COMMUN. MATH. SCI. © 2024 International Press
Vol. 22, No. 6, pp. 1701-1732

THE HYDROSTATIC LIMIT OF
THE BERIS-EDWARDS SYSTEM IN DIMENSION TWO*

XINGYU LIf, MARIUS PAICU%, AND ARGHIR ZARNESCU$

Abstract. We study the scaled anisotropic co-rotational Beris-Edwards system modeling the
hydrodynamic motion of nematic liquid crystals in dimension two. We prove the global well-posedness
with small analytic data in a thin strip domain. Moreover, we justify the limit to a system involving
the hydrostatic Navier-Stokes system with analytic data and prove the convergence.
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1. Introduction

The Beris-Edwards system is a widely used model for describing the hydrodynamic
motion of nematic liquid crystals. The main characteristic feature of nematic liquid
crystals, the local preferred orientation of the rod-like molecules is modeled by the so-
called Q-tensors, that in this paper will be assumed to be specific to dimension two.
The configuration space of Q)-tensors is the set of two-by-two symmetric and traceless
matrices, which is

S ={QeRrR*>?:Q=Q"7,trQ=0}.

More details about the modeling are provided in [1].

The Beris-Edwards system couples a dissipative parabolic system for Q-tensor-
valued functions, modeling nematic liquid crystal orientation fields, with a forced Navier-
Stokes equation for the underlying fluid velocity field u of the molecules. For a general
incompressible nematic liquid crystal model within the Q-tensor framework, a result
about global well-posedness and decay is provided in [13] and also, more recently, in [18].
The partial regularity has been recently studied by [6] while for the related simplified
Ericksen-Leslie system (which was proposed by Ericksen and Leslie in 1960’s, see [7, 8]
and [9]), it was studied by Lin and Liu in [10] and [11].

In fluid mechanics, a classical reduction of the Navier-Stokes system is obtained
assuming that the depth of the domain and the viscosity converge to zero simultaneously,
in a related way. It is based on an approximation in geophysical fluid dynamics which
assumes that the horizontal scale is large compared to the vertical scale, such that the
vertical pressure gradient may be given as the product of density times the gravitational
acceleration. In this case, the rescaled system is not isotropic, and we need to study the
resulting anisotropic system known as the hydrostatic Navier-Stokes system. Results
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1702 HYDROSTATIC LIMIT OF BE SYSTEM

and further references about the hydrostatic Navier-Stokes equation can be found in [16],
with a hyperbolic version of the system available in [15].

In our case we are interested in studying the similar problem, but in the case of
the Beris-Edwards system, aiming to understand the interactions between the flow and
fluid near the boundary, in the simplest possible situation, in dimension two and near
a flat boundary, assuming two-dimensional @Q-tensors. Our results can be interpreted
as saying that the isotropic melting condition on @ at the boundary (i.e. zero Dirichlet
boundary data ) is imposed, through the fluid, also in a thin layer near the boundary,
i.e. one cannot have fluid induced turbulent-like behaviour near the boundary.

Thus we study the Beris-Edwards system with small analytic data in a thin strip
of R2. The equations read as follows:

dru+(u-V)u+VP=e’Au—e'V-(VQOVQ+(AQ)-Q—Q-AQ) (1.1)

V-u=0 (1.2)

9Q+u-VQ+QQ—-QQ=e>AQ—d'Q - Qtr(Q?) (1.3)
where

~ Vu-V7Tu

Q: 5

The system (1.1)-(1.3), non-dimensionalized in a manner relevant to the study of defect
patterns, is the simplified version of the one in [19] (see also [6]). Here u denotes the
fluid velocity field, @@ denotes the director field, namely a function taking values in 852)
and P denotes the scalar pressure function which mathematically plays the role of the
Lagrange multiplier that guarantees the divergence-free condition of the velocity field
u. Moreover, {2 denotes the antisymmetric part of the velocity gradient tensor Vu, and
a',c €R are constants, a’,c¢’ > 0.

In [19], the system contains a constant £ € R, which is a parameter measuring the
ratio between the aligning and tumbing effects that the fluid exerts on the liquid crystal
molecules. In this paper, we consider the co-rotational Beris-Edwards system, namely
we take £ =0. Moreover, the relaxation time parameter I and the fluid viscosity constant
& are both taken to be one, like in [6].

In this paper, we study the system (1.1)-(1.3) in a thin strip in dimension two,
namely in §°:={(z,y) €R?,0<y<e}, and we consider the perturbation of shear flow
case with the scaling as follows:

u(t,z,y) = (u(t,z,y),0(t,z,y)) = (U(t,y/e) +eus (t,z,y/e),ev" (t,2,y/c)) (1.4)
and

P(t,x,y) =ep®(t,2,y/¢), Qap(t,z,y)

_ ) Q5s(tay/e)ifa,f=1ora,f=2 L35
- EQZB(t7x’y/€)ifa:laBZQOI'Oé:Q,B:l. ’

Furthermore, we assume the non-slip boundary condition on the fluid and isotropic
boundary conditions on the director, namely:

u|y:0 = u|y:s =0, Qly:O = Q|y:5 =0.
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Define A. ::528§—|—8§, and denote the matrix R =eH(VQOVQR+(AQ)-Q—Q-
AQ);j,1<i,j<2. Noting that trQ =0 and Q=Q", we have

11=261(0:Q51)% +26°(9,Q52)?

12 =26°0,01,0,0Q%; +22°0,Q120,Q1> —2e° A.Q1,Q1; +2°Q1,A.Q5,

R$, 4 Ri; 0
e 3 5 5 5 5 5 3 5 5 3 e 5
91 =260, Q1,0y Q71 +26°0:Q120, Q12 + 26" A Q1,07 —26°Q12A:Q1,
R34 R31 .2

50 =262(0,Q1,)% +2¢"(9,Q5,)°

so finally, the scaled system is considered in the strip S:={(z,y) €R?,0<y <1}, and
the equations of u®,v® and Q5,,Q%5, become

O U +e0iuf +e(U +eu®)0pu +ev°0y (U +eu®) +€0,p°

=307 +02(U +eu®) — 0. RS, — 9y R,
e20,0° + (U +eu®) 9, v° + 3020y v° + 9y p° =1 030° +£%92v° — 0, Ry — 9y Ry
Oz uf +0yv° =0

(1.6)
together with the boundary condition
Uly=0=Uly=1=0, w[y—o=u"|y=c=0, v°[y—o=0"[y—c=0
and
01Q51 + (U* +eu®)0,Q5, +ev°0, Q1 + 8, (U° +eu”) Qi — £°9,0°Q,
=£%07Q7, ‘1‘85 11 —d'Q7; —2¢ Q5 ((Q7,)* +2%(Q5,)%) W
£0;Q55+e(U +eu)0, Q55 +6*0°0,Q55 — 0, (U® /e +u) Q5 +%0,v° Q54 .
=£202Q5, +58§Q§2 —a'eQ5y — 2 eQT,((Q51)° +267(Q52)°)
together with the boundary condition
11ly=0=Q11|y=-=0, 12ly=0=Q12|y=-=0.
We take U that satisfies 8,5U:8§U. Then' we have
Ult,y)= Z c*(m)e_m2”2tsin(m7ry), meN. (1.8)

meN

To prove our main result, we need that U (or 0,U) is uniformly bounded on ¢,y by some
constant € >0 small enough.

IWe solve U€ by separation of variables, using also the boundary conditions. Set U¢(t,y)=

T(t)Y (y). Then we have YT/ =Y"'T, which is TT/ = YTH = — as a constant. Then we have T/ +~T =
0, Y"”+~Y =0. We need to suppose v >0, otherwise we will have Y (y)=0. By solving the ODE

satistifed by Y, we have Y (y) = Acos,/yy+ Bsin,/yy. With the boundary condition Y (0) =Y (1) =0,
we have \/y=mm,meZ. So T(t) :T(O)e’k2”2t. We can take k>0 without loss of generality.
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1.1. Notations and preliminaries. We first introduce the notations that will
be used in the paper as follows.

e We write a <b to mean that there is a uniform constant C, which may be
different on different lines, such that a < Cb.

o We write L.(L} (L})) as the space LP((0,T); LY (Ry; L™ (Ry))).

e We denote (di,)rez (resp. (di(t)))rez) to be a generic element of [*(Z) so that
Yokezde=1 (vesp. >, ,dp(t)=1).

e We denote |D,| as the Fourier multiplier with symbol |].

Next, we present some basic aspects of the Littlewood-Paley theory (see [2] for more
details). For any distribution a with respect to variable x, we define

Af@):=F 1(@(27"EDa), Sp(a)=F '(x(27"¢))a) (1.9)
where ¢,y are smooth functions that satisfy

3 8 ,
Supp¢C{r€R,4§|T|§3} and Z¢(2_Jr):1 forall r>0
JEZ

3
Supp x C {TER,|T|§4} and x(r +Z¢ 279r)=1 forall r>0.
JEZ
We will also need to use Bony’s decomposition:
fa=Trg+T)f+R"(f.9) (1.10)
where

TS :=>"Sp  fAkg, R'(f.9):=> ALfAlg

kEZ kEZ

with Ajg =D ek SlAﬁ, g. Next, we define the functional spaces as follows:
e For any seR, we let

llullg= =) 2| Aful| 2.
keZ

e For any p>1,T >0, we define the Chemin-Lerner type space

. !
lall s, ey = D2 (/ 1A, dt)

kEZ

and the time weighted Chemin-Lerner type space

lllzp <B>Z2’“(/ FEAL()ear )

kEZ

The Chemin-Lerner type space was introduced in [3] to obtain a better description of
the regularizing effect of the diffusion equation. Because one cannot use a Gronwall type
argument in the framework of Chemin-Lerner space, we need to use the time-weighted
Chemin-Lerner norm, which was introduced in [16].
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We need an anisotropic Bernstein type lemma:?

LEMMA 1.1. Let By be a ball of Ry, and Cp, a ring of Ry. For any 1 <ps;<p; <oo and
1<g< o0, we have the following results:

A o E(|a|l+L -1
(1) 1 Suppa 2By, then (|03l 1) S 2045575 [l a1
(2) If Suppa C2%Cy, then HaHLle(Lg)52_kN||aa]cva||LfL1(Lg)-

From now on, for any constant a >0, we define the function

g (ta,y) = Fe (P Ea(t,€y)) (1.11)

where the phase function v is defined by

P(t,€) = (a—An(t))[¢]
recall U defined in (1.8). We define the function 7(¢) as follows:

77(()):0; / Rt-‘r Z ‘c* | —m?2r2t

m>0

here R is half of the constant of Poincaré inequality for functions in H{(0,1). The small-
ness of §,n(t),n’(t),0,U is necessary to prove the global well-posedness of the anisotropic
system.

For the choices of A,d, let C be a constant large enough (that satisfies (2.23)), and
A=C26= sz, where ¢ is a positive universal constant, determined by (2.9), and € >0
is small enough. Notice that for any ¢ >0,

‘() <5+ len(m), n(t)<%+z ‘22(27:2”

m>0 m>0

moreover, recall that

|0,U] =] Z cx(m)mme™ m’ thos(mﬂ'y)\ < Z mm|c.(m)]

meN meN

thus we need to suppose that ZmeNm|C*( m)| is small enough. Then 7(t),n'(t),0,U are
small enough, and 7(t) =0(gz) < %, which assures the positiveness of 1.

1.2. Main result and strategies. We first explain the main strategies and
ideas of the proof.

Similarly as in the Prandtl equation and in the hydrostatic Navier-Stokes equation
(see [14,16] for more information), because of the nonlinear term vdyu, we have one
derivative loss in the x variable in the process of energy estimates. So we need to work
with analytic data to solve this problem. For the scaled anisotropic system, we have
the following existence theorem for fixed € > 0.

THEOREM 1.1. Let a>0. There exists a constant co >0 small enough, such that if U
defined in (1.8) satisfies ), omlc.(m)| <co, and the initial data (ug,v§,(Q11)5,(Q12)5)
satisfies

leetP=V(eud )y + €72 (@) @2 54

1.12
+11e P (£20,,20,) (Q11)5,6(@12)5) ] 3 < <o )

2More details can be found in [4,12].
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then the rescaled system (1.6)-(1.7) has a unique global solution (uf,v%,(Q11)%,(Q12)°)
and there exists a constant C >0, such that for any t >0, there holds

|[eR (eu®,e%v° )1¢,HLOo BQ)+||€Rt ( ingiz)w”EﬂB%)

+H€Rt (628&&768 )( 1175Q§2)¢HE00(B%)

1770, (U* +eu,£%0%) | + 1R 0 (eut 0%y |

~ 1
i2(B%) L} (B2)

+H6Rt 8@/( llasQl )wHLQ BQ)+||eRt a ( ilstiZ)wHig(B%)
Rt €
+EH€ AE( 117€Q12)’¢1||i2(3%)
<ClleP=l(euq,e®vf)|| 13 +Clle” P (Q11)5,6(Q12)5)] 3
+C1e P l(e20,,20,) ((Q11)5,6(Q12)5) | 3 (1.13)

where (ufpavza(Qll>fpv(Q12)fb) are defined as in (1.11).

The key point in the proof of the theorem is that we are able to control the lower
frequency part u by the higher frequency part d,u because the domain is a thin strip
and we can use on it the Poincaré inequality. The reason we choose Besov space instead
of Sobolev is that we can get the optimal rate, which is just the constant of Poincaré
inequality. We remind that here the smallness condition of the rescaled system (1.6)-
(1.7) is independent of €. For the initial system (1.1)-(1.3), the analyticity radius of
the initial data a should be a/e, and the small constant o in (1.12) should be ¢o/e?
instead.

We next explain why we need to consider our fluid part to be a perturbation of a
shear flow. The term Q€2 —Q@Q, when considered in the anistropic Besov space of the
strip, will have a 1/¢ part, which would not allow the convergence in the limit € — 0. To
solve this problem, we consider U¢(t,y/e)+¢cu®(t,z,y/c) instead of eu®(¢t,x,y/e). For
the U® term, the 1/e part will vanish because U does not depend on z.

Moreover, unlike in the case of the Navier-Stokes equation in [16], we also need to
consider the second order frequency part A.Q. This is because A.Q appears in the
equation of u, and 85@ cannot be directly estimated, as we do not have the boundary
condition for d,Q. This problem can be solved by multiplying the equation for ¢ with
A.Q where we have this term and all the other terms can be directly controlled.

We next consider the hydrostatic approximation with small analytic data. Letting
€ — 0 the limit of (1.1), (1.2) formally is:

3tu+U3xu+v8yU+3xp=8§u
dyp=0 (1.14)
Ozu~+0yv=0

with the boundary condition
Uly=0=Uly=1=0, uly—o=uly=1=0, vly—o=0[y=1=0

and the function U satisfies 0,U :8§U. Similarly as the scaled anisotropic system, we
obtain that U(t,y) also has the similar form (1.8).
Next, recall the boundary condition v|y—o=uv|y=1 =0. Integrating the equation

Ozu+0yv=0 (over [0,1] with respect to the y variable) we get 0, fo u(t,z,y)dy =0.



X. LI, M. PAICU, AND A. ZARNESCU 1707

Because of the assumption on the space in which the solution is, we have u(t,x,y) —0
as |z|— o0o. So finally we have the compatibility condition

1
/ u(t,z,y)dy=0
0

and (1.3) becomes

{@Qn +U0:Q11+0,UQ12= 35@11 —d'Q11—2¢ QY (1.15)

0,UQ11 =0.

We need to suppose that 9,U is not identically 0. Then we deduce from (1.15) that
Q11=Q12=0.

REMARK 1.1.  For more complicated 3D hydrostatic limit system € — 0 of Q;;(1 <¢,5j <
3)(Q=Q7T,trQ =0), there exist non-trivial values of Q. In fact, after direct calculation,
we have Q%5 = (2Q11 + Q22)(Q11 +2Q22), and the estimate of the related system is more
declicate. We leave it as a future work.

The result about global well-posedness of the hydrostatic system is then as follows:
THEOREM 1.2. Let a>0 and let U(t,y) be defined in (1.8) with 0,U #0. Suppose that
the initial data ug satisfies the compatibility condition fol updy =0.

(i) Assume Y lestnl ¢y for some ¢y small enough. Then the system (1.14)

m>0 m
has a unique global solution u that satisfies for any s >0,

€7 gl (o) 1% Bytaal ey <11 Pl 5. (1.16)

(ii) Assume ) _omlc.(m)|<eci for some ci small enough. Then the system (1.14)
has a unique global solution u, and for any s>0, there exists a constant C'>0, such
that

|7 Oyugllfoo ey +[|e”* 35%”2(35)

SC(He“lD”‘uOHBs +H6a|Dz"U/0| Bs+1 —l—||e“|Dm‘6yu0||Bs)

(1.17)
1€ (D)ol 72 (o) +11€™ Oyusllzoo ey

<C(|le"P=19,uol| - + |l P=uo|

pot)

where ug s given by (3.1).

REMARK 1.2. It is worth pointing out that in order to prove the global well-posedness
of the hydrostatic case, we do not need the smallness of the initial data ug as [16],
because in our case the function 77 does not include the norm w,v as in the anisotropic
case. However, the smallness of ug is still required to prove the convergence.

Finally, we study the convergence of the scaled anisotropic system to the limit
hydrostatic system. For the vanishing viscosity of the analytical solutions of Navier-
Stokes system in the half space, the local-in-time convergence was studied in [17], and
for the scaled anisotropic Navier-Stokes system to the hydrostatic Navier-Stokes system,
the global-in-time convergence was studied in [16]. Following the strategy of [16], we
have a theorem about the global-in-time convergence, as follows:
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THEOREM 1.3. Let a>0. Suppose there exists co >0, such that U satisfies
Y msomlex(m)| <co and (ug,vg, (Q11)5,(Q12)5) satisfy (1.12). Moreover, suppose that
ug satisfies e Pl €B3 ﬂBg,e’l'Dw‘@yuo GB%, ||e“‘Dm|u0||B% <o, and the compatibil-

ity condition fol uody =0 s satisfied. The function vy is determined by Oyug+Oyug =0
and vg=0 for y=0 or 1. Define wi:=u® —u,ws:=v°—v. Then there exist constants
C,M >0, such that

lewd, )l . 1, +1(QT1e@i)oll . 1, + (€202 20,)(@51 QR 6l 1

10,V 42wt )l g, 1R Dalen s 20l

+1[0y( i175Q§2)®HL2(32 + €04 ( §1a5Q§2)®||L2(Bz)+5||A (Qnanw)wHLz(B%)
<Ol (e — o), 2 (05 —vo))I |, +Cl1e™ P (Qu1)0e(Qu2)o)ll s
+C[e1P(e20,,20,) ((Q11)0,6(@12)0) | 3 +CMe (1.18)

where ug is determined by (3.19) and a similar definition holds for Qe .

To prove this theorem, we still need to control the difference between the scaled
anisotropic and hydrostatic systems, and we use energy estimates with exponential
weights in the Fourier variable. The weights still depend on time as before, but the loss
of the analyticity in « variable needs to be considered for both systems.

1.3. Outline of the paper. In Section 2 we prove the global wellposedness of
the scaled anisotropic system. In Section 3, we prove the global wellposedness of the
hydrostatic system and the convergence from anisotropic system to hydrostatic system.

2. Global well-posedness
We define the maximal time 7™ by

T =supft > el ugl| g +118,u0ll 3 +ell(@uie@u2)ull
110,(Qu1.2Qua) |y, <0e (2.1)

Note that wy, vy, (Q11)y, (Q12)y satisfy the equations

ey + Aen' (t)| Dy |uy +e([U +eu]0pu)y +e(v0y [U +eul)y + €0,y
=e*07uy +edjuy — 0z (Riy)y — 0y (R51)y

20wy, + 22 (t)| Dy vy +%([U + eu)0zv)y + 3 (v0yv) y + Oypy (2.2)
=e'07vy +e20 vy — 0z (Riz)y — 0y (R5)y

Oz ly + Oyvy, =0
and

04(Q11)y + A1 (1) D2 (Q11)
+([U +u)0: Q11 +evdy Q1) + (0y [U +eu|Q12 — £30,vQ12)
=e202(Q11)y +0;(Q11)y — (a/Q11 + ¢ Q11(2Q7, +2%Q%,) )y

€0t(Q12)y +eA (V)| Dz (Q12)y
—‘r(&[U—i—Eu]anlg +52v8yQ12)¢ — (6y[U/€+u]Q11 _528$’()Q11)w
=e302(Q12)y +€02(Q12)y —€ [0/ Qr2+ ¢/ Q12(2Q7, +26° Q)] "

(2.3)
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We apply the dyadic operator A%. Notice that 0,y +8,vy =0, so
(0 APy Aftug) 12 + (0, AL Py, Affvy) 2 = — (AL Dy, Do Afuy + 0y Aflvy) 2 =0.
Next, observing that 0,U =0, we have from integration by parts,

(AR (Opul )y, Afuy) 12 = (AR(Opul) )y, Afti) 12 + (AR (u0yU )y, Aftugy) 12
= — (AL (uU)y, AR Dyiy) 12 (2.4)

and similarly,

(AR (020U )y, Afvy) 12 = (AR (0:Qu1U )y, Al (Q11)y) 12
= (AF(0:Q12U) y, A3 (Qr2)y) L2 = 0. (2.5)
Moreover,
(AR(OU Q11 )y, AL (Qu2)y) L2 = (AL (DyUQ12)y, AR (Q11)) L2 (2.6)

Consider the Equations (2.2), (2.3), multiply respectively by
eAluy, 2 Ay, AP (Q11)y,e AN (Q12)y and take L? scalar product, to obtain that

L
2 dt
AR EP0)[[72) + A0 () (| Da | Ay, | AR 1) 2 + A (8) (| D | AR (2200, | AR (E70)) 12
+e (110 Ak w72 +110: A% (evy) [ 2) + ([10y AL (ew)p |72 + |0y AL (€%0)|[72)
=—e2(AR(0U)y, Ak Dyuy) L2 —* (AR (udett)y, Afuy) 12 —° (AR (VOyu)y, Afuy) 2
— & (AR (u0pv)y, Ajvy) L2 —° (AR (v0y0)y, Afvy) 12 + (AR (RT1 )y, Ak Ootiy) L2
+e(AR(R51)w, AROyuy) 2+ (AL (Ri2)y, ALDevy) 2+ (A (R52)y, AlOyvy) 2 (2.7)

1Ak (eu)o[72

and

1d
5 71 (18R (Qu)wlIz2 + 1A% (=(Qu2)w)I22)

+d (|AR(Qu1) w72 + AR (EQi2)w]172) + M1 () (| Da | AR (Q11)w, | AR (Q11)y) 12
+ 17 (8)(| Dz | AR (6(Qr2) ), [AK (£(Q12) ) 12 +&° (102 A% (Qu1) |72 +110: Ak (e(Qr2)w)|[72)
+110, A% (Qu)wI72 + 10y Ak (£(Q2) )72
=— (AR (ude (Q11)) s AR(Qu1)w) 12 — (AR (v0y (Q11)) y, AR (Q11) ) 12
— & (AR (40 (Q12))w, AL (Q12)y) 12 — & (AR (09 (Q12) )y, AR (Qr2) ) L2
— (AR (ByuQi1 —%0:vQu1 )y, A (Qr2) ) 12
— (AR (0yuQi2 — 20, vQ12) w, AR (Q11)y) 12 — 2¢ (AR[Qn1 (Q11 +€7QT2)], AR (Qu1)y) 12
—2¢'e?(AR[Q12(Q1, +2Q12)], AL (Q12)w) 2. (2.8)

REMARK 2.1. Recall that the scaled model is in the strip S. Because u,v,Q11,Q12 all
equal to 0 on the boundary of y variable, then according to Poincaré inequality, there
exists a universal constant R >0, such that

2R[| AR (u,0,Q11,Q12) |72 <110y AR (u,0,Q11,Q12) |72

Moreover, for the equation of Q11 and @12, we need the assumption a’ > 0.
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Recall from (2) of Lemma 1.1 that there exists ¢ >0, such that
2% (| AR (g, evp) |22 < || A (g, c09) |I2 (2.9)
multiply (2.7) by e?®* and integrate over [0,#], to get
§<\|eRf’Az<su>m|igo<Lz) +11e™ AR (vl o (12))

t
+/\2k/0 ()(11eR A (eu)ul 72 1€ Alevy |72 )dt

1 [ ore
+ [ a0, e +1IALD (v )t

1 [" oy :
by [ et A + Ao 2
0

« t ’ ’
<[P AL (euo) |72 +||6“‘D“AZ(62U0)H%2+€3/ (™" AR (udsu)y,e™" Afuy) 2 |dt
0

Aq

t ¢
+s3/ |(eRt Aﬁ(vayu)w,eRt AZuw)L2|dt'+55/ \(eRt AZ(u@Iv)¢,eRt Aﬁvw)Lﬂdt'
0 0

Az Az

t / !’ t !’ /
tel / (7Y Al By v)g,eRY Alvy) paldt +e / (R ALRE )™ Al D) palde
0 0

Ay As

t t
+s/ |(eRt AZ(R§1)¢,eRt Aﬁayuw)Lz|dt/+62/ |(eRt AZ(Rig)w,ent AZ@IUV))Lz‘dt/
0 0

A7

+e /| RtA (R52)y,e™ Aka vy)2|dt’ +e /| RtA (vOyU )y, €™ Akuw)Lz‘dt

Ag Ag
(2.10)

similarly for the Equation (2.8), we have
]_ i t i
§|\€R ! AZ(Q11,€Q12)1/J||2L?°(L2)Jra//o e A (Qu1,6(Qr2)y) (1) |72t

t
a2 / (V1R AL(Qur,eQua)yl [Zadt!
0

1/t
+5/ R (||AR0y(Qu1,6Qu2)p |72 + 2% || AF(Qu1,6Q12) [ 72)dt’
0

<[|e?P=l AR (Q11,6Q12)0] 22

t
e / (R AL (D (Q11,2Q12)) s AL(Qr1,eQu2) ) |’
0

B

t
+5/ |(€Rt AZ(Uay(QuﬁQm))w,@Rt AZ(thlez)w)L?\dt/
0

By
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t
+e/ |(eRt AL (20,0 =0,u)Qu] €™ AZ(QIQM)LQ dt’
0

Bs

t
+€/ | (eRt AZ[(ﬁyu—g(?xv)ng]w,eR ¢ AZ(Qll)d})Lz |dt/
0

By

t
+20//0 |(€Rt/AZ[(Q%1 +52Q%2)(Q11,5Q12)]waeR/t/AZ(Quﬁle)w)L?|dtl (2.11)

Bs

from Lemma 3.1-3.3 of [16], we have

At Aot A+ A SR (wev)yllls
,n-(t

and
By <ed?27F||eRY (Q11,6Q12)y[3. oy (BY)
recalling that v(¢,z,y) z—foyﬁwu(t,a:,y’)dy’ and

ayU = Z mﬂcmeimzﬂ% cos(mmy) S 77'(15)
m>0

we have

< 2 29—k Rt 2
Ag ~€ dk2 ||6 uw||Lf,7,/<t)(Bl)

next, noticing the fact that ||Q?||1/2 S||QI]%: 2, we use Cauchy-Schwartz inequality to
obtain that

Bs <d227F||eR? (Q11,€Q12)¢\|%2(31/2)||(Q117€Q12)w”%2(31/2)
for the rest of the terms, we need to calculate terms A and B seperately.

2.0.1. Estimates of By,B3,B4. We first show the following lemmas.
LEMMA 2.1.  For any s€ (O,%] and any t<T*, we have

t
[ i) AL 0,0 el

’
Sdi2—2k3|‘e7€t

|€Rt/@w||i%

w¢||L§)n 2

(B*) (B*)

()

Proof. By using Bony’s decomposition, we have ww :Tﬁw—&—Tw@w—i—Rh(w,w).
Step 1: Estimate of fg(eRt/Az(Tgw)w76Rt/AZ(8yu)w)det’. We have

t
/(emlAZ(Tfﬁb)w»em/ﬁﬁ(ayu)w)mdt/
0

t
S 2 /O||6RtSﬁulwlp(t'ﬂlmc\lem Aty ()| 2 || A (yw)y (t')]| L2t
Ik —k|<4
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250 Y[R S w1 Al B ()]

|k —k|<4

>t 3 (/ 1R S8y ()] B 1By >|B;dt’)é

|k —k|<4

1
2

( / 167 Ao () 0,0

Notice that

1
2

t
([ 1R st a1~ 110,000,y 0

3
< 2(/ 6% A ws ()10,
I<k’—2
1_g "(L_g /
< Y d2CT R wy | 2, (B S <2V R w1 o (B9 (2.12)
1<k/—2 "

so we obtain that

t
| AT A 0,0
0

— —k _1
Z dypdyr2 2k82(k k")(2s 2)||6'Rt wll)HLz » (BS)He wlﬁ”Lf ,(f)(BS)
|k —k| <4

26—2ks|| Rt
Sde S||e twd)”f’f,n/(t)(Bs)He wT//”Lf /(t)(BS).

Step 2: Estimate of [! (Rt AP(Thw)y, et Ab(9yu)y ) 2dt!. Similarly as Step 1, just
0 kE\*-@ P k\UylW)y

exchange w and w.

Step 3: Estimate of fo eRU AN (RM(w, D)), R AM(Dyu)y ) p2dt’. We have

/ (P AL R (w,5)) .Y Al Dyu)) adt’

k
<2 ) /IISR Ajrwy (t )I\L2<Loo>||6m Ay ()] 12 | ARy up (t')|| L2 dt’

k'>k—3

S > /Hem Afrwa ()| 2 ||e™" Ay (¢ Me2lldyuyll

k'>k 3
2
R R
S 5 ([ 1 st B0,y a ) (167 B @l )
k'>k—3
2
—2k R k—K’
S277 e tww”Lt () (BS)He wwHLf /(t)(BS)< Z dk’2< )S>
K/ >k—3

265—2ks|| Rt Rt ~
Sdi2” 7 le t“’zb”ifn,(t)(ss)ne t“’w”ifn,(t)(BS)

and the lemma is proved after gathering three terms. ]
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LEMMA 2.2.  For any s€ (0,1] and any t <T*, we have

¢
/(eRt/AZ(ayuw)d,,eRt/AZﬂ')w)Lz|dt’
0

§di272ks | |e7?,t’

Rt ~ ||.
le w¢||L?m,(t)(BS)'

wyllzz |, o)
Proof. By Bony’s decomposition. we have
8yuw:Tgyuw+T£8yu+Rh(8yu,w).
We recall from (3.15) of [16] that
1Ay (1) | S5O0, (D], (2.13)
because of Bernstein lemma 1.1 and Poincaré inequality.
Step 1: Estimate of fot(eRt'AZ(Tgyuw)w,eRt,AZ@p)det'. Notice that

t
| BT )™ Al ot
0

t
Y / 1157 18y ()| oo (1€ ALy ()| 2 || €Y Ay ()] 2!
|k —k| <40

t
Y /OHay%(t)llB%HemAZ/w¢(t/)IIL2||6RtAZ%(t')Ilmdt/
|k —k|<4

t
S Y ([ 1ol ap @l

Ik —k|<4

1
2

1
2

t
([ 1osmetol 3117 St 30

5 dk272ks | |6’Rt'

™ yllze (e Z dy 2R

wwnf‘f w () (B £’ (1)
’ ’ k' —k|<4

< J29—2ks|| Rt’ - Rt ~ .
Sdi2 lle wwHLf’n,m(Bs)He wTﬁHwa/(t)(BS)'

Step 2: Estimate of fot(eRt/AZ(T[ULayu)w,eRtlAzww)det’. We have

t
/ (R AT O, u) s, R Allby,) p2dt!
0

t
< > /0||51’$f-1ww(t’)||m°|\6m AR Oyuy (1) | 2] €7 Ay (t')]| 2t
|k —k|<4

t
_ K ’ 4 -
< Y 2l / i (D[P v (¢ €77 Dy ()] 3 €77 Al (#)]] 2’
|k’ —k|<4

1
t 3
_ kK ’
S Y dp2e (/0 158wy (8')][ 0| €7 3yﬂ¢(t’)llB;dt/>

1
2

t
([ 1oty 167 S @0 )
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We use (2.12) again to obtain that

t
/ (R AB(T, ) e Al ) 2t
0

S D0 ddp2 BT R
|k/ k<4

/7
Sdi2_2ks ‘ |6Rt

Rt
e wullze |, (B

I Bb)
. Rt = .
w¢||L§m,(t)(Bs)||€ wi/)HLf’",(t)(BS)'

Step 3: Estimate of fot(eRt/A’,;(Rh(ﬁyu,w))w,eRt/AZﬂjw)det'. We have

t
/ (AR (R RM(Dyu,w)) g, e Ay ) p2dt’
0

t
k ~ ’
<22/ 1A% Byt ()1 13 (150 17 Ay (¢) ] 2[R ARy (¢)]| 2t

S23 / 10y ()] 3 117" A (t)| 2 [|e™ Ay (¢)]] L2dt!

k’>k 3

1
2

k -k
<2t 5 o5 ([ aau Iyl ot

k/>k 3

1
2

( / 6% (@110, )

—2ks|| Rt ki) (s 1
i S||6 t wwHEf,n/(t)(Bs)He wwHLf ey (B Z dk’2( Ys+3)
k'>k—3

20—2ks|| Rt 5
Sdi2 lle wwHLf",(t)(Bs)H@ wl/’”Lt ey (B)

so we finish the proof after gathering all the terms.

d

REMARK 2.2. Lemma 2.1 and Lemma 2.2 give the estimates on the terms Ag and the
Bj term with dyu part. But since for these terms, there is no 9, or v term included, the
Besov norm becomes B2 instead of B', which makes the function n(t) a bit different

from the one in [16].

PROPOSITION 2.1.

1 _
Bzﬁgd@ kHay(Qn,sQu)wHEi . BQ)||€5 uyl|; B2 by

Proof.  From Poincaré inequality and d,v=—0,u, we have

t
/0 (ABTE o1, 0)0n AL Q1)) o’

S > /||Sk/ 10y(Qu1)y ()| ow [| AL vy ()] 22| AR Q1) ()| L2t

|k’ k<4

S > /II8 (Qu1)w ()l 53 12K vy ()] L2 | AR (Q11)w (t)]| 2t

|k’ k<4

(2.14)
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3 t 3
( / 1AL, (By0) () B (¢ dt') ( / ||AZ5'y(Q11)w(t')|Iizn’(t)dt’)
|k’ k<4 0

2 —k
Sdi2 ||3zuw||i3m/m(35)\|5y(Q11)¢|\£3m/m(B%)'

Next,

t
/ (AZG—XL&lel)w,AZ(Q11)¢)L2dt/

0

S > /”Sk’ 10 ()2 I1AK 0y Q1) ()| 2 [| AR Q1) (¢)| 2t

|k —k|<4
s 3 2% / 18000 () 1 1, @] 11 ARQu1) (¢
\k/ k<4
s 5 ot ([istan@ron) ([ 1ato.omekaror)
|k —k|<4

Notice that for any s € (0,1],

¢ 3
( / IISZ/lvw(t’)l%wn’(t)dt’>

SDPEL </Ot||A?vw(t')|lizn'(t)dt’>

I<k'—2

< Y A2 dsullz
I<k’—2

1 1
2 2

t
< 3 2 ([ Iatou o)
1<k'—2 0

o (B® )<dk2k 210, Uw||L2 i (B

hence

t
| (BkTL0,@1)0 AL Qu) ) et SE2 0,0

0 tn(t)(

1) 10,Qu)

2 B3
t,n’(t)( )

For the third term, we have

/0 (AL(R (0,0,Q11)) AL(@Qu1)g) 2t

s28 Y /I\Ak/vw M2 1A% (8, Q1) 4 (¢)]| 2 |AF Q) (¢)| 2 dt!

k'>k—3
<2t Y o ¥ / 10, @1) )1 1AL 0 ()] 12 1AL (@11 () 2
k'>k—3
<ot Y o ¥ / 10,@11)6 (113 1AL Byt ()2 AL By Qa1 )8 | 2t
k/>k: 3
, ¢ 3
<2t Y 2(/ 1AL (8, Q11 ) ()] Zarf (1) ) (/ [N >||LG<>dt)

k' >k—3
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Sde27M[8,(Qui)yll 1, Bz)||3 uypll 2 wh > dp2H)
tn'( ¢ k' >k—3

§d§2*’“||ay(Qu)¢llp bl
' (t)

and the proposition is proved. 0

PRrROPOSITION 2.2.

Bagatz (I @0, oy HI @ QueuslE, ) (215)
t,n’ (t)

L <t>(32)

tn

Proof.  The terms related to d,u can be estimated by using Lemma 2.2. Next,
recall from (3.18) of [16] that because o(t,x,y)=— [} Ozu(t,x,y’)dy’, we have

3k )
AR ()| S22 (| Afuy (8)]] L2 (2.16)
Notice that

& / (AL(Th o Q12)0, AL (@11 )) 2t

0

<€’ /IISk/ 1050 (8) | oe || AR (Qr2)w ()] L2 1A Q1) (¢ 2t

|k!—k|<4

,% ’
e Y 2 /HSk' 10005 (1) || oo | AR (€02 Qu2) 4 ()] 3 1A% (94 Q1) ()] 2t

|k —k|<4

DORERE (/ 180 1 Bava ()] B (¢ dt) ([ 1atay@ut >||i2n'<zt>dt’)é

|k —k|<4

and we deduce from (2.16) that

2 ( / 1A 2Dyt >||%zn’<t>dt'>%

B%)

¢ 3
( / |IS?/_1€3wi(t’)II%wn’(t)dt’) <y
0

< Y di2Y|eo, Uw||L2 » (Bz)Sdk' (e, uypl|;,
I<k’—2

I<k’—2

fn (f)(

SO
t
E3/ (AM(TY, ,Q12)p, AL (Qu1)y) L2dt!
0
S27 M edaugllpy  pa 100@uullz, -
t,n’ (t) t,n’ (t)
Similarly, we have

t
3 / (AL(TS, 0,0), AL Q1)) p2dt’
0

Y /HSk/ 1(@12)4 ()| AR (90) o ()] 22| AR Q1) () 2t

|k —k|<4

S > /II (€2Qu2)u ()] 53 [1(eAR Out) ()] 2| AR 0y Q1) ()] L2t

\k’ k<4
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s ’“</ e > ([ 1@, (/)||2L2?7’(t)dt/>%

§d22 k €0z u ~ 1 ||O Q11 ~ 1
R M euunlly g 100 Quslzs )

and

t
& / (AL(R(Dy0,Q12)) 0, AB(Qu1) ) 2t

<et2t Y / 1A% 0,0 ()] 2 AL (@12) o (#)] 22 1AL (0, Q1) () 2

k'>k—3
<25 Z / 1(€00w) ()| L2 || AT (€202 Q12) (/)||B%HAZ(alel)w(t/)HLth/
k'>k—3
2 3 o ( / 1A =D (¢ B dt) ( / 1840, @)y (Ol )
K >k—3

a2l o 0@l [ DD w2t
t,n’(t) t,n’(t) k'>k—3
SdiQ_kHE@xuwHE (BQ)H@ (Qu1)pll;. B
t n’(t)

which together with Lemma 2.2 provides the result. 0

REMARK 2.3. The term B, can be estimated similarly as Bs by exchanging the order
of Q11 and Q2.

2.0.2. Estimates of A;, Ag,A7,As.  We prove the following propositions:
ProprosITION 2.3. We have

As +Ag Sfdifkl|67W(Eamay)(Qu,EQm)wl|p [ edyuy |

~ 1 ..
L, (BY) L2 (B

(2.17)
Proof. Notice that

¢
€3/ (AZ(ngQnaan)w,AZBIu¢)L2dt’
0

Y /HSk' 105(Q11) ()| oo | A% (02 Q1) (#)]] 2| Ak Dt (¢) || 2t

|k’ k<4
<y / 160 Qe ()11 3 1AL (20, Qu (¢ 12 | ALt ()2
\k/ k| <4
3 t 3
< ( / 1AL (c0,Qu1)0 <’>|%2n’<t>dt') ( / ||A’,zsazu¢<t'>|%w'(t)dt’)
|k’ —k|<4 0

Sdp27"|led . Dy |-
~ Yk HE I(Qll)wHL%,n’(t)(B%)”g zuwHLin/(t)(B%)

and

t
E3/ (A (RM(Q11,0,Q12)) s Al D2 uy ) r2dt!
0
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t
Sef2f Y / 1AL (@5 @u0)o ()] 22| AL (00Qu1) () |2 | AL Dy (1) | 2l

k' >k—3
, t
s 3 2 / 120:Qu0)w (1)l 3 1AL (20:Qu1)y ()| 2| AR Dzt ()| 2t
|k —k|<4 0
— k! t %
2t ¥ o ([ 1Ak 0 ) (et )
k' —k|<4 0

1
2

t
- ( / IIAZEC%%@')I%zn'(t)dt’>

S22 M0a@uullzs palledaupllz,  pay | Y dw2E
t,m’ (t) t,n’(t) k'>k—3

SB2H @l et
t,n’(t) t,n’ (t)

so we have proved that

A5§gdi2_’“||e7”eax(Qu,Ele)wHiz (
t,n’ (t)

The estimate of Ag is similar, just exchanging €9, to 0, and using that dyv=—0,u. O
PRrROPOSITION 2.4.

A7 5€di2_k||(€8178y)(Q11aEQ12)¢|‘Ef’nl(t)(B%)||(58$u7528wv)w ‘ |E?,7}’(t)(B%). (218)

Proof. We write

A5Q12Q11 - AaQanz 262826212@11 —6283%@11@12 +3§Q12Q11 - alelQm

from integration by parts,
(AR (03Q12Q11)y, ARDvy) 12 + (AL (y Q120 Q11 ), AR Dpvy) 12
=—(AL(0yQ12Q11)y, AL 020y vy) 12
so we have (recall that 0,v=—0,u)
(AZ@;QUQM —8§Q11Q12)¢7A28wi)w
=(AR(8yQ12Q11)p, AL D7 up) 2 — (AR (0yQu1Qu12)p, AL O3uy) L2

Notice that
t
= [ (AT 0 @u)e. M0y o

t
set Y /0I\Sﬁ/flay(Qu)w(t’)HLwIIA"/(Qn)w(t’)IILZIIA’éaﬁw(t’)llmdt’

Ik —k|<4

t
st Y /0H@y(€le)¢(t’)llB%HAh/(Qu)w(t’)HmIIAfé@iuw(t’)Hdet’

k' —k|<4
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< (/ 1AL (0. Q1) (¢) B (1)d ) (/ ALy (¢ )”m()dt);

|k —k| <4
S 270, (Q11)wll - 1 ||e0zuy|| - 1

M0 Qulellyy el g,
and similarly,

t
53/ (AR(T,, 0yQ12) . AfO2uy) r2dt!
0

Y /IISk/ 1(Qu1)u ()| oo | AR 9y Qu2) ()] 2| AR Oy ()] 2’

|k/ k<4
2y g / 1EQu) )] 1AL 0y Qu)o (¢ |2l AL G2y () ot
|k —k|<4

1 1

2 t 2

< ( / 1AL (8,Q12)s (’)II%zn’(t)dt’> ( / |Azaazu¢<t’>||%m’<t>dt')
|k —k|<4 0
S0 Quullzy iy lleDeusllyy

moreover,
t
&2 / (AL (R (Q11,0,Q12)) v AL 0Py 2t
0

<eb Y / 1A% Qa1 ()1 2150 Dy Qu2) s () |2 || AL 02y (#)] 2

k'>k—3

, t
2% Y 2% / 10y @12)w(t)]] 3 1A% (D2 Qu1) (8] 2 || A Dy (1) 2t

|k —k|<4

, t
= ( / ||AZ/(€3mQ11)w(t')||2L2ﬂ'(t)dt')

¢ 3
- ( / ||Azsaxu¢<t'>|i2n'<t>dt’)

k—k'
' Bz)”ea uw|| ” (B?) Z d 22078
t n (t) k'>k—3

<dp27|9 . Dpuy| -
~ Yk || w(Q11)¢||Lf,7,/(t)(B%)|‘6 wuwHLf,n/(t)(B%)’

A
&)

1
2

|k —k|<4

<dk2 k||3 (Qn)w”

so after combining these three terms, we have

t
e’ / (A}(0yQ12Q11)y, ARO2uy) p2dt’

0

next,

(AL(02Q12Q11 — 02Q11Q12) p, AL 040y ) 12
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=(AR(0:Q12Q11)p ALO2vy ) 12 — (AL (0:Q11Q12) y, AR DZvy) 12

Similarly as the proof above (just change 0,Q12 to €0,Q12 and d,u to €0,v), we have

t
65/ (Ag(8IQ12Q11)1/,,A23£U¢)L2C#/

0
<d22k<53Q 3 H10:(EQu2)ull; >5av 2
|1€0x( 11)¢‘|L?n()( B}) 110x( 12)¢||L12,m,m( I wll ;s L2 ., (B%)
and then
(AR (R} 12, 2)4s AR0zvy) 12
SdiQ k‘|58$(Q117€Q12)¢||E$ ‘| Bz)H&'z@ Uw” (B%)
26—k
+d22 ||(sax,ay)(Qn,eQm)wHEQ (Bz)llfa willge | )
similarly, we have
E(AZ(R§2,1)¢,A281U¢)L2 <di27F||e%0, v¢,|| P2 ,(t)<B%)|l(Eaz’ay)(thst)w'|f4f,,,/(t)<3%>
and the proposition is proved by gathering the estimates above. o
PROPOSITION 2.5.
AGSESdi2—k||aw(Qll,5Q12)w||I~I$ y B2)||8 (Q11,5Q12)w” tn(t)(B%)
<3429k
<e’d;2 ||(Q11)w”if,w><B%)H( EQl2)w||E?,n’(t)(B%)
3 20—k
229 i A 3 . 2.19
PR NQllyy o1 IQuol g, (2.19)

Proof. The proof is similar as that of Lemma 2.1. We skip it for simplicity. ]

From the estimate of Ag, we notice that there exists an extra term A.(Q11,Q12)
(more precisely, it is 873(@11,56212) ), which could be estimated from the calculations
above. To solve this problem, we come back to the Equation (1.7). It has the
term A.Q on the right, so we apply A} to it and take the L? inner product with
—e2AM(AL(Q11,6Q22))y to provide the bound related to A.Q. The reason that we
multiply by an extra €2 is to prove the convergence to the hydrostatic system, to be
done later. We have

2dt||( £20r,20,) AR (Q11,6Q22) |7
+a'[|(€%0,,€0, ) AL (Q11,6Q22) |72+ ||eAL (AcQ11,6A: Q1) [7 2
+ A0 (t')(| D | A} (£20,,20,) (Q11,6Q22) , A} (20,0, ) (Q11,6Q22) ) L2
= (AR (U +eu)0:Q11) g, AR (AQ11)y) 2+ (AL((U +eu)02Q12), AJ (A Qu2)y ) 12
+ (AR (00, Q1) AR (AcQ11)y) 12+ (AF (1) Q12) y, AF (A Q12)y) 12
+eX(AF((0y (U +eu)Qr2) g, AF(AQ11) ) 12
+X (A0, (U +ew)Qu) ™ ¥ AL (A Qu2)y) 12
— P (AL ((020Q12)y, AR(A Q11 )w) 12 — (AL ((000Q11) s, AF(AcQ12) ) 2
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+2C€2(AZ(Q?1 +252@11@%2)%Az(AsQll)w)LQ
+2ce* (AR (222Q1, + Q12Q7, )y, AL (AQ12) ) 12 (2.20)

multiply (2.20) by e2®! and integrate over [0,t], to get

1 / t ,
§||€m (523m7€8y)AZ(Q1175Q22)w||i;°(L2>+al/ €™ (200,20,) AL (Q11,6Qa2) ()| [7 2 dt’
0

t !
a2t / 7 ()[R (£200,20,) AL (Qu1,6Qa2)u ()| [22dt
0

t
+/ €™ AR (AQ11,eA:Q12)y(t)|[72dt’
0
<[4 P (e20,,20,) AL ((Q11)0,6(Q12)0) |22

t ! ’
+52/ R (AR((U +eu)8eQ11) ™ AR(AcQ11)y) 2 |dt
0

C1

t 7’ I
et / R (AL(U + e0)0e Qua)gr ™ Al(AcQio)y) 12]dt’
0

Ca2

t ’ !’ ’
e / (R AL (00, Q1) 0y ™ AL(AQur)y) 2 dt
0

C3

t !’ !
el / 1R (AL (00, Qu2) 0, Al(AQra)y) 2]dt’
(0]

Cy

t
te? / (R ALy (U +u)Q12)s, €™ AL(AQur) ) 2l
(0]

Cs

t ! ’
+52/ (™" ARy (U +u)Qur)p, ™" AR (A:Qrz)y) p2]dt!
0

Ce

t
+e° / (™" AR ((02vQ12)y,e™" AR (AcQ11)y) 2 |dt
0

Cr

t !’ ! ’
e / (R AL(0e0Qu1) 0™ AL(AQr2)y) 2|dt
0

Csg

t ’ - /
+2ce” / (™" AR QY +26°Q11Q%) v, €™ AR(AcQ11)y) 2| dt’
0

Co

t
+2c’a4/ (R AN (262Q3 4+ Q12Q% )y, €™ AI(AQ12)y) p2]dt . (2.21)
0

C1o

Similarly as the estimate of By and recalling that U <n’'(¢), we have

Cl +C2 552di2_k|‘eRt/aﬂi(Q117€Q12)w ‘ |E2 (B%)||6Rt1AE(Q11>€Q12)¢HE2
t,n’(t)

1 .
ot (yB2)
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Similarly as the estimate of By, we get

O3 +Cy seldp2 ||e™! 3zUw|\p [Ea. (Q11,6Q12)w||L2
t /

B2) (t)(B%)'

Similarly as the estimate of Bs, and recalling that 0,U Sn/(t), we have

Cs +Cs Sedp 27" (|| (QIQ)TZJHLz (B [le®! Aa(Qu)va (B%))

+e2d3 27k (|| eR (Qn)wHLQ )(BQ)HGR A (le)w\l m(f)(3%>)
and
C7+c8g53d§2*’f\|em'8zu$|\iin/ : IIGRt Ac(QuieQu2)yll 2 @by
Then we get
Co+Cro Se2d227(||eRY (6211’66212)w|\LQ(B2 (@11, Q12)w||L2(32

+ 117 (02,0,)(Q11,6Qu2) I 1(€02,0)(Qu1,Q12) |2

L2(B2 L2(B2 )

so finally we have that there exists a universal constant C' > 0, such that

1 ’
§||€Rt (528175811)AZ(Q11,5Q22)¢||%;>°(L2)

t
+a// ||€R (£20,,20y ) AT(Q11,6Qa2)y (V') |2 2dt
0
t
12k / 0 (O)]€% A (20,,20,) (Q11,6Qaa) (1)) 22!
0

9t
+%/ [€RT AR (AQ11,6A:Q12)(t)]|22dt
0
<||e!P=IA}(e20,,20,) ((Q11)0,6(Q12)0)][32

+CE2d227%| R 5, (Q11,5Q12)¢|| L Ot d22eRY o, um
L (B2) tnm(B?)
2 —k| Rt 2 72 ki Rt
+Cdi27"|e (Q1178Q12)¢||L$n M(BI)+Cs 27"l (Q11,5Q12)¢|\L2(32)
+C’52di2_k||€Rt/5(‘~)ﬂc(Q11,EQ12)¢|\~ ||€3 (Q117€Q12)w||LQ(B2

+C2d227F[eR 9, (Q11,Qu2) |2 Ha (Q11,€Q12)w|| (2.22)

i2(B%)
Now we come back to prove Theorem 1.1.

Proof. (Proof of Theorem 1.1.) Multiply the inequalities above 2%, take square
root and sum up over Z, and recall that a >0. Then there exists a universal constant
C' >0, such that (recall ¢ defined in (2.9))

i (B %)+||€Rt (Q11,eQ12)y]l -
+||e®t (5231,€3y)(Q11,5Q12)w||Loo (B®)
(Bl)—l—\fH@Rt/(Qllang)wHifn,(t)(Bl)

Rt 2
||e (€u7€ U)w” Loc(BQ)

FVAER (o)l 22

n’ (t)
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+c|[eR B, (eu,e20) | +c|[eR B, (eu,e20) ||

[2(B3) [2(B3)

+VA|[eR €% 02,20y)(Q11,6Qu2)v |2 ,(t)(31)+05||6m AL (Q11,6Q12)y |
§||ea|Dw|(5U0»5 UO)”B% +|‘ea‘le((Q11)0»5(Q12)0)||B%

+[[e?1P21(£28,,20,) (Q11)0,6(Q12)0)ll 3

+C’5%||6Rt’(€ua€21))w||if ,(t)(Bl)*OE%||€Rt’(523x753y)(Q11,€Q12)w||i’;‘ /oy (BY)

+Cle™ 9, (QuueQuaull,

(

+elle® 0y (Quue@u2)ull 1y 53, +ell€™! €Da(QureQu2)yll 1o 51,
( i2(B3)
2

L 40”9 20)l] - 3
B sht le™" Oz (eu,e”v)yll; 2 ’(t)(B%)

—I—CEH@Rt A (Q11,6Q12) vl

tn()( tn(t)

+C|eR 0y(Q11,6Q12)0 12 53 10y(Qu1,6Q12)wll 15 1,
+C||6Rt aﬂ?(Qll;Ele)wHE?(B%)|‘8I(Q117€Q12)¢||Z?(B%) (223)

recall that on (0,7%], we have ||8y(Q1175Q12)¢Hi2(B%)+||58m(Q11,5Q12)¢||p(B%) <
t t

Choosing A=C? and § = 567> where € >0 is small enough, then Cd= g5 < 5. Thus we
have

+0|eR €0, (Q11,¢Qu2)y |, (B3)

€74 (20l 1)+ 17 (Qu1Qu2)ull e 8
+|]eR (528z758y)(Q1175Q12)1/)||LOO(B2) *Hem (€02,0y) (eu,%0)y |1, 2(ph)
C ’
+§H€Rt (Eamaay)(Qu»EQw)w‘|L2(32 +5 5||€Rt A, (Qu756212)¢;||L2(B2

<[leP=!(cug,e*vo)|l 3 +||€a|D”|((Qll)oﬁ(@u)o)HB%
+[[e1P!(£20,,20,) ((Q11)0,(Q12)0) | 3 =<0 (2.24)
so for t <T*, we have

10y (zu.e%0)y | +[[0a (eu, )y ||

[2(B3) [2(B3%)
260
—Rt
C

+110y(Q11,2Q12) || H1€00(Qu1,eQu2)ull 5 3y < =~

L2(B2

Recall the definition of T%. If we choose ¢y small enough, such that ¢y < %, then we
deduce that T equals to co. This finishes the proof of Theorem 1.1. ]

3. Global well-posedness of the hydrostatic system and the convergence

In this section, we study the global well-posedness of the hydrostatic approxi-
mate Equations (1.14) with small analytic data and justify the limit from the scaled
anisotropic system to the hydrostatic system.

3.1. Global solutions of the hydrostatic approximate. Recall that for the
hydrostatic limit Equation (1.15), we should skip the ordinary case that d,U =0. Then
(1.15) becomes Q11 =Q12=0. So we only need to focus on the Equation (1.14). Recall
that U has the expression given in (1.8) and we suppose that > - m|c.(m)|<c*.
Define

ug(t,e,y) =F L, (e?OOa(t,E,y)) with  ¢(t,€) = (a—A0(t))[¢] (3.1)
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where 6(t) denotes the evolution of the analytic band of u, determined by

0'(t)="_ mlc(m)le”™ ™ with 0(0)=0. (3.2)
m>0
Notice that 6(t) <> -, ‘C;f;g)l for any ¢ >0. We first prove the following proposition.
ProrosiTION 3.1. For any s>0, there exists some constant c* >0, such that if
> om0 lea(m)] <c*, then

m
€77 | zoe ey + 1177 Bytiol 725y < [Pl 5. (3.3)

Proof.  Recall that |D,| denotes the Fourier multiplier with symbol |£|. Using
(1.14), we deduce that u, satisfies

Oy + A0 ()| Dyluy + (Udpu) g+ (v0,U) y — 85% +0:pe=0. (3.4)

Applying Al to (3.4) and taking the L? inner product with Alu,, we have

2dtlIA Ug| |72+ A0 (| Dy | Afug, Afug) pz + || AFOyusl|7 -

- (Ak(Uaacu)@AkW,)Lz - (AZ(UayU)¢,AZU¢)L2 — (A',;(ﬁxp¢,AZu¢)L2. (35)
Similarly as the anisotropic case, we obtain that (AR (Ud,u)s, Afuy)rz2 =0, and

(AR (02pg, Afug) 2 = —(A (g, AL Drug) 2 = — (AL (g, AL Dyvg) L2
=— (AL (Oyps, Afvg) 12 =0.

Next, recalling that 0,U <€'(t), we can directly deduce that for any s> 0,

— (AR (0, U)g, Afug) 2 Sdi27 2" [ug| |2, (3.6)

s+ 1
L2, (B"FE)

multiplying (3.5) by €2®* and integrating over [0,#], we obtain that there exists a con-
stant C > 0 such that

1 , ¢ ; 1 ,
SR Afug[Fe 12y + 228 / ' () 1™ A ()72 + 51 ApdyusFz 12,

<[Pl Al |2, + CdZ 272k ||eRY u¢|| (3.7)

oxl
Zorn(BTT)
for any s> 0, we multiply (3.7) by 22*%, take square root and sum up over Z to obtain
that for any ¢t <T*,

1€RY gl 1o ey + VAR gl +11eRY D upll 2 e
t

o (BT
o (3.8)

<] Pel C Rt ~ .
fHe uol|Bs + He u(z,HLiel(t)(BbJr%)

finally, if c* < 2 02 , then we can choose a suitable A such that A > C?, and we have proved
the proposition. ]

REMARK 3.1. Here we just need 6(¢) to be small enough instead of ' (¢), which allows
the condition on U to be weaker.



X. LI, M. PAICU, AND A. ZARNESCU 1725

Next, we prove

ProroSITION 3.2. For any s>0, there exists some constant c* >0, such that if
Y omsoM|cx(m)| <c*, then there exists a constant C'>0 such that

Rt Rt 92
1™ Oyug || pee oy +11€™" Oyuollzz ey

SC(He“lDE‘uOHBS + ||ea‘D“|u0| get1+ ||€a|D1‘ay'U/0||Bs). (3.9)

Proof. 'We come back to the Equation (1.14), and we follow the idea of Lemma
3.2 of [16]. Applying 9, to both sides, we have

0y dyu+UdpOyu+v0,U — O3u+ 0,0,p=0.

Recall that (AP (U0,0,u) s, Ald,us)r2 =0. Similarly as before, we obtain that for any
0<t<T™,

1 , t , 1 ,

SR ALDy e 12+ 22" / 0 (OI1ERY ALy g (1) Bt + 517 ALy 23 o

1, ., ¢ / ,
<3P 1AL0 ol [ AL OR) o™ A0, ol

t
+ /0 (R AL Dupg, €™ ALOZuy|)p2]dt’. (3.10)

From integration by parts, we have

(AZ (v@jU)d),Azay%)Lz = —(AZ (’UayU)¢,AZ(9§U¢)L2 + (AZ(@xuﬁyU)¢,A28yu¢)Lz
Notice that 9,U <6'(t) <c*, so

(AR (0, U)g, AROyus) L2

20—2k 2 2 20—2k 2
Sdi2 S||a u¢||~2 (Bs)+dk2 S||u¢||iie/(t)(3”1)

S By e (3.11)
and similarly from Poincaré inequality,
(AR (0udyU) g AfDyug) 12
< J29—2ks )
SEE W Ouollyy et lellyy e,
d22‘2’“ Dyug||? 3.12
SRRT NI, e, (.12
next, for the d;py term, we integrate (1.14) for y €[0,1] to get that
1
Ozp=0yu(t,z,1) —Oyu(t,x,0) —2(“)1;/ U(t,y)u(t,z,y)dy (3.13)
0

so we have
(eRtAgawm, (t), eRtALL@; ug(t))r2

:/ eRIAN O,y - €™ (AL D ug(t,z,1) — ALdyug(t,2,0))dx
R
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:A(ent(Azayu¢(t,x,l)—Azayu¢(t,x,0)))2d:c
+2/R (eRt/OlAzam(Uu)quy) R ARO ug(t,2,1) — ALD ug(t,2,0))dw
IR AL U (D)2 (12, + 1R AL (U ()12, 12
notice that for any s >0,
||€Rtﬁzam(UU)¢(t)||L§(L,1,(L§L)) <R AR (U)o (1)l 12(12)

_ ’
Sdi2 kSHUHLngcHeRt u(ﬁ”i?‘?(BS“)

S di2 7[R ug|| oo (o)
and similarly as the proof of Proposition 4.2 of [16], we have
Rt Ah REAh REtAh
1Rt AL, ol 2. 13, < 2116t ALD, gl 1|t AL D2
combining the estimates together, we have
t
/|(6RtA28zp¢(t),eRtAZ5'Zu¢(t))Lz|dt’
0
1 " _ /
< TR AL GRug| 2 oy + IR ALyt [ ) + O gl 2

1 _oks . '
<R AL 2 )+ B2 (RO AL gl By + (€™ gl B i)

(3.14)
Take the square root and sum up in Z, so from (3.11) to (3.14), we have
€% Oyl g+ VAN Bytiellzy e+ Btz
S||€“'D“"‘3yU0HBS+CC*(|\€Rt5§U¢||ig(Bs>+||€ Byusllza(pesny)
c<||em/ayu¢||zg<35>+c*||e”ayu¢||ifo(35+l)+;H Ropugl2, ey

t,G’(t)

together with the Proposition 3.1 and Poincaré inequality, if c* is small enough, we
2
choose \ > % and the proposition is proved. 0

Now we come back to finish proving Theorem 1.2.

Proof. (Proof of Theorem 1.2.) The first two inequalities have been proved in
the two previous propositions. The main structure of proving the third one is similar to
Theorem 1.2 of [16]. For the Equation (1.14), we apply the operator A} and take the
L? inner product with e?R*A(9,u), to obtain that

€™ AR (Oru)gl |72 =€ (AR Djug, AR (Dyu)) e
= AR (U u) 5, AR (Oyu) o) 12 — € (AR (00, U) g, A (D)) 12
(3.15)
From integration by parts we get

1d

(P ALy, AR (Dyu)y) L2 ~57%

Rt AL, upl2e — 0 (28R AL, gl [2a. (3.16)
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For an arbitary s> 0, we multiply (3.15) by 22¥, use (3.16) and sum over Z, to get

Hem (atu)wHLg(Bs) +||6Rt ayu¢||£gc(35)
<C(|[e"P=1, 0|5+ 1™ (U)ol 2 5oy + R @OVl 725y (3.17)

Recalling that U and 9,U are uniformly bounded by c*, by Poincare inequality, we have

1R (U)ol 2200y : 1R @D, D oI350y S 1R Byl 22

so finally we obtain

17 @ew)ollz2 (o) + 1€ Oyusl Lo ey < Ol P Oyuoll s+ [le P uo 3 pi1)

and Theorem 1.2 is thus proved. 0

REMARK 3.2. Notice that in this subsection, the evolution equation 6(¢) depends only
on U. In fact, in next subsection, we need to add another term ||8yu¢(t’)||B% to prove
the convergence. Notice that

t
/o 18yt (£)]] 3 At S [0 sl 2 ity S ull s

so if we also suppose He“‘DT'uOHB%

is small enough, then ||0,ug (t’)||B% will also appear

in 0(t). Comparing with the anistropic case, we can similarly define the evolution of the
analytic band of u® —u to prove the convergence. The details can be seen later.

3.2. Convergence to the hydrostatic system. Define w}:=u®—u,w?:=
v® —v. Then they satisfy the equations:
eQyw! — 202wl —ed2w! +€0,q. 4+ 0, Ri1 + 0y Ry
=&30%u. —e[(U +eu®)0,u® — Udyu] —e[v° 0y (U +euf) —vd, U]
62(9,5111? — 648510? — 528510? + (9qu + 3mR12 + 8yR22 (318)
=—e2Q+e'd2v+e20pv—e? (U +eus)d,v° —e®v°8,0°
dpwl+0,w?=0.
For a function u, we define
ue (t,z,y) = F (P Da(t.&,y)),  O(1€):=(a— 1)K (3.19)
where > A\ will be determined later, and {(t) is given by
¢(0)=0,
! £ € ’ —m27r2 ’
¢ () =11(e02, 0y )uy, ()| 1 +11(202,0,)(Q11,6Q12)p (t)] ;3 + D mlemle “llue )] 3
m>0
out of Theorems 1.1 and 1.2, we deduce that
H€u®||L°°(R+ B2)+H ®||Loo(R+ BQHBQ) (320)
HlOyuellzege 5t np3) TIIOWell g 53y <M
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where M >1 is a constant independent of . For convenience, we define

= e302u, — e[(U +eu®)0pu® — Udyu) —e[v°0y (U +euf) — v, U]
and

S?:= 752&@+548§v+523§v762(U+su5)8 v —3°0,v°

We prove two propositions about S' and S2:

PRrROPOSITION 3.3.

/ (A58, Apud) el Sedizlewellzz ,, onllvell} g 19,0 ells )

+ 320,00 |4 3 0ol 32)+d22 “lewells )
edi2 (el 1 19001l 2o 3, 100l ) 10y10 | 1 N EW D 1
(3.21)

Proof. From integration by parts and Poincare inequality, we have

/ (Af02ue, Awb)raldt’ S d2 M 0yuolly 3 0 ol py py) (322)

we next write

(U+eu®)0,u®—Udu= Udyw! +ufd,w' +ew dpu+ecudyu

and

050, (U +eu®) —v0,U = w0, U +ew?dyu +evdyw" +evdyu

similarly as in Lemma 3.1 of [16] and recalling that U,0,U <¢'(t), we have

/ (AU +e0)0,0t +0,Uu?)o, Mpud)eldt S B2 uhal 2,

L (323)
analogously to (5.11) of [16] we get
¢
[ 1akewtdu)e, Al ewt o) o ldt
0
<-~J29—k 1 2 1 5 1
Sedtz*(leutlels oyt lEwDellzs o lluell? 0w el o)
(3.24)
recall that v® =w?+wv. Similarly as in (5.13) of [16], we obtain
¢
[ 1adio, cut o A et ya) ol a
0 1 (3.25)
29—k IR 3 1
sedtz ¥l ewollzs o lluell?_y 10w ol 1)

finally, similarly as (5.14) of [16], we have

t
8/ (AR (ew®dyu)e, Ak (ew')e) 2]dt' Sedi27"|(ew)oll3a
0

. 3.26
t,C/(t)(Bl) ( )
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A difference from [16] is that in here there is an extra term e(ud,u+v0y,u). Notice that
for any s> 0, from the law of product in anisotropic Besov space (see [5] for the proof)
and Poincare inequality, we have

[(udzw)e || 25y + (WO u)e |72 pey

Sliwellpe g3y 10yuellzz e Hlivell e pern)l10suell 1 g1 (3.27)
and the proposition is proved after combining (3.22)-(3.27). |
PROPOSITION 3.4.

/ (ARSE, Ajwd) p2|dt!
Sedi27*||(ew' e wz)@)”%iy (B1) +52di27k||52w%)”i2 o (BY) y0yuellis b2y
B2 @)oll 3, + 10,0111y 1 IO
B H 0l 5 1Bl
20—Fk|| 2 i i
+edi2™"||e w@HLiC,(t)(Bl)‘|u(—)|‘ztoo(B%)||8yu@||L';’(BZ)
29—k|1=2,,2 || . %
+ed;27F|e w@||L?Y</<t)(Bl)Hue||L?c(B%)(H8yu(_)||L2 +H8 (2w )@HLf(B%))' (3.28)
Proof. Similarly as (5.15) of [16], we deduce from Poincaré inequality that
t
/|AZ(—628,511+548§11+526§v)@,Azwé|det
0

a2 (11@well 1y 3, +10uell 1 ) 10031 1)

+ B2 M0yl g 0Bl i (3.29)

We decompose v° =v+w?. Recall that U <¢'(t), so we have
t
/ AL (U, w2)e, Alwd | pdt =0
0
and
¢
62/0 |AZ(U8IU)@7AZ&:2M(29‘L2dt’ 552di2_k| |82w(29‘|I~1i<l(t)(31)||ayu®||EE(BZ).
Next, similarly as (5.16) and (5.17) of [16], we have

¢
83/ |A (uF 0,070, Ale?wd | p2dt’
0 (3.30)

20—k([-2, 2 || 2,2 |-
Sedi27"|le w@”Lf,c,(t)(Bl)(Hs w@“Lf’C,(t)(Bl +u 9“200( ,)Hay ®HL2 B2))

Note that v°9,v° =vd,w? +w?yw? +vyv +w?dyv. Recall from Lemma 3.3 of [16] that

t
53/0 |(A2(w28yw2)®’A252w(29)L2|dt/SEdi”(Ew@,E w@)||L2 C’(t)(Bl).
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Next, recall that J,v =—0,u. Similarly as (3.24), we have
t
2 [ Ak onwe, Aleud) ol a
0

Sedi2 M uBllzz ,  ony (1wl

1
2 0 . 3.31
2 ) t,</<t)<Bl>+H”9”L H (7w )eIIL?<B; ) (3:31)

2)
and
t
£ / (AL (08, 02)e,2 Alwd) 12 |d
20—k B w?
B2t uollzy ol oy 0ol s (332

finally, again using the product law of anistropic Besov norms, we have

/ |(Al(vOyv) e, Ale?wd) 2 |dt’

3 26—k : 3
sEa I udellis, mlluelll, g Bellyps,  (333)
and the propostion is proved after combining (3.29) to (3.33). |

Finally, we come back to proving Theorem 1.3.

Proof. (Proof of Theorem 1.3.) Recall that in the hydrostatic limit case we
assume that Q11 =Q12=0 and we still drop ‘e’ in 5, and Qf,, for simplicity, as the
anisotropic case. By using a similar derivation of the scaled anisotropic system and
recalling that the terms R;; can be estimated similarly as in the Propositions 2.3-2.5,
we obtain that

AR (ewg, e*w) HLOO L?) +]]AR(Q11,6Q12)0 >||2L;>°(L2)
+||AZ( 233:75811)(@11’5@12)6)||L§C(Lz)

vt [ @Bk en (oot + [ IAEA(@un Qo) -a
[ 18w )o. (o -+ 22 Al o, (Eu)o))

T2t / CENAL@Q1,eQu)e) |2t

st [ 18000, @ueQu)o) aa

t
+/ |AF0,((Q11,6Q12)0))[72 +£°2% [|AL(Q11,6Q12)0)) |7 2dt’
<[e®! Pl Al (e (u§ —uo),e (v§ —v0))|| 22
+/ [(ARSE, Arwd) 2 |dt +/ |(ARSE, Ahwd) 2 |dt (3.34)
0

we deduce from Propsitions 3.3, 3.4 and M >1 that

t
[ sty sty + [ (3058, Aud)ielav
0
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Sdi2 M (llewt ew?)ol |7 . +Me||(e0:,0,) (ewe,e*w)|

0 (BY) i?(B%))

_ 1
+dR2 M e[, (cwh. P wd)| 1 Nl w e ud)llze oy
_ 3
+d22 kMQ‘g”EZwé”iim(Bl) (3.35)

so from Cauchy-Schwartz inequality, we have
lewt)on a1, +ollEwt o udz o
4‘||(Qu,56212)9||LO<J(B2 +[1(€204,29,)( §1,5Q§2)®HE§O

+1|0y (ew,?w?

(B?)

Joll 1, + 195020l

+110y( i1»5Qi2)@||L2(BQ + €0 ( 1175Q12)@HL2(32 +ellAc( i1a5Qi2)w||Z$(3%)
<ClleP=!(e(uf — o), (v —v0))l| 53 +ClleP (Qu1)o,e(@12)0)] 3
+C[eP=1(£20,,20,) ((Q11)0,6(Q12)0) ] 3 +C(||(Ew17€2w2)@||ifC,(t)(Bl)
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and (3.35) is proved by choosing > C2M?2. 0
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