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1. Introduction

In [14] Minhyong Kim initiated to study arithmetic Chern-Simons theory
for number rings, which is based on the ideas of Dijkgraaf-Witten theory for
3-manifolds ([9]) and the analogies between 3-manifolds and number rings,
knots and primes in arithmetic topology ([22]). We note that Dijkgraaf-
Witten theory may be seen as a 3-dimensional Chern-Simons gauge theory
with finite gauge group (cf. [11], [12], [28], [31] etc). Among other things, Kim
constructed an arithmetic analog of the Chern-Simons functional, which is
defined on a space of Galois representations over a totally imaginary number
field. In the subsequent paper [8] Kim and his collaborators showed a de-
composition formula for arithmetic Chern-Simons invariants and applied it
to concrete computations for some examples. Later, Kim’s construction was
extended over arbitrary number field which may have real primes ([13], [16]).
Computations of arithmetic Chern-Simons invariants have also been carried
out for some examples, by employing number-theoretic considerations in [1],
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[6], [7], [13] and [16]. In [7], the arithmetic Chern-Simons correlation func-
tions for finite cyclic gauge groups were computed in terms of arithmetic
linking numbers. It should be noted that Kim also considered arithmetic
Chern-Simons functionals for the case where the gauge groups are p-adic
Lie groups ([14, Section 3]). By arithmetic Dijkgraaf-Witten theory in the
title, we mean arithmetic Chern-Simons theory with finite gauge group in
the sense of Kim.

The purpose of this paper is to add some basic constructions and prop-
erties to Kim’s theory and lay a foundation for arithmetic Dijkgraaf-Witten
theory along the line of topological quantum field theory, TQFT for short,
in the sense of Atiyah ([2]). TQFT is a framework to produce topological
invariants for manifolds. For example, the Jones polynomials of knots can
be obtained in the context of (24 1)-dimensional Chern-Simons TQFT with
compact connected gauge group (cf. [3], [15], [30]). For the TQFT struc-
ture of Dijkgraaf-Witten theory, we consult [9], [11], [12], [28], [31]. In this
paper, following Gomi’s treatment [12] and Kim’s original ideas [14], we
construct an arithmetic analogue of Dijkgraaf-Witten TQFT in a certain
special situation, namely, we construct arithmetic analogues, for a finite set
S of finite primes of a number field k, of the prequantization bundles, the
Chern-Simons 1-cocycle, the Chern-Simons functional, the quantum Hilbert
space (space of conformal blocks) and the Dijkgraaf-Witten partition func-
tion. Arithmetic Dijkgraaf-Witten invariants are new arithmetic invariants
for a number field, which may be seen as variants of (non-abelian) Gaussian
sums.

We fix a finite group G and a 3-cocycle ¢ € Z3(G,R/Z). For an oriented
compact manifold X with a fixed triangulation, let Fx be the space of
gauge fields associated to G and let Gx be the gauge group Map(X, G)
acting on Fx. Note that Fx and Gx are finite sets and that the quotient
space My := Fx/Gx is identified with Hom(71(X), G)/G if X is connected,
where Hom(71(X), G)/G is the quotient of the set of homomorphisms from
the fundamental group m(X) of X to G by the conjugate action of G.

As for the classical theory in the sense of physics, we construct, using
the 3-cocycle ¢, the following correspondences
(1.1)

oriented closed surface X ~  Ag € ZY(Gs, Map(Fx, R/Z)),
oriented compact 3-manifold M~ CSy € CY(Gyr, Map(Far, R/Z)),

which satisfy

(1.2) dC Sy = res* Ao,
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where res : Fas (resp. Gar) — Fonr (resp. Gaar) is the restriction map and
d : C°(Gar,Map(Fr,R/Z) — CH(Gur,Map(Far,R/Z)) is the coboundary
map of group cochains. The key ingredient to construct Ay, and CS)y is
the transgression homomorphism C*(G,R/Z) — C~%(Gx,Map(Fx,R/Z))
with d = dim X and, in fact, Ay and CSy; are given by the images of ¢
for i = 3, X = ¥ and M, respectively ([12]). Then we can construct a
Gx-equivariant principal R/Z-bundle Ly and the associated complex line
bundle Ls; over Fy, using Ay, and hence the complex line bundle Ly, over
Mx. In fact, Lyx is the product bundle Fx, x R/Z on which Gs; acts by
(ps,m).g = (ps.9,m + As(g, px)) for px € Fg,m € R/Z and g € Gs. We
call Ay the Chern-Simons 1-cocycle. The line bundle Ly, (or Ly) is called
the prequantization complez line bundle for a surface ¥. The 0-chain C'S); is
called the Chern-Simons functional for a 3-manifold M. We see that C.Sy,
is a Gys-equivariant section of res*Ly, over Fy.

As for the quantum theory, the formalism of (2+1)-dimensional TQFT is
given by the following correspondences (functor from the cobordism category
of surfaces to the category of complex vector spaces)

(1.3)
oriented closed surface X ~»  quantum Hilbert space Hyx,
oriented compact 3-manifold M ~» partition function Zy; € Houm,

which satisfy several axioms (cf. [2]). Here we notice the following two ax-
ioms:

(1.4) functoriality: An orientation preserving homeomorphism f : ¥ X 5
induces an isomorphism Hyx — Hs of Hilbert quantum spaces. Moreover,
if f extends to an orientation preserving homeomorphism M = M’, with
OM =X, 0M' =%/, then Z); is sent to Zy; under the induced isomorphism
Honr = Homr-

(1.5) multiplicativity and involutority: For disjoint surfaces 31, Y9 and the
surface X* = 3 with the opposite orientation, we require

%21U22 = HZ1 ® szﬂ HZ* = (7_[2)*7

where (Hy)* is the dual space of Hy. Moreover, if OM; = X1 U X9, 0My =
35 U Y3 and M is the 3-manifold obtained by gluing M; and M along ¥,
then we require

< ZM1;ZM2 > = ZM,

where < -« >: Hy,uy, X Hyzus, — Hyx,us, is the natural gluing pairing
of quantum Hilbert spaces. This multiplicative property is indicative of the
“quantum” feature of the theory (cf. [2]).
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The construction of the Hilbert space Hy is phrased as the geomet-
ric quantization. We note that Hy is known to be isomorphic to the space
of conformal blocks for the surface ¥ when the gauge group is a compact
connected group (cf. [15]). Elements of Hy are called (non-abelian) theta
functions (cf. [4]). For Dijkgraaf-Witten theory, Hy is constructed, in an
analogous manner, as the space of Gy-equivariant sections of the prequanti-
zation line bundle Ly, over Fx, in other words, the space of sections of Ly,
over Myx::

(1.6)
Hy {0:Fs = C|Vox.9) = e2”ﬁ)‘2(9)(’9)19(gg) Vg € Gs, oy € Fxn}
=T'(Msy, Ly).

In quantum field theories, partition functions are given as path integrals.
In Dijkgraaf-Witten theory, the Dijkgraaf- Witten partition function Zy; €
Hons is defined by the following finite sum fixing the boundary condition:

(1.7) Zn(0om) = #G S VIO (g € Fou).

QE.F]M
res(0)=0om

The value Z;(0gnr) is called the Dijkgraaf- Witten invariant of pgpr € Fang-
We note that when [c] is trivial and S is empty, then Fx; = {*} and the
Dijkgraaf-Witten invariant Zps(x), denoted by Z(M), coincides with the
(averaged) number of homomorphism from (M) to G:

#Hom(m (M), G)
#G ’

which is the classical invariant for the connected 3-manifold M.

Now let us turn to the arithmetic. First, let us recall the basic analogies
in arithmetic topology which bridges 3-dimensional topology and number
theory ([22]. See also [19], [24]). Let k a number field of finite degree over
the rationals Q. Let O, be the ring of integers of k and set X}, := Spec(Oy).
Let X° denote the set of infinite primes of k and set X, = X UX °.
We see Xj, Xp° and X, as analogues of a non-compact 3-manifold M, the
set of ends and the end-compactification M, respectively. A maximal ideal
p of Oy is identified with the residue field Spec(Oy/p) = K(Z,1) (Z being
the profinite completion of Z), which is seen as an analogue of the circle
St = K(Z,1). We see the mod p reduction map Spec(F,) < Xj as an
analogue of a knot, an embedding S* < M. Let O, be the ring of p-adic
integers and let k, be the p-adic field. We denote Spec(O,) and Spec(k,)

(1.8) Z(M) =
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by V, and 0V}, respectively. We see V,, and 9V, as analogue of a tubular
neighborhood of a knot and its boundary torus, respectively. So we see the
étale fundamental group I, of Spec(k,), which is the absolute Galois group
Gal(ky/kp) (kp being an algebraic closure of k), as an analogue of the
peripheral group of a knot. (To be precise, the tame quotient of II, may be
seen as a closer analogue of the peripheral group. (cf. [22, Chapter 3])

Let S = {p1,...,p,} be a finite set of maximal ideals of Oy. Let Xg :=
X1 \S. We see S and X g as an analogue of a link in a 3-manifold and the link
complement, respectively. We may also see X g as an analogue of a compact
3-manifold with boundary (union of tori), where 0Vs := Spec(k,,) U --- U
Spec(kp, ) plays an analogous role of the boundary tori, “0Xg = 0Vg”. The
modified étale fundamental group Ilg of X g, which was introduced in [13,
Section 2.1] by taking real primes into account, is the Galois group of the
maximal subextension kg of k which is unramified at any (finite and infinite)
prime outside S, as an analogue of the link group.

We list herewith some analogies which will be used in this paper.

oriented, connected, closed compactified spectrum of
3-manifold M number ring X = Spec(Oy,)
knot prime
K:St— M {p} = Spec(O/p) — Xi
link finite set of maximal ideals
L=KiU---UK, S=Ap1,....,pr}
tubular n.b.d of a knot p-adic integer ring
Vi Vy = Spec(Oy)
boundary torus p-adic field
OV 0V, = Spec(ky)
peripheral group local absolute Galois group
m (0Vi) 1T, = Gal(ky/kp)
tubular n.b.d of a link union of p;-adic integer rings
Ve =V, U---UVk, Vs = Spec(Op, ) L - - - L Spec(Oy,)
boundary tori union of p;-adic fields
oV =0V, U---UOVk, 0Vs = Spec(ky,) U --- U Spec(ky,.)
link complement complement of a finite set of primes
XEZM\Int(Vg) YS:Y;C\S
link group maximal Galois group with
Iy =m(Xe) given ramification IIg = Gal(kg/k)

Based on the analogies recalled above, we construct an arithmetic ana-
logue of Dijkgraaf-Witten TQFT in a special situation, which corresponds
to the case that M is a link complement and ¥ is the boundary tori of a
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tubular neighborhood of a link. Notations being as above, let N be an inte-
ger > 1 and assume that the number field £ contains a primitive N-th root
(y of unity. We fix a finite group G and a 3-cocycle ¢ € Z3(G,Z/NZ). Let
F be a subfield of C such that (y is contained in F and F = F (F being the
complex conjugate). Let S be a finite set of finite primes S = {py,...,p,} of
k such that any finite prime dividing NV is contained in S. Let Xg := X\ S
and let 0Vs := Spec(ky, )U- - -USpec(ky, ) as before so that OV plays a role of
the boundary of Xg, “0Xg = 0Vs”. For arithmetic analogues of the spaces
of gauge fields Fx; and Fay, we consider Fg := [[;_; Homeons (I, G) and
Fx, = Homeont(Ils, G), respectively, where Homeout (—, G) denotes the set
of continuous homomorphisms to G. For an arithmetic analog of the gauge
groups Gy, and Gy, we simply take the group G acting on Fg and Fw_ by
conjugation. Set Mg := Fgs/G.

As for the classical theory in the arithmetic side, we firstly develop a
local theory at a finite prime p, namely, we construct the arithmetic pre-
quantization principal Z/NZ-bundle L, and the associated arithmetic pre-
quantization F-line bundle Ly, for OV}, which are G-equivariant bundles over
Fp = Homeont (I, G). By choosing a section z, € I'(Fy, Ly), we construct
the arithmetic Chern-Simons 1-cocycle X," € Z'(G,Map(F,,Z/NZ)). The
key idea for the constructions is due to M. Kim ([14]), who used the conju-
gate G-action on ¢ and the canonical isomorphism

inv, : H*(1,,Z/NZ) —> Z/NZ

in the theory of Brauer groups of local fields. We note that this isomorphism
tells us that 9V}, is “orientable” and we choose (implicitly) the “orientation”
of 0V}, corresponding to 1 € Z/NZ.

Getting together the local theory over S, we construct the arithmetic
prequantization principal Z/NZ-bundle Lg and the associated arithmetic
prequantization F-line bundle Lg for OVg, which are G-equivariant bundles
over Fg. By choosing a section zg of Lg over Fg, we construct the arithmetic
Chern-Simons 1-cocycle NX¢¢ € Z'(G,Map(Fs,Z/NZ)) and show that Lg
(resp. Lg) is isomorphic to the product bundle £ = Fg x Z/NZ (resp.
Ly = Fs x F) on which IG acts by (ps,m).g = (ps-g.m + X (9, ps))
(resp. (ps,2).9 = (ps.g,z ]/:,Ss(g’pS))) for ps € Fs, m € Z/NZ,z € F and
g € G. By employing H3(Ilg,Z/NZ) = 0, the arithmetic Chern-Simons
functional C'Sx_ for X is defined as a G-equivariant section of res§(Lsg)
over Fx_, where resg : Fx_ — Fg Is the restriction map induced by the
natural homomorphisms II, — IIg for p € S. Using the section zg, it can
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be regarded as a G-equivariant functional C’S%S : Fx, — Z/NZ. Thus we
S
construct the following correspondences

19 Vs ~»  l-cocycle X € Z'(G,Map(Fs,Z/NZ)),
(1.9) Xs ~» 0-chain CS%SS € CO(G,Map(]:yS,Z/NZ)),

which satisfy
(1.10) dCS%SS = resgAy’.

We may regard (1.9), (1.10) as arithmetic analogues of (1.1), (1.2) in a
special situation that corresponds to the case X is a boundary tori of a link
and M is a link complement.

As for the quantum theory in the arithmetic side, following the topolog-
ical side, we define the arithmetic quantum space Hs for OVs to be the space
of G-equivariant sections of the arithmetic prequantization F-line bundle Lg
over Fg. Choosing a section xg € I'(Fg, Lg), it is isomorphic to the space

¢ given by

(1.11) Mg ={0:Fs = F| 0(ps-9) = 0(ps) Vg € G, ps € Fs}

= F(M57 LSS)7
where fgs is the quotient of L'¢® by the action of G. The arithmetic Dijkgraaf-
Witten invariant Z%SS (ps) of ps € Fs with respect to xg is then defined by
the following finite sum fixing the boundary condition:

1 CSE (p)
(1.12) 7% (ps) = 5= Z Cy 5.
’ G peFx,
ress (p)=ps

Then we can show that Z%SS € H¢®. Since the spaces H¢®, when xg is varied,
are naturally isomorphic each other, Mg is identified with (| |HE®)/ ~, where
the equivalence relation ~ identifies elements via the isomorphisms between
Hg®’s. Hence Z%SS determine the element Zy% € Hg, which we call the

arithmetic Dijkgraaf- Witten partition function for Xg. Thus we construct
the following correspondences
(1.13)

Vg ~ arithmetic quantum space Hg,

X5 ~ arithmetic Dijkgraaf-Witten partition function Zx. € Hs,
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which satisfy some properties similar to the axioms in (2 4 1)-dimensional
TQFT. We note that when [c] is trivial and S is empty, then the arithmetic
Dijkgraaf-Witten invariant Zw_, denoted by Z (X 1), coincides with the (av-
eraged) number of continuous homomorphism from the modified étale fun-
damental group 7 (X},) of Xy ([13, Section 2.1]), which is the Galois group
of maximal extension of k unramified at all finite and infinite primes, to G:

< #Homeont (7(X ), G)

(1.14) Z(Xy) = 2 :
which is the classical invariant for the number field k. We may regard (1.11),
(1.12), (1.13) and (1.14) as an arithmetic analogues of (1.6), (1.7), (1.3) and
(1.8) respectively, in a special situation that corresponds to the case ¥ is a

boundary tori of a link and M is a link complement.
We note that elements of Hg may be seen as arithmetic analogs of (non-
abelian) theta functions. In this respect, it may be interesting to observe
that the arithmetic Dijkgraaf-Witten invariants Z%Ss (ps) in (1.12) look like

(non-abelian) Gaussian sums.

Next, we show some basic and functorial properties of arithmetic Chern-
Simons 1-cocycles, arithmetic prequantization bundles, arithmetic Chern-
Simons invariants, arithmetic quantum spaces and arithmetic Dijkgraaf-
Witten partition function
(i) when we change the 3-cocycle ¢ in the cohomology class [c],

(ii) when we change the pair of k£ and S to the isomorphic one,

(iii) when S is an empty set, and

(iv) when S is a disjoint union of finite sets of finite primes and when we
reverse the orientation of OVg.

As for (ii) and (iv), we show the following properties:

(1.15) functoriality: If there are isomorphisms & : ky, — k{a; (1<i<r),

then they induce the isomorphism Hg — Hg for S = {p1,...,p.},S" =
{p),...,p.}. Moreover, if £ : k = k" is an isomorphism of number fields such
that &(p;) = p; and ¢ induces isomorphisms ky,, — k‘;;, then ¢ induces the
isomorphism Hg — Hg which sends Zx, to Zys,.

(1.16) multiplicativity and involutority: For disjoint sets Sp, S of finite sets
of finite primes and 9V§ = 0V with the opposite orientation for a finite set
S of finite primes (cf. 4.4 below for the meaning), we show

Hs,us, = Hs, ® Hg,, Hs = (Hs)",

where Hg- denotes the arithmetic quantum space for 0V§ and (Hg)* is the
dual space of Hg.
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These properties (1.15) and (1.16) may be regarded as arithmetic ana-
logues of the axioms (1.4) and (1.5) in (2 4 1)-dimensional TQFT.

Finally we show decomposition formulas for arithmetic Chern-Simons
invariants, which generalize, in our framework, the “decomposition formula”
by Kim and his collaborators ([8]), and show gluing formulas for arithmetic
Dijkgraaf-Witten partition functions. Let S; and Sy be disjoint sets of finite
primes of k, where S1 may be empty and S5 is non-empty. We assume that
any prime dividing N is contained in So if 57 is empty and that any prime
dividing of N is contained in S; if S; is non-empty. We set S := S1 U Ss.
When S is empty, X, = X and we mean by C’S’ys1 the arithmetic Chern-
Simons functional C'Sx, defined in [13] (see also [16]). We can also define the
arithmetic Chern-Simons functional C'Sy,_for Vg, as a section of résg (Ls,)

over Fy,, == [],cg, Homeont (I, G), where IT, := W?t(Vp) and résg : .7:V52~—>

Fs, is the restriction map induced by the natural homomorphism II, — II,.
Then we have the following decomposition formula

(1.17) CSx,, (p) BCSy, ((poup)pes,) = CSx, (pons),

where p € Homgeon(Ilg,, G), and ng : IIg — Ilg,, up : pr — Ilg, are
natural homomorphisms induced by Xg — Xg,, V, — Xg, for p € Sy,
respectively, and B : Lg, x Lg, = Lg is the natural “sum” of arithmetic
prequantization principal Z/NZ-bundles (cf. (5.4.1), (5.4.2)). When S is
empty, the formula (1.13) is a reformulation of the decomposition formula
in [8]. As for arithmetic Dijkgraaf-Witten partition functions, we have the
following gluing formula. Note that X s, may be obtained by gluing X g and
Vg along 0Vg,, where Vg = Vg, with the opposite orientation. Then we
have

(118) < ZYS’ZVS*Z > = Zysl,

where < -,- >: Hg X Hg; — Hsg, is the gluing pairing of arithmetic quantum
spaces (cf. (6.2.3)). We may regard (1.16) as an arithmetic analog of the
gluing formula in the axiom (1.5) in (2 + 1)-dimensional TQFT.

The contents of this paper are organized as follows. In Section 1, we
collect some basic facts on torsors and group cochains, which will be used in
the subsequent sections. In Section 2, we construct arithmetic prequantiza-
tion bundles, arithmetic Chern-Simons 1-cocycles and the arithmetic Chern-
Simons functionals. These constructions correspond to the classical theory
of topological Dijkgraaf-Witten TQFT. In Section 3, we construct arith-
metic quantum spaces and the arithmetic Dijkgraaf-Witten partition func-
tions. These constructions correspond to the quantum theory of topological
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Dijkgraaf-Witten TQFT. In Section 4, we show some basic and functorial
properties of arithmetic prequantization bundles, arithmetic Chern-Simons
1-cocycles, arithmetic Chern-Simons invariants and arithmetic Dijkgraaf-
Witten invariants. In Section 5, we show decomposition formulas for arith-
metic Chern-Simons invariants and gluing formulas for arithmetic Dijkgraaf-
Witten partition functions.

Notation. For a G-equivariant fiber bundle w : E — B for a group G,
we denote by I'(B, E) (resp. I'¢(B, E)) the set of sections (resp. the set of
G-equivariant sections) of w. In this paper, we deal with the case where the
base space B is a finite (discrete) set.

2. Preliminaries on torsors and group cochains

In this section, we collect some basic facts on torsors for an additive group
and group cochains, which will be used in the subsequent sections.

2.1. Torsors for an additive group

Let A be an additive group, where the identity element of A is denoted by
0. An A-torsor is defined by a non-empty set T' equipped with action of A
from the right

TxA—T; (ta) — t.a,

which is simply transitive. So, for any elements s,t € T, there exists uniquely
a € A such that s = t.a. We denote such an a by s —t:

(2.1.1) a=s—-t& s=ta.

For A-torsors T and T’, a morphism f : T — T" is defined by a map of
sets, which satisfies

(2.1.2) f(ta) = f(t).a

for all t € T and a € A. We easily see that any morphism of A-torsors is an
isomorphism.

Defining the action of A on A by (t,a) € Ax A—t+a € A, A itself
becomes an A-torsor. We call it a trivial A-torsor. A morphism f: A — A
of trivial A-torsors is given by f(a) = a + A for any a € A with A = f(0).
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Choosing an element ¢t € T, any A-torsor T is isomorphic to the trivial
A-torsor by the morphism

(2.1.3) o 2T 5 A; 55 pi(s) =5 —t.

We call o, the trivialization at t.
Here are some properties concerning A-torsors, which will be used in the
subsequent sections.

Theorem 2.1.4. (1) Let T be an A-torsor. For s,t,u € T and a € A,
we have the following equality in A:

s—s=0, s—u=(s—t)+(t—u), sa—t=(s—t)+a.

(2) T, T" be A-torsors and let f : T — T" be a morphism of A-torsors. Then,
for s,t € T, we have the following equality in A:

s—t=[f(s) = f(t).

(3) Let T, T" be A-torsors and let f : T — T be a morphism of A-torsors.
Fixt € T and t' € T', and let X(f;t,t') := f(t) —t'. Then we have the
following commutative diagram:

T L

ot 4 A
A Dy

For other choices s € T and s’ € T', we have
A(fis,8) = Mt t) + (s =) = (5 = 1),

(4) For an A-torsor T and a subgroup B of A, we note that the quotient set

T/B is an A/B-torsor by (t mod B).(a mod B) := (t.a mod B) fort €T and
acA.

Proof. (1) These equalities follow from the definition of group action and
(2.1.1).

(2) This follows from (2.1.1) and (2.1.2).

(3) The former assertion follows from (2.1.3). For the latter assertion, we
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note the following commutative diagram.

id f

T d, T g, T’ d, T
1 ps Nen 1Ly 1 ps
ATy B ey

Since the composite map in the lower row is +A(f;s,s’) by the former as-
sertion, the latter assertion follows.
(4) This is easily seen. O

2.2. Conjugate action on group cochains

Let II be a profinite group and let M be an additive discrete group on which
IT acts continuously from the left. Let C™(II, M) (n > 0) be the group of
continuous n-cochains of IT with coefficients in M and let d"** : C™(II, M) —
C™(II, M) be the coboundary homomorphisms defined by

(@ a™) (1,5 Y1)
= Vlan(727 .. 7/777,4-1)
n
2.2.1 i
( ) +Z(—1)10¢n(’71, e i1y ViYik Ly Vit 2s - -« > Ynt1)
i=1
+(=D)" Mo (v, . m)

for a® € C™(I1, M) and 71, ...,Yn+1 € IL Let Z"(II, M) := Ker(d"*1) and
B"(I1, M) := Im(d") be the subgroups of C™(1I, M) consisting of n-cocycles
and n-coboundaries, respectively, and let H™(II, M) := Z™(1I, M)/ B™ (11, M),
the n-th cohomology group of II with coefficients in M. By convention, we
put C*"(II, M) = 0 for n < 0. We sometimes write d for d" simply if no
misunderstanding is caused.

Note that IT acts on C™(II, M) from the left by

(2.2.2) (0.a™)(V1, -, Yn) = 0™ (0 y10,..., 0 0)

for o™ € C"(II, M) and 0,71, ..., 7, € II. By (2.2.1) and (2.2.2), we see that
this action commutes with the coboundary homomorphisms:

(2.2.3) A" o.a') = o.d" (o) (o € CU(IL, M)).

Now we shall describe the action of IT on C™(II, M) in a concrete manner.
For o, 01,00 €l,0<i<j<mn(n>1),and 1 <k <n—1, we define
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the maps s; = sf(0) : 1" — T"*, ;5 = s7;(01,09) : T* — I"*2 and
ty =" 11" — T~ by

si(91,92, -y 9n) == (91, .-, gi,0,0 Lgiv10,..., 0" Lg0),
(2'2'4) Si7j(gl,gg, A ,gn) = (gl, - ,gi,lal,al_lgi_,_lal, - ,0'17_11ng1,
02,(0102)” gj4+10102,...,(0102) gno102),
k(91,925 -+ Gn) = (915 -+, Gh—15 Gk GRt1, Gk 42, - - - > Gn)

for (g1,92,-..,9n) € II". We note that s?j:ll(ag) osi(o1) = s7,(01,02). We
define the homomorphisms

h? . C"HU(IT, M) — C™(I1, M),
H . OC"F2(I, M) — C"(II, M)

01,02

by
hy(a™*) = (=1 (@™ o 57 (0)),
(2.2.5) 0sizn o
HY (@)= Y (=) (2" o s}i(01,09))
0<i<j<n

for o™t € C"TI(II, M) and ™2 € C"™*2(II, M). For example, explicit

forms of h}(a" 1), HY , (a"*?) for n = 1,2 are given as follows:

he(a?)(9) = o*(0,07 go) — a*(g, 0).
h2(a®) (g1, 92) = (0,0 g10,0 L ge0) — a3(g1, 0,07 ga0) + (g1, g2, 7).
H} ,.(0%)(g) = a®(01,09, (0102) " go102) — a(01, 07 ' go1, 02)
+a*(g,01,02)
Hgl,UQ(a4)(91,92) = at(01, 02, (0102) Lg10102, (0102) "L ga0109)
—at(a1,07  g101, 09, (0102) Lgao102) + ot (01,07 Lgro1, 07 L ga01, 02)
+at(g1, 01,09, (0102) "Lga0102) — a*(g1, 01,07 ' g201, 02)
+at (g1, 92,01, 02)
We call hy, Hy, ,, the transgression homomorphisms, which play roles sim-
ilar to the transgression homomorphisms in [12].
The following Theorem 2.2.6 and Corollary 2.2.7 were shown in Appen-
dices A and B of [14]. Here we give an elementary direct proof. See also
Remark 2.2.8 below for the background of the proof.
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Theorem 2.2.6. Notations being as above, we have the following equali-
ties.

o.a" —a" = hy(d"(a") + d"(hg~ ' (a™)),
- dn(Hng,CTlg( +1))’

for a™ € C™(II, M) and o™*! € C""1(IL, M) (n > 1).
Proof. By (2.2.4), we can see

tk O Si—i—l (k S ’L)
5 0% = { tkr10si (i <k),
(2261) tk ©) 3i+1,j+1 (k‘ S l)
sijoty =19 try10sijr1 (1 <k <)
try20sij (J <k).

We note that ;11 08,41 = ti+1 0s;. By (2.2.1) and (2.2.5), we have, for any
(917927 v 7971) S an

hp(d (@™ (g1, 9n) = (0.0") (g1, -, gn)
+ Z ( 1) gl(a O S§;— 1)(92)---7gn)
1<i<n ]
+ > (D" oty o) (g1, 9n)
0<i<n,1<k<n
+(=1)" ol (gy, . gn)
+ > (=D a" o si) (g1, gn-1),
0<i<n—1 '
d"(h ) (g1, o0n) = > (=1)'gi(a™ o si)(g2,-- -, gn)
0<i<n—1 )
+ (—=1)"**(a™ o s; 0 t5) (g1, - - - gn)
0<i<n—1 1_k§.n—1
+ > (=1)"(a"osi) (g1, Gn-1),
0<i<n—1

and

Hg, o, (d" (@) (g1, -, gn) = (010, (@™ 1)) (g1, - - gn)

+ E D)™ g1 (@™ o si-15-1)(g2, - > gn)
0<i<j<n

_hglo'z( n+1)(gl7 v 7gn)
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+ Z (_1)i+j+k(an+1 otyo 5i7j)(917 v 7gn)

0<i<j<n,1<k<n-+1
i#j or kFit+1

+hgl (anJrl)(glv v 797"0)

+ Z (=12 (0" 0 55 5) (g1 - - -, gn—1),
0<i<j<n-—1

d"(Hf, 5, (")) (g1, - -, gn)

= > (-)"™Mg(a" 1 osi;) (g2, 0n)
0<i<j<n—1

+ > (1) (™ o555 0 tk) (g1, - - -5 gn)
0<i<j<n—1,1<k<n—1
_'_

0<'<Zi 1(—1)i+j+”(an+1 058;)(91,- -+ 9n-1)
Y Y

Hence we have

hg(d™ (@) (g1, -, gn) + d"(hg~ (™)) (g1, - - - gn)
= (0.a")(g1,---:9n) — " (g1,- .-, 9n)

+ (D) (a™ oty 0 5i)(g1, - - gn)
L=

> (=1 *(a™ o s; 0 tg)(g1,- -, gn),

and

Hp, o ("2 ) (g1, ., gn) — d"(Hy, 5, (@™ 1))(91, -+, 9n)
= Ul~h32 (an+1)(gla v 7gn) - hglo-z (an+1)(gl7 v 7gn)
+h, (@™ )91, gn)

+ > (=1 oty 0 55)(91, - -5 gn)
0<i<j<n,1<k<n+1l
i#j or kit

- > (=)™ (@™ o si5 0t ) (g1 - - gn)-
0<i<j<n—1,1<k<n—1
By (2.2.6.1), we obtain the required equalities. O

By (2.2.3), IT acts on Z"™(II, M) from the left. This action is described
by Theorem 2.2.6 as follows.

Corollary 2.2.7. Suppose o € Z"(II, M) (n > 1). For o € I, we let

By = h"Y(a).
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Then we have
ooa=a+d"B,.

For o,0’ € II, we have
Boor = B + 0.8, mod B" (11, M),

namely, the map 11 3 o — B, mod B" (I, M) € C" (I, M)/B" (11, M)
1s a 1-cocycle.

Proof. Proof. The both equalities are obtained immediately from Theorem
2.2.6, since d"*(a) =0 by a € Z"(II, M) (n > 1). O

Remark 2.2.8 (Algebro-topological proof of Theorem 2.2.6). For o € II, let
0°® denote the automorphism of the cochain complex (C*(II, M), d*) defined
by 0"(a) := o.a for a« € C™(II, M'). Then Theorem 2.2.6 asserts that the
family of homomorphisms {h? : C"*1(II, M) — C™(II, M)} gives a homo-
topy connecting o® and idge(rr,ar)- Actually, our explicit definition (2.2.5)
is obtained by making the following algebro-topological proof concrete: we
may assume II is finite by the limit argument. Let £ be the one-object cat-
egory whose morphisms are the elements of II. We consider two functors
idg,o : & — & defined by idg(g) := g,5(g9) := o 'go for each morphism
g € II. Let N : Cat — Fct(A°P, Set) denote the nerve functor, where Cat is
the category of small categories and Fct(A°P, Set) is the category of simpli-
cial sets. Define the natural transformation n : ¢ — idg by n(x) := o (x is the
unique object of £). Then 7 induces a corresponding functor by : € x1 — &,
where n denotes the category defined by the set {0,1,...,n} and its order.
Then Nh, : NE x N1 — NE is a homotopy connecting the two simplicial
maps No,Nidg : NE — NE. Let C,(NE) = ZINE(n)] be the group of
n-chains of the simplicial set N'E. By [17, Proposition 5.3] and [17, Proposi-
tion 6.2], N'h,, induces a homotopy {hJ : C,(NE) = Cp11(NE)} connecting
two chain maps (N6)e, (Nidg)e : Co(NE) — Co(NE). For the groups of n-
cochains C"(NE, M) = Hom(C,,(NE), M), the homotopy {hZ} induces the
homotopy {h2 : C""H(NE, M) — C(N'E, M)} connecting the two cochain
maps (No)®, (Nideg)® : C*(NE, M) — C*(NE, M). Since NE(n) is 11", we
have the isomorphisms for i > 0

C™(NE, M) ~ Map(I", M) = C™(I1, M).

Under the above isomorphisms, (N7)® and (Nidg)® are identified with o°
and idge (11, 0r), respectively, and hence {h7} gives a homotopy connecting o®
and idC’(H,M)'
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3. Classical theory

In this section, we construct the arithmetic prequantization bundle and the
arithmetic Chern-Simons 1-cocycle for 0Vs := UI_,Spec(ky,), where S =
{p1,...,pr} is a finite set of finite primes of an algebraic number field k
of finite degree over Q, and the arithmetic Chern-Simons functional over a
space of Galois representations unramified outside S. These constructions
correspond to the classical theory of topological Dijkgraaf-Witten TQFT.

Throughout the rest of this paper, we fix a natural number N > land let
un be the group of N-th roots of unity in the field C of complex numbers.
We fix a primitive N-th root of unity {n and the isomorphism Z/NZ ~
pn; m — (. The base number field k£ (in C) is supposed to contain jy.
Let G be a finite group and let ¢ be a fixed 3-cocycle of G with coefficients
in Z/NZ, c € Z3(G,Z/NZ), where G acts on Z/NZ trivially.

3.1. Arithmetic prequantization bundles and arithmetic
Chern-Simons 1-cocycles

We firstly develop a local theory at a finite prime. Let p be a finite prime
of k and let k, be the p-adic field. We let 0V}, := Spec(k,), which play a
role analogous to the boundary of a tubular neighborhood of a knot (see
the dictionary of the analogies in Introduction). Let II, denote the étale
fundamental group of 9V}, with base point Spec(ky) (k, being an algebraic
closure of ky), which is the absolute Galois group Gal(ky/ky).

Let F, be the set of continuous homomorphisms of II, to G:

Fp := Homeont (11, G).
It is a finite set on which G acts from the right by
(3.1.1) Fo X G = Fps (pp:9) = pp-g =9 ' ppy.
Let M, denote the quotient space by this action:
M, =F,/G.

Let Map(Fp,Z/NZ) denote the additive group consisting of maps from F,
to Z/NZ, on which G acts from the left by

(3.1.2) (9-0p)(pp) == Yp(pp-g)
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for g € G,y € Map(Fy,Z/NZ) and p, € F,. For p, € F, and o €
C™(G,Z/NZ), we denote by « o p, the n-cochain of II, with coefficients in
Z/NZ defined by

(@opp)(1, -5 m) 7= alpp (1), -+, Pp(n))-

By (2.2.2) and (3.1.1), we have

(3.1.3) (g.c) 0 pp = o (pp.g)

for g € G,a € C"(G,Z/NZ) and p, € Fy.

Firstly, we shall construct an arithmetic analog for 0V, := Spec(k,) of
the prequantization bundle, using the given 3-cocycle ¢ € Z3(G,Z/NZ). The
key idea for this is due to Kim ([14]), who uses the conjugate G-action on c
and the 2nd Galois cohomology group (Brauer group) of the local field k.

Let py € Fy and so cop, € Z3(Il,, Z/NZ). Let d denote the coboundary
homomorphism C?(Il,,Z/NZ) — C3(1l,,Z/NZ). We define L,(py) by the
quotient set

(3.1.4) Ly(py) :=d ' (copy)/B* (1, Z/NZ).

Here we note that d=*(co pp) is non-empty, because the cohomological di-
mension of II, is 2 ([23, Theorem 7.1.8], [25, Chapitre II, 5.3, Proposition
15]) and so H3(Il,, Z/NZ) = 0. Thus d~(copy) is a Z?(Il,, Z/NZ)-torsor in
the obvious manner and so Ly (py) is an H*(Il,, Z/NZ)-torsor by (3.1.4) and
Lemma 2.1.4 (4). Since ky, contains puy and so H%(Il,, Z/NZ) = H*(ky, un),
the theory of Brauer groups (cf. [26, Chapitre XII]) tells us that there is the
canonical isomorphism

inv, : H*(1l,,Z/NZ) —> Z/NZ

and hence L,(py) is a Z/NZ-torsor via invy.
Let £, be the disjoint union of L,(p,) over all p, € Fy:

Lo:= || Lo(pp)

ppEFp

and consider the projection

wp Ly — Fp; o = ppifay € Ly(pp).
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Since each fiber wp_l(pp) = Ly (pp) is a Z/NZ-torsor, we may regard L, as
a principal Z/NZ-bundle over F,.
Let ¢ € G. Using the transgression map hg in (2.2.5), we define hy €
C2(G,Z/N7)/B*G,7/NZ) by
hg := hg(c) mod B*(G,7Z/N7),
where h;(c) is the 2-cochain defined explicitly by
hi(e)(g1,92) = c(9,9" 919,97 " 929) — c(g1,9.9 " 929) + c(g1, 92, 9);

where g1, g2 € G. By Corollary 1.2.7, we have

(3.1.5) g.c=c+dhy
and
(3.1.6) heg = hy + g.hy

for g, ¢’ € G. By (3.1.3), (3.1.4) and (3.1.5), we have
d(a+ hgopy) =copy+(g.c—c)opy=(g.c)opy=co(pp.g)
for ay € L,(pp) and so we have the isomorphism of Z/NZ-torsors

(3.1.7) Fo(9.Pp) : Lo(pp) — Ly(pp-9)i ap = p + hg o pp.

By (3.1.3) and (3.1.6), we have

ap +hgg 0 pp = ap + (hg +g-hg) 0 pp
=ap+ hgopp+hg o(pp.9)

for g,¢' € G. It means that G acts on £, from the right by
(3.1.8) Ly x G = Ly; ap = ap.g:= f(g,pp)(p)-

By (3.1.7), (3.1.8) and the way of the Z/NZ-action on L,, we have the

following commutative diagram

L, % L, ~Z/NZ
@p + + @p
Fo -5 F,
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namely,

(3.1.9) (ap.m).g = (p.9)-m, @p(ap.g) =@p(ap).g
for apy € Fp, m € Z/NZ,g € G. So L, is a G-equivariant principal Z/NZ-
bundle over F,. Taking the quotient by the action of GG, we have the principal
Z/NZ-bundle @, : L, — M,. We call @y : L, — F, or @y, : L, — M, the
arithmetic prequantization Z/NZ-bundle for OV, := Spec(ky).

Let us choose a section z, € I'(Fy, L), namely, the map

xp  Fp — Ly such that @, oxp = idg,.

This means that we fix a “coordinate” on L. In fact, by the trivialization
at xp(pp) in (2.1.3), we may identify each fiber £, (p,) over p, with Z/NZ:

Py (oy) * Lo(Pp) — Z/NZ; oy = cp — 4(py).-
For g € G and p, € Fp, we let

(3.1.10) Aﬁ” (9, pp) = fp(9: Pp)(@p(pp)) — 2p(pp-9) = 2p(Pp).9 — Tp(pp-9)

so that we have the following commutative diagram by Lemma 2.1.4 (3):

f k)
Ly(pp) p(ip>p) Ly(pp-9)
Py (pp) 3 . + Py (pp-g)
z/Nnz Y 7Nz,
namely, for o, € L,(pp), we have
(3.1.11) ap-g — Tp(pp-g) = (ap — xp(pp)) + Aiﬁ” (9, Pp)-

We define the map \,* : G — Map(Fy, Z/NZ) by

(3.1.12) Ao (9)(pp) == A" (9. p)

for g € G and p, € F}.
Theorem 3.1.13. For g,¢9' € G, we have

A" (99") = AP (9) + (9-X")(d)-
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Namely, the map )\i" s a 1-cocycle:
A? € ZH(G,Map(Fy, Z/NZ)).
Proof. For g,¢' € G and p, € F,, we have

NP (99 pp) = To(99'pp)(@p(pp)) — zp(pp(9g’)) by (3.1.10)
= (zp(pp) + hgg © pp) — 2p(pp-(99')) by (3.1.7)
= (2p(pp) + hg o pp + hyg o (pp-9)) — 2p(pp-(99"))
by (3.1.3), (3.1.6).

By Lemma 2.1.4 (1), we have

(zp(pp) + hg o pp +hg o (pp.g)) — 2p(pp-(99"))
= {(@p(pp) + hgopp) — zp(pp-9)}
H(@p(pp-9) + hg 0 (pp-9)) — zp(pp-(99'))}-

Here we see by (3.1.7), (3.1.10) that

(p(pp) + hg 0 pp) — 2p(pp-g) = No* (9, pp),
(p(Pp-9) + hg © (pp-9)) — Tp(pp-(99")) = X" (¢, Pp-9)-

Combining these, we have
X" (99" ) = X" (9, pp) + A" (95 Pp-9)

for any p, € Fp. By (3.1.2) and (3.1.12), we obtain the assertion.

O

We call )\;:" the Chern-Simons 1-cocycle for 0V, with respect to the

section xy.

For a section z, € I'(Fy, L), we define £,” by the product (trivial)

principal Z/NZ-bundle over F:
Ly = F, x L/NZ,
on which G acts from the right by
(3.1.14) Ly x G = Ly ((pp,m),g9) = (pp.g.m+ N (9, pp)),

and so the projection
w?” : ﬁ?j" — Fp
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is G-equivariant.

Proposition 3.1.15. We have the following isomorphism of G-equivariant
principal Z/NZ-bundles

By Ly = L7 ap = (wp(ap), ap — zp(wp(ap))).

In particular, the isomorphism class of Eg" is independent of the choice of
a section xy. In other words, for another section x, € I'(Fy, Ly), we have

Eﬁ” ~ L;f” as G-equivariant principal Z./NZ-bundles.

Proof. (i) It is easy to see that w,” o ®," = w,.
(ii) For ap € L, and m € Z/NZ, we have

(iii) ®," has the inverse defined by (®,") ™ ((pp, m)) 1= zp(pp).m for (py,m) €
Fy x Z/NZ.

By (i), (ii), (iii), ®)," is an isomorphism of principal Z/NZ-bundles. So it
suffices to show that ®*» is G-equivariant. It follows from that

+ A7 (9, wp(y)))

where the 2nd equality holds by (3.1.9), (3.1.11) and the 3rd equality follows
from (2.1.14) O

Taking the quotient of wg” : Eg" — Fp by the action of G, we have
the principal Z/NZ-bundle ﬁg*’ : Zp" — M. We call wg*’ : Li" — Fp or
—Tp

Wy Eip — M, the arithmetic prequantization principal 7 /N Z-bundle for
0V, with respect to the section z,,.

For xy,x;, € T'(Fy, Ly), we define the map 5;”’% : Fp = Z/NZ by

’
Lp,

(3.1.16) 8" % (pp) = 2y (py) — 'y (pp)

for p, € F.
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Lemma 3.1.17. For xy, xy,z} € I'(Fy, Ly), we have

x/, Ty, T Lp,T s T Tp,T
5;:,,@‘,:075’3,, _7(5'] 53’ p+5p _5!3

Proof. These equalities follow from Lemma 2.1.4 (1). O

The following proposition tells us how )\ip is changed when we change
the section x.

Proposition 3.1.18. For xy,z}, € T'(Fy, L), we have
N7 (9) = A (9) = 9.0, — 8

for any g € G. So the cohomology class [/\;f”] € HY(G,Map(F,,Z/NZ)) is
independent of the choice of a section xy.

Proof. By (3.1.10) and Lemma 2.1.4 (1), (2), we have

22 (9, Pp) — Ao (9, pp)
= (fu(9: pp)( ( p)) — T5(Pp-9)) = (folg; pp)(@p(pp)) — 2p(pp-9))
(:U (pp-9) — (pp 9)) + (fo(g, pp) (x5 (Pp)) — fu (s Pp)(Tp(pp)))
= (p(pp-9) — 7 (pp-9)) + (af/ (Pp) — xp(pp))
= (905" )(py) — 5x"’x"(pp) by (2.1.2)
for any g € G and p, € F, hence the assertion. O

By Proposition 3.1.18, we denote the cohomology class [A,"] by [Ay],
which we call the arithmetic Chern-Simons 1st cohomology class for OVj,.
As a corollary of Proposition 3.1.18, we can make the latter statement of
Proposition 3.1.15 more precise as follows.

Corollary 3.1.19. (1) For wy,z}, € I'(Fy, L), we have the following iso-
morphism of G-equivariant principal 7. /N Z-bundles over Fy:

Ty,T ~ x! Ty,
(I)pp " :[‘gp —>[‘pp; (pp7m) = (pp7m+5pp p(pp))a

where (5%’3:;’ .Fp — Z/NZ is the map defined in (3.1.16).
(2) For Ty, Ty, Ty € T'(Fp, Ly), we have

’ ’ ’ " ’ "
Tp,Tp _ iy ThTp Tp,Thy_1 Ty, Ty Tp, T, 2 Tp, Ty
Bpr ™ = ider, PP = (@,"7) 7L BT o 0T = @

Typ,T! !
{ % otI)"gP =Dy,
p p
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Proof. (1) We easily see that CID? "™ is isomorphism of principal Z/NZ-
bundles and so it suffices to show that Q)ip’x*’ is G-equivariant. This follows

from

IP7I/ Ipzx/

" ((ppsm)-g) =" ((pp-g,m+ A" (9. pp))) by (3.1.14)
= (pp-g:m + X" (g, pp) + """ (Pp-9))
- (pp.g,/m 46,77 (pp) + A" (9, pp)) by Prop. 3.1.18

Tp,T

:(I)p p(ppam)'g'

(2) The first equality follows from the definitions of CI)ip , @i”’x;’. The latter
equalities follow from Lemma 3.1.17. O

Let F' be a field containing puy. Let L, be the F-line bundle over
Fp associated to the principal Z/NZ-bundle £, and the homomorphism
Z/NZ — F*; m — (3, namely,

(3.1.20)
= (Ly X F)/(ap,2) ~ (ag.m,("2) (op € Ly,m € L/NZ,z € F),
on which G acts from the right by
(3.1.21) Ly x G = Ly ([(ap, 2))9) = [(0p-.2)]
The projection

@y, Ly — Fpi [(ap, 2)] = wp(ay)

is a G-equivariant F-line bundle. We denote the fiber w, +(pp) over p, by
Ly(pp):

(3.1.22) Ly(pp) :={l(ap, 2)] € Ly [mp(ap) = pp, 2 € F}
We have a non-canonical bijection by fixing an a, € L,(py):
Ly(pp) — F; [(ap, 2)] = 2.
Taking the quotient by the action of G, we obtain the F'-line bundles @, f :

fp — My. We call wyp @ Ly — Fp or @y F - fp — M, the arithmetic
prequantization F-line bundle for OV,.
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Let L?j‘” be the product F-line bundle over F:
Ly = F, X F,
on which G acts from the right by

Tp
(3123 Ly X G = L% ((pp:2):9) = (ppegs GV 7).

and the projection
wg”p : L‘g" — Fp

is G-equivariant. Then we have the following Proposition similar to Propo-
sition 3.1.15 and Corollary 3.1.19.

Proposition 3.1.24. We have the following isomorphism of G-equivariant
F-line bundles over JF,

Byt Ly 5 Ly [(ap, 2)] = (), 2G50~ 2 (@),

For another section x,, we have the following isomorphism of G-equivariant

p7
F-line bundles over F,

x

/;3 (Pp))

Ty, 5,°

" tLy» — L“;f" : (pp, 2) = (pp, 2CN

)

where 5?@; : Fy = Z/NZ is the map in (3.1.16), and we have the equalities

’ ’

Tp ST}, Ty &
Qo r’ 0P =Pyp
Tp, x Tl Tp,

Tp,Tp - THTp Tpy—1 pTp G
et =idpm QT = (DR T) T QT 0B T = @

P
p,F

for xy, a2y € T'(Fy, Ly).

T

Proof. (i) It is easy to see that @,

(ii) For p, € Fyp, we let

P Tp
7O Lyr = @pp

Ly (py) = (@) " (pp) = {(pp,2) | 2 € F} = .

So (p;pr restricted to a fiber over p,

(I)I?F’Lp (pp) Ly(pp) — L?jp (pp); [(ap,2)] = (py, zc}‘:fp—xp(l’p))
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is F-linear.
(iv) For g € G, we have

37 ([(ap 2))-9) = D2%([(ap-g.2)]) by (3.1.21)
(wp (O‘p'g)> ZC]O\[]p 9= Tp (@ (O‘Ptg)))
(0 (@p).g, 2C (=o)X @000)) by (3.1.11)

=@, "w ([, 2)]).g by (3.1.23).

Hence @ipF is the isomorphism of G-equivariant F-line bundles over F,.

The proofs of the latter parts are similar to those of Corollary 3.1.19 (1),
(2). O

Taking the quotient of wa’F : Li” — Fp by the action of GG, we have the
F-line bundle 5;3} : fip — M,. We call wij’F : Ly> — Fp or ﬁifF : fip —
M, the arithmetic prequantization F-line bundle for OV, with respect to the
section xy.

Let S = {p1,...,p,} be a finite set of finite primes of k and let Vg :=
OVp, U--- U0V, . Let Fg be the direct product of Fy,’s:

FS ::fpl XXpr
It is a finite set on which G acts diagonally from the right, namely,

(3.1.25) Fs x G — Fs; (ps:9) = ps-9:= (Ppi-Gs -5 Pp,-9)

for ps = (pp,,- .-, pp,) € Fs and let Mg denote the quotient space by this
action

Mg = Fs/G.
Let Map(Fs,Z/NZ) be the additive group of maps from Fg to Z/NZ, on
which G acts from the left by

(3.1.26) (9-9s)(ps) = ¥s(ps-g)

for ¢ € Map(Fs,Z/NZ),g € G and pg € Fgs.
For ps = (pp,,---,pp.) € Fs, let Lg(ps) be the quotient space of the
product Ly, (pp,) X -+ % Ly (pp.):

(3.1.27) Ls(ps) = (L, (pp,) X =+ X Ly, (pp,)] ~,
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where the equivalence relation ~ is defined by
(3.1.28) (Qpys-eesap) ~ (..., ) < Z(api —a,,) =0.
i=1

We see easily that Lg(pg) is equipped with the simply transitive action of
Z/NZ defined by

Ls(ps) X Z/NZ — Ls(ps);
([as],m) = [as].m = [(ap,.m,...,qp )] = = [(p,, .-, 0p,..m)]

for g = (0, ..., p,) and hence Lg(pg) is a Z/NZ-torsor.
Let Lg be the disjoint union of L, (pg) for ps € Fs:

(3.1.29) Ls:= || Ls(ps),

ps€Fs

on which G acts diagonally from the right by
(3.1.30)  LsxG— Ls; ([(ap,,---0p,)],9) = [(ap,.g,. .., ap,.9)].
Consider the projection

ws : Ls — Fg; [as] = [(ap,)] = (@, (a,)),

which is G-equivariant. Since each fiber @, *(ps) = Ls(ps) is a Z/NZ-torsor,
we may regard wg : Lg — Fg as a G-equivariant principal Z/NZ-bundle.
Taking the quotient by the action of G, we have the principal Z/NZ-bundle
s : Lg — Mg. We call wg : Lg — Fg or @y : Lg — Mg the arithmetic
prequantization Z /N Z-bundle for 0Vs = Spec(ky,) L - - - LI Spec(ky,. ).

Let zg be a section of wg, g € I'(Fg,Ls). By (3.1.27) and (3.1.29), it
is written as zg = [(2p,,...,2p, )], where x,, € I'(Fy,, Ly,) for 1 < i <.
For g € G and ps = (py,) € Fg, we set

(3131) )‘gs (97 PS) = )\ngl (97 plh) +ee )‘:;f7 (ga ppr)
and define the map A\¢® : G — Map(Fs, Z/NZ) by
(3.1.32) A (9)(ps) = A§(g, ps)

for g € G and pg € Fg.
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Lemma 3.1.33. (1) Let x;, € I'(Fp,,Lp,) be another section for 1 <i <r
such that [(zy, ..., 2y )] = xs Then we have

T

> N g, pp) ZA/" (9, pp.)
=1

for g € G and py, € Fp,. So X&(g, ps) is independent of the choice of xy,’s
such that xg = [(zp,, ..., xp,)].
(2) The map N&° is a 1-cocycle:

\g® € Z1(G,Map(Fs,Z/NZ)).

P?"OOf. (1) Since (xpl(pp1)7 s 7$pr(ppr)) ~ (x;31 (pP1)7 R Z’;T (ppr))a
by (3.1.28), we have

i=1
for any pp, € Fp,. Therefore we have

T

SN g op) =D (fo(9:0p.) (@, (pp,)) — 2p,(pp.-9)) by (3.1.10)
=1

p
) Z«fp"’(g’p o) (@5, (Pp.)) = fo.(9: pp.) (@, (0.))
+2(fpi(g, pp) (@, (pp.)) — 23, (Pp,-9))
+ zr;(%(ﬂm-g) — xp,(pp,-g)) by Lem. 2.1.4 (1)
- i;(fpi(gv pp.) @y, (pp,)) — T, (pp,-9)) by Lem. 2.1.4 (2)

T
Tl
= ZAprl(g7pp1)
=1

for g € G and py, € Fy,.
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(2) By Theorem 3.1.13, (3.1.26), (3.1.31) and (3.1.32), we have
X§ (99’ ps) Z/\m (99", pp.)

szpf"(g,pp Z (g, Pp.-9

=1 =1
=A% (9,ps) + A& (95 ps-9)
= (A (9) + (9:2°)(9")(ps)
for g € G and ps = (pp,) € Fs. Thus we obtain the assertion. O

We call Xg° the arithmetic Chern-Simons 1-cocycle for Vg with respect
to xg.

Proposition 3.1.34. Let g = [(w},,, ..., 2} )] € ['(Fs, Lg) be another sec-

tion of wg. We define the map 5;3’1/3 : Fs = Z/NZ by

$Syxs E :627)3 »T

for ps = (pp,) € Fs, where (5;7;“27;” is the map defined in (3.1.16). Then we
have

NG (9) = X5 (9) = 905" — 95"
for g € G. So the cohomology class [X¢°] € H' (G, Map(Fs, Z/NZ)) is inde-
pendent of the choice of xg.

Proof. First, note that (5;55 5 g proved to be independent of the choices
of zp,’s in the similar manner to the proof of Lemma 3.1.33 (1). By the

definition of §g° ’xs, the formula follows from Proposition 3.1.18 by taking
the sum over p; € S. O

We denote the cohomology class [A¢®] by [As], which we call the arith-
metic Chern-Simons 1st cohomology class for 0Vg.
Let £ be the product principal Z/NZ-bundle over Fg:

L = Fs x L/NZ,
on which G acts from the right by

LE xG— LG ((ps,m),g) — (ps-g.m + X (g, ps))-
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Proposition 3.1.35. We have the following isomorphism of G-equivariant
principal Z/NZ-bundles over Fg:

xT ~ xT
(I)SS Lg — ,CSS;

T

[as] = (- ap,)] = (ws([es]), E(O‘Pi — 2p, (@p, (,)))-

i=1
For another section 'y, we have the following isomorphism of G-equivariant
F'-line bundles over Fg

@ﬁs’x/s D LT 62/3 : (ps,m) — (ps, m + 5?5’%(,03))7

where (5?’% : Fs — Z/NZ is the map in Proposition 3.1.34. For xg,z'y, 2% €
I'(Fs, Ls) we have the equalities
Ts,T '
QSS S O égs - ¢SSI’ 7 !/ 1" 7 1"
, . T'y,x Ts,Xgy\ — Tly,x Ts,T Ts,T
(bgsws :ldﬁzsa (I)SS S = ((I)SS S) 17 (I)SS ° O(I)SS =0y

Proof. First, suppose [(ap,,. .., )
@y, (ap,) and Y77 (ap,, — ap,) = 0 by (3.1.28). So wi

@
g
3

T T

Z(a;i — zp, (wp, () = ((0‘;:1- —ayp,) + (ap, — xpi(wpi(a;i))))

i=1 =1

= Z(am — xp, (wp, (ap,)))-

s
I
—

The proofs of the assertions go well in the similar manner to those of Propo-
sition 3.1.15 and Corollary 3.1.19, by taking the sum over p; € S. O

Taking the quotient by the action of G, we obtain the principal Z/NZ-
bundle @¢® : ng — Mg. We call we® : L& — Fg or we : ng — Mg
the arithmetic prequantization principal Z/NZ-bundle for Vg with respect
to zg.

Let Lg be the F-line bundle associated to the principal Z/NZ-bundle
Lgs over Fg and the homomorphism Z/NZ — F*;m — (}}:

Ls = Lgxznz F
(3.1.36) = (Ls x F)/([as], z) ~ ([as].m, (" 2)
(las] € Ls,m € Z/NZ,z € F),
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on which G acts from the right by
(3.1.37) Ls x G — Lg; ([([as], 2)], 9) = [([as].g, 2)]-
The projection

ws.r : Ls — Fs; [([as], 2)] = ws([as])

is a G-equivariant F-line bundle. We denote the fiber wg% (ps) over ps by
Ls(ps), which is non-canonically bijective to F by fixing [ag] € Ls(ps):
(3.1.38)

Ls(ps) = {[([es], 2)] € Ls |ws([es]) = ps} = F; [([as], 2)] = 2.

Taking the quotient by the action of G, we obtain the F-line bundle g ¢ :
Lg — Mg. We call ws,r : Ls — Fs or Wep : Ls — Mg the arithmetic
prequantization F-line bundle for OVg.
Let Lg® be the trivial F-line bundle over Fg:
L == Fg x F,
on which G acts from the right by

&S (g,
L% x G — L% ((ps, 2),9) — (ps-g, 28 979,

Proposition 3.1.39. We have the following isomorphism of G-equivariant
F-line bundles over Fg:

Oy s Ls = L [([as), )] = (ws([as]), 23Tl

For another section z'y, we the following isomorphism of G-equivariant F -
line bundles over Fg

, ’ ~ ’ 615"'”{5
OLE LY 5 LY < [(ps, 2)] = (s, G ),

’
s, Tg

where 0¢*"° : Fg — Z/NZ is the map in Proposition 3.1.34. For xg, x's, ' €
I'(Fs, Ls), we have the equalities

xs,x’s Trs __ xis‘
Pgp 0Py = (I’S;Fv

T3,Ts __ = Tg,Ts Ts,Tg\—1 Ty, TS, Ty _ xTS,T4
(I)S,F —1d£§Sv (I)S,F = ((DS,F ) ‘I)S,F O(DS,F _(I)S,F .
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Proof. The assertions can be proved in the similar manner to those of the
assertions in Proposition 3.1.24, by taking the sum over p; € S. O

Taking the quotient by the action of G, we obtain the line F-bundle
wSF LS — Mg. We call wSF Ly — Fg or wSF LS — Mg the
arithmetic prequantization F'- line bundle for 0Vg with respect to zg.

We may also give the description of Lg in terms of the tensor product
of F-line bundles. Let p; : Fg — Fp, be the i-th projection. Let p!(L,,) be
the F-line bundle over Fg induced from Ly, by p;:

p; (Ly,) = {(ps; [(ap,, zi)]) € Fs x Ly, | pi(ps) = @y, (ap,)},

and let
p:(wm) p:(LPz) — ]:S; (pS7 [(apm Z’L)]) = ps
be the induced projection. The fiber over ps = (py,) is given by
p:(wpi)il(ps) = {pS} X {[(apnzl)] € Lpi |pP7 = wpi(api)wzi € F}

~ Ly, (Ppl)
~ F,

where Ly, (pp,) is as in (3.1.22). Let L,, X ---X L, be the tensor product
of ij!((Lpi),S:

Lpl ... IEL;JT = pT(Lpl) O ®p:(LPr)a

which is an F-line bundle over Fg. An element of L, X---X L, is written
by
(IOS7 [(aPle)] K- [(apm Z’I‘)])

where ps = (pp.) € Fs, [(ap;, 2i)] € Ly, (pp,). Let @& : Ly, K-+ -K L, — Fs
be the projection. For fiber over pg, we have

(3140)  (@8) " (ps) 3 F; (ps. [(p,. 2] @ @ [(ap, . 20) HHZZ

The right action of G on Ly, W---X L, is given by

Ly B KLy xG— Ly, K- &Ly ;
(3.1.41) ((ps, [(ap,, z21)] @ - @ [(ap,, 2)]), 9)
= (p5'97 [(aP1'97 Zl)] X ® [(apr'gv ZT)])
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The projection w? is G-equivariant.

Proposition 3.1.42. We have the following isomorphism of G-equivariant
F'-line bundles over Fg

oY, Ly, K- KL, — Lg;
(ps: [(ap,, 20)] @ -+ @ [(ap,, 20)]) = [([evs], Tizy 20)];

where pg = (pp,) € Fs, [(ap,,2i)] € Ly, (pp,), and ag = (ap,, ..., qp,).
Proof. If (avp,, 2;) is changed to (ap,.m4, (""" 2;) for m; € Z/NZ,

(as, [T} #;) is changed to ([es].mi, (™ [1j=y 25) ~ ([as], IT}=1 25)- So,
by (3.1.20) and (3.1.36), ®F » is well-defined.

(i) It is easy to see that wg p o <I>§F = w¥.

(ii) By (3.1.40), (I)EF restricted to a fiber over pg is F-linear.

(iii) By (3.1.30), (3.1.37) and (3.1.41), we see that @?E is G-equivariant.
Therefore @? p is a morphism of G-equivariant F-line bundles over Fg. The
inverse is given by

(@5 p) i Ls — Ly, K- WLy ;
(las], 2) = (ws([as]), [(ap,; 2)] @ [(ap,, D] @ - - @ [(ap,, 1)]),

Hence @? r is a G-equivariant isomorphism. O
3.2. Arithmetic Chern-Simons functionals

Let Oy, be the ring of integers of k. Let X}, := Spec(Oy) and let X° denote
the set of infinite primes of k. We set X}, := X, UX°. Let S = {p1,...,p,}
be a finite set of finite primes of k. Let X5 := X} \ S. We denote by Il the
modified étale fundamental group of X g with geometric base point Spec(k)
(k being a fixed algebraic closure of k), which is the Galois group of the
maximal subextension kg of k over k, unramified outside S (cf. [13, Section
2.1]). We assume that all maximal ideals of Oy, dividing N are contained in
S (in particular, S is non-empty).
Let Fx, denote the set of continuous representations of Ilg to G:

Fx, = Homeont (Ils, G),
on which G acts from the right by

(3.2.1) Fx, xG— Fx; (p,9) —~ pg:=9 'pg,
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and let My denote the quotient set by this action:
MYS = ]:YS/G

Let Map(Fx,,Z/NZ) be the additive group of maps from Fx_ to Z/NZ,
on which G acts from the left by

(3.2.2) (9-¥)(p) = ¥(p.g)

for g € G,y € Map(Fx_,Z/NZ) and p € Fx_.
We fix an embedding £ < k,,, which induces the continuous homomor-
phism for each 1 <i <r
Ly, 1y, — Ilg.

Let resp, and resg denote the restriction maps (the pull-backs by ¢,,) defined
by

resp, : Fx. —> Fps prr poiy,,
(3.2.3) X L :
resg = (resp,) : Fg, — Fs; pr—=> (poiy,),

which are G-equivariant by (3.1.1), (3.1.25) and (3.2.1). We denote by Res,,
and Resg the homomorphisms on cochains defined by

(3.2.4)

Resy, : C"(Ilg,Z/NZ) — C"(1,,,Z/NZ); a > o ty,,

Resg := (Resyp,) : C"(lg,Z/NZ) — [[;—, C"(IL,,,Z/NZ); a > (o tp,).

Firstly, we note the following
Lemma 3.2.5. We have
H*(g,Z/NZ) = 0.

Proof. Tt suffices to show that the p-primary part H>(Ilg,Z/NZ)(p) = 0 for
any prime number p. Since H3(Ilg,Z/NZ)(p) = 0 for p{ N, we may assume
that p | N.

Case that N > 2. Then k is totally imaginary and so IIg = Isuxg (Ilsuxe 1=

7r1ét(Spec((’);.C \ S) being the Galois group of the maximal extension of k
unramified outside S U X °). By our assumption on S, all primes over p
are contained in S. So the cohomological p-dimension cd,(Ilg) < 2 by [23,
Proposition 8.3.18]. Hence H3(Ilg,Z/NZ)(p) = 0.

Case that N = 2 and so p = 2. Since S does not contain any real primes
of k, the cohomological 2-dimension cda(Ilg) < 2 by [23, Theorem 10.6.7].
Hence H3(Ilg,7/27)(2) = 0. O
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Let p € F, and so cop € Z3(llg,Z/NZ). By Lemma 2.2.5, there is
B, € C*(lg, Z/NZ)/B*(1lg, Z/NZ) such that

(3.2.6) cop=dp,,

where d : C?(Ilg,Z/NZ) — C3(Ilg,Z/NZ) is the coboundary homomor-
phism. By (3.2.3), (3.2.4) and (3.2.6), we see that

(3.2.7) coresy,(p) = dResy, (5,)

for 1 <i <r.By (3.1.4), (3.1.27) and (3.2.7), we have

(3.2.8) [Ress(By)] € Ls(ress(p)).

Let resg(Ls) be the G-equivariant principal Z/NZ-bundle over Fx_ in-
duced from Lg by resg:

(3.2.9) resg(Ls) == {(p,as) € Fx, x Lg|ress(p) = ws(as)}.

and let resg(ws) be the projection resg(Ls) — Fx . The quotient by the
action of G is the principal Z/NZ-bundle res*(Lg) over M induced from
Ls by ress. By (3.2.9), a section of resg(wg) is naturally identified with a
map yg : Fx, — Lg satisfying wg o yg = resg:

(3.2.10) [(Fx,,ress(Ls)) = {ys : Fx, — Ls|ws oys =ress},

on which G acts by (g.ys)(p) = ys(p.g) for p € Fx_,g € G. We denote by
I'a(Fx,, resg(Ls)) the set of G-equivariant sections of resg(ws). We define
the (mod N) arithmetic Chern-Simons functional CSx%_ : Fx_ — Ls by

(3.2.11) CSx,(p) := [Ress(,)]

for p € Fx_. The value CSx _(p) € Ls is called the arithmetic Chern-Simons
invariant of p.

Lemma 3.2.12. (1) CSx _(p) is independent of the choice of f3,.
(2) CSx, is a G-equivariant section of resg(ws):

CSx, € Ta(Fx, resi(Ls)) = T(Mx, ress(Ls)).
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Proof. (1) Let 8, € C*(Ilg,Z/NZ)/B*(Ilg, Z/NZ) be another choice satis-
fying co p = dﬁ;). Then we have 5,’) = B, + z for some z € H?(Ilg,Z/NZ)
and so

Resp, (8;) — Resy, (B,) = invy, (Resp, (2)) (1 <i<r).

Noting that any primes dividing N is contained in S, Tate-Poitou exact
sequence ([23, 8.6.10]) implies that the composite of the following maps

E €S inv
=

s Res
H?(Ilg,Z/NZ) Hpesess I 2°m,,z/Nz)
peS

" Z/NZ

is the zero map, where S = S U Xp°. For any infinite prime v € X°,
the restriction map II, := Gal(k,/k,) — Ilg = Gal(kg/k) is the trivial
homomorphism, because any infinite prime is unramified in kg/k. So Res, :
H?*(lg,Z/NZ) — H?(Il,,Z/NZ) is the zero map. Hence we have

Zinvpi(Respi(z)) = 0.
i=1
By (3.1.28), we obtain
[Ress(8,)] = [Ress(8,)].
(2) By (3.2.8), (3.2.10) and (3.2.11), we have
CS%, € I'(Fx,,resg(Ls)).

So it suffices to show that C'Sg_ is G-equivariant. By (3.1.5) and (3.2.6), we
have

dBpg = co(p.g) = (g.c)op=(c+dhy)op=d(B,+ hgop).

for g € G and p € Fx_. Therefore there is z € H?(lg,Z/Z) such that
Bpg = Bp+hgop+zand so

Ress(Bp9) = Ress(By) + hg oress(p) + Resg(z)
= Resg(83,).9 + Resg(2).

By the same argument as in (1) above, we obtain

CSx,(p-9) = [Ress(By.4)] = [Ress(B,)].9 = CS% (p)-g- O
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Let g = [(zp,,...,7p,)] € I'(Fs,Ls) be a section and let LE® be the
arithmetic prequantization principal Z/NZ-bundle over Fg with respect to
zs. Let res§(Lg”) be the G-equivariant principal Z/NZ-bundle over Fx_
induced from £ by resg:

res§(Ls") = A{(p. (ps,m)) € Fx, x L |ress(p) = ps}
= Fx, X L/NZ

by identifying (p, (ps,m)) with (p,m). So a section of res§(Lg") over Fx_
is identified with a map Fx_— Z/NZ:

[(Fx, ress(L£s%)) = Map(Fx_, Z/NZ),

on which G acts by (3.2.2). Therefore, letting Mapq(Fx,_,Z/NZ) denote
the set of G-equivariant maps Fx_ — Z/NZ, we have the identification

La(Fx,,res§(L£5°)) = Map (Fx, Z/NZ)
={¢: Fx, = Z/NZ|Y(p.g) = »(p) + X§*(g,res5(p))
forp € Fx_,9 € G}.

The isomorphism ®&° : Lg = L in Proposition 3.1.35 induces the isomor-

phism

U?s : Da(Fx,, resg(Ls)) — Ta(Fx,, resg(Ly)) = Mapg(Fx,, Z/NZ)
ys @gs 0 Yg.

We then define the arithmetic Chern-Simons functional C’S%SS s Fx,
Z/NZ with respect to xg by the image of CS%, under ¥*s:

(3.2.13) CS% =W (CSx,).

Theorem 3.2.14. (1) For p € Fx_, we have

T

CS% (p) = > (Resy, (By) — ap, (resp, (p))),

=1

which is independent of the choice of f3,,.
(2) We have the following equality in Cl(G,Map(}'ys,Z/NZ))

dCS%SS =res”(A\G°).
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Proof. (1) This follows from the definition of ®¢* in Proposition 3.1.35 and
(3.2.13).
(2) Since C’S%SS € Mapg(Fx,,Z/NZ), we have

CSE (p9) = CSZ (p) + A% (g, xess ()

for g € G and p € Fx_, which means the assertion. O

Proposition 3.2.15. Let o'y € I'(Fg,Lg) be another section which
yields CS%SS, and let 675 : Fg — Z/NZ be the map in Proposition 3.1.3.
Then we have

OS% (p) — OSZ (p) = 65" (ress (p)).

Proof. By Proposition 3.2.14 (1) and Lemma 2.1.4 (1), we have

T

CS (p) — CSZ (p) = (Resy, (B,) — ap, (resy, (p))

i:l

—Z Resy, (B,) — xp, (vesp, (p)))

= Z (xp, (resy, ( (Fespi(l))))
— 5gs’ms(re85(p))-

O

Ts,Tg £CL‘S :>

For xg, 2y € I'(Fg, Ls), the G-equivariant isomorphism Py
Egs induces the isomorphism

W D (Fy, resy(L5°)) 5 Da(Fy,,tesh(L5)); 7 s O 0 s,
By Proposition 3.1.35, we have

‘I/xs,x% o PUts — \I]w:g
g, Ts __ To, g Ts,T\—1 X', T Ts, Ty _ \JyTs,Ts
\P ) ldFG(fX ,ress([l S)) \I} S f— (\IJ ) S) ’\D SHts o\I] S = \y *Ss

So we can define the equivalence relation ~ on the disjoint union of
La(Fx,,res§(L5°)) over xg € I'(Fg, Ls) by

YT~ YT e U7 = g
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for *s € T'(Fx,,resy (L)) and Ps € La(Fx,,ress(L5°)).Since
Ty =" 00y, CSF = CSY .
Thus we have the following identification:

Fg(}"fs,res’fg(ﬁs)) = .. F(].‘S,Es)FG’(f*S,I‘eS*S(Egs))/ ~;
(3.2.16) X ’ - € [q;ws)((¢)]

where C'S%_ and [CS%SS] are identified.

4. Quantum theory

In this section, we construct the arithmetic quantum space and the arith-
metic Dijkgraaf-Witten invariant over the moduli space of Galois representa-
tions. These constructions correspond to the quantum theory of topological
Dijkgraaf-Witten TQFT. We keep the same notations and assumptions as
in Section 3. We assume that F' is a subfield of C such that (n is contained
in F and F = F (F being the complex conjugate).

4.1. Arithmetic quantum spaces

Following the construction of the quantum Hilbert space, we define the arith-
metic quantum space Hg for Vg by the space of G-equivariant sections of
the arithmetic prequantization F-line bundle wg r : Ls — Fg:

Hg :=T¢(Fs,Ls) =T (Mg, Lg).

It is a finite dimensional F-vector space.

Let x5 = [(zp,,...,2p,)] € ['(Fs,Ls) be a section and let L be the
arithmetic prequantization F-line bundle over Fg with respect to xg and let
(4.1.1)

Hg =Ta(Fs, L) = F(MS,L%Z

={0: Fs — F|0(ps.g) = (X 97)0(pg) for ps € Fs,g € G},

which we call the arithmetic quantum space for 0Vg with respect to xg. The
isomorphism ®¢, : Lg = L¢® in Proposition 3.1.39 induces the isomor-
phism

(4.1.2) 0% i Hg — He'; 0 — Do f.
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We call an element of Hg or H® an arithmetic theta function (cf. Remark
4.2.4 below).
Ts,x

For zg,2's € T'(Fs,Lg), the isomorphism ®¢°% ¢ : L = L‘gs induces
the isomorphism of F-vector spaces:

OS5 L LS 5 HET; 075 5 DL 0 67
and, by Proposition 3.1.39, we have

@ws,x/s 0 OTs = @a:’s
OFs:Ts — idﬂgs,@wls’xs — (@xs,x’s)flj OFs: TS 5 OTsTs — QLTS

So the equivalence relation ~ is defined on the disjoint union of all Hg®
running over zg € I'(Fg, Lg) by

075 ~ 075 = @TTs (§%) = §s
for 6%s € HE® and 6% € Hg Then we have the following identification:

(3.1.3) He= || HE/~.
xser(}—s,ﬁs)

Remark 4.1.4. The arithmetic quantum space Hg is an arithmetic ana-
log of the quantum Hilbert space Hy for a surface 3 in (2+1)-dimensional
Chern-Simons TQFT. We recall that Hy, is known to coincides with the
space of conformal blocks ([4]) and its dimension formula was shown by
Verlinde ([27]). It would also be an interesting question in number theory
to describe the dimension and a canonical basis of Hg in comparison of
Verlinde’s formulas.

4.2. Arithmetic Dijkgraaf-Witten partition functions
For ps € Fg, we define the subset Fx_ (ps) of Fx. by

Fx.(ps) = {p € Fx_|ress(p) = ps}.

We then define the arithmetic Dijkgraaf- Witten invariant Z%Ss(pg) of pg
with respect to xg by

s 1 CSLE (p)
(4.2.1) ZYS(PS) -Z% Z Cn :

PEFx(ps)
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Theorem 4.2.2. (1) Z5* (ps) is independent of the choice of f,.
(2) We have

ZYSS € He'.
Proof. (1) This follows from Lemma 3.2.12 (1).
(2) This follows from Theorem 3.2.14 (2) and (4.2.1). O

We call ZZ2 € Hg® the arithmetic Dijkgraaf-Witten partition function
o s
for X g with respect to zg.

The following proposition tells us how they are changed when we change
ZIs.

Proposition 4.2.3. For sections xg,x's € I'(Fs, Ls), we have
ore (23 ) = 25

Proof. We have

O 5(Z5 )(ps) = (Pgh~ 0 Zx,)(ps)

5@
> (ps) by Proposition 3.1.39
OS5 (p) 4355 "% (ps)

=76 >y by (4.2.1)
PEFx 4 (ps)

1 S (p) .
= %G Z Cy ¢ ’ by Proposition 3.2.15
PEFx, (ps)

JR— J/'/
= Zyss (ps)
for pg € Fg. So we obtain the assertion. O

By the identification (4.1.3), Z%S defines the element Z%_ of Hg which
S
is independent of the choice of zg. We call it the arithmetic Dijkgraaf-Witten
partition function for X g.

Remark 4.2.4. In (241)-dimensional Chern-Simons TQFT, an element of
Hs, for a surface ¥ may be regarded as a (non-abelian) generalization of the
classical theta function on the Jacobian manifold of ¥ (cf. [4]. It goes back
to Weli’s paper [29]. See [21] for an arithmetic analog.) In this respect, it
may be interesting to observe that the Dijkgraaf-Witten partition function
in (3.2.1) may look like a variant of (non-abelian) Gaussian sums.
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5. Some basic and functorial properties

In this section, we study some basic and functorial properties of the objects
constructed in Sections 2 and 3. We keep the same notations as in Sections
3 and 4.

5.1. Change of the 3-cocycle ¢

The theory given in Sections 3 and 4 depends on a chosen 3-cocycle c¢. We
shall see in the following that when ¢ is changed in the cohomology class
[c], objects are changed to isomorphic ones, and hence the theory depends
essentially on the cohomology class [c]. Let ¢ € Z3(G,Z/NZ) be another 3-
cocycle representing [c]. The objects constructed by using ¢ will be denoted
by using ’, for example, by Lj, Lj,, ... etc.

There is b € C?(G,Z/NZ) such that ¢ — ¢ = db. Then we have the
isomorphism of Z/NZ-torsors for p, € Fy:

Ly(pp) = Lyy(pp); ap = ap +Dopy,

which induces the following isomorphisms of arithmetic quantization bun-
dles:

R e R
§s: Ly — Ly, Esp:Ls— L.

Let z, € I'(Fp, Lp) and 25 = [(2p,,...,2p,)] € I'(Fs,Ls), and let :):;D c
['(Fy, £y,) and @g € I'(Fp, LY). Denote by A}, and \g the arithmetic Chern-

Simons 1-cocycles for 0V}, and 9Vs with respect to a:;) and 'y, respectively.

We define k, : F, = Z/NZ and kg : Fs — Z/NZ by

kp(pp) == (&p © @p) (pp) — 95;:(Pp)7 rks(ps) = Z“m(ﬂm)
i=1

for p, € Fy and ps = (pp,,---,pp,) € Fs, respectively. Then we have

Ao(9) = Ap(9) = g-Kp — Kp, Ns(g) — As(g) = g.ks — Ks.

We note that if we take x; = oxp and 2 := g oxg, Ky = 0 and so
ks = 0. As in Corollary 3.1.19, Propositions 3.1.24, 3.1.35 and 3.1.39, using
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kp and kg, we have the isomorphisms

Eip N>£;Ip7 Lgp NgL;pr’
Lo LG5, LY S I

which are compatible with the isomorphisms in (5.1.1) via the isomorphisms
Ly, ~ Eﬁ*’,Lp ~ Lﬁ*’,ﬁg ~ L¢° and Lg ~ L'’ in Propositions 3.1.15, 3.1.24,
3.1.35 and 3.1.39.

The isomorphism &g : Lg = L'y induces the isomorphism

La(Fx, res5(Ls)) = Fg(}"ys,res*s(ﬁig))

which sends C'Sx to CS/YS’ and the isomorphism &g : Lg = Ly induces
the isomorphisms

He 5 Hig, HE 5 H™,

which sends Z%, to Z/Y .
S

Remark 5.1.2. A cochain a € C"(G, A) is called normalized if a(g1, ...,
gn) = 0 whenever one of g;’s is 1. It is known that any cocyle is cohomol-
ogous to a normalized one, namely, any cohomology class of H"(G, A) is
represented by a normalized cocycle ([23, Chapter I, §2, Exercise 4], [10,
Lemma 6.1]). Therefore, by the above argument, we may assume that we
can take the fixed cocycle ¢ € Z3(G,Z/NZ) in our theory to be normalized.

5.2. Change of number fields

Let k¥’ be an another number field contains a primitive N-th root of unity
and let S” = {p/,...,pl..} be a finite set of finite primes of k¥’ such that
any finite prime dividing N is contained in S’. The objects constructed by
using k' and S’ will be denoted by, for example, L,/, Ly, Ls/, Ly, ... etc,
for simplicity of notations. Assume that r = 7’ and there are isomorphisms
it kp, =5 k:;gg for 1 <4 <. Then &;’s induces the following isomorphisms of
arithmetic quantization bundles:

fpi :E i ; ['p;? fpi,F : Lpi L> LF';

fs:ﬁkg;)ﬁs/, fS’F:L,g;)LS/.
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Let zp, € ['(Fp,, Lp,) and x5 = [(zp,,...,2p,)] € I'(Fs,Ls), and let z, €
['(Fpr, Lyr) and xg0 = [(Tpg, ..., 2p )] € I'(Fsr, Lg). Then we have the iso-
morphisms of arithmetic prequantization bundles with respect to sections
Lp; ™~ Ty} Lp; ™~ Tp]

Lyt — L, Ly — L,

LE =Ly, Ly =L
Suppose further that there is an isomorphism 7 : k& = k' of number fields
which sends p; to p} for 1 < i <r. so that we have the isomorphism

E:Xg =X\ S = Xp\S' = Xg.

For example, let k := Q(v/2), k' := Q(v2w), w := exp(%jl) and so N = 2.
Let ¢ be the isomorphism k = &’ defined by £(¥/2) := v/2w. Noting 20, =
(V2)%, X3 -2 = (X —4)(X —7)(X —20) mod 31, let S := {p1 := (V/2),p2 :=
(31,2 — 4),p2 == (31,V/2 = 7),ps := (31,72 — 20)}, 5" := £(S) = {p} :=
(V2w), ply := (31,3/2w — 4),p% == (31, V2w — 7),p} := (31,¥2w — 20)}, so
that we have ky, = ki, = Q2 and ky, =k, = Q31 (2 < i < 4). So this
example satisfies the above conditions.

The isomorphism ¢ : Xg —+ Xg induces the bijection &* : ]:YS/ =
Fx .- By the constructions in the subsection 3.2 and the section 4, we have
the following

Proposition 5.2.1. The isomorphism &g : Lg — Lg induces the bijection
La(Fx, res5(Ls)) = La(Fx,, ress (Ls))

which sends CSYS to CSYS,- The isomorphism &s @ Lg 5 Lg induces the
isomorphism

Hs — Hg,

which sends ZYS to Zys,.

Remark 5.2.2. Proposition 5.2.1 may be regarded as an arithmetic ana-
logue of the axiom in (2 + 1)-dimensional TQFT, which asserts that an
orientation homeomorphism f : 3 X 5 between closed surfaces induces an
isomorphism Hy, — Hys of quantum Hilbert spaces and if f extends to an
orientation preserving homeomorphism M = M’, with M = %, 0M’ = ¥,
Zr is sent to Zy under the induced isomorphism Hanr — Honr -
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5.3. The case that S is empty

In the theory in Sections 3 and 4, we can include the case that S is the
empty set () as follows.

We define Fj to be the space of a single point, Fy := {x}. We define
the arithmetic prequantization principal Z/NZ-bundle Ly to be Z/NZ, on
which G acts trivially, so that the map wy : Ly — Fy is G-equivariant. So the
arithmetic prequantization F-line bundle Ly is defined by Z/NZ xz/nz F' =
F. The arithmetic Chern-Simons 1-cocycle Ay is defined to be 0.

Let IIj, be the modified étale fundamental group of X defined by con-
sidering the Artin-Verdier topology on X}, which takes the real primes into
account (cf. [13, Section 2.1], [1], [5], [32]). It is the Galois group of the
maximal extension of k£ unramified at all finite and infinite primes. We set

Fx, = Homeont (I, G).

Following [H], we define the mod N arithmetic Chern-Simons invariant
CSx, (p) of p € Fx, by the image of ¢ under the composition

H3G,Z/NZ) % H3I, Z/NZ) — H3(X4,Z/NZ) ~ Z/NZ,

where the cohomology group of X, is the modified étale cohomology defined
in the Artin-Verdier topology. Thus we have the arithmetic Chern-Simons
functional CSx, : F, — Z/NZ and so we see that

CSx, €lg(Fx, ,resy(Ly)) = Map(Mx, ,Z/NZ),
where res is the (unique) restriction map F5, — Fp. Then we have
dCS%, =0 =resy(Ng).

The arithmetic quantum space Hy is defined by I'¢(Fy, Ly) = F. Fol-
lowing [13], we define the arithmetic Dijkgraaf-Witten invariant Z(X}) of
Xy by
CS%, (p)

Z(Yk) = # Z CN

S

and the arithmetic Dijkgraaf-Witten partition function by ZYk : Fyg — F
by Zx, (x) = Z(X},) for * € Fy. So we have

Zyk S H@.
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We note that when [c] is trivial, Z(X}) coincides with the (averaged) number
of continuous homomorphism from II; to G:

Z(Yk) — #Hom;(;né(r‘[k7 G) ,

which is the classical invariant for the number field k.

5.4. Disjoint union of finite sets of primes and reversing the
orientation of Vg

Let S1 = {p1,...,pr,} and So = {pr,+1,..., P} be disjoint sets of finite
primes of £ and let S = 51 U S2. We include the case where S; is empty,
but Sy is non-empty. (For the case where S; and Sy are both empty, the
following arguments are trivial.) Then we have

]:5' = .7:51 X .7:52.

For the arithmetic quantization principal Z/NZ-bundles, we define the
map
H - ﬁgl X ﬁsz — ﬁs,

as follows. For the case that S; = () (and so S = S), we set
(5.4.1) m 8 [as,] = [as,].m

for (m,[ag]) € Ly X Lg,. For the case that S1 # (), we set
(5.4.2) las,] B as,] := [(as,, as,)]

for (lovs,], [as,]) € Ls, x Ls,.

For the arithmetic quantization F-line bundles, we let pf(Lg,) be the
G-equivariant F-line bundle over Fg induced from Lg, by the projection
Di - ]:S —>]:Si for i = 1,2:

pi(Ls,) == {(ps,[([as.], 2i)]) € Fs x Lg, | ps, = ws,([as,]) }

for ps = (ps,,ps,). When S; = 0, we think of pf(Ly) = F simply over
Fp = {*}. Let

p; (ws,) : p; (Ls,) — Fs
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be the projection. The fiber over ps = (pg,, ps,) is given by

P (ws,) " Hps) = {ps} x {{([as,],2:)] € Ls, | ps, = ws,([as,]), z € F}

where Lg. (pg,) is as in (3.1.38). We set
Ls, W Lg, := pi(Ls,) ® py(Ls,),

which is the F-line bundle over Fg and whose element is written by

(ps; [([as, ], 21)] @ [([avs,], 22)])s

where ps = (ps,,ps,) € Fs, [([as,],zi)] € Ls,(ps,). The right action on
Lg, X Lg, is defined by

(ps: [(las,], 21)] @ [([ers,], 22)])-9 := (ps.9, [([es,].9, 21)] @ [([evs, ]9, 22)])

so that the projection Lg, X Lg, — Fg is G-equivariant. Then, as in Propo-
sition 3.1.42, we have the isomorphism of G-equivariant F-line bundles over
Fg:

Ls, W Ls, — Ls; (ps; [([as,], 21)] @ [([as,], 22)]) = [([aus], z122)],

where ag = (ag,, as,). Choose zg, € I'(Fs,, Lg,) and let zg := [(xg,,%s,)] €
I'(Fs,Ls). Then we see that

A (g, ps,) + Ne 2 (9, ps,) = A (g, ps)

for g € G, ps = (ps,, ps,) and, as in the case that Lg, we have the isomor-
phism

Ly WL = pi(Lg )@ps(Lg?) — Lgs ((ps,ps.), 21022) v (ps, z122)

for ps = (ps,, ps, ), which is compatible with Lg, K Lg, ~ Lg via Proposition
2.1.39.

Proposition 5.4.3. For 0; € ’HES (i = 1,2), we define 61 - 6 € HE
by
(01 - 02)(ps) := 01(ps,)02(ps,)
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for ps = (ps,,ps,). Then we have the following isomorphism of F-vector
spaces

H' @HG? — HE; 61® 603 0 -6,
For 0; € Hs, (i =1,2), we define 6; X0y € Hg by

(01 X 02)(ps) := p1(01(ps,)) @ p3(O2(ps,))

for ps = (ps,, ps,)- Here pi(01(ps,))@p3(02(ps,)) denotes [([as], z122)] when
0i(ps,) = [([as.], zi)], as = (as,,as,). Then we have the following isomor-
phism of F-vector spaces

Hs, @ Hg, — Hg; (01,02) — 01 K 0.

The above isomorphisms are compatible via the isomorphisms ©%s: : Hg, o~
He (i =1,2) and O : Hg ~ HE in (4.1.2).

Proof. We may assume by Remark 5.1.2 that the cocycle ¢ is normalized.
For 6 € H, set 61(ps,) := 0(ps,,1) and O2(ps,) := 0(1,ps,). Since c is
normalized, by (3.1.7) and (3.1.10), we have A\,(g,1) = 0 for ¢ € G and
p € S;. From this, we have 0; € Hgs Then the map H® — ’H;fl ® ngz;
0 — 61 ® 02, gives the inverse of the former map. By the definitions, the
second map is compatible with the first one via @gs i Hg, ~ Hgs (1=1,2)
and ©%5 : Hg ~ H¢® and so we have the following commutative diagram

Hs, @Hg, — Hs
OTs1 ® OZTs2 ! \L \L N Os
H @Hg® — HES,
from which the second isomorphism follows. O

Remark 5.4.4. Proposition 5.4.3 may be regarded as an arithmetic analog
of the multiplicative property that Hy, .y, = Hy, ® Hy, for disjoint surfaces
¥; and Y9 which is one of the axioms required in (2+ 1)-dimensional TQFT

([2])-
For a finite prime p of k, the canonical isomorphism
invy : HZ (0V,,Z/NZ) = Z/NZ

indicates that 0V, is “orientable” and we choose (implicitly) the “orienta-
tion” of OV, corresponding 1 € Z/NZ. We let 9V, = 0V, with the “opposite
orientation”, namely, inv, ([0V,]) = —1.
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The arithmetic prequantization principal Z /N Z-bundle for OV, denoted
by Ly-, is defined (formally) by £, with the opposite action of the structure
group Z/NZ, (ap,m) — ay.(—m) for o, € Ly~ and m € Z/NZ. So the
arithmetic prequantization F-line bundle Ly for 9V;f is the dual bundle of
Ly, Ly« = Ly, Noting I'(Fy, Ly ) = I'(Fy, L), the arithmetic Chern-Simons
1-cocycle )\ﬁf for OV is given by —)\i” for z, € I'(F,, Ly-). The actions of
G on £;§f =Fy, Xx Z/NZ and Lﬁf = F, x F' are changed to those via )\if.

For a finite set of finite primes S = {p1,...,p,}, we set Vg := 9V, U
s an*T. Then the arithmetic prequantization bundles Lg-, Lg-, L& and
L (vs € I'(Fs, Ls-) = I'(Fp, Ls)) are defined in the similar manner. For
the arithmetic Chern-Simons 1-cocycle, we have

Ts __ s
)\S* — _)\S .

Let H¢S be the arithmetic quantum space for 0V§ with respect to xg.
Then we see that

Mg ={0":Fs = F|0°(ps.g) = Cﬁff 1) (pg) for ps € Fo, g € G}
= {07 : Fs — F | 0*(ps.g) = (0" 0%(ps) for ps € Fs,g € G}
- 7{”5”,57

where ﬁﬁs is the complex conjugate of Hg’. Since the pairing

HE X HE — F; (07,0) > > 0%(ps)0(ps)
ps€Fs

is a (Hermitian) perfect pairing, together with (3.1.2), we have the following

Proposition 5.4.5. H¢? and Hs- are the dual spaces of Hg® and Hg,
respectively:

gi = (Hgs)*, HS* = (HS)*

Remark 5.4.6. Proposition 5.4.5 may be regarded as an arithmetic analog
of the involutory property that Hy. = H5,, where X* = X with the opposite
orientation, which is one of the axioms required in (2+1)-dimensional TQFT
(12))-

In the subsection 3.2 and the section 4, we have chosen implicitly the
orientation of X g so that the boundary X ¢ with induced orientation may
be identified with 0Vg. Let 7; denote X g with the opposite orientation.
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Then, the arithmetic Chern-Simons functional and the Dijkgraaf-Witten
partition function for X g are given as follows:

vs - s ( -CS3F (ﬂ)
(5.4.7) CS%. = —CSL . Z5: (ps) =3 G p; Cy

6. Decomposition and gluing formulas

In this section, we show a decomposition formula for arithmetic Chern-
Simons invariants and a gluing formula for arithmetic Dijkgraaf-Witten
partition functions, which generalize the decomposition formula in [8] in
our framework. We keep the same notations and assumptions as in Sections
3, 4 and 5.

6.1. Arithmetic Chern-Simons functionals and arithmetic
Dijkgraaf-Witten partition functions for Vg

For a finite prime p of £, let O, denote the ring of p-adic integers and we let
Vy := Spec(O,). For a non-empty finite set of finite primes S = {p1,--- ,p,}
of k, let Vg := V,,, U--- UV, , which plays a role analogous to a tubular
neighborhood of a link, and so OVg plays a role of the boundary of Vg. In
this subsection, we introduce the arithmetic Chern-Simons functional and
arithmetic Dijkgraaf-Witten partition function for Vs, which will be used
for our gluing formula in the next section.

Let f[p be the étale fundamental group of V},, namely, the Galois group
of the maximal unramified extension of k, and we set

Fy, = Homcont(f[p,G), Fvg = Fy, X X Fy, .

Since f[p ~7 (profinite infinite cyclic group), Fy, ~ G. G acts on Fy, from
the right by

]:Vs X G — ‘7:Vs; ((ﬁpi)iag) = p.9 = (g_lﬁpig)iv
and let My, denote the quotient set by this action:
My, = Fy,/G.

Let 1ésp, : Fy, — Fp and résg := (résy,) : Fy; — Fg denote the restriction
maps induced by the natural continuous homomorphisms vy, : II,, — ﬁpi
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(1 < i < r), which are G-equivariant. We denote by Res,, and Resg the
homomorphisms on cochains given as the pull-back by vy, :

Resy, : C"(,,,Z/NZ) — C™(I1,,, Z/NZ); o; > i 0 vy,
T

Ress : [ [ C"(I,,, Z/NZ) — [[ C"(Wy,, Z/NZ); (o) — (Resy, (a)).
i=1 i=1

For p = (pp,)i € Fvs, copy, € 7Z3(M,,,Z/NZ). Since H3(11,,,Z/NZ) = 0,
there is 3,, € C%(Il,,,Z/NZ) such that

We see that
co réspi(ﬁpi) = dR~esP7‘, (qu)
for 1 <4 <r and we have

[Ress((Bp,)i)] € Ls(ress(p))-

Let résg(Ls) be the G-equivariant principal Z/NZ-bundle over Fy, induced
from Lg by résg:

résg(Lg) == {(p,as) € Fy, x Lg|réss(p) = ws(as)}

and let résg(wg) be the projection résg(Ls) — Fy,. We define the arithmetic
Chern-Simons functional CSy, : Fy, — Lg by

C Sy, (p) := [Ress((Bp,):)]

for p € Fy,. The value C'Sy,(p) is called the arithmetic Chern-Simons in-
variant of p.

Lemma 6.1.1. (1) CSy.(p) is independent of the choice of By, .
(2) CSy, is a G-equivariant section of résg(wg):

CSVS c Fg(}-vs,résfg(ﬁg)) = F(MVS, résg(zs)).

Proof. (1) This follows from the fact that the cohomological dimension of
II,, is one.
(2) The proof of this lemma is almost same as Lemma 3.2.12. (2). O
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For a section g = [(2p,,...,2p,)] € T'(Fs,Ls), the isomorphism ®g° :
Ls — L& induces the isomorphism

0o : To(Fyy,1885(Ls)) — Ta(Fuy,rési(LE)) = Mapg(Fvs, Z/NZ);
Ys — (I)gs o Yg.
We define the arithmetic Chern-Simons functional CSYS : Fy, — Z/NZ
with respect to zg by the image of C'Sy, under s,
Proposition 6.1.2. (1) For p € Fy,, we have

T

CSyi(p) = Z(RESS(BM — @p, (vesp, (Pp,)))-
i=1
(2) We have the following equality in C(G,Map(Fy,,Z/NZ))
dCSy, = rés*(\g°).

Proof. (1) This follows from the definition of W®s.
(2) Since CSy, € Mapg(Fv,,Z/NZ), we have
CSyi(p-9) = CSYZ(p) + A§7 (9, 18s5(p))
for g € G and p € Fy,, which means the assertion. O

Proposition 6.1.3. Let 2y € I'(Fg,Lg) be another section, which yields

C'S‘g;if) and let 5@5’% : Fs — Z/NZ be the map in Proposition 3.1.34. Then
we have

ST (5) — CSTE (5) = 0577 (séss (7).
Proof. This follows from Proposition 6.1.2. (1) and Lemma 2.1.4. O
For pg € Fg, we define the subset Fy,(ps) of Fy, by

Fvs(ps) == {p € Fvs |ress(p) = ps}-

We then define the arithmetic Dijkgraaf- Witten invariant Zy,(ps) of ps with
respect to xg by

vs 1 05
Zies) =g > Y.

pPEFv,(ps)
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Theorem 6.1.4. (1) Zy*(ps) is independent of the choice of BPPM
(2) We have

Zi € HE.
Proof. (1) This follows from Proposition 6.1.1. (1).
(2) This follows from Proposition 6.1.2. (2). O

We call Z“ﬁj the arithmetic Dijkgraaf- Witten partition function for Vg
with respect to zg.

Proposition 6.1.5. For sections zg,z's € I'(Fgs, Lg) we see that
07 (Z) = 2y

Proof. This follows from Proposition 6.1.3. O

By the identification (4.1.3), Zy® defines the element Zy, of Hg which is
independent of the choice of zg. We call it the arithmetic Dijkgraaf- Witten
partition function for Vg.

In the above, the orientation of Vg is chosen so that it is compatible
with that of OV as explained in the subsection 5.4. Let V¢ denote Vg with
opposite orientation. Then, following (5.4.7), the arithmetic Chern-Simons
functional and the arithmetic Dijkgraaf-Witten partition function are given
by

zs PR 1 ~OS%E (7)
(6.1.6) CSy: = —CSz, sz*(ps):% >y

PEFvg(ps)

6.2. Gluing formulas for arithmetic Chern-Simons invariants and
gluing formulas for arithmetic Dijkgraaf-Witten partition
functions

Let S1 and Sy be disjoint sets of finite primes of k, where S; may be empty
and Sy is non-empty. We assume that any prime dividing N is contained in
So if Sp is empty and that any prime dividing N is contained in Sy if 5]
is non-empty. We let S := S1 LI So. We may think of X g, as the space ob-
tained by gluing X g and V3, along 0Vg,. Let ng : llg — Ilg,, ¢p : I, — 1lg,
vp I, — ﬁp, and uy, : IZIF| — IIg, be the natural homomorphisms, where
p € Sz, so that we have ng o1, = up o vy, for p € Ss.
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Let B : Lg, x Lg, — Ls be the map defined as in (5.4.1) and (5.4.2).
Now we have the following decomposition formula.

Theorem 6.2.1 (Decomposition formula). For p € Homeon(Ilg,, G), we
have

CSx,, (p) BCSv, ((poup)pes,) = CSx, (pons).

Proof. Case that S; = (). Although this may be well known, we give a
proof for the sake of readers. By the Artin—Verdier Duality for compact
support étale cohomologies ([20, Chapter II. Theorem 3.1]) and modified
étale cohomologies ([5, Theorem 5.1]), we have the following isomorphisms
for a fixed (n € pp,

H3 (Xg,Z/NZ) = Homx (Z/NZ,Gy, x,)~ = pn (k)™ =2 Z/NZ,

comp

H*(Xy,,Z/NZ) = Homy, (Z/NZ,G,, )~ = (k)™ 2 Z/NZ,

where G, x; (resp. G, ) is the sheaf of units on Xg (resp. X}) and
(=)~ is given by Hom(—,Q/Z). We denote the isomorphisms above by
inv’ : 3, (Xs,Z/NZ) — Z/NZ and inv : H¥(Xy,Z/NZ) = Z/NZ. Now

we recall the definition of H3 (Xg,Z/NZ) ([20, p.165]). We define the

comp

complex Ceomp(Ils,Z/N7Z) by

Clopnp(Ms, Z/NZ) := C"(I15, Z/NZ) x [ €™ (1, Z/NZ),

comp
peS
d(a, (b)) := (da, (Resy(a) — dby)),
where a € C"(Ilg, Z/NZ) and (b,) € H Cc"'(Il,,Z/NZ). H, (X5, Z/NZ)

peS
is defined by

H"  (Xg,Z/NZ) := H"(C%,, (s, Z/NZ)).

comp comp



56 Hikaru Hirano et al.

Then we can describe inv' : H3 | (Xg,Z/NZ) — Z/NZ as follows. Let

[(a, (bp))] € Hgomp(XS,Z/NZ) Since da = 0 and H3(Ilg,Z/NZ) = 0, there
is a cochain b € C%(Ilg,Z/NZ) such that db = a. Then we have

inv’'([(a, (bp)]) = Zian([ReSp(b) = byl),
pes

where invy, : H*(Il,,Z/NZ) — Z/NZ is the canonical isomorphism given
by the theory of Brauer groups. We note that the right side of the equation
above doesn’t depend on the choice of b. Recall that IIj, denotes the modified
étale fundamental group of X . Let js : H3(Il, Z/NZ) — H3(Xy, Z/NZ)
be the natural homomorphism induced by the modified Hochschild-Serre
spectral sequence ([13, Corollary 2.2.8]). We describe the image of the co-
homology class [c o p] € H3(II;,, Z/NZ) by the composed map

inv' ' oinvo jg : H3(Iy, Z/NZ) — H3, . (Xg,Z/NZ).

comp

Since co (pong) € Z3(Ilg,Z/NZ) and H?*(Ilg,Z/NZ) = 0, there exists a
cochain Byeys € C?*(Ilg,Z/NZ) such that dBjen, = co (pong). We note
that dResp(Bpons) = d(Bpons © tp) = c o pouyowvy. Since co (powuy) €
Z3(1ly, Z/NZ) and H3(I,,Z/NZ) = Hz(Hp,Z/NZ) = 0, there exists a
cochain Bpou, € C?(1l,,Z/NZ) such that dBpou, = co (pouy). We set
Booupov, = ﬁpoup ov, € C?(Il,,,Z/NZ). So we have dﬁpoupovp = co(poupouy).
Then we obtain

(inv' ™" o inv o js)([co pl) = [(co (pons), (Bpou,))].
We see that [Resy(Bpons)]s [Bpouyov,] € Lp(p o up 0 vp). Thus we obtain
CSx,(p) = (mvois)(lcop)
= (inv' oinv' " oinv o j3)([co p])
= inv'([(c o (,0 o 773)7 (5poup0vp ))])
= Z ian ([RGSP (6/30775) - 5poup ovyp ])

pes
= CSx (pons) —CSvi((poup)yes)

Case that S; # 0. Let 8, € C*(Ils,,Z/NZ) be a cochain such that dg, =
cop. We have d(8,0ns) = co(pong) and d(B,0up) = co(pouy) for p € Sy.
So we obtain

CSYSI (p) B CSvs, ((po Up)pes) = [(Bpomnsotp)pes,] B[(Bpoupovy)pes,]
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[(/Bp O Up o Up)pes]
= [(Bponsotp)pes]
= CS% (pons). O

Let zg, € I'(Fs,,Ls,) (i = 1,2)) be any sections. We define the section
zs € I'(Fg, Ls) by

zs5(ps,, ps,) = xs,(ps,) Bzs, (ps,)-

By the proof of Theorem 6.2.1, we have the following

Corollary 6.2.2. Notations being as above, we have the following equality
in Z/N7Z.

OSL (p) + Sy ((powp)pes,) = S (poms).

We consider the situation that we obtain the space X g, by gluing X g and
V¢ along 9Vs,. We define the pairing < , >: Hg® x Hg? — He ' by
2 2 1

(6.2.3) < 05,05, > (ps,) =#G > 05(ps,,ps,)05(ps,)

psy, €Fs,

for 05 € H®,0s; € ’ngz and pg, € Fs,. This induces the pairing < , >:
Hs x Hg,» — Hs, by (3.1.2). Now we prove the following gluing formula.

Theorem 6.2.4 (Gluing formula). Notations being as above, we have the
following equality

< Zys, ZV§2 > = Zysl .

Proof. We show the equality

Z%s 705 5 = gra
< )(s7 V52 > XS1

for any sections zg, € I'(Fg,, Ls,) (i = 1,2). Noting (6.1.6), we have
< Z%SS’Z‘Z; > (ps,)

_# 3 < 3 CNCS;SS(”/)M 3 CNfcsijz(ﬁ')>

Psy€Fsy p'E€Fx (Ppsy:Psy) PEF v, (Psy)

- <% 3 (y OSR (P)-OSV (f)))

psy €F sy (P'ﬁ)e]:fs (ps, 7Psz)><]:vsz (psy)
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for pgs, € Fg,. We define the map

x(ps): Fx, (0s) = L] (Fxalpsips.) x Fre, (0s))
ps,€F s,

by
x(ps,)(p1) = (p1ons, (p1 0 up)pes,)

for p; € }"ysl (ps,)- In order to obtain the required statement by Corollary
5.2.2, it suffices to show that x(ps,) is bijective. (Though this may be seen
by noticing that IIg, is the push-out of the maps ¢, and v, (Ilg, is the
amalgamated product of IIg and IIj, along II,) for Sy = {p}, we give here a
straightforward proof.)

\lps,) is injective: suppose x(ps,)(p1) = x(ps,)(6h) for p1,h € Fx. (ps,):
Then p; o ng = p} o ng. Since ng is surjective, p; = pj.

X(ps,) is surjective: Let (p, (Pp)pes,) € Fx (psi:ps,) X Fvs, (ps,). Then we
have

ress, (p) = ps,,1e85,(p) = ps,,18ss,((Pp)pes,) = Ps,-

Since résy(py) is unramified representation of 11, for p € S, p is unramified
over Sy. Therefore there is p; € ‘FYS such that p = p; o ng. Since we see
that

P1OUp OUp = P1ONSOLy =POLy=[pOUp

for p € Sz and vy is surjective, we have p; ou, = p, for p € Sz. Hence
X(ps,)(p1) = (p; (Pp)pes,) and so x(ps,) is surjective. O
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