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Enumeration of hypermaps and Hirota

equations for extended rationally
constrained KP

G. CARLET, J. VAN DE LEUR, H. POSTHUMA, AND S. SHADRIN

We consider the Hurwitz Dubrovin—Frobenius manifold structure
on the space of meromorphic functions on the Riemann sphere
with exactly two poles, one simple and one of arbitrary order.
We prove that the all genera partition function (also known as
the total descendant potential) associated with this Dubrovin—
Frobenius manifold is a tau function of a rational reduction of the
Kadomtsev—Petviashvili hierarchy. This statement was conjectured
by Liu, Zhang, and Zhou. We also provide a partial enumerative
meaning for this partition function associating one particular set
of times with enumeration of rooted hypermaps.
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Introduction

This paper is a continuation to [10]. We consider the Hurwitz space Ho.; n—1
of rational functions with two poles, one of order 1 and one of order N — 1,
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for N > 2. As shown by Dubrovin in [12], this space carries the structure of
semi-simple Dubrovin—Frobenius manifold of rank N. This family of Frobe-
nius manifolds has also been recently studied from a different point of view
in [3].

There are two equivalent constructions of the so-called all genera par-
tition function (also known as total descendant potential) associated with
a semi-simple Dubrovin—Frobenius manifold, given respectively in [23, 24]
and in [14] (their equivalence is proved in [14]). Until now the combinatorial
or enumerative meaning of the partition functions associated to Ho.1 n—1
was not known, except for the case N = 2 covered in [10]. We prove in this
paper that a restriction of this partition function to one set of times gives
a generating function for the enumeration of rooted hypermaps on compact
two-dimensional surfaces.

Dubrovin and Zhang proved in op. cit. that the partition function of any
Dubrovin-Frobenius manifold is a tau function of an infinite-dimensional in-
tegrable system, the so-called Dubrovin—Zhang hierarchy (see also [4]). Liu,
Zhang, and Zhou conjectured in [30] that the Dubrovin—Zhang integrable
systems associated with the family of Dubrovin—Frobenius manifolds on
Ho.1 n—1, N > 2, are certain extensions of the rationally (/N —1)-constrained
Kadomtsev—Petviashvili (KP) hierarchies, [11, 29]. In this paper we prove a
version of their conjecture. Namely, we do prove that the partition function
associated to Ho.; n—1, N > 2, is a tau function of the extended rationally
constrained KP hierarchies, using an approach to construct the integrable
systems due to Givental-Milanov—Tseng [22, 25, 33]. Note that the equiva-
lence of these two approaches to the construction of integrable systems is not
known. The first few steps towards their identification are outlined in [9].

Extending the method of Givental-Milanov—Tseng, we first construct
Hirota bilinear equations for the partition function of Hy.q nv—1, N > 2, and
then we derive from the Hirota bilinear equations the Lax representation
of the corresponding integrable system, generalizing the methods developed
in [32, 8]. Finally, in the Lax form we recognize the rationally (N — 1)-
constrained KP hierarchy, as predicted by Liu, Zhang, and Zhou in [30].

Organization of the paper

To keep this paper reasonably short and technical we expect the reader to
be familiar with the theory of Dubrovin—Frobenius manifolds as well as with
the Givental theory. We will focus on the particular computations necessary
to generalize the results of [10], to which we refer for a survey of the relevant
definitions in the same notation as we use here.
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In Section 1 we recall the definition and the basic structures, like flat
metric, flat coordinates, the unit and the Euler vector fields, etc. of the
Dubrovin-Frobenius manifold Hy,; y—1. In the further computations of the
various structures of this Dubrovin—Frobenius manifold we restrict to a spe-
cial point that we use as the base point for the expansion of the total de-
scendant potential. In particular, we recall there the choice of calibration
proposed by Liu, Zhang, and Zhou.

In Section 2 we recall the Givental formulas for the total descendant
and ancestor potentials (expanded at the special point) and prove that the
restriction of the total descendant potential to one set of times gives a gen-
erating function for the enumeration of rooted hypermaps, and thus a hy-
pergeometric KP tau function by itself (see Theorem 3 and Corollary 7).

In Section 3 we discuss the geometry behind the solutions of Dubrovin’s
Fuchsian system associated to the Dubrovin-Frobenius manifold Ho,1 ny—1
and choose a suitable (sub)orbit of its monodromy group for further analysis.
In particular, we discuss the period vectors associated to this (sub)orbit.
Using these period vectors, we construct the vertex operators and discuss
their asymptotics and conjugation properties (needed in the next section for
the formulation and analysis of the Hirota quadratic equations).

In Section 4 we formulate and prove the Hirota quadratic equations for
the total ancestor and the total descendant potentials, see Theorem 19 and
Theorem 22, respectively. Note that we consider the expansions of the both
potentials at the special point of Hy.; y—1. At the end of the section we
finally present the Hirota quadratic equations for the descendant potential
in a very explicit form, see Corollary 23.

In Section 5 we analyse the explicit form of the Hirota quadratic equa-
tions and derive the Lax formulation of the associated integrable system,
which we recognise to be the rationally (N — 1)-constrained KP hierarchy,
see Proposition 27 and Proposition 29. In Proposition 30 we provide the Lax
representation of the extra chain of flows that provide the mentioned exten-
sion of the well-known rational reductions of the KP hierarchy. It has to be
noted, however, that certain expected properties of the Lax pairs associated
to the extra flows could not be proved with the currently available methods,
see Remark 33 for the related conjecture.

1. The Dubrovin—Frobenius manifold
We recall the definition of the family of Dubrovin—Frobenius manifolds un-

der consideration in terms of their superpotential following the construction
on Hurwitz spaces in [12, Lecture 5]. This family of Dubrovin-Frobenius
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manifolds was also studied in detail in [16, Section 8]. The N = 2 case is
discussed in detail in [10] and some analysis of the case N = 3 is developed
in [12, Example 5.5].

Most of our analysis throughout the paper is performed in the neigh-
borhood of the special point t,,, defined below. After a short survey of the
basic structures of the Dubrovin—Frobenius manifold, we switch to the com-
putations at ).

1.1. Definition and basic structures

Let M be the Hurwitz space Hy.1 nv—1, i.e. the space of meromorphic func-
tions on the Riemann sphere C,, with two poles of order 1 and N — 1
respectively and simple finite ramification points, modulo automorphisms
of Cs. The space M of meromorphic functions on C., with ramification
profile (N — 1,1) over oo, modulo automorphisms, can be identified with
CN—1 x C* via the superpotential

an
b
p—a

(1.1) fP)=p" " +ap" P+ +ana +

so M is identified with an open subset of M ~ CN~! x C*, given by the
functions f(p) which have N distinct finite simple critical points. Denoting
A+ the corresponding degenerate subset of M , we have that M = M \Acrit-

In the neighbourhood of any point a € M, the critical values u’ =
f(pi), corresponding to the N distinct critical points p; with f/(p;) = 0,
i=1,..., N, define local coordinates. The assumption of simple ramification
at the finite ramification points means that f”(p;) # 0. Denote by M the
subset of M where f has N distinct critical values.

The commutative associative product - on the tangent spaces to M is
defined by declaring the coordinates u’ to be canonical, i.e., the coordinate
tangent fields are idempotents,

o 0 . 0
out oul Y out’

(1.2)

The action of the affine group f — af + 38 on Hp.1 ny—1 induces the unit
and the Euler vector fields which are explicitly given by

0 i 0
W g PRy

=1
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By direct computation we have

1 8f

(149) E(f) =~ 5175

e(f) =1,

from which it follows that in canonical coordinates

N N
0 - 0

1. = — E= .
(1.5) €T L gy Zu out

=1 =1

The metric is given by
/ /!

(1.6) (0,0") = —(Res + Res)8 1] dp.

p=cc  p=a:’ Opf

The flatness of the metric can be directly proved by introducing flat co-
ordinates t!,...,t" defined as coefficients of p(u) = u + O(u~!) solving

f(p,a) = pV 1 and explicitly given by t' = a; and
N -1 a-1

(1.7) " = — Res f~-1 dp, a=2,...,N,
a—1 p=co

which in particular implies ¢V = ax. The metric in these coordinates is
given by

bosgNit 9 <o <N -1

datpN+1 a=1,N.

Using (1.4) it is easy to see that the unit and the Euler vector fields in
flat coordinates are given by

0 a ., 0

a=
The charge d of this Dubrovin—Frobenius manifold is equal to

N -3
1.10 d=——.
(1.10) N1

Recall also that the matrices p and U are respectively defined as

(1.11)

2 d N-1 N-3 1-N
=% vE=a . -
n=g oV 1%(MN—1Y%N—1Y ’mN—lQ’ u
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and are respectively skew-symmetric and symmetric w.r.t. the inner prod-
uct n

(1.12) nw=—pn, U =U".
1.2. Computations at the special point

We fix a special point t, := {a; = §; y}, where the superpotential takes the
form f(p,tsp) = pN=1 4+ p~t. Our goal is to compute some of the structures
associated with the Dubrovin—Frobenius manifold M at this point.

In all computations below it is sufficient to use the fact that in the
neighborhood of the special point (that is, in the coordinates t* = ¢® +§*)

N
(1.13) F.t) = F(pte) + > 1PN+ Ep 2 4o, 1Y),

a=2

The critical points of f(p,ts) are ¢; = (N — 1)"YNexp(27i - i/N), i =

1,..., N. Therefore, the values of the canonical coordinates at ts, are u’ =
fcistsp),i=1,...,N, and

ol N-l—a =2,...,N,
(1.14) = Ny

o, ¢;“=(N-1)g * a=1

We introduce functions A; such that

o 0
.. fl = A A g
(115) 5ZJAZ ‘tsp <aul’ au]>

and in particular we fix

= 0 N"HN — 1)V exp(2ni - 3i/N),

top

(1.16) AP = NY2(N — 1)V exp(—2ni - 3i/2N).
Then
. _1/20u
1.17) U, =AY
(L17) o, = A7 755 .
Nfl/Q(N _ 1)(72N71+2a)/2N

= -exp(2mi - (2N + 1 — 2a)/2N), a=2,...,N,
N-V2(N — 1)1/2N exp(27i-i(—1)/2N), a=1
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1.2.1. The R matrix The Givental R matrix given by R(z) = >0 Ry2*
is defined by the equations Ry = Id and

(1.18) (U Ry 1 U U] = (m+ p) U 'R, 0.

Knowing W[;, and U|,, this equation allows to fully reconstruct R(z)l;,,,
but we won’t need the explicit form of the R-matrix.

1.2.2. Calibration We recall the choice of calibration proposed in [30,
Section 5]. Let f(p) = f(p,a). We have, for m > 0:

(1.19)
1 e

am “— — N—ld’ =2...., 1,
O, (N—l)HL"ZO(kJr%);i%SOf(p) p, a=2 N—1
(1.20)

1 m

O1m = _m%ieo%f(p) +p,

(1.21)
N .
Onm = N =—Dm! Res f ()™ (logf(p) — h(m))dp,

where h(m) are the harmonic numbers. In the last expression log f(p) is
defined as a series near p = a;

~ N -1 1
(1.22) logf(p) = v (log ay + A+ ﬁB>’

where A is a formal power series in p — a1 obtained by the expansion of
log(P2 f(p,a)) at p ~ a1, and B is a formal power series in (p — ap)~?

obtained by the expansion of log((p — a1)' ™" f(p,a)) at (p —ay)~* ~ 0.
The S-matrix is then defined as

0
(1.23) (Sm)§ = nﬂwaﬂ.

Remark 1. By calibration we refer to a solution to the deformed flatness
equations

)%
(124) —Z% = (/},—F—)K Z@ :CaY



Hypermaps and constrained KP 651

of the form

(1.25) Y(t,z) =S(t,z)zHz7°

where S(t,2) = ;5 Srz~F with Sy = 1 and satisfying the condition
(1.26) S(2)S(—2)T =1.

Above C, denotes the operator of multiplication on the tangent space by
%. It follows from the entries in the diagonal matrix p that the only non-
zero entry of the matrix p is p]lv, which is then computed to be equal to
2. One can prove along the lines of Section 2 in [10] that the S matrix
defined above does indeed provide a calibration.

1.2.3. The S matrix at ts;;, From the previous formula and the choice
of calibration of Liu-Zhang—Zhou we obtain the following formula for the
S-matrix at tg,. Letting F = pN~! 4+ p~! = f(p,ts,) we have:

(1.27)
(— = Res p2 m=(B-1/(N=1) g,
o (b 3=2) p=oo ;
2<a,B<N-1,
L —1 pm—(—1)/(N—1
~ Ty Res pmET TN Ddp,
a=1,2<B<N -1,
(Sw)f = { “EITEE T e F T
a=N,2<B<N-1,
_%gie;padpmdp, 2<a<N-1,=1,
_%]B:%%p_lFmdpa a=1[8=1,
~ & Res p-2Fmdp, W N.G_1
\ a

The case of B = N is a bit more subtle. We have to use four special series
there. Let
(1.28) A= log(l +pN) expanded in p ~ 0,

B = log(l —|—p_N) expanded in p ~ o0,

C:=(1 +pN)_1 expanded in p ~ 0,

D = (1 +p_N)71 expanded in p ~ oo.
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Then we have:

(1.29)

+ﬁ£{fgm(%c+%mw), a=1,
ﬁ E{fgp_QmFm_l(%A +x B —h(m))
—|—%l§:egFm(—CpN_1—l—Dp_1+%Dp_N_l), a=N.

For instance, for m = 0 we have (5p,)§ = 3.

Remark 2. In the N = 2 case we get

(1.30) S, = (2 8)

which means that the calibration is fixed to ¢» = 0 in the notations of [10].
2. Partition function and enumerative meaning
2.1. Ancestor and descendant potentials

The purpose of this section is to briefly recall the Givental formulas for the
partition function associated with the Dubrovin—Frobenius manifolds that
we consider. We assume the reader to be familiar with Givental’s quantiza-
tion and in particular with the standard definitions of all involved operators.
We refer to the original papers [23, 24] for a general exposition and to [10]
for the conventions used in this paper.

Let Tiay ({ta}a>0, €2) be the string KdV tau function, also referred in the
literature as the Kontsevich—Witten tau function, and let Qﬁl, i=1,..., N,
d=0,1,2,..., be formal variables related to the standard descendant vari-
ables t; by the so-called dilaton shift Qzl = tq — 01,4 The total ancestor
potential is given by

N
(2.1) A(4d} omn,. naz0) = @RH v ({Qu+ 01} 50 €)-
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Here R is the quadratic differential operator obtained by Givental quanti-
zation of the R matrix defined in Section 1.2.1; we won’t however need its
explicit form in this paper. The operator ¥ is just the change of variables
in the resulting function given by Q7 = W¥{ q7.

The total descendant potential is defined as

(22) D({tg}azl,...,N;dZO) = CgilA({qg}a:L...,N;dZO)’

where S~ is the operator obtained by quantization of the S-matrix coming
from the calibration, and C' is a normalization function on the underlying
Dubrovin-Frobenius manifold with the property C(ts,) = 1. The variables
tq are related to ¢ by the dilaton shift ¢f =t — 60"155171.

Throughout the paper, in order to simplify the exposition and the com-
putations, we are only interested in A and D computed at the special
point tg,. For this reason we also omit the discussion of the dependence
of A and D on the choice of point t € M, see [24] or e. g. [10] for details.

It is also useful to consider representation of Equation (2.2) entirely in
the variables t§ and T = ft + 91,4. We have:

N
(2.3) D({tg}azl,‘..,N;dZO) =C S_I‘P%HTKW({AETC%}@O? Ai€2)’

i=1

where A;E =V fori=1,...,N and

. _o_ . o
(2.4) g — (e 8] 563@)

93 —tg

. — SN i o N w2

(25)  R= (MR YT
Qi—T;

We have hence two different representations of the total descendant po-
tential expanded at the special point t4,. The advantage of Equation (2.2)
is that it is very convenient for the proof of Hirota equations in Section 4.
On the other hand, Equation (2.3) represents the total descendant potential
via formal operations on formal power series, and in this form it is used to
reveal its enumerative meaning in Section 2.2.

2.2. Relation to rooted hypermaps

For a given N > 2, a (k1 + 1,...,k, + 1)-hypermap of genus g is a way
to combinatorially glue an oriented genus g surface from n white polygons
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with k1 +1,..., k,+1 sides, respectively, and )" , (k;+1)/N black N-gons
(their number is assumed to be integer, of course). The polygons are glued
by identifying their sides in pairs, one from a white polygon, and one from
a black N-gon. A (k1 +1,...,k, + 1)-hypermap of genus g is called rooted
if one side for each white (k; + 1)-gon is distinguished.

Let RHMy., 11, k. +1 be the number of the isomorphism classes of (k1 +
1,...,ky + 1)-hypermaps of genus g. This number has various further inter-
pretations in the literature, through a number of bijective identifications and
dualities: up to a factor of ;" (k; + 1) it is related to enumeration of N-
orbifold strictly monotone Hurwitz numbers, special kind of Belyi functions,
or constellations.

Our goal it to relate the descendant potential to enumeration of hyper-
maps, thus assigning it an enumerative meaning. The main result is the
following:

Theorem 3. Consider the expansion of the descendant potential at the spe-
cial point, with the calibration given by Equation (1.27). We have:

(2.6)
O, (292 © " t,lﬂ
l0g D] 43—ge5,, :Z n! Z RHMg;kﬁlw-’anH(k;»+1)v‘
a=2,..,N;d>0  g=0n=1 T kiyenkn=0 =1 '

Proof. In order to prove this theorem, we recall that enumeration of rooted
hypermaps can be resolved by a matrix model computation, and in particular
can be computed by expanding the symmetric n-differentials obtained via
the Chekhov—Eynard-Orantin topological recursion, see [19, 17].

We consider the spectral curve given by the data X = z/(14+2"), j = 2V,
and B = dz1dza /(21 — 22)?, @01 = §dX/X. This choice of the spectral curve
data is standard from the point of view of the KP integrability, see [1, 5]. It
is more convenient for us to use an equivalent form given by x = 2N "1 +1/z,
y = —2, B=dzdz/(z1 — 22)% and wo1 = ydxr = @p1 — dz/x; thus x(2) =
f(z,tsp).

It is proved (see e. g. [19, 17, 1, 5]) that the CEO topological recur-
sion applied to this spectral curve produces the symmetric differentials
Wgn(21,-..,%n), 2g—2+n > 0, from initial data wo 1(21), wo,2(21, 22), whose
expansions near z; = --- = z, = 0 in the variables z; = z(z;), 1 = 1,...,n,
are given by

n
dz;
(27) Wgn = (—1)” E RHMg;k1+l,...,kn+l T_’Z_Q
ki, kon>0 i=1 i



Hypermaps and constrained KP 655

Recall that ci,...,cy are the critical points (identified with their z-
coordinates) of z(z). Define

dz
dv/2(x(2) — (c;))

(2.8) €(z) =

z=c; G — =z

where the choice of the square roots \/2(x(z) — z(c;)) is aligned with the

choices made for A;, j =1,..., N, namely, we require that
d _
(2.9) : =AM =10
dy/2(x(z) — 2(¢))) L=,

It is proved in [16] that
(2.10)

Wgn =

n P N .
[¢2972] Z <<H > log 'R H Trav (AZTy, Ai62)>
1<iy,...,in <N 8Ta] =1 Ti=0
ai,.. 7an>0

f[ ( d$]>aj§i" (25)

in the stable range. Combining Equations (2.7) and (2.10) we prove the the-
orem. It requires some computation performed below, which is a straight-
forward generalization of similar computations done in [10, 18].

First, we obtain an equivalent form of Equation (2.10) in the flat frame.
To this end, define £ := (v—Hegt a=1,...,N. We have:

(2.11)

Wg,n =

EXY ((ﬁ afij) log ¥ RHTKdV (AFT) Ave ))

1<aq,...,an,<N =1
at,...,an >0

f[ i) e

te=0
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(in this form Equation (2.11) could be also directly derived from [15], since
we consider here an instance of a Hurwitz Frobenius manifold in the sense
of Dubrovin). Note that

. vy V-1, a=2... N-1,
(2.12) £ — W’ a=1,
1 JE—
To(N—1)27 » a=N.

Second, we use the fact that the action of 'S amounts to a linear trian-
gular change of variables combined with the shift of the point of expansion
(with the implied correction of the unstable terms), that is

(2.13)

n 2
<H afaj log tgflli/tRHTKdv({Ail/ZTé}GZO, Ai€2>>

7=1 i=1

to=§oNG, o

n P o 2 '
> (S (H logthHTKdv({Ai/QT;}@o,A#))

B;
0<t,<a,, =10ty . i—1
7j=1,...,n

te=0

With (2.13), (2.11), and (2.7) combined, the statement of the theorem re-
duces in the stable range 2g — 2 4+ n > 0 to the following lemma:

Lemma 4. We have:

k41 a_ k>-1
(2.14) Res — d<_i> £ = ) e
Z2=00 (k + 1)! dx (Sk—a)(lxa k>a>0.

Proof. Recall Equation (1.27) for = 1. Note that

! d\%- ph—a ~
2.15 Res ———d( —— ) &%= —Res ——— dzé®
(2:15) =0 (k+ 1) ( dm) CERS g™

if £ > a and 0 otherwise. Then for m = k—a we rewrite the latter expression
as

(2.16)
a72£d 7(N - 1)

2= —— " Res 2 22™dz
m' m‘ 2=00

LN
Rt = RV b
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in the case « =2,...,N — 1 and if « = 1 or N, then we have
$m ng 2‘,];77’1/ _1 2
(2.17) — Res —dz€® = Res 2P7*—dz = — Res 2P “2""dz,
2=0 m)! 2=0 m! m! z=cc0

with p =1 for « =1 and p = 0 for « = N. For all a we obtain the formulas
that coincide with the ones given in Equation (1.27) for g = 1. O

Finally, we have to check the unstable cases (¢g,n) = (0,1) and (g,n) =
(0,2). To this end, we use explicit formulas for the unstable cases in terms
of the S-matrix from [23]:

(2.18)

[E_thﬂ log D

t9=6N8q4,0 = nll,a(sa—&-Q)(lly

a=2,...,N;d>0
f1711+ oo _ S sz S uwnn
[Ethétﬂ logD fogaNg, = [Zawb] Zm,n 0( m)l ( n)l Mu)
aiZ,,..,N;dEO Ztw

which allow us to conclude the proof of the theorem with the following two
lemmata.

Lemma 5. We have:

1

(2.19) ] RHMot1 = 1,0 (Sk+2)T-

Proof. Recall that the unit vector field is 9/0tN 1. Hence, the right hand
side of Equation (2.19) is equal to

(2.20)  N1a(Ske2)f

1 s 1 —(N-1) Noy o 1\

—;Res N_l—l—1 k+2d
(b +2)! p=0 b P b

On the other hand, Equation (2.7) for ¢ = 0, n = 1 gives RHMg 441 =
[X*T1)7, where §j = 2 = 2(2N7! +1/z) — 1, thus

1 _ 1 d(z/(1+ 2V))
(k+1)! RAMo1 = (k+1)! ESSZN (z/(1 + zN))k+2

(2.21)
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which implies the statement of the lemma. O

Lemma 6. We have:
! RHM _
(ky + 1)!(ka + 1)! Oyt 1kt 1 =

k1 ko —Mm: + Zz,nzzo w?lwghnal,az(snl)(lh (‘51712)5¥2
[wl Way } .

w1 + w2
Proof. First we analyze the right hand side of Equation (2.22). Recall the
definition of 7 given in Equation (1.8), in particular, ;1 = 0. Recall also
the formulas for (S,){ at the special point given in Equation (1.27). In
particular, a useful version of this formula in the case a = N is

(2.22)

N — — n
(2'23) (Sn)(lx =~ Resp f(p7 tsp)ndp = | N Qf(pa tsp) dp.

n! p=oo

Using this expression, and, furthermore, replacing the residues at p = oo
with the residues at p = 0, we have:

(224) Z wl U)2 770617062(‘5”1)?1(8712)(112

ny,Na2= =0
Z wy'wy* (N — 1)
TL1,7’L2—0
z 9 Nei—af(P1,tsp)™ f(p2,tsp)™
o— « ) Y
Z}f}gs Res pi™p) - - dpudp.

Obviously, the constant term of this series is equal to zero.
Now, to compute the left hand side of Equation (2.22), we recall that
from Equation (2.7) for ¢ = 0, n = 2 we have that

(2.25)

(k14 1)(ka + 1)! RAMo:k, +1,k211
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_ z(21)
= R RS )y (k2+1)

-dy d,, (10g z1 — 29) log(ac(zl) — SU(ZQ)))
o) ()
21=0 zo= (kl —+ 1) (l{?g + 1)'

N-1 N-1
21 — % )

-dy,d,, log<1 — 2129
21 — 22

Hence,

2.26 Lk RHM,.
( ) (’UJl + w2) i ;Owl w2 (kl T 1)'(k2 4 1)| 0;k1+1,ka+1

witw Res Res
kkz>0 1 21=0 2,=0 k‘ll k‘g'
1,2

ki+k2>1

N-1 N-1
z —z
1 2

. (alzlx(zl)dz2 log (1 — zlzg—z )
z21 — 22

N-1_  N-1
+ d,,x(22)d,, log<1 — 2122—1 2 ))

Z1 — 22
kl k‘2
T\ 21 T\ 22
g w1y wy Res Res 2(z)™ w(z)
! |
=0 22=0 k‘l. /{2.
k1,k2>0
ki+ko>1
N
(N —=1) E 202N T d .
a=1

The latter expression coincides with (2.24), which implies the statement of
the lemma. O

These computations complete the proof of the theorem. ]
2.3. Hypergeometric KP tau function

Consider the generating function Z for the rooted hypermaps

(2.27) Z = exp(Z 29— 22 Z RHMgkh . ﬁtk)
1

g>0 o1 ke k =
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This function is a KP tau function of hypergeometric type [26] and it can
be given by

(2.28)

Z = <Z sx({pitiz1)sx({Pitiz1) H (I+e(i—j )> pl_zt e, i>1"

A (4.9 €A pi=0in /€, i>1

Here the sum is taken over the Young diagrams A, and sy({p;}i>1) and
sx({pi}i>1) are the Schur functions considered in the power sums variables
p1,P2,-.. and p1,p2,..., respectively.

Corollary 7. The restriction of the total descendant potential
(2.29) Dl p—(ds1)tuss, d>0

tod=§oN§Lo =2 ... N;d>0
is a hypergeometric KP tau-function given by (2.28).

Remark 8. The function Z is expanded in the power sum variables p;, ¢ > 1,
as

(2.30) Zzexp(Z 29- 22 ‘ Z OSMH%kh ,anp-).
9>0 n>1 Y k> i=1

Here OSMHg, 1, . &, are the so-called N-orbifold strictly monotone Hurwitz
numbers, see e.g. [27, 2].

3. Period vectors and vertex operators

Following the presentation in [13, Section 5], it is convenient to think of the
superpotential A = f(p,tsp) = pV "t +p~1 as a covering C* — C defining a
multi-valued function p = p(A, tsp) defined on the A-plane. To fix the choices
needed to describe explicitly the period vector we introduce cuts in the A-
plane. The analysis of this section is valid in a neighbourhood of the special
point tg,, with explicit computations performed only at tg,.

3.1. Cuts in the A-plane and one-point cycles
Recall that the critical points of f(p,ts,) are given by

(3.1) ¢i=(N—1)"YNexp(2ni-i/N), i=1,...,N
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and the values of the canonical coordinates are equal to
(3.2)  w'=f(city) = N(N —1)~7 Lexp (-%i%), i=1,...,N.

The half-line ¢; := " VR passing through the critical point ¢; covers twice
the half-line ¢; := u! +ef2”iﬁ]R+, where ¢ =1,..., N. Let us denote by D,;_1
the sector with 2md < arg(p) < 27+ cut out by ¢; and ¢;_;. Clearly two
preimages of a point A of /; are contained on ¢; and tend to zero and oo
respectively when |[A\| — 0o; the remaining N — 2 preimages are contained in
the sectors D; with j # 4,7 — 1. Each sector D; is mapped biholomorphically
to the complex plane minus EZ U lZiH. Let +; be the deck transformation
induced by a small path going counterclockwise around the critical value u’;
then we have

(33) ’)/Z'ZDZ‘_1<—>DZ', izl,...,N

while v; leaves invariant D; with j # ¢,i—1. We denote by p;()) the preimage
of A e (C\{UZZZ} in Dj;, j=0,...,N —1, with the additional convention that
Dy = Dy and py(A) = po(A). We denote by p;j(A) also its multivalued
analytic continuation on C\{uy,...,un}.

3.2. Period vectors

We define the one-point period vectors I,g?)()\, t) as

lnaﬁ/ 8f(p7t8p) dp _ 1 af apz(Aytsp)
p

(3.4) (LD(\tp))" = 5 -

0% dpf(pty) 2 otF

for © = 0,..., N — 1. The middle part of the equation above comes from
singularity where one views p; as an element of Ho(f1()\g),Z) for some g
in the cut plane, but it suffices for us to simply use the right hand side as
a definition. They are single-valued on the cut A-plane and have the same
monodromy as the one-point cycles described above.

We define the period vectors Iéi_l)()\, tsp), @ =1,..., N corresponding to
vanishing cycles as

1 PN o f
(=1) @ _ ZpaB
(35 (0t =37 [ Sty
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where the integration path in the p-plane is contained in D;_1 U D;. Here ¢;
is the standard basis of CV so that we can define I, := EZ]\L 1 a;l,, for any
a = sz\il a;e; € CN.

Notice that we can write

(3.6)
(IO t)™ = (L5 V)™ = () (M)
. 8f(pi71(pvt5p)vt5p) 1
+ = OCB/ d
2" w, ots Opf(Pi—1(pstsp); tsp) P
where
_ o 1 A af(p<p t ) 3 ) 1
3.7 I(_ 1) )\7t8 i a,@/ i\F>lsp)s lsp do.
( ) ( bi ( p)) 277 u; ots 8pf(pi(p7 tsp)atsp) P

Notice that the integrand behaves like (p — u;) /2

u;, so the integrals above are convergent.
One can easily check that 8)\.715:1)(/\,7531,) = I(,?)()\,tsp) and this implies
that

near the critical point

(38) IV (\typ) == ISV (N tp) = IV (N tp) = IR (A, ).
For/{e€Z and i=1,..., N, define

(3.9) IO\ tep) = (00 FTITY (N ty),

where, for £ < 0, the operator 8;1 in this formula denotes integration along

a path in the cut A-plane from u; to A.

Remark 9. It can be checked that the period vectors Lgf) solve the (general-
ized) Fuchsian equation associated to the Frobenius manifold and have the
correct asymptotic behaviour in the neighbourhood of the critical values ;.
These are respectively given by

©

(3.10) (U—A)aal—)\: <u+é+%)l(5)

and

(3.11) JR (_Wr(e +1/2) (A — ) TR (e + O(A — u))

3
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for A ~ u’. Notice that a general argument for the fact that the period vectors
solve the Fuchsian system follows from the computation of their asymptotic
behaviour at A\ ~ oo, see Remark 15. (See [10] for N = 2 and [13] for more
details on the general Fuchsian system associated to a Frobenius manifold.)

Notice moreover that the period vectors I](;?) (A, t) in general do not solve
the Fuchsian system.

For future reference it is important to compute the period vector corre-
sponding to w = Zz]\; e;, i.e.

N )
N BN Y
(3.12) IO t) =250 / 8 20 (o ) dp.
( " ) 2 i=1 /Pi-1(A) ot :

Using the topology of the covering described in Section 3.1, we see that this
formula is equal to an integral in the p-plane along a contour homotopy
equivalent to the positively oriented loop around p = 0. Notice also that

(N-1p*2 a=2,...,N—1,
aﬁaf

(3'13) n w(pa tsp) = p_l a=1,
p2 a=N.

Therefore, (L([l)()\,tsp))“ = midf.

3.3. Monodromy period vectors and choice of orbit

The monodromy of the period vectors Ie(?) = 1(7?) — I,(,?Zl is determined
by the monodromy of the one-point cycle period vectors which coincides
with the monodromy of the one-point cycles. The fundamental group of the
pointed A plane 71 (C\{u!,...,u"}) acts by associating with 1V its analytic
continuation ’yiL(,O) along the path C o~; o C~! where C is a path from \g

to A. We have that %-L(,O) = L(Y?q)} where

(314) Yi€; = €5 — 2Gij€i

and the intersection matrix G is given by G11 = --- = Gyy = 1, and G;; =
—1/2fori=j+1and fori=1,j = N and i = N,j = 1. The intersection
matrix G;; defines a pairing < e;,e; >= G; on CN = (eq,...,en).

Our goal is to choose a reasonably small orbit of the action of the
monodromy group. To this end, let w = Zf\; 1 € and consider the vectors
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Vo, ..., UN—1 € {(€1,...,en—1) given by
i N-1
(3.15) vi= jej+ Y (5—Nej.
j=1 j=i+1
Remark 10. Note that in the view of the identity Ié?) = ]S?) — Iz(,?zl it might

be natural to realize the space (ej,...,en_1) as a subspace of (pg,...,pN_1)
such that e; = p; — p;_1, and in this bigger space the formulas for v; read

N-1 N-1
(3.16) v = Z(pi—pj) = Np; — ij.
j=0 §=0
Notice that y;w = w, v;: vi—1 < v; and Y0 = vk, k # i — 1,4 for
i=1,...,N. In particular, the set {vg,...,vn_1} C {e1,...,en—1) is closed
under the subgroup of the monodromy group generated by ~vi,...,vn_1.
Notice in particular that yyv; = v, i =1,...,N — 2, yyoy_1 = vg + Nw

and yyvg = vy_1 — Nw.

The whole orbit under the monodromy group that we consider is given by
{vo,v1,v2,...,uN_1} + NZw, and the nontrivial actions of v;, i = 1,..., N,
can be schematically represented as

YN -1
. -~ UN_1 — w
3.17 N_1— 2N
A/&V/’
Y1 Y2 YN -1
v9g— Nw =— v — Nw <— <~———oun_1 — Nw
ﬁm/
st Y2 TN-1
’UO < ’Ul < < UN*].
IN
8t Y2 YN -1
vo+ Nw <—= v + Nw <—— <~ oun_1+ Nw
ﬁ@/’
Y1

v+ 2Nw =—
3.4. The function W
Given a,b € CV we define the function

(3.18) Wan(t, A) = (IOt 1), 1L (£, 1))
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The fundamental group of the pointed plane acts on the integral of W, 4
as follows

Lemma 11. For a € CV we have that

A
(3.19) %( /A wa,adp>=

A
/ Wa,amadp +4 < a,e; >
Ao

ui
Wriae.dp + i < a, e; >2
Ao

Here m;a = (a + ~;a)/2 is the projection onto the hyperplane invariant
under ;. This is a general formula valid for arbitrary Frobenius manifolds
(with L(lo)(t, A) being the normalized solutions of Dubrovin’s Fuchsian sys-
tem (3.10), see [13, Section 5]), once we have < e;,e; >=1fori=1,...,N.
The proof is reduced to a local analysis of the action of the monodromy and
paths of the integration.

3.5. A choice of orbit and covariant coefficients

Let O be the orbit of the action of the monodromy group given by O =

{%(v;+{Nw)|i =0,...,N—1,¢ € Z}. Our goal is to assign to the vectors of

the orbit O certain coefficients that are covariant with respect to the action

of the monodromy group. The peculiar choice of the coefficient 2/N in front

of v; will become clear later, in the proof of Lemma 12, cf. Equation (3.24).
We define the coefficients ¢; ¢ as

A
(3.20) Ci,g()\) = di,g exp [— Wi,ﬂui,vid)\] y 1= 0, ceey N — 1,

Ao

(the integral from Ao to A is taken in the cut A-plane) with

(3.21)
d;p =
pi(Ao)
_ (0) (0)
exXp [ /p ony Tz 52,00y BN Doy 2 52 3 (B ) AN)
where [, 2(2)_% SN p (AP) (t,A) is the corresponding linear combination of one-

point cycle period vectors defined as in (3.4).
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We have to specify the contour in this definition. Consider a disk in the
p-plane around the finite pole 0 of f(p,ts) = pV =1+ p~1 and all its critical
points, with the points pg(Ao), - .., pn—1(Ag) on its boundary (the points are
ordered according to the counterclockwise direction of its boundary). The
contour connecting po(Ao) and p;(Ao) in the definition of d; ¢ first rotates ¢
times along the boundary of this disk (¢ times in the positive direction for
¢ >0, and —/ times in the negative direction for ¢ < 0), and then goes from

po(Ao) to pi(Ag) along the boundary in the positive direction.
Lemma 12.

(1) The function 2 (v; + LNw) v+ c¢; ¢ is covariant on the orbit O, that is,

we have v;: ¢i_10 <> ¢y, 1 =1,...,N —1, and yN: cN—1¢ <> C00+1,
and all other actions of v;, i=1,...,N oncjy, j=0,...,N —1, are
trivial.

(2) We have ¢; ¢ = ¢; o exp(—%2mil).

Proof. The fact that v;y1¢i¢ = cit1,0,7=0,...,N=2,and ynyeN—_1,0 = Co+1
follows directly from the definition.
Since A = pN ! 4 agp™N P+ - +an_1 +an/(p — a1), we have

N-—1
(3.22) > piAt) =ar =t

=0
and, therefore,

N—-1 1
3.23 IO 1)) = —Z6%.
(3.23) izo(p (A 1)) i) 50N
Thus,
(0) (0)

(3.24) (B2 5 pyoaon &M T2 5 (B 2)) A

Ip o5 Op 2 Jp
= LB gy -
ot BB N otN
d\ 2 dp

= dlog| == il
Og(dp)*Np—tl

(the second equality here is an explicit computation at ¢gp).
Since § dlog(df/dp) € 2miZ for any closed contour in the p-plane and
¢ dp/(p—t') = 2mi for any closed contour that bounds a disk containing the

dX
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finite pole of f in the p-plane, we see that indeed ¢; ¢ = c; exp(—%%riﬁ),
i=0,...,N—1.

The assertion that v;11ci10 = ¢ig, @ = 0,...,N — 1, and yncoy =
cN—14-1, follows from the fact that the residues of (3.24) at the critical
points of A(p, t) in the p-plane are integers. Finally, all other actions of 7; on
c; ¢ are trivial since they are absorbed by the deformations of the integration
contours that do not cross the poles of (3.24). O

3.6. The vertex operators

For a vector a € CN = (eq,..., en) define
(3.25) a(t, A 2) = IV ()
leZ

Let I'* denote the vertex operator defined as the exponential of the quanti-
zation of linear Hamiltonian h;, of f,:

(326) Fa = ef'\l g 8@ 6@.
3.7. Asymptotics at XA ~ u?

Let us define

(3.27) freav (X, 2) ZIKdV :
lez
) _ ol -1/2 _ (_1)4 o1
Tcoy () = 05 (20) 12 = ﬁF(H 1/2)A" .
One can prove that for ¢ =1,..., N one has
(3.28) fe.(t, A, z) = VTN R(t, 2)fkav (A — v’ 2)e;

for A\ ~ u’. In the previous expression the coefficients of z' are seen as
Laurent series in (A — u?)!/2.

Remark 13. The asymptotic formula (3.28) was proved in the case N = 2 [10]
by an explicit comparison of the expressions for R and f., at ¢t = t,,. Notice
however that such result can be proved in general by using the fact that
the periods can be obtained as Laplace transform of the solutions to the
deformed flatness equation (1.24), see [13].
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3.8. Asymptotics at A ~ oo

Let Log A be the main branch of the logarithm defined for the cut Ry in the
(0)

A-plane. Define I, % .4, o, i=1,...,N—1as
a 1 _
(829) (I hgen)” = AV amg N -
(0) 1 N 4
1 =
( 61+"'+ei700) 2(N _ 1))‘ )
0 N 1
(Ie(l-)i-"’-‘rei,oo) = 5’

and L(U%o = 0, where we recall that w = ZZ]\L 1 €. Here the index ¢ of e;
directs the choice of the branch of the logarithm:

1
(3.30)  logA=LogA+2mi(i —1), AVWN-D = exp<N

_1log)\>.

Let us now define, for f € Z andi=1,..., N,

{0 = (02)' 1)

€;,00

where, for ¢ < 0, we use the following convention for the formal integration
without constants:

(3.31) (™A = %Am (logA —h(m)),  m>0,

and (1 1(1,010))0‘ = midy, so that we have

PRIy
() = miof S, £>0,

w,00

We also define

feoo)\z Zjeoo_

LeZ

Let I'Y, for v € CY, denote the vertex operator defined as quantisation of
fa,00 as above:

—

(3.32) Y = efo = elfue)-elivee)s,

oo

In particular, note that I'Y, = e(fu,o)—
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Lemma 14. For v € CV, the asymptotic expansion of §, for |A\| ~ oo,
arg A # 0 is given by

(3.33) fo(t, A, 2) ~ S(t,2) fooo(A, 2).

Proof. Tt is sufficient to prove that
oo

(334) IO 0N~ S (DRI, e =1 N1,
k=0

and it is sufficient to do this in a neighborhood of the special point tg,. In
this formula, the right hand side is a function on the A-plane with a branch
cut along R, . For the left hand side we deform the cuts 4;, i =0,...,N —1
in such a way that they all become asymptotic in the upper half plane to
R, as A — oo in decreasing order /1, ..., ¢y in Im(\).

Equation (3.34) is equivalent to

1 0 >
(3.35) —§naﬁw(pi(>\at) po(A, ) ~ Z Sk) 505 (I éll "y Oo)ﬁ,
k=0

where by p;, 7 =0,..., N — 1, we mean the point that is in the preimage of
A = f(p,t) in the disk D; (here we use that t is close to ts, and we use the
deformation of the cuts chosen in Section 3.1).

Recall the definition of S given in Equation (1.23), Section 1.2.2. With
this definition, it is sufficient to prove that

1 o
(836)  —5 (i) = poA D) ~ D (DM asdR (L))
k=0

up to the terms constant in t. Note that p; — oo for A — oo, and in the
corresponding sector we have (take into account the choice of the branch of
log A given in (3.30))
~1
1 D;
(3.37) AN =
(F(pirt) /P 1)

The Lagrange-Blirmann formula implies that

(338) i _)\N 1 —Z/\ prpy RGS _f(p’ )N 1dp

n=1
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B
k—1,. B-N 168 B—N
[[ico (i = F=x) mP=e (N = 1)(k — =)
=2 z(_l)ke,&ka])f(Ie(?l---+ei,00)/3

(and one can formally add 0 - Zzozo(—1)’“9N7k8')f(Ié?zru_ﬂ“oo)]v to the latter
expression). On the other hand, with pg — ¢! for A — oo, we have:

po — t!
(po —t1) f(po,t)

In this case, the Lagrange-Biirmann formula implies

(3.39) A=

> nd(p — tl)
3.40 — ¢l = A" Res — —¢! ) ———=
( ) Do 2 —in (( Po )f(pO )) (p _ tl)n
_ > (_6A>k/\71 1 k+1
== Bes g o)
k=0
2(N — 1) & 1
= % (_1)k017k8§(Ie(?zr--drei,oo) :
k=0

Note also that O = t!, hence

(341) ' =20n0(I% e n0)Y =2 (1 FON RO (1D ene)
k=0

foranyi=1,...,N — 1.
Combining these computations, we obtain

[e.9]

1 .
(842) 5 —p0) = Y (-1 (1) jeio)s =1 N -1
k=0

in the corresponding sector of expansion. O
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Remark 15. The large |A| behaviour of f, given in Lemma 14 actually implies
that the periods L(,l) satisfy the Fuchsian system. This can be seen, following
the general approach of [31], by observing that such formal expansion is
actually convergent in a neighbourhood of A ~ oo and extends by analytic
continuation to a multivalued function on C \ {u},...,u™}.

3.9. Monodromy at oo

For future reference, it is useful to collect together the explicit formulas for
fzy, 00 and the action of the monodromy around A = oo on them. For i =0
we have:

(343)  (Fzyp00) = D (—2) 05(—0x Log ),

tez.
(F2.0,00)" =0, a=2...,N—1,
1
(2o = (=205 (~3):
el
and fort=1,..., N — 1 we have:

349 (120,00 = X200 00 (Losr +2rii - 1) ).

LEL -1
(F2u,00)" = (2104 (A5 exp (21 - D3 ) )
LET

(20,000 = 3 (~2)10% <%>

el

Let Yoo = 71 - --vn denote the monodromy along a contour around A = co
oriented in the counterclockwise direction. The action of vy, on fz2, ., is

N
given by

(345) (’yoof%vo,oo)l = (f%vg,oo)l - 27“ Z(_Z)Eaﬁﬂl’

LeZ
(Voof%vo,oo)a = (f%v[hoo)a; o = 2’ PPN 7N’

or, in other words,

(3.46) Yoof 2py00 =

Zvg,00 2fw700'
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Fori=1,..., N — 2 we have:

(347) 'Yoof%vi,oo = f%viJrl:OO’

and finally

(348)  (Yoof 2uy_y00)" = (F2u,,00)" + 271 Y _(—2)"05 1,

el
(ryOOf%UN_l,oo)a = (f%fuhoo)av o = 2, ey N,

or, in other words,

(349) IYOOf%UN,l,oo = f V1,00 + 2fw700'

2
N
3.10. Conjugation by S
Let us now consider the conjugation of the vertex operator by the S action

of the Givental group. We define W55 = (I, 189 so(t, A), Iy (0) 2V (t,A), a,b € CN.
Notice that

2\1
oo f— _—— —_
(3.50) W, 2, = (2 N) 5
1 2\1
(351) 20”172U1:<1+m_ﬁ>x’ ’L:L,N—l

For our choice of calibration, we have the following result:

Proposition 16. For a € CV, and t = ts,, we have
(3.52) ST §1 = 2 & Wauam Wi )dpa,

Proof. Tt follows from the Baker-Campbell-Hausdorff formula that, for f =
D f,2! in the loop space V and S(z) in the twisted loop group, we have

(3.53) Sl G = e3W(Fefs) g5,

where

(3.54) W(fs, 1) = Z Wi ifis ),
k>0
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and the coefficients Wy, ; € End(V') are defined by the generating formula

S*(w)S(z) — 1'

—k_ -l _
(3.55) > Wil = = o

k>0

We need therefore to evaluate the phase factor W((fo,00)+, (fa,00)+). It
follows from the symplectic properties of S and Lemma 14 that for any
a,beCV

(3.50) W (fase) - fnoc) ) = =Wap + W,

The right-hand side is a formal power series in powers of A" T with leading
1

order A_l_ﬁ, so it can be integrated to a formal power series of the same

type. The integration constant is obtained by computing the A — oo limit

in

(B57)  W((awo)ts (roo)s) = 3 (~D)FH (Wit 1),
k>0

which is equal to

(3.58) (Wool{ % 132%) = (505 (1) (1)

i (Wooll

From the properties of S and the asymptotics of the periods we get

(3.59) Sy =0, (IO = %(al —ay). 0

4. The Hirota quadratic equations

In this section we define the ancestor Hirota quadratic equations and prove
that the ancestor potential A satisfies them. Then we prove the descendent
Hirota quadratic equations for the descendant potential D.

4.1. Definition of Hirota quadratic equations for the ancestor
potential

Recall that the total ancestor potential A, defined in (2.1), is a formal power
series in the variables ¢ + 57\,_15} fora=1,...,N and ¢ > 0 whose coeffi-
cients are Laurent series in €, and which depends analytically on the point
of M.
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In the infinite orbit O of the monodromy group defined in the beginning
of Section 3.5 we choose a finite subset O = {Zv;]i =0,...,N — 1}, and we
associate the functions ¢; = ¢; o defined in Section 3.5 to the vectors in O.

Recall that (L(U_l))a = midf, hence (L(U_l))a = midy, v (Where w = N e,
and we use the scalar product to lower the index). Define

1) N:exp< 5 (16 )dl 8>

- N
(G.0)#(N,0) ISy 94

(15" )a) @
—exp<— Z i oy )

0>1
j=1,..N

Lemma 17. If q(])V — q‘év € e(Z + %), the following expression is a single-
valued 1-form in A:

N-1
(4.2) (N ON) <Z DN @F—%w) (A® A)dA.

=0

Here the two copies of N, T, and A depend on the variables q} and (j} re-
spectively.

Proof. We need to prove that (4.2) is invariant under the action of the gen-
erators 7i,...,vyn of the fundamental group of the pointed complex plane.
Note that the coefficients of N are single-valued functions in \. Indeed, since
L(U_l) is constant, all L(U_E_l), £ > 0, are polynomials in A.

Note that for ¢ = 1,...,N — 1 we have v;: O — O, v: ci—1 < ¢
and ~;: TRVt ¢ F%”’?, and the action of 7; on all other coefficients and
vertex operators is trivial. Hence the action of v;, i =1,..., N — 1, is just a
reshuffling of the summands in (4.2) which leaves (4.2) invariant.

For vy we have yn: ¢g — cN,le%%i and Yy: cy_1 — 6067%
yne; — ¢ fori=1,..., N —2 by Lemma 12. In the meanwhile, 'yNI‘%
™Y for i = 1,...,N —2, and

2mi and

Vi

(43) ’)/NF%UO = F%UN*1_2U) — e_Q}wF%UN—l’

ZuNn_ 2 yo+2w 22
NI VN1 =T'w"% :efFNO’

where we use the definition (3.26) of the vertex operators I' and the fact that
(fw)+ = 0 for the second equalities. Therefore, the action of vy on (4.2) is
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given by
N-1
(4.4) YN (N @N) <Z eI @ I‘_ﬁvi) (A® A)dx
i=0

+ w2 (e @ ¢ ) oy TRON @ T NN
N-2
+) el ® F‘W”1‘> (A® A)d.

i=1

Now note that f, = ¢! Zzzo(-f&iéil))aqﬁ and therefore

(4.5) Net2lw — t2mie  a) \r.

Therefore, the right hand side of (4.4) is equal to

(4.6) (eiﬂ(qﬁqﬁv%)(/\/@Mcori”O @&
+6_%((](1)\1_(7(])\]_27\?)(/\[®N)CN71F%UN_1 [~ Zvn-1
N-2
FNON Y el ®FNUi>(A®A)dA.

i=1

Under the condition that 2mie (¢ — @’ — e%) € 2miZ this expression is
equal to (4.2), which proves the invariance under the action of yy. O

Lemma 17 implies that Expression (4.2) restricted to ¢’ — @’ € e(Z+ %)
is a formal power series in the variables g + (5?\,71(5; and g7 + (57\,71(5% for
a=1,...,N, £>0 and a Laurent series in ¢ whose coeflicients are rational

functions of A with possible poles at the points A\ = u!, ..., u, c.

Definition 18. We say that the ancestor potential A satisfies the ancestor
Hirota quadratic equations for the set O if the aforementioned dependence

on \ is polynomial, that is, if there are no poles at A = u', ..., u".

4.2. Proof of the ancestor Hirota equations

Theorem 19. The ancestor potential A satisfies the ancestor Hirota qua-
dratic equations.
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Proof. Let us prove that (4.2) is regular at A — u! (the cases of A —

u?,...,uN"! are completely analogous, and A — u! is just a bit more

special and is discussed below). The period vector I (2}

N Vi

A — ul for i # 0,1, £ € Z. Therefore, (4.2) is regular at A\ — u! if and only
if the following expression

is holomorphic at

(4.7) (N @N) (D ¥* @ TR 4 ¢, T*" @ T3 ) (A ® A)dA,

which is single valued for A near u!, is also regular at A — u'. Since the

factor N ® N doesn’t affect the regularity at A — u!, it is sufficient to prove
the regularity of

(4.8) (oD N* @T™RY 4 TN @ D73 ) (A @ A)dA

in a neighborhood of u' where it is still single valued.
Since %vo =—e; + v, %vl = e1 + v, where

N-1

2—N 2 )
(4.9) V= 61+N EQ(]—N)ej.
]:

Notice that < ej;,v >= 0 implies that IQ()Z) is holomorphic near u'. By a
computation similar to [22], we have:

(410) rvte — ot I Wv,eldpFUFiﬁ, [vter — o F S W ey dpp—vpter
This allows to rewrite (4.8) as
(4.11) (I @ TY) (cpe2Jut Woerdbp—er g s

+ 6162 fu)\l Wv,e1dprel ® F_el) (A ® A)dp

Notice that [ ®@T'~? doesn’t affect the regularity at A\ — u', so it is sufficient
to prove the regularity of

(4.12) (coe 2 S Woardep—es g Per ¢y e2 fn Werdires @ 7€) (A @ A)dp.

Recall that A = UR Hf\i 1 TKav,- The well-known formula for the R-
conjugation of the vertex operators (see e.g. [22, Proposition 3]) together
with the asymptotic formula (3.28) of f,, for A ~ u! imply that

1

(4.13) P § R = §Res fa Were = =)o tiav Omut 2es.
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Notice that

A A 1 1
(4.14) log ¢ — 2/ Wo.erdp +/ (Wel,el — > dp

1 2p—ul

=C— %log()\—ul),

A A
1 1
(4.15) logc; + 2/ Wy e, dp —I—/ Weieo — = T )dp
ul ul 2 p— U
1

=C - §log()\—u1) — i,

where

A Ao
(4.16) C = —/ Wy wdp — 2 Wo.e, dp
Ao

ul
A
0 1 1 1 1
+/ul <Wel,el - §p—u1)dp+ 510g()\0—u )

Thus we can rewrite (4.12) as

(4.17) (@R ® \i/]%)ec(()\ — ul)fée*f“vo‘*“l’z)el ® efxav(A—ul,2)e

_ ()\ _ ul)_%edeleaz)el ® e—devmlaz)zh)
N N

(H TKAV; ® H TKdVi> dA.
=1 =1

In this expression the regularity at A — u! of
(418) (()\ _ ul)_%e—devm17Z)el ® edev(/)\:L17Z)€1
- (A= “1)_%€deV(A_ul’z)el © e TRV D) (v, © T, )dA

is equivalent to the equations of the Korteweg—de Vries hierarchy for m¢qv,,
and all other terms in (4.17) are regular at A — ul.
Exactly the same argument proves regularity of (4.2) at

(4.19) A—u? o uN L

However, for A\ — u we need some additional argument, where we have to
use the operator N and the assumption qév — (jév € e(Z+ %)
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Note that (4.2) is regular at A — u” if the following expression

(4.20) (N @N) (gl ¥ @ T~
ey a1 Ff%w’l) (A® ANy _gyee(zr2)s

is regular in a neighborhood of u” where it is still single valued. Rewrite

%’Uo, %UN_l as %vo =eN +V—w, %UN_l = —eny + v + w, where
1 N-1
(4.21) V= (2i — N)e;.
i=1

Notice that < ep,v >= 0 implies that LSE) is holomorphic at u. We use the
argument with the Baker-Campbell-Hausdorff formula as in Equation (4.3)
and the following formulas

(422) I‘Uiel — ei qul Wv,eld)\]:w’ul—wiel

[vter — oF L Wy dAp—vper
in order to rewrite (4.20) as

428) oM ((eH @ a0 Moo (0 ) (1 o T=)
+ (efw X eifw)CN_1€72 fu/\N W”xﬂNd)‘ (I‘U ® F*U) (1’\*61\7 ® 1'\61\7)>
(A® A)d)“qév—qévee(m%y

We commute (N ® N) with (e_%“’ ® e%“’) in the first summand and with
(el* ® e7Tv) in the second and rewrite (4.23) as

(4.24) (ef?(qsféa)(/\/ ® N)ecpe? SN WaendA (I @ I*) (1Y @ )
+ e BT (N @ Ney_je 2 v Woen ([0 @ T70) (T8~ @ 7))
(A A)dA gy gy ee(z+2)-

Substituting ¢’ — @)’ € (Z + %) in the first factors in both summands, we
obtain

(4.25) (e F (N @N)ege? v Woew (1Y @ T70) (DY @ T )
+ 6% (N ®N)CN_1€_2 f:\N W’UxeNdA (I‘v ® F—U) (F—EN ® FEN))
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(A®A)dA gy gy ecz+ 2)
= X (N @N) (I @ L) (en—re 2 v Weewdd(pmex g pew)
e aet o Ween (D @ D)) (A © AN gy gy ecizr 2)

In order to prove the regularity of the latter expression at A — u”, it is
sufficient to prove the regularity of

(426) (CN_]_eizf:N Wv,eNd/\ (1—1*61\7 ® FGN)
+cg e fon Weend (e @ Tex) ) (A ® A)dA,

which follows from exactly the same argument as the regularity of (4.12). O

4.3. Definition of descendant Hirota equations

Let us define

(4.27)

Ift(u_o{)_l) A ¢
Ny = exp (— Z ( ’(71) )i aaN) = eXp<— %q?%)
G0N0  ws)v 9 o 0 9

so that the following identity holds

Mmoo ey
We also define
(4.28) ey = —AT2w,

Al E
N-1"N YA ! 2 .
¢ = AmO-DEI-F54%) =1, N —1,

e T ’

where we use the principal branch of the logarithm Log A for the definition

g
F2 0000

of the fractional degrees of A. Recall ry” = el Frie = ¢ (Fgoioo)+

Consider the Hirota one-form

(&

N-1
(4.29) Woo = Naw @ Nisg (E TE" ® I‘;Oﬁvi>D @D dA,
1=0
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where the two copies of D depend on two different sets of variables, {¢j}
and {qj'} respectively.

The vertex operators Ffo%w are formal asymptotic series for A ~ oo,
namely combinations of logarithm and fractional powers of A. However, be-
cause the triviality of its monodromy at infinity, the one-form we, turns out
to be single-valued as proved in the following lemma.

Lemma 20. For ¢} — @) € €(Z + %) the Hirota one-form we, is single
valued in .

Proof. Recall explicit formulas in Section 3.9. Note also that

(4.30) Vool = Pen 2,
Yooli = Cit1 fori=1,...,N —2,
2 omi

vooc?vofl = Ccfoeiﬁ
Moreover,
(431) 7 (TE" @ T") = (M0 @ T2) (P2 e T™),
1o (TR @TN") = TX"™ @™, i=1,...,N-2
1o (P2 @ V™) = (12 @ I520) (PX" 2 1),

Thus we have:

(4.32) 7Yoo

=0

N-1

=2

N—-1
NOO®NOO<ZC;X)FO% ®F N )D@Dd)\|qz\7 _NEE(Z-F%)]

¥ (NG © No) (T220 @ T22) 30 (T™ @ o™ ™)
+ e (N @ Noo) (T2 © T520) 52 (T2 ®FS§“1)]
D@D Mgy —qyecz+2)-

Note that

(4.33)
e:t%ZWi(NOO ®Noo)(1—‘2:02w ®Fé|:02w) — :I: 27r|:F ud (N ®N )
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hence, taking into account the restriction to qéV — q{)\’ € €e(Z + %), we see
that the right hand side of Equation (4.32) is indeed equal to

N—-1
(4.34)  Now®Nx (Z TR ® F;)Nvi>z) © DdA| gy gy eez+ 2)-
=0

O

Definition 21. We say that the descendant potential D satisfies the de-
scendant Hirota quadratic equations if the Hirota one-form wy is regular at
A~ 0.

Regularity of ws, means that the coefficients of the negative powers of
A and of the monomials in y§ vanish, after the change of variables z§ =
3(a§ +§) + 08104 and y§ = 3(qf — @), with ¢ff — @) € e(Z+ ).

4.4. Proof of the descendant Hirota equations

The goal of this section is to prove

Theorem 22. The descendant potential D satisfies the descendant Hirota
quadratic equations.

Proof. The descendant potential is given by D = CS~1A, where the latter
three factors are computed at the same point of M. Though D does not
depend on the choice of this point, it is convenient to use the special one,
tsp, then in particular C' = 1, and we can use the results on the ancestor
Hirota quadratic equations for A proved in Section 4. So, all computations
below are made specifically at the special point.

Coefficients and conjugation of S and T'eo Using Proposition 16, we
have:

(4.35) (S®8)[IE" ©Tx" ") (S e )

— efA (W%Uiy%’vi7W%vi‘%vi)dp11%’vi ® F—%Ui,.

Let us prove that for i =0,..., N —1

o Vg W3

P oo
i N Vi FviFvg =c¢- F

(4.36) c
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for some common factor F' defined below. Recall an explicit computation in
Lemma 12. We have:

(4.37) k%%—jﬁixﬂ%(ﬁj>+%%>
= —log<dfd—(]?>
(8)

Define —log F' as the sum of the last two summands. For the first two sum-
mands, using that f(p) = p¥=! +p~!, we observe that for A — oo we have

i 10g p‘p:p,,()\)
p=pi(\) N

2
+ N logp‘p:po()\o)'

P=DPo ()\0)

(4.38)

W(»
lo
> < P/ lpp,(x)

Log(N — 1) + (1 4+ 55 — 2)(Log A+ 27i(i — 1)), i=1,...,N—1;
Log(—1) + (2 — %) Log A, i=0.

2
+ N 108 Plp=p (»)

Therefore,

(4.39) / Wi 20, = WS, 2, )dA =
)\ 'N

(—108(L2) |p—p.(r) — # 108 Plp—p.(n)
+Log(N — 1) + (1 + i — £)(Log A + 2mi(i — 1)),
i=1,...,N—1;
—1og(L) |,y — Z 108 Dlp—po(n)
L +Log(—1) + (2 — %) Log A, i=0.

Now Equation (4.36) follows directly by substitution of Equations (4.28)
and (4.37) on the left hand side and (4.39) on the right hand side. Thus we
have the following equality of asymptotic series:

(4.40) (S @ ) (TR @ T ) (S @8 ) = F-¢Tv" @ D™~
i=0,...,N—1

Conjugation of § and Ny, We recall [10, Lemma 39]. It is a universal
statement whose proof doesn’t use any specifics of the underlying Frobenius
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manifold (except for the properties Iﬁ)’oo =0and I, = 0 for £ > 0 that we
do have in our case). In our case, exactly the same argument implies that
we have the following equality of asymptotic series:

(4.41) NooS™1 = QTN,

where @) is an exponential of a linear combination of terms e*2q§q¥ﬁ with the
coefficients polynomial in A, and T is an exponential of a linear vector field
in qé with constant coefficients that does not contain differentiation 9/ 8qév .

Final steps of the proof Equations (4.40) and (4.41) imply that we can
rewrite (4.34) as the asymptotic series expansion at A — oo of the following

expression:

(4.42)
N-1 . .

FQeQ)IT)N®e N)(Z al'v" @ F_W’) (A® ANy _gree(zs 2)-
i=0

Since the operator F(Q®Q)(T®T) does not contain derivatives with respect
to qév and (jév , we can rewrite the above expression as

(443) (FQeQUT®T))|gy_gyeczr2)

N-1
: ((N®N) (Z ) F—%“i> (A® A)dA)

=0

@' —q) ee(z+2)

Remark that the operator F(Q®Q)(T®T) restricted to ¢} — g € e(Z+ %)
is an invertible operator that preserves the polynomiality in A\, and that
by Theorem 19 the second line of (4.43) is polynomial in A in the sense
of Definition 21. This implies that (4.34) is polynomial in A in the sense of
Definition 21: this finishes the proof that the descendant potential D satisfies
the descendant Hirota quadratic equations. O

4.5. Explicit form of the descendant Hirota equations

In this section we use the formulas for 2, ., =20,...,N — 1, computed
N 3]

above, as well as the quantization rules, in order to rewrite the descendant

Hirota quadratic equations more explicitly.
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Corollary 23. For any k € Z and for any n > 0 the descendant potential
D satisfies the following equations:

(4.44)

O—Res A" 1d)\[

11 MAL 1 &
eXp<——Z§ q}—qe)+esz( @ — ))

(=1

el
D q + e—F— } 5 q ¢ y
({e ) ) e

@ +— Z g,an {CIZZV}4>1

>1

1 f!
D qp — 6>\£+1 {(Jg s ezo N

’” 7

N €
N___Zz;qé’ N}z>1

>1
N-1

1 k
-l—ZNi )\Nlexp<2mz—1 >><

2

=0
N—-1 oo N—a_y
1 AN
o2 X
€ a=2 (=0 (N - 1)(N_1>(f+l)
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_6_ Z E' Qe ) {qf }g>1>x

>1

1 E!
D({ P
N —«a a=N_, . a—N
poel 1 _
{Qg +E(N—1)£)\N exp<27r|(z 1)N—1)} o0
a=2,....N—1

q(] +€ Z E' QK ] N}gzl>])

>1

where ¢ — @Y = e(k —1+ %).

Proof. Let us compute the explicit expression of the Hirota one-form wy.
From Equations (3.43) and (3.44) and the quantization rules we see that

(4.45) ; 1%1 AL 1i/\@(L A= b(0)a
. 2 = —— e ——— J— le)
Fooee =T Zg TR
— 00 e
+ 5AN’
;A”l oq}  20q{
and fori=1,..., N — 1 we have
N 11 pan L
(4.46) f% ; E;N(f-ﬁ-l)!qe
N—-1 oo Noayy
1 A N1 11—«
+ - — exp (27ri(i -1) )ql?‘
e a;% (N = D= e N-1
Iem 1 X » N
+E§m7(L°gA h(0) + 27i(i — 1)) qp
[e.e]
1 ¢!
_62__i
N — 1M+ 9gl
(=0 ¢
N—-1 oo
N —« a=N_»p L. a—N 0
—€ Z( >/\N—1 exp<27n(z—1) >—a
e \N-1), N—1)dq
1 0
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(4.47) Nooff

where G%vim), equals (f%vim), with ¢}’ shifted by — D> ’%fqév. This in
particular kills all the terms containing Log A, but those containinig Log A
and qév . Explicitly

B /\é 101 )\
(448)  (F2p00)- :——Log/\ a@ + = Z év—;§§w+1)!q/}
and fori=1,...,N —1
(4.49)
(2000~ = = (LowA + 20 1)
IS IEN _
3 ; m- i)( Do P (27”“ - ”le )
Therefore, setting ¢} — @}’ = e(k — 1+ %), we have for i =0
(4.50)
¢ (Now @ Noo) (TE" @ T ™) (D @ D) =
_A_k-lexp<_ggg%(qg—q;)fi 00 (a qg))
D<{qe i 6)‘£r1 }ezo7 {q?}azz?,oN—l, W + % - ; %fqéV’ {Qév}bl) -
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and fori=1,...,N —1
(4.51)

e (Noo @ Neo )(Fo% @ o v ND®@D) =
S N“«mp<%ﬂ@-n< 14—R¥%T>>x

—_

>
L
+

N—-1 oo Noa iy
1 AN-1 l1-a
+ - E Ja exp <27TI(’L —1) > (qe — q;?‘)
€ =2 =0 N -1) N—?)(Hl) N-—1

N—a\ . ox_, _ a—N
o _ = omi(i — 1
{qﬁ 6(]\7—1))\ eXp(”'(Z )N—1>} =0
=2,....N—

e - 3 g ) )

>1

12
D({QZ +€ } )
N —«a a=N_y, . a—N
qg% 1 ] —
{‘IE +E<N—1) AN eXp<27r|(z 1)]\7—1)} 0
=2,

@ +6N Z /1 qé’ {qN}e>1>

>1

The Hirota one-form wy, is regular at A = oo iff

(4.52) /\R_es WooA"dA = 0 for n > 0.

Substituting Equations (4.51) and (4.50) into the previous equation implies
the statement of the proposition.

Notice that we have chosen ¢} — g = e(k — 1+ %) to simplify the
comparison of the formulas with the ones obtained in the case N = 2 in [10,
Proposition 40]). O
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5. The Lax formulation
5.1. Lax representation with difference operators

Since multiplication by an invertible formal power series in A does not affect
regularity, we have that the Hirota one-form wy, is regular at A = oo iff the
Oz-valued Hirota one-form

B Al N r—2_ r—2_ AN
(5,1) Woo 1= ezl>0 i aze 29) @ ¢ 2% ¢~ 210 wd Oa Woo

is regular. Equivalently wo, is regular iff

(5.2) ﬁes Do A" dA =0 for n > 0.

The last formula is explicitly written as Equation (4.44) with the insertion
of the operator

N 2] o A=
(5.3) D50 A 0, T 54l Tl g Lo ATl O

just after the residue.

Notice that in the second summand in (4.44) we are averaging over the
N — 1-th roots of A, therefore only integer powers of A are present. After
substituting A with AN =1 we get the equivalent equation:

AN r2_ p_9o_ Al N
(5.4) Res A" FleXimo wt Oz ot 0ull o 00 = Lm0 @ O ¢
=00

1 e 1 )\€+1 o E N
oS g+ o - )
gl
D({qe +6)\4+1 }e> , {q?} 0

N-1

Z 7l qé ) {qé }’e>1>><

>1

1l
D({q_(} - EW}Z> ; {67?}&:2220]\]71»
Z / qévﬂ {qév}z>1>] dA

>1

A(N=1)

I(N—-1) _o_ _
o N\N=Dn+k—1 .57 2=——q¥0: 8q€¥ e o~ Liso 4 0w ¢
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1SS 1 AN-DE)
[eXp(ZZNW(% —%)
1

AN—a+{(N-1)

— (67 — @)
N1 e+1)

1o~ bt "/ N N
Sl NoT (Qf_q”)X
i
p({d- 5" o
N 1 A(VN=D(e+1) 0

o N -« a—N—{(N—-1)
{q£_€<N—1>e)\ 0

a=2,....N—1

N _ € AN=DE N
do _N_ Tqé P {qé }g21 X

1 € A
D<{qf TN )\(Z+1)(N1)} ’

—ov N-a a—N—(N-1)¢
{qé+€<N—1>e)\ 20

a=2,..,.N—1

e —Z qz A }Dl)]d)\,

>1

forkEZananO,Whereqév—cjévze(k—l—l—%).

Following a general procedure, see e.g. [10] and [8], we define

wtt =ptigtl w1 = g-lp-1

(55) Wt — pt0g+0 w0 = g-0p-0
where
N—-1 oo
1 AN—at+l(N-1) .
(5.6) gF = 4= Z @
- g:o -1+ 5a1>( )(£+1)

ii( €>1> )AE(Z_ )ng>,
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1 o )\Z+1 0 AZ h(g)
G7) & :eXp<jF2_ez I igﬁ@‘” ’ T)q@

=0 /=1
and
+(f2 Ao AN—1 + Alv oo
55 S e (F20;,00)+] D’ o _ e (F 2 0, )+D/‘
D'(zF %) ’ D'(xF 5)
Here D/((L JZ) = D(q)|qév—>qév+x‘
Equation (5.4) is equivalent to

dA A

(5.9)  Res A\N=UmHEWH ()W (g) = = Res AW ()W () -,

for k € Z and n > 0, Whereqév—cjévze(k‘—l—}—%).

Let us convert this expression in a bilinear equation for difference opera-
tors. Given a difference operator A =3 _a,A®* =) A®a, the left and right
symbols are respectively defined as 0;(A) =), a;A®* and 0,(A4) = > as\°.
Recall that

dA
A)on(B)2 — Res AB,
R}\esal( Jor( ))\ RAGS

where Resp A := ag, for a proof see [8, §3.2].
Let us define operators W*! and W*0 by

(5.10) oWy =wt oW =w1
(5.11) (W) =W, on(W0) =W o

which implies

N—-1 oo —a _
(5.12) WH = Ptlexp 1 Z Z AN +€(1\]7V_1; P
€ = =g (N =1+ 6a1) (7= es1)
> h(0) AN
+;<8“’ (N-1e) o )
N-1

AN—a+{(N-1)

Z (N -1+ 5041)(%)(@“)

0 bg) AUN-1) B
_Z@‘_(Nne) e )P
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1 AL A h(l)
14 ”H-O — P+0 o z : 1 N
(5.14) exp< 2¢ (l+1)!ql +Zl>0 Al <8I—|— € >ql )’

>0
1 AT A h(1)
Nl -0 = — =~ 1 - KASYS N P_O.
(515) W eXp<+2eZ(z+1)!q1 2 (8” ; )ql )
1>0 >0
Here the operators P*! and P*° have been defined by
(5.16) o (P*Y) = PHY, o (P7Y) =P,
o (PT0) = PO, or (P =P 0.

Note that P*! are power series in negative powers of A with leading term
equal to 1, while P*0 are power series in positive powers of A. We have that

(5.17)  Res [(WH (@) AN =Dy —L(q)A*] = Res [(WH() AW =0(g)A¥],

where ¢)Y = ¢} — % + €. Since this holds for k € Z and there is no k
dependence in the square bracket we finally find the Hirota bilinear equation
in difference operator form

(5.18) W (@AW (g) = WO () AW 0(g).

Now we proceed to derive some consequences from this bilinear equation.
For ¢ = ¢ — Sandjo(% —€) we get

(519) P+1A(N71)npfl _ P+0AfnP70,

which implies for n = 0 and b = 0,1 that

(5.20) p (qjo-‘ — dandjo <% - 6>> = P(q9) ",
consequently for n = 1 we obtain the constraint
(5.21) PHAN-L ()~ = propA- (PO o
where L is a difference Lax operator of the form

(522) L = AN_1 =+ ’l)N_QAN_2 + UN_3AN_3 + -4y + €uA_1.
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We define the following operators as in [6] or [8]:

1

(5.23) L¥7 = pHA(pT)

and its logarithm

1 1
(5.24) log L = §log+L+ §log, L,
where

(5.25) log, L= P*ed, (P) 7}
(5.26) log_ L = —P*0d, (P*) 7",

Remark 24. For later use, we note that the coefficients wy, of log L

(5.27) log L =) w;A".
keZ

are given by

OP Mz — 3 +e(1—k))

Qw_p =€ Afges \e=1ptl d,

(5.28) op—0 &ge 1+k
2wy = —e Res X110 (z - g e R
=00 Xr

If we differentiate (5.18) by ¢§ and project on the negative, respectively
non-negative, degrees of A, we obtain the following Sato—Wilson equations

opPt! opP+o
5.29 = —(B}) pP*! = (B%) P
where B is defined by
gl N+2Z
fT@eNi+1)T
1 N—a
(530) B = S U

e(N — 1)(N:?)(€+1)

1 N
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for £ > 0. It is then straightforward to derive the Lax equations from the
Sato-Wilson equations (5.29):

= [(B7),. L) = = [(BF) _, L].

oL

5.31 —_—
(531) o

5.2. Lax representation with pseudo-differential operators

In this section we derive the Lax equations in terms of pseudo-differential
operators directly from the Hirota quadratic equations. For most of the
times ¢, those with o # N, the derivation follows the usual procedure as
in the case of the rational reductions of the KP hierarchy, but it is more
complicated in the case of the “logarithmic” times qév .

As before, observe that the 0,-valued Hirota one-form &, is regular at
A = o iff the 0,-valued Hirota one-form

(5.32)

oo AL h(é) ay AL ql o Al LIGHS 1 PAasS qt
(':)OO = 67 =1 g1 + Zz 0 (e41)! ' ®e =1 g1 - ZZ 0 (e41)! ‘n CDOO

is regular. The Hirota equations are therefore satisfied iff

(5.33) /\R_es WooN'd\ = 0 for n > 0.

With a reasoning similar to the one used at the beginning of Section 5.1
we can rewrite these Hirota equations as

(5.34)

Res \V-Dndk o

=00

0 \(N=1) py(y -
eXP<—Z 7 ?(Qév—(?év)+2i€ZW(%}—@})>x

=1 ’ =0
1, dA
WH(@W (@) +
— Res N\ Fx
0 \¢ (f) N 1 L )\ 3
oo E A5 )
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where ¢l — g)Y = e(k — 1+ %), for k € Z and n > 0. Defining

AN—a+{(N-1)

a q; +
a=2 (=0 (N — 1)(%)(%1)

AN=1)(4+1) 0 Nb(0) AUN-1) N>
QZ )

N+2& L
* ONe ; (0+1)! qf_;(N—l)e 0!

Equation (5.34) becomes

o AN-DE, o dA

(536)  Res AN "D HPH (g)E(g — g A)e>im T @ ma% ()2

)\
_ n—k+0 § bl AL (qN—th)az —0/ = dA
= )\“es )\ }E (q)e £=1 g1 AL £ 7: (Q)T

Finally we introduce a new “spatial” variable by replacing qév 1 by
qévfl + X and denote

ptl _ p*l pEt0 _ p+0
(537) P =PE v, PO = PO vy

Lemma 25. The Hirota equation (4.44) is equivalent to the following equal-
ity of residues for k € Z and n > 0:

(5.38)  Res AMN=DFRE (G — g N) x

oo AE(N-1)

(75+1(q7 Nexi=1 =7 (qévféév)awefekawﬁfl(q’ /\))eﬁ(X*X) d\
= )I\K_es ARZ2(PHO (g, N)eim %(Qév_qg)awe_gka’”ﬁ_o((j, A)) dA,

for @y = a3 — %
Notice that in the previous equation the variable q{]\’ ~1 was clearly shifted
by X. Moreover, to simplify the expression, we set cj[])V — zj(])V —e(k—1),
replaced k by k 4 1, and finally multiplied (5.36) on the right by e~%%.
This bilinear identity is equivalent to a bilinear identity involving pseudo-
differential operators in X. This can be seen by using the fundamental
lemma, see Lemma 50 in Section 8.3.2 in [10].

Proposition 26. The Hirota equation (4.44) is equivalent to

(5.39)
[PT(q,edx)E(q — G, edx) %
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o (ax)!(N-D

it (@ =@ )0 ~h0: (e )"V TDHRD L (g —edx)* B
= Res A"E=2(PHO (g, N)ei 5 @ =)0 =ek0 (¢, ) 1P, A))dA

for k € Z, n>0andq0 =q} 7k

Notice that in the previous equation we have X = X. As usual the
symbol P(\) = 3", ppAF is quantised to an operator P(edx) and its formal
adjoint P*(edy) as

(5.40) P(edx) Zpk (edx)F, P*(edx) = Z(—e@x)kpk
k

Moreover [-]_ denotes the projection to negative powers of edx.

Let us spell out the main consequences of the Hirota equation (5.39).
Let us first set ¢ = ¢, except for the case (jév = qo — 22, We obtain
(5.41)

- ~ 2 *
|:P+1 (.’B, Xv q, 66)()6_61“93C (eaX)n(N—l)-i-kf])—l (Z’ - Nea X7 q, _€6X> :| =

- - 2
= R}(\-}S k=2 <P+O(1’, X, q, )\)e_ekam(eﬁx)_lp_o <z — Ne’ X, q, )\>>d)\.

Let us consider the case n < k. In such case the righthand side in (5.41)
vanishes since P*0 only contains non-positive powers of X. For n = 0 and
k = 0 we obtain that

(5.42) Pl <x — %, X,q, —e@x) = 75+1(m, X, q,edx)7",

since P11 (g, edx) is a power series in (edx )~ with leading term equal to 1.
Substituting this back, we obtain that (5.41) for n < k has the form

(5.43) [75“(:5,)(, q, eaX)efeka’” (eax)"(N71)+k75+l(az,X,Q,68}()71]7 =0.

The constraints encoded by this equations boil down to the two cases
n=0and n =1 for k = 1. Indeed, defining

(5.44) S(q,e, edx) =Pt (g, edx)e P (edx)P T (g, edx)
and

(5.45) T(q, O €dx) == PHL(q, edx)e % (edx )N P (g, edx) !
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Equation (5.43) implies, for n = 0, n = 1 and k = 1, that both operators
are differential in X, i.e., they do not contain negative powers of edx. In
particular we have

(5.46) S(q,eea“',eé)x) _ (66)(67689” + 75+1(q)_167661 - efeawfﬁJrl(q)_l)
= (edx — d(q))e %,

where ¢ = (1 - eieaz)(ﬁ+1(Q)—l) and T(qa eeaxaeaX) = T(q7 6681768)()-"-'

Moreover, once these two constraints are satisfied, the remaining contraints

in (5.43) are also implied, since they only state that 7™S*~" is differential.
Let us now define the Lax operator as

(5.47) L(q,edx) =P (g, edx)(edx)N 1P (g, edx) L.
Its differential part is of the form
(5.48) C(q, Eax)+ = (Eax)N_l + a2(€8x)N_3 +---+an_1.

We also use the notation L(q, edx) := P11 (q, edx)edx P (¢, edx) ! so that
L(q,edx) = L(q,edx)N 1. Notice that we have

(5.49) L(q,edx) = T(q, O e@X)S(q, x| eax)_l
= S(q, e, edx) T (g, e, edx),

since T(q, €%, edx ) and S(q, e, e0x ) commute. If we define the differential
operator T (q,edx) of order N and S(q,€0x) of order 1 by

(5.50) T(q,eﬁaw,eax) = T(q,e@X)efea”,
S(q, eeam,eax) = S(q, ec‘?X)e_Eam,
ie. S(q,edx) = edx — ¢(q), we can also write

(5.51) L(q,edx) = T(q, €dx)S(q, edx) ™"
= ¢ 8(q, edx) VT (q, €dx )e .

Notice that S(q,edx) and T (g, edx) do not commute.
Taking into account the steps performed so far, Equation (5.41) becomes

(5.52)
(E”Sk)i :Rfs A EE2pH0(1 X g, A)eifkaz (edx) P70 <x— %, X,q, )\> d\
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for n > 0 and k£ € Z. As observed above, for n < k both sides are trivial.
For arbitrary fixed k, Equation (5.52) implies that

n=0 -
<>\k’175+0($7 )(7 q7 )\)eiekaT (68}()717570 (l‘ - %) X’ (:I) A)) 1)
A0

which in particular for k = 0 gives

(5.54)
D AT (L(ge0x)" ) = PHw, X, ) (edx) TP (m - % X,q, A>.
n=0
For n =1 and k = 0, Equation (5.52) gives
- . 2
555 Llanedn) =P Xoaleox) P00 X))
0

while for n =0 and k = —1 we get

. ) P
(5.56) S~ = 77+0(:c, X,q, )\)oeeam (eax)_lp_o (:L’ — NE,X,(L )\> )
0

From the last two equations and (5.46) we see that
(5.57) L(q,edx)- = an(edx —a1) ™",

where ay = 75+0(a;, X, q)075+0(1: -6 X, q)a1 and a; = ¢. Similarly we can
also write £(q, edx)_ = (edx —a1) tay for a; = ¢(x+e€) and ay = P~ 0(z—
% +e€ X, q)alﬁfo(a: — %,X, q)o-

The standard procedure followed so far yields the Lax representation for
most of the times, excluding the times qév for £ > 0, and allows to identify
the hierarchy with the rational (N — 1)-constrained KP hierarchy.

Proposition 27. The Lax operator L is of the form

(5.58) E(q, 6(9)() = (68)()N_1 +a2(68)()N_3 +---4+an—1 —I—CLN(EGX — al)_l
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and satisfies the Lax equations

OL(q,€dx) _ o
(5.59) 637(]? = [(Bf(q, eﬁx))+,£(q,eax)]

:_[(B?((LEaX)),v’C(QaeaX)]a 1§OZ<N,
where

N +2 L(q,edx) !
2N e+
L(q, 6aX)Nfoz+€(N71)
(N = D(F=H )

(5.60) B}(q,edx) =

B{ (g, €0x) =

) forl <a < N.

Proof. We obtain the following Sato—Wilson equations if we differentiate
(5.39) with respect to ¢, for a # N and set n = k = 0, noticing that the
righthand side vanishes and using (5.42)

6375+1((17 €dx)

5.61
(5.61) T

Pt (g, e0x)™" = =B (g, edx)-, 1<a<N.

From this Equation (5.59) immediately follows. O

In the literature the constrained KP hierarchy is also represented as in
the following proposition.

Proposition 28. The Laz operator L is of the form

(5.62)
L(q,60x) = £(g,0x)+ + PH0(z, X, q)o(edx )P~ (az - % X, q>0,
where the P0(z — £ £ 5, X, q)o satisfy
(5.63) e%’?}(’q)o = (B?(g,€0x)) , (P™(z, X, q)o),
eaﬁ—o(xgq;ﬁ,)(, 7)o = (B (g, ¢0%)7), <750 <:1: _ %7)(7 q>0>,

1<a<N.
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Proof. If we differentiate (5.39), for n =1, k = 0, by ¢ and use (5.61), we
obtain that

(5.64)
875+0(.%', X, q)(] 1.5—0 26
- - e)0 -1p- _ = x
€ 8q? (EaX) P <l’ N’ ) Q) .
OPt(q,ed e _
= (E—a(jae X)(GOX)N 1P (q, edx) ™ + B3 (q, edx)L(q, e@X)>
¢

= (=B (q,€dx)-L(q,€dx) + Bf (q,€0x)L(q, edx)) _
(B7 (g, €0x)+L(q,€0x)-) _

~ _ 2
= (B0 co) P00 X.feo) P70 (- 2o xia) )
0 —
B

~ ~ 2
Flac0x), (PP, X, o) ()P (2= T Xea)
0

which gives the first equation of (5.63). The second equation can be obtained
by differentiating (5.39), for n = 1, k = 0, by ¢ and using the adjoint version
of the Sato-Wilson equations (5.61). O

Using the Sato—Wilson equations (5.61), we obtain the following version
of Krichever’s rational reduction of KP, cf. [29, Theorem 2| or [28]:

Proposition 29. The differential operators T and S satisfy

365 e g = (787) ) o7 (s7 ) TR,
l
0 05 _ e B = WP —1 R
e Oqy' N ((TS ) )+S S((S T) 4
where
N +2

A (S

mi = : ] 1<a<N.

(N = 1)(5=H e+

We now want to find the Lax representation for the “logarithmic” flows
corresponding to the times qév for £ > 0. We differentiate (5.39) with respect
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to qév and put kK =n =0 and ¢ = ¢, except for q{)\’ = q0 — &, obtaining:
(5.67)

375“((1763)() P41 -1

GTPJF (q, 68}()

_ (L(g, €3X)£ P+1 A+1 1 Nbh()

= — <T P (q,€0x)e0, P (q,€0x)” " — v_1))

)‘g ? (510 ~1_5 -0 2¢
+Res Pz, X,q,\)(edx) €0, P " | x — N,X,q,)\ d\

€ +1 € 5
_ <<£<q’a"’x) (6‘97’ (o 8X)P+1<q,eax>—1+—]]\v”’_<’?>>

(=2 P~ O(:L‘—— X, q,/\)>d>\

A
+ eRes

<73+0(3: X, q,\)(edx) 7t B

Notice that here we have used (5.54) to obtain the second expression which
does not contain the operator €0,. Using again (5.54), we find that the last
term on the right-hand side is equal to

(5.68)

/-1 —1 -0
)\k 1 I—k ~_0 2€ 8P (x - N’X q, )\)
ERfSkE_OT(E )_73 (:L‘— N,X,q,A) P dA,

where the sum is finite since the terms with £ < 0 involve only powers of A
strictly smaller than —1.
If we define the operator Q(q, e~ edx) as the dressing of e, i.e.

(5.69) Q = P (g, edx )P (g,e0x) ™,

for which in particular L = QS and LN = QT, then it is quite natural to
denote with log Q(q, €0, €0x) the dressing of the operator €d,:

877+
ox

(5.70) log @ = Ped, (P) ™' = ed, — (PHH 7,

which allows us to state the Sato—Wilson equations for the “logarithmic”
flows as in the following
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Proposition 30. The wave operator PT(q, edx) satisfies the Sato-Wilson
equations

GaﬁJrl (Qa 66)()

(5.71) 2 P (g e0x)™ = —(BY)_,
0
where
L(g, €9x)" Ny(6) -
N __ ’ _ _ _
(5.72) B = 7 log @ — €0, N1 By,
and the operator By is defined by
(5.73)
A K_ZlﬁkR R0 2¢ ) TOP (@ — %X g, ) dA
Z—ekzo /\es z N’ » 4, o 2\

The Lax equations for the logarithmic flows are then simply given by

aﬁ(% €dx)

0.74
(5.74) oo

= [—(B}))_, L(g. edx)].

Notice that the operator By can be written as

(5.75) Bi=e Z LR a”’“
where the 7y, are the coefficients in the logarithm of P~0(z — 2 2, X,q,M), ie
~ 2e
-0 _ ~ y—k
(5.76) log P (x -5 A) = kzmm .

Remark 31. While log Q clearly commutes with £, since it is defined by
dressing €0,, we cannot claim that the operator By commutes with L.

Remark 32. Notice that in the N = 2 case discussed in [10] we were able to
express Bé\] in terms of a single logarithm operator log £ without the more
complicated part B, given in terms of residues in (5.73). This somehow
ad-hoc definition of log £ relied on a certain symmetry of the N = 2 Lax
operator that allowed to express the coefficients w; with positive k in terms
of those with negative k. This symmetry is however not present in the general
N > 2 case.
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Remark 33. The importance of the Lax formulation of a hierarchy lies in the
fact that it gives an explicit representation of its flows, namely it provides
a way to write the time derivatives of the dependent variables appearing
in the Lax operator £, the variables aq,...,an in this case, as differential
polynomials in the same variables and their X-derivatives. In general this
follows from the fact the the operators By defined in (5.60) and (5.72) are
functions of £, namely that they commute with £ and that their coefficients
are uniquely determined as X differential polynomials in the variables a;.
While this is trivially true for the operators By for 1 < a < N and £ > 0,
this cannot be easily proved for the operators Bg . Here we conjecture in
particular that the operators log @ and B, satisfy such properties.

8vk

Remark 34. We can relate and log Q to the coefficients of the logarithm

defined in Section 5.1:

Lemma 35. Let Wy, = 'L,Uk;‘qé\f—l_)q(l)\/fl_i_X, where wy, is given by (5.28), then

a7 2
(5.77) % = —Zau(e — (k+1)e)
and
(5.78) logQ =2 upAFS".

k<0

Proof. We first prove (5.77). For simplicity we will identify A = ¢, Us-
ing (5.20), we have that PTO(A)P~9(z— % +¢, A) = 1. Now writing P+O(A)
Yoo OPJ‘H)N and P70z — % ¢ A) = > AJPj O(x), this means that for

k=0,1,..., we have ZJ —0 P+0AkP ( ) = 0o, or stated differently,

k
(5.79) > ATFPFOAMIP 0 (2 — )ATF = Gro.
=0
Thus
(5.80) Res Zuk AR Z P+0Ak+1Pk, Sz —e)p “kduxF
k=0 =0
2
_ R;?S Euk—lA—k—lp—&-O(M)Ak-i—lp—O <x _ Nﬁ’ M) du)\—k
k=0

=1.
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Now replacing qév 1 by qév 1 4+ X, we get the same formula but now for
P*0 instead of P0. Thus we now know how to calculate the action of the

inverse of P~0(z — 2, ) on —ap_o(g;%’)\), viz. as above:
. 2¢ \ LoP 0z — %))
—of .. _ NN
(5.81) P <JJ ,/\> pe

873_0($ - %7 //J)

du\=".
oz H

Res Z Mk*lAfkflf])«H](lu)AkJrl
k=0

Finally using the second formula of (5.28), where we also replace qév 1 by
qév 1 4+ X, we obtain the desired result.
We will proof formula (5.78) below, see (5.91). O

Recall that the variable X was introduced by the shift qév 1 qév -y x.

The Lax equation for the time qév ~1 reads:
oL oL 1
(582) Ea—XZEW: [(LN*I)_’_,L] :[A“‘faLL

with f = (1 — A)(1 — AN=1)~lyy_s, which is explicitly given by
(583) G(Uz‘)X = (A — 1)(1}2‘_1) + ’Uz‘(l — AZ) (1 — AN_l)il(l — A)(’UN_Q)

for —1 < ¢ < N — 2, where we noted v_1 = e" and vy_1 = 1.

In principle we can invert these formulas as in the extended NLS case,
see [7, 10, 20] and more recently for the constrained KP case [21], expressing
the x derivatives of the dependent variables v; as differential polynomials
in X. Substituting in Equations (5.31) we obtain in a different way the
extended constrained KP hierarchy.

We want to replace the shift operator A by edx, i.e. we want to asso-
ciate to a dressing operator PT1(A) = > p;,A~" the following pseudo-
differential operator

(5.84) Pledx) = pi(edx)™".
=0

Recall the definition of S from (5.46):

(5.85) S = P (edx) A" (PT) .
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The equation LPTt = PTIAN=1 can be rewritten as

(5.86) P (eox)V ' =P (z + (N — 1)e)(edx)V !
+on_oP T (z + (N — 2)e) (edx)V 2
o P (2 — ) (edx) L

Now multiply with (P+1)~! from the right, this gives
(5.87) L=AN"TN"1 Ly oANT2GN=2 4 eup—lgTL

Similarly, the Sato-Wilson equation (j =1,...,N, n > §; n)

opP*! j 1 i Ak ptl
(5.88) o = —(B}) P == a) A"PT
qn k<0
turns into
opt! <1y —1 J Bl k(p+1y—1
(5.89) ?(P )T == a) P (@ + ke)(edx)F (P
qn k<0
=— Z azykAkSk.
k<0
Next we consider the equation
5.90 Ptled, =log, LPT' = [ed, +2) wipA* | PTL,
+
k<0

which gives that log @ = P+1ed, (P+1) ! is equal to

(5.91) log Q = €0, +2) _ wpA"SF.
k<0
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