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Let V be a strongly regular vertex operator algebra and let chV be
the space spanned by the characters of the irreducible V -modules.
It is known that chV is the space of solutions of a so-called mod-
ular linear differential equation (MLDE). In this paper we obtain
a classification of those V for which the corresponding MLDE is
irreducible and monic of order 2. It turns out that V is either one
of seven affine Kac-Moody algebras of level 1, or the Yang-Lee Vi-
rasoro VOA of central charge c = −22/5. Our proof establishes
new connections between the characters of V and Gauss hyperge-
ometric series, and as a Corollary of our classification we complete
the work of Mathur, Mukhi and Sen who considered a closely re-
lated problem thirty years ago.
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1. Introduction

In a remarkable paper that was ahead of its time [21], Mathur, Mukhi and
Sen put forward the idea of classifying two-dimensional conformal field the-
ories according to the differential equation satisfied by the characters of
the simple modules (primary fields at vacuum). These differential equations,
now called MLDEs (modular linear differential equations), involve themodu-
lar derivative and have coefficients which are modular forms. (Further details
are given below.)

Mathur, Mukhi and Sen pushed through their ideas in the basic case
when the MLDE has order two and is monic (leading coefficient 1) cor-
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responding to some theories containing just two two primary fields. They
achieved a classification result in this case, however some ambiguities re-
mained and their methods are mathematically incomplete.

The purpose of the present paper is to revisit the classification of Mathur,
Mukhi and Sen. Taking advantage of recent advances in the theory of
MLDEs, in particular the connections with Gauss hypergeometric series [7],
and the theory of strongly regular vertex operator algebras [17], we obtain a
complete result that is mathematically rigorous. In fact our Main Theorem
amounts to an extensive generalization of their result. In particular, we give
a new description of the characters of the modules of several familiar VOAs
in terms of Gauss hypergeometric series. In the rest of the Introduction we
give a precise statement of our Main Theorem and give a more detailed
discussion of our results and methods of proof.

Our setting is the theory of rational vertex operator algebras (VOAs),
and in particular VOAs V that are strongly regular. Informally, this means
that V is well-behaved. An overview of the theory can be found in [17].
However MLDEs are not treated in [17], and we discuss them here because
they figure prominently in the present work.

The weight 2 Eisenstein series is

E2(τ) := 1− 24

∞∑
n=1

∑
d|n

dqn.

Here, and below, τ lies in the complex upper-half plane H and q := e2πiτ .
The series E2(τ) is holomorphic throughout H. Its main importance for us
is its occurrence in the modular derivatives

Dk:=
1

2πi

d

dτ
− k

12
E2(τ)=q

d

dq
− k

12
E2(τ) (k∈Z).

The operator Dk acts on the space F of holomorphic functions in H and
in this regard it has a basic invariance property. To describe this, let Γ :=
SL2(Z) be the homogeneous modular group. For a given k, Γ acts on the
right of F by the kth stroke operator

f |kγ(τ) := (cτ + d)−kf(γτ) (f∈F , γ:=

(
a b
c d

)
∈Γ).

Then we have ([14, Chapter X, § 5])

Dk(f)|k+2γ(τ)=Dk(f |kγ)(τ).(1)
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An MLDE is a differential equation of the form

(
P0D

n
k+P1D

n−1
k + · · ·+Pn−1Dk+Pn

)
f=0.(2)

Here, each Pj is a holomorphic modular form on Γ of weight m−(k+2n−2j)
for some given integer m, and Dn

k :=Dk+2n−2◦ · · · ◦Dk+2◦Dk (for additional
details, see [21] and [18]). For example, the simplest MLDE of order 2, having
n=2, k:=0,m:=4, is

(
D2

0+k1E4(τ)
)
f=0 (k1∈C)(3)

where E4(τ)=1+240q+· · · is the standard weight 4 Eisenstein series on Γ.
Eq. (2) may be rewritten as a (complicated) traditional linear differential

equation involving the derivatives of f , but this will not be useful for us.
The formulation (2) together with (1) makes it clear that the solution space
is invariant under the stroke action |0 of Γ, and this representation of Γ is
in fact the monodromy of the MLDE [8].

Suppose that V is a strongly regular VOA of central charge c. If M is a
simple V -module of conformal weight h then the q-character of M is defined
by

ZM (τ) := TrMqL(0)−c/24 =
∑
n≥0

(dimMn+h)q
n+h−c/24.

Let chV denote the C-linear space spanned by the q-characters of the
simple V -modules. An important theorem of Zhu ([23], [6]) implies that
chV ⊆ F and that chV is a Γ-submodule with respect to the zeroth stroke
operator |0. Furthermore, we may use the modular Wronskian ([18], [21])
together with Zhu’s theorem to show that if dim chV =n then chV is the
solution space of some MLDE of order n.

In this way, given a strongly regular V with space of characters chV , we
obtain some important arithmetic/representation-theoretic data, namely the
representation ρ:Γ→GL(chV ), and an MLDE with monodromy ρ. This data
is related to, though rather different from, the usual S- and T - matrices of
rational conformal field theories (RCFTs).

Mathur, Mukhi and Sen proposed classifying RCFTs according to the
MLDE associated to them. They considered in detail the case where the
MLDE is (3) and the monodromy ρ is irreducible. In particular dim chV =2.
This means that either

(i) V has exactly two simple modules,
(ii) V has more than two irreducible modules, with linearly dependent

characters.
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In as much as an irreducible module and its dual have identical char-
acters, the second possibility is commonplace. The difference between (i)
and (ii) can be severe at times. Here is an example in rank 4 (for fur-
ther details see [19]): the two lattice theories LD8

(1, 0) and V√
2E8

both sat-
isfy dim chV = 4 and the spaces of q-characters span the solution space of
the same MLDE of order 4. On the other hand, LD8

(1, 0) has exactly 4
simple modules, whereas V√

2E8
has 256.

In order to describe our main results, we recall (cf. [20]) that the Gauss
hypergeometric series is the function

2F1(a
′, b′, c′; z):=1+

∑
n≥0

(a′)n(b′)n
(c′)n

zn

n!
,(4)

where (a′)n is the Pochhammer symbol (or rising factorial)

(a′)n := a′(a′ + 1)(a′ + 2) · · · (a′ + n− 1).

The series 2F1(a
′, b′, c′; z) converges for all a′, b′, c′∈C unless c′ is a nonposi-

tive integer. It is a solution of the Gauss hypergeometric differential equation

d2f

dz2
+
(c′−(a′+b′+1)z)

z(1−z)

df

dz
− a′b′

z(1−z)
f=0.

The following Theorem is the main result of the paper:

Main Theorem: Suppose that V is a strongly regular VOA such that chV
is the solution space of a monic order 2 MLDE with irreducible monodromy.
Then V is isomorphic to one of the following affine algebras of level 1:

LA1
(1, 0), LA2

(1, 0), LG2
(1, 0), LF4

(1, 0), LD4
(1, 0), LE6

(1, 0), LE7
(1, 0)

or the Yang-Lee discrete series Virasoro algebra V irc2,5 of central charge−22
5 .

We emphasize that in the Main Theorem there is no assumption con-
cerning the number of simple V -modules.

In all cases the q-character ZV (τ) of V and the q-character of a nonva-
cuum simple V -module ZM (τ) are modular functions of weight 0 on a con-
gruence subgroup of Γ and they may be described (up to an overall scalar)
in terms of a pair of rational numbers (a, b) and the Gauss hypergeometric
series as follows:

ZV (τ)=Ka · 2F1

(
a, a+

1

3
, 2a+

5

6
;K

)
, ZM (τ)=Kb · 2F1

(
b, b+

1

3
, 2b+

5

6
;K

)
,
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where K is the level 1 hauptmodul on Γ defined by

K:=
1728

j
:=

E3
4(τ)−E2

6(τ)

E3
4(τ)

,

according to the cases in Table 1. (This Table includes data about three cases
that do not occur in the statement of the Main Theorem corresponding
to c = −6,−8 and c = −10. But it transpires that these cases require
a considerable effort to eliminate, and for convenience we state the relevant
data here.)

Table 1: Values of a, b, c

Type a b c
A1 −1/24 5/24 1
A2 −1/12 1/4 2
G2 −7/60 17/60 14/5
D4 −1/6 1/3 4
F4 −13/60 23/60 26/5
E6 −1/4 5/12 6
E7 −7/24 11/24 7
V irc2,5 11/60 −1/60 −22/5
?? 1/4 −1/12 −6
?? 1/3 −1/6 −8
?? 5/12 −1/4 −10

The Mathur, Mukhi and Sen situation is covered by the next result.

Corollary: Suppose that V is a strongly regular VOA with exactly two
simple modules whose characters span the solution space of a monic order
2 MLDE with irreducible monodromy. Then V is isomorphic to one of

LA1
(1, 0), LG2

(1, 0), LF4
(1, 0), LE7

(1, 0), V irc2,5 .

In our approach to the proof of the Main Theorem we first show that
the q-characters of all irreducible modules are modular functions on a con-
gruence subgroup. In the present situation we are able to prove this fa-
mous modular-invariance result based on recent advances in the theory of
MLDEs [7]. We then closely consider the MLDE (3): we use a detailed knowl-
edge of 2-dimensional irreducible representations of Γ [16] to show that there
are only 9 possibilities for the monodromy ρ. The description of the solutions
of the MLDE in terms of Gauss hypergeometric series was given in [7], and
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this result is fundamental to our approach. We use it to show that there are
only finitely many (14 in fact) possible values of the central charge c (and
the effective central charge c̃) for a VOA satisfying the assumptions of the
Main Theorem.1 These are listed in Table 6. Our task is then to classify the
VOAs according to this data. We use a number of classification results in the
literature (summarized in Theorem 7) to show that of the fourteen possible
sets of data, some cannot correspond to a VOA, while others characterize
the VOA uniquely. These results are all contained in Section 2.

As we have said, the hypotheses of our Main Theorem impose no a priori
restrictions on the number of simple V -modules and it is surprising that
the hypergeometric approach allows us to eliminate almost all possibilities.
Indeed, we show that there are just three exceptional values c = −6,−8,−10
of the central charge c that do not succumb to our initial analysis. Thus the
first part of our proof shows that either the conclusions of the Main Theorem
hold, or else c takes on one of these three special values. We refer to them
as the stubborn cases. Such a situation is not uncommon. For example, in
classification results analogous to ours due to Grady-Tener [11] and Franc-
Mason [9] there are similar stubborn cases. The data in Table 1 makes it
clear why these three particular cases are more difficult: the MLDE in each
case coincides with that of an affine algebra; as a result arithmetic methods
alone will not eliminate these cases.

In Section 4 we take up the stubborn cases. We expand our approach to
take into account the genus 1 conformal block B for V . There is a surjective
morphism of Γ-modules B −→ chV and we carry out a very technical analysis
of B as a Γ-module in order to get some detailed information about this
morphism in spite of the apparent difficulty that we do not know dimB.
This analysis, which is mainly representation-theoretic in nature, ultimately
leads to a contradiction unless dimB = 2, this possibility having already
been handled in Section 3 by modular function-theoretic methods.

The authors are indebted to the referees for their careful consideration
and detailed comments on prior versions of this paper.

2. Proof of the Main Theorem, part I

In this Section we reduce of the proof of the Main Theorem to consideration
of the stubborn cases. Unless stated otherwise, V will always be a VOA
satisfying the hypotheses of the Main Theorem. We retain previous notation.

1This finiteness result is somewhat surprising because, for example, there is no
analogous result in rank 3: there are infinitely many strongly regular VOAs with
dim chV = 3, and their c-values are unbounded.
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2.1. Modularity

In the next Theorem we do not need the irreducibility of the monodromy ρ.
We will prove

Theorem 1. ker ρ is a congruence subgroup of Γ. In particular, the q-
characters of the simple V -modules are modular functions of weight 0 on
a congruence subgroup of Γ.

Proof. Let M(ρ) denote the space of holomorphic vector-valued modular
forms corresponding to ρ. This space is naturally Z-graded by weight k:

M(ρ) =
⊕
k∈Z

Mk(ρ).

We assert that there is F (τ) ∈ Mk(ρ) for some integral weight k such that

F (τ) has bounded denominators. Indeed, we may take F (τ) := Δ(τ)
k

12W (τ)
for some k, where

W (τ) :=

(
ZV (τ)
ZM (τ)

)

is the meromorphic vector-valued modular form defined by V and M is some
simple module for V . W (τ) has no poles in H, but there may be poles at the
cusps. This assertion follows because W (τ) has integral Fourier coefficients,
therefore the same is true for F (τ). And by choosing k large enough we
can ensure that F (τ) is holomorphic at the cusps, hence it is a holomorphic
vector-valued modular form.

Now we may apply Theorem 1.2 of [7], which says that if M(ρ) contains
a single nonzero vector-valued modular form with bounded denominators,
then ker ρ is a congruence subgroup. The statement of the Theorem follows.

Remark 2. There are exactly 54 equivalence classes of two-dimensional ir-
reducible representations ρ that satisfy the conclusions of Theorem 1. They
are explicitly listed in Tables 1–5 of [16].

2.2. The monic MLDE

In this Subsection we take up consideration of the MLDE (3) which has
chV as its solution space. It will be convenient to deal with the normalized
vector-valued modular form of weight 0

W0(τ) :=

(
f1
f2

)
,
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whose components comprise a fundamental system of solutions of the MLDE.
Thus

(5) f1(τ):=ZV (τ)=qa+ · · · , f2(τ):=(dimMh)
−1ZM (τ)=qb+ · · · ,

where a, b are rational numbers satisfying a:=−c/24 and b:=h−c/24 and
where M is some simple V -module.

Lemma 3. We have a+b=1/6 and ab=−k1.

Proof. We know [18] that q=0 is a regular singular point of (3), and that
the corresponding indicial roots are a and b. The indicial equation is easily
found [18] to be x2 − x/6− k1=0, and the Lemma follows.

Let us set

T :=

(
1 1
0 1

)
, ρ(T ):=

(
e2πim1 0

0 e2πim2

)
(0 ≤ mj < 1).

We know by Theorem 1 that ρ has finite image, and in particular ρ(T ) has
finite order. This implies that m1,m2∈Q. Moreover a≡m1, b≡m2 (mod Z).

Lemma 4. We have m1+m2=7/6. There are just 9 possibilities for the
(unordered) pair {m1, m2} as follows:

Table 2: Values of m1 and m2

m1 5/6 3/4 11/12 23/24 17/24 53/60 47/60 41/60 59/60
m2 1/3 5/12 1/4 5/24 11/24 17/60 23/60 29/60 11/60

Proof. Since a+b≡m1+m2 (mod Z) and 0≤m1+m2<2, after Lemma 3 the
only possibilities are m1+m2=1/6 or 7/6. On the other hand, by Remark 2
there are just 54 isomorphism classes of irreducible ρ and they are uniquely
determined by the pair {m1, m2}. Indeed, Tables 1–5 in [16] list all 54 possi-
bilities, and we observe from these Tables that the case m1+m2=1/6 never
occurs and that there are just nine choices of ρ with m1+m2=7/6. The
corresponding pairs {m1, m2} are as listed in Table 2, and the Lemma is
proved.

2.3. Hypergeometric series

In this Subsection we show that ZV (τ) and ZM (τ) are given by hypergeo-
metric series evaluated at the level 1 hauptmodul K, as in the statement
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of the Main Theorem. We follow the arguments of [7]. First rewrite (3) as
follows:

θ2(f)−1
6E2θ(f)−k1E4f=0,(6)

where θ:=q d
dq . Now switch variables from q to j. As computed in [7], we

obtain

d2f

dj2
+

7j − 4 · 1728
6j(j − 1728)

df

dj
− k1
j(j−1728)

f=0,(7)

which is nothing but the Gauss normal form (cf. [20])

d2f

dJ2
+
C−(A+B+1)J

J(1−J)

df

dJ
− AB

J(1−J)
f=0,(8)

with

J=K−1, C=
2

3
, A+B=

1

6
, AB=−k1=ab.

Note that A, B satisfy the same equations as a, b (Lemma 3), so that
we may, and shall, take A=a,B=b. A pair of fundamental solutions of (8)
at ∞ are then the hypergeometric series

(9) f1:=Ka · 2F1

(
a, a+

1

3
, 2a+

5

6
;K

)
, f2:=Kb · 2F1

(
b, b+

1

3
, 2b+

5

6
;K

)
.

2.4. Bounds for c and m

In this Subsection we show that there are only a finite number of possibilities
for the central charge c of V and the integer m defined to be the dimension
of the first nontrivial graded piece V1 of V . To achieve this we will use the
description (9) of ZV (τ) and ZM (τ) as a hypergeometric series.

We continue with previous notation, so that a=−c/24, b=h−c/24 and

f1=ZV (τ)=qa+ · · · , f2=ZM (τ)=qb+ · · ·

Using the hypergeometric description (9) and the explicit formula (4) we
find that, up to an overall scalar,

f1(τ)∼
(
123q(1− 744q + 356652q2 + · · · )

)a ×
{
1 +

123a(a+ 1/3)

2a+ 5/6
q

+

(
−123 · 744a(a+ 1/3)

2a+ 5/6
+

126a(a+ 1)(a+ 1/3)(a+ 4/3)

2(2a+ 5/6)(2a+ 11/6)

)
q2 + · · ·

}
.
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Remark 5. This series does converge. Indeed, it will converge as long as
2a+ 5/6 is not a nonpositive integer, and this is true thanks to Lemma 4.

To write the first factor as a q-expansion, we use Newton’s binomial
expansion

(1 +X)a =

∞∑
k=0

(
a

k

)
Xk

with X := −744q + 356652q2 + · · · to obtain

f1 = qa
{
1− 744aq +

(
356652a+

7442a(a− 1)

2

)
q2 + · · ·

}

×
{
1 +

123a(a+ 1/3)

2a+ 5/6
q+

(
−123 · 744a(a+ 1/3)

2a+ 5/6
+

126a(a+ 1)(a+ 1/3)(a+ 4/3)

2(2a+ 5/6)(2a+ 11/6)

)
q2 + · · ·

}

= qa
{
1 + 24a

(
(6a+ 2)

12a+ 5
72− 31

)
q + · · ·

}

The first nontrivial coefficient of f1 is therefore

dimV1=:m=−c

(
(8−c)

(10−c)
36−31

)
=
c(5c+22)

10−c
.

This formula has appeared before. For example, in a paper of Tuite
and Van (p. 368 of [22]) it arises from consideration of the MLDE (3), but
instead of hypergeometric series Tuite and Van use special properties of the
exceptional VOAs that they are studying.

The previous display is equivalent to 5c2 + (22 +m)c − 10m = 0 (note
that c=−24a
=10), so c=

(
−(22+m)±

√
m2+484+244m

)
/10.

Because V is strongly regular then c∈Q (see [6]), so there is an integer
s such that s2=m2+244m+484=(m+122)2−1202. Thus

(10) s2 + 1202 = (m+ 122)2

and the solutions correspond to Pythagorean triples (s, 120,m + 122).
(A triple of integers that may serve as lengths of sides of a (possibly de-
generate) right triangle.)

There is an old and well-known algorithm (Euclid) that gives a parame-
terization of all Pythagorean triples. In our case there are only finitely many
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nonnegative integral pairs (s,m) that solve (10), and we may use Euclid’s
algorithm to readily find them all. They are set out in Table 3. We content
ourselves by listing the resulting pairs. We also list the corresponding pairs
of possible values of c = −((m+ 22)± s)/10 and a = −c/24, which we will
need.

Table 3: Values of s, m, c and a

s m c a
3599 3479 −710, 49/5 355/12, −49/120
896 782 −170, 46/5 85/12, −23/60
391 287 −70, 41/5 35/12, −41/120
209 119 −35, 34/5 35/24, −17/60
119 47 −94/5, 5 47/60, −5/24
64 14 −10, 14/5 5/12, −7/60

1798 1680 −350, 48/5 175/12, −2/5
442 336 −80, 42/5 10/3, −7/20
182 96 −30, 32/5 5/4, −4/15
22 0 0, −22/5 0, 11/60

1197 1081 −230, 47/5 115/12, −47/120
288 190 −50, 38/5 25/12, −19/60
27 1 −5, 2/5 5/24, −1/60
715 603 −134, 9 67/12, −3/8
35 3 −6, 1 1/4, −1/24
594 484 −110, 44/5 55/12, −11/30
126 52 −20, 26/5 5/6, −13/60
350 248 −62, 8 31/12, −1/3
50 8 −8, 2 1/3, −1/12
225 133 −38, 7 19/12, −7/24
160 78 −26, 6 13/12, −1/4
90 28 −14, 4 7/12, −1/6

We now compare the values of a in the fourth column of Table 3 with
the values of mj in Lemma 4. For we know that there is an index j such
that a≡mj (mod Z). A number of values of a do not survive this test, and
those that do are listed in Table 4.

Next we record, for each a-value in Table 4 an initial segment of the
q-expansion of f1=Ka · 2F1(a, a+1/3, 2a+5/6;K). These can be found in
Table 5.

Thus the cases a=35/12, 35/24, 47/60, 5/4, 10/3 are eliminated because
then f1 has coefficients that are not integers. On the other hand, in the case
a=5/6 we find that (up to an overall scalar) we have

f2∼q−2/3(1−272q−34696q2−1058368q3− · · · )
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Table 4: Values of s, m, c and a

s m c a
391 287 −70 35/12
209 119 −35 35/24
119 47 −94/5 47/60
64 14 −10, 14/5 5/12,−7/60
442 336 −80 10/3
182 96 −30 5/4
22 0 −22/5 11/60
288 190 38/5 −19/60
27 1 −5, 2/5 5/24,−1/60
35 3 −6, 1 1/4,−1/24
126 52 26/5 −13/60
50 8 −8, 2 1/3,−1/12
225 133 7 −7/24
160 78 6 −1/4
90 28 4 −1/6
126 52 −20 5/6

so that this possibility is eliminated on account of the negative coefficients.
What remains is the list of possibilities in Table 6, where we also include the
corresponding values of b and the effective central charge c̃. This invariant is
discussed in Subsection 2.5, and calculated using Lemma 6. (Consideration
of f2 as in the case a=5/6 does not yield any useful information in these
cases.)

2.5. The effective central charge c̃

In this Subsection we will show that some additional cases listed in Table 6
cannot correspond to strongly regular VOAs. To do this we make use of the
effective central charge c̃ of V defined as follows:

c̃:=c−24hmin

where hmin is defined to be the minimum of 0 and h. (Recall that h is the
conformal weight of the irreducible V -module M .) By (1.3) in [3], a strongly
regular VOA necessarily satisfies c̃>0. In the present situation we have

Lemma 6. Exactly one of −24a, −24b is positive, and this is equal to c̃.

Proof. First observe from Table 3 that exactly one of a, b is negative. If h≥0
then hmin=0 and then c̃=c=−24a. On the other hand, if h<0 then hmin=h
and furthermore c̃=c−24h=c−24(b+c/24)=−24b. The Lemma follows.
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Table 5: q-expansion of f1

a f1

35/12 q35/12(1 + 287q + 847903
23 q2 + · · · )

35/24 q35/24(1 + 119q + 113358
19 q2 + · · · )

47/60 q47/60(1 + 47q + 15369
17 q2 + · · · )

5/12 q5/12(1 + 14q + 92q2 + 456q3 + 1848q4 + 6580q5 + 21141q6 + · · · )
−7/60 q−7/60(1 + 14q + 42q2 + 140q3 + 350q4 + 840q5 + 1827q6 + · · · )
10/3 q10/3

(
1 + 336q + 868136

17 q2 + 1541266112
323 q3 + 5323642484

17 q4 + · · ·
)

5/4 q5/4
(
1 + 96q + 49869

13 q2 + · · ·
)

5/6 q−6/5(1 + 1292q + 701246q2 + 207599288q3 + 36592296829q4 + · · · )
11/60 q11/60(1 + q2 + q3 + q4 + q5 + 2q6 + 2q7 + 3q8 + · · · )
−19/60 q−19/60(1 + 190q + 2831q2 + 22306q3 + 129276q4 + 611724q5 + · · · )
5/24 q5/24(1 + q + 3q2 + 4q3 + 7q4 + 10q5 + 17q6 + 23q7 + 35q8 + · · · )
−1/60 q−1/60(1 + q + q2 + q3 + 2q4 + 2q5 + 3q6 + 3q7 + 4q8 + · · · )
1/4 q1/4(1 + 3q + 9q2 + 19q3 + 42q4 + 81q5 + 155q6 + 276q6 + · · · )

−1/24 q−1/24
(
1 + 3q + 4q2 + 7q3 + 13q4 + 19q5 + 29q6 + 43q7 + 62q8 + · · ·

)
−13/60 q−13/60(1 + 52q + 377q3q2 + 1976q3 + 7852q4 + 27404q5 + · · · )
1/3 q1/3(1 + 8q + 36q2 + 128q3 + 394q4 + 1088q5 + 2776q6 + · · · )

−1/12 q−1/12(1 + 8q + 17q2 + 46q3 + 98q4 + 198q5 + 371q6 + 692q7 + · · · )
−7/24 q−7/24(1 + 133q + 1673q2 + 11914q3 + 63252q4 + 278313q5 + · · · )
−1/4 q−1/4(1 + 78q + 729q2 + 4382q3 + 19917q4 + 77274q5 + · · · )
−1/6 q−1/6(1 + 28q + 134q2 + 568q3 + 1809q4 + 5316q5 + 13990q6 + · · · )

In the following omnibus Theorem we collect some further results, gleaned

from [3], [4] and [17], having to do with the effective central charge c̃ in an

arbitrary strongly regular VOA.

Theorem 7. Assume that V = C1⊕V1⊕ · · · is a strongly regular VOA of

central charge c. Let � be the Lie rank of the Lie algebra V1 (dimension of a

maximal abelian subalgebra of V1). Then the following hold :

(a) The Lie algebra V1 is reductive.

(b) � ≤ c̃ .
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Table 6: Residual possibilities

s m c a b c̃
64 14 −10, 14/5 5/12,−7/60 −1/4, 17/60 6, 14/5
22 0 −22/5 11/60 −1/60 2/5
288 190 38/5 −19/60 29/60 38/5
27 1 −5, 2/5 5/24, −1/60 −1/24, 11/60 1, 2/5
35 3 −6, 1 1/4, −1/24 −1/12, 5/24 2, 1
126 52 26/5 −13/60 23/60 26/5
50 8 −8, 2 1/3, −1/12 −1/6, 1/4 4, 2
225 133 7 −7/24 11/24 7
160 78 6 −1/4 5/12 6
90 28 4 −1/6 1/3 4

(c) If c=�=c̃ then V is isomorphic to a lattice theory VΛ for some even,

positive-definite lattice Λ of rank �.

(d) Suppose that c̃<�+1. Then c=�+cp,q where cp,q is a central charge in

the Virasoro discrete series.

(e) If L⊆V1 is a Levi factor of V1 then the subVOA U :=〈L〉⊆V gener-

ated by L is isomorphic to a tensor product of affine algebras L(gi, ki)

at positive integral levels ki. (U and V may have different conformal

vectors.)

(f) If c̃=2/5 then V is isomorphic to the Virasoro (Yang-Lee) model

with c=−22/5.

Proof. Parts (a), (b) and (c) correspond to Theorems 1.1, 1.2 and 1.3 re-

spectively of [3]. Part (d) is an immediate consequence of Theorem 7 of [17].

Part (e) follows from Theorem 1.1 of [4] and Theorem 3 of [17], while (f) is

a restatement of Corollary 9 of [17].

Table 7: Dimensions of simple Lie algebras

� 1 2 3 4 5 6 7 8 9 10
A� 3 8 15 24 35 48 63 80 99 120
B� 3 10 21 36 55 78 105 136 171 210
C� 3 10 21 36 55 78 105 136 171 210
D� 3 6 15 28 45 66 91 120 153 190
F4 52
G2 14
E6 78
E7 133
E8 248



The MMS theorem revisited 73

2.6. Approaching the proof of the Main Theorem

In the next two Subsections we deal with some explicit VOAs that intervene
in the Main Theorem. This involves a more detailed consideration of the
possibilities listed in Table 6 based on the results of Theorem 7. The list of
low-dimensional simple Lie algebras in Table 7 is also useful. First we deal
with the 8 known cases.

Case c=1. From Table 6 we have m=3, c=c̃=1. By Theorem 7(a) and (b)
V1 is a reductive Lie algebra of dimension m=3 and Lie rank �≤1. Thus we
must have V1

∼= sl2, so that �=1. Now Theorem 7(c) applies and establishes
that V∼=VA1

∼=L(A1, 1).

Case c=2. This is similar to the previous Case. We have m=8 and c=c̃=2,
so V1 is a reductive Lie algebra of dimension 8 and �≤2. The only possi-
bility is V1

∼=sl3, and we can conclude with Theorem 7(c) once more that
V∼=VA2

∼=L(A2, 1).

Case c=4. Here, V1 is a reductive Lie algebra of dimension 28 and Lie rank
�≤c̃=c=4. By the Cartan-Killing classification of semisimple Lie algebras
one checks that the only possibility is either V1

∼=so8 or V1
∼=G2⊕G2, and by

Theorem 7(c) we obtain V∼=LD4
∼=L(D4, 1).

Case c=6. V1 is a reductive Lie algebra of dimension 78 and Lie rank
�≤c̃=c=6. By the Cartan-Killing classification of semisimple Lie algebras
the possibilities are V1

∼=e6, sp12 or so13. In each case we have c̃=c=� and by
Theorem 7(c) we obtain V ∼= LE6

∼= L(E6, 1).

Case c=7. V1 is a reductive Lie algebra of dimension 133 and Lie rank �≤c̃ =
c = 7. By the Cartan-Killing classification of semisimple Lie algebras the
only possibility is V1

∼=e7 and by Theorem 7 (c) we obtain V∼=LE7
∼=L(E7, 1).

This deals with the cases of affine algebras with simply-laced root sys-
tems. In other cases the argument is a bit more complicated:

Case c=14/5. V1 is a reductive Lie algebra of dimension 14 and Lie rank
�≤c̃ = c = 14/5. Thus �≤2 and by the Cartan-Killing classification of
semisimple Lie algebras the only possibility is V1

∼=g2. Now from Tables 5
and 6, the character ZV (τ) is uniquely determined from the hypotheses
of the main Theorem together with the numerical restrictions c=14/5 and
dimV1=14. Because the affine algebra L(G2, 1) also satisfies these condi-
tions then it follows f1=ZV (τ)=q−7/60 + · · · as given in Table 5 is exactly
the graded character of L(G2, 1).
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On the other hand, if U :=〈V1〉 is as in the statement of Theorem 7(e)
then that result shows that U∼=L(G2, k) for some positive integer k. It follows
from the last paragraph that the graded character of L(G2, k) is majorized
by that of L(G2, 1) in the following sense: every coefficient in the graded
character of L(G2, k) is no greater than the corresponding coefficient in the
graded character of L(G2, 1).

Now L(G2, k) is constructed as a graded quotient of the universal VOA
M(G2, k) associated with the Lie algebra G2, and the (unique) maximal
submodule of M(G2, k) is generated by eθ(−1)k+11, where eθ is the longest
root (cf. [15, Chapter 6.6]). Because the graded dimension of L(G2, k) is
majorized by that of L(G2, 1) in the sense of the previous paragraph, it
follows that k=1. (A formal statement of the majorization argument that
we use is given in [9], Theorem 41.)

Case c=26/5. V1 is a reductive Lie algebra of dimension 52 and Lie rank
�≤c̃=c=26/5. Thus �≤5 and by the Cartan-Killing classification of semisim-
ple Lie algebras the only possibility is V1

∼=f4. The rest of the argument
proving that V∼=L(F4, 1) is completely parallel to that of the previous case,
except that of course we replace G2 with F4.

The remaining entry in Table 6 corresponding to a known VOA is the
following:

Case c=−22/5. In this Case we have c̃=2/5 from Table 4, therefore by
Theorem 7 (f) V is the Virasoro VOA in the discrete series with c=−22/5.
Alternatively, we have dimV1=0 from Table 4, whence the identification of
V follows from the characterization of the same Virasoro algebra given in [1].

Next we show by arguments similar to those already used that the cases
with c=2/5, 38/5, −5 do not correspond to strongly regular VOAs.

Case c=2/5. Here, Table 6 informs us that c̃=2/5 and dimV1=1. It fol-
lows that �=1>c̃, contradicting Theorem 7(b). Alternatively, we may apply
Theorem 7 (e) to see that V is the Yang-Lee model with c=−22/5, a con-
tradiction.

Case c=38/5. From Table 6 and various parts of Theorem 7, we find that
V1 is a reductive Lie algebra of dimension 190 and Lie rank �≤7. But there
is no such Lie algebra, as we can see using Table 7. So this Case cannot
occur.

Case c=−5. From Table 6, c̃=1 and dimV1=1, so �=1. So Theorem 7 (d)
applies, and tells us that c=1+cp,q. This is impossible because c−1=−6 is
never equal to any cp,q.
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This reduces us to consideration of the stubborn cases, i.e., the three

residual cases where c = −6,−8,−10.

3. The rank 2 case

Before tackling the three stubborn cases we deal with the case of two simple

modules. The main result in this Section is

Theorem 8. Suppose that c = −6,−8 or −10. Then V cannot have just

two simple modules.

Together with the results of the preceding Section, this will complete the

proof of our Mathur-Mukhi-Sen Theorem, i.e., the Corollary to the Main

Theorem. We will also need Theorem 8 in the next Section.

The proof of Theorem 8 is based on an explicit technique that we have

not used before which utilizes a knowledge of the q-expansions (cf. Table 5).

Other approaches are also available [10].

In the following we rely on the symmetry of the S-matrix acting on the

q-characters of the simple V -modules. This holds because S is symmetric in

its action on the genus 1 conformal block B and because evaluation at the

vacuum element 1 of V yields an isomorphism of Γ-modules B
∼=−→ chV , b �→

b(1, τ). That this is an isomorphism follows because we are assuming there

are just two simple V -modules and because chV is 2-dimensional.

Another thing to remember is that the q-character of the nonvacuum

simple V -module, call it M , is some integral multiple of f2(τ) as given in

Table 5. In what follows we will always write

TrMqL(0)−c/24 = Xf2(τ).

We turn to a consideration of the individual cases. (The referee points

out that the sort of computations we carry out may also be performed using

monodromy calculations based on hypergeometric series. The method we

use has the benefit of being quite efficient.)

Case 1. c=−6. We will use an explicit identification of f1 and f2 as mod-

ular functions of level 12. (The level is the least common multiple of the

denominators of a=1
4 and b=− 1

12 .) In fact, we have

f1(τ)=Δ3(τ)/η(τ)
2, f2(τ)=I3(τ)/η(τ)

2,
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where

Δ3(τ):=
η(3τ)3

η(τ)
, I3(τ):=1+6

∞∑
n=1

∑
d|n

(
d

3

)
qn,

and
(
d
3

)
is the Legendre symbol. This can be checked in various ways: (a)

show that the indicated modular forms solve the MLDE (3); (b) check that
Δ3(τ) and I3(τ) are holomorphic modular forms of weight 1 and level 12 and
that the first few terms of their q-expansions agree with those of η(τ)2f1(τ)
and η(τ)2f2(τ) respectively (cf. Table 5).

Using standard transformation laws, we find that

(
f1
f2

) ∣∣∣
0
S = − 1√

3

(
1 −1

3
6 1

)(
f1
f2

)
.

It follows that there is no choice of positive integral X that makes the
S-matrix symmetric, and therefore this case cannot occur.

Case 2. c=−8. We proceed as in Case 1. We find that

f1 =
η(2τ)8

η(τ)8
, f2 =

2E2(2τ)−E2(τ)

η(τ)4

and (
f1
f2

)∣∣∣∣
0

S = 1
2

(
−1 1

8
24 1

)(
f1
f2

)
.

We get the same contradiction as in Case 1.

Case 3. c=−10. Proceed as in Cases 1 and 2. We find that

f1 =
I3(τ)Δ3(τ)

2

η(τ)6
, f2 =

I3(τ)
3+54Δ3(τ)

3

η(τ)6

and (
f1
f2

)∣∣∣∣
0

S = 1√
3

(
−1 − 1

27
54 1

)(
f1
f2

)
.

Once again, the S-matrix can never be symmetric. This completes the proof
of the second Main Theorem.
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4. The stubborn cases

4.1. The global monodromy

We begin with some general remarks on the three stubborn cases. First we

reproduce the data from Table 1 that pertains to these particular cases and

introduce another integer n. We shall use this information repeatedly.

Table 8: The stubborn cases

a b c n
1/4 −1/12 −6 3
1/3 −1/6 −8 2
5/12 −1/4 −10 3

Let B be the so-called genus 1 conformal block for V . It has a distin-

guished (ordered) basis b0, b1, . . . , bd−1, where d is the rank of V , i.e., the

number of distinct simple V -modules. Each bi is naturally associated with a

simple V -module, say Mi, namely bi is the 1-point function determined by

Mi. In our notation we have set M0 = V .

B is a right Γ-module. Let σ : Γ −→ GL(B) denote this representation,

which we call the global monodromy. For more on this subject, see [23] and

[6]. Evaluation at the vacuum element 1 of V defines a morphism of Γ-

modules

B −→ chV , bi �→ bi(1, τ) = ZMi
(τ).(11)

This is how B relates to the main subject matter of the present paper.

The meaning of the integer n in Table 8 is explained in the next result

which determines the global monodromy.

Theorem 9. We have σ(Γ) ∼= SL2(n) × Zn+1 where the central subgroup

Zn+1 is generated by σ(Tn).

Proof. The two eigenvalues for the action of T on chV are e2πia and e2πib.

Indeed we have bi | T (1, τ) = ZMi
(τ + 1), so these are also the eigenvalues

for the action of T on B (compare with (11)). A glimpse at Table 8 shows

that, in each case, σ(Tn) acts on B as multiplication by a scalar equal to

e−2πi/(n+1) in the first two cases, and to e2πi/(n+1) in the third case.

Because n ≤ 3 a well-known result [13] says that the normal closure

of Tn in Γ is equal to the principal congruence subgroup Γ(n). Therefore
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σ(Γ(n)) = 〈σ(Tn)〉 ∼= Zn+1, and because Γ/Γ(n) ∼= SL2(n), σ induces a
diagram

1 Γ(n) Γ SL2(n) 1

Zn+1 σ(Γ)

where the top row is a short exact sequence. Any central extension of SL2(n)
by Zn+1 is necessarily split (it is well-known that SL2(2) ∼= S3 and SL2(3)
each has a trivial Schur multiplier) and it follows that there is a surjection

SL2(n)× Zn+1 σ(Γ)(12)

and we have to show that this is an isomorphism.
Now σ(Γ) is nonabelian because the morphism (11) surjects onto a 2-

dimensional irreducible module, and as we have explained the kernel, call it
K, of the morphism (12) has trivial intersection with the central subgroup
Zn+1. If n = 2 these conditions already ensure that K = 1 and hence (12)
is an isomorphism, as required.

On the other hand, suppose that n = 3. SL2(n)×Zn+1 = (Q8�Z3)×Z4

(Q8 is the quaternion group of order 8). If K meets the SL2(3) nontrivially
then it must contain the central involution, in which case σ(Γ) is a quotient
of PSL2(3) × Z4. But this latter group has no 2-dimensional irreducible
representations, contradicting the existence of the morphism (11).

This leaves just one possibility for a nontrivial K, namely the subgroup
generated by the image of 〈S2〉. The quotient by this group is an amalga-
mated product SL2(3) ∗Z4, which of course exists as an abstract group. We
will show that Γ cannot act on the conformal block B through this group.
This will require some effort and several properties of the S-matrix σ(S)
acting on B.

Introduce the notation

u := e−2πia, v := e−2πib.(13)

Recall from the beginning of the proof that u, v are the eigenvalues of
σ(T−1), and let r, s be the corresponding multiplicities. Thus with respect
to the basis of 1-point functions {bi} we have the representation by block
matrices

(14) σ(T−1) =

(
uIr 0
0 vIs

)
, σ(S) =:

(
A B
C D

)
, σ(T−1S) =

(
uA uB
vC vD

)
.
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We know that σ(S) has order 2, so that it is a real symmetric matrix [12].
In particular we have

(15) A2 +BC = Ir, D2 + CB = Is, AB +BD = 0, CA+DC = 0.

Also, T−1S is an element of order 3 in Γ, and we have

σ(T−1S)3 =

(
Y11 ∗
Y21 Y22

)
,

where Y11 = u3A3 + u2vABC + u2vBCA + uv2BDC, Y21 = u2vCA2 +
uv2CBC+uv2DCA+v3D2C, and Y22 = u2vCAB+uv2CBD+uv2DCB+
v3D3, and therefore

u2CA2 + uvCBC + uvDCA+ v2D2C = 0 ,

u3A3 + u2vABC + u2vBCA+ uv2BDC = Ir ,(16)

u2vCAB + uv2CBD + uv2DCB + v3D3 = Is .

We see that BCA = ABC = −BDC = A−A3, so that by (16)

u(u− v)2A3 + uv(2u− v)A = Ir .

Suppose that λ is an eigenvalue for A. Then

u(u− v)2λ3 + uv(2u− v)λ− 1 = 0.(17)

Now A is invertible and real symmetric (because σ(S) has these prop-
erties) so all of its eigenvalues are real. Thus (17) has at least one real root
λ. Indeed, a direct check (e.g., using SAGE) shows that in both remaining
cases λ = − 1√

3
is the unique real root. This argument shows that A = λIr.

Because all of the entries in the first row of the S-matrix are nonzero, it
follows that r = 1. (Alternatively, one could use the fusion rules.)

We can apply the identical argument to the real symmetric matrix D.
Skipping details, we find that D = μIs is also a scalar matrix. Note, however,
that here we can no longer rely on properties of the first row of σ(S). Rather,
we must apply the fusion rules to see that s = 1. Thus V has just r+ s = 2
simple modules. But this clashes with Theorem 8, yielding a contradiction
which completes the proof of the Theorem.

4.2. The case n = 3

The main result in this Subsection is

Theorem 10. The cases with n = 3, i.e., c = −6 or c = −10, do not occur.
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We proceed in a series of Steps, assuming by way of contradiction that
one of these two case does occur. The idea is to get very detailed information
about the decomposition of the conformal blockB into irreducible Γ-modules
using our knowledge of the global monodromy (Theorem 9).

Proposition 11. Let B+⊆B be the +1-eigenspace for σ(S2). It is a nonzero
Γ-module isomorphic to a direct sum of irreducible 2-dimensional Γ-modules,
each isomorphic to chV .

Proof. The character table for SL2(3) is as follows (ω := e2πi/3):

1 2 4 31 32 61 62
χ1 1 1 1 1 1 1 1
χ2 1 1 1 ω ω̄ ω ω̄
χ3 1 1 1 ω̄ ω ω̄ ω
χ4 3 3 -1 0 0 0 0

χ5 2 -2 0 -ω̄ -ω ω̄ ω
χ6 2 -2 0 -ω -ω̄ ω ω̄
χ7 2 -2 0 -1 -1 1 1

From Theorem 9, the central element σ(T 3) of σ(Γ) acts on B as multi-
plication by ±e2πi/4 (the sign depends on which case we are in). Decompose
B into irreducible Γ-modules, say

B = ⊕N
j=1Bj .(18)

This is the same as decomposing B into irreducible SL2(3)-modules.
By Theorem 9 there are 3 central involutions in σ(Γ), namely σ(T 6),

σ(S2) and their product, which is the central involution of SL2(3). (For
S2 /∈ Γ(3) and S2 /∈ Γ′.) Let Bj (j = 1, 2, 3) be the respective fixed vectors in
B of these three involutions. Each Bj is a Γ-module andB is their direct sum.
However σ(T 6) acts as multiplication by −1, so B1 = 0 and B = B2 ⊕ B3.
By Theorem 9 the action of SL2(3)×Z4 on B is faithful, so neither B2 nor
B3 are equal to 0. Especially, it follows that B+ = B2 
= 0, thereby proving
one of the assertions of the Proposition. Let

B+ = ⊕jB+,j(19)

be the decomposition into irreducible Γ-modules. We have to show that there
are isomorphisms of Γ-modules B+,j

∼= chV for each index j.
Because B = B2⊕B3 is a direct sum it follows that the central involution

of SL2(3) acts as −1 on B+. Therefore from the character table we see that
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the only possible irreducible SL2(3)-module summands B+,j that occur in

B+ are the 2-dimensional (faithful) modules (characters) χ5, χ6, χ7. Because

n = 3, σ(T 4) acts only with eigenvalues 1 and a single primitive cube root

of unity. But from Table 8 we see that among the characters χ5, χ6, χ7, only

one of them (either χ5 or χ6) has this property, and they cannot both occur

in B+. Therefore each irreducible summand B+,j in (18) has character either

χ5 or χ6 independently of j.

This proves the assertion that B+ is a direct sum of isomorphic irre-

ducible Γ-modules, and it remains to show that these are in fact isomorphic

to chV . Indeed, S
2 acts as +1 on chV and as −1 on B2. Therefore B2 is

contained in the kernel of the evaluation morphism (11). Therefore some

B+,j must map isomorphically onto chV , and this completes the proof of the

Proposition.

Lemma 12. Let b ∈ B+ be any (nonzero) eigenvector for σ(T−1) with

eigenvalue u. Then b generates a 2-dimensional irreducible Γ-module.

Proof. By Proposition 11 we can write B+ = ⊕jB+,j with each B+,j
∼= chV

as Γ-module. The Lemma is a just a consequence of this representation-

theoretic circumstance. We give some details. For each index j, let ψj :

B+,1
∼=−→ B+,j be a Γ-isomorphism.

EachB+,j contains a 1-dimensional space of T−1-eigenvectors with eigen-

value u. Indeed, if a1 ∈ B+,1 is a T−1-eigenvector with eigenvalue u then

aj := ψj(a1) is such an eigenvector in B+,j . And because b also has eigen-

value u for T−1 then there are scalars cj such that b =
∑

j cjaj .

Consider ψ :=
∑

j cjψj ∈ HomΓ(B+,1, B+) and note that ψ(B+,1) con-

tains

ψ(a1) =
∑
j

cjψj(a1) =
∑
j

cjaj = b.

Since b 
= 0 then ψ 
= 0. So ψ(B+,1) ⊆ B+ is a Γ-submodule isomorphic to

chV . This proves the Lemma.

Lemma 13. We have r = 1, s = 2, i.e., dimB = 3.

Proof. Recall our notation that b0 ∈ B is the 1-point function determined by

the vacuum module V . In particular b0 is a T−1-eigenvector with eigenvalue

u, so by Lemma 12 b0 generates a 2-dimensional Γ-submodule of B+, call it

A, and b0 spans the T−1-eigenspace of A with eigenvalue u.
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Now S(b0) =
∑

i dibi ∈ A where the di are nonzero scalars and the sum
ranges over all basis 1-point functions bi. This is the well-known property
that the first row of the S-matrix consists of nonzero entries. Then

T−1S(b0) =
∑
i

diT
−1(bi) =

∑
udibi +

∑
vdibi ∈ A,

where the first and second sums here range over those bi which are eigen-
vectors for T−1 with eigenvalues u and v respectively.

It follows that each of the sums
∑

udibi and
∑

vdibi ∈ A. In partic-
ular, there is a scalar w such that

∑
udibi = wb0. But the bi are linearly

independent, so this can only happen if the sum
∑

udibi is a sum over b0
only. The upshot is that every simple V -module Mi apart from V itself
has 1-point function bi that is a T−1-eigenvector with eigenvalue v. In other
words, r = 1 and the T−1-eigenspace of B with eigenvalue u is 1-dimensional
spanned by b0. From the direct sum decomposition of Lemma 12, it follows
that B+

∼= chV .

This in turn means that the T -eigenspace with eigenvalue u in B+ is also
1-dimensional. But this space contains the linearly independent elements
bi + bi′ , each corresponding to a pair of mutually dual modules. These are
T−1-eigenvectors with eigenvalue v, and thus we can conclude that there
is only one such index i. That is, there is a unique pair M1,M1′ of dual
simple V -modules, which means that s = 2. This completes the proof of the
Lemma.

Now we head for the final numerical denouments. After Lemma 13 the
shape of the S- and T -matrices acting on B are the following 3× 3-matrices
(written wrt the basis of 1-point functions {bi} of course):

σ(T−1) =

⎛
⎝u 0 0
0 v 0
0 0 v

⎞
⎠ , σ(S) =

⎛
⎝s0 s1 s1
s1 x y
s1 y w

⎞
⎠ , σ(S2) =

⎛
⎝1 0 0
0 0 1
0 1 0

⎞
⎠ ,

σ(S3) =

⎛
⎝s0 s1 s1
s1 y x
s1 w y

⎞
⎠ = σ(S).

We easily deduce that x = w = ȳ and s0, s1 ∈ R, so that

σ(S) =

⎛
⎝s0 s1 s1
s1 x x
s1 x x

⎞
⎠ , σ(R):=σ(T−1S) =

⎛
⎝ūs0 ūs1 ūs1
v̄s1 v̄x v̄x
v̄s1 v̄x v̄x

⎞
⎠
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with

s20 + 2s21 = 1

s0 + x+ x = 0

s21 + x2 + x2 = 0

s21 + 2xx = 1

Set x := h+ ik (h, k ∈ R). Thus

s20 + 2s21 = 1

s0 + 2h = 0

s21 + 2(h2 − k2) = 0

s21 + 2(h2 + k2) = 1

⇒ 4k2 = 1, i.e., k = ±1
2 .

σ(R) is an element of order 3 and by Lemma 12 its trace on B is its trace
on the 1-dimensional Γ-module B−. This is spanned by b1 − b2, on which T
acts as v. In the abelianization of Γ we have T−3S3 = 1. i.e., T 3 = S−1. So
R = T−1S ≡ T−4 acts as v̄4 on B−. Therefore

TrBσ(R) = ūs0 + 2v̄x = v̄4

⇒ −2ūh+ 2v̄(h+ ik) = v̄4

⇒ 2h(v̄ − ū) + ikv̄ = v̄4.

If c = −10 then v = −i and we obtain from the last relation

2h(i− ū) = 1 + k

⇒ i+ u = 1+k
2h ∈ R.

But u = e2πi5/12, so that i+ u 
∈ R, contradiction.
Suppose that c = −6. Then v = e−2πi/12 and v̄4 = ω, as well as u = i.

Then

2h(1 + iv) + ik = ωv = i

⇒ 2h(1−�(v)) = 0 ⇒ h = 0

⇒ k = 1.

This contradicts k2 = 1
4 , and shows that the cases c = −6,−10 do not occur.

This completes the proof of Theorem 10.
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4.3. The case n = 2

This is the final case that we must dispose of. The proof starts out along
lines similar to the case n = 3 but additional details about the S-matrix are
needed. In fact we cannot complete the proof until the S-matrix is computed.

By Theorem 9 we have σ(Γ) ∼= S3 × Z3, and in particular the S-
matrix σ(S) has order 2. We keep previous notation, in particular ω̄ =
u = e−2πi/3, v = e2πi/6 = −ω̄, and we use the notation (14).

Now the matrix calculations (14)-(17) are available to us because they
only depended on the S-matrix having order 2. We keep the notation de-
veloped there. So the A-matrix has eigenvalues that are roots of the cubic
polynomial (17), and with the present value of u and v we find that this
cubic reduces to (λ−1)(2λ+1)2. So the eigenvalues of A are either 1 or −1

2 .
Similarly (and this is what we mainly require) we find that the eigenvalues
of D satisfy the cubic

(λ+ 1)(2λ− 1)2,(20)

so that they are either −1 or 1
2 .

The character table for S3 is

S3 1 2 3

χ1 1 1 1
χ2 1 -1 1
χ3 2 0 -1

We use the identical notation for the irreducible characters of σ(Γ) that are
contained in B. By Theorem 9 these are the irreducibles for S3 extended so
that σ(T 2) acts as ω̄. Thus we obtain the following self-explanatory partial
character table for σ(Γ):

σ(Γ) S T

χ1 1 ω
χ2 -1 -ω
χ3 0 0

In the following, for j = 1, 2, 3 we let B(χj) be the χj-isotypic compo-
nent of the conformal block B. That is, the sum of all of the irreducible
Γ-submodules of B with character χj . We also introduce index sets I :=
{0, 1, . . . , r − 1} and J := {r, r + 1, . . . , r + s − 1} that index the 1-point
functions bi ∈ B with the property that bi transforms under T−1 with
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eigenvalue u, resp. v. Finally, let B1 := B(χ1) ⊕ B(χ3) and observe that
B1 contains the u-eigenspace for T−1. (For T−1 acts with eigenvalue -u on
χ2 and B = B1 ⊕B(χ2).)

Choose any index i ∈ I. Then bi transforms with eigenvalue u under
T−1, so bi ∈ B1 by the previous comments. Therefore each Sbi − bi lies
in B(χ3). This latter module is a direct sum of irreducible 2-dimensional
modules; say there are N summands.

We will show that N = r. We must have N ≤ r because the T−1-
eigenspace in B(χ3) with eigenvalue u has dimension N (1 dimension for
each summand) and this eigenspace has dimension r in B. On the other
hand suppose that N < r. Then the vectors Sbi − bi (i = 0, 1, . . . , r − 1),
each of which are S-eigenvectors (possibly 0) with eigenvalue −1, are linearly
dependent. So there are scalars di, not all zero, such that

S
(∑

dibi

)
=

∑
dibi.

Then
∑

dibi is a nonzero eigenvector for both S and T , hence it spans a 1-
dimensional Γ-submodule of B(χ3), an impossibility. This shows that N = r
as claimed.

Next we assert that B(χ1) = 0. Indeed, we just showed that dimB(χ3) =
2r, and the argument showing this establishes that B(χ3) contains all T

−1-
eigenvectors with eigenvalue u. But B(χ1) is generated by vectors with this
property, so it must reduce to 0, and the claim follows.

This puts us into a situation completely parallel to that of Lemma 12 in
the previous case in the sense that B1 is a direct sum of r copies of chV . Then
the same argument used for the proof of that result shows that any T−1-
eigenvector in B with eigenvalue u generates a 2-dimensional Γ-submodule
isomorphic to chV . Now the argument of Lemma 13 may be applied to show
that

r = 1.

At this point we know that

B = B(χ3)⊕B(χ2) ∼= chV ⊕B(χ2)(21)

with b0 ∈ B(χ3).
Remembering that r = 1, the top right block matrix for σ(S) is the row

vector B := (d1, . . . , ds). If the (0, 0)-entry is d0, then

Sb0 = d0b0 +
∑
j∈J

djbj ,
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and
∑

J djbj spans the T−1-eigenspace in B(χ3) for the eigenvalue v. By
(21) all S-eigenvectors with eigenvalue 1 lie in B(χ3). So for k ≥ 1 there are
scalars fk0, fkj such that

Sbk + bk = fk0b0 + bk +
∑
j∈J

fkjbj ∈ B(χ3)

⇒ bk +
∑
j∈J

fkjbj = ck
∑
j∈J

djbj (ck ∈ C).

In terms of the block matrices that comprise σ(S), this says that

Is +D = diag(c1, . . . , cs)B
′.

where B′ has every row equal to B. Indeed, we have

Is +D = diag(c1, . . . , cs)Jdiag(d1, . . . , ds)

where J is the s×smatrix all of whose entries are equal to 1. These displayed
matrices are symmetric because D is, and this can only happen if cj

dj
=: λ,

say, is constant for all indices j. Then because B = (d1, . . . , ds) we have

Is +D = λ diag(d1, . . . , ds)J diag(d1, . . . , ds) = λBtB.(22)

The unique eigenvector (with nonzero eigenvalue) for the middle matrix
is Bt and the eigenvalue is λ

∑
d2j . It follows that

λ
∑
j∈J

d2j =
3
2 .

This is a consequence of (20). In fact the multiplicity of the eigenvalue 1
2 for

D is r = 1, and its other eigenvalues are all equal to −1. If we also use (21)
and the partial character table for σ(Γ) we obtain

TrD = 1
2 − (s− 1), Trσ(S) = −(s− 1) ⇒ d0 = −1

2 .

Setting δ := diag(d1, . . . , ds) we have

D2 +BtB = I (because σ(S)2 = 1)

⇒ (D − I)(D + I) = −BtB

⇒ λδJδ(λδJδ − 2I) = −BtB (use (22))
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⇒

⎛
⎝λ2

∑
j

d2j − 2λ

⎞
⎠ δJδ = −BtB

⇒ 1
2λδJδ = δJδ ⇒ λ = 2.

Then we have ∑
j

d2j =
3
4 .

Some fusion rules for real σ(S) of order 2 are as follows:

N0
jk =

∑
t≥0

SjtSkt = δjk (j, k ≥ 0)

We apply this with k = 0: Now the ith row of D is

(2BtB − I)i = 2di(d1, d2, . . . , di−1, di − 1, di+1, . . . , ds)

and therefore for i ≥ 1

N0
i0 = 0 = did0 + 2di

⎛
⎝∑

j≥1

d2j

⎞
⎠− 2d2i

= −1
2di +

3
2di − 2d2i

⇒ di = 2d2i ⇒ di =
1
2 .

Since
∑

j≥1 d
2
j =

3
4 we conclude that

s = 3,

and the S-matrix is

σ(S) =

⎛
⎜⎜⎜⎜⎝

−1
2

1
2

1
2

1
2

1
2 −1

2
1
2

1
2

1
2

1
2 −1

2
1
2

1
2

1
2

1
2 −1

2

⎞
⎟⎟⎟⎟⎠ .

Now the q-character of each of the nonvacuum simple V -modules have

the form Xif2 where f2 is as in (5) and Xi is some positive integer. Then

from the S-matrix we see that

f1(Sτ) = −1
2f1(τ) +

1
2

∑
i

Xif2(τ)
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From the transformation law in Case 2 of Section 3 it follows that

f1(Sτ) = −1
2f1(τ) +

1
16f2(τ)

and we deduce the final contradiction that

∑
i

Xi =
1
8 .

This completes the proof of the Case n = 2, and with it the proof of the

Main Theorem is finished.
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