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THE HYDROSTATIC LIMIT OF
THE BERIS-EDWARDS SYSTEM IN DIMENSION TWO∗

XINGYU LI† , MARIUS PAICU‡ , AND ARGHIR ZARNESCU§

Abstract. We study the scaled anisotropic co-rotational Beris-Edwards system modeling the
hydrodynamic motion of nematic liquid crystals in dimension two. We prove the global well-posedness
with small analytic data in a thin strip domain. Moreover, we justify the limit to a system involving
the hydrostatic Navier-Stokes system with analytic data and prove the convergence.
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1. Introduction
The Beris-Edwards system is a widely used model for describing the hydrodynamic

motion of nematic liquid crystals. The main characteristic feature of nematic liquid
crystals, the local preferred orientation of the rod-like molecules is modeled by the so-
called Q-tensors, that in this paper will be assumed to be specific to dimension two.
The configuration space of Q-tensors is the set of two-by-two symmetric and traceless
matrices, which is

S(2)
0 ={Q∈R2×2 :Q=QT ,trQ=0}.

More details about the modeling are provided in [1].
The Beris-Edwards system couples a dissipative parabolic system for Q-tensor-

valued functions, modeling nematic liquid crystal orientation fields, with a forced Navier-
Stokes equation for the underlying fluid velocity field u of the molecules. For a general
incompressible nematic liquid crystal model within the Q-tensor framework, a result
about global well-posedness and decay is provided in [13] and also, more recently, in [18].
The partial regularity has been recently studied by [6] while for the related simplified
Ericksen-Leslie system (which was proposed by Ericksen and Leslie in 1960’s, see [7, 8]
and [9]), it was studied by Lin and Liu in [10] and [11].

In fluid mechanics, a classical reduction of the Navier-Stokes system is obtained
assuming that the depth of the domain and the viscosity converge to zero simultaneously,
in a related way. It is based on an approximation in geophysical fluid dynamics which
assumes that the horizontal scale is large compared to the vertical scale, such that the
vertical pressure gradient may be given as the product of density times the gravitational
acceleration. In this case, the rescaled system is not isotropic, and we need to study the
resulting anisotropic system known as the hydrostatic Navier-Stokes system. Results
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‡Université Bordeaux, Institut de Mathématiques de Bordeaux, F-33405 Talence Cedex, France
(mpaicu@math.u-bordeaux1.fr).

§ BCAM, Basque Center for Applied Mathematics, Mazarredo 14, E48009 Bilbao, Bizkaia, Spain
IKERBASQUE, Basque Foundation for Science, Plaza Euskadi 5, 48009 Bilbao, Spain; and Simion
Stoilow Institute of Mathematics of the Romanian Academy, P.O. Box 1-764, RO-014700 Bucharest,
Romania (azarnescu@bcamath.org).

1701

mailto:xingyuli92@gmail.com
mailto:mpaicu@math.u-bordeaux1.fr
mailto:azarnescu@bcamath.org


1702 HYDROSTATIC LIMIT OF BE SYSTEM

and further references about the hydrostatic Navier-Stokes equation can be found in [16],
with a hyperbolic version of the system available in [15].

In our case we are interested in studying the similar problem, but in the case of
the Beris-Edwards system, aiming to understand the interactions between the flow and
fluid near the boundary, in the simplest possible situation, in dimension two and near
a flat boundary, assuming two-dimensional Q-tensors. Our results can be interpreted
as saying that the isotropic melting condition on Q at the boundary (i.e. zero Dirichlet
boundary data ) is imposed, through the fluid, also in a thin layer near the boundary,
i.e. one cannot have fluid induced turbulent-like behaviour near the boundary.

Thus we study the Beris-Edwards system with small analytic data in a thin strip
of R2. The equations read as follows:

∂tu+(u ·∇)u+∇P =ε2∆u−ε4∇·(∇Q⊙∇Q+(∆Q) ·Q−Q ·∆Q) (1.1)

∇·u=0 (1.2)

∂tQ+u ·∇Q+QΩ−ΩQ=ε2∆Q−a′Q−c′Qtr(Q2) (1.3)

where

Ω :=
∇u−∇Tu

2
.

The system (1.1)-(1.3), non-dimensionalized in a manner relevant to the study of defect
patterns, is the simplified version of the one in [19] (see also [6]). Here u denotes the

fluid velocity field, Q denotes the director field, namely a function taking values in S(2)
0

and P denotes the scalar pressure function which mathematically plays the role of the
Lagrange multiplier that guarantees the divergence-free condition of the velocity field
u. Moreover, Ω denotes the antisymmetric part of the velocity gradient tensor ∇u, and
a′,c′∈R are constants, a′,c′>0.

In [19], the system contains a constant ξ∈R, which is a parameter measuring the
ratio between the aligning and tumbing effects that the fluid exerts on the liquid crystal
molecules. In this paper, we consider the co-rotational Beris-Edwards system, namely
we take ξ=0. Moreover, the relaxation time parameter Γ and the fluid viscosity constant
µ are both taken to be one, like in [6].

In this paper, we study the system (1.1)-(1.3) in a thin strip in dimension two,
namely in Sε :={(x,y)∈R2,0<y<ε}, and we consider the perturbation of shear flow
case with the scaling as follows:

u(t,x,y)=(u(t,x,y),v(t,x,y))=
(
U(t,y/ε)+εuε(t,x,y/ε),ε2vε(t,x,y/ε)

)
(1.4)

and

P (t,x,y)=εpε(t,x,y/ε), Qαβ(t,x,y)

=

{
Qεαβ(t,x,y/ε) ifα,β=1orα,β=2

εQεαβ(t,x,y/ε) ifα=1,β=2orα=2,β=1.
(1.5)

Furthermore, we assume the non-slip boundary condition on the fluid and isotropic
boundary conditions on the director, namely:

u|y=0=u|y=ε=0, Q|y=0=Q|y=ε=0.
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Define ∆ε :=ε
2∂2x+∂

2
y , and denote the matrix Rεij :=ε

4(∇Q⊙∇Q+(∆Q) ·Q−Q ·
∆Q)ij ,1≤ i,j≤2. Noting that trQ=0 and Q=QT , we have

Rε11=2ε4(∂xQ
ε
11)

2+2ε6(∂xQ
ε
12)

2

Rε12=2ε3∂xQ
ε
11∂yQ

ε
11+2ε5∂xQ

ε
12∂yQ

ε
12︸ ︷︷ ︸

Rε
12,1

−2ε3∆εQ
ε
12Q

ε
11+2ε3Qε12∆εQ

ε
11︸ ︷︷ ︸

Rε
12,2

Rε21=2ε3∂xQ
ε
11∂yQ

ε
11+2ε5∂xQ

ε
12∂yQ

ε
12︸ ︷︷ ︸

Rε
21,1

+2ε3∆εQ
ε
12Q

ε
11−2ε3Qε12∆εQ

ε
11︸ ︷︷ ︸

Rε
21,2

Rε22=2ε2(∂yQ
ε
11)

2+2ε4(∂yQ
ε
12)

2

so finally, the scaled system is considered in the strip S :={(x,y)∈R2,0<y<1}, and
the equations of uε,vε and Qε11,Q

ε
22 become

∂tU+ε∂tu
ε+ε(U+εuε)∂xu

ε+εvε∂y(U+εuε)+ε∂xp
ε

=ε3∂2xu
ε+∂2y(U+εuε)−∂xRε11−∂yRε21

ε2∂tv
ε+ε2(U+εuε)∂xv

ε+ε3vε∂yv
ε+∂yp

ε=ε4∂2xv
ε+ε2∂2yv

ε−∂xRε12−∂yRε22
∂xu

ε+∂yv
ε=0

(1.6)
together with the boundary condition

U |y=0=U |y=1=0, uε|y=0=u
ε|y=ε=0, vε|y=0=v

ε|y=ε=0

and
∂tQ

ε
11+(Uε+εuε)∂xQ

ε
11+εv

ε∂yQ
ε
11+∂y(U

ε+εuε)Qε12−ε3∂xvεQε12
=ε2∂2xQ

ε
11+∂

2
yQ

ε
11−a′Qε11−2c′Qε11((Q

ε
11)

2+2ε2(Qε12)
2)

ε∂tQ
ε
12+ε(U

ε+εuε)∂xQ
ε
12+ε

2vε∂yQ
ε
12−∂y(Uε/ε+uε)Qε11+ε2∂xvεQε11

=ε3∂2xQ
ε
12+ε∂

2
yQ

ε
12−a′εQε12−2c′εQε12((Q

ε
11)

2+2ε2(Qε12)
2)

(1.7)

together with the boundary condition

Qε11|y=0=Q
ε
11|y=ε=0, Qε12|y=0=Q

ε
12|y=ε=0.

We take U that satisfies ∂tU =∂2yU . Then1 we have

U(t,y)=
∑
m∈N

c∗(m)e−m
2π2t sin(mπy), m∈N. (1.8)

To prove our main result, we need that U (or ∂yU) is uniformly bounded on t,y by some
constant ϵ>0 small enough.

1We solve Uε by separation of variables, using also the boundary conditions. Set Uε(t,y)=

T (t)Y (y). Then we have Y T ′=Y ′′T , which is T ′

T
= Y ′′

Y
=−γ as a constant. Then we have T ′+γT =

0, Y ′′+γY =0. We need to suppose γ >0, otherwise we will have Y (y)≡0. By solving the ODE
satistifed by Y , we have Y (y)=Acos

√
γy+B sin

√
γy. With the boundary condition Y (0)=Y (1)=0,

we have
√
γ=mπ,m∈Z. So T (t)=T (0)e−k

2π2t. We can take k≥0 without loss of generality.
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1.1. Notations and preliminaries. We first introduce the notations that will
be used in the paper as follows.

• We write a≲ b to mean that there is a uniform constant C, which may be
different on different lines, such that a≤Cb.

• We write LpT (L
q
h(L

r
v)) as the space Lp((0,T );Lq(Rx;Lr(Ry))).

• We denote (dk)k∈Z (resp. (dk(t)))k∈Z) to be a generic element of l1(Z) so that∑
k∈Zdk=1 (resp.

∑
k∈Zdk(t)=1).

• We denote |Dx| as the Fourier multiplier with symbol |ξ|.
Next, we present some basic aspects of the Littlewood-Paley theory (see [2] for more
details). For any distribution a with respect to variable x, we define

∆h
k(a) :=F−1(ϕ(2−k|ξ|)â), Shk (a) :=F−1(χ(2−k|ξ|)â) (1.9)

where ϕ,χ are smooth functions that satisfy

Suppϕ⊂
{
r∈R,

3

4
≤|r|≤ 8

3

}
and

∑
j∈Z

ϕ(2−jr)=1 for all r>0

Suppχ⊂
{
r∈R,|r|≤ 3

4

}
and χ(r)+

∑
j∈Z

ϕ(2−jr)=1 for all r>0.

We will also need to use Bony’s decomposition:

fg=Thf g+T
h
g f+R

h(f,g) (1.10)

where

T fg :=
∑
k∈Z

Shk−1f∆
h
kg, Rh(f,g) :=

∑
k∈Z

∆h
kf∆̃

h
kg

with ∆̃h
kg :=

∑
|k−k′|≤1∆

h
k′g. Next, we define the functional spaces as follows:

• For any s∈R, we let

||u||Bs :=
∑
k∈Z

2ks||∆h
ku||L2 .

• For any p≥1,T >0, we define the Chemin-Lerner type space

||a||L̃p
T (Bs) :=

∑
k∈Z

2ks

(∫ T

0

||∆h
ka(t)||

p
L2dt

) 1
p

and the time weighted Chemin-Lerner type space

||a||L̃p
t,f (B

s) :=
∑
k∈Z

2ks
(∫ t

0

f(t′)||∆h
ka(t

′)||pL2dt
′
) 1

p

.

The Chemin-Lerner type space was introduced in [3] to obtain a better description of
the regularizing effect of the diffusion equation. Because one cannot use a Gronwall type
argument in the framework of Chemin-Lerner space, we need to use the time-weighted
Chemin-Lerner norm, which was introduced in [16].
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We need an anisotropic Bernstein type lemma:2

Lemma 1.1. Let Bh be a ball of Rh and Ch a ring of Rh. For any 1≤p2≤p1≤∞ and
1≤ q≤∞, we have the following results:

(1) If Supp â⊂2kBh, then ||∂αx a||Lp1
h (Lq

v)
≲2

k
(
|α|+ 1

p2
− 1

p1

)
||a||Lp2

h (Lq
v)
.

(2) If Supp â⊂2kCh, then ||a||Lp1
h (Lq

v)
≲2−kN ||∂Nx a||Lp1

h (Lq
v)
.

From now on, for any constant a>0, we define the function

uψ(t,x,y) :=F−1
ξ→x(e

ψ(t,ξ)û(t,ξ,y)) (1.11)

where the phase function ψ is defined by

ψ(t,ξ) :=(a−λη(t))|ξ|

recall U defined in (1.8). We define the function η(t) as follows:

η(0)=0, η′(t)= δe−Rt+
∑
m>0

|c∗(m)|e−m
2π2t

here R is half of the constant of Poincaré inequality for functions in H1
0 (0,1). The small-

ness of δ,η(t),η′(t),∂yU is necessary to prove the global well-posedness of the anisotropic
system.

For the choices of λ,δ, let C be a constant large enough (that satisfies (2.23)), and
λ=C2,δ= cϵ

2C2 , where c is a positive universal constant, determined by (2.9), and ϵ>0
is small enough. Notice that for any t≥0,

η′(t)<δ+
∑
m>0

|c∗(m)|, η(t)<
δ

R
+
∑
m>0

|c∗(m)|
m2π2

moreover, recall that

|∂yU |= |
∑
m∈N

c∗(m)mπe−m
2π2tcos(mπy)|≤

∑
m∈N

mπ|c∗(m)|

thus we need to suppose that
∑
m∈Nm|c∗(m)| is small enough. Then η(t),η′(t),∂yU are

small enough, and η(t)=o( 1
C2 )<

a
λ , which assures the positiveness of ψ.

1.2. Main result and strategies. We first explain the main strategies and
ideas of the proof.

Similarly as in the Prandtl equation and in the hydrostatic Navier-Stokes equation
(see [14, 16] for more information), because of the nonlinear term v∂yu, we have one
derivative loss in the x variable in the process of energy estimates. So we need to work
with analytic data to solve this problem. For the scaled anisotropic system, we have
the following existence theorem for fixed ε>0.

Theorem 1.1. Let a>0. There exists a constant c0>0 small enough, such that if U
defined in (1.8) satisfies

∑
m>0m|c∗(m)|<c0, and the initial data (uε0,v

ε
0,(Q11)

ε
0,(Q12)

ε
0)

satisfies

||ea|Dx|(εuε0,ε
2vε0)||B 1

2
+ ||ea|Dx|((Q11)

ε
0,ε(Q12)

ε
0)||B 1

2

+ ||ea|Dx|(ε2∂x,ε∂y)((Q11)
ε
0,ε(Q12)

ε
0)||B 1

2
≤ c0

(1.12)

2More details can be found in [4, 12].
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then the rescaled system (1.6)-(1.7) has a unique global solution (uε,vε,(Q11)
ε,(Q12)

ε)
and there exists a constant C>0, such that for any t>0, there holds

||eRt
′
(εuε,ε2vε)ψ||

L̃∞
t (B

1
2 )
+ ||eRt

′
(Qε11,εQ

ε
12)ψ||L̃∞

t (B
1
2 )

+ ||eRt
′
(ε2∂x,ε∂y)(Q

ε
11,εQ

ε
12)ψ||L̃∞

t (B
1
2 )

+ ||eRt
′
∂y(U

ε+εuε,ε2vε)ψ||
L̃2

t (B
1
2 )
+ ||eRt

′
∂x(εu

ε,ε2vε)ψ||
L̃2

t (B
1
2 )

+ ||eRt
′
∂y(Q

ε
11,εQ

ε
12)ψ||L̃2

t (B
1
2 )
+ ||eRt

′
ε∂x(Q

ε
11,εQ

ε
12)ψ||L̃2

t (B
1
2 )

+ε||eRt
′
∆ε(Q

ε
11,εQ

ε
12)ψ||L̃2

t (B
1
2 )

≤C||ea|Dx|(εuε0,ε
2vε0)||B 1

2
+C||ea|Dx|((Q11)

ε
0,ε(Q12)

ε
0)||B 1

2

+C||ea|Dx|(ε2∂x,ε∂y)((Q11)
ε
0,ε(Q12)

ε
0)||B 1

2
(1.13)

where (uεψ,v
ε
ψ,(Q11)

ε
ψ,(Q12)

ε
ψ) are defined as in (1.11).

The key point in the proof of the theorem is that we are able to control the lower
frequency part u by the higher frequency part ∂yu because the domain is a thin strip
and we can use on it the Poincaré inequality. The reason we choose Besov space instead
of Sobolev is that we can get the optimal rate, which is just the constant of Poincaré
inequality. We remind that here the smallness condition of the rescaled system (1.6)-
(1.7) is independent of ε. For the initial system (1.1)-(1.3), the analyticity radius of

the initial data a should be a/ε, and the small constant c0 in (1.12) should be c0/ε
1
2

instead.

We next explain why we need to consider our fluid part to be a perturbation of a
shear flow. The term QΩ−ΩQ, when considered in the anistropic Besov space of the
strip, will have a 1/ε part, which would not allow the convergence in the limit ε→0. To
solve this problem, we consider Uε(t,y/ε)+εuε(t,x,y/ε) instead of εuε(t,x,y/ε). For
the Uε term, the 1/ε part will vanish because Uε does not depend on x.

Moreover, unlike in the case of the Navier-Stokes equation in [16], we also need to
consider the second order frequency part ∆εQ. This is because ∆εQ appears in the
equation of u, and ∂2yQ cannot be directly estimated, as we do not have the boundary
condition for ∂yQ. This problem can be solved by multiplying the equation for Q with
∆εQ where we have this term and all the other terms can be directly controlled.

We next consider the hydrostatic approximation with small analytic data. Letting
ε→0 the limit of (1.1), (1.2) formally is:

∂tu+U∂xu+v∂yU+∂xp=∂
2
yu

∂yp=0

∂xu+∂yv=0

(1.14)

with the boundary condition

U |y=0=U |y=1=0, u|y=0=u|y=1=0, v|y=0=v|y=1=0

and the function U satisfies ∂tU =∂2yU . Similarly as the scaled anisotropic system, we
obtain that U(t,y) also has the similar form (1.8).

Next, recall the boundary condition v|y=0=v|y=1=0. Integrating the equation

∂xu+∂yv=0 (over [0,1] with respect to the y variable) we get ∂x
∫ 1

0
u(t,x,y)dy=0.
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Because of the assumption on the space in which the solution is, we have u(t,x,y)→0
as |x|→∞. So finally we have the compatibility condition∫ 1

0

u(t,x,y)dy=0

and (1.3) becomes{
∂tQ11+U∂xQ11+∂yUQ12=∂

2
yQ11−a′Q11−2c′Q3

11

∂yUQ11=0.
(1.15)

We need to suppose that ∂yU is not identically 0. Then we deduce from (1.15) that
Q11=Q12=0.

Remark 1.1. For more complicated 3D hydrostatic limit system ε→0 of Qij(1≤ i,j≤
3)(Q=QT ,trQ=0), there exist non-trivial values of Q. In fact, after direct calculation,
we have Q2

12=(2Q11+Q22)(Q11+2Q22), and the estimate of the related system is more
declicate. We leave it as a future work.

The result about global well-posedness of the hydrostatic system is then as follows:

Theorem 1.2. Let a>0 and let U(t,y) be defined in (1.8) with ∂yU ̸≡0. Suppose that

the initial data u0 satisfies the compatibility condition
∫ 1

0
u0dy=0.

(i) Assume
∑
m>0

|c∗(m)|
m <c1 for some c1 small enough. Then the system (1.14)

has a unique global solution u that satisfies for any s>0,

||eRt
′
uϕ||L̃∞

t (Bs)+ ||eRt
′
∂yuϕ||L̃2

t (B
s)≤||ea|Dx|u0||Bs . (1.16)

(ii) Assume
∑
m>0m|c∗(m)|<c1 for some c1 small enough. Then the system (1.14)

has a unique global solution u, and for any s>0, there exists a constant C>0, such
that

||eRt
′
∂yuϕ||L̃∞

t (Bs)+ ||eRt
′
∂2yuϕ||L̃2

t (B
s)

≤C(||ea|Dx|u0||Bs + ||ea|Dx|u0||Bs+1 + ||ea|Dx|∂yu0||Bs)

||eRt
′
(∂tu)ϕ||L̃2

t (B
s)+ ||eRt

′
∂yuϕ||L̃∞

t (Bs)

≤C(||ea|Dx|∂yu0||Bs + ||ea|Dx|u0||Bs+1)

(1.17)

where uϕ is given by (3.1).

Remark 1.2. It is worth pointing out that in order to prove the global well-posedness
of the hydrostatic case, we do not need the smallness of the initial data u0 as [16],
because in our case the function η does not include the norm u,v as in the anisotropic
case. However, the smallness of u0 is still required to prove the convergence.

Finally, we study the convergence of the scaled anisotropic system to the limit
hydrostatic system. For the vanishing viscosity of the analytical solutions of Navier-
Stokes system in the half space, the local-in-time convergence was studied in [17], and
for the scaled anisotropic Navier-Stokes system to the hydrostatic Navier-Stokes system,
the global-in-time convergence was studied in [16]. Following the strategy of [16], we
have a theorem about the global-in-time convergence, as follows:
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Theorem 1.3. Let a>0. Suppose there exists c0>0, such that U satisfies∑
m>0m|c∗(m)|<c0 and (uε0,v

ε
0,(Q11)

ε
0,(Q12)

ε
0) satisfy (1.12). Moreover, suppose that

u0 satisfies ea|Dx|u0∈B
1
2 ∩B 5

2 ,ea|Dx|∂yu0∈B
3
2 , ||ea|Dx|u0||

B
1
2
<c0, and the compatibil-

ity condition
∫ 1

0
u0dy=0 is satisfied. The function v0 is determined by ∂xu0+∂yu0=0

and v0=0 for y=0 or 1. Define w1 :=u
ε−u,w2 :=v

ε−v. Then there exist constants
C,M >0, such that

||(εw1
Θ,ε

2w2
Θ)||L̃∞

t (B
1
2 )
+ ||(Qε11,εQε12)Θ||L̃∞

t (B
1
2 )
+ ||(ε2∂x,ε∂y)(Qε11,εQε12)Θ||L̃∞

t (B
1
2 )

+ ||∂y(V ε+εw1,ε2w2)Θ||
L̃2

t (B
1
2 )
+ ||eRt

′
∂x(εu

ε,ε2vε)ψ||
L̃2

t (B
1
2 )

+ ||∂y(Qε11,εQε12)Θ||L̃2
t (B

1
2 )
+ ||ε∂x(Qε11,εQε12)Θ||L̃2

t (B
1
2 )
+ε||∆ε(Q

ε
11,εQ

ε
12)ψ||L̃2

t (B
1
2 )

≤C||ea|Dx|(ε(uε0−u0),ε2(vε0−v0))||B 1
2
+C||ea|Dx|((Q11)0,ε(Q12)0)||

B
1
2

+C||ea|Dx|(ε2∂x,ε∂y)((Q11)0,ε(Q12)0)||
B

1
2
+CMε (1.18)

where uΘ is determined by (3.19) and a similar definition holds for QΘ.

To prove this theorem, we still need to control the difference between the scaled
anisotropic and hydrostatic systems, and we use energy estimates with exponential
weights in the Fourier variable. The weights still depend on time as before, but the loss
of the analyticity in x variable needs to be considered for both systems.

1.3. Outline of the paper. In Section 2 we prove the global wellposedness of
the scaled anisotropic system. In Section 3, we prove the global wellposedness of the
hydrostatic system and the convergence from anisotropic system to hydrostatic system.

2. Global well-posedness
We define the maximal time T ∗ by

T ∗ :=sup{t>0,ε||uψ||
B

3
2
+ ||∂yuψ||

B
1
2
+ε||(Q11,εQ12)ψ||

B
3
2

+ ||∂y(Q11,εQ12)ψ||
B

1
2
≤ δe−Rt}. (2.1)

Note that uψ,vψ,(Q11)ψ,(Q12)ψ satisfy the equations

ε∂tuψ+λεη
′(t)|Dx|uψ+ε([U+εu]∂xu)ψ+ε(v∂y[U+εu])ψ+ε∂xpψ

=ε3∂2xuψ+ε∂
2
yuψ−∂x(Rε11)ψ−∂y(Rε21)ψ

ε2∂tvψ+ε
2λη′(t)|Dx|vψ+ε2([U+εu]∂xv)ψ+ε

3(v∂yv)ψ+∂ypψ

=ε4∂2xvψ+ε
2∂2yvψ−∂x(Rε12)ψ−∂y(Rε22)ψ

∂xuψ+∂yvψ=0

(2.2)

and 

∂t(Q11)ψ+λη
′(t)|Dx|(Q11)ψ

+([U+εu]∂xQ11+εv∂yQ11)ψ+(∂y[U+εu]Q12−ε3∂xvQ12)ψ

=ε2∂2x(Q11)ψ+∂
2
y(Q11)ψ−(a′Q11+c

′Q11(2Q
2
11+2ε2Q2

12))ψ

ε∂t(Q12)ψ+ελη
′(t)|Dx|(Q12)ψ

+(ε[U+εu]∂xQ12+ε
2v∂yQ12)ψ−(∂y[U/ε+u]Q11−ε2∂xvQ11)ψ

=ε3∂2x(Q12)ψ+ε∂
2
y(Q12)ψ−ε

[
a′Q12+c

′Q12(2Q
2
11+2ε2Q2

12)
]
ψ
.

(2.3)
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We apply the dyadic operator ∆h
k . Notice that ∂xuψ+∂yvψ=0, so

(∂x∆
h
kpψ,∆

h
kuψ)L2 +(∂y∆

h
kpψ,∆

h
kvψ)L2 =−(∆h

kpψ,∂x∆
h
kuψ+∂y∆

h
kvψ)L2 =0.

Next, observing that ∂xU =0, we have from integration by parts,

(∆h
k(∂xuU)ψ,∆

h
kuψ)L2 =(∆h

k(∂xuU)ψ,∆
h
kuψ)L2 +(∆h

k(u∂xU)ψ,∆
h
kuψ)L2

=−(∆h
k(uU)ψ,∆

h
k∂xuψ)L2 (2.4)

and similarly,

(∆h
k(∂xvU)ψ,∆

h
kvψ)L2 =(∆h

k(∂xQ11U)ψ,∆
h
k(Q11)ψ)L2

=(∆h
k(∂xQ12U)ψ,∆

h
k(Q12)ψ)L2 =0. (2.5)

Moreover,

(∆h
k(∂yUQ11)ψ,∆

h
k(Q12)ψ)L2 =(∆h

k(∂yUQ12)ψ,∆
h
k(Q11)ψ)L2 . (2.6)

Consider the Equations (2.2), (2.3), multiply respectively by
ε∆h

kuψ,ε
2∆h

kvψ,∆
h
k(Q11)ψ,ε∆

h
k(Q12)ψ and take L2 scalar product, to obtain that

1

2

d

dt
(||∆h

k(εu)ψ||2L2

+ ||∆h
k(ε

2vψ)||2L2)+λε2η′(t)(|Dx|∆h
kuψ, |∆h

kuψ)L2 +λη′(t)(|Dx|∆h
k(ε

2vψ),|∆h
k(ε

2vψ))L2

+ε4(||∂x∆h
kuψ||2L2 + ||∂x∆h

k(εvψ)||2L2)+(||∂y∆h
k(εu)ψ||2L2 + ||∂y∆h

k(ε
2vψ)||2L2)

=−ε2(∆h
k(vU)ψ,∆

h
k∂yuψ)L2 −ε3(∆h

k(u∂xu)ψ,∆
h
kuψ)L2 −ε3(∆h

k(v∂yu)ψ,∆
h
kuψ)L2

−ε5(∆h
k(u∂xv)ψ,∆

h
kvψ)L2 −ε5(∆h

k(v∂yv)ψ,∆
h
kvψ)L2 +ε(∆h

k(R
ε
11)ψ,∆

h
k∂xuψ)L2

+ε(∆h
k(R

ε
21)ψ,∆

h
k∂yuψ)L2 +ε2(∆h

k(R
ε
12)ψ,∆

h
k∂xvψ)L2 +ε2(∆h

k(R
ε
22)ψ,∆

h
k∂yvψ)L2 (2.7)

and

1

2

d

dt
(||∆h

k(Q11)ψ||2L2 + ||∆h
k(ε(Q12)ψ)||2L2)

+a′(||∆h
k(Q11)ψ||2L2 + ||∆h

k(εQ12)ψ||2L2)+λη′(t)(|Dx|∆h
k(Q11)ψ,|∆h

k(Q11)ψ)L2

+λη′(t)(|Dx|∆h
k(ε(Q12)ψ),|∆h

k(ε(Q12)ψ))L2 +ε2(||∂x∆h
k(Q11)ψ||2L2 + ||∂x∆h

k(ε(Q12)ψ)||2L2)

+ ||∂y∆h
k(Q11)ψ||2L2 + ||∂y∆h

k(ε(Q12)ψ)||2L2

=−ε(∆h
k(u∂x(Q11))ψ,∆

h
k(Q11)ψ)L2 −ε(∆h

k(v∂y(Q11))ψ,∆
h
k(Q11)ψ)L2

−ε3(∆h
k(u∂x(Q12))ψ,∆

h
k(Q12)ψ)L2 −ε3(∆h

k(v∂y(Q12))ψ,∆
h
k(Q12)ψ)L2

−(∆h
k(∂yuQ11−ε2∂xvQ11)ψ,∆

h
k(εQ12)ψ)L2

−ε(∆h
k(∂yuQ12−ε2∂xvQ12)ψ,∆

h
k(Q11)ψ)L2 −2c′(∆h

k [Q11(Q
2
11+ε2Q2

12)],∆
h
k(Q11)ψ)L2

−2c′ε2(∆h
k [Q12(Q

2
11+ε2Q2

12)],∆
h
k(Q12)ψ)L2 . (2.8)

Remark 2.1. Recall that the scaled model is in the strip S. Because u,v,Q11,Q12 all
equal to 0 on the boundary of y variable, then according to Poincaré inequality, there
exists a universal constant R>0, such that

2R||∆h
k(u,v,Q11,Q12)ψ||2L2 ≤||∂y∆h

k(u,v,Q11,Q12)ψ||2L2 .

Moreover, for the equation of Q11 and Q12, we need the assumption a′>0.
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Recall from (2) of Lemma 1.1 that there exists c>0, such that

c22k||∆h
k(uψ,εvψ)||2L2 ≤||∆h

k∂x(uψ,εvψ)||2L2 (2.9)

multiply (2.7) by e2Rt and integrate over [0,t], to get

1

2
(||eRt

′
∆h
k(εu)ψ||2L∞

t (L2)+ ||eRt
′
∆h
k(ε

2vψ)||2L∞
t (L2))

+λ2k
∫ t

0

η′(t′)(||eRt
′
∆h
k(εu)ψ||2L2 + ||eRt

′
∆h
kε

2vψ||2L2)dt
′

+
1

2

∫ t

0

e2Rt
′
(||∆h

k∂y(εuψ)||2L2 + ||∆h
k∂y(ε

2vψ)||2L2)dt
′

+
1

2

∫ t

0

e2Rt
′
·cε422k(||∆h

kuψ||2L2 + ||∆h
k(εvψ)||2L2)dt

′

≤||ea|Dx|∆h
k(εu0)||2L2 + ||ea|Dx|∆h

k(ε
2v0)||2L2 +ε3

∫ t

0

|(eRt
′
∆h
k(u∂xu)ψ,e

Rt′∆h
kuψ)L2 |dt′︸ ︷︷ ︸

A1

+ε3
∫ t

0

|(eRt
′
∆h
k(v∂yu)ψ,e

Rt′∆h
kuψ)L2 |dt′︸ ︷︷ ︸

A2

+ε5
∫ t

0

|(eRt
′
∆h
k(u∂xv)ψ,e

Rt′∆h
kvψ)L2 |dt′︸ ︷︷ ︸

A3

+ε5
∫ t

0

|(eRt
′
∆h
k(v∂yv)ψ,e

Rt′∆h
kvψ)L2 |dt′︸ ︷︷ ︸

A4

+ε

∫ t

0

|(eRt
′
∆h
k(R

ε
11)ψ,e

Rt′∆h
k∂xuψ)L2 |dt′︸ ︷︷ ︸

A5

+ε

∫ t

0

|(eRt
′
∆h
k(R

ε
21)ψ,e

Rt′∆h
k∂yuψ)L2 |dt′︸ ︷︷ ︸

A6

+ε2
∫ t

0

|(eRt
′
∆h
k(R

ε
12)ψ,e

Rt′∆h
k∂xvψ)L2 |dt′︸ ︷︷ ︸

A7

+ε2
∫ t

0

|(eRt
′
∆h
k(R

ε
22)ψ,e

Rt′∆h
k∂yvψ)L2 |dt′︸ ︷︷ ︸

A8

+ε2
∫ t

0

|(eRt
′
∆h
k(v∂yU)ψ,e

Rt′∆h
kuψ)L2 |dt′︸ ︷︷ ︸

A9

(2.10)

similarly for the Equation (2.8), we have

1

2
||eR

′t′∆h
k(Q11,εQ12)ψ||2L∞

t (L2)+a
′
∫ t

0

||eR
′t′∆h

k(Q11,ε(Q12)ψ)(t
′)||2L2dt′

+λ2k
∫ t

0

η′(t′)||eR
′t′∆h

k(Q11,εQ12)ψ||2L2dt′

+
1

2

∫ t

0

e2R
′t′(||∆h

k∂y(Q11,εQ12)ψ||2L2 +cε222k||∆h
k(Q11,εQ12)ψ||2L2)dt′

≤||ea|Dx|∆h
k(Q11,εQ12)0||2L2

+ε

∫ t

0

|(eRt
′
∆h
k(u∂x(Q11,εQ12))ψ,e

Rt′∆h
k(Q11,εQ12)ψ)L2 |dt′︸ ︷︷ ︸

B1

+ε

∫ t

0

|(eRt
′
∆h
k(v∂y(Q11,εQ12))ψ,e

Rt′∆h
k(Q11,εQ12)ψ)L2 |dt′︸ ︷︷ ︸

B2
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+ε

∫ t

0

|
(
eRt

′
∆h
k

[
(ε2∂xv−∂yu)Q11

]
ψ
,eRt

′
∆h
k(Q12)ψ

)
L2

|dt′︸ ︷︷ ︸
B3

+ε

∫ t

0

|
(
eRt

′
∆h
k [(∂yu−ε2∂xv)Q12]ψ,e

R′t′∆h
k(Q11)ψ

)
L2

|dt′︸ ︷︷ ︸
B4

+2c′
∫ t

0

|(eRt
′
∆h
k [(Q

2
11+ε

2Q2
12)(Q11,εQ12)]ψ,e

R′t′∆h
k(Q11,εQ12)ψ)L2 |dt′︸ ︷︷ ︸

B5

(2.11)

from Lemma 3.1-3.3 of [16], we have

A1+A2+A3+A4≲ε
3d2k2

−k||eRt
′
(u,εv)ψ||2L̃2

t,η′(t)(B
1)

and

B1≲εd
2
k2

−k||eRt
′
(Q11,εQ12)ψ||2L̃2

t,η′(t)(B
1)

recalling that v(t,x,y)=−
∫ y
0
∂xu(t,x,y

′)dy′ and

∂yU =
∑
m>0

mπcme
−m2π2tcos(mπy)≲η′(t)

we have

A9≲ε
2d2k2

−k||eRt
′
uψ||2L̃2

t,η′(t)(B
1)

next, noticing the fact that ||Q3||B1/2 ≲ ||Q||3B1/2 , we use Cauchy-Schwartz inequality to
obtain that

B5≲d
2
k2

−k||eR
′t′(Q11,εQ12)ψ||2L2(B1/2)||(Q11,εQ12)ψ||2L2(B1/2)

for the rest of the terms, we need to calculate terms A and B seperately.

2.0.1. Estimates of B2,B3,B4. We first show the following lemmas.
Lemma 2.1. For any s∈ (0, 12 ] and any t≤T ∗, we have∫ t

0

(eRt
′
∆h
k(ww̃)ψ,e

Rt′∆h
k(∂yu)ψ)L2 |dt′

≲d2k2
−2ks||eRt

′
wψ||L̃2

t,η′(t)(B
s)||e

Rt′w̃ψ||L̃2
t,η′(t)(B

s).

Proof. By using Bony’s decomposition, we have ww̃=Thww̃+Thw̃w+Rh(w,w̃).

Step 1: Estimate of
∫ t
0
(eRt

′
∆h
k(T

h
ww̃)ψ,e

Rt′∆h
k(∂yu)ψ)L2dt′. We have∫ t

0

(eRt
′
∆h
k(T

h
ww̃)ψ,e

Rt′∆h
k(∂yu)ψ)L2dt′

≲
∑

|k′−k|≤4

∫ t

0

||eRt
′
Shk′−1wψ(t

′)||L∞ ||eRt
′
∆h
k′w̃ψ(t

′)||L2 ||∆h
k(∂yu)ψ(t

′)||L2dt′
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≲2−
k
2 dk(t)

∑
|k′−k|≤4

∫ t

0

||eRt
′
Shk′−1wψ(t

′)||L∞ ||eRt
′
∆h
k′w̃ψ(t

′)||L2 ||∂yuψ(t′)||
B

1
2
dt′

≲2−
k
2 dk(t)

∑
|k′−k|≤4

(∫ t

0

||eRt
′
Shk′−1wψ(t

′)||2L∞ ||∂yuψ(t′)||
B

1
2
dt′
) 1

2

·
(∫ t

0

||eRt
′
∆h
k′w̃ψ(t

′)||2L2 ||∂yuψ(t′)||
B

1
2
dt′
) 1

2

.

Notice that(∫ t

0

||eRt
′
Shk′−1wψ(t

′)||2L∞ ||∂yuψ(t′)||
B

1
2
dt′
) 1

2

≲
∑

l≤k′−2

2
l
2

(∫ t

0

||eRt
′
∆h
l wψ(t

′)||2L2 ||∂yuψ(t′)||
B

1
2
dt′
) 1

2

≲
∑

l≤k′−2

dl2
l( 1

2−s)||eRt
′
wψ||L̃2

t,η′(t)(B
s)≲2k

′( 1
2−s)||eRt

′
wψ||L̃2

t,η′(t)(B
s) (2.12)

so we obtain that∫ t

0

(eRt
′
∆h
k(T

h
ww̃)ψ,e

Rt′∆h
k(∂yu)ψ)L2dt′

≲
∑

|k′−k|≤4

dkdk′2
−2ks2(k−k

′)(2s− 1
2 )||eRt

′
wψ||L̃2

t,η′(t)(B
s)||e

Rt′w̃ψ||L̃2
t,η′(t)(B

s)

≲d2k2
−2ks||eRt

′
wψ||L̃2

t,η′(t)(B
s)||e

Rt′w̃ψ||L̃2
t,η′(t)(B

s).

Step 2: Estimate of
∫ t
0
(eRt

′
∆h
k(T

h
w̃w)ψ,e

Rt′∆h
k(∂yu)ψ)L2dt′. Similarly as Step 1, just

exchange w and w̃.

Step 3: Estimate of
∫ t
0
(eRt

′
∆h
k(R

h(w,w̃))ψ,e
Rt′∆h

k(∂yu)ψ)L2dt′. We have

∫ t

0

(eRt
′
∆h
k(R

h(w,w̃))ψ,e
Rt′∆h

k(∂yu)ψ)L2dt′

≲2
k
2

∑
k′≥k−3

∫ t

0

||eRt
′
∆̃h
k′wψ(t

′)||L2
h
(L∞

v )||e
Rt′∆h

k′ w̃ψ(t
′)||L2 ||∆h

k∂yuψ(t
′)||L2dt′

≲
∑

k′≥k−3

∫ t

0

||eRt
′
∆̃h
k′wψ(t

′)||L2 ||eRt
′
∆h
k′ w̃ψ(t

′)||L2 ||∂yuψ||
B

1
2
dt′

≲
∑

k′≥k−3

(∫ t

0

||eRt
′
∆h
k′ w̃ψ(t

′)||2L2 ||∂yuψ||
B

1
2
dt′

) 1
2

·
(∫ t

0

||eRt
′
∆̃h
k′wψ(t

′)||2L2 ||∂yuψ||
B

1
2
dt′

) 1
2

≲2−2ks||eRt
′
wψ||L̃2

t,η′(t)(B
s)||e

Rt′ w̃ψ||L̃2
t,η′(t)(B

s)

 ∑
k′≥k−3

dk′2
(k−k′)s

2

≲d2k2
−2ks||eRt

′
wψ||L̃2

t,η′(t)(B
s)||e

Rt′ w̃ψ||L̃2
t,η′(t)(B

s)

and the lemma is proved after gathering three terms.
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Lemma 2.2. For any s∈ (0, 12 ] and any t≤T ∗, we have∫ t

0

(eRt
′
∆h
k(∂yuw)ψ,e

Rt′∆h
kw̃ψ)L2 |dt′

≲d2k2
−2ks||eRt

′
wψ||L̃2

t,η′(t)(B
s)||e

Rt′w̃ψ||L̃2
t,η′(t)(B

s).

Proof. By Bony’s decomposition. we have

∂yuw=Th∂yuw+Thw∂yu+R
h(∂yu,w).

We recall from (3.15) of [16] that

||∆h
kuψ(t)||L∞ ≲dj(t)||∂yuψ(t)||

B
1
2

(2.13)

because of Bernstein lemma 1.1 and Poincaré inequality.

Step 1: Estimate of
∫ t
0
(eRt

′
∆h
k(T

h
∂yu

w)ψ,e
Rt′∆h

kw̃ψ)L2dt′. Notice that∫ t

0

(eRt
′
∆h
k(T

h
∂yuw)ψ,e

Rt′∆h
kw̃ψ)L2dt′

≲
∑

|k′−k|≤4

∫ t

0

||Shk′−1∂yuψ(t
′)||L∞ ||eRt

′
∆h
k′wψ(t

′)||L2 ||eRt
′
∆h
kw̃ψ(t

′)||L2dt′

≲
∑

|k′−k|≤4

∫ t

0

||∂yuψ(t)||
B

1
2
||eRt

′
∆h
k′wψ(t

′)||L2 ||eRt
′
∆h
kw̃ψ(t

′)||L2dt′

≲
∑

|k′−k|≤4

(∫ t

0

||∂yuψ(t)||
B

1
2
||eRt

′
∆h
k′w̃ψ(t

′)||2L2dt′
) 1

2

·
(∫ t

0

||∂yuψ(t)||
B

1
2
||eRt

′
∆h
kwψ(t

′)||2L2dt′
) 1

2

≲dk2
−2ks||eRt

′
wψ||L̃2

t,η′(t)(B
s)||e

Rt′w̃ψ||L̃2
t,η′(t)(B

s)

 ∑
|k′−k|≤4

dk′2
(k−k′)s


≲d2k2

−2ks||eRt
′
wψ||L̃2

t,η′(t)(B
s)||e

Rt′w̃ψ||L̃2
t,η′(t)(B

s).

Step 2: Estimate of
∫ t
0
(eRt

′
∆h
k(T

h
w∂yu)ψ,e

Rt′∆h
kw̃ψ)L2dt′. We have∫ t

0

(eRt
′
∆h
k(T

h
w∂yu)ψ,e

Rt′∆h
kw̃ψ)L2dt′

≲
∑

|k′−k|≤4

∫ t

0

||Shk′−1wψ(t
′)||L∞ ||eRt

′
∆h
k′∂yuψ(t

′)||L2 ||eRt
′
∆h
kw̃ψ(t

′)||L2dt′

≲
∑

|k′−k|≤4

2−
k′
2

∫ t

0

dk′(t)||Shk′−1wψ(t
′)||L∞ ||eRt

′
∂yuψ(t

′)||
B

1
2
||eRt

′
∆h
kw̃ψ(t

′)||L2dt′

≲
∑

|k′−k|≤4

dk′2
− k′

2

(∫ t

0

||Shk′−1wψ(t
′)||2L∞ ||eRt

′
∂yuψ(t

′)||
B

1
2
dt′
) 1

2

·
(∫ t

0

||∂yuψ(t′)||
B

1
2
||eRt

′
∆h
kw̃ψ(t

′)||2L2dt′
) 1

2

.
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We use (2.12) again to obtain that∫ t

0

(eRt
′
∆h
k(T

h
w∂yu)ψ,e

Rt′∆h
kw̃ψ)L2dt′

≲
∑

|k′−k|≤4

dkdk′2
−2ks2(k−k

′)(s− 1
2 )||eRt

′
wψ||L̃2

t,η′(t)(B
s)||e

Rt′w̃ψ||L̃2
t,η′(t)(B

s)

≲d2k2
−2ks||eRt

′
wψ||L̃2

t,η′(t)(B
s)||e

Rt′w̃ψ||L̃2
t,η′(t)(B

s).

Step 3: Estimate of
∫ t
0
(eRt

′
∆h
k(R

h(∂yu,w))ψ,e
Rt′∆h

kw̃ψ)L2dt′. We have∫ t

0

(∆h
k(e

Rt′Rh(∂yu,w))ψ,e
Rt′∆h

kw̃ψ)L2dt′

≲2
k
2

∫ t

0

||∆̃h
k′∂yuψ(t

′)||L2
h(L

∞
v )||eRt

′
∆h
k′wψ(t

′)||L2 ||eRt
′
∆h
kw̃ψ(t

′)||L2dt′

≲2
k
2

∑
k′≥k−3

2−
k′
2

∫ t

0

||∂yuψ(t′)||
B

1
2
||eRt

′
∆h
k′wψ(t

′)||L2 ||eRt
′
∆h
kw̃ψ(t

′)||L2dt′

≲2
k
2

∑
k′≥k−3

2−
k′
2

(∫ t

0

||eRt
′
∆h
kw̃ψ(t

′)||2L2 ||∂yuψ||
B

1
2
dt′
) 1

2

·
(∫ t

0

||eRt
′
∆h
k′wψ(t

′)||2L2 ||∂yuψ||
B

1
2
dt′
) 1

2

≲dk2
−2ks||eRt

′
wψ||L̃2

t,η′(t)(B
s)||e

Rt′w̃ψ||L̃2
t,η′(t)(B

s)

 ∑
k′≥k−3

dk′2
(k−k′)(s+ 1

2 )


≲d2k2

−2ks||eRt
′
wψ||L̃2

t,η′(t)(B
s)||e

Rt′w̃ψ||L̃2
t,η′(t)(B

s)

so we finish the proof after gathering all the terms.

Remark 2.2. Lemma 2.1 and Lemma 2.2 give the estimates on the terms A6 and the
B3 term with ∂yu part. But since for these terms, there is no ∂x or v term included, the

Besov norm becomes B
1
2 instead of B1, which makes the function η(t) a bit different

from the one in [16].

Proposition 2.1.

B2≲
1

ε
d2k2

−k||∂y(Q11,εQ12)ψ||
L̃2

t,η′(t)(B
1
2 )
||ε∂xuψ||

L̃2
t,η′(t)(B

1
2 )
. (2.14)

Proof. From Poincaré inequality and ∂yv=−∂xu, we have∫ t

0

(∆h
k(T

h
∂yQ11

v)ψ,∆
h
k(Q11)ψ)L2dt′

≲
∑

|k′−k|≤4

∫ t

0

||Shk′−1∂y(Q11)ψ(t
′)||L∞ ||∆h

k′vψ(t
′)||L2 ||∆h

k(Q11)ψ(t
′)||L2dt′

≲
∑

|k′−k|≤4

∫ t

0

||∂y(Q11)ψ(t
′)||

B
1
2
||∆h

k′vψ(t
′)||L2 ||∆h

k(Q11)ψ(t
′)||L2dt′



X. LI, M. PAICU, AND A. ZARNESCU 1715

≲
∑

|k′−k|≤4

(∫ t

0

||∆h
k′(∂xu)ψ(t

′)||2L2η′(t)dt′
) 1

2
(∫ t

0

||∆h
k∂y(Q11)ψ(t

′)||2L2η′(t)dt′
) 1

2

≲d2k2
−k||∂xuψ||

L̃2
t,η′(t)(B

1
2 )
||∂y(Q11)ψ||

L̃2
t,η′(t)(B

1
2 )
.

Next,∫ t

0

(∆h
k(T

h
v ∂yQ11)ψ,∆

h
k(Q11)ψ)L2dt′

≲
∑

|k′−k|≤4

∫ t

0

||Shk′−1vψ(t
′)||L∞ |||∆h

k(∂yQ11)ψ(t
′)||L2 ||∆h

k(Q11)ψ(t
′)||L2dt′

≲
∑

|k′−k|≤4

2−
k′
2

∫ t

0

||Shk′−1vψ(t
′)||L∞ ||(∂yQ11)ψ(t

′)||
B

1
2
||∆h

k(Q11)ψ(t
′)||L2dt′

≲
∑

|k′−k|≤4

2−
k′
2

(∫ t

0

||Shk′−1vψ(t
′)||2L∞η′(t)dt′

) 1
2
(∫ t

0

||∆h
k(∂yQ11)ψ(t

′)||2L2η′(t)dt′
) 1

2

.

Notice that for any s∈ (0, 12 ],(∫ t

0

||Shk′−1vψ(t
′)||2L∞η′(t)dt′

) 1
2

≲
∑

l≤k′−2

2
l
2

(∫ t

0

||∆h
l vψ(t

′)||2L2η′(t)dt′
) 1

2

≲
∑

l≤k′−2

2
l
2

(∫ t

0

||∆h
l ∂xuψ(t

′)||2L2η′(t)dt′
) 1

2

≲
∑

l≤k′−2

dl2
l( 1

2−s)||∂xuψ||L̃2
t,η′(t)(B

s)≲dk2
k( 1

2−s)||∂xuψ||L̃2
t,η′(t)(B

s)

hence∫ t

0

(∆h
k(T

h
v ∂yQ11)ψ,∆

h
k(Q11)ψ)L2dt′≲d2k2

−k||∂xuψ||
L̃2

t,η′(t)(B
1
2 )
||(∂yQ11)ψ||

L̃2
t,η′(t)(B

1
2 )

For the third term, we have∫ t

0

(∆h
k(R

h(v,∂yQ11))ψ,∆
h
k(Q11)ψ)L2dt′

≲2
k
2

∑
k′≥k−3

∫ t

0

||∆h
k′vψ(t

′)||L2 ||∆̃h
k′(∂yQ11)ψ(t

′)||L2 ||∆h
k(Q11)ψ(t

′)||L2dt′

≲2
k
2

∑
k′≥k−3

2−
k′
2

∫ t

0

||(∂yQ11)ψ(t
′)||

B
1
2
||∆h

k′vψ(t
′)||L2 ||∆h

k(Q11)ψ(t
′)||L2dt′

≲2
k
2

∑
k′≥k−3

2−
k′
2

∫ t

0

||(∂yQ11)ψ(t
′)||

B
1
2
||∆h

k′∂xuψ(t
′)||L2 ||∆h

k(∂yQ11)ψ(t
′)||L2dt′

≲2
k
2

∑
k′≥k−3

2−
k′
2

(∫ t

0

||∆h
k′(∂yQ11)ψ(t

′)||2L2η′(t)dt′
) 1

2
(∫ t

0

||∆h
k∂xuψ(t

′)||2L2η′(t)dt′
) 1

2
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≲dk2
−k||∂y(Q11)ψ||

L̃2
t,η′(t)(B

1
2 )
||∂xuψ||

L̃2
t,η′(t)(B

1
2 )

 ∑
k′≥k−3

dk′2
(k−k′)


≲d2k2

−k||∂y(Q11)ψ||
L̃2

t,η′(t)(B
1
2 )
||∂xuψ||

L̃2
t,η′(t)(B

1
2 )

and the proposition is proved.

Proposition 2.2.

B3≲d
2
k2

−k
(
||eRt

′
(ε∂xu)ψ||2

L̃2
t,η′(t)(B

1
2 )
+ ||eRt

′
(∂y(Q11,εQ12)ψ||2

L̃2
t,η′(t)(B

1
2 )

)
(2.15)

Proof. The terms related to ∂yu can be estimated by using Lemma 2.2. Next,
recall from (3.18) of [16] that because v(t,x,y)=−

∫ y
0
∂xu(t,x,y

′)dy′, we have

||∆h
kvψ(t)||L∞ ≲2

3k
2 ||∆h

kuψ(t)||L2 . (2.16)

Notice that

ε3
∫ t

0

(∆h
k(T

h
∂xvQ12)ψ,∆

h
k(Q11)ψ)L2dt′

≲ε3
∑

|k′−k|≤4

∫ t

0

||Shk′−1∂xvψ(t
′)||L∞ ||∆h

k′(Q12)ψ(t
′)||L2 ||∆h

k(Q11)ψ(t
′)||L2dt′

≲ε
∑

|k′−k|≤4

2−
3k′
2

∫ t

0

||Shk′−1∂xvψ(t
′)||L∞ ||∆h

k′(ε
2∂xQ12)ψ(t

′)||
B

1
2
||∆h

k(∂yQ11)ψ(t
′)||L2dt′

≲
∑

|k′−k|≤4

2−
3k′
2 ε

(∫ t

0

||Shk′−1∂xvψ(t
′)||2L∞η′(t)dt′

) 1
2

·
(∫ t

0

||∆h
k∂y(Q11)ψ(t

′)||2L2η
′(t)dt′

) 1
2

and we deduce from (2.16) that(∫ t

0

||Shk′−1ε∂xvψ(t
′)||2L∞η′(t)dt′

) 1
2

≲
∑

l≤k′−2

2
3l
2

(∫ t

0

||∆h
l ε∂xuψ(t

′)||2L2η′(t)dt′
) 1

2

≲
∑

l≤k′−2

dl2
l||ε∂xuψ||

L̃2
t,η′(t)(B

1
2 )

≲dk′2
k′ ||ε∂xuψ||

L̃2
t,η′(t)(B

1
2 )

so

ε3
∫ t

0

(∆h
k(T

h
∂xvQ12)ψ,∆

h
k(Q11)ψ)L2dt′

≲d2k2
−k||ε∂xuψ||

L̃2
t,η′(t)(B

1
2 )
||∂y(Q11)ψ||

L̃2
t,η′(t)(B

1
2 )
.

Similarly, we have

ε3
∫ t

0

(∆h
k(T

h
Q12

∂xv)ψ,∆
h
k(Q11)ψ)L2dt′

≲ε3
∑

|k′−k|≤4

∫ t

0

||Shk′−1(Q12)ψ(t
′)||L∞ |||∆h

k′(∂xv)ψ(t
′)||L2 ||∆h

k(Q11)ψ(t
′)||L2dt′

≲
∑

|k′−k|≤4

∫ t

0

||(ε2Q12)ψ(t
′)||

B
3
2
||(ε∆h

k′∂xu)ψ(t
′)||L2 ||∆h

k(∂yQ11)ψ(t
′)||L2dt′
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≲
∑

|k′−k|≤4

(∫ t

0

||(ε∂xu)ψ(t′)||2L2η′(t)dt′
) 1

2
(∫ t

0

||∆h
k(∂yQ11)ψ(t

′)||2L2η′(t)dt′
) 1

2

≲d2k2
−k||ε∂xuψ||

L̃2
t,η′(t)(B

1
2 )
||∂y(Q11)ψ||

L̃2
t,η′(t)(B

1
2 )

and

ε3
∫ t

0

(∆h
k(R

h(∂xv,Q12))ψ,∆
h
k(Q11)ψ)L2dt′

≲ε32
k
2

∑
k′≥k−3

∫ t

0

||∆h
k′∂xvψ(t

′)||L2 ||∆̃h
k′(Q12)ψ(t

′)||L2 ||∆h
k(∂yQ11)ψ(t

′)||L2dt′

≲2
k
2

∑
k′≥k−3

2−
k′
2

∫ t

0

||(ε∂xu)ψ(t′)||L2 ||∆h
k′(ε

2∂xQ12)ψ(t
′)||

B
1
2
||∆h

k(∂yQ11)ψ(t
′)||L2dt′

≲2
k
2

∑
k′≥k−3

2−
k′
2

(∫ t

0

||∆h
k′ε∂xuψ(t

′)||2L2η′(t)dt′
) 1

2
(∫ t

0

||∆h
k∂y(Q11)ψ(t

′)||2L2η′(t)dt′
) 1

2

≲dk2
−k||ε∂xuψ||

L̃2
t,η′(t)(B

1
2 )
||∂y(Q11)ψ||

L̃2
t,η′(t)(B

1
2 )

 ∑
k′≥k−3

dk′2
(k−k′)


≲d2k2

−k||ε∂xuψ||
L̃2

t,η′(t)(B
1
2 )
||∂y(Q11)ψ||

L̃2
t,η′(t)(B

1
2 )

which together with Lemma 2.2 provides the result.

Remark 2.3. The term B4 can be estimated similarly as B3 by exchanging the order
of Q11 and Q12.

2.0.2. Estimates of A5,A6,A7,A8. We prove the following propositions:
Proposition 2.3. We have

A5+A8≲εd
2
k2

−k||eR
′t′(ε∂x,∂y)(Q11,εQ12)ψ||

L̃2
t,η′(t)(B

1
2 )
||eR

′t′ε∂xuψ||
L̃2

t,η′(t)(B
1
2 )
.

(2.17)
Proof. Notice that

ε3
∫ t

0

(∆h
k(T

h
∂xQ11

∂xQ11)ψ,∆
h
k∂xuψ)L2dt′

≲ε3
∑

|k′−k|≤4

∫ t

0

||Shk′−1∂x(Q11)ψ(t
′)||L∞ ||∆h

k′(∂xQ11)ψ(t
′)||L2 ||∆h

k∂xuψ(t
′)||L2dt′

≲
∑

|k′−k|≤4

∫ t

0

||(ε∂xQ11)ψ(t
′)||

B
1
2
||∆h

k′(ε∂xQ11)ψ(t
′)||L2 ||∆h

kε∂xuψ(t
′)||L2dt′

≲
∑

|k′−k|≤4

(∫ t

0

||∆h
k′(ε∂xQ11)ψ(t

′)||2L2η′(t)dt′
) 1

2
(∫ t

0

||∆h
kε∂xuψ(t

′)||2L2η′(t)dt′
) 1

2

≲d2k2
−k||ε∂x(Q11)ψ||

L̃2
t,η′(t)(B

1
2 )
||ε∂xuψ||

L̃2
t,η′(t)(B

1
2 )

and

ε3
∫ t

0

(∆h
k(R

h(Q11,∂yQ12))ψ,∆
h
k∂

2
xuψ)L2dt′
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≲ε32
k
2

∑
k′≥k−3

∫ t

0

||∆h
k′(∂xQ11)ψ(t

′)||L2 ||∆̃h
k′(∂xQ11)ψ(t

′)||L2 ||∆h
k∂xuψ(t

′)||L2dt′

≲2
k
2

∑
|k′−k|≤4

2−
k′
2

∫ t

0

||(ε∂xQ11)ψ(t
′)||

B
1
2
||∆h

k′(ε∂xQ11)ψ(t
′)||L2 ||∆h

kε∂xuψ(t
′)||L2dt′

≲2
k
2

∑
|k′−k|≤4

2
−k′
2

(∫ t

0

||∆h
k′(ε∂xQ11)ψ(t

′)||2L2η′(t)dt′
) 1

2

·
(∫ t

0

||∆h
kε∂xuψ(t

′)||2L2η′(t)dt′
) 1

2

≲dk2
−k||∂x(Q11)ψ||

L̃2
t,η′(t)(B

1
2 )
||ε∂xuψ||

L̃2
t,η′(t)(B

1
2 )

 ∑
k′≥k−3

dk′2
2(k−k′)


≲d2k2

−k||∂x(Q11)ψ||
L̃2

t,η′(t)(B
1
2 )
||ε∂xuψ||

L̃2
t,η′(t)(B

1
2 )

so we have proved that

A5≲εd
2
k2

−k||eR
′t′ε∂x(Q11,εQ12)ψ||

L̃2
t,η′(t)(B

1
2 )
||eR

′t′ε∂xuψ||
L̃2

t,η′(t)(B
1
2 )
.

The estimate of A8 is similar, just exchanging ε∂x to ∂y and using that ∂yv=−∂xu.

Proposition 2.4.

A7≲εd
2
k2

−k||(ε∂x,∂y)(Q11,εQ12)ψ||
L̃2

t,η′(t)(B
1
2 )
||(ε∂xu,ε2∂xv)ψ||

L̃2
t,η′(t)(B

1
2 )
. (2.18)

Proof. We write

∆εQ12Q11−∆εQ11Q12=ε
2∂2xQ12Q11−ε2∂2xQ11Q12+∂

2
yQ12Q11−∂2yQ11Q12

from integration by parts,

(∆h
k(∂

2
yQ12Q11)ψ,∆

h
k∂xvψ)L2 +(∆h

k(∂yQ12∂yQ11)ψ,∆
h
k∂xvψ)L2

=−(∆h
k(∂yQ12Q11)ψ,∆

h
k∂x∂yvψ)L2

so we have (recall that ∂yv=−∂xu)

(∆h
k(∂

2
yQ12Q11−∂2yQ11Q12)ψ,∆

h
k∂xvψ)L2

=(∆h
k(∂yQ12Q11)ψ,∆

h
k∂

2
xuψ)L2 −(∆h

k(∂yQ11Q12)ψ,∆
h
k∂

2
xuψ)L2 .

Notice that

ε3
∫ t

0

(∆h
k(T

h
∂yQ12

Q11)ψ,∆
h
k∂

2
xuψ)L2dt′

≲ε3
∑

|k′−k|≤4

∫ t

0

||Shk′−1∂y(Q12)ψ(t
′)||L∞ ||∆h

k′(Q11)ψ(t
′)||L2 ||∆h

k∂
2
xuψ(t

′)||L2dt′

≲ε2
∑

|k′−k|≤4

∫ t

0

||∂y(εQ12)ψ(t
′)||

B
1
2
||∆h

k′(Q11)ψ(t
′)||L2 ||∆h

k∂
2
xuψ(t

′)||L2dt′
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≲
∑

|k′−k|≤4

(∫ t

0

||∆h
k′(ε∂xQ11)ψ(t

′)||2L2η′(t)dt′
) 1

2
(∫ t

0

||∆h
kε∂xuψ(t

′)||2L2η′(t)dt′
) 1

2

≲d2k2
−k||ε∂x(Q11)ψ||

L̃2
t,η′(t)(B

1
2 )
||ε∂xuψ||

L̃2
t,η′(t)(B

1
2 )

and similarly,

ε3
∫ t

0

(∆h
k(T

h
Q11

∂yQ12)ψ,∆
h
k∂

2
xuψ)L2dt′

≲ε3
∑

|k′−k|≤4

∫ t

0

||Shk′−1(Q11)ψ(t
′)||L∞ ||∆h

k′(∂yQ12)ψ(t
′)||L2 ||∆h

k∂
2
xuψ(t

′)||L2dt′

≲ε2
∑

|k′−k|≤4

2−k
′
∫ t

0

||(εQ11)ψ(t
′)||

B
3
2
||∆h

k′(∂yQ12)ψ(t
′)||L2 ||∆h

k∂
2
xuψ(t

′)||L2dt′

≲
∑

|k′−k|≤4

(∫ t

0

||∆h
k′(∂yQ12)ψ(t

′)||2L2η′(t)dt′
) 1

2
(∫ t

0

||∆h
kε∂xuψ(t

′)||2L2η′(t)dt′
) 1

2

≲d2k2
−k||∂y(Q12)ψ||

L̃2
t,η′(t)(B

1
2 )
||ε∂xuψ||

L̃2
t,η′(t)(B

1
2 )

moreover,

ε2
∫ t

0

(∆h
k(R

h(Q11,∂yQ12))ψ,∆
h
k∂

2
xuψ)L2dt′

≲ε22
k
2

∑
k′≥k−3

∫ t

0

||∆h
k′(Q11)ψ(t

′)||L2 ||∆̃h
k′(∂yQ12)ψ(t

′)||L2 ||∆h
k∂

2
xuψ(t

′)||L2dt′

≲ε22
3k
2

∑
|k′−k|≤4

2−
3k′
2

∫ t

0

||(∂yQ12)ψ(t
′)||

B
1
2
||∆h

k′(∂xQ11)ψ(t
′)||L2 ||∆h

k∂xuψ(t
′)||L2dt′

≲2
3k
2

∑
|k′−k|≤4

2
−3k′

2

(∫ t

0

||∆h
k′(ε∂xQ11)ψ(t

′)||2L2η′(t)dt′
) 1

2

·
(∫ t

0

||∆h
kε∂xuψ(t

′)||2L2η′(t)dt′
) 1

2

≲dk2
−k||∂x(Q11)ψ||

L̃2
t,η′(t)(B

1
2 )
||ε∂xuψ||

L̃2
t,η′(t)(B

1
2 )

 ∑
k′≥k−3

dk′2
2(k−k′)


≲d2k2

−k||∂x(Q11)ψ||
L̃2

t,η′(t)(B
1
2 )
||ε∂xuψ||

L̃2
t,η′(t)(B

1
2 )
,

so after combining these three terms, we have

ε3
∫ t

0

(∆h
k(∂yQ12Q11)ψ,∆

h
k∂

2
xuψ)L2dt′

≲d2k2
−k
(
||ε∂x(Q11)ψ||

L̃2
t,η′(t)(B

1
2 )
+ ||∂y(εQ12)ψ||

L̃2
t,η′(t)(B

1
2 )

)
||ε∂xuψ||

L̃2
t,η′(t)(B

1
2 )
,

next,

(∆h
k(∂

2
xQ12Q11−∂2xQ11Q12)ψ,∆

h
k∂xvψ)L2
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=(∆h
k(∂xQ12Q11)ψ,∆

h
k∂

2
xvψ)L2 −(∆h

k(∂xQ11Q12)ψ,∆
h
k∂

2
xvψ)L2 .

Similarly as the proof above (just change ∂yQ12 to ε∂xQ12 and ∂xu to ε∂xv), we have

ε5
∫ t

0

(∆h
k(∂xQ12Q11)ψ,∆

h
k∂

2
xvψ)L2dt′

≲d2k2
−k
(
||ε∂x(Q11)ψ||

L̃2
t,η′(t)(B

1
2 )
+ ||∂x(ε2Q12)ψ||

L̃2
t,η′(t)(B

1
2 )

)
||ε2∂xvψ||

L̃2
t,η′(t)(B

1
2 )

and then

ε(∆h
k(R

ε
12,2)ψ,∆

h
k∂xvψ)L2

≲d2k2
−k||ε∂x(Q11,εQ12)ψ||

L̃2
t,η′(t)(B

1
2 )
||ε2∂xvψ||

L̃2
t,η′(t)(B

1
2 )

+d2k2
−k||(ε∂x,∂y)(Q11,εQ12)ψ||

L̃2
t,η′(t)(B

1
2 )
||ε∂xuψ||

L̃2
t,η′(t)(B

1
2 )

similarly, we have

ε(∆h
k(R

ε
12,1)ψ,∆

h
k∂xvψ)L2 ≲d2k2

−k||ε2∂xvψ||
L̃2

t,η′(t)(B
1
2 )
||(ε∂x,∂y)(Q11,εQ12)ψ||

L̃2
t,η′(t)(B

1
2 )

and the proposition is proved by gathering the estimates above.

Proposition 2.5.

A6≲ε
3d2k2

−k||∂x(Q11,εQ12)ψ||
L̃2

t,η′(t)(B
1
2 )
||∂y(Q11,εQ12)ψ||

L̃2
t,η′(t)(B

1
2 )

≲ε3d2k2
−k||(Q11)ψ||

L̃2
t,η′(t)(B

1
2 )
||(∆εQ12)ψ||

L̃2
t,η′(t)(B

1
2 )

+ε3d2k2
−k||(Q12)ψ||

L̃2
t,η′(t)(B

1
2 )
||(∆εQ11)ψ||

L̃2
t,η′(t)(B

1
2 )
. (2.19)

Proof. The proof is similar as that of Lemma 2.1. We skip it for simplicity.

From the estimate of A6, we notice that there exists an extra term ∆ε(Q11,εQ12)
(more precisely, it is ∂2y(Q11,εQ12) ), which could be estimated from the calculations
above. To solve this problem, we come back to the Equation (1.7). It has the
term ∆εQ on the right, so we apply ∆h

k to it and take the L2 inner product with
−ε2∆h

k(∆ε(Q11,εQ22))ψ to provide the bound related to ∆εQ. The reason that we
multiply by an extra ε2 is to prove the convergence to the hydrostatic system, to be
done later. We have

1

2

d

dt
||(ε2∂x,ε∂y)∆h

k(Q11,εQ22)ψ||2L2

+a′||(ε2∂x,ε∂y)∆h
k(Q11,εQ22)ψ||2L2 + ||ε∆h

k(∆εQ11,ε∆εQ12)ψ||2L2

+λη′(t′)(|Dx|∆h
k(ε

2∂x,ε∂y)(Q11,εQ22)ψ,∆
h
k(ε

2∂x,ε∂y)(Q11,εQ22)ψ)L2

=ε2(∆h
k((U+εu)∂xQ11)ψ,∆

h
k(∆εQ11)ψ)L2 +ε4(∆h

k((U+εu)∂xQ12)ψ,∆
h
k(∆εQ12)ψ)L2

+ε3(∆h
k((v∂yQ11)ψ,∆

h
k(∆εQ11)ψ)L2 +ε5(∆h

k((v∂yQ12)ψ,∆
h
k(∆εQ12)ψ)L2

+ε2(∆h
k((∂y(U+εu)Q12)ψ,∆

h
k(∆εQ11)ψ)L2

+ε2(∆h
k((∂y(U+εu)Q11)ψ,e

R′t′∆h
k(∆εQ12)ψ)L2

−ε5(∆h
k((∂xvQ12)ψ,∆

h
k(∆εQ11)ψ)L2 −ε5(∆h

k((∂xvQ11)ψ,∆
h
k(∆εQ12)ψ)L2
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+2cε2(∆h
k(Q

3
11+2ε2Q11Q

2
12)ψ,∆

h
k(∆εQ11)ψ)L2

+2cε4(∆h
k(2ε

2Q3
12+Q12Q

2
11)ψ,∆

h
k(∆εQ12)ψ)L2 (2.20)

multiply (2.20) by e2Rt and integrate over [0,t], to get

1

2
||eRt

′
(ε2∂x,ε∂y)∆

h
k(Q11,εQ22)ψ||2L∞

t (L2)+a′
∫ t

0

||eRt
′
(ε2∂x,ε∂y)∆

h
k(Q11,εQ22)ψ(t

′)||2L2dt
′

+λ2k
∫ t

0

η′(t)||eRt
′
(ε2∂x,ε∂y)∆

h
k(Q11,εQ22)ψ(t

′)||2L2dt
′

+

∫ t

0

||eRt
′
ε∆h

k(∆εQ11,ε∆εQ12)ψ(t
′)||2L2dt

′

≤||ea|Dx|(ε2∂x,ε∂y)∆
h
k((Q11)0,ε(Q12)0)||2L2

+ε2
∫ t

0

|eRt
′
(∆h

k((U+εu)∂xQ11)ψ,e
Rt′∆h

k(∆εQ11)ψ)L2 |dt′︸ ︷︷ ︸
C1

+ε4
∫ t

0

|eRt
′
(∆h

k((U+εu)∂xQ12)ψ,e
Rt′∆h

k(∆εQ12)ψ)L2 |dt′︸ ︷︷ ︸
C2

+ε3
∫ t

0

|(eRt
′
∆h
k((v∂yQ11)ψ,e

Rt′∆h
k(∆εQ11)ψ)L2 |dt′︸ ︷︷ ︸

C3

+ε5
∫ t

0

|eRt
′
(∆h

k((v∂yQ12)ψ,e
Rt′∆h

k(∆εQ12)ψ)L2 |dt′︸ ︷︷ ︸
C4

+ε2
∫ t

0

|(eRt
′
∆h
k((∂y(U+εu)Q12)ψ,e

Rt′∆h
k(∆εQ11)ψ)L2 |dt′︸ ︷︷ ︸

C5

+ε2
∫ t

0

|(eRt
′
∆h
k((∂y(U+εu)Q11)ψ,e

Rt′∆h
k(∆εQ12)ψ)L2 |dt′︸ ︷︷ ︸

C6

+ε5
∫ t

0

|(eRt
′
∆h
k((∂xvQ12)ψ,e

Rt′∆h
k(∆εQ11)ψ)L2 |dt′︸ ︷︷ ︸

C7

+ε5
∫ t

0

|(eRt
′
∆h
k((∂xvQ11)ψ,e

Rt′∆h
k(∆εQ12)ψ)L2 |dt′︸ ︷︷ ︸

C8

+2cε2
∫ t

0

|(eRt
′
∆h
k(Q

3
11+2ε2Q11Q

2
12)ψ,e

Rt′∆h
k(∆εQ11)ψ)L2 |dt′︸ ︷︷ ︸

C9

+2c′ε4
∫ t

0

|(eRt
′
∆h
k(2ε

2Q3
12+Q12Q

2
11)ψ,e

Rt′∆h
k(∆εQ12)ψ)L2 |dt′︸ ︷︷ ︸

C10

. (2.21)

Similarly as the estimate of B1 and recalling that U ≲η′(t), we have

C1+C2≲ε
2d2k2

−k||eRt
′
∂x(Q11,εQ12)ψ||

L̃2
t,η′(t)(B

1
2 )
||eRt

′
∆ε(Q11,εQ12)ψ||

L̃2
t,η′(t)(B

1
2 )
.
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Similarly as the estimate of B2, we get

C3+C4≲ε
3d2k2

−k||eRt
′
∂xuψ||

L̃2
t,η′(t)(B

1
2 )
||eRt

′
∆ε(Q11,εQ12)ψ||

L̃2
t,η′(t)(B

1
2 )
.

Similarly as the estimate of B3, and recalling that ∂yU ≲η′(t), we have

C5+C6≲ε
2d2k2

−k(||eRt
′
(Q12)ψ||

L̃2
t,η′(t)(B

1
2 )
||eRt

′
∆ε(Q11)ψ||

L̃2
t,η′(t)(B

1
2 )
)

+ε2d2k2
−k(||eRt

′
(Q11)ψ||

L̃2
t,η′(t)(B

1
2 )
||eRt

′
∆ε(Q12)ψ||

L̃2
t,η′(t)(B

1
2 )
)

and

C7+C8≲ε
3d2k2

−k||eRt
′
∂xuψ||

L̃2
t,η′(t)(B

1
2 )
||eRt

′
∆ε(Q11,εQ12)ψ||

L̃2
t,η′(t)(B

1
2 )
.

Then we get

C9+C10≲ε
2d2k2

−k(||eRt′(Q11,εQ12)ψ||2
L̃2

t (B
1
2 )
||(Q11,εQ12)ψ||2

L̃2
t (B

1
2 )

+ ||eRt
′
(ε∂x,∂y)(Q11,εQ12)ψ||2

L̃2
t (B

1
2 )
||(ε∂x,∂y)(Q11,εQ12)ψ||2

L̃2
t (B

1
2 )

)
so finally we have that there exists a universal constant C>0, such that

1

2
||eRt

′
(ε2∂x,ε∂y)∆

h
k(Q11,εQ22)ψ||2L∞

t (L2)

+a′
∫ t

0

||eRt
′
(ε2∂x,ε∂y)∆

h
k(Q11,εQ22)ψ(t

′)||2L2dt′

+λ2k
∫ t

0

η′(t)||eRt
′
∆h
k(ε

2∂x,ε∂y)(Q11,εQ22)ψ(t
′)||2L2dt′

+
ε2

2

∫ t

0

||eRt
′
∆h
k(∆εQ11,ε∆εQ12)ψ(t

′)||2L2dt′

≤||ea|Dx|∆h
k(ε

2∂x,ε∂y)((Q11)0,ε(Q12)0)||2L2

+Cε2d2k2
−k||eRt

′
∂x(Q11,εQ12)ψ||2

L̃2
t,η′(t)(B

1
2 )
+Cε4d2k2

−k||eRt
′
∂xuψ||2

L̃2
t,η′(t)(B

1
2 )

+Cd2k2
−k||eRt

′
(Q11,εQ12)ψ||2

L̃2
t,η′(t)(B

1
2 )
+Cε2d2k2

−k||eRt
′
(Q11,εQ12)ψ||4

L̃2
t (B

1
2 )

+Cε2d2k2
−k||eRt

′
ε∂x(Q11,εQ12)ψ||2

L̃2
t (B

1
2 )
||ε∂x(Q11,εQ12)ψ||2

L̃2
t (B

1
2 )

+Cε2d2k2
−k||eRt

′
∂y(Q11,εQ12)ψ||2

L̃2
t (B

1
2 )
||∂y(Q11,εQ12)ψ||2

L̃2
t (B

1
2 )
. (2.22)

Now we come back to prove Theorem 1.1.

Proof. (Proof of Theorem 1.1.) Multiply the inequalities above 2k, take square
root and sum up over Z, and recall that a>0. Then there exists a universal constant
C>0, such that (recall c defined in (2.9))

||eRt
′
(εu,ε2v)ψ||

L̃∞
t (B

1
2 )
+ ||eRt

′
(Q11,εQ12)ψ||

L̃∞
t (B

1
2 )

+ ||eRt
′
(ε2∂x,ε∂y)(Q11,εQ12)ψ||

L̃∞
t (B

1
2 )

+
√
λ||eRt

′
(εu,ε2v)ψ||L̃2

t,η′(t)(B
1)+

√
λ||eRt

′
(Q11,εQ12)ψ||L̃2

t,η′(t)(B
1)
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+c||eRt
′
∂y(εu,ε

2v)ψ||
L̃2

t (B
1
2 )
+c||eRt

′
∂x(εu,ε

2v)ψ||
L̃2

t (B
1
2 )

+c||eRt
′
∂y(Q11,εQ12)ψ||

L̃2
t (B

1
2 )
+c||eRt

′
ε∂x(Q11,εQ12)ψ||

L̃2
t (B

1
2 )

+
√
λ||eRt

′
(ε2∂x,ε∂y)(Q11,εQ12)ψ||L̃2

t,η′(t)(B
1)+cε||e

Rt′∆ε(Q11,εQ12)ψ||
L̃2

t (B
1
2 )

≤||ea|Dx|(εu0,ε
2v0)||

B
1
2
+ ||ea|Dx|((Q11)0,ε(Q12)0)||

B
1
2

+ ||ea|Dx|(ε2∂x,ε∂y)((Q11)0,ε(Q12)0)||
B

1
2

+Cε
3
2 ||eRt

′
(εu,ε2v)ψ||L̃2

t,η′(t)(B
1)+Cε

1
2 ||eRt

′
(ε2∂x,ε∂y)(Q11,εQ12)ψ||L̃2

t,η′(t)(B
1)

+C||eRt
′
∂y(Q11,εQ12)ψ||

L̃2
t,η′(t)(B

1
2 )
+C||eRt

′
∂x(εu,ε

2v)ψ||
L̃2

t,η′(t)(B
1
2 )

+C||eRt
′
ε∂x(Q11,εQ12)ψ||

L̃2
t,η′(t)(B

1
2 )
+Cε||eRt

′
∆ε(Q11,εQ12)ψ||

L̃2
t,η′(t)(B

1
2 )

+C||eRt
′
∂y(Q11,εQ12)ψ||

L̃2
t (B

1
2 )
||∂y(Q11,εQ12)ψ||

L̃2
t (B

1
2 )

+C||eRt
′
∂x(Q11,εQ12)ψ||

L̃2
t (B

1
2 )
||∂x(Q11,εQ12)ψ||

L̃2
t (B

1
2 )

(2.23)

recall that on (0,T ∗], we have ||∂y(Q11,εQ12)ψ||
L̃2

t (B
1
2 )
+ ||ε∂x(Q11,εQ12)ψ||

L̃2
t (B

1
2 )
<δ.

Choosing λ=C2 and δ= cϵ
2C2 , where ϵ>0 is small enough, then Cδ= cϵ

2C <
c
2 . Thus we

have

||eRt
′
(εu,ε2v)ψ||

L̃∞
t (B

1
2 )
+ ||eRt

′
(Q11,εQ12)ψ||

L̃∞
t (B

1
2 )

+ ||eRt
′
(ε2∂x,ε∂y)(Q11,εQ12)ψ||

L̃∞
t (B

1
2 )
+
c

2
||eRt

′
(ε∂x,∂y)(εu,ε

2v)ψ||
L̃2

t (B
1
2 )

+
c

2
||eRt

′
(ε∂x,∂y)(Q11,εQ12)ψ||

L̃2
t (B

1
2 )
+
c

2
ε||eRt

′
∆ε(Q11,εQ12)ψ||

L̃2
t (B

1
2 )

≤||ea|Dx|(εu0,ε
2v0)||

B
1
2
+ ||ea|Dx|((Q11)0,ε(Q12)0)||

B
1
2

+ ||ea|Dx|(ε2∂x,ε∂y)((Q11)0,ε(Q12)0)||
B

1
2
:= c0 (2.24)

so for t≤T ∗, we have

||∂y(εu,ε2v)ψ||
L̃2

t (B
1
2 )
+ ||∂x(εu,ε2v)ψ||

L̃2
t (B

1
2 )

+ ||∂y(Q11,εQ12)ψ||
L̃2

t (B
1
2 )
+ ||ε∂x(Q11,εQ12)ψ||

L̃2
t (B

1
2 )

≤ 2c0
c
e−Rt.

Recall the definition of T ∗. If we choose c0 small enough, such that c0≤ cδ
4 , then we

deduce that T ∗ equals to ∞. This finishes the proof of Theorem 1.1.

3. Global well-posedness of the hydrostatic system and the convergence

In this section, we study the global well-posedness of the hydrostatic approxi-
mate Equations (1.14) with small analytic data and justify the limit from the scaled
anisotropic system to the hydrostatic system.

3.1. Global solutions of the hydrostatic approximate. Recall that for the
hydrostatic limit Equation (1.15), we should skip the ordinary case that ∂yU =0. Then
(1.15) becomes Q11=Q12=0. So we only need to focus on the Equation (1.14). Recall
that U has the expression given in (1.8) and we suppose that

∑
m≥0m|c∗(m)|< c∗.

Define

uϕ(t,x,y)=F−1
ξ→x(e

ϕ(t,ξ)û(t,ξ,y)) with ϕ(t,ξ) :=(a−λθ(t))|ξ| (3.1)
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where θ(t) denotes the evolution of the analytic band of u, determined by

θ′(t)=
∑
m>0

m|c∗(m)|e−m
2π2t with θ(0)=0. (3.2)

Notice that θ(t)≤
∑
m>0

|c∗(m)|
mπ2 for any t>0. We first prove the following proposition.

Proposition 3.1. For any s>0, there exists some constant c∗>0, such that if∑
m>0

|c∗(m)|
m < c∗, then

||eRt
′
uϕ||L̃∞

t (Bs)+ ||eRt
′
∂yuϕ||L̃2

t (B
s)≤||ea|Dx|u0||Bs . (3.3)

Proof. Recall that |Dx| denotes the Fourier multiplier with symbol |ξ|. Using
(1.14), we deduce that uϕ satisfies

∂tuϕ+λθ
′(t)|Dx|uψ+(U∂xu)ϕ+(v∂yU)ϕ−∂2yuϕ+∂xpϕ=0. (3.4)

Applying ∆h
k to (3.4) and taking the L2 inner product with ∆h

kuϕ, we have

1

2

d

dt
||∆h

kuϕ||2L2 +λθ′(|Dx|∆h
kuϕ,∆

h
kuϕ)L2 + ||∆h

k∂yuϕ||2L2

=−(∆h
k(U∂xu)ϕ,∆

h
kuϕ)L2 −(∆h

k(v∂yU)ϕ,∆
h
kuϕ)L2 −(∆h

k(∂xpϕ,∆
h
kuϕ)L2 . (3.5)

Similarly as the anisotropic case, we obtain that (∆h
k(U∂xu)ϕ,∆

h
kuϕ)L2 =0, and

(∆h
k(∂xpϕ,∆

h
kuϕ)L2 =−(∆h

k(pϕ,∆
h
k∂xuϕ)L2 =−(∆h

k(pϕ,∆
h
k∂yvϕ)L2

=−(∆h
k(∂ypϕ,∆

h
kvϕ)L2 =0.

Next, recalling that ∂yU ≲θ′(t), we can directly deduce that for any s>0,

−(∆h
k(v∂yU)ϕ,∆

h
kuϕ)L2 ≲d2k2

−2ks||uϕ||2
L̃2

t,θ′(t)(B
s+1

2 )
(3.6)

multiplying (3.5) by e2Rt and integrating over [0,t], we obtain that there exists a con-
stant C>0 such that

1

2
||eRt

′
∆h
kuϕ||2L∞

t (L2)+λ2
k

∫ t

0

θ′(t′)||eRt
′
∆h
kuϕ(t

′)||2L2dt′+
1

2
||eRt

′
∆h
k∂yuϕ||2L2

t (L
2)

≤||ea|Dx|∆h
ku0||2L2 +Cd2k2

−2ks||eRt
′
uϕ||2

L̃2
t,θ′(t)(B

s+1
2 )

(3.7)

for any s>0, we multiply (3.7) by 22ks, take square root and sum up over Z to obtain
that for any t≤T ∗,

||eRt
′
uϕ||L̃∞

t (Bs)+
√
λ||eRt

′
uϕ||

L̃2
t,θ′(t)(B

s+1
2 )
+ ||eRt

′
∂yuϕ||L̃2

t (B
s)

≤||ea|Dx|u0||Bs +C||eRt
′
uϕ||

L̃2
t,θ′(t)(B

s+1
2 )

(3.8)

finally, if c∗< aπ2

C2 , then we can choose a suitable λ such that λ>C2, and we have proved
the proposition.

Remark 3.1. Here we just need θ(t) to be small enough instead of θ′(t), which allows
the condition on U to be weaker.
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Next, we prove

Proposition 3.2. For any s>0, there exists some constant c∗>0, such that if∑
m>0m|c∗(m)|< c∗, then there exists a constant C>0 such that

||eRt
′
∂yuϕ||L̃∞

t (Bs)+ ||eRt
′
∂2yuϕ||L̃2

t (B
s)

≤C(||ea|Dx|u0||Bs + ||ea|Dx|u0||Bs+1 + ||ea|Dx|∂yu0||Bs). (3.9)

Proof. We come back to the Equation (1.14), and we follow the idea of Lemma
3.2 of [16]. Applying ∂y to both sides, we have

∂t∂yu+U∂x∂yu+v∂
2
yU−∂3yu+∂x∂yp=0.

Recall that (∆h
k(U∂x∂yu)ϕ,∆

h
k∂yuϕ)L2 =0. Similarly as before, we obtain that for any

0<t<T ∗,

1

2
||eRt

′
∆h
k∂yuϕ||2L∞

t (L2)+λ2
k

∫ t

0

θ′(t)||eRt
′
∆h
k∂yuϕ(t

′)||2L2dt′+
1

2
||eRt

′
∆h
k∂

2
yuϕ||2L2

t (L
2)

≤1

2
||ea|Dx|∆h

k∂yu0||2L2 +

∫ t

0

|(eRt
′
∆h
k(v∂

2
yU)ψ,e

Rt′∆h
k∂yuϕ|)L2 |dt′

+

∫ t

0

|(eRt
′
∆h
k∂xpϕ,e

Rt′∆h
k∂

2
yuϕ|)L2 |dt′. (3.10)

From integration by parts, we have

(∆h
k(v∂

2
yU)ϕ,∆

h
k∂yuϕ)L2 =−(∆h

k(v∂yU)ϕ,∆
h
k∂

2
yuϕ)L2 +(∆h

k(∂xu∂yU)ϕ,∆
h
k∂yuϕ)L2 .

Notice that ∂yU ≲θ′(t)≤ c∗, so

(∆h
k(v∂yU)ϕ,∆

h
k∂

2
yuϕ)L2

≲d2k2
−2ks||∂2yuϕ||2L̃2

t,θ′(t)(B
s)
+d2k2

−2ks||uϕ||2L̃2
t,θ′(t)(B

s+1)

≲c∗d2k2
−2ks||∂2yuϕ||2L̃2

t (B
s)
+c∗d2k2

−2ks||uϕ||2L̃2
t (B

s+1)
(3.11)

and similarly from Poincaré inequality,

(∆h
k(∂xu∂yU)ϕ,∆

h
k∂yuϕ)L2

≲d2k2
−2ks||∂yuϕ||

L̃2
t,θ′(t)(B

s+1
2 )
||uϕ||

L̃2
t,θ′(t)(B

s+1
2 )

≲
1

R
d2k2

−2ks||∂yuϕ||2
L̃2

t,θ′(t)(B
s+1

2 )
(3.12)

next, for the ∂xpϕ term, we integrate (1.14) for y∈ [0,1] to get that

∂xp=∂yu(t,x,1)−∂yu(t,x,0)−2∂x

∫ 1

0

U(t,y)u(t,x,y)dy (3.13)

so we have

(eRt∆h
k∂xpϕ(t),e

Rt∆h
k∂

2
yuϕ(t))L2

=

∫
R
eRt∆h

k∂xpϕ ·eRt(∆h
k∂yuϕ(t,x,1)−∆h

k∂yuϕ(t,x,0))dx
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=

∫
R
(eRt(∆h

k∂yuϕ(t,x,1)−∆h
k∂yuϕ(t,x,0)))

2dx

+2

∫
R

(
eRt

∫ 1

0

∆h
k∂x(Uu)ϕdy

)
·eRt(∆h

k∂yuϕ(t,x,1)−∆h
k∂yuϕ(t,x,0))dx

≲||eRt∆h
k∂yuϕ(t)||2L∞

v (L2
h)
+ ||eRt∆h

k∂x(Uu)ϕ(t)||2L1
v(L

2
h)

notice that for any s>0,

||eRt∆h
k∂x(Uu)ϕ(t)||L2

t (L
1
v(L

2
h))

≤||eRt∆h
k∂x(Uu)ϕ(t)||L2

t (L
2)

≲dk2
−ks||U ||L2

tL
∞
y
||eRt

′
uϕ||L̃∞

t (Bs+1)

≲ c∗dk2
−ks||eRt

′
uϕ||L̃∞

t (Bs+1)

and similarly as the proof of Proposition 4.2 of [16], we have

||eRt∆h
k∂yuϕ||2L∞

v (L2
h)
≤2||eRt∆h

k∂yuϕ||L2 ||eRt∆h
k∂

2
yuϕ||L2

combining the estimates together, we have∫ t

0

|(eRt∆h
k∂xpϕ(t),e

Rt∆h
k∂

2
yuϕ(t))L2 |dt′

≤1

4
||eRt∆h

k∂
2
yuϕ||2L2

t (L
2)+C||e

Rt∆h
k∂yuϕ||2L2

t (L
2)+C(c

∗)2d2k2
−2ks||eRt

′
uϕ||2L̃∞

t (Bs+1)

≤1

4
||eRt∆h

k∂
2
yuϕ||2L2

t (L
2)+Cd

2
k2

−2ks(||eRt∆h
k∂yuϕ||2L̃2

t (B
s)
+(c∗)2||eRt

′
uϕ||2L̃∞

t (Bs+1)
).

(3.14)

Take the square root and sum up in Z, so from (3.11) to (3.14), we have

||eRt
′
∂yuϕ||L̃∞

t (Bs)+
√
λ||eRt

′
∂yuϕ||

L̃2
t,θ′(t)(B

s+1
2 )
+ ||eRt

′
∂2yuϕ||L̃2

t (B
s)

≤||ea|Dx|∂yu0||Bs +Cc∗(||eRt∂2yuϕ||L̃2
t (B

s)+ ||eRt
′
∂yuϕ||L̃2

t (B
s+1))

+C(||eRt
′
∂yuϕ||L̃2

t (B
s)+c∗||eRt

′
∂yuϕ||L̃∞

t (Bs+1)+
1

R
||eRt

′
∂yuϕ||2

L̃2
t,θ′(t)(B

s+1
2 )
)

together with the Proposition 3.1 and Poincaré inequality, if c∗ is small enough, we

choose λ≫ C2

R2 and the proposition is proved.

Now we come back to finish proving Theorem 1.2.

Proof. (Proof of Theorem 1.2.) The first two inequalities have been proved in
the two previous propositions. The main structure of proving the third one is similar to
Theorem 1.2 of [16]. For the Equation (1.14), we apply the operator ∆h

k and take the
L2 inner product with e2Rt∆h

k(∂tu)ϕ to obtain that

||eRt∆h
k(∂tu)ϕ||2L2 =e2Rt(∆h

k∂
2
yuϕ,∆

h
k(∂yu)ϕ)L2

−e2Rt(∆h
k(U∂xu)ϕ,∆

h
k(∂yu)ϕ)L2 −e2Rt(∆h

k(v∂yU)ϕ,∆
h
k(∂yu)ϕ)L2 .

(3.15)

From integration by parts we get

(e2Rt∆h
k∂

2
yuψ,∆

h
k(∂yu)ψ)L2 =−1

2

d

dt
||eRt∆h

h∂yuψ||2L2 −θ′(t)2k||eRt∆h
k∂yuψ||2L2 . (3.16)
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For an arbitary s>0, we multiply (3.15) by 22ks, use (3.16) and sum over Z, to get

||eRt
′
(∂tu)ψ||L̃2

t (B
s)+ ||eRt

′
∂yuψ||L̃∞

t (Bs)

≤C(||ea|Dx|∂yu0||Bs + ||eRt
′
(U∂xu)ψ||L̃2

t (B
s)+ ||eRt

′
(v∂yU)ψ||L̃2

t (B
s)). (3.17)

Recalling that U and ∂yU are uniformly bounded by c∗, by Poincare inequality, we have

||eRt
′
(U∂xu)ϕ||L̃2

t (B
s), ||e

Rt′(v∂yU)ϕ||L̃2
t (B

s)≲ ||eRt
′
∂yuϕ||L̃2

t (B
s+1)

so finally we obtain

||eRt
′
(∂tu)ϕ||L̃2

t (B
s)+ ||eRt

′
∂yuϕ||L̃∞

t (Bs)≤C(||e
a|Dx|∂yu0||Bs + ||ea|Dx|u0||L̃2

t (B
s+1))

and Theorem 1.2 is thus proved.

Remark 3.2. Notice that in this subsection, the evolution equation θ(t) depends only
on U . In fact, in next subsection, we need to add another term ||∂yuϕ(t′)||

B
1
2
to prove

the convergence. Notice that∫ t

0

||∂yuϕ(t′)||
B

1
2
dt′≲ ||eRt

′
∂yuϕ||

L̃2
t (B

1
2 )

≲ ||ea|Dx|u0||
B

1
2

so if we also suppose ||ea|Dx|u0||
B

1
2
is small enough, then ||∂yuϕ(t′)||

B
1
2
will also appear

in θ(t). Comparing with the anistropic case, we can similarly define the evolution of the
analytic band of uε−u to prove the convergence. The details can be seen later.

3.2. Convergence to the hydrostatic system. Define w1
ε :=u

ε−u,w2
ε :=

vε−v. Then they satisfy the equations:

ε∂tw
1
ε−ε3∂2xw1

ε−ε∂2yw1
ε+ε∂xqε+∂xR11+∂yR21

=ε3∂2xuε−ε[(U+εuε)∂xu
ε−U∂xu]−ε[vε∂y(U+εuε)−v∂yU ]

ε2∂tw
2
ε−ε4∂2xw2

ε−ε2∂2yw2
ε+∂yq

ε+∂xR12+∂yR22

=−ε2∂tv+ε4∂2xv+ε2∂2yv−ε2(U+εuε)∂xv
ε−ε3vε∂yvε

∂xw
1
ε+∂yw

2
ε =0.

(3.18)

For a function u, we define

uΘ(t,x,y) :=F−1
ξ→x(e

Θ(t,ξ)û(t,ξ,y)), Θ(t,ξ) :=(a−µζ(t))|ξ| (3.19)

where µ≥λ will be determined later, and ζ(t) is given by

ζ(0)=0,

ζ′(t)= ||(ε∂x,∂y)uεψ(t′)||
B

1
2
+ ||(ε∂x,∂y)(Qε

11,εQ
ε
12)ψ(t

′)||
B

1
2
+

∑
m>0

m|cm|e−m
2π2t+ ||uϕ(t′)||

B
1
2

out of Theorems 1.1 and 1.2, we deduce that

||εuΘ||
L̃∞(R+,B

1
2 )
+ ||uΘ||

L̃∞(R+,B
1
2
⋂
B

5
2 )

+ ||∂yuΘ||
L̃2(R+,B

1
2
⋂
B

5
2 )
+ ||(∂tu)Θ||

L̃2(R+,B
3
2 )

≤M
(3.20)
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where M>1 is a constant independent of ε. For convenience, we define

S1 :=ε3∂2xuε−ε[(U+εuε)∂xu
ε−U∂xu]−ε[vε∂y(U+εuε)−v∂yU ]

and

S2 :=−ε2∂tv+ε4∂2xv+ε2∂2yv−ε2(U+εuε)∂xv
ε−ε3vε∂yvε.

We prove two propositions about S1 and S2:

Proposition 3.3.∫ t

0

|(∆h
kS1

Θ,∆
h
kw

1
Θ)L2 |dt′≲εd2k2−k||(εw1)Θ||L̃2

t,ζ′(t)(B
1)||uΘ||

1
2

L̃∞
t (B

3
2 )
||∂y(εw1)Θ||

L̃2
t (B

1
2 )

+ε3d2k2
−k||∂yuΘ||

L̃2
t (B

3
2 )
||(εw1)Θ||

L̃2
t (B

3
2 )
+d2k2

−k||(εw1)Θ||2L̃2
t,ζ′(t)(B

1)

+εd2k2
−k(||uΘ||

L̃∞
t (B

1
2 )
||∂yuΘ||

L̃2
t (B

3
2 )
+ ||uΘ||

L̃∞
t (B

3
2 )
||∂yuΘ||

L̃2
t (B

1
2 )
)||(εw1)Θ||

L̃2
t (B

1
2 )

(3.21)

Proof. From integration by parts and Poincare inequality, we have

ε4
∫ t

0

|(∆h
k∂

2
xuΘ,∆

h
kw

1
Θ)L2 |dt′≲ε3d2k2−k||∂yuΘ||L̃2

t (B
3
2 )
||(εw1)Θ||

L̃2
t (B

3
2 )

(3.22)

we next write

(U+εuε)∂xu
ε−U∂xu=U∂xw1+uε∂xw

1+εw1∂xu+εu∂xu

and

vε∂y(U+εuε)−v∂yU =w2∂yU+εw2∂yu+εv
ε∂yw

1+εv∂yu

similarly as in Lemma 3.1 of [16] and recalling that U,∂yU ≲ ζ ′(t), we have

ε2
∫ t

0

|(∆h
k [(U+εuε)∂xw

1+∂yUw
2]Θ,∆

h
kw

1
Θ)L2 |dt′≲d2k2−k||(εw1)Θ||2L̃2

t,ζ′(t)(B
1)

(3.23)

analogously to (5.11) of [16] we get

ε

∫ t

0

|(∆h
k(εw

1∂xu)Θ,∆
h
k(εw

1)Θ)L2 |dt′

≲εd2k2
−k(||(εw1)Θ||2L̃2

t,ζ′(t)(B
1)
+ ||(εw1)Θ||L̃2

t,ζ′(t)(B
1)||uΘ||

1
2

L̃∞
t (B

3
2 )
||∂y(εw1)Θ||

L̃2
t (B

1
2 )
)

(3.24)

recall that vε=w2+v. Similarly as in (5.13) of [16], we obtain

ε

∫ t

0

|(∆h
k [v

ε∂y(εw
1)]Θ,∆

h
k(εw

1)Θ)L2 |dt′

≲εd2k2
−k||(εw1)Θ||L̃2

t,ζ′(t)(B
1)||uΘ||

1
2

L̃∞
t (B

3
2 )
||∂y(εw1)Θ||

L̃2
t (B

1
2 )

(3.25)

finally, similarly as (5.14) of [16], we have

ε

∫ t

0

|(∆h
k(εw

2∂yu)Θ,∆
h
k(εw

1)Θ)L2 |dt′≲εd2k2−k||(εw1)Θ||2L̃2
t,ζ′(t)(B

1)
. (3.26)
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A difference from [16] is that in here there is an extra term ε(u∂xu+v∂yu). Notice that
for any s>0, from the law of product in anisotropic Besov space (see [5] for the proof)
and Poincare inequality, we have

||(u∂xu)Θ||L̃2
t (B

s)+ ||(v∂yu)Θ||L̃2
t (B

s)

≲||uΘ||
L̃∞

t (B
1
2 )
||∂yuΘ||L̃2

t (B
s+1)+ ||uΘ||L̃∞

t (Bs+1)||∂yuΘ||L̃2
t (B

1
2 )

(3.27)

and the proposition is proved after combining (3.22)-(3.27).

Proposition 3.4.∫ t

0

|(∆h
kS2

Θ,∆
h
kw

2
Θ)L2 |dt′

≲εd2k2
−k||(εw1,ε2w2)Θ||2L̃2

t,ζ′(t)(B
1)
+ε2d2k2

−k||ε2w2
Θ||L̃2

t,ζ′(t)(B
1)||∂yuΘ||L̃2

t (B
2)

+ε2d2k2
−k(||(∂tu)Θ||

L̃2
t (B

3
2 )
+ ||∂yuΘ||

L̃2
t (B

3
2 )
)||∂yw2

Θ||L̃2
t (B

1
2 )

+ε4d2k2
−k||∂yuΘ||

L̃2
t (B

5
2 )
||w2

Θ||L̃2
t (B

3
2 )

+εd2k2
−k||ε2w2

Θ||L̃2
t,ζ′(t)(B

1)||u
ε
Θ||

1
2

L∞
t (B

1
2 )
||∂yuΘ||L̃2

t (B
2)

+εd2k2
−k||ε2w2

Θ||L̃2
t,ζ′(t)(B

1)||uΘ||
1
2

L∞
t (B

3
2 )
(||∂yuΘ||

L̃2
t (B

3
2 )
+ ||∂y(ε2w2)Θ||

L̃2
t (B

1
2 )
). (3.28)

Proof. Similarly as (5.15) of [16], we deduce from Poincaré inequality that∫ t

0

|∆h
k(−ε2∂tv+ε4∂2xv+ε2∂2yv)Θ,∆h

kw
2
Θ|L2dt

≲ε2d2k2
−k
(
||(∂tu)Θ||

L̃2
t (B

3
2 )
+ ||∂yuΘ||

L̃2
t (B

3
2 )

)
||∂yw2

Θ||L̃2
t (B

1
2 )

+ε4d2k2
−k||∂yuΘ||

L̃2
t (B

5
2 )
||w2

Θ||L̃2
t (B

3
2 )
. (3.29)

We decompose vε=v+w2. Recall that U ≲ ζ ′(t), so we have∫ t

0

|∆h
k(U∂xw

2)Θ,∆
h
kw

2
Θ|L2dt′=0

and

ε2
∫ t

0

|∆h
k(U∂xv)Θ,∆

h
kε

2w2
Θ|L2dt′≲ε2d2k2

−k||ε2w2
Θ||L̃2

t,ζ′(t)(B
1)||∂yuΘ||L̃2

t (B
2).

Next, similarly as (5.16) and (5.17) of [16], we have

ε3
∫ t

0

|∆h
k(u

ε∂xv
ε)Θ,∆

h
kε

2w2
Θ|L2dt′

≲εd2k2
−k||ε2w2

Θ||L̃2
t,ζ′(t)(B

1)(||ε
2w2

Θ||L̃2
t,ζ′(t)(B

1)+ ||uεΘ||
1
2

L∞
t (B

1
2 )
||∂yuΘ||L̃2

t (B
2)).

(3.30)

Note that vε∂yv
ε=v∂yw

2+w2∂yw
2+v∂yv+w

2∂yv. Recall from Lemma 3.3 of [16] that

ε3
∫ t

0

|(∆h
k(w

2∂yw
2)Θ,∆

h
kε

2w2
Θ)L2 |dt′≲εd2k||(εw1

Θ,ε
2w2

Θ)||2L̃2
t,ζ′(t)(B

1)
.
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Next, recall that ∂yv=−∂xu. Similarly as (3.24), we have

ε3
∫ t

0

|(∆h
k(w

2∂xu)Θ,∆
h
kε

2w2
Θ)L2 |dt′

≲εd2k2
−k||ε2w2

Θ||L̃2
t,ζ′(t)(B

1)(||ε
2w2

Θ||L̃2
t,ζ′(t)(B

1)+ ||uΘ||
1
2

L∞
t (B

3
2 )
||∂y(ε2w2)Θ||

L̃2
t (B

1
2 )
) (3.31)

and

ε3
∫ t

0

|(∆h
k(v∂yw

2)Θ,ε
2∆h

kw
2
Θ)L2 |dt′

≲εd2k2
−k||(ε2w2)Θ||L̃2

t,ζ′(t)(B
1)||uΘ||

1
2

L̃∞
t (B

3
2 )
||∂y(ε2w2)Θ||

L̃2
t (B

1
2 )

(3.32)

finally, again using the product law of anistropic Besov norms, we have

ε3
∫ t

0

|(∆h
k(v∂yv)Θ,∆

h
kε

2w2
Θ)L2 |dt′

≲ε3d2k2
−k||(ε2w2)Θ||L̃2

t,ζ′(t)(B
1)||uΘ||

1
2

L̃∞
t (B

3
2 )
||∂yuΘ||

L̃2
t (B

3
2 )

(3.33)

and the propostion is proved after combining (3.29) to (3.33).

Finally, we come back to proving Theorem 1.3.

Proof. (Proof of Theorem 1.3.) Recall that in the hydrostatic limit case we
assume that Q11=Q12=0 and we still drop ‘ε’ in Qε11 and Qε12, for simplicity, as the
anisotropic case. By using a similar derivation of the scaled anisotropic system and
recalling that the terms Rij can be estimated similarly as in the Propositions 2.3-2.5,
we obtain that

||∆h
k(εw

1
Θ,ε

2w2
Θ)||2L∞

t (L2)+ ||∆h
k(Q11,εQ12)Θ)||2L∞

t (L2)

+ ||∆h
k(ε

2∂x,ε∂y)(Q11,εQ12)Θ)||2L∞
t (L2)

+µ2k
∫ t

0

ζ ′(t′)||∆h
k((εw

1)Θ,(ε
2w2)Θ))||2L2dt′+

∫ t

0

||∆h
k∆ε((Q11,εQ12)Θ))||2L2dt′

+

∫ t

0

||∆h
k∂y((εw

1)Θ,(ε
2w2)Θ))||2L2 +ε222k||∆h

k(εw
1)Θ,(ε

2w2)Θ))||2L2dt′

+µ2k
∫ t

0

ζ ′(t′)||∆h
k(Q11,εQ12)Θ)||2L2dt′

+µ2k
∫ t

0

ζ ′(t′)||∆h
k(ε

2∂x,ε∂y)(Q11,εQ12)Θ)||2L2dt′

+

∫ t

0

||∆h
k∂y((Q11,εQ12)Θ))||2L2 +ε222k||∆h

k((Q11,εQ12)Θ))||2L2dt′

≤||ea|Dx|∆h
k(ε(u

ε
0−u0),ε2(vε0−v0))||2L2

+

∫ t

0

|(∆h
kS1

Θ,∆
h
kw

1
Θ)L2 |dt′+

∫ t

0

|(∆h
kS2

Θ,∆
h
kw

2
Θ)L2 |dt′ (3.34)

we deduce from Propsitions 3.3, 3.4 and M>1 that∫ t

0

|(∆h
kS1

Θ,∆
h
kw

1
Θ)L2 |dt′+

∫ t

0

|(∆h
kS2

Θ,∆
h
kw

2
Θ)L2 |dt′
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≲d2k2
−k(||(εw1,ε2w2)Θ||2L̃2

t,ζ′(t)(B
1)
+Mε||(ε∂x,∂y)(εw1

Θ,ε
2w2

Θ)||L̃2
t (B

1
2 )
)

+d2k2
−kM

1
2 ε||∂y(εw1

Θ,ε
2w2

Θ)||L̃2
t (B

1
2 )
||(εw1

Θ,ε
2w2

Θ)||L̃2
t,ζ′(t)(B

1)

+d2k2
−kM

3
2 ε||ε2w2

Θ||L̃2
t,ζ′(t)(B

1) (3.35)

so from Cauchy-Schwartz inequality, we have

||(εw1)Θ,ε
2w2

Θ)||L̃∞
t (B

1
2 )
+µ||(εw1)Θ,ε

2w2
Θ)||L̃2

t,ζ′(t)(B
1)

+ ||(Qε11,εQε12)Θ||L̃∞
t (B

1
2 )
+ ||(ε2∂x,ε∂y)(Qε11,εQε12)Θ||L̃∞

t (B
1
2 )

+ ||∂y(εw1,ε2w2)Θ||
L̃2

t (B
1
2 )
+ ||∂x(εuε,ε2vε)ψ||

L̃2
t (B

1
2 )

+ ||∂y(Qε11,εQε12)Θ||L̃2
t (B

1
2 )
+ ||ε∂x(Qε11,εQε12)Θ||L̃2

t (B
1
2 )
+ε||∆ε(Q

ε
11,εQ

ε
12)ψ||L̃2

t (B
1
2 )

≤C||ea|Dx|(ε(uε0−u0),ε2(vε0−v0))||B 1
2
+C||ea|Dx|((Q11)0,ε(Q12)0)||

B
1
2

+C||ea|Dx|(ε2∂x,ε∂y)((Q11)0,ε(Q12)0)||
B

1
2
+C(||(εw1,ε2w2)Θ||L̃2

t,ζ′(t)(B
1)

+M
1
2 ε

1
2 ||(ε∂x,∂y)(εw1

Θ,ε
2w2

Θ)||
1
2

L̃2
t (B

1
2 )
+M

3
4 ε

1
2 ||ε2w2

Θ||
1
2

L̃2
t,η′(t)(B

1)

+M
1
4 ε

1
2 ||∂y(εw1

Θ,ε
2w2

Θ)||
1
2

L̃2
t (B

1
2 )
||(εw1

Θ,ε
2w2

Θ)||
1
2

L̃2
t,ζ′(t)(B

1)

≤C||ea|Dx|(ε(uε0−u0),ε2(vε0−v0))||B 1
2
+C||ea|Dx|((Q11)0,ε(Q12)0)||

B
1
2

+C||ea|Dx|(ε2∂x,ε∂y)((Q11)0,ε(Q12)0)||
B

1
2
+CM(ε+ ||(εw1)Θ,ε

2w2
Θ)||L̃2

t,ζ′(t)(B
1)) (3.36)

and (3.35) is proved by choosing µ≥C2M2.
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