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TT-deformed modular forms

JOHN CARDY*

Certain objects of conformal field theory, for example partition
functions on the rectangle and the torus, and one-point functions
on the torus, are either invariant or transform simply under the
modular group, properties which should be preserved under the
TT deformation. The formulation and proof of this statement in
fact extents to more general functions such as 7T deformed mod-
ular and Jacobi forms. We show that the deformation acts sim-
ply on their Mellin transform, multiplying it by a universal entire
function. Finally we show that Maass forms on the torus are eigen-
functions of the TT deformation.

AMS 2000 SUBJECT CLASSIFICATIONS: Primary 11F11, 11F50, 11M36;
secondary 81T40.
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1. Introduction and statement of results

Holomorphic modular forms Modular forms and their cousins play an
essential role both in mathematics, for example elliptic curves and number
theory, and in mathematical physics, e.g. conformal field theory (CFT) and
integrable lattice models. In general, they are functions, defined in the upper
half 7-plane, of the form

1) Fi(r) =Y ang®,
n=0

where ¢ = ™7 ag # 0, and the sum converges in |¢| < 1. Moreover they

have simple transformation rules under the generators S : 7 — —1/7 and
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T :7 — 7+ 1 of the modular group I'y = SL(2, Z):
(2) Fi(-1/7) = (=in)*F(r),  F(r+1)=e *M2F (7).

For A a positive integer or zero, and k an even integer, F; is a modular
form of weight k, while for £ = 0 and A a negative integer it is a modular
function, invariant under I'y, but here we do not make such restrictions,
allowing, for example, arbitrary powers of the Dedekind function n(r) =
gL/ I1,2,(1—¢™). We also include Jacobi forms, which depend on a second
variable and which transform like theta functions.

More generally we may consider a vector space of such functions trans-
forming according to some representation of I'; (or a subgroup, not consid-
ered here), examples being the characters of a chiral algebra in a CFT.

In what follows, however it is more useful to regard these as functions of
§ = —ir, with ¢ = ™2™ and 6 € H = {Red > 0}, so that F(1/8) = §*F ().

For all such functions, we shall show that there is a family of deforma-
tions, denoted, for reasons explained in Sec. 2, by “T'T”, and labeled by a
real parameter a > 0 which satisfies

Theorem 1 (deformed holomorphic forms). Given a form Fi(0) =
S ane 2 AT with the property that Fy(1/8) = 65 F1(0), the deformed
function

(3) Fla((S) _ i a, (1 + \/1 + 87T(A + n)a(s)lik e—(l/?a)(\/1+8W(A+n)o¢5—1)
o V14 8m(A+n)ad

also satisfies FX(1/6) = 68 F2(5), as long as both sides converge, which, for
A <0, restricts 8t|Ala < Red < (87|Ala)~L.

The normalization is such that lim,_,o F& = 217k F}. Tt is instructive to
rewrite (3) in terms of § = 2mad and J, so that the exponential factor is

¢A*tm)e  where we have introduced the 8-deformed number
(4) 25 = (1/28)(v/1+ 4Bz —1).

Note that

(5) (Bxp)” + Pag = fz,

so that Sz transforms according to a nonlinear representation of the addi-
tive semigroup on {f# € Ry}, isomorphic to the semigroup ¥ generated by
the TT flow.
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Dirichlet series and Mellin transform To every form (1) with A >0
may be associated a Dirichlet series

(6) o(s) = W ,

n=0

which converges for Res > k and can be continued outside this region to
obey a simple reflection relation under s — k£ — s. This also simply related
to the Mellin transform R(s) = [;° 61 F(8)dd by ¢(s) = ((2m)*/T(s))R(s).
The modular property of F' then implies that the integral converges for
Re s > k with a continuation having the reflection property R(s) = R(k—s).

One may then ask how the series associated to the deformed form is
related to that associated to the seed form (1). However, after the deforma-
tion, F'* as given in (3) no longer has the form of a series in powers of ¢ when
expressed in terms of « and ¢, but rather in terms of 8 = ad and ¢. Thus
the deformed Dirichlet series defined by the substitution A +n — (A +n)g
is no longer simply proportional to the Mellin transform of F¢.

It turns out that it is the latter which enjoys simple properties, given by

Theorem la (deformed Mellin transform). The Mellin transform R*(s) of
the TT deformation of a modular form of degree k is related to that of the
undeformed form by

(7) R*(s) = I°(k, s) R%(s),

where I%(k, s) is a universal entire function of s, satisfying I*(k, s) = I“(k,
k — s) so that R%(s) inherits the reflexion property and the zeroes of R°(s).

Thus the Mellin transform effectively diagonalizes the TT deformation.

Real analytic forms Apart from the above singularities when A < 0,
F{*(9) is holomorphic in Red > 0, but clearly the periodicity under T': § —
0 —1iis lost due to the irrationality of the exponents. However, at the cost of
losing holomorphicity, there is a generalization to the full modular group:

Theorem 2 (deformed real analytic forms). Given a real form on the half-
plane

o0

(8) FQ((5) = Z Z an’pe_zﬂ(A-‘rn)&—i—Zﬂipég :

n=0 peZ
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with an , = a, which satisfies Fy(1/8) = |0|FFy(8) and Fo(d +1) = Fy(6),

n,—p’
then

aren o0 (1+ /14 87(A + n)ad; + (4rpady)?)t=*
9) F3(6) = Z Z Qn,p \/1 + 87(A + n)ady + (47Tpa51)2

ef(l/2a)(\/l+87r(A+n)a51 +(4mpady)? —1)+27ipd

n=0 peZ

X
satisfies
(10) FS(1/6) = |0]FF$(8) and F$(0 +1) = F$(6).

In the case k = 0, when F3 is modular invariant, we have the alternative
and simpler

Theorem 2a. Given a real form as in Thm. 2 but satisfying F»(1/5) =
F5(8) = F5(6 +1), that is a modular invariant, then

(11) F§.(6) = Z z an pe—(1/2a)(\/1+87T(A+n)a§1+(47rpa61)2—1)+27rip62
n=0 peZ

15 also modular invariant.

Again, Thms. 2 and 2a hold for a > 0 and, if A < 0, 87|Ala < Red <
(87| Ale) 7t

Maass forms Another genre of real-valued functions over H are Maass
(cusp) forms, whose main characteristic is that, in addition to being I'; in-
variant, they are eigenfunctions of the invariant Laplacian on the fundamen-
tal region F = H/T";. We shall show that there is a close relation between
the TT deformation and Maass forms, in fact we have

Theorem 3. Any Maass form is invariant (up to a multiplicative constant)
under the T'T' semigroup T.

Origins of this work Although we shall rigorously establish these results,
they are motivated by non-rigorous arguments based on examples drawn
from recent work in theoretical physics on the so-called TT deformation of
a two-dimensional CFT. This began with the paper of Zamolodchikov [1],
and since then differing but related explanations have been put forward for
its solvability: in terms of a coupling to random geometry [8], as a particular
form of quantum gravity [6], through its holographic interpretation [7], as a
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state-dependent diffeomorphism [10], or as a coupling to an elastic medium
[11]. Since it has an explicitly locally rotationally invariant form (in euclidean
signature) it is expected to preserve the modular properties of the original
theory defined in domains such as the torus, or, more simply, a rectangle.
However, the formalisms mentioned above tend to obscure this symmetry,
and it was in formulating a proof that it does in fact hold that the author
realized that the arguments apply to more general mathematical objects
beyond those which arise in CFTs, such as (1).

Other related work The deformations of modular forms discussed here
are quite different from those arising in string theory amplitudes in a gravita-
tional plane wave background, first computed in [2] and studied in generality
in [3]. From a world sheet perspective, the latter is a massive deformation,
relevant in the infrared, while 7T is relevant in the ultraviolet. More explic-
itly, its effect, for example on the n-function is to make

(12) [Ja-¢n = J]a—q¢/™*),
n=1 n=1

while the effect of T'T is to modify the power of each term its series expansion

(13) [Ta=gam=> xud" = > xig/PVITHL,
n=1 k=0 k=0

The recent physics literature on 77 amounts to several hundred pa-
pers. Those most relevant to the present discussion are listed as Refs. ([5]-
[10], [12]) Recently Benjamin et al. [13] extensively treated CFT torus par-
tition functions from the point of view of harmonic analysis, emphasizing
the role of Maass forms, without, however, noting the connection to the 7T
deformation.

Outline The outline of this paper is as follows. In Sec. 2 we briefly de-
scribe the TT deformation in a non-rigorous manner, re-interpreting it as a
coupling of the CFT to an elastic medium, and applying it first to the par-
tition function in a rectangle, then to a 1-point function on the torus. We
argue that these are most easily understood through their Laplace trans-
forms, which give a complexified version of the microcanonical ensemble.
(In a companion physics paper [11] we shall amplify this interpretation and
show that the resulting equations are those of a non-interacting fluid.) These
examples are sufficiently general as to give the basis for a rigorous definition
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of the deformation of modular forms on I'; in general. However, this section
is not necessary for the remainder of the mathematical discussion, which is
self-contained. In Secs. 3 and 4 we give proofs of Thms. (1,2,2a) by show-
ing that the above definitions are equivalent both to the series expansions
in the statement of the theorems, and also imply that F}, are related to
their undeformed counterparts by integral transforms which preserve their
modular properties. In Secs. 3.1 and 3.2 we discuss Mellin transforms and
Dirichlet series, and in Sec. 5 the relation to Maass forms. Finally in Sec. 6
we discuss some examples.

2. Physics motivation
2.1. TT as a coupling to an elastic medium

Briefly, the TT deformation of a given CFT in flat space is a family of
non-local field theories 77, parametrized by a real number )\, in which the
infinitesimal flow 7* — 729 is formally defined in the path integral rep-
resentation by adding a perturbation

(14) (5/\/detT’\(x)d2x = %5A6ikeejl/7})]‘(x)T,;\l(az)d2x

to the action, or, equivalently, inserting it into correlation functions. Here
T*(z) is the local energy-momentum, or stress, tensor of the deformed the-
ory, assumed to exist. z = (z1, z2) are cartesian coordinates and we use the
summation convention. By definition this generates a semigroup action on
the space of deformed theories, isomorphic to the additive group on R, .

The effect of this quadratic perturbation in the path integral may be
written as an integral over a symmetric tensor field e:

(15) x /[deij]ef ei T d?x+(1/20N)e el [eij(x)en (x)d?x ’

which, being gaussian, is given by the value of the exponent at the saddle
gij = —(6MN)e*el!T). The fact that T}) is conserved and symmetric then
implies that ¢;; may be written as %(&uj + 0ju;).

We may interpret the field u;(x) as the displacement of a particle, ini-
tially at z, in an elastic solid, with €;;(x) being the strain and the second
term in (15) the elastic energy.

Integrating along a contour C[X, z] from a fixed point X to z,

(16) Ohui(x) = —eikeﬂ/ T,;\l(x')da:;-,
X
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where the integral may be recognized as the flux N,ﬁ‘ of the stress current
T,;\., that is the total force acting across C[X,z], and is independent of the
contour since the current is conserved. Thus the separation R*(a,b) between
two points initially at z, and x; satisfies

(17) IR} a,b) = —€. N (a,b) .

This interpretation of u(z) as a dynamical field in a fixed frame avoids the
paradoxes which may arise in thinking of z — = + u(x) as a field-dependent
diffeomorphism [10] in the quantized theory, and there is no requirement of
general covariance.

In general (17) relates two fluctuating quantities, but in some situa-
tions C' is macroscopic and we may consider a statistical ensemble in which
N ,i‘(a, b) is fixed, and moreover a protocol in which it is independent of A. In
that case R (a, b) evolves linearly with \. We now consider a simple example.

2.2. Rectangular geometry

Consider a sample of this elastic material coupled to a CFT in the initial
shape of an Ry X Ry rectangle, oriented with its sides parallel to the cartesian
axes. Thinking of xo as imaginary time, the undeformed partition function
has a spectral decomposition

(18) ZO(Rl,RQ) :/e_NQRpo(Rl,NQ)dNQ,

where the force Ny is the energy in the microcanonical ensemble, and, if
we imposed periodic boundary conditions in x, Re would be the inverse
temperature. Here p° is the density of energy eigenstates, weighted by matrix
elements to the initial and final boundary states at o9 = 0 and Rs, and is a
sum of delta functions.

Now take a and b in (17) to be the ends of an interval spanning the rect-
angle along x5 = constant. This gives the change in the width at this height.
If T = 0, that is there is no shear force at the boundaries, conservation
implies that the width change is independent of the height, so the sample
remains rectangular. Thus at fixed Na, R} = R{ — AN3, so we may write, at
least formally!

(19) ZMRy, Ry) = / e 2R p0(Ry + ANy, Na)dNs .

'The change of sign in front of X is due to p° being a density.



442 John Cardy

There are several problems with (19), one being that R; + AN2 may become
negative. The other is that although, as a consequence of the symmetry
of the action under (x1,z2) — (22, 1). we would expect Z*(Ry, R2) to be
invariant under S : R; <+ Rp, this is obscured in (19).

However, again at least formally, it implies that Z* obeys the PDE

(20) ONZM Ry, Ry) = —0r, R, ZN(R1, Ra)

which is symmetric, although this does not imply that its solution must be
even if the initial data are, since the operator on the right hand side is not
elliptic.

It is necessary to give mathematical meaning to (18, 19) and the sub-
sequent manipulations. The connection between this example and the more
general form in (1) is that the undeformed partition function Z° in a rect-
angle with boundary conditions Tj2 = 0 in fact takes the form [14]:

(21) Z9(Ry, Ry) = R/*n(iRy/ Ry) /2,

for any CFT of central charge c. Here n(1) = ¢"/*[2_,(1 — ¢™) with
q = ™7 is Dedekind’s function. This is of the form (1) with k¥ = —c/4 and
A = —c/48, but we keep these parameters more general in the following
discussion.

In (18) Z°(Ry, Ry) is the Laplace transform of p°( Ry, No). However, for
our purposes it is better to do the reverse, that is define

(22) WO(Ry,s) = / e *f2Z70( R Rb)dR) .
0

Since Zg ~ e 2mAR/ B a5 R 5 00, and ~ e 2TAR/ R a5 R — 0, conver-
gence in these limits is is uniform in any closed subset of R; € R4 as long as
A >0 (c <0): ¥ is then a complex analytic function of s apart from poles
along the negative real axis. The case when A < 0 will be discussed later.
The inverse transform is then
ico
(23) 2Ry, Ry) = / e 0(Ry, 5)(ds/2ri) |

—ioco

and, on pulling back the contour to wrap around the poles, gives p°( Ry, Na)
as twice the imaginary part of w’(Ry,s) at s = —Na.
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Comparing with (19), we therefore have

(24) ZM Ry, Ry) = / - eSO (Ry — Xs, s)(ds/2mi)

—ico

which still requires a definition of w’(Ry,s) for Ry € C. However, for a
CFT, Z°(Ry, R)) = R{*F(¢') where & = R)/R; giving

o0
(25) PRy, s) = / Rk R p0(5')ds |
0
which may be analytically continued in R;.
Thus
(26)

ZM(Ry, Ro) = / eshe / (Ry — As)'~Fe™s0" (Fa=As) 051 45" (ds /2mri) .
—ioo 0

Finally, writing Z*(R1, R2) = R; "F{(J) in terms of dimensionless quantities
a=M\/(R1R2) and § = Ry/R;, and rescaling Rys — s,

(27)  FR(6) = / e / 00(1 — ads) Tkems¥(1=008) pO(§Y 48" (ds /2ni) .
—ioco 0

So far the discussion has lacked rigor. The idea is now to use (27) as the
definition of the deformed modular form F7*, and to prove both that it yields
the expansion in (3) and that it has the same transformation law as F} under

S:6—1/6.
2.3. 1-point function on the torus

In order to motivate Theorem 2, consider the TT deformation of the one-
point function of a local operator on the torus, which has a natural action
of I'y = SL(2,Z). A 2-torus may be thought of as R?/(ZR, + ZRy), where
R., Ry € R?, such that the area R, A Ry > 0. The generators of I'; are
S : (Rq,Ry) — (Rp,—R,) and T : (R4, Ry) — (Ra, Ry + R,). Rotating to a
basis where R, = (| Rq|,0), we can write Ry = |R,|(—0d2, 1), where the usual
modulus is 7 = 1§ where § = §; + id9 with 61 > 0.

In a translationally invariant field theory, the 1-point function (®(z))
of a scalar operator ®(x) on the torus is independent of z, and in a CFT
has the form |R,|7%FY(d), where now k is the scaling dimension of ®. The
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symmetry under I'y implies that FY(1/5) = |6|*FY(6) and FY(5+1) = F9(0).
Moreover, in a CFT, FY(§) has a Fourier expansion as in (8).2

Paralleling the discussion in the previous section, we define the double
Laplace transform

(28) Q%(Rg, s) = /R AR/>Oe_S‘R§(<I>>O(Ra,R{))dZRg.
(29) (®)(R,, Ry) = / e OO(R,, s)(d?s/(2m1)?) .

Choosing z = X, and running the contour C'in (16) from X to X around
an a cycle, the effect of the TT" deformation is to send R, — Ry, — A A N,
where N, ~ —s is the force acting across C'. Thus

(80)  (@)(RaRy) = / eRQO(Ry — AN s, 8)(ds/(2mi)?)
We note in passing that, at least formally, this implies the PDE

(31) O(®)N(Ra, Ry) = — (R, A OR,)(®)M(Ra, Ry),

which is I'; invariant.
In a CFT,

Ra|_k+2F0(d/)d2d/,

(32) QO(R,,s) = /e_s‘d"R“

where Ry = d'.R,, i.e.

RL\ [ 6 —& R}
5 ()= (5 o) (i
and similarly Ry = d.R,. Then

(34)

2
<‘I)>>\(Ra,d.Ra) :/es'd'R“/e_s'd,'(R“_M\s)Ra—>\/\5|_k+2F(d/))d2d/ d*s

(2mi)2 "

In terms of components, in a frame where R2 = 0, this is

(35)
2
2 | \2 21—k/24+1 A8, (s2+52) 51| Ra|(61—6,)+52|Ra|(62—5%) 0,57y 2 A S
//[(|Ra|—A31) 22 D b (150 5200 O 1) it

2More generally, a sum over several As.
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which should be compared to (26). Defining a = \/(area) = \/(01|Ra/?),
and rescaling s, we find
(36)

7 o2 ’ dQ
FQQ((S) _ /C/H[(l—04(5151)2+a26%83]_k/2+16a61618 +s.(6—48 )F20(6/)d25/ S

(2mi)2”’

where the s1 2 contours C' lie up the imaginary axis, and ¢’ is integrated over
the right half plane. As before, if A > 0 this converges uniformly for § in
any closed subset of H, and although the arguments leading up to this lack
rigor, we may now take it as a definition of the deformed F3, and thence the
deformed one-point functions.

2.3.1. Partition function The CFT torus partition function Z(R,, Rp)
has the form (8), but is modular invariant. However, its deformed version is
not given by (9) with & = 0, because the deformation should be applied to
the partition function with a marked point X where u(X) = 0, that is Z
divided by the area R, A Ry = 61| Ra|?.

As a result the above arguments are slightly modified: (26) becomes
(37)

2
—1 A _ [ sdR. [ —sd(RBa-Ans) s —1rany 24 45
0~ ZRg,d.Ry,) /e /e 5, F(d"))d“d ek
so that
(38) Za(é) _ ea61(5{52+s.(5—(5’)(61/5/)ZO(dl)dZCS/ dQS
! (2mi)2

which again may be used as a definition of the deformed partition function.
3. Proof of Theorem 1

Motivated by the above discussion, given a function FO(§) =Y >0 ang™tn
where ¢ = e~2™ with Red > 0, which satisfies FO(1/8) = 6*F°(5), we define
its TT deformation by the limit as € — 0, if it exists, of

ico 1/e /
(39) FY(6) = / esé/ (1 — ads) ke (l—aés)FO((S/)dé.,d—S"

2mi

where the branch cut of z!7* is taken to lie along the negative real z axis.
As long as @ > 0 and Red > 0, the integral is uniformly convergent and it
is permissible to interchange the orders of integration.
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Inserting the uniformly convergent expansion of FY(¢'), we may inter-
change the orders of summation and integration to find

ico

1/6 ’ /o2 A ’ dS
/ (1— abs)l ket (0-0)+ads's*—2m(A+m)s d5’2—
1

(40) F2(6) =Y an
n=0

—ioco Je

As long as A > 0 we can take the limit ¢ — 0 term by term, giving

00 ico 655(1 _ aés)l—k ds
(41) Za"/_ioo 271'(A+n)+57a552%‘

The integrand has simple poles at s = s1 = (1/2a6)(14+/1 + 87(A + n)ad)
and a branch cut from s = (ad)™! to +o0o. For A > 0 only s_ lies to the
left of the s integration contour, and we may pull it back and evaluate the
residue to obtain the expression in (3).

On the other hand, we may first perform the s integral by completing the
square in the exponent, writing it as add’(s—(6'—0)/286")% — (6'—0)? /4adé’.
Setting s = (&' — 0)/266" +i(66")~ /%t and shifting the contour so that t is
real, we find, after some algebra,

(12) Fe) = [ Ko(5,8)(8/8) 2 F0(8) (d8'6'),

€
—€

where

(43)  K%(8,8) = o~ (9'=0)*/4ad¥’ / ((5+6)/2(68) % —it)' et

— 00

If A > 0 we may remove the e cutoff in (42). The theorem now follows on
recognizing that both K*(d,4") and the measure d¢’/d’ are invariant under
(6,6") — (1/6,1/6"), which implies that if §=%/2F0(§) is invariant so also is
5RI2F(6). O

Remarks

e If A <0 then (3) converges for real § as long as (4ad)~! > 27|A| and
(4a/8)~t > 2m|A|, that is (87Aa)™! < § < 87Aa. As long as this
holds, s_ and sy are both real and we may shift the contour in (41) so
as to lie between them. Thus the theorem still holds in this restricted
domain. F'*(4) has square root singularities at the end points, which
in the physics literature are called Hagedorn singularities.
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e the proof of S-invariance depends only on the invariance of the kernel
K®(0,4"). Thus we could use some other such kernel. However this will
not in general lead to a point power spectrum in (3) for o > 0.

o If @ < 0 we can still define F* by wrapping the contour in (39) to
lie just above and below the real axis so as to include all the poles
at s = —2m(A + n) when a = 0. Then for @ < 0 it includes the
finite number of poles st on the real axis, as well as the branch cut
which now runs from —oo to —(|a|§)~!, but none of the infinity of
poles with a non-zero imaginary part. Thus the spectrum of powers
of ¢ has a continuum as well as a finite discrete part. The proof of
S-invariance of 6~*/2F{(8) then proceeds as before, picking up only
the real spectrum. However the partition function has a square root
singularity every time a pair of roots s+ meet and become complex.

3.1. Deformed Mellin transform

The simplest and most interesting definition is through the Mellin transform
6°(s) = FF R(s) where R (s) = [5° 0°"LF*(8)ds.

We now outline the elements of the proof of Thm. la. By definition,
(44)

= / 551 / et / (1—adt') ke 10" (1=adt) pO(§)\qs' (dt! /2mi)d6
0 —ioco
This looks complicated, but on substituting 6 = udé’ and rescaling ¢’ — t'/d’,
(45) R(s) = / sy / s / (1= aut')!*e "D FO(8')ds' (dt' /2 du
0 —ico

(46) = 1°(k; ) R°(s),

where

(47) *(k; s) / u® 1/ — aut) ket t=out) (qy /971 du,

Now we follow the same method as in the proof of Thm. 1, completing the
square in the exponent, to find, after some algebra,
(48)

I&(k78) _ / Usfk/Qflef(ufl)Q/élau/ (lat + ( 1/2 +u71/2)/2) k —at? (dt/Qﬂ')
0 —oo
The integrals are absolutely uniformly convergent and define an entire func-

tion of s. Under u — 1/u, wSTRI2 gy — s TR27 gy = ks k271 gy so
I%(k;s) = I%(k; k — s). O
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In fact I%*(k;s) is proportional to a confluent hypergeometric function.
Going back to (47) and rescaling ¢t — t/au, then u — 1/u,

(49)  I%(k;s) = o~ / / t) Rt/ —utA=D/) gy /971 du,
(50) = r(1—s)/_ et/ (1 — £)5F (dt/2i)
—100 .
(51) =a*T(1 —s)n tsinm(s — k) / et/ — )5 Fdt
0
sinm(s —k)I'(s —k+1)

52 =a f F 2s — k+1:1 .
(52) @ sins'(2s — k + 1) 1Fi(s, 25 +1;1/a)

3.2. Deformed Dirichlet series

Alternatively, we may define the TT-deformed Dirichlet series by

(e 9]

(53) Z A—i—n

where a) and (A + n)? are the deformed coefficients and exponents defined

(3 4), with o = /8. As before, we have ¢%(s) = (12?5); RA(s) where

RB = J5° 65 1FP(6)ds, the only difference being that the integration is
performed at fixed 8 rather than fixed a. Thus
(54)

_ / 5ol / ol / (1= Bt ket 0=B1) pO(57)ay (dt' /2i)d
0 —ioco

The 6 integral is now immediate, and F° may be expressed in terms of RY
by an inverse Mellin transform.

B(s o 7 L=k —t'8'(1=pt") 51— po ds' o dt’

(55) R /ﬂoo/ /ﬂoo ﬂt 0 R(s )27r1d6 27
_ o 18’ —s— 1 s —k 0 ds’ d_t
(56) =1 [ / K By - R

This has an asymptotic expansion in powers of 8 of the form

(57) RP(s) = ZCTBTRO(S
r=0
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which shows that reflection symmetry under s — k — s is lost once § # 0,
as expected, since the 6 — 1/§ symmetry of F' holds only at fixed «.

4. Proof of Theorem 2

Motivated now by the discussion in Sec. (2.3), given a real function FY(§) =
S 0302 annq> @A where ¢ = e72™ with Red > 0, with an 7 = asin,
which satisfies F9(1/6) = [0|FFY(8) and F9(6 +1i) = FY(8), we define its TT
deformation by

(58)

2
F2a(5) — //[(1 —04(5151)2+Oé25%83]_k/2+1ea6151§2+s'(6 )F2 (6/)d25/ d°s

(2mi)2”’

where we again assume that A > 0 so the integrals converge uniformly.
Substituting the convergent expansion (8), in each term o a, , integrating
on &4 sets so = 27p, and then the &} integral gives

(59) / [(1 — adys1)? + 4n2a262 2]"“/2+1 101 g

27 (A + n) + 4w20262p% + 51 — abys? 27

now with simple poles at s; = s+ where

(60) s+ = (1/2a071)(1 £ \/l + 8m(A + n)ad; + 1672a262p?).

Again evaluating the residue at s_ then gives (9).
On the other hand, completing the square in the exponent and setting
t=3+4 (6 —9")/2a616] we find, after some algebra,

(61) F9() = /H K5(5,8)(8, /602 F9(6)(d26'/52),

where

K3(6,8) —ale —(6—68")% /406,68,
k/2+1

(61 + ) 2 8y — 6 2 — 2y
(62 Ot 0) ) o (L2o0) c_at

2(6107) 1/2 2(6,07)1/2 (27i)?2
Note that the exponent in the first line is the square of the hyperbolic

distance between § and &’. At this point we can invoke the reality of Fy to
change the sign of ) in the second term. The integrand and the measure are
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then invariant under SO(2) rotations, so we may rotate to a frame where
d2 + 645 = 0. Thus the integral is equal to

(63) / [(2(‘25—3‘;’/2 B t2>2 + 12

We then have, as before, K§(1/§,1/") = K§(9,¢"). This is most easily seen

in terms of 6 = &1 + 1d9 and § = &1 — ido, since

—k/2+1
/ P2t

(27i)?

(64)
FEIP _(0x)ELE) | ((0£)/58)(F £8)/58) _ (3 )& £0)
o0 510, (61/00)(3, /85"y 510,

Since the measure d2¢’ /512 is invariant we conclude that if (5lf/ 2FO(5) is
invariant under 6 — 1/, then so is 5f /2 pa (6). This establishes Theorem 2,
since 61 — d1/|6]2. O

Again, the above argument is strictly valid only if A > 0: otherwise we
should restrict the range of § as before.

4.1. Proof of Theorem 2a

As was discussed in Sec. 2.3.1, if kK = 0, that is F20 is I'; invariant, there is
an alternate version in which

(65) F3(d)e = / / 00 015%+5:(0=0Y) (5, 61V EY(8)d20' (d?s/ (271)?)

where [ indicates that the 6] integration is over (e, e™1).
As compared with (59), after substituting the expansion (8), the §] in-
tegration gives

(66) log[(2m(A + n) + 472a282p* + 51 — ad157) /e] + O(1)
= log(s1 — s_) + log(s+ — s1) + O(1),

where the O(1) remainder is either non-singular in s; or vanishes as ¢ — 0.
There are now branch cuts along (—oo,s_) and (s4,+00) and the contour
in s separates them. Wrapping this around the left hand cut then gives
ff;o 81e519dsy = 5%, giving (11) with no prefactor.

On the other hand, the (s, s2) integrations can now be performed ex-
plicitly, to give

(67) Fg'(8)e = (4ma)~! /e"55"2/4“5153F§(5’)(d25’/5’12),

€
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which is equivalent to the result for the deformed CFT partition function
first obtained by Dubovsky, Gorbenko and Herndndez-Chifflet [6]. Since the
kernel and the integration measure are I'y invariant, this establishes Theo-
rem 2a. 0

Remarks

e The theorem extends to a multiplet of functions {F}'} transforming
linearly according to some representation of I'y, that is

(68) FP(1/6) =) S)FF(3).
J

If the {F?} satisfy this, so also do the {F?}. An example is given the
characters x;(q)x;(@) + xi(q)x;(q) of the product V®V of two Virasoro
algebras arising in the decomposition of the torus partition function,
recently analyzed in detail in [12].

e [t is tempting to try the same variant construction for the holomorphic
case of Theorem 1, for example the Virasoro characters {x;} them-
selves, maintaining the coefficients a,, with no prefactor. However, the
factors of ¢’ do not arrange themselves as conveniently as in (65), and
as a consequence, if x9(1/8) = j S;X(; (6), this no longer holds for the
deformed versions. [This would correspond to a deformed CFT parti-
tion function on an annulus, which has no reason to be invariant.]

e The situation when a < 0 is more tricky than in Thm. 1. There is
an infinite number of singularities s+ with n ~ |p| > 1 which remain
almost undeformed on the real axis, and any choice of the contour
which includes the undeformed singularities will necessarily include an
infinity of these. However, with such a contour, the above argument
for modular invariance of the deformed partition function at fixed «
still goes through, although it now has a dense set of singularities as
« is varied and the singularities at s+ pinch and go into the complex
plane.

5. Deformed Maass forms

Recall that a Maass form for I'y = SL(2,7Z) is a smooth function Fj; on H
satisfying the following three conditions:

(i) for all v € I't, Fr(v(6)) = Fam(9);
(ii) Fys is an eigenfunction of the invariant Laplacian on the fundamental
region Ar = —(5%(8?1 + 6(%2);
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(iii) Far(d1 + i02) is polynomially bounded as §; — oc.
(iv) A Maass form is a Maass cusp form if also its Fourier coefficient fy in
Fy =30z fp(81)e?™P% vanishes.

That Maass forms are defined in this somewhat abstract manner rather
than by a g-series makes it less obvious how to define their TT" deformation.
However, we have the following

Lemma. If F(6 = —iRy/R,) is a smooth function on the torus which de-
pends only on the modulus § (not necessarily holomorphically), then

(69) A(Or, NOr,) F = (1/4)Ag F'.

The proof is straightforward, using A = (i/2)(R.R; — R;Rp) and Op, A
Or, = —(i/2)(ORr,0Rr;: — Or:OR,). In Sec. 2.3 we argued that the TT" variation
of any such function in a CFT is given by

(70) OF = —(ORG AN 0Rb)F = —(1/4A)AHF,

so that, writing A = Aa, 0, F = —iAH F'. Thus any eigenfunction of the
Laplacian which depends only on the modulus, is multiplicatively trans-
ported by the TT flow. If F is also I'; invariant, we may restrict to the
fundamental domain F. Thus, for a Maass form of eigenvalue A,

(71) Fgy = e WAapo

This completes the proof of Thm. 3. O

The L?(F) eigenfunctions and eigenvalues of Az are well characterized
[15]. Aside from the constant function a complete set is given by a contin-
uous spectrum, the real Eisenstein series Ej (see below) with Res = % and
A = s(1 — s), which have power law decay as d; — 0o, and a discrete series
of somewhat intractable Maass cusp forms which decay exponentially with a
large gap. Thus the TT deformation of a generic function F € L?(F), for ex-
ample F* in (9) with A > 0, should decay to a constant value exponentially

at a rate oc e=@/16,
5.1. Deformed non-holomorphic Eisenstein series

Important examples of Maass forms are the non-holomorphic Eisenstein se-
ries

(72) @)= Y d

3 2s?
(m,n)€Z2\(0,0) |1m5 + n|



TT-deformed modular forms 453

which may be thought of as a uniform sum over I'; of images of the (0,1)
term, so is automatically invariant under the group action. Also, since Ay
is invariant, its action on each term in the sum is similar. On the (0,1) term
we have simply —6195 6] = s(1 — 5)d5, so A = s(1 —s).

On the other hand, we can think of FE as a form on a dimensionful torus

(A/|Ra?)® As
Es = Z " %5 _= Z - 55 -
ez oo MBS/ B 0l 0o 1M+l

By rotational symmetry and scaling, the (m,n) term deforms into some
function

o A e Ry N Ry
(G we) 7 ()
satisfying
(75) Oofs = —AOr, NOR,) IS = —(1/4)AufS,

using the Lemma. Again choosing the (0,1) term as representative, this
becomes simply

(76) Oafo(X) = —(1/4) X227 (X),
with the initial condition fO(X) = X*, and the solution
(1) 2 () oc 00y,
in agreement with Thm. 3.

6. Some examples

6.1. Deformed Jacobi theta functions

A simple example of Thm. 1 is that the well known identity

(78)  03(0;0) =Y e ™0 =712 "em™0 = 571/295(0;1/6)

nez neZ
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becomes a similar identity for

2
1+ \/m)ﬂe_(l/m)(m—l)
Vit dman® ’

(79)  95(0;6) =) v

neZ

which can readily be checked numerically.
More generally, the symmetrized version of the inversion relation for the
Jacobi theta function

(80) 193(,251/2; 5) = Ze—ﬂ'nzd-l—?ﬂinzél/z _ 6_1/2e_7r22193(iz/51/2; 1/(5)

n

is also satisfied by its deformed version, given by substituting v/1 + 4ran26 —
V14 4wan28 — 8winzé1/2 in (79).
Similarly, a Jacobi form of weight k£ and index m obeys

(81) $(207%;6) = 6~ Fe ™ g(i2/6V/%:1/0)

as does its deformed version, defined by further modifying the power in the
numerator of the prefactor (79) in from 3 to (1 — k)/2.

6.2. Deformed partition sums

Let P(n) be the number of distinct partitions of n € NT into positive inte-
gers. Since n(7)~! = ¢~ /% Yoo P(n)g" is a form with k = —%, by Thm. 1
(82)

ip(”) (1+ VT 87aln = /30?1 ooy /Trsmatriyans
o 1+ 8ma(n —1/24)5

_ 5172 i P(n) (14 /1 +8ra(n —1/24)/5)%/? o—(1/20)/T8ra(n—1/20)/5
= V1+8ra(n —1/24)/6

In this case A < 0, and so this is valid only for 7 /3 < § < 3/ma. The
n = 0 term on the right hand side is singular at §/a = 7/3, dictating the
radius of convergence of the left hand side, and vice versa. The singularities
of the right hand side are of square root type rather than essential as in the
undeformed case, and should determine the Hardy-Ramanujan asymptotics
of P(n). It would be interesting to understand how these contrive to be
independent of .
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6.3. Deformed Eisenstein series

The undeformed series

(83) B = 3 !

: k
(D E(0.0) (m 4+ ind)

gives an example of a modular form of weight k (strictly only if & is a positive
even integer). To use (39) is difficult. But if we consider

1
84)  Z(L1,Lz) = L"Ey(La/L1) = (mL +inLa)k
(84) (L1, Lo) 1 Er(L2/ L) (WL%;(OO) (mLy +inLy)*

it satisfies Z(Ly,Ly) = Z(Lo,L1) and it can be shown that the scaling
solution of the PDE

(85) ONZNLy, L) = —9y,01,2* (L1, Lo)

is B (6) with o = A\/(L1L2) and § = Lo/Ly. For each (m,n) we then look
for a solution of the form fA(L = mL; + inLs), so that Oy f = —imn@%f,
which can be solved by Green function. The final result is

(86)
an /4

E?((S) (47T0z) 1/2 Z / 172 dgm,na
s Z00) 1mn5) /2 +m+ind)k

so that each lattice point gets an independent gaussian deformation, which
vanishes on the axes m = 0 and n = 0, and on the diagonals m = +n
is purely transverse. This preserves the symmetry under S but not 7T, as
expected. (We showed in Sec. 5.1 that the non-holomorphic version, which
gives a Maass form, does not evolve, up to a multiplicative constant.)
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