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Identities among higher genus modular
graph tensors

Eric D’HOKER AND OLIVER SCHLOTTERER

Higher genus modular graph tensors map Feynman graphs to func-
tions on the Torelli space of genus-h compact Riemann surfaces
which transform as tensors under the modular group Sp(2h,Z),
thereby generalizing a construction of Kawazumi. An infinite fam-
ily of algebraic identities between one-loop and tree-level modular
graph tensors are proven for arbitrary genus and arbitrary tensorial
rank. We also derive a family of identities that apply to modular
graph tensors of higher loop order.
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1. Introduction

Modular graph functions map Feynman graphs for a massless scalar field on
a Riemann surface to a modular function or, more generally, to a modular
form. Modular graph functions and forms arise naturally in the low energy
expansion of closed string amplitudes as the integrands on moduli space of
the coefficients of the low energy effective interactions.

The study of genus-one modular graph functions goes back to [1, 2]
where individual contributions at low order in the expansion were consid-
ered. A more general analysis of genus-one modular graph functions was
initiated in [3, 4, 5] where they were found to satisfy identities that extend
the well-known relations between multiple zeta-values to modular functions.
Algorithms for the systematic construction of all algebraic and differential
identities between modular graph functions and forms were developed and
applied in [6, 7, 8, 9], expressed in terms of generating functions for iterated
integrals of holomorphic Eisenstein series in [10, 11], and implemented in a
convenient MATHEMATICA package in [12]. Further mathematical develop-
ments in the study of modular graph forms may be found in [13, 14].
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The study of genus-two modular graph functions [15, 16] is motivated by
the analysis of the low energy expansion of the genus-two superstring ampli-
tudes with four external massless states in [17, 18, 19]. The string integrand
for the coefficient of the D*R* effective interaction is a constant on moduli
space in [20], while for DOSR* it is proportional to the genus-two Kawazumi-
Zhang invariant [21] which had been introduced a few years earlier in the
mathematics literature [22, 23]. Using Siegel’s formula for the volume of
moduli space and an inhomogeneous Laplace eigenvalue equation for the
Kawazumi-Zhang invariant derived in [24] (see also [22]), the integrations
over moduli space could be performed analytically. The resulting coefficients
were found to match the predictions of space-time supersymmetry [25] and
S-duality [26, 27, 28] in Type IIB string theory [20] and [24]. A theta-lift for
the Kawazumi-Zhang invariant was constructed in [29].

The recent construction of genus-two five-point superstring amplitudes
[30, 31, 32] introduces, via their low energy expansion, additional classes
of modular graph functions other than those already known from four-point
amplitudes in [15, 16]. The modular graph functions in the D®R* and DSR®
effective interactions were found to obey an intriguing algebraic identity that
mixes genus-two contributions from Feynman graphs of different loop orders
[31]. This identity was proven with the help of interchange Lemma D.1 in
[31], which prescribes a certain interchange rule for derivatives on higher
genus Arakelov Green functions similar to the interchange formula resulting
from translation invariance at genus one. This Lemma will be exploited
here as well and further generalized. The algebraic identity of [31] is closely
related to a differential relation obtained earlier in [33].

In this work, we shall extend the notion of genus-A modular graph
functions to modular graph tensors transforming under the modular group
Sp(2h,Z). Genus-one modular graph tensors reduce to modular graph forms,
while for higher genus they generalize a construction of Kawazumi in [34, 35].
Based on concatenations of Arakelov Green functions, we recursively con-
struct tensorial functions on one or two copies of the compact Riemann sur-
face. The associated generalizations of the interchange lemma [31] are used
to derive infinite classes of identities among modular graph tensors that
arise from integrating the concatenated Green functions over the surface.
More specifically, modular tensors corresponding to one-loop graphs with
an arbitrary number of edges are related to modular tensors corresponding
to linear tree-level graphs.
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2. The interchange lemmas

In this section, we begin by fixing notations and reviewing the ingredients
needed to construct modular graph tensors for arbitrary genus h, namely
holomorphic Abelian differentials and the Arakelov Green function (for re-
views see [36, 37]). We shall then summarize the interchange lemma proven
in [31], and prove its generalization to higher rank tensors.

2.1. Holomorphic one-forms

We consider a compact Riemann surface 3 of genus h > 0 and choose a
basis of cycles Ay and By in H;(3,Z) for which the intersection pairing J
takes the canonical form J(A7,20;) = J(Br,By) = 0 and J(A;,By) = 01
for I,J = 1,--- ,h. A canonical basis of holomorphic Abelian differentials
wr for HLY(2) may be normalized on UA-cycles, and we have,

Q«[I SBI

The period matrix € is symmetric and has positive definite imaginary part
Y. The action of a modular transformation 9t € Sp(2h,Z) on the periods
of 2; and B preserves the canonical intersection form, namely MEIM=3
with,

B\ (B . (0 —I (A B
e (3)-=@) -G ) =@ 0)
where A, B,C, D are h x h matrices with integer entries. The action of the
modular transformation 99 on the row matrix w of A holomorphic differ-

entials, on the period matrix €2, and on the imaginary part of the period
matrix Y are given by,

O =w(CQ+D)?
Q= (AQ + B)(CQ+ D)™*
(2.3) Y = (QC'+ DYty (CQ+ D) !

The Jacobian variety J(X)=C"/(Z"+QZ") supports a canonical translation-
invariant Kéhler form whose pull-back from J(X) to ¥ under the Abel-Jacobi
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map induces a canonical conformal invariant Kéhler form on 3 given by
(with Y?7 denoting the entries of (Im 2)~1),!

(2.4) k= — @ ol =y, /n_
2h 5

2.2. Modular tensors

The moduli space of compact Riemann surfaces equipped with a canonical
homology basis (X, 2, B) is the Torelli space Tory,, which is a subspace of the
Siegel upper half space H}, of rank h. The moduli space of compact Riemann
surfaces is isomorphic to the quotient M, = Tor;,/Sp(2h,Z). The Siegel up-
per half space Hy, is a Kdhler coset manifold given by Sp(2h,R)/U(h). For
h = 2, and for h > 2 away from the locus of hyper-elliptic Riemann sur-
faces, the Kéhler structure of Hj, induces a Kahler structure on Tory, thereby
decomposing the tangent space of Tory, into a direct sum of holomorphic
and anti-holomorphic subspaces. For h > 2, along the hyper-elliptic locus,
the tangent map of the inclusion of Tor, into Hj; vanishes on the (—1)-
eigenspace of the hyper-elliptic involution, so that the Kéhler structure of
‘H;, does not extend to a non-degenerate Kahler structure on Tory. This
fact implies that all the tensors to be considered in the present paper de-
generate in the normal direction of the hyper-elliptic locus.? In particular,
a vector transforming under the defining representation of Sp(2h,R) may
be decomposed into a vector V; with a holomorphic index I and a vector
V; with an anti-holomorphic index J. This decomposition induces a cor-
responding decomposition under the transformation of the modular group
Sp(2h,Z) C Sp(2h,R).

The prototype of such a decomposition is given by the 2h-component
vector (wy,w ) of holomorphic 1-forms and their complex conjugates, and
its transformation rule of (2.3) under Sp(2h,Z) may be written in complex
tensor notation as follows,

(2.5) 01(Q) =wr(Q) R R=R(Q)=(CQ+D)!

I'Throughout, we use the Einstein convention to contract pairs of repeated upper
and lower indices; upper indices are lowered with the help of the matrix Y with
entries Y7 ;; lower indices are raised with the inverse matrix Y ! with entries Y//;
and we shall reserve lower indices on holomorphic forms w; and upper indices for
their complex conjugates @’.

2We are very grateful to one of the referees for pointing out this behavior.
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Higher rank tensors may be obtained by repeated tensor products of the
defining representation, and decomposed analogously. The transformation
law for the rank-two tensor Y; 7 under Sp(2h,Z) was already given in (2.3).3
The transformation for an arbitrary tensor-valued function 7 (2) is given as
follows,

(2.6)
T e I I/ ~J] ~J!
T tidie 3 () = Ty gt e () B2y R, R G- R

Equivalently, we may raise the anti-holomorphic indices with the help of
Y-

Juye o Jn . i 7. 7
(27) T Q) =Ty gy g, QY YT

whose transformation law is now by the holomorphic matrices R(2) and
R(©)~! without the need to invoke complex conjugates R(2),

(2.8) TP (@) =T QR Ry (R (R,

In the sequel, we shall construct modular graph tensors obtained as tensor-
valued functions on Tor;, associated with tree-level and one-loop Feynman
graphs, and the key ideas of our construction are applicable to graphs with
an arbitrary number of loops. Our formulation generalizes a construction of
modular tensors initiated by Kawazumi in [34] and [35].

2.3. The Arakelov Green function

The Arakelov Green function G is a symmetric real-valued function on ¥ x
>, defined as the unique inverse to the Laplace operator on the space of
functions orthogonal to constants with respect to the volume form s and,
in local complex coordinates x,y, is defined by,

(2.9) 0,0:G(x,y) = —7wd(x,y) + Thz(T) /Z k(z)G(z,y) =0

3To emphasize the Kihler structure of the tensors on Tory,, we shall distinguish
here between indices I and J corresponding to holomorphic tangent space directions
and their complex conjugates.



40 Eric D’Hoker and Oliver Schlotterer

The é-function is normalized by % fEm dx N\ dz é(x,y) = 1, the subscript of
Y., specifies the integration variable when appropriate?, and & is given by
K= %/@Md:c Adz. An explicit form for G may be constructed in terms of the
prime form and Abelian integrals [15], but will not be needed in this paper.
A formula that will be useful here is as follows,

(2.10) 025G (x,y) = w6 (,y) — mwi(2) @' (y)

Using the Riemann relation,

(2.11) f/wlezaf
2 s

one readily verifies that the integral of the above relation against an arbitrary
holomorphic form wg (y) vanishes, as does the integral against an arbitrary
anti-holomorphic form @ (x).

2.4. The basic interchange lemma

Translation invariance on a compact Riemann surface of genus one, namely
a torus, guarantees that the holomorphic differential w; is a constant and
that the Arakelov Green function depends only on the difference of the
points, so that G(z,w)|p=1 = g(z — w) and 0,G(z,w)|p=1 = 0.9(z — w) =
—0wg(z — w) = —0y,G(2,w)|p=1. These properties may be used to “move
derivatives around a Feynman graph” and are responsible for the momentum
conservation identities relating modular graph forms of genus one [6, 7, 8.

The absence of translation invariance on a Riemann surface 3 of genus
h > 1 had prevented the derivation of corresponding identities until the basic
interchange Lemma D.1 in [31] was proven to provide a viable substitute.
Its statement is as follows.

Lemma 2.1. On a compact Riemann surface of arbitrary genus h > 1, the
following relation between derivatives of the Arakelov Green function G and
the Abelian differentials wr holds,

(2.12) 0 Wi(z,y) = —0,Wi(y, )

4We shall drop the explicit reference to the integration variables and simply write
fz when all the points on the surface appearing in the subsequent expression are
integrated over.



Identities among higher genus modular graph tensors 41

where the tensor Wy is given as follows,

Wilz,y) = Gz, y)wily) — 7 (x)ws(y)
(2.13) ol (2) = /gzxw] )@’ (z)

Here, Wi(z,y) is a (0,0) form in z and a (1,0) form in y; ®7(x) is a (0,0)
form in x, traceless in I,J by (2.9), and the matriz ® is Hermitian as it

satisfies ®;7(x) = © ;7(x).

The tensor ®f (x) was introduced by Kawazumi in [34, 35] from a slightly
different perspective. The proof of the Lemma is given in Appendix D of [31].
For genus h = 1 we have ®1(z) = 0 and Wi (z,y) = G(z,y) = g(z — y) so
that the equation for Wj(z,y) becomes equivalent to the equation obtained
by using translation invariance for genus one. For genus two, the lemma 2.1
is at the root of the proof of the identity between weight-two modular graph
functions discovered in [31]. For arbitrary genus h, the lemma will serve as
the starting point for all the identities we shall derive in this paper.

2.5. Concatenation of Arakelov Green functions

Higher weight modular graph functions involve integrals of products of
Arakelov Green functions over several copies of . For genus one, these inte-
grations are effected in terms of the unique canonical volume form %dz Ndz
on Y obtained by taking the wedge product of the canonical holomorphic
(1,0) form dz and its complex conjugate. For higher genus h > 2, the space
of holomorphic (1, 0) forms has dimension h greater than one, so that several
possible volume forms of the following type,

[
@u) =g [t =t

for I,J =1,--- , h, are available. While the canonical Kéhler form &, intro-
duced in (2.4) and related to p by the trace ,uf = h Kk, is a natural modular
invariant volume form on a single copy of 3, the explicit expressions for
higher-genus string amplitudes® show that the measure on several copies of
> is not necessarily given by several copies of k. Instead, the measures in

®More specifically, integration measures beyond several copies of & arise in genus-
two string amplitudes with four external states [18, 19] and with five external states
[30, 31, 32] and the low energy limit of the genus-three four-point amplitude [38].
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higher-genus string amplitudes involve a more interrelated tensorial struc-
ture, which can be accounted for in terms of the tensorial form p defined in
(2.14).

2.5.1. Concatenation of two Arakelov Green functions Following
the hints given by the structure of the string amplitudes, we shall define
a concatenation of two Green functions in terms of tensorial volume forms.
Actually, there are two different perspectives of interest. The first is given by
the straightforward concatenation of two Arakelov Green functions with the
volume form ,u,f , while the second is in terms of the combination Wy(x,y)
used in Lemma, 2.1,

Vi (e,y) = / G(z,2) 1l () G(2.1)

(2.15) Whies) = 5 [ Wile)@ @ Wilz)

The tensor V/ (z,y) generalizes the Arakelov Green function G(z,y) as both
are (0,0) forms in both = and y, while the tensor W7, (z,y) generalizes
Wi(z,y) as both are (0,0) forms in z and (1,0) forms in y. While V;/ is a
natural object to introduce, it is the combination W7, (z,y) that obeys the
simplest generalization of Lemma 2.1, and satisfies,

(2.16) OWip(2,y) = —0,W{;(y, )

The proof of (2.16) follows immediately from the integral representation of
W, (x,y) in (2.15), the use of lemma 2.1 applied to 0, W;(z, 2), integration
by parts in z and then a second use of the lemma 2.1 on 9, W (z,y).

The relation between the two expressions may be obtained by substitut-
ing the expression for Wy from (2.13), and we find,

Wi (o) = (Vi (2.) — ©F (@)% () )wr(y)
(217) — (07} (2) - o @) AR )wnr (v)

where the new ingredients are given as follows,

q’fé”(!ﬁ):/z G(x,2) pf () @7 (2) = . G(x,2) i (2) G(z, w) i (w)
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(2.18)
AP~ /Z ()9} ()= /E , k)Gl i)

The tensor ®/M(z) generalizes ®/(z) by concatenation. The tensor A7
was introduced by Kawazumi in [34, 35] and has no dependence on points
on the surface X. It transforms as a tensor under Sp(2h,Z), according to
(2.8) with n = n = 2. Its symmetry and trace properties are as follows,

(2’19) AKL - A%f(] AKL - AJL - -AKJ -

where ¢ is the Kawazumi-Zhang invariant for arbitrary genus.
For later use, we record the following relations,

005V (x,y) = .97 (x) 039 (y) + 7Wi(y, z) 0 (y)
—mwr(z) w*(y) @g(x)—i-muﬁ( )ABJ w*(y)
OO Wip(z,y) = —2mi Wi(y,x) uf (y) + 2miwr (2) @7 (x) puf (y)
(2.20) —2mi wy () AL 1 (y)

For the sake of extra clarity, we shall frequently denote pairs of contracted
indices by lower case Greek letters.

2.5.2. Concatenation of an arbitrary number of Arakelov Green
functions The generalization to the concatenation of an arbitrary number
of Arakelov Green functions, following the pattern given above for the case of
two Green functions, is straightforward. The corresponding tensor functions
are defined recursively as follows for n > 1,

ik e = [ Vi@ ()66)
Wi ) = [ Wi 9@ 6 Wi
B/ (@) = /szm () @1 (2
2.21) Aff = [ @ el
The tensors have the following symmetry properties,

Vit ay) = Vi)
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ey i,
(2:22) Apcn = AL

and trace properties,
i
(2.23) o (@) = AR =0

They are tensors under Sp(2h,Z) with transformation properties induced
by those of w; and @’ and given by (2.8) with 7 = n. The other tensors
have similar transformation properties. We shall refer to the objects A{fi"
as modular graph tensors.

We note that the recursion relations for V' and W may also be written
in opposite order,

Vst = [ S@aule vz ey
(224) W[Jl IJIJL( 7y) = / I/I/I1 T Z) Jl( )WI”ZZ [“IL(z y)

and that the modular graph tensors admit alternative definitions,

it = [ i@V s )

Je—1...J2J1 J, Jia1...dn
(2.25) :/2 LA (x)MI:(m)(I)IkL...I”<m)

where one can choose any of k = 1,2,...,n in the second line. Moreover, we
introduce complex conjugate versions of the W tensors in (2.13) and (2.21)

W (2,y) = 6w, )& (y) - (@)’ (y)

— 1.0, L 1 —T . du i1, —L
) Wit =g [ W e (T )

which for instance yield the following complex conjugate of (2.17):
W @,y) = (VF(@,y) - SL@)25() )& ()
(2.27) — (®4fi(@) - Ph(@)A5E )@ (v)
2.6. Graphical representation

A natural graphlcal representation may be formulated for the above tensors
V (ac Y), @{1 7 (z) and A{fl{j by representing each integrated vertex
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point z; by a black dot, each unintegrated vertex point by a white dot, and
each Green function by a full line between two vertex points. In addition the
integrated vertices z; carry one upper and one lower index, corresponding to
the measure of integration provided by the (1, 1)-differential uf(z;) at the
vertex z;.

J x Ji I e Jn-1 Jn Y T T Yy
Vlf "(x,y) = ; o = o— Vi o
Il ]2 e n—1 In -
€T J1 Jo e Jn-1 Jn X
Y (@) = e —— =%
1 2 n—1 n
J1 JQ PPN Jn—l Jn
Al = e~ A
1 2 n— n

Using this graphical representation for the tensors V‘]1 "(z,y), <I>}711 "(x),

and A{ll 7", we may express the recursion relations Of (2.21) amongst them
as follows,

l’ Jyodn J Y * J1 7 J
1°°"Jn — 1°7"dn
O— VII---IHI —0 = o Vh---fn —e——o
1
* JJydn * 7 Jy-
Ie 1° P e PN 1°
(I>I 11, - q)ll . In
I
JJ J Jy-J,
1° — P 1°7dn
Alll - (b]l---ln
I

The recursion relation for the tensors W]{ f::'li" (z,y) given in (2.21) is not
manifestly obtained by integrating against the differential forms u/(2;), and
we shall postpone its graphical representation until the next subsection.

2.7. Decomposition and recursion relations of the W tensors

In this subsection, we obtain the expressions for W, defined recursively in
the second line of (2.21), in terms of the building blocks V', ® and .A. These
expressions will be useful later in constructing explicit forms for the identi-
ties among modular graph tensors. Given the general structure of W, it is
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convenient to decompose it as follows,
Ty Ty T dn K
(2.28) lel...[n[,(xa y)=C Leed, (z,y)wr(y) — D[f...jn L (7) wi ()

Substituting this decomposition into the recursion relation for W in (2.15),
and decomposing the resulting relation in terms of the tensors C' and D, we
obtain the following coupled recursion relations for the tensors C' and D,5

Cptl(a,y) = /E CLo (@, 2)ut (2)G(z,y) — DT ¢ (x) @ (y)
(2:29) D (@) = /E Cp.p (@ )i ()7 (2) = D7y () AL

The graphical representation of these recursion relations takes on the fol-
lowing from,

x Yy x J Yy x Y
Jindy J _ Jid,, B Jidy 7

. Cllmlnl —° = ° Chmln _°_°I O_Dllmlnl X | @5

L ged, JK x nedn | [k L, a JK
1°"Jn — 1°"Jn _ 1°"Jn

=D T = = Cpy 7 o — DL X AL

The simplest examples of C, D can be read off from the expressions in (2.13)
and (2.17),

C(z,y) =G(z,9), CY (z,y) = Vi (z,y) — ®F (2) @0 ()
(2.30) DE(z) = oK (x), D () = o [ (x) — ®F (v) AT

For weight 3 we obtain,

J1J2 J]Jz J2J1
011]2 (z,y) = V]1[2 (z,y) — ?1 (a;)CI)Iza (y)

J1 2 J1 Jo
— O (2) 02 (y) + OF, (2) AL DL (y)
J1Jo K J1Jo K Jy LK
Diiy (=) = @311 (@) = g (2) ALy

(2.31) — % () AL + @ (2) AL ALK

5We are deeply grateful to one of the referees for suggesting to express the
recursion relations for W directly in terms of recursion relations for C' and D.
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For weight 4, we obtain,

JidaJs _ 1/ J2ds Ji JzJo
CilLT, (z,y) = Vi (z,y) — <I>11}"2(:c) s )

— o)) @ (y) + O (2) AL @ (y)

alg
2 (@) 0PN () + 0 () AL @)% (y)
a J1Jo 3 a Jy Jo 5
+ @7, (1')-/40412]3/8 CI)Z (y) — I (x)AaIf ‘ABIZ (bi (y)

J1Jo s K J1Jo J3s K J1 J: Js K
Dy (x) = 3y (x) — O3 pn (x) Ay

J1 JoJs K Ji Ja Js K
= ®)0 (@) AL + ol (@) AL A
J1JoJ3s K JiJ2 Js K
- @?1 (‘T)Aa]rz[fdz + ¢?1 (x)AOth:;B A/BJL
(2:32) + @F (2)ALf AGH — 0F (@) AL Az ALK

als

At higher weight n, we obtain

n
Ty Jaidn T A k Jyodi, -
Cﬁl;...fn (z,y) = VL (z,y) + Z(_l) Z (I)Illlllfll?ll (2)
k=1 1<, <ip<...<ip<n

% AJi1Ji1+1"'Ji2*10‘2 Ji2ji2+1‘..Ji371a3
Qq 17‘,1+1...I,;2_1Ii2 Qo I,;2+1.‘.]7‘,3_1I7‘,3 tet

n
Tidoed K (0N _ @ dida Ju K k R
Dy () =@ (@) + Z(_l) E q)jll_,jill,llj,; ()
k=1 1<y <ip <. <ip <n

A —1 Iik_1+1-~~1ik—11ik. I, I, 1. Iik+1 (&9

XAJilJ'i1+1---J1'2—la2 J'iQJi2+l---J'i3—1043
ay L g1 dig11iy Y Ii2+1-~~1i3—11i3 e

Jiy Jiy_ i o T J; I K
(2.34) X L At A i
Q-1 I'Lk71+l---[tk71]1k akI'Lk+1---InL

which will be proven in appendix A. Together with the first terms Vi}f’;‘ﬁ

and @‘;—ﬂjﬁlg on the right-hand sides of (2.33) and (2.34), the respective
sums over »_,_, and Y 1<iy <iy<..<ip<n yield all the 2" possibilities to replace
a subset of the n pairs ‘I] by contractions like A:::iAéf - (or with A replaced
by ®). Terms with an odd number of A-factors enter (2.33) with a plus sign

and (2.34) with a minus sign.

Note that the contributions to the k-summands in D‘ﬁﬁ::‘ll”lg (x) are

formally obtained from those to C‘}lll‘];‘ﬁ (z,y) by replacing the last factors
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Janfl---J'ikﬁ»lJ'ik
(I)I 1

ndn—1... Iik+1 Q

Jin Ty i1 K . .
(y) = AT "Ll 7', - Hence, one can equivalently write
ST &

Jiody Jidaed JiJoeJn K
Wittt (zy) = V111122 (2, y)wr(y) — Q77 (2w (y)
Ji..Ji, 1« Ji Ji dio1au
+ Z Do T @) A
1<’L1<Z2< <'Lk<n

Ji, 12+1 Jig—10 Jipr i +1-
X - X
'A L2+1 113—11i3 AOlk 111,€ 141 Iik—llik

Janfl---J'i 1J'i J’L Jz, 1-~-JnK
(2.35) x(@,ﬂh T en(y) — AT o (y) )

— ...Ilk+1 (693 Qe Ilk+1...

Jip 1

The analogous results for the complex conjugate versions (2.26) of the W
tensors involve contractions of the form A% A5 instead of A-¢ AJ:-

b InL _ yhl.I, L. IL (=K
Wi (xy) = VJ1J2 (37 y)w () Qo JK(UU)W (y)
2 : § : Il---Iqil—IIil Oéll'i1+1---li2—1['i2
+ (I)J1~--Ji171011 (l’) AJil J1‘1+1~~-Ji271012
1<11<7,2< <ip<n

az Ligp1dig1lig . X Aak RN PR

JigJi2+1-~~Jz‘371a3 Jzk 1J1k 141 Jikflak

I'n['n71~~~[ik+1ak —L akLk+1 AL K
(2.36) (<1> (W)@ (y) — A5 5w (y)

2.8. The generalized interchange lemma

We are now in a position to state and prove the generalization of Lemma 2.1
that will be at the root of the identities derived here.

Lemma 2.2. On a compact Riemann surface of arbitrary genus h > 1, the

following relation between derivatives of the tensor functions W]{{::']‘:’}:(x, Y)

holds,
(2.37) 0 W (,y) = =0, W (v, @)

where the tensor W was defined recursively in (2.15) and (2.21).

The proof of Lemma 2.2 proceeds by induction on n. It was proven for
n =0 in Lemma 2.1, and for n =1 in (2.16). Assuming that (2.37) holds at
step n, we shall now prove the corresponding relation for step n + 1 in the
induction, by taking the x-derivative of both sides of the second equation in
(2.21),

Jyoeedn Jnin i . —Tni1
(238) QW) = /Z DIy (2,2 () Wi (2)
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Using the assumption that (2.37) holds at step n, we transform the x-
derivative into a z-derivative and integrate by parts in z,

J" Jn 1 Z need1 n41
(2.39) @WfIﬂwh<@o=§l;wﬁﬂina@w+w>awa@y>

z

Finally, we use (2.12) of Lemma 2.1 to convert the z-derivate on W (z,y)
into a y-derivative, and rearrange the different factors as follows,

(2.40)

amhymum:géawmm e ()W (2,)
so that it is clear that the right side gives the right side of (2.37) for the
inductive step n + 1, thereby completing the proof of Lemma 2.2.

Note that the complex conjugate versions (2.26) of the W tensors obey
an analogous interchange lemma that can be used to swap antiholomorphic
derivatives,

—1I,1,L LI,
(2.41) W ., (@y) = —=05W; "5 (y,2)
The inductive proof of Lemma 2.2 may be readily adapted to the complex
conjugate case.

3. Identities between modular graph tensors

The modular graph tensors .A " introduced in the preceding section all
correspond to tree-level graphs as they form linear chains of Arakelov Green
functions. The identities we shall derive and prove below involve also one-
loop modular graph tensors, defined as follows,

31 Bl H/M% o) = [ VI o)

where we cyclically identify z,11 = 21 in the first expression. A graphical
representation of B is presented in the figure below.

JIn Ji
1y, I Jo
f, IQ
1
Bh A :
\ J3
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The tensor B is clearly invariant under cyclic permutations of the pairs of in-
dices (I;, J;) and under reflection, schematically represented by the following
identities,

Jidodnadn _ pdednadn i ppdn Jp—1 o Ja a
(3:2) Brn.n . n =Bn.1 5, =Brnn L
The transformation law under Sp(2h,Z) of the tensor B}]lll‘]" is identical to

the transformation law given in (2.8) for the tensor A‘]]f}]" corresponding

to a chain graph.
3.1. The main theorem

Instead of deriving identities directly for A and B, the simplicity of the
exchange Lemma 2.2 in terms of W suggests that the simplest form of the
identities is obtained rather in terms of expressions built out of W. These
identities will contain higher genus modular graph tensors associated with
one-loop and linear tree-level graphs.

Theorem 3.1. On a compact Riemann surface of genus h > 1, the tensors
defined by,

Jyd ,NM Jyeeedn
Tk = 5/2 Wi y)

(3.3) % (9@, )k (2) = pb (@)25() )= (v)
satisfy the following symmetry property,

JiJy, NM _ gdndp1Ji MN
(3.4) Ttk =700 nhk

of the corresponding modular graph tensors.

To prove Theorem 3.1, we evaluate the following integral,

1
4 »3

T,Y,z

(3.5) 020:G(, 2) Gy, 2) W (2, y)a™ (z)wi (2)@" (y)

in two different ways. First, by using (2.10) for the mixed double derivative of
the Arakelov Green function, we obtain the left-hand side of (3.4). Second,
integrating by parts in both z and Z, using the generalized interchange
lemma (2.37) to convert 9, into d, and then integrating by parts in y results
in the following expression,

1
47 3

.Y,z

(3.6) G(w,2) 0,0:G(y, 2) W3 1 (2, )@ (2)wi (2)™ (y)
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Swapping the integration variables x and y, we recover the right side of
(3.4), which completes the proof of the Theorem. We note that complex
conjugation using (2.26) gives rise to an equivalent version of the Theorem,
stating that the tensors

(3.7)

— Ty d, LK ) —1I,...I,L a
T =1 /E W yen () (66 il () - K @i

complex conjugate to (3.3) obey the symmetry properties

= J LK =L Jy e Jo i K
(3.8) Tredonae = T 1,0, vl MN
complex conjugate to (3.4).
We note that in the graphical representations of section 2.6, the T tensor
in (3.3) can be brought into the following form after inserting the decompo-
sition (2.28) of the W tensor:

TJl...JnNM N

M N M
_ Jiody Jioodn
L.IL.LK| = CK' cr L.> - CK‘ Dh...[,f E)

M N M N
— e O e @k |+ e Dy | e 0
o L (07 B

3.2. Weight 2

For weight 2, namely n = 0, the tensor in Theorem 3.1 reduces to,

T = [ (G @) - i @250)

2

z,y

% (G, m)ul (v) — ] (@)l ()
(3.9) = B — AN — AN+ AN AR

These rearrangements are simple consequences of the recursive definitions
of various tensors including (2.21) and (3.1). By Theorem 3.1, the tensor
in (3.9) obeys the symmetry 722 = TMN which leads to the eight-term
identity,

MN NM _ sNMa MNa MNa NMa
Brr —Bgr = Agkr, +Asrk — Aokt — AaLK

(3.10) — AP Al + AN Al
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relating one-loop graphs on the left-hand side to tree-level graphs on the
right-hand side.

For genus h = 2, the anti-symmetry separately in M N and in KL of
(3.10) allows us to uniquely contract with the combination efleyrn, so that
the tensorial identity is actually an invariant. It will be shown in section 4.1
that this identity is identical to the one proven for genus two in appendix
D of [31]. For arbitrary genus, there is a single inequivalent contraction of
indices in (3.10), since both sides are anti-symmetric separately in M N and
in K L. Contracting M with K gives,

N N N N N N
Bl — BAY = Aggy + AULS — At — Aars
(3.11) — AV AR+ AT A
Contracting also L with N gives,

(312) B —BoG =2A000 — 24000 — AT AN + AT AL

As will be detailed in section 4.1, this identity generalizes the genus-two
identity of appendix D in [31] to arbitrary genus.

3.3. Weight 3

For weight 3, namely n = 1, the tensor in Theorem 3.1 reduces to,

T =5 [ W) (e @) - i @057

_ / , (0@l @) - i 025 w)

“ (VIJ(x, Dud (y) — F (2) 24 (y)ul (y)

(3.13) — o/ @) ) + o (@) AL ()

where we have used the expression (2.17) for W7, (z,y). We again perform
the integrals using the recursive definitions of various tensors and rename
the indices (M, J,N) — (J1,Jo, J3) and (K,I,L) — (Iy,1s,I3) in order to
make the cyclicity ’TI{ 11‘5"’[3‘]3 = I‘é 31{1[‘2]2 of the following simplified expression
more transparent,

TJ1J2J3 — B}]1J2J3 _ AJ1J2J30£ _ AJ2J3J1(1 JsJi o
1

11]213 1213 CYIQIgIl 01311[2 - 011]213

J3B g J1Js J18 fJsJ: Jof g JsJy J3B g1 Ja
(3.14) + A A+ AL AT+ AV A — AL A AT
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While there is no obvious analogue of the reflection identity B‘IIII}ZQI? =

B‘I]3j]2l‘]1 for the tensor 7, Theorem 3.1 implies (3.13) to be symmetric under
34241

simultaneous exchange M <+ N and [ +> L. This amounts to the following
symmetry property of the tensor in (3.14),

J1J2J3 _ J2J1J3
(3'15) T11]QI3 - 131211

on top of its cyclicity. As in the weight-two case (3.10), this identity relates
a combination of one-loop modular graph tensors BIJfIJQ QI‘? — B}J;}{z 11{3 to tree-
level ones, see section 4.2 for the corollaries for modular graph functions at

weight three.
3.4. Weight 4

For weight 4, namely n = 2, the tensor in Theorem 3.1 reduces to a rela-
belling of

TJ1J2J3J4 — BJ1J2J3J4 _ AJ1J2J3J4a o AJ2J3J4J1a - AJ3J4J1J2a JuJ1Jadza

1[213[4 1[213[4 Oé]2131411 (11314[1]2 Oé]4[1]2[3 - a11]213]4

JaB g JvJaJsa NB gJeds s JoB g Js sy
+ A Asnng AL AT AL AR,

J%,B J4J1J2a J3J4B J1J20( J4J16 J2J304
+ A Asr g, AV AL, AL AR

B pd2y pdsdia g 2B g dsy qdadia  qJsB qday g1 d2c
Aoz[gAﬁ[gA'yLJl AaIBA,BI4A'yIlIQ AaI4ABIIA'YIQIa

(3.16) — AL AT AT e ATE AT A AL

which again enjoys cyclicity Tj{ }i"’fﬁj“ = ji 41{}‘!};]5 but no obvious reflection

property. The 16 terms in (3.16) are assembled from the contributions (2.31)

to WI{ 1]‘52’L(m, y). As a result of Theorem 3.1, the tensor obeys the symmetry
Jy JoJs . JsJaJyJ.

(317) T111[2213?44 = 143132]2}14

and once more relates a difference of one-loop modular graph tensors to
tree-level ones.

3.5. Weight 5

For weight 5, namely n = 3, the tensor Theorem 3.1 admits the cyclically
symmetric representation
J1J2J3J4J5 _ J1J2J3J4J5 Jl,B J2'Y J’;(S Jae€ J5C|{
T11[QI3I4I5 - 811]2131415 - AQIQ Aﬁ[g A’YI4A(5[5 Aﬁfl

J1J2J3J4J504 Jl,B J2J3J4J50( J1J2ﬁ J3J4J5a
+ {_Aa1213[41511 + AL AT AL AT
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_AJlﬁAJz"/AJgJ4J5a _AJ115AJ2J3"/AJ4J506
@

aly Y Bls Y ylals 1y BIsI, VY151,
Jlﬁ JQ’Y J35 JyJsa J17J27J37J47J5
(318) + Aalg ‘ABIS A,YI4A5]511 + CyC( Iy, Is, I3, 14, Is )

which has been obtained on the basis of (2.32). Theorem 3.1 equates (3.18)
to the following permutation of its indices:

J1JoJ3Js s JaJsJoJ 1 Js
(3.19) Lot =T,

3.6. Weight n

At general weight n, the tensor in Theorem 3.1 can be simplified to the
following cyclically symmetric combination of modular graph tensors

n

J1 ... Jids. Jy k § : JilJi1+1~~-Ji2—1a2 JiQJi2+1--~Ji3—la3
TIle I 811[2 I + ( 1) Aa11i1+1---li2—11'i2 04217:2+1---Ii3—11i3
k=1 1< <2 <... < <n
'L ’L J1 -1 J J J J J 1
k—1Yig—1+1dipg 1%k ipJig+1dndiedip 100
(3.20) XA L A L T T T

which enjoys the following symmetry by the Theorem

J1Jda... n— 1Jn 2. Jo 1y
(321) 7-11[2 TI Iy I3 14
Together with the first term B‘I]llj‘i" on the right side of (3.20), the sum

py 1 D 1<iy <ig<..<ip<n Yields all the 2" possibilities to replace a subset of

the pairs ‘I]’“ by a contraction A¢ AJk Terms with an odd number of

A-factors enter with a minus sign. T he proof that the left-hand side of (3.4)
leads to (3.20) is based on the representation (2.35) of the W-tensors and
given in appendix B.

The analogous expressions for the complex conjugate tensors (3.7) are
given by,

FJ1dz... Ji s dy alji1+l-~~<]i2—1']i2 a2Ji2+1~--Ji3—1Ji3
Thb I BI Is.. I + E : 2 : "4[ 1 Lig 1 dig 1o Ali217;2+1...li3,1a3
1<zl<12< <ip<n
[0 777 J1 J1 — Jl a~Ji JnJ Jl — J1
(3.22) S I

i IIzk,1+1--~Iik—10ék Iiink+1--~ I ... 17‘,1—1041

whose symmetry properties (3.8) can be rewritten as

—J1Js... Jn Jn—1...d3J2J1
(3.23) Tllz =70 7
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4. Corollaries for scalar modular graph functions

In this section, we will extract new identities among the scalar modular
graph functions in the low energy expansion of higher-genus string ampli-
tudes by contracting the free indices in the identities (3.20) and (3.21) among
modular graph tensors. Hence, modular graph tensors turn out to be crucial
auxiliary objects in the simplifications of higher-genus string amplitudes in
the same way as modular graph forms with non-trivial modular weights have
key input on identities among modular graph functions at genus one [6].

4.1. Weight 2

For string amplitudes at genus h = 2, the modular graph functions in their
low energy expansions can be rewritten in terms of the genus-agnostic forms
i —T L i —1

41 wle) = gper@)w’(2) = S pp(z),  viey) = gwi@)w (y)
without reference to the object A(x,y) = wi(z)wa(y)—wi(y)we(x) specific to
genus two. In particular, the modular graph functions at the subleading low
energy orders [21, 15, 16, 31] admit the following genus-agnostic represen-
tations. The Kawazumi-Zhang invariant may be expressed in the following
equivalent manners,

42 o= [ G221 = / nl (DG(1,2)h(2) = A
n2 n2

while the remaining invariants are defined as follows,

Z = 8/ G(1,2)%k(1)k(2)

2, = —42/23g(l,3)g(2,3)u(1,2)u(2,1)n(3)

Zh = —4/23g(1,3)g(2,3)y(172)u(2,3)y(3,1)

2 = 2] G01,2)G06, 913w D2 9r(d.2)

zZl = 2 [, 90,2)5(3, 9v(1,2)v(2,3)0(3, Hv(4, 1)
(4.3) Zy = —4 [ G(1,2)%v(1,2)r(2,1)

N2
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with G(i,j) = G(, ;) and the same shorthands for the arguments of &, v
and . It is straightforward to re-express these integrals in terms of the form
win (2.14), as follows,

2= g [ el0e0.2P)

2 = —; [ 00,362 3K E

2, = =4 [ ORbkE)90.3)929)

Zs = 2| G(L2)GE ] Wy (Buk @uE (4)

2z = 2] GGG Dur (Dps @i Bu (4)
A ] e

The modular graph functions in (4.3) and (4.4) can be identified as contrac-
tions of the tensors A and B associated with tree-level and one-loop graphs,
respectively,

4 afy / afy
%= _EAvBa Zy=—4As
&
Zy =240 A} 24 = 24708 A%
8
(4.5) 2= B3 Zy=-4B3]

These modular graph tensors at weight two have already been related by
contracting the indices in the identity (3.10). As a consequence of (3.12),
the genus-h modular graph functions in (4.5) are related by

h? 1
(4.6) ZZI +hZy — Zy+ Z3 — Z4 + 524 =0
This generalizes the h = 2 relation identified and proven in [31] to arbitrary
genus. In order to recover the genus-two identity in the reference, we exploit

relations such A[ggz} = 0 as specific to h = 2 (due to the vanishing of

anti-symmetrizations in h 4 1 indices),

_ plepl I
(4.7) h=2 = {O_Aa/sv - H=2

0=A0A1) = 2=y
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This yields the special case

1
(4.8) h=2 = Zl+22+23+524—¢2=0
of (4.6) which was derived and applied to the simplification of genus two
five-point superstring amplitudes in [31]. We emphasize that (4.7) and (4.8)
no longer hold at A > 3.

2. Weight 3

For the weight-three identity (3.15) among the tensors 7']‘]1]‘];‘]5 in (3.14),
there is again a unique way of deriving a non-trivial identity from contracting
all indices. This leads to the eight-term identity,

(4.9)  h3Dy — Dy — 3h*D3 + 3Dy + 3hDs — 3Dg — D7 +Dg =0

among the following modular graph functions involving up to six integrated
punctures

Dy = 55’3@ . G(1,2)G(2,3)G(3,1)r(1)k(2)x(3)

Dy =B = /23 G(1,2)G(2,3)G(3, 1)v(1,2)v(2,3)r(3,1)

Dy — %Agggg = [ 601,2)6(2,3)6(3, 9w (1, (4, 1)5(2)(3)
Dy =430 = [ 60,2)0(2:3)9(3, 41,202 3)w(3, (4.1

Dy = %A Ak = / G(1,2)G(3,4)G(4,5)1(2,3)1(3,2)v(1, 5)v(5, 1)k(4)

Dg = AV A = / G(1,2)G(3,4)G(4,5)v(1,2)v(2, 3)v(3,4)v(4,5)v(5,1)

D7 = ATSAYLAS = /EGg(l,2)9(3,4)9(5,6)1/(2,3)1/(3,2)
v(4,5)v(5,4)v(6,1)v(1,6)

Dy = A” A@ZAE;;? = A G(1,2)G(3,4)G(5,6)v(1,2)r(2,3)

(4.10)
v(3,4)v(4,5)v(5,6)r(6,1)
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The h = 2 instances of the first six modular graph functions Dy, Ds, ..., Dg
enter the D'OR?* and D8R effective interactions of the four- and five-point
genus two superstring amplitudes, and D7, Dg are expected to appear at six
points at the order of D9R®. When extending the graphical bookkeeping of
section 2.6 to k(i) and v(i,7),

Q(a},y): ro——oY » I/(.Z‘,y): To-»-0UY > H(x): fo} X

4
19—e2 TN
//I \\\ 3 7 N 5
D5: r A 4 Yor Dﬁz \ /
!y N \ M
— o —® A
3 VRN 5 \\ //
Lo 207 e
/
-
ST 2
| be—e6 A
ANERN ’ ~
\*( \—kw\ \\ 1 3
N \ | \
Dr= 3e 4\ Dg= 4 y
AN
IR Ge ¥4
\ N \ P
le—92 | v~ .

One may again wonder about applications and additional simplifica-
tions at low genus. Given the appearance of the antisymmetric combination
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Alx,y, 2) = el"Kwr(z)ws(y)wk (2) in the genus-three four-point amplitude
[38], it is instructive to rewrite the integral over |A(1,2,3)|? in terms of the
D; in (4.10)

(5) /90262319, D (1) (Do (3)zmar” (1R )" (3
33

(4.11)  =83Dy 42D, —3h | G(1,2)G(2,3)G(3, 1)u(L,2)r(2, 1)k(3)
23

Hence, the genus-agnostic representation of the genus-three integral over
|A(1,2,3)]? introduces another modular graph function with integrand ~
v(1,2)r(2,1)k(3) that does not enter the weight-three identity (4.9). At
genus two, in turn, the right-hand side of (4.11) vanishes and relates the
integral over v(1,2)r(2,1)x(3) to D; and Ds.

By extending the above reasoning to higher weight, the traces of the
tensor identities (3.17), (3.19) or (3.21) generate an infinite family of higher-
weight generalizations of (4.6) and (4.9) relating weight-n modular graph
functions with up to 2n integrated punctures.

5. Further applications of the interchange lemma

In this section, we begin to explore further properties of the W-tensors and
consequences of the generalized interchange lemma (2.37). The so-called tri-
angle and square moves to be spelled out below for conversions of derivatives
in a Feynman graph are expected to play a key role in future work to de-
rive more general identities between modular graph tensors beyond those in
section 3.

5.1. An alternative theorem

This subsection is dedicated to another theorem which leads to an alternative
way of deriving the identities of the previous section.

Lemma 5.1. On a compact Riemann surface of genus h > 1, the tensors
Wj{{ji'fi’i(x, y) satisfy the following mized derivative equation which general-
izes (2.10),
Jy-d, Jp—1 e Ji —Jn
8$8QW11._IHL(90, y) = ﬂ'W[n]nfl...[l (y7 .’L‘) wL(y) w (y)

(5.1) —rwr(y) @ (y) / ug Wil ()

z
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The proof proceeds by converting the x-derivative into a y-derivative
using Lemma 2.2 and then using the recursion relation that defines W to
work out the mixed derivatives.

Lemma 5.2. On a compact Riemann surface of genus h > 1, the tensors
W s L(:I: y) integrate to zero under the contracted measure pg' (x M@ (y),

(5.2) /E i @ W @) @) = 0

This can be proven based on the representation (2.35) of the WW-tensors,
which brings the left-hand side of (5.2) into the form

L @{ vt e - ok b i)

22
n
k Jl...J,jl_lOtl Jil J711+1~~-Ji2—1a2
+ Z(_l) Z @11---11171111 (1‘)Aa1 I’i1+1---1i2—11i2
k=1 1<y <ip<...<ip<n
JiZJ,j2+1..AJi3_1CM3 Jik71J'ik71+1~--J'ik—1ak,
X AOéz 112+1---]'i3—11i3 X Aoﬂc—l ['ik71+1---['ik—llik
Jan—1~~~Jik+1Jik 5 Jsz1k+lJnK B
(5.3) X ((I)[n AT A (y)l‘L(y) - Aak Lipi1o DL ,uK(y)
The first line integrates to AMJ1 A%;}I IJLK 55 =0 by itself, and the
y-integral over each summand Wor. t. kand iq,...,1 Vanishes separately,

Jndn—1...di 41J; Ji, Jip 1. In K
(5.4) /z (‘I)In In,l...IiiL on (?J)Mﬁ(y) —Aar L;:L...IHL #f{(y)) =0
From the above Lemmas we shall derive the following Theorem.

Theorem 5.3. On a compact Riemann surface of genus h > 1, the following
integral relations on the tensor functions Wj?.::jf},(%y) hold,

/E Wil (e 2) @ () - / ) Wi ) @Y (@) G y)
65 == [ i Wi )8 @) )

The terms on the left side contain one-loop graphs, while the right side re-
duces to tree-level graphs only.
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To prove Theorem 5.3, we evaluate the following integral,

1
37 i, 2069 (@ )@ M@y Wi (,y)
1 _ Jiodn
(5.6) = 2—7TZ - g(:c,y)w (l’) azaﬂwll.“["L($ay)

in two different ways, first by the left side using Lemma 2.10 and then by
the right side using Lemma 5.1. The left side gives,

60 - [ Wil @ - [ @wiliens v

whose second term vanishes by Lemma 5.2. To compute the right side, we
use (5.1) to evaluate the mixed derivatives of W, and we find,

Lt Wi ) 3 )0 .
(5.9 - [ oWl ot @) @)

Equating the two gives (5.5) and completes the proof of Theorem 5.3.
For weight 2, namely n = 1, Theorem 5.3 reduces to,

[ W)@ @) = [t ) Wil 2)5" (@) 6(a)
5.9 == [ ) Win.2) " ) 9} (o)

Using the equations (2.13) and (2.17) to express W in terms of the Green
function and Abelian differentials, and expressing the resulting integrals in
terms of the tensors A4 and B, we reproduce the eight-term identity (3.10).

At higher weight, one can similarly derive the identities (3.21) among
modular graph tensors by rearranging (5.5) in the following way:

(5.10) |

[ Wit @@ =5 [ Wi en @ @ peo)
Py 2

The left-hand side evaluates to —21’7"]1 Ja: IJ LM as one can check by means

of the representations (2.35) and (3. 20) of the W- and T tensors. The right-

hand side in turn can be rewritten as fz I‘] . 11 (y Y@’ (y) after



62 Eric D’Hoker and Oliver Schlotterer

performing the integral over x through the recursive definition of the W-
tensors. Hence, the right-hand side is simply the relabelling (I;...IyL) —
(Inlp—1...LL)and (Jy... M) = (Jp—1...J1MJ,) of the left-hand side,
and Theorem 5.3 ultimately relates two permutations of the T-tensor as in
(3.21).

5.2. The generalized triangle move

The opening line (3.5) for the proof of Theorem 3.1 does not rely on any
property that is specific to the Arakelov Green functions in the integrand.
The manipulations in passing to (3.6) can therefore be readily adapted to
arbitrary products F(x, z)H (y, z) that are (0,1) forms in = and y as well as
(1,0) forms in z in the place of G(x, 2)G(y, 2)@™ (z)&V (y)wk (2):

/23 (axagF(ZC, Z))H(y, z)WI{f::'I‘i"L(x’ y)
(5.11) = /E F(x,2)(0,0:H(y, 2)) Wit (y,x)

This follows from the same integrations parts in all of z, y, z combined with
the generalized interchange lemma (2.37) that led to (3.6). When visualizing
all of F', H, W through an edge connecting the respective points x, y, z on the
surface, one can view (5.11) as moving the pair of derivatives 0,0z through
the triangle graph in the following figure:

z

0z

In contrast to the graphical notation of section 2.6, we are not keeping
track of the indices here since the main focus is on the arrangement of the
derivatives.

Note that the scope of (5.11) goes far beyond Theorem 3.1 since F(z, z)
and H(y,z) may be chosen to be combinations of Green functions of arbi-
trary tensor rank, involving further integration points and associated with
graphs of more general topologies than linear chains.
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5.3. The generalized square move

Let F(z,y,z,u) be a (0,1) form in z,y and a (1,0) form in z,u, then the
generalized interchange lemma and its complex conjugate imply that

T zM
/E (0:0aF (g, 2 ) Wi ()W B (. 2)
—M e...G1
(5.12) = /24 (ayagF(x,y,z,u))Wg}'T;"'_‘_]}I(y, Z)WP[?P]Q (z,u)

When the W-tensors are visualized through edges connecting pairs of points
z,y and z,u on the surface, then (5.12) amounts to moving the pair of
derivatives 0,0z through a four-vertex graph as depicted in the following
figure (again dropping indices to avoid cluttering).

w F W = w F W

With the special choice F(x,y, z,u)=G(x,u)G(y, 2)o" (z)wp(2)@® (y)wp (u)
and the Laplace equation of the Green function, (5.12) moves derivatives
through a square graph and implies that the tensor ¢/ defined by,

AC  Jydn ,Q1...QeM A —C
U 17 BF = | G b ()en (=)@ W)

Ji..dn _QIQ M
XWll...InL(xvy)WPl...Pj (7, 2)

- / Gy 2 @) (wws ()7 (y)

Jy.dy @1 QeM
(5.13) x Wit (a,y)Wp g (u, 2)
obeys the following symmetry properties:
AC , J1idn , QunQeM 5 CA Ty, MQu..Q
(5.14) Upp 1 1L, Pl p, =Usp i1 0 pep

The right-hand side has the pairs of indices A ++» C and B < D swapped as
well as all of (Iy...I,L), (J1...Jn), (Q1...Q¢M) and (P ...Py) reversed
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in comparison to the left-hand side. In the special case with n = ¢ = 0, the
tensor (5.13) evaluates to

AC, M —=AMC
(5.15) Upp 1, = —4TprL
such that (5.14) simply reproduces 7_JDU\55 =T ng‘ , 1.e. the complex conju-

gate of (3.15).

Note that F(z,y,z,u) can again be chosen as combinations of Green
functions of arbitrary tensor rank that may give rise to graphs of more
general topologies than linear chains. Hence, (5.13) should be broadly appli-
cable to the derivation of further families of identities among modular graph
tensors in future work.

6. Conclusion and outlook

In this work, we have introduced the notion of modular graph tensors gen-
eralizing ideas of Kawazumi, and initiated the systematic study of identi-
ties between them. Our main result is the all-weight family of new algebraic
identities involving tree-level and one-loop graphs in (3.20) and (3.21). Their
traces over the free indices yield identities among the higher-genus modu-
lar graph functions introduced in [15]. The new identities are derived from
the interchange lemma (2.37) applied to suitable combinations of Arakelov
Green functions.

There are several directions along which the present work may be natu-
rally generalized.

e First, instead of integrating combinations of Arakelov Green functions
against the volume forms ,u{ (z) built out of holomorphic and anti-
holomorphic one-forms, one may include differentials of the Arakelov
Green function such as dz 9,G(z,w). Such objects were encountered
already for genus two and low weight in [31].

e Second, a natural extension of this investigation is the application of
the interchange lemma to the evaluation of the differential with re-
spect to moduli, and the Laplacian on moduli space, of general classes
of modular graph tensors, and the derivation of any new identities
between such differentials and Laplacians. This would amount to a
higher-genus generalization of modular graph forms [6] that appear in
the moduli derivatives of modular graph functions at genus one. Stud-
ies of this type have been initiated for genus two in the context of the
Laplace equation of the Zhang-Kawazumi invariant [24] and those of
weight-two modular graph functions [33].
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e Third, differential identities among modular graph tensors should lead
to further new identities upon considering their separating and non-
separating degenerations, which may be carried out systematically us-
ing the methods of [15, 16]. One example of such a new identity was
already obtained in [31] by degenerating the genus two identity (4.8) to
a genus one elliptic modular graph function, and is generalized in [39].
This genus one identity was proven directly with genus one methods
in [40].

Relatedly, it would be interesting to investigate the Koba-Nielsen-type
integrals in higher-genus amplitudes of the Heterotic string as tentative gen-
erating functions of more general modular graph tensors introduced by mod-
uli derivatives. At genus one, this kind of embedding of modular graph forms
into Koba-Nielsen integrals has greatly advanced the structural understand-
ing of modular graph functions and led to new methods for low energy
expansions of string amplitudes [41, 10, 11]. Similar techniques should be
applicable to configuration-space integrals in higher-genus string amplitudes
and are hoped to eventually reveal suitable bases and the explicit moduli
dependence of modular graph tensors.

Appendix A. Proof of (2.35)

In this appendix, we will prove by induction that the recursive definition
(2.21) of the W-tensors leads to the exphclt formula (2.35). The latter is
established for n < 3 by the examples of W v L(a: y) encoded in (2.30) to
(2.32), so it remains to carry out the inductlve step. Assuming (2.35) to hold
at given n, then we will deduce the validity of the corresponding relation at
n — n+1 from the recursion (2.21):

Jred i Ty o
Wi (@) = 5/2 Wi, (@ )@ () Wiz, y)

z

Jidz.dn . T Je J K g,
:L {Vhlfzz I, (IE z)u[,,:;( ) (I)Illjj InIn+1(x>lu’K+l(Z)

JiJi—1an Jiy Jig 11 Jig—102
+ E : : (Dll...li171[i1 (:L.)Aal Ill+1 I‘Lz 1112
1<7,1<12< <ip<n
Jig—1x Ji Ji t1edip 100
12 L2+1 i3—10Q3 k—1""k—1 kT
XA 12+1 11‘37111'3 X Aak llzk 141 Lk 1Lk

Jndn—1.Jif +1Jiy, Jnt1 iy i 41 Jn K Jnt1
X (q)fn Infl-nlik{»l (9™ (Z)M[n+1 (Z) - Aak Iik+1-~~1nln+1’uK (2)

(A1) x (9 ywr(y) - B4 ()waly)
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Let us separately evaluate the contributions of the first term ~ G(z,y) and
the second term ~ ®¢(z) in the last line: Based on the recursive definitions
(2.21) of various tensors, we have

B - Jidsdndp
Winr (@ y) ‘g(z,y) = Vi 1 (e y)wr(z)

(a)
J1J2.‘.JW,K Jn 1
_¢1112...1n,1n+1( )@ (Y)wr(y)

(0)

n

k Jl..‘Jil_lal JiI-]7‘,1+1~--J7’,2—1a2

+ E (1) E o L, ) A L,
k=1 1<i1 << .. <t <n

Ji2J712+1...J,3_1C!3 N Ajik—lJik—1+1"'J’ik*1ak

x A

g ligyr.dig11; ag—1 Ly, 1 iy —aliy,
2 3 3 k—1 k k

Jnsrdnedi 1 di, JipJipi1dn K < Ty
(A.2) X (‘P . SO y)wr(y) — AR Pyt (y)wL(y))

I’n.+11n~~~[ik+1 Qe (&7 Iik+1~~~1n1n+l

(c) (d)
as well as
JiJndnga _ &I K i1 JiJndnpia
W]r..]n[nJrlL(l"y) ’(I)g(z) = (I)Il,,_[n]wl(iv)A K L w@(y)_(I)IL..In,LLHL (7)wa(y)
(f) (e)
n
§ : k § : J1---Ji1710¢1 Ji1Ji1+1---JL'271a2
- (_1) (I)I1~~Ii1711i1 (Z’)Aal [i1+1~~~-[i2—11i2
k=1 1<t <2 <. <1 <n
JigJigt1.Jig—1003 w1 Jigq 1 i —1
X ACYQ Ii2+1-~~1i3—11i3 Ko X Aak—l Iik71+1-~1ik—1-[ik
J'ikJik+1---J71Jrz+104 JikJ'ik+1---J7zK g1
(A.3) X ('Aak I,;k+1...[n[n+1L wa(y) - Aak Iik-,+1~--InIn+1A K L wa(y)

(9) (h)

In order to complete the inductive proof, we need to show that (A.2) and
(A.3) add up to (2.35) with n shifted to n+1,

Jidndn Jido dndy Jidoodpndni1 K
Wlll...jnj,n;lL(xa y) = V111]22,,, 1”[“:11 (537 y)wL(y) - 11115 I,,LlnillL (x)WK(y)

(a) (e)

§ : k § : J1~--Ji171041 Ji1J1'1+1-~-Ji271042
+ (_1) ¢Il--~li1—lli1 (x)AOél Ii1+1~~-1i2—11i2
k’:1 1S7;1 <i2<...<ik §n+1
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JiQJi2+1...J7;3_1013 zk 1 7k 1+1-- J —10k
X Aa21732+1...[i3,111;3 - X Aak 1IZk 1+1-- Ilk 1Izk
Jnsrdneedigs1diy Jip Jig41ednir K
(A4) X <q>1n+1 ['n.~~~[ik+1 Qe (y)wL(y) B AOék [ik+1~ Iin L K(y)

Indeed, the first line reproduces the terms (a) and (e) in (A.2) and (A.3), so
it remains to identify the terms (b), (¢), (d) and (f), (g), (k) in the sum over
k in (A.4). For this purpose, we decompose the double-sum over EZLI and

Zl§i1<i2<...<ik§n+1 into

(i) terms with £ =1 and iy = i1 = n+1
(ii) terms with i, = n+1 and k=2,3,...,n+1
(iii) terms with iy # n+1 which is only possible for £ < n

The first class of terms in the target expression (A.4) is easily seen to give
J Jn J Jn Jn
Wi (@, y) }( == (@) (y)we(y)

b
(A.5) + PG () AT R wk(y)

(f)

We next consider the second class of terms

n+1
Ji-Jngt . k JrJip 1 Jiy Jig 41 Jig 102
Wfl--.anL(:va) ’(ii) = E :(_1) E : q)Il...I,il,lL;l (93)Aa1 Liysrodiy 1 Ti,
k=2  1<i1<is<..<ip_1<n

Jio Ji +1...J7‘,._1013 zk 1 1k 141 oy
X Aazli§+1...li:,111,3 e Aak iy 1Al
Jn J’”- K
(A.6) < (P8 Wwry) - A% o))

which can be lined up with terms (d) and (h) in (A.2) and (A.3) through a

change of summation variable k — k+1:

n
Jio Jn+1 _1\k Jip 100 Jiy Jig 41 Jig 10
Wll' dn L x y }(11) Z( 1) Z q) Ll 1L1( )Aal Liyyadig 114,
k=1 1<t <0 <. <zk<n

Jiy 12+1 -]13 1003 % 1k+1 Jn B
X .A - X .A
12+1 IL3 IILS I’Lk+1 InIrL+1

(A7) < ( @‘g"“ (v)wr(v) —AJg+lf wi(y) )

~~

(

=

—
>

~
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Finally, we recover (¢) and (g) in (A.2) and (A.3) from the third class of
terms in (A.4),

n
Ji- Jn+1 _1\k Jiy 100 Jiy Jig 41 Jig 102
WI]‘ dnia L :U Y ‘(111 - Z( 1) E q) 111 1111( )‘Aal Liyvaodig 1 15y
k=1 1§i1<12< <Zk<n

J712Ji2+1...=]7‘,3_1043 ’k 1 1k 1+1- i r—10%k
anzfi2+1...Ii371]¢3 - X Aak IIzk 1+1-- I'Lk II'
Jn+1Jn---Jik+1Jik tht]zk{»l- Jn+1K
(A8) x (@,M,,,Iwak (wrly) Aot 7 T Lok W)

(c) (9)

where the upper limit of >, follows from the fact that ix # n+1 is
incompatible with k£ = n+1. In summary, we have matched all the terms (a)
to (h) in (A.2) and (A.3) with the target expression (A.4) of the inductive
step and thereby completed the proof of (2.35) by induction.

We note that an alternative approach to this proof can be based on the
graphical representations of the recursion (2.29) of the C' and D tensors.

Appendix B. Proof of (3.20)

The purpose of this appendix is to derive the expression (3.20) for the tensor
TJl " in Theorem 3.1 from the all-weight formula (2.35) for the W-tensors.
The mtegral in (3.3) will be shown to evaluate to

TJ1J2 S NM :BJlJQ-..JnNM _AMJng...JnNa ANMJlJz...Jna

11[2 I LK IllglnLK ah IQ...InLKJ - aKIl IQInL
(A) (B) ©)
n
MJyJs.. nﬁ 2 : 2 : Jig Jig+1-Jig—1
+Aa11 Is... BK + A011 Ii1+1-~1i2—11i2
k=1 1<z <ip<...<1p<n
(D) 1<<22 kS
Jig—1 Ji Ji 1eedip 10
i 12+1 ig—10Q3 k—1 k—1 k—
X A 7.2+1 Iis—lli - X Aak 11% 141 L,C 11%
JikJik+1~~-J7LNMJ1-~~Ji171a1 7'k J”Nﬁ J\dJl_“a1
X (Aaklikﬂ...InLKIl...Ih_lli —Aarl LKAﬁIl....n1
(E) (F)
Jf,k NMJ1 al zk MJ;...on
(@) (H)

which is a rewriting of the target expression (3.20) at n — n+2, where
NM and LK take the role of Jy,41Jp+2 and I, 11,12, respectively. More
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precisely, we have regrouped the terms in the (n+2)-point version of (3.20)
according to whether % 7 Or M have been replaced by contractions A" L.AN
or A% AM-- The second to fourth term in (B.1) appear since each term in
the sum over k has at least one I replaced by A~ O‘A‘] , i.e. they account
for the possibility to only replace one or both of ]E .M by contractions and
none of ‘I] .

In order to recover (B.1) from the integral in (3.3), we employ the rep-
resentation (2.35) of the W-tensor in the integrand to find

T =4 [ (G @) - i @05 )| Wi 0@ )

z,y

- (g@,y)u%(m)—Mé”u)@%(y)){vﬁff @l )

n
J1J2...J Jl...Jil_lal
- (I)Illz...ln § : § : L A (z)
k= 1<Zl<22< <Zk<7’l

% ./4 i1 71+1 ng 102 J7,2Ji2+1...J713_1a5 X A 7,k 1 lk 11 Jik—lak
11+1 ILZ 1152 012112+1-~-Ii371113 Qe — llbk 141 Ikallik

Indn—1.Jip11Jiy, Jip Jip41--InB
B2) (%In1,,,11,;;a,:<y>uf<y>—Aa;;li:;,,,f,nwg<y>)}

The integrals on the right-hand side can all be performed by repeatedly
using the recursive definitions of the tensors ®, A and B: The contributions
from the Green function accompanied by p5Z () in the second line are

_ R J.NM NMJI Jiy Jig g1 Jig102
2) gy = BLIT LK 6K11 +§ : Y AL
k=1 1<11<22< <ip<n
(4) (©)
Ji « Ji Ji 1o Jip —10
Jiy L2+1 ig—103 k—1Yik—1 K~
X A Tipya.. Ld 1113 - X Aak 11% 141 Lk 11%
Jig Jigg+1-Jn NM J1o Ji —100 i Jif+1--- NMJi...Jip —1o0n
(B'3) (A lk+1' InLKll...Ii1,1 Ii'l _AOék I'ik+1 AﬁKfl Ll 1IL1
(E) (@)

whereas the contributions from ®%(y) in the second line are

_ 4MJi.J.Na MJ,..
) ‘@“K(y) = A+ AR ‘Aall i -0

(B) (D)



70 Eric D’Hoker and Oliver Schlotterer

n
Jilli1+1...Ji271a2 k 1+1-- Jk 10
+ Z Z AOQ Ii1+1~~-1i2—11i - X Aak 1Ik 141 I,C 11
k=1 1<11<zz< < <n
~InNB MJ a MJ...«
ik 1..-001 ikt 1...001
(B.4) ( “4 LA +A A Aﬁll...fil
(F) (H)

All the desired eight terms (A) to (H) in (B.1) are reproduced by (B.3) and
(B.4) which completes our proof of (3.20).

We note that an alternative approach to this proof can be based on the
graphical representations of the tensors 7, C' and D given in sections 2.6
and 3.1.
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