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Berezin-Toeplitz quantization in real
polarizations with toric singularities

NaiChung Conan Leung and YuTung Yau

On a compact Kähler manifold X, Toeplitz operators determine
a deformation quantization (C∞(X,C)[[�]], �) with separation of
variables [10] with respect to transversal complex polarizations
T 1,0X,T 0,1X as � → 0+ [15]. The analogous statement is proved
for compact symplectic manifolds with transversal non-singular
real polarizations [13].

In this paper, we establish the analogous result for transver-
sal singular real polarizations on compact toric symplectic man-
ifolds X. Due to toric singularities, half-form correction and lo-
calization of our Toeplitz operators are essential. Via norm esti-
mations, we show that these Toeplitz operators determine a star
product on X as � → 0+.

1. Introduction

Berezin-Toeplitz (BT) quantization [2, 11, 15] is a quantization scheme on
a compact Kähler manifold (X,ω), where [ω] = c1(L) with L a prequan-
tum line bundle, bridging deformation quantization and geometric quantiza-
tion. The Toeplitz operators Q� : C∞(X,C) → EndCH0(X,L⊗k) completely
determine a deformation quantization (C∞(X,C)[[�]], �BT), which acts on
H0(X,L⊗k) asymptotically as � = 1

k �→ 0+.1 In fact, this star product is
particularly nice, namely it is with separation of variables [10] and it can
be obtained directly using BV quantization using the transversal complex
polarizations T 1,0X and T 0,1X [4, 5, 6, 7].

In [13], the authors established corresponding results for real polariza-
tions where analysis involving distributions are needed. T 1,0X and T 0,1X
for any complex polarization are now replaced by transversal real polar-
izations. Compact symplectic manifolds admitting transversal real polariza-
tions, called para-Kahler manifolds [8], are essentially symplectic tori up to
finite covers.

1Throughout this paper, apart from the discussion on deformation quantization,
we always let � = 1

k .

851

https://www.intlpress.com/site/pub/pages/journals/items/cntp/_home/_main/index.php


852 NaiChung Conan Leung and YuTung Yau

In this paper, we study BT quantization in singular real polarizations
on a compact toric symplectic manifold X. Let

μ : X → μ(X) = PX

be a moment map for the action of T = Rn/(2πZ)n. It determines a real
polarization Pv, singular along the union D of toric divisors in X. On
X̊ = X\D ∼= (C∗)n, we could choose action-angle coordinates (x, θ), thus
the theta coordinates induce another singular real polarization Ph on X
transversal to Pv. Assuming [ ω2π ]−

1
2c1(X) ∈ H2(X,Z), we obtain the half-

form corrected quantum Hilbert space H� in polarization Pv for each odd
k ∈ N. Using transversal polarizations Ph,Pv, we define a star product �
with separation of variables on (X,ω), which is singular on D, and construct
a Toeplitz-type operator Q� : C∞(X,C) → EndCH�. Our main result is that
� is determined by Q� with � → 0+. Naively, we would like to have the norm
estimation

(1.1) ‖E�

N‖ = O(�N+1),

for the error term E�

N = Q�

f ◦ Q�
g − Q�

f�Ng, where f �N g is the Nth order
truncation of the power series f �g in �. Due to singularity, however, we need
to consider the Poisson subalgebra C∞(X,C)<∞ of functions f ∈ C∞(X,C)
having finitely many non-zero fibrewise Fourier coefficients and the opera-
tor norm

∥∥E�

N

∥∥
V

of the restriction E�

N |H�
V

: H�

V → H�, where H�

V is the

subspace of quantum states in H� supported on a relatively compact open
subset V of the interior P̊X of PX . Our main result is as follows.

Theorem 1.1. Let f ∈ C∞(X,C), g ∈ C∞(X,C)<∞ and V be a relatively
compact open subset of P̊X . Then there exists δ > 0 such that for all N ∈
N ∪ {0}, there exists K > 0 such that

(1.2)
∥∥Q�

f ◦Q�

g −Q�

f�Ng

∥∥
V
≤ K�

N+1,

for all odd k ∈ N with � = 1
k < δ.

This theorem implies that the Toeplitz operators Q� determine the sin-
gular star product � as � → 0+.

This theorem is a counterpart of Theorem 1.1 in [13]. Nonetheless, there
are several subtleties due to the toric singularities. First, the half-form cor-
rection [12] plays a crucial role in the construction of Q� by prohibiting
the existence of degenerate Bohr-Sommerfeld fibers. This avoids problems
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caused by singularity of the star product � on degenerate T -orbits of X.
Adopting this correction, we need to assume [ ω2π ] −

1
2c1(X) ∈ H2(X,Z).

Then [ ω2π ] −
1
2c1(X) is the first Chern class of a line bundle L+, which

is naively regarded as L ⊗
√
K, although L and

√
K might not be well-

defined line bundles. Indeed, L is a line bundle if and only if X is spin. In
any case, the ‘square’ L⊗2 is a line bundle and thus for k odd, we have a
line bundle Lk

+, which is regarded as L⊗k ⊗
√
K, whose first Chern class is

k[ ω2π ]−
1
2c1(X), serving as the (level-k) half-form corrected prequantum line

bundle. The corresponding quantum Hilbert space H� in polarization Pv

has a Bohr-Sommerfeld bases {σm
�
}m∈Λ�

for which σm
�

is supported on the
level-k Bohr-Sommerfeld fibre over the point x = �m with m ∈ Λ�, where
Λ� is the set of lattice points in the corrected polytope in level k.

Second, similar to [13], the proof of our main theorem requires estima-
tions on the fibrewise Fourier coefficients of functions and their derivatives
on X. However, we need to be careful what is meant by fibrewise Fourier
transform as X has degenerate T -orbits. This was discussed in [3], which
studied the groupoid approach to quantization for toric manifolds, and the
definition of fibrewise Fourier transform depends on the choice of the action-
angle coordinates (x, θ). We shall see from Proposition 5.2 that the Toeplitz
operator Q�

f for f ∈ C∞(X,C) is a linear combination of multiplication by

the fibrewise Fourier coefficients f̂p of f followed by the respective truncated
shift operators by �p (for p ∈ Zn). For instance, take X = CP1 and suppose
f is of the form

f(x, θ) = f̂p(x)e
√
−1pθ on X̊,

with p ∈ Z, i.e. all fibrewise Fourier coefficients of f but f̂p vanish every-
where. Then for m ∈ Λ�,

Q�

fσ
m
� =

{
f̂p(�m)σm+p

�
, if m+ p ∈ Λ�;

0, otherwsie.

Third, from the above observation that Q� involves shift operators which
are truncated, we have to cut off quantum states too close to the boundary
of PX by taking a relatively compact open subset V of P̊X , and control
fibrewise Fourier coefficients ĝq of the function g appeared in the error term
E�

N for q large by restricting g to be in C∞(X,C)<∞.

As a remark, Kirwin, Mourão and Nunes [12] showed that under the de-
generation of Kähler polarizations to the singular real polarization Pv, the



854 NaiChung Conan Leung and YuTung Yau

quantum Hilbert space H� in polarization Pv is the limit of the quantum
Hilbert spaces in Kähler polarizations. However, the Berezin-Toeplitz star
products and Toeplitz operators do not converge. The reason is that both
T 1,0X and T 0,1X, which are transversal complex polarizations, converge to
the same polarization Pv. Therefore, we lose a pair of transversal polar-
izations under Kähler degeneration, and our Toeplitz operators are not the
limit of Toeplitz operators for Kähler polarizations.

The paper is organized as follows. In Section 2, we review toric geometry
which is relevant to our construction of Toeplitz-type operators. In Sections 3
and 4, we discuss deformation quantizations compatible with singular real
polarizations and half-form corrected geometric quantization of X by the
work [12] respectively. In Section 5, we provide a proof of our main theorem.

2. Preliminaries on compact toric symplectic manifolds

In this section, we set up notations on a compact toric symplectic manifold
and review certain aspects on them that are relevant to our construction
of Toeplitz-type operators in Section 5, including action-angle coordinates,
polytopes and T -equivariant Hermitian line bundles, fibrewise Fourier trans-
form and (singular) real polarizations.

Our notations mainly follow from [12]. Consider a compact toric sym-
plectic manifold (X,ω) with a toric action of T = Rn/(2πZ)n and a moment
map

μ : X → t∗ ∼= R
n,

where t is the Lie algebra of T . Let Σ be the normal fan associated to the
moment polytope PX := μ(X) of (X,ω) and Σ(1) be the set of rays in Σ.
We have

PX = {x ∈ t∗ : for all F ∈ Σ(1), lF (x) ≥ 0},

where lF (x) := 〈x, νF 〉 + λF , νF is the primitive integral inward pointing
vector normal to the facet F of PX and λF ∈ R.

2.1. Action-angle coordinates

On (X,ω) there is a set of action-angle coordinates useful for later discus-
sions, which is indexed by vertices of PX and a distinguished element ◦
indicating a chart on X̊ := μ−1(P̊X), where P̊X is the interior of PX . Let
Vert(PX) be the set of vertices of PX and Vert(PX) = Vert(PX) � {◦}.
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• On X̊ ∼= P̊X × T ∼= (C∗)n, we have action-angle coordinates (x, θ), so

that μ(x, θ) = x and ω|μ−1(P̊X) =
∑n

i=1 dx
i∧dθi. We also write (x◦, θ◦)

for (x, θ) and U◦ for X̊.

• Suppose v ∈ Vert(PX). There are exactly n facets of PX adjacent to

v and we order them as Fv,1, . . . , Fv,n ∈ Σ(1). Define new coordinates

xv on t∗ and θv on T by

(2.1) xv := Avx+ λv, θv := tA−1
v θ,

where Av = t
(
νFv,1

· · · νFv,n

)
∈ GL(n,Z) and λv = t(λFv,1

, . . . , λFv,n
).

In addition, define

Uv := μ−1

⎛⎝{v} ∪
⋃

F : faces of PX adjacent to v

F̊

⎞⎠ ,

where F̊ denotes the interior of a face F of PX (By convention,

{̊v} = {v}). We call (Uv, xv, θv) a vertex coordinate chart. On Uv, the

symplectic form can be written as ω|Uv
=
∑n

i=1 dx
i
v ∧ dθiv, but note

that (xv, θv) are singular along the faces of PX adjacent to v with pos-

itive codimension in the same way that polar coordinates are singular

at the origin. Indeed, one can obtain nonsingular coordinates (av, bv)

on Uv via the transformations:

aiv :=
√

xiv cos θ
i
v, biv :=

√
xiv sin θ

i
v, for all i ∈ {1, . . . , n}.

2.2. Polytopes and T -equivariant Hermitian line bundles

In this subsection, we shall review the correspondence between T -equivariant

ample line bundles on X and integral polytopes with normal fan Σ. For more

details, see Subsection 2.2.3 in [12].

Consider a map Σ(1) → R given by F �→ λL
F . There associates the

following polytope

PL := {x ∈ t∗ : for all F ∈ Σ(1), lLF (x) ≥ 0},

where lLF (x) := 〈x, νF 〉 + λL
F (for instance, the polytope associated to the

map Σ(1) → R given by F �→ λF is the moment polytope PX for the moment

map μ : X → PX). For any v ∈ Vert(PX), define λL
v = t(λL

Fv,1
, . . . , λL

Fv,n
),
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where Fv,1, . . . , Fv,n ∈ Σ(1) are the n facets of PX adjacent to v with the
same ordering given as in Section 2.

When λL
F ∈ Z for all F ∈ Σ(1), there furthermore associate a T -equi-

variant Hermitian line bundle (L, hL) with the following defining conditions.

We have a local unitary frame 1
U(1)
v,L of (L, hL) over Uv for each v ∈ Vert(PX)

such that

• if v ∈ Vert(PX), then

1
U(1)
v,L |U◦∩Uv

= e−
√
−1λL

v ·θv1U(1)
◦,L |U◦∩Uv

;

and
• if v, v′ ∈ Vert(PX), then

1
U(1)
v,L |Uv∩Uv′ = e

√
−1(λL

v′−Av′A−1
v λL

v )·θv′1
U(1)
v′,L |Uv∩Uv′ .

In particular, we can define a map

(2.2) Σ(1) → H2(X,Z), F �→ DF := c1(L),

where (L, hL) is the T -equivariant Hermitian line bundle associated to the
map Σ(1) → Z given by F ′ �→ λL

F ′ , where λL
F ′ = 1 if F ′ = F and λL

F ′ = 0
otherwise. Then {DF }F∈Σ(1) forms a set of generators of H2(X,Z). We have
[ ω2π ] =

∑
F∈Σ(1) λFDF and the first Chern class of the symplectic manifold

(X,ω) is given by

(2.3) c1(X) =
∑

F∈Σ(1)

DF .

Note that for a general map Σ(1) → Z, F �→ λL
F , the associated line bundle

L is ample if and only if the normal fan of PL is the same as that of PX ,
i.e. Σ.

2.3. Fibrewise Fourier transform

In this subsection, we shall introduce fibrewise Fourier transform of smooth
functions on X, on which calculations in the later subsections heavily rely.
It is essentially the same as that appeared in Theorem 1.3 in [3] by Cadet,
but we shall use a slightly different description.

The idea is that we know how to perform (fibrewise) Fourier transform
of functions on PX × T into functions on PX × Zn. We shall construct a
continuous map BlX : PX × T → X so that the diagram commutes:
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PX × T X

PX

BlX

μ

where PX × T → PX is the canonical projection, and pull back functions
on X along BlX . This requires the chosen set of action-angle coordinates
{(xv, θv)}v∈Vert(PX) described in Section 2. Indeed, (x, θ) are coordinates on

X̊ ∼= P̊X × T =: Ũ◦. Define a map

Bl : [0,+∞)n × (Rn/(2πZ)n) → R
2n,

(y1, . . . , yn, η1, . . . , ηn)

�→ (
√

y1 cos η1, . . . ,
√
yn cos ηn,

√
y1 sin η1, . . . ,

√
yn cos ηn).

For any vertex v ∈ Vert(PX), we identify Uv as a subset of R2n via the
embedding (av, bv) and take Ũv to be the preimage Bl−1(Uv). On Ũv, (xv, θv)
becomes a non-singular coordinate chart. In coordinates, the map Bl |Ũv

is

just given by (xv, θv) �→ (av, bv). Then {(Ũv, xv, θv)}v∈Vert(PX) forms an atlas

on the smooth manifold with corners PX × T . We glue the maps Bl |Ũv
to a

map BlX : PX × T → X, i.e. for all v ∈ Vert(PX), the diagram

Ũv Uv

[0,+∞)n × T R2n

BlX

(av,bv)

Bl

commutes, where Ũv ↪→ [0,+∞)n × T is the inclusion map. PX × T might
be considered as a real blow-up of X along X\X̊ with a blow-down map
BlX : PX × T → X.

At a point in the interior P̊X × T , BlX is clearly smooth. Observe, how-
ever, that on the boundary of Ũv with v ∈ Vert(PX), the map Bl |Ũv

: Ũv →
Uv is only smooth in the last n variables θ1v, . . . , θ

n
v . Therefore, at a point in

the boundary ∂PX × T , the blow-down map BlX is continuous but not dif-
ferentiable. A consequence is that a smooth function f on X is pulled back
via BlX to a continuous function on PX × T which might not be smooth,
although it is smooth on P̊X × T ∼= X̊. Yet, the map BlX : PX × T → X is
still useful in defining fibrewise Fourier transform.

Definition 2.1. Let f ∈ C∞(X,C). For p ∈ Zn, the pth fibrewise Fourier

coefficient of f , denoted by f̂p, is defined as the pushforward of the n-form
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1
(2π)n (Bl

∗
X f)(x, θ)e−

√
−1p·θdnθ along μ ◦ BlX :

(2.4) f̂p(x) :=
1

(2π)n

∫
T
(Bl∗X f)(x, θ)e−

√
−1p·θdnθ, x ∈ PX .

The fibrewise Fourier transform of f , denoted by f̂ , is the defined as the

function

PX × Z
n → C, (x, p) �→ f̂p(x).

Remark 2.2. In Cadet’s construction [3] of Fourier transform of functions on

X, one requires a continuous section of the fibration μ : X → PX . Indeed,

the set of action-angle coordinates that we fixed provides such a continuous

section determined by the map P̊X � x �→ (x, 0) ∈ X̊.

We then see that for f ∈ C∞(X,C), f̂ satisfies the following properties.

For any p ∈ Zn, f̂p is smooth on P̊X and continuous on PX , but not smooth

on PX in general. In addition, for x ∈ PX , let Tx < T be the common

isotropy subgroup of all points in μ−1({x}), i.e.

Tx = {η ∈ T : η · y = y for all y ∈ μ−1({x})},

and Zx < Zn be the Pontryagin dual of T/Tx, i.e.

Zx = {p ∈ Z
n : e

√
−1p·θ = 1 for all θ ∈ Tx}.

Then for all p ∈ Zn\Zx, f̂p(x) = 0. Therefore, we can regard f̂ as a function

on
⊔

x∈PX
{x} × Zx.

Using fibrewise Fourier transform, we obtain a sequence {C∞(X,C)≤l}∞l=0

of subspaces of C∞(X,C), where C∞(X,C)≤l is the set of functions f ∈
C∞(X,C) such that f̂p vanishes everywhere on PX for all p = (p1, . . . , pn) ∈
Zn with max1≤i≤n|pi| > l. Observe that for i, j ∈ N ∪ {0},

C∞(X,C)≤i · C∞(X,C)≤j ⊂ C∞(X,C)≤(i+j),

{C∞(X,C)≤i, C∞(X,C)≤j} ⊂ C∞(X,C)≤(i+j).

Therefore, C∞(X,C)<∞ :=
⋃∞

l=0 C∞(X,C)≤l is a Poisson subalgebra of

(C∞(X,C), { , }) and is itself a filtered Poisson algebra with the ascend-

ing filtration

C∞(X,C)≤0 ⊂ · · · ⊂ C∞(X,C)≤l ⊂ · · · ⊂ C∞(X,C)<∞.
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We end this section by stating estimates of norms of fibrewise Fourier cooef-
ficients of functions on X and their derivatives, which will be used in the
proof of our main theorem in Section 5. For m ∈ Zn, define

(2.5) [m] =
∏
mi �=0

(2π|mi|).

Lemma 2.3. Let f ∈ C∞(X,C), I be any multi-index and r ∈ N. The
following statements hold.

1. There exists Cf,I,r > 0 such that for all m ∈ Zn and x ∈ P̊X ,∣∣mI f̂m(x)
∣∣ ≤ Cf,I,r[m]−r.

2. If K is a compact subset of P̊X , then there exists Cf,I,r,K > 0 such

that for all m ∈ Zn and x ∈ K,
∣∣f̂ (I)

m (x)
∣∣ ≤ Cf,I,r,K [m]−r, where

f̂
(I)
m (x) = ∂|I|

∂xI f̂m(x).

Proof. The proof is the same as that of Lemma 5.3 in [13] for symplectic

tori verbatim (see also [14, 16]). We only need to note that ∂|I|f
∂θI is a globally

defined smooth function on the compact manifold X whose mth fibrewise

Fourier coefficient of ∂|I|f
∂θI is (

√
−1)|I|mI f̂m for each m ∈ Zn, whereas ∂|I|f

∂xI is

a smooth function on the compact subset μ−1(K) of X̊ whose mth fibrewise

Fourier coefficient of ∂̂|I|f
∂xI is f̂

(I)
m for each m ∈ Zn.

2.4. Real polarizations

In this subsection, we shall introduce two singular real polarizations Pv

and Ph that will be used in the construction of Toeplitz-type operators in
Section 5.

The real polarization Pv comes from the T -action on (X,ω). This T -
action induces a morphism of Lie algebroids

χ : X × t → TX, (p, ξ) �→ χξ(p),

where χξ is the fundamental vector field of ξ, from the Lie algebra bundle
X × t to the tangent bundle TX. We then have a sequence of vector bundle
morphisms

X × t TX μ∗TPX
χ dμ

and for any point p ∈ X, χ({p}×t) and ker dμ(p) are isotropic and coisotropic
subspaces of TpX respectively such that χ({p} × t) ⊂ ker dμ(p). When re-

stricted on X̊, the above sequence is a short exact sequence of vector bundles
over X̊.
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In the non-singular case, a real polarization on X refers to the com-

plexification of an involutive smooth Lagrangian distribution on X. In the

singular case, one usually requires the singular distribution to be Lagrangian

only on an open dense subset of X. It leads to two conventions on defining

the real toric polarization Pv. In [1], Pv is defined to be the kernel (ker dμ)C;

in [12], Pv is defined to be the image of X × tC under the complexification

χC of χ. Indeed, this is a minor issue. The choice of conventions makes no

essential difference for the construction of Toeplitz-type operators in Sec-

tion 5 – what is more important is the space of smooth sections of Pv. We

adopt the latter convention that Pv is given by the image of X × tC under

χC, i.e.

Pv
p = spanC

{
∂θ1 |p , . . . , ∂θn |p

}
, for all p ∈ X.

By a smooth section of Pv over an open subset U of X, we mean a smooth

section ξ of TXC over U such that for all p ∈ U , ξp ∈ Pv
p . We denote by

Γ(U,Pv) the space of smooth sections of Pv over U . Then Γ(U,Pv) is closed

under Lie bracket [ , ].

While the real polarization Pv is evidently independent of the choice of

action-angle coordinates, the chosen action-angle coordinates (x, θ) induce

a real polarization Ph on (X̊, ω|X̊) given by

Ph
p = spanC

{
∂x1 |p , . . . , ∂xn |p

}
, for all p ∈ X̊.

Note that Ph is transversal to Pv|X̊ . As Ph is only defined on the open dense

subset X̊ of X, we consider it as a singular polarization on X.

3. Deformation quantization compatible with real
polarizations

In this section, we shall define star products on (X,ω) that appear in our

main theorem.

From the observation in the case of symplectic tori [13], for the purpose

of compatibility with Pv and Ph, we might expect a star product � on (X,ω)

of the form

(3.1) f � g =

∞∑
r=0

�
rCr(f, g),
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where for any r ∈ N ∪ {0},

Cr(f, g) =
1

r! · (
√
−1)r

n∑
i1=1

· · ·
n∑

ir=1

∂rf

∂xi1 · · · ∂xir
∂rg

∂θi1 · · · ∂θir

=
1

(
√
−1)r

∑
|I|=r

1

I!

∂rf

∂xI
∂rg

∂θI
,

(3.2)

with respect to the action-angle coordinates (x, θ) on X̊. This is well-defined
on (X̊, ω|X̊) and for any vertex v ∈ Vert(PX), as we see from (2.1) that as
Av, λv are constants, we can rewrite Cr(f, g) (r ∈ N ∪ {0}) in terms of the
vertex coordinate chart (xv, θv):

Cr(f, g) =
1

(
√
−1)r

∑
|I|=r

1

I!

∂rf

∂xIv

∂rg

∂θIv
.

However, the limit of Cr(f, g) might not exist as the point approaches X\X̊
because of singularity of ∂rf

∂xI
v
. Note that ∂rg

∂θI
v
is well defined even on X\X̊.

For the purpose of defining a Toeplitz-type operator in real toric po-
larization, it turns out that it is enough to only define the star product
on X̊. This will be explained in Section 5. Now we give the following defi-
nition.

Definition 3.1. Let � be a formal variable. We define a C[[�]]-bilinear map

� : C∞(X,C)[[�]]× C∞(X,C)[[�]] → C∞(X̊,C)[[�]], (f, g) �→ f � g

as follows: for all f, g ∈ C∞(X,C),

f � g =

∞∑
r=0

�
rCr(f, g),

where Cr(f, g)’s are defined as in (3.2). We call � the (singular) toric star
product.

Similar to C∞(X,C), we can define C∞(X̊,C)≤l for each l ∈ N∪{0} and

C∞(X̊,C)<∞ via fibrewise Fourier transform. The toric star product � has
the property that for i, j ∈ N ∪ {0},

C∞(X,C)≤i[[�]] � C∞(X,C)≤j [[�]] ⊂ C∞(X̊,C)≤(i+j)[[�]].



862 NaiChung Conan Leung and YuTung Yau

4. Geometric quantization

In this section, we shall perform geometric quantization on (X,ω) in real
polarization Pv. In order to establish relations between deformation quan-
tization and geometric quantization in later discussion, we need to consider
scaling of the symplectic form ω to kω and study the behavior of quantiza-
tion when k is large. Now, instead of regarding � as a formal variable, we
let k ∈ N and � = 1

k .

We know from [1] that the usual way of performing geometric quanti-
zation directly on a prequantum line bundle on (X,ω) requires the choice
of λF to be integers and there yields Bohr-Sommerfeld fibres over boundary
lattice points of the moment polytope PX . A drawback of this is when we
mimic the construction of Toeplitz-type operators in real polarizations as in
[13] and study norm estimations, we need to handle ill-defined values of the
terms Cr(f, g) in (3.2) at points in X\X̊.

To avoid this technical problem, we instead adopt half-form correction
(also known as metaplectic correction), as established in [12]. We shall first
give a brief review on the general procedures for geometric quantization with
half-form correction, and then state clearly the assumptions to be made for
our quantization scheme. For illustration, suppose [ ω2π ] = c1(L) ∈ H2(X,Z)
with (L, hL,∇) a prequantum line bundle, P is a non-singular polariza-
tion on (X,ω), and 1

2c1(X) ∈ H2(X,Z), or equivalently, (X,ω) admits a
metaplectic structure. Recall that the isomorphism classes of metaplectic
structures on (X,ω) are classified by H1(X,Z2), which is trivial for toric
varieties. Thus, we can pick the unique metaplectic structure.

As P is a complex Lagrangian distribution on (X,ω), it corresponds to
a complex line bundle KP defined by

(4.1) KP
p =

{
α ∈

∧n T ∗
pXC : ιξα = 0 for any ξ ∈ Pp

}
,

for any p ∈ X. We call KP the canonical line bundle of P . This bundle has
a canonical flat P-connection ∇KP

induced by the Bott connection on the
quotient vector bundle TXC/P. The metaplectic structure induces a square

root (
√
KP ,∇

√
KP

) of (KP ,∇KP
). The half-form corrected prequantum line

bundle (in level k) is the complex line bundle

L⊗k ⊗
√
KP

together with the P-connection ∇L⊗k⊗
√
KP

induced by ∇ and ∇
√
KP

.
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As explained in Section 2.1 in [12], every complex line bundle with

connection (E,∇E) is canonically isomorphic to the tensor product of its

U(1)-part (EU(1),∇EU

), which has U(1)-transition functions and connection

1-form lying in Ω1(X,
√
−1R), and its modulus part (|E|,∇|E|), which has

R+-transition functions and curvature 2-form lying in Ω1(X,R). Similarly,

we decompose

(
√
KP ,∇

√
KP

) ∼= ((
√
KP)U(1),∇(

√
KP)U(1)

)⊗ (
√

|KP |,∇
√

|KP |)

into two parts: the U(1)-part ((
√
KP)U(1),∇(

√
KP)U(1)

) and the modulus part

(
√

|KP |,∇
√

|KP |), with the notion ‘connection’ replaced by ‘P-connection’.

Note that c1(
√

|KP |) = 0 and it is computed in Section 3.1 in [12] that when

P is the Kähler polarization induced by a T -invariant complex structure

on X,

c1(L
⊗k ⊗ (

√
KP)U(1)) = k[ ω2π ]−

1
2c1(X).

Indeed, there is no need to restrict to the case when the first Chern

class c1(X) of (X,ω) is even. Here and in the squeal, we only assume that

[ ω2π ] −
1
2c1(X) ∈ H2(X,Z). Then k[ ω2π ] ∈ H2(X,Z) for k even, therefore

k[ ω2π ] −
1
2c1(X) ∈ H2(X,Z) for k odd. Also note that there exists k0 ∈ N

such that for all k ∈ N with k ≥ k0, k[
ω
2π ] −

1
2c1(X) is a positive class

(with respect to a T -invariant complex structure determined by a symplectic

potential). Thus, we furthermore assume k is odd and k ≥ k0. In the coming

subsection, we directly construct a Hermitian line bundle (Lk
+, h

Lk
+) with

P-connection playing the role of L⊗k ⊗ (
√
KP)U(1) without defining L and

(
√
KP)U(1) separately and explain the meaning of

√
|KP | when P = Pv is

a singular polarization.

4.1. The half-form corrected prequantum line bundle

We first explain the meaning of
√

|KPv |. Since Pv is singular on X\X̊, we

cannot have an honest complex line bundle KPv

serving as the canonical line

bundle of Pv. But we have a globally defined n-form dnx = dx1 ∧ · · · ∧ dxn

on X with zero locus X\X̊, which annihilates Pv = Pv. If p ∈ X and

η ∈
∧n T ∗

pXC, we define
√

|η| by the map∧n TpX → R, (ξ1, . . . , ξn) �→
√

|η(ξ1, . . . , ξn)|.
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In particular, we have a map
√

|dnx| : Γ(X,TX)n → C∞(X). Although

the complex line bundle
√

|KPv | is ill-defined, it suffices to make sense of its
global smooth sections, and we regard them as elements in C∞(X,C)

√
|dnx|,

where we suppress ⊗ in C∞(X,C) ⊗
√

|dnx| and we shall keep on doing so
for similar notations in the sequel.

There is no need to define the U(1)-part (
√
KPv)U(1) since it will be

absorbed in the line bundle Lk
+ to be defined now. By the assumption that

[ ω2π ] −
1
2c1(X) ∈ H2(X,Z), we fix the choice of λF ’s so that λF ∈ Z + 1

2

for any 1-cone F ∈ Σ(1). Define a map Σ(1) → Z by F �→ λ
Lk

+

F := kλF − 1
2

(note that λ
Lk

+

F ∈ Z since k is assumed to be odd). Then by (2.3), we have

k[ ω2π ]−
1
2c1(X) =

∑
F∈Σ(1) λ

Lk
+

F DF . We follow the procedure in Subsection 2.2

and construct a T -equivariant Hermitian line bundle (Lk
+, h

Lk
+) associated

to {λLk
+

F }F∈Σ(1) . While the T -equivariant line bundle Lk
+ corresponds to a

Delzant polytope PLk
+
,

PX,� := kPX = {x ∈ t∗ : for all F ∈ Σ(1), lF,�(x) := 〈x, νF 〉+ kλF ≥ 0}

is the moment polytope for the moment map μ� := kμ : X → t∗ with respect
to the symplectic form kω. We see that PLk

+
is contained in the interior of

PX,� and the set Λ� = PLk
+
∩ Zn of lattice points in PLk

+
coincides with the

set of lattice points in PX,�.
As a result, the (k-level) half-form corrected prequantum line bundle in

polarization Pv is Lk
+ ⊗

√
|KPv |. Again, this is not an honestly defined line

bundle, but it is enough for us to define its global smooth sections, which
are regarded as elements in Γ(X,Lk

+)
√

|dnx|.

4.2. Polarized sections and quantum Hilbert spaces

To form the quantum Hilbert space, in principle we need to take Pv-polarized
sections of Lk

+ ⊗
√

|KPv |. Hence, we need to define flat Pv-connections on

Lk
+ and

√
|KPv |.

First, we have a canonical flat Pv-connection ∇
√

|KPv | on
√

|KPv |,

Γ(X,Pv)× (C∞(X,C)
√

|dnx|) → C∞(X,C)
√

|dnx|,

(ξ, f
√

|dnx|) �→ ∇
√

|KPv |
ξ (f

√
|dnx|) := (Lξf)

√
|dnx|.

Also,
√

|dnx| is ∇
√

|KPv |-flat in the sense that for any ξ ∈ Γ(X,Pv), we

have ∇
√

|KPv |
ξ

√
|dnx| = 0.
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Second, on the T -equivariant Hermitian line bundle (Lk
+, h

Lk
+) we have

local unitary frames 1
U(1)
v,Lk

+
’s which are given as in Subsection 2.2. For any

section τ ∈ Γ(X,Lk
+) and v ∈ Vert(PX), we define the function τv on Uv by

(4.2) τ |Uv
= τv1

U(1)
v,Lk

+
.

Justified by [12], we introduce a flat Pv-connection on Lk
+

∇� : Γ(X,Pv)× Γ(X,Lk
+) → Γ(X,Lk

+), (ξ, s) �→ ∇�

ξ s,

which is determined by the following equalities: for index i ∈ {1, . . . , n},
section τ ∈ Γ(X,Lk

+) and vertex v ∈ Vert(PX),

∇�

∂θi
τ
∣∣∣
X̊

=

(
∂τ◦
∂θi

−
√
−1kxiτ◦

)
1
U(1)
◦,Lk

+
,(4.3)

∇�

∂θiv

τ
∣∣∣
Uv

=

(
∂τv
∂θiv

−
√
−1kxivτv +

√
−1

2
τv

)
1
U(1)
v,Lk

+
.(4.4)

As we deal with real polarization Pv, we need to consider the space Γ(U,L
k
+)

′

of distributional sections of Lk
+. For any open subset U of X, s ∈ Γ(U,L

k
+)

′

and τ ∈ Γ(U,Lk
+), define 〈s, τ〉 = s(τ). We also embed Γ(U,Lk

+) into

Γ(U,L
k
+)

′ via the Hermitian metric hL
k
+ and the Liouville measure. Then

the flat Pv-connection ∇� extends to act on distributional sections of Lk
+.

By a Pv-polarized (distributional) section of Lk
+, we mean a distributional

section s ∈ Γ(X,L
k
+)

′ such that ∇�

ξ
s = 0 for any ξ ∈ Γ(X,Pv).

The above discussions motivate the following definition (Definition 4.3

in [12]).

Definition 4.1. The vector space of quantum states for the half-form cor-

rected quantization in the real singular toric polarization Pv is defined as

H� = B� ⊗
√

|dnx|, where B� is the space of Pv-polarized distributional

sections of Lk
+.

By Theorem 4.5 in [12],

(4.5) H� =
⊕
m∈Λ�

Cδm�
√

|dnx|,



866 NaiChung Conan Leung and YuTung Yau

where for all m ∈ Λ�, δ
m
�

∈ Γ(X,L
k
+)

′ is the distributional section of Lk
+

defined by

(4.6) 〈δm� , τ〉 = 1

(2π)n

∫
T
e
√
−1m·θτ◦(�m, θ)dnθ,

where τ◦ is defined in (4.2), for any τ ∈ Γ(X,Lk
+). As explained in Remark

4.14 in [12], we define an inner product on H� by declaring

{σm
� := (4π)

n

4 δm�
√

|dnx|}m∈Λ�

to be an orthonormal basis of H�.

5. Berezin-Toeplitz quantization in real polarizations

This is the main section of this paper. We shall continue to assume that
[ ω2π ] −

1
2c1(X) ∈ H2(X,Z), k ∈ N is odd and k ≥ k0. In Subsection 5.1,

after explanation of ingredients involved in the definition, we shall define a
Toeplitz-type operator

Q� : C∞(X,C)×H� → H�, (f, s) �→ Q�

fs

acting on the quantum Hilbert space H� in the singular real polarization Pv.
In Subsection 5.2, we describe locality of the Toeplitz-type operators as so
to justify the meaning of the norm estimations on their localization. Finally,
in Subsection 5.3, we provide proofs of our main theorem.

5.1. Construction of Toeplitz operators for real polarizations

Observe that for f ∈ C∞(X,C) and s ∈ H�, fs ∈ Γ(X̊, L
k
+)

′√|dnx|. We
are motivated by the case of symplectic tori [13] that in order to define
Toeplitz-type operators, we need to construct a projection map

Π� : Γ(X̊, L
k
+)

′√|dnx| → H�,

and the construction requires a vector space Ȟ� that is expected to be the
quantum Hilbert space in the real polarization Ph which is transversal to

Pv, and a pairing between Γ(X̊, L
k
+)

′ ⊗
√

|dnx| and Ȟ� generalizing the
Blattner-Kostant-Sternberg (BKS) pairing (see for instance [18]).

Now we perform geometric quantization on X̊ in real polarization Ph.
The canonical line bundle KPh

of Ph is well defined on X̊ via (4.1), with



BT quantization in real polarizations with toric singularities 867

a global trivializing section dnθ = dθ1 ∧ · · · ∧ dθn which is flat with respect
to the canonical flat Ph-connection on KPh

. We define the complex line
bundle

√
|KPh | over X̊ with flat Ph-connection by declaring that

√
|dnθ| is

a flat global trivializing section of it. The flat Pv-connection∇� restricted on
X̊, extends to an ordinary Hermitian connection on (Lk

+|X̊ , hL
k
+ |X̊), which is

denoted by the same symbol, with connection 1-form −
√
−1kx·dθ associated

to the local trivializing section 1
U(1)
◦,Lk

+
and curvature 2-form −

√
−1kω. Note

that τ ∈ Γ(X̊, Lk
+) is Ph-polarized, i.e. ∇�

ξ
τ = 0 for all ξ ∈ Γ(X̊,Ph), if and

only if τ◦ is the pullback of a smooth function on T . The k-level half-form
corrected prequantum line bundle in polarization Ph is then the line bundle
Lk
+|X̊ ⊗

√
|KPh | over X̊.

Next we construct a pairing between the spaces Γ(X̊, L
k
+)

′√|dnx| and
Γ(X̊, Lk

+)
√

|dnθ|. Since there is a natural pairing between Γ(X̊, L
k
+)

′ and

Γ(X̊, Lk
+), it suffices to know how to pair up

√
|dnx| and

√
|dnθ|. Note that

the construction of the BKS pairing (see [18] for instance) often requires the
indefinite pairing on the space of n-forms on each open subset U of X given
by

(5.1) 〈α, β〉 = n! · α ∧ β

(−1)
n(n+1)

2 (2k
√
−1ω|U )n

∈ C∞(U,C)

for any n-forms α, β on U . With this motivation, we define

(5.2) 〈
√

|α|,
√

|β|〉 =

√√√√∣∣∣∣∣ n! · α ∧ β

(−1)
n(n+1)

2 (2k
√
−1ω|U )n

∣∣∣∣∣ ∈ C∞(U).

Note that the formula (5.2) is well-defined. Indeed, if α, α′ are n-forms
on U such that

√
|α| =

√
|α′|, then α = ηα′ for some η ∈ C∞(U,U(1))

and therefore the definition of 〈
√

|α|,
√

|β|〉 by (5.2) coincides with that of

〈
√

|α′|,
√

|β|〉. Similarly, if β, β′ are n-forms on U such that
√

|β| =
√

|β′|,
then the definition of 〈

√
|α|,

√
|β|〉 coincides with that of 〈

√
|α|,

√
|β′|〉. In

particular, 〈
√

|dnx|,
√

|dnθ|〉 = (2k)−
n

2 . We now have a sesquillinear pairing

〈 , 〉 : Γ(X̊, L
k
+)

′√|dnx| × Γ(X̊, Lk
+)
√

|dnθ| → C

defined by

(5.3) 〈s
√

|dnx|, τ
√

|dnθ|〉 = 〈〈
√

|dnx|,
√

|dnθ|〉s, τ〉 = (2k)−
n

2 〈s, τ〉,

for all s ∈ Γ(X̊, L
k
+)

′ and τ ∈ Γ(X̊, Lk
+).
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For any m ∈ Zn, define

(5.4) σ̌m
� =

k
n

2

π
n

4

e
√
−1m·θ1U(1)

◦,Lk
+

√
|dnθ|

which lies in Γ
(
X̊, Lk

+|X̊
√

|KPh |
)

∼= Γ(X̊, Lk
+)
√

|dnθ|. It is easy to check

that 〈σm
�
, σ̌m′

�
〉 = δm,m′ for all m,m′ ∈ Λ�. We define the kernel

K� =
∑

m∈Λ�

σ̌m
� ⊗ σm

� ∈ Ȟ� ⊗C H�,

where Ȟ� :=
⊕

m∈Λ�
Cσ̌m

�
is a subspace of Γ(X̊, Lk

+)
√

|dnθ|, and define the
C-linear map

Π� : Γ(X̊, L
k
+)

′√|dnx| → H�, s �→ Π�s := (〈 , 〉 ⊗ Id)(s⊗K�),

which is clearly a projection onto H�.

Definition 5.1. The Toeplitz operator for the pair of polarizations (Ph,Pv)
is the map

Q� : C∞(X,C)×H� → H�, (f, s) �→ Π�(fs).

We also write Q�

f = Q�(f,−).

This definition keeps our promise in Section 3 that Q�

f only depends on

the restriction of f on X̊, so that the operator Q�

f ◦Q�
g −Q�

f�Ng makes sense.

We can write Q� in terms of basis {σm
�
}m∈Λ�

as follows.

Proposition 5.2. Suppose f ∈ C∞(X,C). Then for any m ∈ Λ�,

(5.5) Q�

fσ
m
� =

∑
q∈Λ�−m

f̂q(�m)σm+q
�

.

In general, for any s =
∑

m∈Λ�
smσm

�
∈ H�,

(5.6) Q�

fs =
∑

m∈Λ�

( ∑
m′∈Λ�

f̂m−m′(�m′)sm′

)
σm
� .

Proof. For all m,m′ ∈ Λ�,

〈fσm′

� , σ̌m
� 〉 = 1

(2π)n

∫
T
e−

√
−1(m−m′)·θf(�m′, θ)dnθ = f̂m−m′(�m′).

Therefore, we have (5.6) and (5.5) directly follows from it.
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5.2. Locality

For f, g ∈ C∞(X,C) and N ∈ N∪{0}, define f �N g =
∑N

i=0 �
iCi(f, g). Both

the toric polarization Pv and the toric star product � have singularity on
X\X̊. Because of this issue, we need certain treatments on the estimation
of the operator norm of Q�

f ◦Q�
g −Q�

f�Ng. In order to do so, we first need to
discuss locality in our quantization scheme.

On the one hand, the toric star product � is local: (f � g)(x, θ) only
depends on the jets of f and g at the point (x, θ) ∈ X̊, so � induces for every
open subset U of X̊ a C[[�]]-bilinear map:

C∞(U,C)[[�]]⊗C[[�]] C∞(U,C)[[�]] → C∞(U ∩ X̊,C)[[�]].

On the other hand, motivated by the work of [17] which studies locality in
formal GNS representations in deformation quantization, we define a sheaf
of modules H� on PX , whose space of global sections is H�, as follows.

Definition 5.3. The sheaf of modules H� on PX consists of the following
data.

• For any open subset V of PX , H�(V ) is defined to be the subspace
H�

V of distributional sections in H� supported on μ−1(V ). We see that
H�

V =
∑

m∈(kV )∩Λ�
Cσm

�
is a Hilbert subspace of H�. Also, C∞(V,C)

acts on H�

V by f · s = (μ∗f)s.
• For all open subsets V, V ′ ∈ PX with V ⊂ V ′, the restriction map
H�(V ′) → H�(V ) is defined to be the orthogonal projection

π�

V,V ′ : H�

V ′ → H�

V

(we write π�

V in place of π�

PX ,V for simplicity).

A natural question is whether our construction of Toeplitz operators Q�

f

are local in an appropriate sense. The following definition is analogous to
Definition 3.5 in [17].

Definition 5.4. A linear operator A on H� is called local if for any s ∈ H�,
supp(As) ⊂ supp s.

In general, Q�

f might not be a local operator on H� in this sense – for
distinct m,m′ ∈ Λ�, we can always find a function f ∈ C∞(X,C) such that
Q�

fσ
m
�

= σm′

�
and hence suppQ�

fσ
m
�

�⊂ suppσm
�
. In other words, Q�

f might

not preserve subspaces H�

V ’s.
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However, the sequence of Toeplitz operators {Q�

f}k∈2N−1,k≥k0
is ‘local’

in f . By locality we mean the condition that for any open subset V of PX ,

the restriction f |μ−1(V ) and the sequence

{
Q�

f

∣∣∣
H�

V

}
k∈2N−1,k≥k0

of restricted

Toeplitz operators are completely determined by each other. The precise
statement is given as follows.

Proposition 5.5. Let k0 be a positive integer such that for all k ∈ N with
k ≥ k0, k[

ω
2π ] −

1
2c1(X) is a positive class on X. Let f ∈ C∞(X,C) and V

be an open subset of PX . Then the following statements hold.

1. If f |μ−1(V ) = 0, then Q�

f |H�
V
= 0 for all odd k ∈ N with k ≥ k0.

2. If there exists δ ∈ (0, 1
k0
) such that Q�

f |H�
V
= 0 for all odd k ∈ N with

� = 1
k < δ, then f |μ−1(V ) = 0.

We need a lemma for its proof.

Lemma 5.6. Let K be a compact subset of P̊X and Z be a finite subset of Zn.
Then there exists δ ∈ (0, 1

k0
) such that for all odd k ∈ N with � = 1

k < δ, if
r ∈ (kK) ∩ Λ� and q ∈ Z, then

r + q ∈ Λ�.

Proof. Since K is compact and Σ(1) is finite, there exists ε ∈ (0, 1
k0
) such

that for all F ∈ Σ(1) and x ∈ K, lF (x) ≥ ε. Also, as Z is finite, there exists
δ ∈ (0, ε2) such that for all F ∈ Σ(1) and q ∈ Z,

(5.7) δ|〈q, νF 〉| ≤ ε
2 .

Consider any odd k ∈ N with � = 1
k < δ. Suppose r ∈ (kK)∩Λ� and q ∈ Z.

Then �r ∈ K. For all F ∈ Σ(1), by (5.7),

lF (�(r + q)) = lF (�r) + �〈q, νF 〉 ≥ lF (�r)− �|〈q, νF 〉|
≥ ε− δ|〈q, νF 〉| ≥ ε

2 ,

∴ l
Lk

+

F (r + q) = lF,�(r + q)− 1
2 = klF (�(r + q))− 1

2 ≥ 1
2(kε− 1)

> 1
2(

ε
δ − 1) > 0.

It implies that r+q ∈ PLk
+
. Finally, since r ∈ Λ� and q ∈ Zn, r+q ∈ Λ�.
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Proof of Proposition 5.5.

1. Fix odd k ∈ N with k ≥ k0. We observe from (5.6) that if s ∈ H�

and supp f ∩ supp s = ∅, then Q�

fs = 0. Then it directly follows that

Q�

f |H�
V
= 0.

2. Note that H�

V = H�

V ∩P̊X

for any odd k ∈ N with k ≥ k0. Because

μ−1(V ∩ P̊X) is dense in μ−1(V ), f |μ−1(V ∩P̊X) = 0 implies f |μ−1(V ) = 0.

Thus, without loss of generality, we assume V ⊂ P̊X . It is then clear
that f |μ−1(V ) = 0 if and only if for all p ∈ Zn, f̂p|V = 0. Now fix

p ∈ Zn. It remains to show that f̂p|V = 0.
Consider first the special case when V is a relatively compact open
subset of P̊X . The closure V of V in P̊X is compact. By Lemma 5.6,
we can choose δ′ ∈ (0, δ) such that for all odd k ∈ N with � = 1

k < δ′,

if r ∈ (kV )∩Λ� ⊂ (kV )∩Λ�, then r+p ∈ Λ� and therefore f̂p(�r) = 0

as it follows from (5.6) that the value f̂p(�r) appears as an entry of the
matrix form of the restricted operator Q�

f |H�
V
: H�

V → H�. We have

shown that f̂p vanishes on the dense subset

V ∩
⋃

k∈2N−1
�=1/k<δ′

(�Λ�)

of V , therefore f̂p|V = 0.
For the general case, we pick an open cover {Vi}i∈I of V such that
for all i ∈ I, Vi is a relatively compact open subset of P̊X and apply
the above argument for each Vi. Then we have the conclusion that
f̂p|V = 0.

5.3. Norm estimations

We first define the following norms

‖s‖1 =
∑

m∈Λ�

|sm| and ‖s‖∞ = sup
m∈Λ�

|sm|,

for any s =
∑

m∈Λ�
smσm

�
∈ H�, and denote by ‖A‖1 and ‖A‖∞ the operator

norm of an operator A on H� with respect to ‖ ‖1 and ‖ ‖∞ respectively.
We then have the following variant of Hölder inequality (one might consult
Chapter 5 in [9]; see also Lemma 6.3 in [13]).
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Lemma 5.7. Let r ∈ N. For 1 ≤ p ≤ ∞, let ‖ ‖p be the operator norm with
respect to the lp norm on Cr. Suppose 1 ≤ p, q ≤ ∞ are Hölder conjugates,
i.e. 1

p + 1
q = 1 (by convention, when p = 1, q = ∞). Then for any r × r

complex matrix A,

‖A‖22 ≤ ‖A‖p‖A‖q.
Proposition 5.8. For all f ∈ C∞(X,C), there exists K > 0 such that∥∥Q�

f

∥∥ ≤ K

for all odd k ∈ N with k ≥ k0.

Proof. By Lemma 2.3, there exists K > 0 such that for all map Zn → P̊X

given by m �→ xm,
∑

m∈Zn |f̂m(xm)| ≤ K. Let k ∈ N be odd and k ≥ k0. For
any s ∈ H�, writing s =

∑
m∈Λ�

smσm
�
,

∥∥Q�

fs
∥∥
1
=

∑
m∈Λ�

∣∣∣∣∣ ∑
m′∈Λ�

f̂m−m′(�m′)sm′

∣∣∣∣∣ ≤ K‖s‖1.

∥∥Q�

fs
∥∥
∞ = sup

m∈Λ�

∣∣∣∣∣ ∑
m′∈Λ�

f̂m−m′(�m′)sm′

∣∣∣∣∣ ≤ K‖s‖∞.

Thus, ‖Q�

f‖1 ≤ K and ‖Q�

f‖∞ ≤ K. By Lemma 5.7, we conclude that

‖Q�

f‖ ≤
√

‖Q�

f‖1‖Q�

f‖∞ ≤ K.

Therefore, the operator norm ‖Q�

f‖ of Q�

f has a uniform bound, inde-
pendent of �.

Now as mentioned in Subsection 5.2, we need careful treatments on
‖Q�

f ◦Q�
g−Q�

f�Ng‖, because of ‘truncated’ shift operators. Let us first explain
this in the example X = CP1. Suppose f, g ∈ C∞(X,C) are of the form

f(x, θ) = f̂p(x)e
√
−1p·θ, g(x, θ) = ĝq(x)e

√
−1q·θ on X̊,

where p, q ∈ Z. We pick the quantum state σm
�

supported on the Bohr-
Sommerfeld (BS) fibre over the point x = �m with m ∈ Λ�. On the one
hand, Q�

g shifts the support of σm
�

by �q to the BS fibre over the position

x = �(m + q) and then Q�

f shifts that of Q�
gσ

m
�

by �p to the BS fibre over

x = �(m+ p+ q). On the other hand, Q�

f�g directly shifts the support of σm
�

to the BS fibre over the final position x = �(m+ p+ q).
It might happen that the final position x = �(m + p + q) is within the

polytope PX but the intermediate position x = �(m+q) lies outside PX . This
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happens quite often when either the initial position x = �m is too close to the
boundary of PX or �q is too large, resulting in the vanishing of (Q�

f ◦Q�
g )σ

m
�

and the survival of Q�

f�gσ
m
�
. Unlike the case of symplectic tori [13], we might

fail to obtain the approximation Q�

f�gσ
m
�

≈ f̂p(m + �q)ĝq(m)σm+p+q
�

by

Taylor series as f̂p might not extend smoothly by zero on R. We picturize
the situation as follows.

PX

V

σm
�•

σm+p+q
� •

‘σm+q
�

’
◦

, a missing ‘state’

Shift by �q

Shift by �p

To avoid this situation, we cut off quantum states too close to the bound-
ary of PX by taking a relatively compact open subset V of P̊X . Still, we need
�q small. Note that �, q are competing factors – � is considered small but in
general, g can have non-zero fibrewise Fourier coefficients ĝq for q as large
as we want. Therefore, we need g ∈ C∞(X,C)<∞ so as to set a bound con-
trolling q. Eventually, we examine the phenomenon as � tends to zero. After
all, quantization is in principle a process passing from classical physics to
quantum physics when � is infinitesimally small.

For an open subset V of PX and an operator A on H�, we denote by
‖A‖V the operator norm of the restriction A|H�

V
: H�

V → H� with respect to
the inner products, i.e.

‖A‖V := sup
s∈H�

V ,s �=0

‖A(s)‖
‖s‖ .

Note that

‖A‖V = sup
s∈H�

V ,s �=0

‖(A ◦ π�

V )(s)‖
‖s‖ ≤ sup

s∈H�,s �=0

‖(A ◦ π�

V )(s)‖
‖s‖ = ‖A ◦ π�

V ‖

≤‖π�

V ‖‖A‖V ≤ ‖A‖V .

Therefore, ‖A‖V = ‖A ◦ π�

V ‖. As explained in Proposition 5.5, the sequence
of Toeplitz operators Q�

f is local in f . We shall estimate the operator norm
of the restriction (

Q�

f ◦Q�

g −Q�

f�Ng

)∣∣
H�

V

: H�

V → H�

as � → 0+. The upshot is the following theorem.
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Theorem 5.9 (= Theorem 1.1). Let f ∈ C∞(X,C), g ∈ C∞(X,C)<∞ and
V be a relatively compact open subset of P̊X . Then there exists δ > 0 such

that for all N ∈ N ∪ {0}, there exists K > 0 such that∥∥Q�

f ◦Q�

g −Q�

f�Ng

∥∥
V
≤ K�

N+1,

for all odd k ∈ N with � = 1
k < δ.

Proof. By assumption, there exists l ∈ N ∪ {0} such that g ∈ C∞(X,C)≤l.

Define the finite subset

Z = {(q1, . . . , qn) ∈ Z
n : max{|q1|, . . . , |qn|} ≤ l}

of Zn. By Lemma 5.6, we pick δ ∈ (0, 1
k0
) so that if k ∈ N is odd with

� = 1
k < δ, r ∈ (kV ) ∩ Λ� and q ∈ Z, then r + q ∈ Λ�.

Fix N ∈ N∪{0}. We shall construct a bound K by estimating the decay
rate of the fibrewise Fourier coefficients of functions f, g and their derivatives

on X̊. For m ∈ Zn, define [m] as in (2.5). By Lemma 2.3, for all multi-index
I, there exist Cf,V,I , Cg,I > 0 such that for all m ∈ Zn,∣∣∣f̂ (I)

m (x)
∣∣∣ ≤ Cf,V,I [m]−2 for all x ∈ V ;∣∣mI ĝm(x)
∣∣ ≤ Cg,I [m]−2 for all x ∈ P̊X .

We see that S :=
∑

m∈Zn [m]−2 < +∞. Define

K = S2
∑

|I|=N+1

Cf,V,ICg,I

I!
> 0.

Consider any odd k ∈ N such that � = 1
k < δ. Define the error term

E�

N := Q�

f ◦Q�
g −Q�

f�Ng. Fix a quantum state s =
∑

m∈Λ�
smσm

�
∈ H�.

We shall apply Proposition 5.2 to compute E�

N (s). On the one hand, we
see that

Q�

fQ
�

gs =
∑

m∈Λ�

⎛⎝ ∑
p,r∈Λ�

f̂m−p(�p)ĝp−r(�r)sr

⎞⎠σm
�

=
∑

m∈Λ�

⎛⎝∑
r∈Λ�

∑
q∈Λ�−r

f̂m−r−q(�(r + q))ĝq(�r)sr

⎞⎠σm
� .

(5.8)
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In the second line of (5.8), we make a change of variable q = p − r. On
the other hand, for any i ∈ N ∪ {0} and r ∈ Zn, the rth fibrewise Fourier
coefficient of Ci(f, g) is∑

|I|=i

1

I!

∑
q∈Zn

qI · f̂ (I)
r−q(x)ĝq(x),

and hence

(5.9) Q�

Ci(f,g)
s =

∑
m∈Λ�

⎛⎝∑
r∈Λ�

∑
q∈Zn

∑
|I|=i

qI

I!
f̂
(I)
m−r−q(�r)ĝq(�r)sr

⎞⎠σm
� .

Note that fixing m, r ∈ Λ�, the variable q in the last line of (5.8) only
ranges over Λ� − r while the same variable q in (5.9) ranges over Zn. When
q �∈ Λ� − r, i.e. r + q �∈ Λ� (we see that m − r − q �= (0, . . . , 0) since
m ∈ Λ�), the point �(r + q) is no longer in the moment polytope PX

and hence f̂m−r−q(�(r + q)) is undefined. In layman’s terms, large fibre-
wise Fourier modes of g might be truncated when we apply the operator
Q�

g onto distributional sections supported on Bohr-Sommerfeld fibres close

to X\X̊, whereas some of these informations would possibly be recovered
when we apply Q�

f�Ng on them.
For the ease of expression, we extend every non-zero fibrewise Fourier

coefficients f̂p’s onto the entire t∗ by zero. Note that these might not be
smooth extensions. Then one can write

E�

N (s) =
∑

m∈Λ�

⎛⎝∑
r∈Λ�

∑
q∈Zn

RN
m,r,q ĝq(�r)sr

⎞⎠σm
� ,

where for all m, r ∈ Λ�, and q ∈ Zn, RN
m,r,q is the remainder term given

by

RN
m,r,q := f̂m−r−q(�(r + q))−

∑
|I|≤N

(�q)I

I!
f̂
(I)
m−r−q(�r).

If r+ q ∈ Λ�, then by Taylor’s Theorem, RN
m,r,q can be expressed in integral

form:

RN
m,r,q = (N + 1)

∑
|I|=N+1

�N+1qI

I!

∫ 1

0
(1− t)N f̂

(I)
m−r−q(�(r + tq))dt.
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Otherwise, as we are not able to apply Taylor’s Theorem, those terms
RN

m,r,qĝq(�r)sr might not be controllable.
The resort to continue our argument is to cut off these undesirable terms

by composing with the orthogonal projection π�

V : H� → H�

V . Since � < δ,
we have the expression

(E�

N ◦ π�

V )(s) =
∑

m∈Λ�

⎛⎝∑
r∈V�

∑
q∈Λ�−r

RN
m,r,q ĝq(�r)sr

⎞⎠σm
� ,

where V� = (kV ) ∩ Λ�. Thus we have

‖(E�

N ◦ π�

V )(s)‖1 = �
N+1

∑
r∈V�

|sr|
∑

q∈Λ�−r

∑
m∈Λ�

∑
|I|=N+1

Cf,V,ICg,I

I! · [m− r − q]2[q]2

≤ K�
N+1‖s‖1,

‖(E�

N ◦ π�

V )(s)‖∞ = �
N+1‖s‖∞ sup

m∈Λ�

∑
r∈V�

∑
q∈Λ�−r

∑
|I|=N+1

Cf,V,ICg,I

I! · [m− r − q]2[q]2

≤ K�
N+1‖s‖∞.

Thus, ‖E�

N ◦ π�

V ‖1 ≤ K�N+1 and ‖E�

N ◦ π�

V ‖∞ ≤ K�N+1. By Lemma 5.7,

‖E�

N‖V = ‖E�

N ◦ π�

V ‖ ≤
√

‖E�

N ◦ π�

V ‖1‖E�

N ◦ π�

V ‖∞ ≤ K�N+1.

In [13], the authors of this paper also studied the relations of the quan-
tization when the two real polarizations are switched in the case of symplec-
tic tori [13] and concluded that a diagram involving Toeplitz operators and
transformations of deformation quantizations and geometric quantizations
commutes ‘asymptotically’. In the current case of toric manifolds, we expect
that a similar diagram also commutes ‘asymptotically’, once the quantum
Hilbert space in the singular horizontal polarization Ph is suitably defined on
X and cut-off of quantum states is suitably performed in norm estimations.
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