].

Model (1.5), with p defined by (1.6), is also exploited to simulate turbulent phe-
nomena in BECs in the presence of a small damping, see for instance [31].

From the mathematical point of view, the chemical potential u[y)] may also be
interpreted as a Lagrange multiplier that constrains the solution to live on the manifold

M={u€ L*(R?) : |lul| L2 = [[¢po]| 2 }- (L.7)

The purpose of our work is to develop a rigorous analysis of the following model

(=)0 =AY+ Vgl = Ly ), (19)

with p defined in (1.6) and general power-type nonlinearities satisfying 0 <o < ﬁ.
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As it will be outlined in the next subsection, our work focuses on the Cauchy prob-
lem, providing local and global well-posedness, depending on the choice of parameters
appearing in (1.8). Moreover, we investigate the asymptotic behavior of global solu-
tions for large times, showing the convergence towards stationary solutions to (1.8)
(and consequently solitary waves to (1.1) as well). In this respect, our analysis provides
a rigorous background for the numerical experiments developed in [27].

Let us remark that a similar model was already studied in [17], where (1.8) is
considered by setting the chemical potential to be constant, i.e. x€R. In this case the
total mass is no longer conserved and in fact it may also asymptotically vanish in some
cases, see Proposition 4.5. in [17]. In general, the non-conservation of the L2-norm
leads to a completely different asymptotic behavior, compare for instance Corollary 6.7.
in [17] with Proposition 5.1 in the present paper.

1.2. Mathematical setting and main results. We are interested in the
following Cauchy problem,

(1.9)

(i—7)0up = =3 AP+ Vi + g7 — Q- Ly — p[y]y,
1/1(0) :wo S Z(Rd>7

where 1) : R4 — C is complex-valued, d=2,3, g €R indicates the strength of the non-

linearity and can either be repulsive g>0 or attractive g <0, the power o satisfies

O<o< ﬁ, ~v>0, V is defined in (1.3) and the angular momentum operator is given

n (1.2). The nonlocal, nonlinear term pu[], which may be interpreted as the chemical
potential associated with the state 1, is defined by

1
1172

and ensures the conservation of total mass, namely all solutions to (1.9) formally satisfy
()] 2 =1%ol L2

We denote by ¥(R?) the natural energy space associated with the Cauchy problem (1.9),
that is defined by

plol= o ([ GIVUP VIR aluPr g D) (L10)

Z(Rd):{ueHl(Rd):/|x2|u|2dx<oo}. (1.11)
Indeed, the total energy associated with (1.9) is given by
BI(0)= [ S0P +VIsOP + 0P - (G L) Ods. (112
We remark that the rotation term is bounded for all finite energy states, as one has

‘/uQ-Ludaz

While the total mass is conserved along the flow of (1.9), the total energy is non-
increasing and formally satisfies the following identity

S ull 2 1 Vullzz < %

El(0)]+2y / / 0 (s) [Pdds = B[], (1.13)
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The two main goals of this work are to provide (local and global) well-posedness results
for the Cauchy problem (1.9) and to study the large-time behavior of its global solutions.

The Hamiltonian Equation (1.1) was already thoroughly studied, see [4,24,25] for
local and global well-posedness and the analysis of blow-up solutions. In [17] model (1.8)
with p€R was considered. For this dissipative dynamics, it is possible to exploit the
parabolic regularization effect, entailed by the linear semi-group. In this way, in [17] the
authors prove global well-posedness under some assumptions on the nonlinearity and
provide a characterization of the global attractor.

On the other hand, model (1.9) has the peculiarity that the chemical potential is
determined by a functional of the solution itself, involving its gradient. This actually en-
tails further mathematical difficulties, especially when studying the local well-posedness
problem. Indeed, the classical contraction argument as developed in [28], for instance,
cannot be straightforwardly adapted to (1.9), due to a delicate interplay between the
power-type nonlinearity and the nonlocal term. In particular, the fact that the nonlinear
operator 1 |1|?79) is not locally Lipschitz from ¥ to itself when 0 <o < %, prevents
us from using the standard fixed point argument in this case. We refer to Section 3 for
a more detailed discussion on this issue.

THEOREM 1.1. Let <0< ﬁ, or let g=0. Then for any v € L(R?) there exist
a mazimal ezistence time Tyar >0 and a unique local solution ¥ € C([0, Tynaz ), L(RY))

to Equation (1.9). Moreover, either Tpae =00, or Thas <00 and we have

()]s = co.

Let us notice that this result covers the physically relevant case o =1. On the other
hand, for the mathematical sake of providing a more complete picture, we are also going
to prove a well-posedness result in the range 0 <o < % In order to do this, we develop
an alternative argument that constructs a sequence of approximating solutions {w(k)}.
More precisely, we set up an iterative scheme where the chemical potential is given
by the previous step, p®) = p[yp*=D]. In this way, the existence of the approximating
solutions at each step is provided by the classical contraction principle.

Second, we prove that the approximating sequence satisfies uniform bounds which
allow us to show its compactness and convergence towards a solution of (1.9). The
drawback is that, in order to infer these uniform bounds, we require the rotation speed
to satisfy |Q] < %, where w is defined by

w=minw; > 0. (1.14)
J

Under this assumption, we are able to prove the following theorem.

THEOREM 1.2. Let 0<o< ﬁ and |Q] < 5+ Then for any o € Y(RY) there exist

a mazimal ezistence time Tyar >0 and a unique local solution ¥ € C([0,Tnax), L(RY))
to Equation (1.9). Moreover, either Tpqn =00, or Thar <00 and we have

li t)||s = o0.
i [l =00

A similar strategy using an iterative scheme has been used also in the context of
nonlocal heat equations, see [3,13].

Let us remark that Theorems 1.1 and 1.2 apply to a wider range of nonlinearities
with respect to the result in [17], where the authors assume 0 <o < ﬁ.
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Let us now address the problem of global well-posedness. By recalling the definition
(1.14), we see that the quadratic part of the energy defined in (1.12) is positive definite
if and only if |Q| <w. In particular, for || <w and for any u € X we have

1
/§|Vu|2+V|u|2fﬂ(Q~Lu)dx20/|Vu|2+|x|2|u|2daz,

for some ¢>0. The case |Q2] >w could lead to instabilities in the dynamics, see for
instance [6], where this issue is studied for the Hamiltonian evolution (1.1).

THEOREM 1.3.  Let 0<0 <3 with |Q] < 5 or <0< ﬁ with | <w. If g<0,
we further assume that o < %. Then for any 1o € X(RY) there erxists a unique global

solution 1 € C([0,00),%(R?)) to the Cauchy problem (1.9).

We now investigate the large-time behavior of global solutions. As remarked above,
the same question was already addressed in [17] for model (1.8) in the case when
is constant. In this case, the energy dissipation is not sign-definite. Furthermore, no
information can be inferred in general about the asymptotic behavior of the total mass.
This leads the authors of [17] to define the global attractor as the set of all initial data
that yield a global solution for all ¢t €R, i.e. both forward and backward in time.

In model (1.9), the fact that p= ] is given by formula (1.10), changes substan-
tially the asymptotic behavior of solutions. The energy balance (1.13) heuristically
implies that the asymptotic states are given by stationary solutions, whose L2-norm is
determined by the initial datum. This property will be rigorously proved in Proposition
5.1 below.

Let us start by discussing Equation (1.9) when g=0. We will refer to this setting
as the linear case, even though p[i)] # 0, because it may be seen as the linear evolution
constrained on the manifold defined in (1.7).

In this case, we determine the asymptotic behavior in terms of the decomposition
of the initial datum with respect to the eigenspaces of the linear operator

1
Ho=—-3A+V -Q-L. (1.15)

More precisely, let o(Hq)={An}n>0 denote the spectrum of Hg and let W, be the
eigenspace associated with \,, namely

W, ={uc L*(RY) : Hou=\,u}.
Then, if n* >0 is such that A, is the smallest eigenvalue in the decomposition of g,

Apr =Inf{ A, : T eW,: (p,100) #0}, (1.16)
we can prove the following result.

THEOREM 1.4.  Let g=0, o€ X(RY) and 1 € C([0,00),%(R?)) be the corresponding
solution. Then

Hm [3p(t)] = An-,

t—o00

where A\« is defined in (1.16) and

lim inf |[¢()—uls=0.

t—ooueW,, *
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In particular, if A,« is a simple eigenvalue, then there exists an eigenfunction ¥+ €
Wi, with ||ty || L2 =||%o|| 2 such that

Jim [[9(6) = -

»=0.

This is for example the case for the smallest eigenvalue Ay in the spectrum of Hg. Thus,
any initial condition having a non-zero component in W,, evolves into a solution that
asymptotically converges to the least energy state, with a given L?-norm.

In general, the linear dynamics leaves invariant the eigenspaces W,, associated with
the operator Hg. On the contrary, the power-type nonlinearity destroys this property,
so that for g0 there are no linear invariant subspaces anymore.

In the nonlinear case, we expect that stationary solutions play the same role as
eigenfunctions of Hy when g=0. We recall that a stationary solution to (1.9) satisfies
the following equation

0= 3 AQ+VQ+9QP Q- LQ— uQlQ. (1.17)

It is well known that, under the same assumptions of Theorem 1.3, there are infinitely
many solutions to (1.17). Among stationary solutions, a particular role is played by
minimizers of the energy with fixed total mass,

7= inf {B[u] : [|ul| . =m}. (1.18)

Under the assumptions of Theorem 1.3, a minimizer to problem (1.18) always exists
[6,39]. In what follows we will refer to them as ground states and denote it by Qgs.

By computing the Euler-Lagrange equations and by exploiting Pohozaev’s identity,
it is straightforward to show that any ground state satisfies (1.17). Moreover, we are
going to call excited states all stationary solutions, whose total energy is strictly larger
than the ground state energy. Given m >0, the set of all stationary solutions with total
mass m, is denoted by

Sm={QeX(RY): ||Q||> =m,u solves (1.17)}. (1.19)
In general, the monotonicity of the total energy, inferred from (1.13), implies that

lim E[Y(t)]= Ex > T > —00, (1.20)

t—o00

where 7 is defined in (1.18). Furthermore, from the energy dissipation in (1.13), we also
expect that the asymptotic states for (1.9) are determined by stationary solutions.

THEOREM 1.5.  Under the conditions stated in Theorem 1.3, let 1o € L(R?) be such that
Vo2 =m and let v € C([0,00),5(R%)) be the corresponding solution to (1.9). Then
there exists a sequence {t,} CR™, t,, — 00 as n— 00 and a stationary state Q €S, such
that

im [[9(t) - Qs =0.
and

Ew=ElQ],

where Foo is defined in (1.20).
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Let us remark that, while it is always possible to show that E., = E[Q], for some
Q € S, in general we are not able to characterize the stationary solution that determines
the asymptotic behavior of the dynamics. In fact, it is not always true that E,, =T,
as all stationary states are solutions to (1.8). On the other hand, the monotonicity of
the total energy suggests that all excited states are unstable under the dynamics. If the
initial energy is strictly smaller than the energy of any excited state, then we expect
the solution to converge towards the ground state. These arguments lead to exploit the
following conjecture.

CONJECTURE 1.6 (Fundamental gap conjecture). There exists 6 >0 such that for
any Q € S, either Q=¢€'2Q s for some pER, or E[Q]> E[Qys]+6. The fundamental
gap conjecture is largely studied in the mathematical literature, due to its relevance.
There are several numerical works and formal expansions confirming this conjecture,
see for instance [10,14] and references therein, although a theoretical proof seems to be
still missing. Under the hypothesis that this conjecture is true, we are able to improve
our convergence result in two directions. First, we show that, up to phase shifts, the
dynamics asymptotically converges to the ground state. Second, no extraction of a
sequence of times is needed. This is achieved by adapting the convexity argument
introduced by Cazenave and Lions [16].

THEOREM 1.7.  Assume that Conjecture 1.6 is true. Under the conditions stated in
Theorem 1.3, let 1o € 2(RY) be such that Efo] < E[Qgs]+6 and ¢ € C([0,00),S(R?))
be the corresponding solution to (1.9). Then there exists ¢ €[0,2m) such that

Jim [16(1) — €% Qg1 =0.

The theorem above states that solutions starting from an initial condition that is
sufficiently close to the ground state eventually converge to it; consequently the ground
state is asymptotically stable, up to a phase shift.

We recall that the orbital stability of the ground state for the non-dissipative ro-
tational GP Equation (1.1) was proved in [6]. For qualitative properties of the ground
state such as symmetry breaking, we refer the reader to [26,39,40]. An alternative ap-
proach to study solitary waves and their stability for Equation (1.1) with super-quadratic
trapping potentials was recently investigated in [34].

This work is organized as follows: in Section 2, we will present our notations and
some preliminary results. Section 3 is dedicated to proving the local and global well-
posedness results stated in Theorems 1.1, 1.2 and 1.3. In Section 4 we will study the
asymptotic behavior of the linear case g=0. Finally, in Section 5, we prove our result
on the asymptotic behavior in the nonlinear case.

2. Preliminaries
In this section, we introduce our notations and recall some mathematical tools. For
two positive quantities A and B we use the notation

A<B

with the meaning that there exists a constant ¢ >0, not depending on A and B, unless
specifically declared, such that

A<cB.
We will use the following notation

1 oo for d=2,
(d-2)*
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Given u,v € L2(RY), the L?-scalar product is defined as

(u,v):Re/uT)dx.
We define the set
SR ={ueDRY) : [(=A+|z[*)ul L2 < o0} C H*(R?),

where Y(R9) is defined in (1.11). By abuse of notation, we write zu for the function
o — zu(x). We recall some basic facts about the space ©(R?), see for example, [29], for
more details.

PROPOSITION 2.1.  The Hilbert space $(R?) is compactly embedded in LP(R?) for any
pEeE {2,%) . Moreover, the norm
lull = 1Vl 22 +l|lzull7.
1s equivalent to the norm induced by the scalar product
(u,v)y = (u,v) + (Vu, Vu) + (zu,zv).

Proof. For any R>0, we have that
[ @) s <R ol
|z|>R

On the other hand, we also know that H'(Bg) compactly embeds into L?(Bg), where
Br={r€R?:|z| < R}. Consequently, we may conclude that the embedding ¥(R¢) —

L?(R%) is compact. The embedding H'(R?) < LP(R?) for pe [27 ﬁ), implies that
Y(R?) — LP(R?). Choosing any q>p, such that ¢ < ﬁ and interpolating between
L?(R4) and L9(R?) implies that the embedding % (R?) < LP(R?) is compact. O
PROPOSITION 2.2.  The Hilbert space ¥2(R?) is compactly embedded in X (R?).
Proof. Let u€ %2(R?) and notice that the condition
I(=A+Jz[)ulZ < oo,
is equivalent to

[Aul g2+ [l|z a2 + |||l Vul | . < oo.

Thus we define the norm of X%(R9) as

-

2\ 2
lullze = (1l + lafull3s + 12l Val].) (2.1)
Consequently, adapting the proof of Proposition 2.1, one can prove that the embedding
Y2(RY) — B(RY) is compact. o

Standard compactness arguments then yield the following existence result for
ground states of (1.12), see [39].



PAOLO ANTONELLI AND BORIS SHAKAROV 1609

PROPOSITION 2.3.  Let |Q|<w, ¢>0 and o< ﬁ or g<0 and o <2. For any
m >0, there erists Q,, € L(R?) solving the following variational problem.:

T =Inf{Eu]: ueX, ||u|lz =m}.

Moreover, if veX(RY) satisfies E[v] =7, and ||v||z2=m then there exists ¢ € [0,27)
such that

v=e¥Qm.

For Q=0, there exists a unique real-valued and strictly positive minimizer, which
is usually called the ground state. Observe that when 20, all the minimizers are
complex-valued for the presence of the rotational operator L. Consequently, we refer to
all the minimizers of the problem above as ground states. In general, the properties of
stationary states, such as radial symmetry breaking can be found in [39,40].

2.1. Properties of the semigroup. We begin with the presentation of the
smoothing estimates of the linear Hamiltonian operator

1

where V is defined in (1.3). We denote by

P e

Uq(t) = i+:7 o (2.2)
the semi-group associated with Hg on L?(R?), so that, given ug € ¥(R?), the function
Uq(t)ug solves the linear problem

{atu:—mHQu, in (0,00) x RY, (2.3)
u(0) =wuyp.
We will use the following commutator estimates.
PROPOSITION 2.4.  We have the following properties:
[V,Ho|=VV+iVAQ, [z,Hq]=V—-iQAz. (2.4)

Proof.  We compute explicitly the commutator [V, Hq] as

V. o :—% V. Al 4 [V, V]+i[V,Q- (z A V)]

—VV+i[V,z-(VAQ)]
=VV+iVAQ,

where we used the property a- (bAc)=det(a,b,c) = (aAb)-c for three dimensional vectors
a,b,c. Similar calculations yield

[$7HQ] =V—-iQAzx.

We recall the dispersive estimates of this semi-group.

PROPOSITION 2.5 (Lemma 2.3 in [17]).  There exists a t* >0 such that, for all 1<q<
p<oo and t€[0,t*),

1Tt fllr StEG3)| £l 0, (2.5)
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and

IVU(6) fllo + laUa() fll o S5 G372 | ]| o (2.6)

The proof is based on the Mehler formula [15] and a change of variables introduced
in [4] which transforms the linear operator Hq into a different linear operator without
rotation but with a time-dependent harmonic potential, see [17, Lemma 2.3] for more
details.

We notice the following property of the semigroup.

PROPOSITION 2.6.  Let up € X(R?) and let Ug(t)ug € C([0,00),5(RY)) be the corre-
sponding solution to (2.3). Then for any t € (0,00) we have

2 t
||UQ(zs)u0||2L2:||u0||2Lfﬁ/0 (Ho(Uo(7)uo),Uq(T)ug) dr. (2.7)
Moreover there exists C >0 such that
[Ta(tyuol3, = o3, — CtluolZ po..5)- (2.8)
Proof. We rewrite system (2.3) as

(2.9)

(i—v)0wuw= Hqu,
u(0) =ug € B(RY).

By taking the scalar product of (2.9) with u, we get

v d

(10yu,u) — §£||u(t)||%z = (Hqu,u). (2.10)

Moreover, by taking the scalar product of (2.9) with iu we also have that
5 2 a7 = (0w, iu) = (Hou,iu) =0,

that is

1d

(10yu,u) :fﬂaﬂu(t)ﬂiz. (2.11)

Plugging (2.11) inside (2.10) leads to obtain that
—— (Hou,u).

Equation (2.7) follows from this equality after integration in time. Furthermore, (2.8)
follows from (2.7) after employing the commutator estimates (2.4) and the dispersive
estimate (2.5). o

We proceed with the following definition.
DEFINITION 2.1. A pair (q,r) is called admissible if ¢>2, (q,r,d)#(2,00,2), and

La(3-1). 210
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Having the dispersive estimates (2.5) and (2.6), it is possible to adapt the standard
arguments to prove Strichartz-type estimates for the linear propagator Uq(t), see for
instance Proposition 2.12 in [5] where similar Strichartz-type estimates are proven in
the case without potential and rotation.

PROPOSITION 2.7.  Let (q,r) and (s,p) be two Strichartz admissible pairs and let T > 0.
Then we have

||U9(t)50||LQ([0,T],Lr) < H‘PHL?-

Moreover, if

F(g)= / Ua(t—)p(r,2)dr,

then we also have that

”F(‘)O)HL‘I([O,T],LT) S llel L*' ([0,T],L7")

and

IVE(@)Lago,r),m) +2F (@) Lao,r1.27) SIVel Lo (0,77, 10y T 120l Lo (10,77, 10 -

2.2. Spectral properties of the linear Hamiltonian. For 2=0, the Hamil-
tonian defined in (1.15) is the anisotropic quantum mechanical oscillator

d
L 2,2
H0:§ —A—l—z:lemj
=

The spectral properties of this operator are well-known, see for example [41].

PROPOSITION 2.8.  Hy is essentially self-adjoint on C3°(RY) C L2(R?) with compact
resolvent. If for all j, wj=w, then the spectrum o(Ho)={Xon} is given by

d
)\O’n:w(2+n—1)7

d+n—2
-1

and the eigenvalue Aoy s

) -fold degenerate.

In particular, the smallest eigenvalue is given by Ao 1= %d >0. Notice that the
associated eigenfunctions form a complete orthonormal basis of L2(R?).

In the case 20, we have the following [17].

PROPOSITION 2.9.  Consider w>|Q|. Then Hgq is essentially self-adjoint on C§°(RY) C
L2(R%), with compact resolvent and discrete spectrum. Moreover, if for any j, Wi =w,
then the spectrum of Hq is given by o(Hq) ={Aq,n}nen where

{)\Q’n}nENZ{AO,k'FmQ, —k+1<m<k-1, for kGN}

In particular, when || <w, we still have that the smallest eigenvalue is Ag 1 = “’7‘1 >
0. Consequently, ground state’s energy remains the same with rotation.
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3. Existence of solutions

In this section, we study local and global well-posedness properties of Equation
(1.9).
As already discussed in the introduction, we will present two different strategies to study
local solutions. The standard fixed point argument for evolutionary problems such as
(1.9), see for instance [28], consists in finding a complete metric space and a nonlinear
contraction whose unique fixed point provides us with the solution.
The nonlinear map is usually associated with the integral formulation of the equation,
which in our case reads

147y

2 [ tate=) (oo ululo) s)as.

¥(t) =Ua(t)vo

The presence of the nonlocal term pu[y)] prevents us to follow the approach in [28] and
defining the metric space endowed with the weaker distance based on mixed space-
time Lebesgue norms. In particular, the distance must also control the gradient of the
difference between the two functions. On the other hand, defining a distance based on
Sobolev spaces requires the nonlinear term to be locally Lipschitz in those spaces, for
instance from H' into itself. This implies that we can exploit the standard fixed point
argument only when %Z o. This strategy will be discussed in Subsection 3.1.

To cover also the case 0 <o < %7 we developed a different argument, based on an
iterative procedure. We construct a sequence of approximating solutions {¢(*)}, where
at each step the chemical potential is determined by the previous iterate. More precisely,
for any k>1, we study the following Cauchy problem

(i =)0 = =L A0 4 V) 4 g9 22 (9) — Q- L) — u [y = D],
P (0) =10 € B(RY).

This allows us to exploit the standard fixed point argument at each step, with no
restriction on ¢. To find a solution to the original equation, we will prove uniform bounds
on {¢*)} and pass to the limit. Inferring these priori estimates on the L2([0,T),%2?(R%))-
norm of the approximating profiles requires to assume that || < % This strategy will
be discussed in Subsection 3.2.

3.1. Local well-posedness for ¢ > % In this subsection, we present our first
proof for the local well-posedness result, which is based on a fixed point argument and
requires to suppose that o > % We will now prove Theorem 1.1.

Proof. (Proof of Theorem 1.1.) We will show the proof for g #0, the other case
being a straightforward adaptation. Fix M, N,T >0, to be chosen later, and let
do+4

r=20+42, ¢= e (3.1)
o

Notice that the pair (g,r) satisfies condition (2.12). Consider the set

€:{ueL°° (10,7),2(RY)), w,au, Vue L ((0,T),L"(RY)) :
llull Lo (0,11, 2y < M, |[ullaco,m),wrmy M, |lwul|Lago,r),0r) < M,

inf ullz >
1m u —_—
te[0,T] L=
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equipped with the distance
d(u,v) =[lu=vza0,7),wrr) + [[u =Vl Lo (0, 77,:) + |2 (w— V)| La(0,7),L7)-
Clearly (£,d) is a complete metric space. We fix u,v € £. We observe that the inequality
[[u[*7u—[v[*70| < C (Jul*" +[v[*) [u—v],
implies that
el =102 s 0.2 S (Nl 0.7,y 1003 0 7 2

X Jlu— UHL‘?/((O,T),LT')'

Moreover, using the embedding (Rd) —L" (Rd) and Holder’s inequality, it also follows
that

IV (lul*u= o) [,

S (lZZ= 1 lz7 ) AVl + 1Vle) o= vl e

which implies

20 20 20—1 20— 1
[V (luf*7u—[v[*7v) HL‘Z’((O,T),LT') S (Hu| L (fo,7,Lmy T IVIIZE Lr))
X (HVUHLq’((o,T),Lr)+||Vv||Lq’((o,T),Lr)>
X |lu—=vl| Lo (o, 17, m1)- (3:2)
In the same way, from

Hx(|u|2"u—|v|2“v)|

2o S ullZZ =+ oll777) Qleul o+ llzv) o) llu—ol
we also obtain

Hx (|U|2UU_ |U|20U) HLQ' ((0,1),L"")

20—-1 20—1
S (2o 2y + 1012500 1.)
x (2l o o,1y.2m) + 170l o (0,29, ) X =l ooy (3:3)

Using Holder’s inequality in time, we deduce from the above estimates that

||‘T|u|2gu||LQ’((O,T),LT’) +]| |u|2gu||L(1’((0,T),W1=T') ~

< (TJrquqq’,) (1+ M) M
and

[Ja(ul*7u—[v[*7v) +{[[ul*7u o>

||L‘1'((0,T),LT') “HLG/((07T)7Wl’”)

< <T+T“qq?> (14 M27)d(u,v).
Next, given any u,v € £, we notice that we have

|ululu = plojo] < Jof|plu] = p[o]] + |ulu]Ju =]



1614 P. ANTONELLI AND B. SHAKAROV
which implies
lidulu=ololss o, ST (Il ool o

ol o il — [vnm,ﬂ)-

By the definition of L, see (1.2), we notice that for any u € X, from the Cauchy-Schwarz

inequality we have
‘ / Q- Luudz

Thus, for any v € &, there exists C(M,N) >0 such that

<[Qllzul 2 [Vul L2 < [lull3. (34)

1 o
[ulu]l|zoro,r S ﬁ(HuHQLw([o,T]z) +[Jull Oj_(2[07T],Z)> <C. (3.5)
Moreover, from the embedding X(R%) < L" (R?) we also obtain that
lpelu] = ulo]l e o 7y < Cllu =l Low 0,77, 5) - (3.6)

For any ug € %(R?), let H(uo)(u)(t) =H(u)(t) be defined as

M) =Valthuo — {575 | Ua(t=r)(alulr)u(r) = ululr)u(r))dr.

where Uq(t) is defined in (2.2). By using Proposition 2.7, the embedding ¥ (R%) <
L"(R?) and Hoélder’s inequality, we obtain

IH @)l La(o,1), 2" L2 ((0,77,22) ||u0||L2+qu [l 22 0,77, 59 1wl Lo, 7y, )

+T'|| ] || oe 0,77 1ell os (0,77, .2) - (3.7)

Moreover, using the commutator estimates in Proposition 2.4, we get that

VH(U):UQ@WO_% /O Ua(t =)V (glu(r) 27 u(r) — plu(r)]u(r)) dr
i+ t .
_1+72/0 Ua(t—1)(VV —iQAV)H(u)(T)dT

and

() =Un(t)oo— 15 | Valt=r)V(glutr) *ulr) = ufu(r)u(r))dr

ity
1+~2

/0 Ua(t—7)(V—=1QAz)H(u)(7)dT.

Since VV is linear, the embedding ¥(R%) — L"(R%) and Hélder’s inequality imply that

IVH ()l La(jo,1),L7)nLe (j0,77,22) SIVuoll L2 + T ||u||L<>o( 0,77, 1) 1 VullLaqo,1),27)

+T || p[u]l| Lo 0,71 | V|l Loe f0,17,22)
+ T ||z H (w)| Loo (jo,77,2) + TV H ()| Lo (0,77, £2)»
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and

lzH (w) || La(f0,7), L)L ([0, 17,22) SllTuol|Lz +T a9” ||U||%Uoo([o,T],H1) lzullLao,),7)
+ T u[ull| Lo 0,7 VUl o= (0,17, 2)
+T||xH (u)l| Lo o, 17,22) + TIIVH(W) || o< (0,77, L2)-

It follows from Proposition 2.7, (3.5) and the estimates above that there exist C; >0
and K(M,N) >0 such that

1H (w) || o= ([0,77,2)nLa(0,7), W) F |oH (W) || La o, 1, L7

< <||u0||2+ (T+qufﬁ) KM),

and
d(H(u), H(v)) < Cy (T+T"«ﬁ') Kd(u,v).
Note that
q—lq’ :1_22 2420 —do -0,
9 q 20+2

We set M =2C1||up|lz and we choose T' small enough so that the following inequality

(3.8)

a=q’ 1
Cl <T+T aq’ >K<2

is satisfied. Finally, notice that (2.7), (2.8), (3.4) and (3.7) imply that for any ¢ €[0,T7,
there exist Cy,C3 >0 such that
[H () (@)l 2 Z[[Ua(t)uol| 12

_ G / Ua(t—7)(glu(r)[**u(r) — plu(r)u(r)) dr

L°°([0,T],L2)

1
2

2 t
Z(HUOHQL?—%/ (Ha(Ua(T)uo),Ua(T)uo) dT)
I+92 Jo
a=q’ -
—Co(T 44" ||ul| 2% 0,71, 1wl Laqro,7,27) + Tl sl l| oo o,z el oo (0,77, £2))

2 2 i
2(||“0||L2 _CST”“OHLOO([O,T],E)) 2
(]—(1/
— 20
—Co (T 5" ||ull 2% 0,71, 1ell Lagio, 7y, Ly + Tl ]l oo o, 7y |2]| Los (0,77, 22) ) -

Exploiting (3.5) in the inequality above implies that there exists K;(N,M)>0 such
that

’

inf [|H(u)||z2 > oz — K1 (T2 +T°% +T).
t€[0,T)

Now we set N = |lug||p2. By choosing T'>0 which satisfies condition (3.8) and also

1 a—d’ N
T3 LT % +T)<
(T2 + + )72K1
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we obtain that 7 maps &£ into itself and it is a contraction. Thus H admits a fixed point
1 € C([0,T),L(R%)), which is a solution to the Cauchy problem (1.9). The uniqueness
follows from the fact that the map H is a contraction in £. Moreover, notice that we
can extend the local solution until the ¥-norm of ¢ (t) is bounded. Hence we obtain
the blow-up alternative, that is, if T},., >0 is the maximal time of existence, then
Trnaz =00, Or Tye. <00 and

lim [ (#)]|s = oo

t—Tmax

]
REMARK 3.1. Let us emphasize why we need the condition o > % On one hand, in
the absence of the nonlocal term u, we could use the contraction principle in the set £
with the weaker distance

g(u,v) =[lu—=vl[La(o,r),Lr) + [t = vl Lo ((0,7),12)-

Indeed, it is standard to prove that (£,g) is a complete metric space. On the other
hand, the presence of y requires a stronger distance induced by the L°¥-norm, as it is
clear from inequality (3.6). This implies that we have to use the distance d instead of
g. But for o < %, this is not possible because the power-type nonlinearity is not locally
Lipschitz continuous in Sobolev spaces (inequality (3.2) fails).

3.2. Local well-posedness for o< % In this subsection, we address the
local well-posedness problem in the case 0 <o < % Here we adopt a different strategy,
based on an iterative argument that constructs a sequence of approximating solutions.
We start by setting 1(® =0. For k>1, let us assume that we already constructed
Y*=D e C([0,T),2(R)). We then define the approximating solution 1(*) as the solution
to the following problem

(i =10 ™ = =3 A0 +V®) 4 gl 27 — Q- L) — pu[p = D8,
¥#)(0) = €D(RY).

Notice that in the equation above, the term p[¢y*~1] is a L function of time not
depending on ¥(¥). Thus we can use the classical contraction principle to prove the local

existence of 1(¥) for the whole range o € [O, ﬁ) . We will then prove the convergence
of the sequence {1(¥)} to a profile ). In order to show that v is indeed a solution to (1.9),
we will use the compact embedding %2 (R%) — %(R?) and the supposition |Q| < % This
supposition is needed to show that 1 € L2([0,T),%(R%)), and, in particular, that u[u(t)]
is well defined, see Proposition 3.3. Last, we will prove the uniqueness of solutions using

a classical energy estimate.
In view of the description above, we start by studying the simplified model

(3.9)

(=)0 =5 A0+ Vi +glih|*79) — Q- Lp — Ay,
$(0) =10 € Z(R)

where A is a L°°-function of time. Using the Strichartz estimates in Proposition 2.7, we
will prove the local well-posedness of Equation (3.9).

PROPOSITION 3.1. Let0<o< ﬁ and A€ L™ (R). Then for any 1o € L(R?), there
exists 0<T =T (|[volls, | \|z=), and a unique solution ¢ € C([0,T),%(R%)) to (3.9).
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Proof.  For any ug € X, we define the map F(ug)(u)(t) =F (u)(t) as

14y

F(u)(t) =Uq(t)uo— 5.2

/0 Ua(t —7)(glu(r) |2 u(r) — A(r)u(r)) dr.

We fix T'> 0 which will be chosen later, and let (r,q) be defined as in (3.1). We consider
the set

Xr={ueC([0,T),2(R%);u,zu,Vue L ((0,T),L"(RY)) },
endowed with the distance
d(u,v) = [u =l (o,7),22) + [u =2l Ls(0,7),L7)-
It is a standard procedure to prove that the set (Xr,d) is a complete metric space. Let

u € X7. Proposition 2.7, the embedding 3(R%) — L"(R¢) and Holder’s inequality imply
that

a—=q’
q/

IF (@)l La o1y, Ly ((0.11,22) Sllwoll 2 +T 5 [[ull 2% (0,77, 11y lull Lo o,y )

+ TN oo o,y llull oo (j0,77,22) - (3.10)

Moreover, using the commutator estimates in Proposition 2.4, we obtain
7/""7 ! 20
VF(u) =Uq(t)Vuo — W/ Ua(t—7)V(glu(r)|"u(r) = A(T)u(7))dr
0
t
—(i+7) / Uq(t—7)(VV —iQAV)F(u)(r)dr
0

and
2P () =Un(Bhruo = 1575 | Un(t=r)V(glur)Fulr) = A(r)u(r))dr

i+

T 1492

/O Un(t—17)(V —iQA2)F (u)(7)dr.

Since V'V is linear, the embedding H'!(R?) — L"(R%) and Holder’s inequality imply that

q

IVF ()l La(o,ry,Lrynneejo,71,2) S Vol 2 +T 0" [[wl| 3% 0.7,z Vull La(po.7), 27y

+T|All Lo 0.1l Vull Lo (0,17, 22)
+T(|xF (w)| Lo jo,17,22) + TNV F () oo (j0,77,22) 5
and

a—q’ -
[2F ()| La(to,7), Lryn o= ((0.77.L2) Slleuoll 2 +T 5 [ull 7% o7, 1) 122l a 0,19, L7

+T|[ Al Lo 0,17 [IVul| Los (0,77, 22)
+T ||z F (u)| Lo (j0,77,22) + TIIVF ()| oo (0,77, 22)-

By choosing T to be sufficiently small, the function F maps a suitable ball in X7 into
itself. Using Proposition 2.7 as in the derivation of (3.10) we can also prove that F
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is a contraction with respect to the distance d. Thus, by the fixed point theorem, we
conclude that for any ¢ € ¥, there exists a unique solution to (3.9). O

We will also need the following lemma in order to find a suitable bound on the
approximating sequence.

LEMMA 3.1.  For any | < S5 and e Y(RY), there exists a constant C(Q,w) >0 such
that

1013 < C ((How, Hat) + 113, - (3.11)
Proof. By recalling the definition of the operator Hg (1.15), we compute
1 4 2
<HQ¢,HW>=Z||A¢||%2 T |||a:|2w||; 10 L3 — 2 (A Jol?9)
w2
= 1A+ mx|¢mﬁ+wﬂ L2 + 5 |l
(V%ﬂb) (A, Q- Lip) —w? (|| ZZ),Q'Lw), (3.12)

where we suppose that w; =w for any j, the other case being similar. The fifth term on
the right-hand side of (3.12) is bounded by

w? (Vi z9) < C|Y[[3:- (3.13)

For the last two terms in (3.12), we use Young’s inequality to obtain
€ 1
(A0 L9) < [ AP0 Lollze < SIAGIE + 0 LglF: (314
and
2 (|22, Q- L) <w?| |22 QL] < P2 + —— 0 Ly |2s, (315
(o, L) <0 laf | ]2 L] 1o < - a0l 3+ 5 19 Ll (315)

for some €,e1 > 0 which will be chosen later. Equation (3.12) and estimates (3.14), (3.15)
imply that

A(ﬂ’ﬂ/’) :(HQ¢7HQ¢) _w2(v¢ax¢)

1/1 t (1
= (2 _5) A}, + 5 (—81) ]
2
+“;Hx||w|ui2+( 6—)\! L[ (3.16)

In particular, if we fix € :% in the inequality above, we get

1 2 1
A, wz% (2—51> w2+ el Vil - gl Zof7. (317)

|=

By choosing 1 = 5, we consequently obtain that

A(,9) >—||\x||w|i|p Q- Ly|[.. (3.18)
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From the definition of L in (1.2), we observe that
2 . 2 2 2
19-Ly|| . = [ 19 Gz AV da < Q| |2]| V][ (3.19)

Thus, from (3.18), we get

A1) > <|ﬂ|2) 2l (V91| = Clwo )21Vl s, (3.20)

where C'(w,§2) >0 due to the supposition that |Q] < %

Moreover, if we choose €1 = |w‘2 in inequality (3.17), then we obtain that

4 1 QO 2
a50)> %5 (550 ) el S 1wl — gl Lol

From this estimate and by exploiting (3.19), it follows that

1

4 QQ
w24 (550 Pl z i liaPolls B

where we again have that C1(w,) >0 because [ <5

Furthermore, if in inequality (3.16), we choose £ = %, then we obtain that

1
A() > (—e)||Aw||%2+ 1l V2~ 2 L

In this estimate we choose € = ‘ | , so that
1/1 Q
A2 3 (3-S5 1w+ Sl - oLl
Exploiting (3.19), we obtain that
1/1 Q2
A2 (5- 58 ) 18viE: > ol av (3:22)

Gathering together the three estimates (3.20), (3.21), (3.22), we see that there exists a
constant Co(w,$2) >0 such that
2 2
1AGIZe + 2]z + [l V][ < CoA(, ).
Using (2.1) and (3.13), we conclude that

[9]1% < Ca ((Hat, Ha) +Cl[]3;) -

O
As a direct consequence of this lemma, we find the following a priori estimates on
a solution to (3.9):

PROPOSITION 3.2.  Let ¢p € B(R?Y) and v € C([0,T],2(R%)) be the corresponding solu-
tion to (3.9). Then there exists 0 <T*(||vo|| g1, || ML) <T, such that

19l o= (0,71, 2) < 2l|%0]ls, (3.23)
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and

1
inf >— . .24
it 10l > 5 ol (3:24)

Moreover, there exists a constant 0 <K(||volls) such that

4[]l oo o, < K- (3.25)

Finally, we also have
o e L2 ([0,T%],L*(RY)), (3.26)

and if || <5, then
Y e L*([0,T*],2%(RY)). (3.27)

Proof. For any 1)y € £(R?), Proposition 3.1 implies that there exists a time 7 >0
and a solution ¢ € C([0,T),%(R%)) to (3.9). In particular, by continuity, we can find a
time 0 <T* =T*(||vo|l g1, || AllLe) <T such that (3.23) and (3.24) are true.

Then, by using (3.4), (3.23),(3.24) and the Gagliardo-Nirenberg inequality, we ob-
tain that

I~y S s (IO + w02 <0

where C(||¢o]|s) > 0.

To prove (3.26) and (3.27), let us for the moment assume sufficient regularity and
spatial decay of ¥ so that the following computations are justified. We take the scalar
product of (3.9) with ¢ and obtain that

d
Pl =2 = pl) 01172 (3.28)

Similarly, by taking the scalar product of Equation (3.9) with 9y, integrating in time,
using (3.25), (3.28) and Gagliardo-Nirenberg’s inequality we obtain

T T*
27 [ 10,000 s dr =Elgol = BT+ [ M) e
=Bl =B+ 2 [ AO=pli) o dr

SCIIoll2) + 1N zos o7+ (M oo o, 747 + lel] [ oo 0,747)
X T[] T o 0,74, 22)
<C(llvolls: Al L) < o0. (3.29)

This implies that 9yt € L? ([O,T*],LQ(Rd)).
Finally, we observe that (3.9) implies formally that

T* T*
241 |2 adr= Ho, Hot) d
(P + {A 10612 dr LA (Ho, Hos) dr

* .
2) 14042 | y2[ 12 2,
+A /gWI +AMdemA (Hot, gl — Mp) dr
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which is equivalent to

T

T* T*
/ (Hob, Hoh) dr < (1 +1) / 10,122 dr —2 / (Hob, gl P70 — M) dr. (3.30)
0 0 0

The last term in (3.30) is estimated as

SIM e .04 1917 o0 10,747, 5) -

.
2 /0 (Ho, M) dr

Now we suppose that d=3, (the case d=2 is similar). Then, by using Hélder’s inequal-
ity, we estimate the third term in (3.30) as

|(Haw gl 9)| < / 27 (jap? + [V ?) de
SR, (199N + l20l2-),

where

2d

TS ed=2)

By using again Holder’s inequality in time and Sobolev embedding, we obtain
T
20 2 2
/0 117 2, (VAL + 20 llLr) d7

<N 122 o032y TP % IV Lo, 29,7y + 1291 0 741, 2)

where

is such that (g,r) satisfies condition (2.12) and

Thus, (3.29), (3.30), (3.23) and (3.24) imply that

-
/ (Hoy,Hop) dr
0

SNOIL2p0,71,2) + I e o, 13y T 11 2% (o g,y (TP
< IVl Lao,201,Lm) Hl2W a0, 74,m) € (3.31)

where C'=C(||¢o]|s, [|A|Lee) >0. On the other hand, if || <> then by using (3.11)

we have

T* T*
/0 ||w<r>%zdfsc< / (ng,HQw>dT+T*||w||%w<[o,m,2)>. (3.32)
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Thus, by combining (3.32), (3.31) and (3.23) we have that

N
AIWM&MSC

where C' is a constant depending on ||1)g||s,w and Q. O

Propositions 3.1 and 3.2 allow us to infer the local existence result for (1.9). The
uniqueness will be given in Proposition 3.5 below.

PROPOSITION 3.3. Let 0<o< ﬁ and || < <5 For any Yo € Y(RY), there ewists

a mazimal time of ezistence Tyap >0 and a solution 1 € C([0,Tnaz), L(RY)) to (1.9).
Moreover, either Tpq. =00, 0T Thae <00 and

lim [[V3(#)] 5 = o

*Lmax

Proof.  Let g€ X(RY), 1o #0. Let ¢ =1 and for any k€N, let »*+1) be
defined as the local solution to the following Cauchy problem:

(1 _V)at'(/](k—i_l) — _%A,(/)(k-l-l) +V’(/J(k+1) +g|,(/}(k+1) |20w(k+1)
—Q- Ly®HD =y By (D), (3.33)
P+ (0) = 1.

By using Proposition 3.1, there exists a local solution 1)) EC([O,Tk],E(Rd)), where
0<Ty =T ([0l l[* V]| [0,75,)) is a time which depends on k. We will now

show by induction that there exists 7 >0, not depending on k, so that for any k€N,
p® eC ([0,7],2(RY)), and we also have

sup | ") || Lo j0.77,5) < 2[1%0llx, (3.34)
keN
and
inf inf 0% 12 > ol 2. (3.35)
kEN[0,7] =

Clearly, properties (3.34) and (3.35) are true for k=1. Assume that they are true until
some n € N. Then Proposition 3.2 and inequalities (3.34),(3.35) imply that there exists
a constant K(||1o|lz) >0 , not depending on n, such that

[ ™| Lo o, 77 S K,

and a time T*(||¢o]|s,K) >0 , also not depending on n, such that the Cauchy prob-
lem (3.33) admits a local solution ¢("*1) € C ([0,77],5(R?)) satisfying estimates (3.23),
(3.24) and (3.25).

Thus we choose T =T*(||to||x,K), which is not depending on k. This implies that
the whole sequence {1} c C([0,7],2(R%)) satisfies conditions (3.34) and (3.35). In
particular, the sequence is uniformly bounded in L*°([0,7],2(R%)) and, from (3.26), we
also have that for all keN

0™ e L? ([0, 7], L*(RY), ¢ e L*([0, 7], Z*(RY)),
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and the sequence {1/(*)} is uniformly bounded in these spaces. So there exists a sub-
sequence, still denoted by {¢®*)} and v € L>°([0,7],%(R%))NL3([0,7],52(R%)) with
o € L2([0,T], L*(R%)), such that

$® Sy i L9(0,7),5RY)  and  p® i L2(0,T],TARY).

Since the embedding ¥2(R%) < %(R?) is compact (Proposition 2.2), the two conver-
gences imply that

v =y in L2(0,T],2(R)
strongly, and also that ¢ € C([0,7],L*(R%)). Moreover

L™ (O] = uly (1))

strongly in L?(R) and weakly” in L°°(R). Then v (t) satisfies (1.9) on [0, 7.

Notice also that the time of existence 7 depends only on the initial condition, so
it is straightforward to obtain the blow-up alternative. Indeed, for any T >0, if the
Y-norm of ¢(T') is finite, we could use the same process to extend the lifespan of the
solution to T+ T (||¥(T)|s). Consequently, either the maximal time of existence of a
solution is infinite T}y, 4, = 00, or Ty <00 and

lim  [(t)s = oc. (3.36)

t_>T7na.1:
O
We will need the following properties to prove the uniqueness of solutions.
PROPOSITION  3.4. Let 0<0<{zow, $Yo€B(RY), |Q]< 5. and let )€

C (0, Trmaz), X (RY)) be the corresponding solution to (1.9). Then for any 0<T < Thas
and t€[0,T], we have

1% ()22 = o]l 2 (3.37)
and
E[(t)]) = Efo] - 24 / 10,(r) 2 . (3.38)
Moreover
O € L ([0,T),L*(R?)), € L?([0,T],2*(R7)). (339)

Proof. The proof is very similar to that given for Proposition 3.2. Indeed, let us
assume sufficient regularity and spatial decay of ¢ so that the following computations are
satisfied. Then, by taking the scalar product of (1.9) with ¢, we obtain the conservation
of the L?-norm (3.37). Similarly, by taking the scalar product of (1.9) with 9,1, we
obtain (3.38). Gagliardo-Nirenberg’s inequality implies that

9 / 18505(r)|% dr = El] — E[b(1)]
< Eftbo] +C ([0 (0)|[2+ 0|2 +).

Finally, by using (3.12) and by straightforwardly adapting the last part of the proof of
Proposition 3.2, we obtain ¢ € L2([0,T],%%(R%)). O
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Now we prove the uniqueness of solutions to Equation (1.9).

PROPOSITION 3.5. Let 0<o< ﬁ, 1] < <5 and Yo €X(RY). Then there exists a

unique solution ¥ € C([0,Tyax), S(RY)) to (1.9).

Proof. 1t only remains to show the uniqueness of solutions. We suppose that there
exist two different solutions ¥, € C([0,T),%(R%)) to the Equation (1.9), both starting
from the same initial condition 19 € £(R?). Let 7> 0 be such that

max ([[¢[| 2= 0,71, 1@l 2o 0,71,5)) < 2l|%0]l -
As a consequence, Proposition 3.4 implies that there exists a constant C'> 0 such that
¥l z2(0,77,22) + Il 20,17, 52) < C.

Let (r,q) be defined as in (3.1). Then from Proposition 2.7 we get

H / Ualt—7) (10(r)[270(r) — |p(r)27 (7)) dr

La([0,T),L™)NL>([0,T],L?)
20+1 20+1
< (H¢”Loo([o7T]7Lr) + ||<PHLoc([o,T]7Lv~)) llv— ‘P||Lq’([o,T)7Lr)- (3.40)
We can formally write that

] = plell S A=A+ V@)Yl + [(=A+V(@)ellz2) [ — ¢l L2

This implies that

/O Ua(t =) (ul(1)](7) — plo(m)le (7)) dr

La([0,T),L™)NL>([0,T],L?)
§H|M[¢] *#[SDHMJHU([O,T),LQ) + ||ﬂ[<P]||L2[0,T)||7/1*<P||L2([0,T),L2)
Sl L2 o,1),22) + 1@l L2 j0.7),52)) |19 = @l 20, 1), 12)- (3.41)
Using the integral formulation of Equation (1.9)

T+

- W/o Ua(t—7) (gl(m)[*7(7) — pl(m)](7) ) dr,

P(t)=Ua(t)tho

we obtain

1% — @l o< (0,77,2) + 1Y =@l Lagio,7),L7)
Sl —ellzqory.2) +1Y —¢ll L (o.1),07)

1 a—q’
ST2 || =@l Lo o,1),02) +T 97 |9 =@l Lagpo,7),17)-

’

Since L% >0, by choosing T'> 0 sufficiently small, it follows that

1% =l oo jo,17,22) + 1V =@l La(o,1),27) <0,
that is ¢ = in the interval [0,T]. 0

We notice that the proof of Theorem 1.2 is given by combining Propositions 3.3 and
3.5.
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3.3. Global Well-posedness. Under the conditions for local well-posedness
stated in Theorems 1.1 and 1.2, with the additional supposition that o <% if g<0, we
obtain the global well-posedness of solutions by a classical argument which follows from
the fact that the energy is decreasing, see (1.13). We shall first prove the following
estimate.

LEmMA 3.2. If |Q|<w, then there exists a constant C(Q,w)>0 such that for any
ueX(RY),
[ull} < C(Hou,u). (3.42)
Proof. By recalling the definition of Hg (1.15), we observe that

1 2
(Hou,u) =5 [Vul[F2+ - aul?. - 2(Lu,u), (3.43)

were we suppose that w; =w for any j in (1.3), the other case being similar. We use
Cauchy-Schwartz and Young’s inequalities to obtain

€ 5 9?2

(L, w)| < [Vl 2 lzull 2 < S [ Vul[za +

TEHIUHQL%

for any £ > 0. In particular, by choosing ¢ =1, we obtain from Equation (3.43)

w2_‘Q|2

=zl < (Hou,u),

2
while, by choosing € = %, we get

1 02
- ( —||) V|22 < (Hou,u).

2 w?

Thus it follows that

2
ol < 2 (Hou),
with
(W21 |22
szln (2,2 <1_u)2)>
and C' >0 for any || <w. d

With the lemma above and the fact that the energy is decreasing (1.13), we can
now prove Theorem 1.3 on the existence of global solutions.

Proof. (Proof of Theorem 1.3.) First, we consider the case g >0, and o < S -

CEEE
Then estimate (3.42) and the definition of the energy (1.12) imply that
() < O, ) < O ((Hawh )+~ S IpI2542) = OBy

Since the energy is decreasing in time (1.13), we obtain the uniform bound

[4(8)[|% < CEib). (3.44)
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In the same way, when g <0, we can use (3.42), (1.13), the conservation of the mass
(3.37) and the Gagliardo-Nirenberg inequality to obtain

g o 2+4(2—d)o -
[0 IIE S Blbo] = 5 1755 < Blgol + o757 lw(0) 1§ (345)
Since do < 2, we obtain again a uniform-in-time bound on || (t)||s. |

REMARK 3.2. Notice that (3.42) implies that for u € X(R%), \/(Hqu,u) is an equivalent
norm to ||uls. Indeed we get

lull$ < C(Hou,u) < K|[ul3, (3.46)

where K = K (w) >0.

4. Asymptotic behavior of the linear equation

In this section, we study the asymptotic behavior of solutions in the linear case
g=0. We will show that the asymptotic state depends on the initial condition. We
introduce some notations to state our result. We denote the spectrum of the linear
operator Hq by o(Hgq) ={\,}nen which is discrete, see Proposition 2.9. We order the
eigenvalues in an increasing order

A <Ay i n<m.

Let W, be the eigenspaces associated with the eigenvalues A,,, and ¢, , € W,, the rela-
tive orthonormal basis of eigenfunctions, where k=1,...,m,, and m,, =dim(W,,). Since
these eigenfunctions form a complete orthonormal basis of L?, we decompose the initial
condition as

0o My

Yo=2 > (Y0, 6nk)bn k-

n=1k=1

Let us denote by Ajs the smallest eigenvalue in the decomposition of g that is

Apm = mln{)\n € U(HQ) : El(bn,k EWh, (¢Oa¢n,k) 7& 0} . (41)
Then we will prove that 1(¢) asymptotically converges to the eigenspace Wiy and p[i(t))
to the eigenvalue \jp;.
THEOREM 4.1.  Let g=0, 1o € £(R?) and let 1 € C([0,00),2(R%)) be the corresponding

solution to (1.9). Then we have

lim p[¢p()] = Awr,

t—o0

where A\py is defined in (4.1). Moreover,

lim ~inf [|i(t) — ¢z =0.

t—=00pEWnm

Proof.  Without losing generality, we suppose that [|1g]|r2z =1. From the conser-
vation of the mass, this implies that for any ¢ >0, ||¢(¢)|| 2 =1. Moreover, since g=0,
we also have that

ule(t)] = (Hat,1) = E[(t)]. (4.2)
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Thus pf[y(t)] is decreasing in time and also bounded from below by the first eigenvalue
of the operator Hg. This implies that there exists po € R such that

Hm [t (8)] = proo-

t—o00

First, we show that pe € 0(Hgq). We observe that from (3.42), (4.2) and (1.13),
there exists a constant C' >0 such that for any ¢ >0

l9 ()% < C (Hot, ) < CE[to).

In particular, ||¢(¢)|s is uniformly bounded in time. By Proposition 3.4, this also
implies that 9y € L?([0,00), L?(R9)). Thus there exists a 1o, € L(R?) and a sequence
of times {t;} CR™, t; 00 as j — oo such that

%‘ — Yoo, in E(Rd),
8t¢j—>0, in Lz7
(i =)0uthj + (pl1hj] = too )05 = Hathj — prootp; -0  in L2

as j— oo, where {¢;} ={9(t;)}. Therefore, the profile ¢, satisfies

Hﬂwoo = Moowoo

in a weak sense. From the compact embedding ¥(R?) < L?(R%), we have that ||t || 12 =
1. Consequently o € 0(Hq) and oo = pt[thoo] = (HoWoo, Voo ). In particular, we have

(Hotj,¥i) = (Hooo,Voo)-

Since for any u€ $(R?), (Hqu,u) is an equivalent norm to ||u||s, see Remark 3.2, this
implies the strong convergence ¥; — 15 in S(R?).

Next, we will show that pe.o = Apr where M is the smallest eigenvalue in the decom-
position of 1, see (4.1). We decompose 9(t) as

oo Mp

¢(ta$) = Z an,k(t)¢n,k(x)

n=1k=1
where by, 1, (t) = (¢¥(t),Pn,k). We plug this decomposition into (1.9) and obtain that

0o My, 0o My, 0o My

(i - 7) Z an,k¢n,k = Z Z)\nbn,k(ﬁn,k - /-L[’lr/)] Z an,k(t)qbn,k(x)' (43)

n=1k=1 n=1k=1 n=1k=1

By taking the scalar product of (4.3) with ¢,, , we obtain that

bos() =t Oesp (+ ()] ).

Consequently, if by, ,(0) =0 then b, ;(t) =0 for every ¢ >0. Now let Aps be defined as in
(4.1). Suppose that g # Apr. Thus there exists m > M such that proo = Ay, > Aps. Since
w[(t)] is decreasing in time, this implies that there exists 6 >0 so that pf[i(t)] — Ay >0
for any t>0. Let k <mps be such that bas x(0) = (¢, Parx) #0. It follows that

oAz, (8)| = [bar,,(0) | exp <’V/O /LWJ(T)]AMdT> > |bark(0)]e,
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which is a contradiction with respect to the conservation of the L?-norm (3.37). This
is enough to conclude that o, = Aps.

Finally, we prove that the solution converges strongly in ¥(R9) to the eigenspace
W)y relative to the eigenvalue \j;. Let § >0 be such that for any n > M,

An 2> Anr +20.
Since pftp(t)] — A as t— oo, there exists T'=T/(J) >0 such that for any t>T,
Am S plY(t)] < An+6.
Therefore, it follows that for any n> M, and t >T

b (5] = b (T exp (7 /T u[wmunm)
<o (T)| e 70D,

As a result, we obtain the convergence from

Zka )bz Zzbnk )b,k (@

n>M k=1

Zzbnk ¢nk )

n>M k=1
Se P Dy(T,z) |5 =0

H mar

b

e~ v8(t=T)

P

as t—o00. In this way, we have shown that

lim inf ||¢¥(t) —¢lls=0.

t—oopeWn

|
REMARK 4.1. In general, the eigenvalues of Hg are not simple, and thus we cannot
identify precisely the asymptotic state. In the case p, is simple, for example when i
is the smallest eigenvalue of Hg, we obtain a strong convergence to a stationary state.

5. Asymptotic behavior in the nonlinear case

In the previous section, we studied the asymptotic behavior when g=0. In this
case, different eigenspaces are invariant under the flow of (1.9). Thus the dissipation
of the energy (1.13) implies the convergence to the eigenspace of least energy in the
decomposition of the initial datum. When g0, the power-type nonlinearity mixes the
eigenspaces, and studying the asymptotic behavior becomes more complex.

In this section, we will first study the w-limit set for (1.9) under the hypothesis
of global well-posedness stated in Theorem 1.3. For any 1y € ¥(R%), the w-limit set is
defined as follows.

DEFINITION 5.1.  Let ¥ € S(R%) and let 1 € C[[0,00),%(R?)) be the corresponding
solution to (1.9). Then the w-limit set with respect to the metric induced by the ¥-norm
1s defined as

wo)Z{UEE: At} CRY t, =00, s.t. Y(t,) —u in E(Rd)}.

We shall also recall that a stationary state @ € L(R?) is a solution to

0= 3 AQTVQ+9lQ* Q-2 LQ- Q@ (5.1)
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and given a 1Py € X(R?), the set of all stationary states with the same mass as v is
denoted as

S(to)={ueX:||ullr2 =||vol| L2, u solves (5.1)}. (5.2)

Proposition 2.3 implies that there exists a function QQ4s € S(y), referred to as the ground
state, which minimizes the energy among all the elements of S. We prove the following.

THEOREM 5.1. Under the hypothesis of Theorem 1.3, let 1o € X(R?) and let )€
C(]0,00),%(R%)) be the corresponding solution to (1.9). Then there exists Q € S(tbp)
such that Q €w(1g). Moreover, we also have

E[Y(#)]— FElQ] as t—oo. (5.3)

Proof. 'We suppose that |1/ 2 =1 without losing generality. Then (3.37) implies
that [|1(t)||r2 =1 for every ¢t >0 and

ulb ()] = Bl ()] + 2 o) 355

Notice that the energy E[v(t)] is a continuous and decreasing function of time, see
(1.13). It is also bounded from below by the energy of the ground state E[Qs], see
Proposition 2.3. As a consequence, there exists E. > E[Qgs] such that

lim E[1)(t)] = Eoo.

t—o00

By using (1.13), this implies that

B = Blio] = Jim (BL(0)] - Blin) =2y Jim [ 10,6()[3dr

and consequently 91 € L?([0,00), L2(R%)). Moreover, by a straightforward adaption of
Proposition 2.3 we obtain that u[¢(¢)] is a continuous function bounded from below by

fmin =inf { p[u] : w € D(RY), ||ulz2=1}.

Notice that for ¢g>0, (1.13) implies p[tp(t)] is also straightforwardly bounded from
above by (14 0)FE[i]. For g <0, by the Gagliardo-Nirenberg inequality, u[i(t)] is still
bounded from above by

[]] Loot0,00) S Eltbo] + ”@/’Hiij(zo o)

where we use that ||¢| 2U+20 00),5) ~

R*, ¢, — 00 as n— oo such that
P(ty) =Y in B(RY),
atw(tn) —0in L2,
[ (tn)] = fioo-

<1, see (3.45). Thus there exists a sequence {t,} C

Then it follows that

0

(=)0t 5 A= Vi — g+ Q- L+l

1
- §A¢m Voo 7g|1/)oo|201/}oo+Q'L¢oo +,uoo7vboov
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where the convergence is intended in a weak sense. In particular, the profile ¥, satisfies
weakly the stationary equation

1
0= 7§Awoo+vwoo +g|7/}oo‘2awoo 7QLwoo 7,”007#00-

Since 15 € £(R?), from the equation above, we obtain jis =u[t)s]. The compact
embedding ¥ (R%) — L?(R4)N L2 T2(R%) (see Proposition 2.1) implies that |[¢so|z2 =
||¢0||L2 = 17 'L/}oo Es(wo) and

()1 755 2 = ool 720 2o

Thus, from the convergence

plo ()] = (Hot (8),9(tx) + g9 (te) || 1552 = p1ltboc] = (Hotoo o) + gl|thos | 1547

we obtain that

(Hﬂw(tn)vw(tn)) - (Hﬂwooawoo)

Consequently, by using (3.42), we obtain the strong convergence in X (R?)

From the monotonicity of the energy (1.13), it also follows that

Exo= Jim E[(0)] = lim Ev(t,))=Elbc].

n—oo

O

As a consequence of Theorem 5.1, we obtain the following properties of the w-limit
associated with the evolutionary system (1.9).

ProrosITION 5.1. Under the hypothesis of Theorem 1.3, let 1o € X(R?). Then
w(tbg) is connected and compact with respect to the LP-norm for any p € [2,2d/(d—2)").
Moreover, w(y) CS(¢g) and for any u€w(y), Flu]|= Fu.

Proof. Notice that for any s> 0, the set

{¢(t):t>s}

is connected and relatively compact in LP(R%) for any p € [2, ﬁ) (see Proposition

2.1). As a consequence,

w(tho) = ({(t): t> s},

s>0

is connected and compact in LP(R?). Moreover, Theorem 5.1 implies that there exists
Q € S(¢g) such that Q €w(t)y) and also that for any u € w(v)y), Elu]=E[Q]= E, see
(5.3).

We now show that w(1g) CS(1g). Suppose by contradiction that there exists vg €
w(thp) such that vy ¢ S(vbg). Let {t,} CRT, t,, — 00 as n— oo be such that ¥ (t,) —vo
in X(R?). Let veC([0,00),%(R%)) be the solution to (1.9) stemming from vg. Then
Theorem 5.1 implies that there exists {7, } CR* such that v(7,) — W in X(R?), where
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W €8(1bg). Then it is straightforward to see that v (t, +7,)— W in X(R), thus W €
w(tho) and E[W]=E[vg] = Es. Thus (1.13) implies that

A“Mavvmédr=Emn—Ewd=a

that is ;v =0 almost everywhere in L? and v solves the stationary Equation (5.1) in a
weak sense for almost every ¢ >0. Since v € X(R?), we obtain that v € S(¢), which is a
contradiction. d

In general, neither Theorem 5.1 nor Proposition 5.1 imply the uniqueness of the
asymptotic limit, nor that the solution tends to the limit for all ¢t >0. The uniqueness
could follow from the fact that w(1g) is connected. This would require showing that the
set of stationary states with fixed L?-norm and fixed energy is not connected (excluding
the phase shift invariance), which is a result the authors are not aware of.

On the other hand, there exist initial conditions that stem solutions where both
uniqueness and convergence for all times can be proven. Indeed if the energy of the
initial condition is small enough, for instance, smaller than that of the first excited state
in S(¢p), then the solution must converge to the ground state at least on a sequence of
times. We will now suppose that Conjecture 1.6 is true. We recall that this conjecture is
partially confirmed by numerical approaches and formal expansion in [10] and reference
therein, although a general theoretical proof seems to be missing.

Under the hypothesis that the conjecture is true, we can prove Theorem 1.7, that
is, we can show that a solution with small enough initial energy converges strongly to a
ground state.

Proof. (Proof of Theorem 1.7.) Theorem 5.1 and Equation (3.38) imply that
there exists ¢ € [0,27) such that Qg5 € w(vh), where ||Qys|lr2 = %olL2, and Qg is
given by Proposition 2.3. Without losing generality, we suppose ¢ =0.

Suppose by contradiction that

() »Qgs, in B(RY)
as t—o00. Then there exists {t,} CRT, t,, — 00 as n— 0o and ¢ >0 such that
[9(tn) = Qgsllz = e

From the uniform boundness of ||1(¢,)||s, there exists a subsequence, still denoted by
t, and u € B(R?) such that

Y(t,) —u in 3.
From the compact embedding ¥ (R?) < L?(R9) N L2°+2(R%), we obtain that
lullz2 =l%ollzz, Il (Ea)lI7502 = lull 7532
As a consequence, from (3.46) and the weak lower semi-continuity of the norm we obtain
Elu] < liminf B[ (t,)] = E[Qy].
Proposition 2.3 implies that Efu] = E[Qgs]. As a result, it follows from (3.42) that

[tz = 11Qgsls
that is ¥(t,) = Qs in X(R?). This is a contradiction. |
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