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Spectral geometry of functional metrics

on noncommutative tori

ASGHAR GHORBANPOUR* AND MASOUD KHALKHALI'

We introduce a new family of metrics, called functional metrics, on
noncommutative tori and study their spectral geometry. We define
a class of Laplace type operators for these metrics and study their
spectral invariants obtained from the heat trace asymptotics. A
formula for the second density of the heat trace is obtained. In
particular, the scalar curvature density and the total scalar curva-
ture of functional metrics are explicitly computed in all dimensions
for certain classes of metrics including conformally flat metrics and
twisted product of flat metrics. Finally a Gauss-Bonnet type the-
orem for a noncommutative two torus equipped with a general
functional metric is proved.
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1. Introduction

Investigating the differential geometry of curved noncommutative tori started
in [9], then [15, 8, 16] and was followed up in many publications. An incom-
plete list includes [12, 17, 3, 10, 29, 19, 11, 30]. In recent years, geometry,
topology and analysis on noncommutative tori have attracted much atten-
tion due to its relevance to problems in solid state physics such as quantum
Hall effect and topological phases of matter [36, 37]. This paper is a con-
tribution in developing computational noncommutative geometry of higher
noncommutative tori in presence of a class of non-conformally flat metrics
and unraveling the topological significance of curvature terms obtained from
heat trace asymptotics.

Unlike the Riemannian geometry of manifolds, which is defined by a met-
ric tensor, the geometries of the noncommutative tori, and noncommutative
spaces in general, are defined through operators which imitate the proper-
ties of geometric operators such as Dirac or Laplace type operators [5]. On
noncommutative tori such operators can be constructed by analogy using
basic facts from the complex geometry or the theory of de Rham complexes
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on smooth manifolds. Inspired by spectral geometry, some of the spectral
invariants of these operators can be used to define geometric quantities such
as scalar curvature, total scalar curvature and even Ricci curvature [19, 11].
Similar ideas were worked out for noncommutative toric manifolds in [31, 33].
Tools such as Connes’ pseudo-differential calculus for C*-dynamical systems
[4] and the rearrangement lemma [4, 28, 9, 8] play an essential role.

The geometries studied in the above works are mostly restricted to con-
formally flat metrics. The rationale behind the popularity of this specific
class comes from the fact that by the uniformization theorem the confor-
mally flat metrics cover all possible geometries on two tori. This is not true
for the higher dimensional tori and for the two dimensional noncommuta-
tive torus the situation is much less understood as far as the uniformization
theorem goes. Although the study of conformally flat geometries alone have
shown many interesting new phenomenon, we believe that this is only the
tip of the iceberg and much more remains to be discovered for non-conformal
metrics and in higher dimensions.

In this paper we introduce a new class of metrics, called functional met-
rics. Let COO('I['g) denotes the algebra of smooth elements of a d-dimensional
nonocommutative torus. Fix a selfadjoint element h € C*°(T4) and let the
functions g;; : R = R, 1 < 4,5 < d, be such that (g;;(t)) is a positive definite
symmetric matrix for all ¢ in the spectrum of h. If # = 0, one can consider
the metric tensor on T¢ = (R/(27Z))? given by

gij(h)dz'dx?.

Although, the metric tensor is not a well defined notion in the noncommu-
tative case, we can exploit the perspective explained in the earlier lines: find
the geometric invariants using the spectral analysis of a good differential
operator on the noncommutative tori. We construct an operator Ao’g which
is antiunitary equivalent to the Laplacian on functions of T¢. To define the
latter Laplacian, following the same lines as in [9], the entries g;;(h) are used
to deform the inner product on functions and 1-forms.

Having a candidate for a geometric operator in hand, we go ahead and
compute the densities of the heat trace asymptotic expansion Tr(e*tAonq)
using Connes’ pseudodifferential calculus on the noncommutative tori. It
turns out that to handle this general case, we need to upgrade some of our
tools. At this stage, we found the point of view taken in [28] very useful. The
primary goal of this work was to offer a different proof for the rearrangement
lemma and it provided a rigorous way to interpret the outcome elements of
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the original rearrangement lemma. We call this type of elements as written
in the contraction form:

F(hgy, s h(ny) (b1 - b2+ --by).

By a slight variation in one of the main results of [28], we become well-
equipped to handle the difficulties. We also noticed that the symbol calculus
can be applied for differential operators whose symbols can be written in the
contraction form. We call these operators h-differential operators. We first
find the way in which derivations act on elements written in the contrac-
tion form (Theorem 2.2). The Newton divided difference calculus plays an
important role. For instance, we have

85 (f(hoys h1)) (b1)) = f (o) h(1))(05(b1)) + [h(oy hqays £ (5 h2y) (85 (R) - b)]
+ [hays heays £ Ry, ) (b 65(R))].

Using these facts and applying the pseudodifferential calculus, we compute
the spectral densities for positive h-differential operators whose principal
symbol is given by a functional metric. We call such an operator a Laplace
type h-differential operator.

This change in order of the computations, i.e. writing symbols in the
contraction form from the beginning, not only induced a smoother com-
putation, at least symbolically, but also assisted us in a very fundamental
way to consider general cases, e.g. finding the curvature in all higher di-
mensions for conformally flat and twisted product of flat metrics. Using the
contraction form also enabled us to use Einstein summation convention.

While computing the heat trace densities of a positive Laplace type h-
differential operator P with principal symbol Py’ (h)&;€;, we come across
integrals of the form

_1 1 )
_ iy = B2 (tg) - - - B (t,)dAdE,
7Td/2 /]Rdé 1 f lex| 27T’L/y€ 0 (0) 0 ( ) 5

where By(t) = (P (t)&&;—\)~1. Such an integral is a smooth function of ¢;’s
and we call it a T-function and denote it by Tn.(to,- -+ ,t,). In Lemma 3.2,
we find a formula for T-functions as an integral over the standard simplex
which helps us to evaluate these functions in some cases (see Lemmas 4.2, 4.4

and 5.4). As an example, T-functions for conformally flat principal symbols
P (t) = f(t)g" for d # 2, are given by

Tn,a(t(]a e 7tn) =
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DT - )
(+al-2)

O [wo, -+ s wniu' 2]

\/52 Hgn T (i >

where B8 = (ap — 1,- -+ ,ap — 1).

In Theorem 4.3, we show that the scalar curvature of the d-dimensional
noncommutative tori Tg equipped with a conformally flat metric f(h)~! Jij>
where g;; are constant numbers, is of the form

= V191 (Ka(h), b)) (97683 (R)) + Halhioy, by, o)) (g70i(h) - 85(R)) ),

A formula for the functions Ky and Hy is given for all d in Theorem 4.3. In
particular, for d # 2, the function K is given by

Kq(to, t1) =

d(d —2)(f(t

4 f(t)* T f(0)* 7
)
((d=Df(t0)? F(2)3 7 = (@ = DF(t0) T F ()% = Flto)* ! + F(1)).

In Section 4.3, we study the geometry of the noncommutative tori Tg
equipped with metrics of the form

f)tgog.

Following the differential geometry convention, we call such a metric a
twisted product functional metric of (Tj, g) and (Tg’*’",g) with the twisting
element f(h)~!. The scalar curvature density of this metric is then obtained

W( By b (9610 (1)
Hy (h() hm, 2)(g76:(h) - 35(1))
Ry (o) b (576183 (1))
H, (hqo hm, )(§90,(h) - 0;(R)).

The new functions K, and H, for r # 2,4 are given in Theorem 4.5. For
instance, we have

(to, t1) =

(2r =) () =1 (0D (00)E 02)E 45 (00 (0 —AF ) S0 g 4 ]
(=) (r=2) £ (t0) 1" F(0) 17 (£ (t0)— (12))? o

K
)

T
T
2
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Finally the total scalar curvature, p(ba(XLoq)), of functional metrics on
noncommutative tori is studied in Section 5. Note that the presence of the
trace ¢ provides a ground to simplify the formula for the total scalar curva-
ture. One then has Proposition 5.2 which asserts that

o (R) = ¢ (F3 (hoy hiay) (6:(0)35(R) )

The functions F' gj are given by

R
2(tg — t1)?
(A9 Tgl o) gl (02) — 247 T a(t0, 1)
+ Thopao(to, t1) (24765 (1) + 24% g7 () — A7 AV)
+ Tz (to, 1) (247 g9 (tg) + 24M g () — A 4Y) ),

F(to, t1)

where A = [g|5 (to)|g| 7 (t1)g% (to) + |g|% (t1)]g]  (to)g" (t1). This formula
is then used in Example 5.1 to generate the functions for the total scalar
curvature for twisted product of flat metrics on Tg. As an another type of
example, we compute functions Fg 4 for doubly twisted product metrics on ”]I'4
in Example 5.2. On the other hand using the Proposition 5.2 and evaluatlng
the functions F Sj , we prove a Gauss-Bonnet theorem in dimension two, which
generalizes the results obtained for conformally flat noncommutative two
torus in [9, 15]. More precisely, Theorem 5.3 states that the total scalar
curvature p(R) for any functional metrics g on Tg vanishes.

This paper is organized as follows. In Section 2, we review preliminar-
ies such as noncommutative tori, Connes’ pseudodifferential calculus and
Newton divided difference calculus. Also in Subsection 2.2 a version of the
rearrangement lemma is provided and used to find the derivation of an el-
ement written in the contraction form. Section 3 deals with the heat trace
asymptotics for Laplace type h-differential operators. The T-functions are
introduced in this section and their properties are studied. The class of func-
tional metrics on noncommutative tori is introduced in Section 4 and the
scalar curvature of some of the examples of such geometries is explicitly
computed in all dimensions. In Section 5, we manage to track down further
simplifications for the trace of the total scalar curvature for the functional
metrics and prove a Gauss-Bonnet theorem for these metrics.
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2. Preliminaries and computational tools

In [9, 15] to prove a version of the Gauss-Bonnet theorem for the noncom-
mutative two torus and later in [8, 16] to compute the scalar curvature of a
curved noncommutative two torus equipped with a conformally flat metric,
the second density of the heat trace of the Laplacian D? of the Dirac oper-
ator was studied. This term was explicitly computed for the heat trace and
the localized heat trace and the final results were written in a novel form
which we will call the contraction form. These computations involved two
main steps. First, the symbol of the parametrix of the differential operator
were computed and several integrations were performed. The rearrangement
lemma (cf. [8]) plays a central role in this step and it is the part that gener-
ates elements in the contraction form. In the second step, the outcome from
the previous step, which are in terms of an auxiliary element k = e”, were
manipulated to be written in terms of the dilation h and then simplified to
its best form. One of our goals is to show that we do not need to wait until
the end of the step one to have elements in the contraction from; we can
start off with operators whose symbol is originally written in the contrac-
tion form. In this section, in addition to recalling basics of the theory, we
shall develop the required tools to be able to perform the symbol calculus
on symbols in the contraction form.

2.1. Noncommutative d-tori and Connes’ pseudodifferential
calculus

In this section, we review the definitions and fix notations for the noncom-
mutative d-dimensional torus. We also recall a pseudodifferential calculus
on these C*-algebras which is a special case of the calculus introduced by
Connes [4] for C*-dynamical systems.

Let 6 be an anti-symmetric d x d real matrix. The noncommutative d-
torus C’(']I‘g) is the universal C*-algebra generated by d unitary elements
Uy, -+ ,Ug which satisfy the commutation relations

UkUj = 627ri9ijjUk.

When 6 is the zero matrix, the C*-algebra C(Tg) is isomorphic to the C*-
algebra C(T9) of continuous functions on the d-dimensional torus T¢.

The algebra of smooth elements of C(T%), denoted by C°°(T4%), is a dense
involutive subalgebra consisting of elements of the form

Z anU™ - U,

n=(ni,,nq) €L



188 Asghar Ghorbanpour and Masoud Khalkhali

where {an }neza is a rapidly decaying sequence of complex numbers. There
are d closed densely defined derivations on C' (Tg) with the common domain
C°°(T¢) whose values on Uy, are given by

We note that §;(a)* = —4;(a*), for any a € C°°(T%). The noncommutative
d-tori possess a tracial state ¢ which acts on C°°(T%) as

@(Z an UL -+ - Uj*) = ao.

The trace ¢ is compatible with the derivations d;, i.e. pod; = 0. This implies
that a version of the integration by parts is valid on T¢%,

p(ad;(b) = —¢(8;(a)b),  a,be CP(Tg),j=1,---,d.

The subalgebra Coo(Tg) for # = 0, is indeed the algebra of smooth
functions on the d-dimensional flat torus T¢ = R?/(27Z)%. In this case, the

derivations ; are nothing but %% while the trace ¢ is the (normalized)

integration with respect to the volume form dz!- - - dz?.

Connes’ pseudodifferential calculus on the noncommutative d-tori can
be constructed, as a special case of the general theory developed in [4] for
C*-dynamical systems, using the action of R? on C(T¢) by *-automorphisms
given by

ag(U -+ Uiy = e - UM, s=(s1, - ,sq) € RL
We fix the following notations for a non-negative integer multi-index o =
(a1, aq):

gu 9o
— A 50‘:50‘1...50‘«17
8{11 agdd 1 d

\a\:Zaj, and al=a! - aql

(7

A smooth map p : R? — COO(']T?)Z) is called a symbol of order m, if

(i) For every multi-indices of non-negative integers av and 3, there exists
a constant C' such that

16%0° (p(©) || < C(1+ g™ A.
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(ii) There exists a smooth map K : R? — C°°(T¢) such that
lim )\—mp()\gl’ T 7>\£d> = K(fh T 7‘£d)'
A—00

The space of all symbols of order m is denoted by S™(T%).
To every symbol p € S™ (Tg), a pseudodifferential operator P, is assigned
which on the elements of C*°(T%) is defined as

Pola) = o [ e ol©acla)ds.

The composition P, o P,, of two pseudodifferential operators P, and P,,
with symbols p; € S (Tg), is again a pseudodifferential operator with the
product symbol p € S™1 M2 (’]I‘g) asymptotically given by [4, Proposition 8]:

(1) p > 0%(p1)5% (pa)/ .

a>0

For more details on Connes’ pseudodifferential calculus we refer the
reader to [4], for generalized cases to [29, 8] and for recent account on the
subject to [21, 22].

2.2. Rearrangement lemma

The rearrangement lemma appeared in [9] as a tool to evaluate integrals of
the form

/ (uk?® 4+ 1)"™b(uk® + 1)u™du,
0

where k = €2 for some smooth selfadjoint element h € C*(T?%) and an
element b which do not necessarily commute with h. A version of the lemma,
dealing with more than one b, then appeared in [8, 15]. Later, a detailed
study of this type of integrals has been carried out in [28], where a new
proof for more general version of the lemma is offered and a different point
of view of such computations is provided. In [28] for [] f;(u, z) satisfying an
integrability condition (see [28, Theorem 3.4]) a formula for the integral

/th$MhW$Mm~mEW%Mw
0

is given. This approach uses the multiplication map p : a1 ® a2 ® -+ ®
an — a1as9 - - - ay from the projective tensor product A®+(") t5 A. The above
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integrals are expressed as the contraction of the product of an element
F(ky, -+ s k() of A® (D) - which is given by a multivariate functional
calculus, and the element b; ® by ® - - - b, ® 1 which is

We shall use the convention that such an element will be written as
(2) F(koy, =+ s kmy) (b1 - ba - -+ - by).

An element in the form of (2) will be said is written in the contraction form.
We call the first part F(h(o), e 7h(n+1)) the commutative part or operator
part of the element, while the second part, by - by ...b,, will be called the
noncommutative part of the element.

The following lemma is a version of the rearrangement lemma that we
will use in this work and it can be proved exactly as in [28, Theorem 3.4]
with a slight change in the domain of integration from [0, c0) to any domain
in RV,

Lemma 2.1 (Rearrangement lemma). Let A be a unital C*-algebra, h € A
be a selfadjoint element, and A be an open neighborhood of the spectrum of
h in R. For a domain U in RV, let fj :UxA = C for0<j<nbe
smooth functions such that f(u,\) = H?:o [i(u, Aj) satisfies the following
integrability condition: for any compact subset K C A™! and every given
integer multi-index o we have

/ sup |05 f(u, \)|du < oo.
U XeK

Then,

(3)

/ fo(u, h)blfl(u, h) s bnfn(u, h)du = F(h(o), h(l), te h(n))<b1 . bg ce bn),
U

where F(X) = [;; f(u, \)du.

For more information on the functional calculus F'(h(g), b1y, , b)) on
A® (1) and its relation to the Bochner integral Jo F(u, by, by, -+
h(ny)du, we refer the reader to [28, Section 3.2].

Remark 2.1. Equation (3) shows that integration is a source to generate
elements in the contraction form. Using lemma 2.1, as noted in [28, Remark
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3.3], every expression in the contraction form with a Schwartz function F' €
S(R™1) used in the operator part can indeed be obtained using an integral
such as the one in the left hand side of equation (3). To see this, it is enough
to set

fn(é; >‘) = f(f)eign)\v fj(éa >‘) = eigj)\a 0<j<n—1,

and f(& Ao, -+, An) = [[ fj(§,Aj). By the Fourier inversion formula, we
j=0

have F(X) = [ f(§,\)d€. Then, Lemma 2.1 gives the equality

4)  F(hy, - hm)) (b1 - ba---by) = / el ei€ihpy . b el f(€)dE.
R"

This fact will be used several times in this work.
2.3. Newton divided differences and closed derivations

As an application of the rearrangement lemma, we find a formula for the
derivative of a smooth element written in contraction form in terms of the
(partial) divided differences of the function used in the functional part and
the derivatives of the noncommutative part. We first briefly review the New-
ton divided differences.

Let xg,x1,- - , 2, be distinct points in an interval I C R and let f be
a function on I. The n**-order Newton divided difference of f, denoted by
[0, 21, ,xpn; f], is the coefficient of ™ in the interpolating polynomial of

f at the given points. In other words, if the interpolating polynomial is p(x)
then

p(x) = pp—1(x) + [0, 21, -, xn; f(x — 20) - -+ (2 — Tp—1),

where p,,_1(z) is a polynomial of degree at most n — 1. The following is the
recursive formula for the divided difference which justifies the name, divided
difference.

[zo; f] = f(z0)
(1, xn; f] — w0, 21, @p1; f]
Ty — IQ ’

[x(),.%'l,"' 7$n7f] =

The divided difference is also given by the explicit formula

- f(z))

[.’L'(),.’L'l,"',x;f]: T /.. .\
! =0 Hj;sz(l’j — 1)
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It is clear that the n*"-order divided difference, as a function of x;’s, is a
symmetric function. There are different integral formulas for the divided
differences from which we will use the Hermite-Genocchi formula (cf. e.g.
[1, Theorem 3.3]). For an n times continuously differentiable function f,
Hermite-Genocchi formula gives

(5) [0, -+, Tn; f] =/E f(")(znjsa’xj)ds,
j=0

n

where >, denotes the standard n-simplex

n
Xp = {(30,--~,Sn) € R”H‘ Zsj =1 and s; > 0 for allj}.
7=0

We refer the reader to [35, Chapter 1] or [1, Section 3.2] for more details on
the Newton divided differences.

Let § be a (densely defined, unbounded) closed derivation on a C*-
algebra A. If a € Dom(d), then e** € Dom(§) for any z € C [38, p. 68]
and

1
(6) d(e*) = z/ e (a)e*(1=2)e s,
0

Using the rearrangement lemma, one can go one step further and show that
the derivation of f(h) can be presented in the contraction form. In [9] this
result is used for f(x) = exp(x) as a corollary of the expansional formula
for eA*5 and in [28], the expansional formula is proved for general functions
[28, Proposition 3.7]. The following theorem gives the result not only for
f(h) but for any element written in the contraction form.

Theorem 2.2. Let § be a closed derivation of a C*-algebra A and h €
Dom(d) be a selfadjoint element.

(i) Let f:R — C be a smooth function. Then, f(h) € Dom(d) and

(ii) Let b; € Dom(d), 1 < j < n, and let f : R"™ — C be a smooth
function. Then f(h(y, -+, h)) (b1 bz -+ by) is in the domain of §
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and

5(f(h(o),'“ hny) (b1 - b2 - by))

_Zf (Boys- -+ By (b -+~ bj1 - 6(b;) - bigr -+ bn)

where f;(to, - ,tny1), which we call the partial divided difference, is
defined as
fj(t(]a o 7tn+1) = [tjathrl;t = f(t()v to 7tj717t7tj+27 to >tn)] .

Proof. 1t is enough to assume that f is a Schwartz class function on R. We

have

1) = /R € f(€) e,

where f is the Fourier transform of the function f. By closedness of §, we
can then change the order of integration and derivation:

5(F(R) = / 5(e™) f(¢)de

R

1 . . A
_ / it / NS (1) €0 (€ de
R 0

_c (/R /01 et @ 1= f(£)dsde(3(h) ® 1)>

— F(hy h))(3(h)-

Here F'(to,t1) is the function given by the integral

1
/ / ei6sto g€ (1=9)t1 ¢ £(£) dsdg .
RJO

Using Hermite-Genocchi formula (5) and the properties of the Fourier trans-
form, we have

1
Flto,t1) = / / (Gt E =9I i () de s
0 R
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1
_/O F(sto+ £(1 = s)t1)ds
= [to, t1; f]-

We prove the part i) only for n = 1; the proof of the general case follows
similarly. We first use Remark 2.1 to write f(h (), h1))(b1) as an integral

f(h(owh(l))(bl):/ el efh f(€)de.

R2

The Leibniz rule together with the fact that § is closed imply that
5<f(h(0)7 h(l))(bl)>
=5( / ey N fi(g)de)
RZ
- / o (et )by () + / et (b ) e f(€)dg
R2 R2
+ / ey o(eh ) f(€)de
R2
1
= / / i€ (h)etl=)8hp, il £ () dsdg
r2 JO
s [ e ey
RZ
1
+ / / Z~€2ei§1hbleisfzhé(h)ei(l—s)&hf(g)dsdg
R2 J0

= f1(hoy, h(1ys Pe2y) (b1 - 6(R)) + f(h(o), P(1y)(6(b1))
+ fa(hoy, Py, 2)) (0(h) - b1),

where
1
fl(t(],tl,tQ) _ /R2 [) iglelséltOEZ(l_s)gltl€Z£2t2f(£)d$d£ — [thtl; f(.,t2)]’
1
falto, t1,t2) = /R /0 iggettitoets el TR f()dsdg = [t t; £ (to, )]

O

Corollary 2.3. Let h be a selfadjoint element in a C*-algebra A and let 61
and 62 be two closed derivations. If h € Dom(d2) and d2(h) € Dom(dy), then
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for any smooth function f we have

6102(f(R)) =
[h0y, hrys hzys £ (82(h) - 61(h) + 61(h) - 62 (h)) + [oy, hery; ] (6102(h)).

Proof. Using Theorem 2.2, we have

0185(f(h)) =61 (82(f (1)) = 81 ([B(o)s hays f] (J2(h)))
= [h(o): hqr): f] (6162(R))
+ [ho)s hryit = [t heay; f1] (1(h) - 62(h))
+ [hy, hezyit = [hoy, 5 f1] (82(R) - 61(h)) .

The functional part of the last two terms, by the definition of second order
divided difference and invariance of divided difference under the permutation
of variables t;’s, are equal to [h(o),h(l),h(g);f]. The proof is done using
the fact that the contraction is linear with respect to the noncommutative
part. ]

This corollary can also be deduced from the variational formula used in
[28, Example 3.9]. In the case of the noncommutative two tori, the condi-
tions of Corollary 2.3 are automatically satisfied for any smooth selfadjoint
element h = h* € C(T%). For f(t) = ez, we have

+ +
(to —t1)(to —t2)  (t1—to)(t1 —t2)  (ta —to)(t2 — t1)
_ )2 (t1 — ta) + (t2 — to)e(tl*"/”)/2 + (to — t1)e(t2*t°)/2

(to — t1)(to — t2)(t1 — t2) ’
elo/2 _ ot1/2 o2 1 — e(ti—to)/2

to —t to—t

{thtl)t%e%} =

{to,tl;eé} =
This is in complete agreement with the formula (6.8) in [8] by setting
S:tl—to, t:tg—tl, andhzZlog(k:)

3. Heat trace asymptotics for Laplace type h-differential
operators

Following the strategy underlined in the previous section, we shall compute
the first three terms of the symbol of the parametrix of an elliptic operator
on the noncommutative tori with a positive definite principal symbol whose
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symbol is given in the contraction form. These terms will be given in the
contraction form as well.

3.1. Laplace type h-differential operators and their paramatrix

In the following definition we introduce a new class of differential operators
on noncommutative tori that generalize the already studied classes.

Definition 3.1. Let h € C°(T¢%) be a smooth selfadjoint element.

(i) By an h-differential operator on T%, we mean a differential operator
P =3 pad*, with C*(T4)-valued coefficients p, which can be writ-
ten in the contraction form

Pa = Pao, o (Roy, 5 by ) (6% (R) -+ - 6% (h)).

(i) We call a second order h-differential operator P a Laplace type h-
differential operator if its symbol is a sum of homogeneous parts p; of
the form

p2 = PY (h)&i&;,
(7) p1 = P (hoy, hr)) (0i())&;,
po = Fy’y (hoy, 1)) (0:05(R)) + Pg'y(hioys hays hay) (8i(R) - 35(R)),

where the principal symbol py : RY — C(T4) is a C°°(T$)-valued
quadratic form such that pa(€) > 0 for all £ € RY.

We can allow the symbols to be matrix valued, that is p; : R? — C®(T4) ®
M,,(C), provided that all p2(&) € C>°(T%) ® I, for all nonzero ¢ € R%.

Example 3.1. Many of the differential operators on noncommutative tori
which were studied in the literature are Laplace type h-differential operators.
For instance, the two differential operators on Tg whose spectral invariants
are studied in [16, 8] are indeed Laplace type h-differential operator. Using
the notation of [8, Lemma 1.11], k = "2, these operators are given by
kOk = koo k, ALY =57k,

where, § = 41 + Td2 and 6* = §; + 762 for some complex number 7 in
the upper half plane. The operator KAk is antiunitary equivalent to the
Laplacian on the functions on Tg equipped with the conformally flat metric
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(r) I
more general class of metrics, which will be introduced in Section 4.1, and
study it in details then. On the other hand, the symbol of the other operator

Afpo’l) is the sum of the following homogeneous terms [8, Lemma 6.1]:

p2(&) =k*(&1 4 2R(1)&1 & + |T783),
p1(€) =(01(k?) + 762(K*))1 + (Fo1(K?) + |7[*62(K?)) &2,
po(§) =0.

Clearly, we have

p't)=¢,  plt)=p3'(t) =R(n)e,  pR(t) = 7],

k2 <§R1 §R(T)> . We shall construct this operator in all dimensions for the

and using Corollary 2.3, we obtain the other functions

Pl (to, 1) =to, t1; €], PP (to, t1) = 7 [to, t1; €"]
Pll’Q(tQ,tl) =T [to,tl; e“] s P12’2(t0,t1) = ‘7’|2 [to,tl; e“] .

Remark 3.1. The Laplace type h-operators can also be made sense on smooth
vector bundles on manifolds, where h can be taken (locally) as a function
or an endomorphism of the bundle. If A is a function, then a Laplace type
h-differential operator is indeed a Laplace type operator. However, if h is
an endomorphism, these operators belong to a different class of elliptic op-
erators of order two for which some aspects of its heat trace densities are
studied in [23, 2]. The matrix-valued conformally perturbed Dirac opera-
tor on smooth manifolds, which is an h-differential operator, is also studied
recently in [26].

Let P be a positive Laplace type h-differential operator. For any A in
C\R=?, the operator (P — \)~! is a classical pseudodifferential operator of
order —2, i.e. its symbol can be written as

o ((P - )‘)71) = b0(§7 )‘) + b1(§7 )‘) =+ b?(fa >‘) +eeey

where b; is a homogeneous symbol of order —2 — j. The following recursive
formula for b;’s can be obtained from the product formula for symbols (1).
(8)
bO(ga)‘) = (p2(§ - )‘)_17
n—1 2
&N == 3 3T (6N 8 me©) (& N/l >0,

7=0 k=0 |ot|=n—j+k—2
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If we start off with symbols written in the contraction form, the formula (8)
shows that all b, (&, \)’s can also be computed in the contraction form using
Theorem 2.2. In the rest of this section, we compute the terms by(&, \),
bi1(&, A) and ba(€, A) in the contraction form as follows.

Term by(&, \): This term is defined as bg(&,\) = (p2(€) — A)~! and it can
be written as

bo(€, ) = Bo(h),  Bol(to) = (Py (to)&i&; — X) ™!

We choose to overlook the dependence of By on the variables £ and A in its
notation.
Term by (&, \): Using (8), we have

by = —bo(&, N)p1(§)bo(,A) = > 9ibo(€, A) 8i(p2(£))bo (€, N).

We then write each term of the above expression in the contraction form:

—bo (&, Np1(€)bo(€, \) = =& Bo(ho)) Py (b0, haay) Bo (1)) (8:()),
Oibo(€,\) = —2P (h) B§ (h);,
3i(p2(£)) = &k&e [y hrys PE*](6:(R)),

and

— Z 0ibo (&, A) 0i(p2(£))bo (&, A) =
266x6ePy’ (1)) B (h(o)) [0y by P Bo(hiy) (8i(h).

Therefore, by (&, X) = B} (&, X, h), b)) (6i(h)), where

Bi(éa )\7 to, tl) =
—&Bo(to) P (to, t1)Bo(t1) + 2€;€kE Py’ (to) B (to) [to, t1; P5*] Bo(t1).
Term by(€, \): Formula (8) for n = 2, gives b2(&, ) in terms of bp(€, \) and
bi(€,\) and p;(€)’s:

(9)
b2 (€, A) = = bo(&, A)po(§)bo (&, >\) — b1(§; A)p1(§)bo (€, A)

= D 0ibo(€,2) 8i(p1(§)bo(&, X) = Y _ Aiba (&, ) bi(p2(€))bo(€, A)
=S %aiajbo(s, X)3id(pa(€))bo(E. ).
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To compute ba(&, \) we need 0;b1 (€, A). First, we should note that

8ib1(£7)‘) = 83‘ (Bi(f,)\, h(O)vh’(l))(éi(h))) = 83‘ (Bi‘(f,)\, h((])vh’(l))) (51(h))
Hence, we have

9;Bi(&, M to, 1) =

— Bo(to) P}’ (to, t1) Bo(t1)

+ 26,60 PI B2 (to) P (to, t1) Bo(t1)

+ 264&¢Bo (to) Pi* (to, t1) P§ B3 (t1)
+2&Em Py BL(to) [to, t1; Py™] Bo(t1)

+ 4€,E Py (t0) B (to) [to, t1; P3*] Bo(t1)

— 8€EEmEn P (t0) PY" (to) By (to) [to, t1; Ps™] Bo(ty)
— A€kEeEmEn P (to) B (to) [to. t1; P4™] P3™(t1) B3 ().

We now compute each term of expression (9) separately:

—bo(§, A)po(§)bo(€,\) =
= Bo(h()) Ps%y (o), h1y) Bo(h1) (6:05(h))
—Bo(h(o)) Py (hoy, h1y hz)) Bo(hyz)) (3i(R) - 6;(h)).

The second term of the sum (9) is equal to

—b1(&, M)p1(§)bo(€,N) = (EkfeBo(h(o))Pfk(h(o), h(1))Bo(h(1))P1ﬂ(h(1)7h(2))Bo(h(2))

—261,E0€mEn Py B (ho)) [R0ys h1ys PEY) Bo(haay) Pi™ (hay, h(z))Bo(h(2))) (6i(h) - 6;5(h)).
We need 0;(p1(€)) for the next term;

5:i(p1(€)) =&eP (ho), hry) (8:0;(1))
+ &[0y, hry; Pfg('7 h(2))] (0i(h) - 8;(h))
+ & [Py hays P (hoy, )] (85(h) - 85(h)).

Then, the third term of (9) is given by

— Z@'bo(fa A)6i(p1(£))bo(€, )
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= 26,6 Py" BE (ho)) P (hoy, ha ))Bo(h( ) (6:05(h))
+ 26660 P B3 (ho)) [P0y, haays P (- by )] Bo(hay) (8i(h) - 8;(h))
+ 26660 P B3 (hoy) [h1ys hiays P (hioy.)] Bolha) (8;(h) - 8i(R)).

Considering (10), it can readily be seen that —3_;0;(b1)d;(p2)bo is of the
form

F9(hoy, hirys hz) ) (8:(R) - 5;(R)),
where
F(tg, t1,t) =
&x&eBo(to) Py (to, t1) Bo(t1) [tr, ta: PYY] Bo(ta)
— 26586€mn P3' (t0) B3 (to) Pi¥ (to, t1) Bo(t1)[t1, t2; P5™] Bo(ta)
— 26kEem&n Bo(to) P1*(to, t1) P3*(11) BE (1) [t1, t2: P3™] Bo(ta)
— 2 E4E0Em&n Py (t0) B2 (to) [t07t1§P2€m] By(t1) [751,752;sz”] By(t2)
— 46E0&m&n P3F (to) By (to) [to, t1; Pﬂ] By (t1) [t1,ta; P3| Bo(t2)
+ 8EkEEmEnpla Pa¥ (to) P3" (t0) By (to) [to, t1; PS™)] Bo(t) [tu, ta; PLY } By(t2)
+ A& mEn&pa P3F (to) BE (to) [to, t1; PS™] P™(t1) BE(t1) [t1, ta; PY] Bo(ta).

To compute the very last term —3_, . 10;0;b0(€,X)0;6;(p2(£))bo (€, N), we
first write the terms 29;0;b0(&, A) and 8;5;(p2(€)) in the contraction form:

S0i03b0 (6 \) = — P (1) BR() + 46 PS PY (1) B (),

and

6:0;(p2(€)) = Emén [P0y, hry; P3™] (6:05(h))
+ Em&n [P0y, h1ys Ry P (6i(h) - 65(R))
+ Emén [h(0), h(1ys b2y P37 (85(h) - 6i(h)).

Therefore, the last term of (9) is given by the following formula:
1
=D 50i0ib0(& \)3id; (p2(€))bo €, N) =
4,3

+ &8Py B (ho)) [hoy by Po*] Bol(hny) (8:85(h))
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— AEEEmEn YT P (h0)) B3 (h(0)) [hioy: hays PS™] Bo(hy) (8:05(R))
+ 26460P5 B (ho)) [0y b1y bz PS ]B ( )(5 (h) - 8;(R))
— 8&Eebm&a P PI B3 (h(0)) [h(0)s hays hays PE™] Bo(hay) (6i(h) - 8;(R)).
Adding all the terms, bg(f A) is found to be
2

b2(&,\) = (5 h(l)) (6:0;(h))
where the functions B;j ;. are given by

B (€, M\ to,t1) = — Bo(to) Py (to, t1) Bo(t1)
+ 26460 B3 (t0) Pi¥ (to) P{* (to, t1) Bo(t1)
+ &:& B (to) Py (to) [to, t1; PS*] Bo(th)
— AE4E0EmEn B (t0) PiF (to) P3" (to) [to, t1; Py™] Bo(t1)

and

BYy(&, N to, t,12) =

— By(to) Py, (to, t1, t2) Bo(ta)

+ &r€eBo(to) P{* (to, t1) Bo(t1) PY' (t1., t2) Bo(t2)

— 263EEmEn PY" B3 (to) [to, t1; PF] Bo(t1) P{" (t1, t2) Bo(t2)

+ 26,6 P B3 (o) [to, t1; PJ*(-,12)] Bo(t2)

+ 26,6 PJ" B (to) [t1, ta; P (h(0).)] Bo(t2)

+ &€ Bo(to) Py (to. t1)Bo(t1) [t, t2; PY¥] Bo(ta)

— 26&EménP)’ B3 (to) Pi¥(to, t1) Bo(tr) [t1, t2; Py"™] Bo(t)

— 26:€0€mEn Bo(to) P (to, t1) PI*(t1) B (t1) [t1, ta; Py"™] Bo(ts)

— 2 &kEEmEn Py B3 (t0) [to, t1; PA™] Bo(t1) [t1, t2; PS™] Bo(t2)

— A8 EEmEn P B (to) [to, t1; PI'] Bo(th) [t1, ta; PI™] Bo(ta)

+ 84 EmEnbpa P PI" B (to) [to, t1; Pa™] Bo(t1) [t1, ta; PYY] Bo(t2)
+ 4880 En&pSaPIE B (to) [to, t1; Py™] P3" B3 (t1) [ty ta; PY7] Bo(ta)
+ 26,60 Py BE(to) [to, t, ta; PE*] Bol(ta)

— 8&4EeEmEnPYT PI B3 (to) [to, t1., ta; Py"™] Bol(ta).
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Note that in the above formulas, BO( ) is always a scalar function and com-
mutes with the other terms Pf which can be matrix valued functions.
Hence, we can bring all the powers of By’s in each summand up front and
group them with the other scalar terms such as {;’s. But, the order of the
other terms must stay untouched to respect the noncommutativity of matrix
product. This is what we will do in the next section while we find a formula
for the integral of these terms.

3.2. Coefficients of the asymptotic expansion of the heat trace

Using the Cauchy integral formula, we have

-1
e”P = _— [P —-N"td\, t>0.
21 ~

Here 7 is a contour around the non-negative real line with the counter clock-
wise orientation. The expansion of the symbol of the paramatrix o((P—\)~!)
can be used to find the asymptotic expansion of the localized heat trace
Tr(ae ') as t — 0% for any a € C>(T%):

[e o]

etP) Z a)t =/

Here, each ¢, (a) can be written as ¢(aby,) for some b, = b,(P) € C>*(T%),
where

(11) bn(P) = @/}R %/bn(g,)\)d)\dg.

For more details see e.g. [9] for the noncommutative tori or [20] for a simi-
lar computation in the commutative case. Using the rearrangement lemma
(Lemma 2.1) and the fact that the contraction map and integration com-
mute, we can readily see that

ba(P) ( 3m) /R I / L& X by, bt ))e—AdAd§> (6:0;(h))
( /R 2m/ 26 A5 b0y by )nh@))e”dkdf) (6:(h) - 8;(R)).

The dependence of B, 4 5% Ol A comes only from different powers of By in its
terms, while its dependence on §;’s is the result of appearance of §; as well
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as of By in the terms. Therefore, the contour integral will only contain e

and product of powers of By(t;). Hence, we need to deal with a certain kind
of contour integral for which we shall use the following notation and will call
them T'-functions:

(12)
1 _
Tn;a(t(b U 7tn) = §n1 e énQ‘a‘74T / (& )\Bgo (t()) et Bg" (tn)d}\dﬁ,
7T2 T v
where n = (n1,- -+ ,Ngjq|—4) and @ = (ag, -+ ,an). We study T-functions

and their properties in Subsection 3.3. Now, we write a formula for by(P).

Proposition 3.1. For a positive Laplace type h-differential operator P with
the symbol given by (7), the term by(P) in the contraction form is given by

by(P) = (4m)~4/? (33{1@(0)7h(1))(5z‘5j(h)) + Bé{?(h(o)a h(ty, hz)) (8i(h) - 5j(h)));
where the functions are defined by

BY\(to,t1) = — T (to, t1) Py (to, t1) + 2Thes21 (to, t1) P (to) P (to, t1)
+ Theo1 (to, t1) Py (to) [to, t1; PEY]
— ATz 1 (to, t1) PF (to) P3* (to) [to, t1; P3™"],

and

By, (to, t1,t2) =

— Ti1,1(to, t2) Py (to, t1, 12)

+ Thea11(to, tr, t2) Pi¥(to, t1) Pl (t1, 1)

— 2Thtmmi21.1(to, t1, t2) Pa™ (to) [to, t1; PYY] P{™ (t1, ta)
+ 2T}0.1 (o, t2) P3¥ (to) [to,tl,Pj (-,t2)]

+ 2Thp01 (o, 12) P¥ (to) [t1,t2; P (to, )]

+ The 11 (to, t1, t2) PP (to, 1) [t1,t2, P}

— 2T kemn:2,1,1 (to, t1, t2) Pﬂ(to) F(to, t1) [t1, ta; P
— 2Tt 2.1 (to, L1, t2) PiF(to, t1) Py (t1) [t1,t2; P3""]
— 2T htmns2,1,1 (to, t1, t2) ZJ( ) [to, t1; P3™] [t1, to; PA™]
— ATktmm2..1(to, 11, t2) P3¥(to) [to, t1; P3'] [t1, ta; P
+ 8Thtmnpg:31.1 (o, t1, ta) P3E (o) P (to) [to, t1; Ps™] [t1, ta; PYY]

to
to



204 Asghar Ghorbanpour and Masoud Khalkhali

+ ATk pmnpgs2.2,1 (to, 11, t2) P (to) [to, t1; Ps™] Py™ (t1) [t1, ta; PYY]
+ 2Tp0.1 (to, t2) P (to) [to, t1, to; PA]
— 8T ktmn:3.1 (o, t2) PiF (t0) P (o) [to, 1, ta; Py,

The computation of the higher heat trace densities for a Laplace type
h-operator can be similarly carried out; expecting more terms in the results.
This would give a way to generalize results obtained for the conformally flat
noncommutative two torus in [6], where by of the Laplacian D? of the Dirac
operator D is computed.

3.3. T-functions and their properties

Evaluating T-functions (12), are the only parts of formulas for B;jl and

B3, that need to be evaluated, is not always an easy task. We give a concise
intégral formula for T-functions and study their properties in this section
and later on show that in some cases, they can be computed explicitly.

We start with the contour integral in (12). It is evident that there are
functions fq, ... o, such that

—1 -\ pao Qo
./6 ABG (to) -+ B (tn)dA = fag o (117, I€17.) -
y

27

Here, we denoted ng (tr)&&; by [|€]17 . Examples of such functions are
€7$0 —X1

fia(zo,z1) = — - )
Trog — T1 Tr1 — X

e

—Xx0 —Xx0 —T1

e

xo—x1  (wo—x1)2 (2 — @)%

e e

f2,1(l‘0,$1) = -

We can indeed find a general formula for f, in terms of derivatives of the
divided differences of the function exp(—\):

-2 —oy
fa(x()?"' ,l'n) 271_1/ 1:[0 _)\ dA
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—1)led+1 B

= %85 [mo,--- T A e

where 3 is the multi-index (ag — 1,-+- ,, — 1). In the last formula we
used a contour integral formula for divided differences of an analytic func-
tion which can be found in [35, Section 1.7.]. Now, we can apply Hermite-
Genocchi formula (5) for f (/\) = exp(—A) and rewrite fo as an integral

é Js e~ (Ziosiw)) H’; 055 'ds over the standard simplex. We have

Tn;a(t07 e 7tn)

é'nl : gnz\a\74f010,"',an (”é'H%O? T ||£H%n) dg

N|R_

1 s n
gnl gnZ\a\ 4,8'/ e —(35=0 85 P2(t5)8,6) H dsd§

lvl&

= I@' / Hsaj_l/ gnl : gnz‘a‘ 4 J USJPQ ££ d£d5

Z H (Z?:O SjP2(tj)>
) o1 “n Nilte® s,
2|a| 231 / H \/det (Z?:o 8jP2(tj))

In the last step, we applied the Wick’s theorem (See e.g. [27]) for the inner
integral. We use > [] to denoted }_ cpy Il;cg/o Where Il is the set of
all pairings on S = {1,---,2k}. For instance,

Z HAnma(,-,) = Age and (Z H)An,-,na(i) = AgeAmn+Agm Ao+ Agn Aem-
k.lmmn

Putting it all together, we have proved the following lemma.

Lemma 3.2. Let P»(t) be a positive definite d x d matriz of smooth real
functions. Then

1 ZHP_l(S)mng(i)
Thialt )T atn &9 = dSa
; (0 2|a| 25]/ H det P(S)

where P(s) = Y1 _qsiP(t;) and B = (ap— 1, -+ ,an — 1).
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For our purposes, we need only two types of T-functions:

1 1 anil(s)ninc(i)
Tt = gty | &
o 20~ (a = 1)! Jo det P(s)

T"§Olo,04171 -

1 1 pl—s; Znnpil (307 sl)nina(i)
Sa0718a171
2ao+a1—lr(a0)1"(a1) /0 /0 0 ! det P(So, 81)

dSOdsl.

Remark 3.2. We list some basic properties of T-functions below:

(i
(ii

) T,
)

(ii1) lime, — 1o Triag, - ap 1,1 (Eostty stn)=Tniag1, oy 1 (Eostis e stn1),s
)
)

(1) e (k)i

T,

M5 (0), X0 (1) Yo (n)

=Thia, ceS(n), o€ESk,
(ta(O)ata(l)v"' 7td(n)):Tn;o¢O,a1,--- ,an (t07t11'” 7tn)7 o—esn+1

(iv
(v

T'n;otow” v 150,549, ,an(t07"' 7tn):Tn;aow“ S 15O 41, A (t07"' 7tj*11tj+17"' 7tn)7

%Tn;agv” san (tﬂv"' 7tn):7ajP/(tj)len»kl;aov” sajtl, e an (tO,"' 7tn)‘
Finally, we would like to point out a recursive formula for T-functions.

Lemma 3.3. Let n = (ny,--- ,ng) and n = (ny,--- ,ng,m,n). Then, we

have

Tria,1(to, t1)(Pa(to) — Pa(t1))™ =
Znng(tO)n,;na(i)
20-2T (@) /det Py (to)’ @z

Tnia—1,1(to, t1) —

QZan(tl)nﬂla(i) 2Znng(t0)wng(i)
\/deth(tl) - \/detPQ(to) ’

a=1,

and

Tis00,00,1 (F0, t1,12) (P2(t1) — Pa(t2))™" =
Tniao,00—1,1(t0s t1,t2) — Tniag,on (to, t1), a1 > 2,

Tn;ao,l(t07 t2) - Tn;ao,l(tﬂa tl)a ap = 1.

Proof. The key point here lies in the following formula which is a direct
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result of Jacobi’s formula: d det(A) = det(A)tr(A~1dA).

d ZnHP_l(S)nina(i) 1 ZﬁHPil(S)nino(i)

as \ VA ) T2 Jaapey () o e

Then, an integration by parts will complete the proof:

Ta;a,1(to, t1) (Pa(to) — Pa(t1))™

1 1 o Z~HP71(S)’M”U(¢)
- 2a1—F(a)/o ’ det P(s) ds(Pa(to) ~ Fo(tr))
(s T
_ 1 /1 Sa—li EnHP ( ) iNo (i) s
20-2T(a) J, ds det P(s)
_ -1
- 20721 (q)

STIP  (nnay 1 D) | Ve O
-l n — (v — 1)/ §22 1
det P(s) . 0 det P(s)

«

Similar steps works to prove the second equation. O

This lemma can be used to further simplify the expression for B;l and
B;”é given in Proposition 3.1. As an example, we use it here to simplify the
third term of B;jl

The21(tos t1) Py’ (to) [to, t1; PE]

. 1
= (Taa(to, t1) — Tia(to)) P’ (to)
to — 11
=T11(to, t1) P (to) L _ ! pij(tg)#
SR~ et Py(ty) © to—t

Applying the lemma on the other terms, we can find a new and simpler
formula for By given by

By (& N to, t1) =T (to, t1) <_P(Z),jl(t07 t) + B (tO)to - t1>
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‘ . . 1
+ 2Tkg;271(t0, tl)Pﬁk(tO) <P1]€(t07 tl) - QPQJZ(tO) to — t1> :

In this new form, each term of expression may not be smooth anymore and
this is the reason that we won’t write down the simplified formula for By/,.
However, we shall use this lemma in Section 5 where we want to give7 a
formula for the total curvature of the curved noncommutative tori.

We will, in some cases, evaluate T-functions. For conformally flat met-
rics, we shall find a closed formula for T-functions in terms of divided dif-
ferences (Lemma 4.2). A similar formula for the twisted product metrics is
computed in Lemma 4.4. We also have a formula for some of the T-functions
in dimension two (see Lemma 5.4).

Example 3.2. In this example, we find some T-functions for a Laplace type
h-differential operator on Tj with the principal symbol given by entries of
the matrix

fg e fe)g,

where g and ¢ are two by two positive definite symmetric real matrices and
f and f are positive smooth functions. First we note that

\/det P(s) =

oG] (sf(to) + (1 = s)f(t2))(sf (o) + (1 — 5) f(t1)).

The integral formula from Lemma 3.2 for Th.1 turns out to be a basic
integral and we have

_ l9llg] o f(to) f(t)
Taltortn) =7 o (f(tof(to)) |

and for 1 < k,[ < 2, we have

ge/T9lI3T (£(11) F(t0) + f(t0) f(tr) (log (L2240 — 1))
2£(to) (F(11)(t0) — Flto) (1))

Ty2,1(to, t1) =

The functions T}, ;.01 for 3 < k,1 < 4 are given by the same formula after we
interchange f with f and g with g. These T-functions can be computed in
the same manner in cases with more than two metrics and functions, called
multiply twisted product metrics of two tori.
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Further exploration of the properties of T-functions is an important
problem. In particular, finding an explicit formula of T-functions for more
general functional metrics is an open problem. Along these lines, The fol-
lowing point may be noticed. The T-functions for conformally flat metrics
are given by derivatives of divided differences which appear as coefficient of
the polynomial interpolation. Similarly, integrals over the standard simplex,
such as the one found in Lemma 3.3 for T-functions, appear as the coeffi-
ceints of a multivariate polynomial interpolation called Kergin interpolation
(see e.g. [34]).

4. Functional metrics and their scalar curvature density

In this section, we apply Proposition 3.1 to a geometric operator on the
noncommutative tori equipped with a new class of metrics, called functional
metrics, which are introduced in this work for the first time. First, we con-
struct the Laplacian on functions of (Tg, g) and find an h-differential oper-
ator Ao, which is antiunitary equivalent to the Laplacian. We then write
the symbol of Ag 4 in the contraction form and apply Proposition 3.1 to find
b2(Do,g)-

The geometric importance of the second density of the heat trace of the
Laplacian on functions (or Laplacian of the Dirac operator) originates from
the fact in spectral geometry that on manifolds [20, Section] this density
is a multiple of the scalar curvature of the metric. This fact provided a
way to define the scalar curvature R, called scalar curvature density, for
noncommutative spaces; an idea which was initiated by [8, 16] see also [7,
Section 11]. Here, we define the scalar curvature density of a given functional
metric to be

(13) R = (47)2by(Do ).

We compute the scalar curvature density for two classes of examples in all
dimensions: conformally flat metrics and twisted product flat metrics.

4.1. Functional metrics and their Laplacian

We first introduce a new class of metrics on the noncommutative tori and
then a Laplace type h-differential operator to study the spectral invariants
of the geometries defined by these metrics.

Definition 4.1. Let h be a selfadjoint smooth element of the noncommu-
tative d-tori and let g;; : R — R, for 1 < 7,5 < d, be smooth functions
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such that the matrix (gi]-(t)) is a positive definite matrix for every ¢ in a
neighborhood of the spectrum of h. We shall refer to g;;(h) as a functional
metric on C(T%).

The condition is equivalent to saying that g;;(h)¢'¢/ € C(T4)* for every
(517 T 7£d) € Rd‘

Without loss of generality, we always assume that functions g;; are
Schwartz class functions. Since the spectrum of h is a compact subset of
R, we can always replace g;;(t) with Schwartz or even compactly supported
functions g;; such that g;j(h) = ¢;j(h). In our notations we frequently use
the property of functional calculus that F o g;;(h) = F(g;5)(h) for any given
smooth function F : R* — R. For example, we shall denote the determi-
nant of (gi;(h)) by either |g(h)| or |g|(h). Also, since the matrix (g;;(x)) is
invertible on a neighborhood of the spectrum of h, we use g (h) to denote
the entries of (g;;(h)) L.

To construct the Laplacian on ']Tg equipped with a functional metric
gij(h), we first consider the exterior derivative § : C*°(T4) — QT4 =
C°°(T¢) ® C¢ which is defined by

d(a) = (id1(a),id2(a), - ,ida(a)) .

The key role of the functional metric g;;(h) then is in turning C*(T¢) and
Qngl into Hilbert spaces and finding the adjoint of 4. Analogous to the
classical theory, we define the inner product on functions C*° (Tg) to be

(a,b)o = p(b*a\/Igl(h)), a,be C™(T§).

In addition, the inner product on 1-forms Qng is defined to be

(a,b), = ¢ (9" (W)b;a;/1gl(R) )

Here a = (a1,as, - ,a4), b = (b1, ba, -+ ,bg) are elements of Q'TZ. The
Hilbert space completion of functions Coo(Tg) and 1-forms Qng with re-
spect to the corresponding inner products will be denoted by Ho 4 and Hi 4
respectively.

The exterior derivative, as a densely defined operator from Hg 4 to Hi g,
is a closed unbounded operator from Hy to H; and its formal adjoint 6* :
H1,y — Ho,g on elements of Ql']I‘g is given by

5%(b) = ~ibig™ ()3 (V1g1(h)) 1= (k) = by (97 (k) ) — idx(b)g™ ().
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Therefore, §*3 : Ho,g — Ho,y on elements of C°°(T9) is given by

8;(a)g?™ (h)ox(|g1z (h))]g| ™2 (h) + 6;(a)dk(g”* (h)) + i61(5;(a)) g™ (R).

To carry the spectral analysis of the Laplacian 6*6 : Ho 4 — Ho g, we switch
to the antiunitary equivalent setting as follows. Let Hy be the Hilbert space
obtained by the GNS construction from C (Tg) using the nonperturbed tra-
cial state ¢.

Proposition 4.1. The operator 6*6 : Ho g — Ho,g 5 antiunitary equivalent
to a Laplace type h-differential operator N 4 : Ho — Ho whose symbol, when
expressed in the contraction form, has the functional parts given by

Pi*(to) = g7*(to),

P (to, t1) = |g| % (to) [to, t1; 91T ] g7 (t1) + [to, t15 ¢7*]
+ 1917 (to) g’ (t0) [to, tr: 191 %],

(to,t1) = \g|i(to)gjk(to)[t0,t1; |gy—i],

(to. tr, t2) = |g| ™% (to) [to, t1: ¢7"[g]=] [tr. ta; ] =¥
+2/g| (to)g™* (to) [to, tr. t2; 9] 7).

ik
Fox

ik
Py

Proof. The right multiplication by ]g]_l/ 4 extends to a unitary operator
W : Hy — Hogy and the map a +— a* gives an antiunitary map on Hy
which we denote by J. Then, §*§ is antiunitary equivalent to the operator
JW*§*0W J, which we denote by A 4. Using the basic property of * and
its relation with the derivations, d;(a*) = —d;(a)*, we immediately obtain
(14)

Dog(a) =g (m)0kds(a) + (191~ 58k (19l g7 (1) + g1 o™ (W)3k (19| 3) ) ()
+ gl =50k (912 g7 (o191 ) ) a.

The operator Ay, is clearly a differential operator and the homogeneous
parts of its symbol reads

p2(€) = ¢?*(h)&;ék,
p1(€) = (Ig1™38k(1gl$)g™ (h) + 61(g7 (1) + gl g (R)dw(lg| ) ) &,
po(&) = lgl =+ 0k(|g]2)g™ (h)8; (g1 %) + lgl* 6x(g7 (h))3;(lgl %)

+ g3 g7 (h)ok;(lg) %)



212 Asghar Ghorbanpour and Masoud Khalkhali

We then apply Theorem 2.2 and express the above terms in the contraction
form. O

Remark 4.1. The analysis of functional metrics on manifolds is an interest-
ing topic to be further investigated. In particular, classifying Riemannian
metrics that can be written locally or globally as a functional metric, with
h being a smooth function on the manifold, seems a nice problem.

The scalar curvature of a functional metric g;;(h)dz’dz? on an open subset
U of R is given by

_ _ 1 _ _ 3 _ _ _
RI(—g 1tr(g 1g//)__g 1tr(g 1g/)2+_g 1tr(g 1g/g 1g/)

1 4
3 w Oh Oh
tr (oY) o La'a~ ! 1 —1_ 9 17 11 )
+ir(97g) g g9 +99"9 —59 9y pr—
1 —1_ -1 1\ 9%k
) e
+(g A g r(g g) oxhox”

4.2. Conformally flat metrics

An important case of the functional metric is the conformally flat metric

(15) 9ij(t) = F(t) " gij,

where f is a positive smooth function and g;;’s are the entries of a con-
stant metric on R%. The formula (14) for the operator A, is simplified for
conformally flat metric in general dimension d

Dogla) = f(h)g*66;(a)
+ g (Mo (FR)5) + F(B)H0k(F (1)) ) 85(a)
+ g F (W) o (F) 25 (F (D)) a,
The functions given by Proposition 4.1, for the conformally flat metrics,
gives us the following:

(16)
Pi¥(to) = ¢* f(to),

Pak(to,h) (f(to) [to, tr; f1 ] + f(to)'™ [to,t1;f%]),
35 (to, t1) _gjkf(to) i [to, tr; £5],
(t07t1’t2) =9 <f( )% [to’tl; fl_g] [tht%f%] + Qf(tO)l_% [to,t1,t2;f%]).
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A careful examination of formula (16) shows that for any function PY there
exist a function P, such that P,’ = ¢ P,. We have similar situation with
the T-functions for conformally flat metrics.

Lemma 4.2. Let o and n = (ny,--- ,n2|a‘,4) be two multi-indices. Then
the T-function Ty, o for the conformally flat metric (15) is of the form

Tn,a(t07 T atn) = \/@Z Hgning(i)Ta(toa T 7tn)'
n

The function Ty in dimension d # 2 is given by

(—Dle=1r(4 — 1) _d
17)  Tu(to,--- ,t,) = P lxo, - apulTe
( ) a(O n) F(g—i—]a\—Q) ;(;[-1'0 Tn, U ]

where B = (ag— 1, -+ ,ap, — 1).

Proof. First note that the terms involving P(s) = > " s, f(t;) are given
by

n n d

PN = oo (Y 5500)) " and detP(S)zﬁ(ZSJf(tj))E-

=0 =0

This implies that the T-function Tp, o can be written as \/[g|>" [[9n,n, ) T

n
where T, has an integral formula which we evaluate below. Let x;, for j =
0,---,<n, be positive and distinct real numbers. Then for d # 2, we have

n n
a;—1 Z . —§—|a\+2d
HSj S5 S
Xn j=0 =0

—1)lel=n=1pd -1 n —d g1
_ =D B ($+n >a§/ (ZSW) s
—1lel=1pd — 1 g
= G- 1) 2w, wniul 7]

L@ +lal-2)

Here again 8 = (ag — 1,--- ,, — 1). Replacing x; by f(t;), we find the
formula (17) for functions Ty. O
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As an example, we have

(=1)°T(§ - 1)
20— 1r( +a—1)

To,1(to, t1) =

f(t)! (G+m—1)  ftg) 5"+
((f(t) Z ——1m' (f(tl)—f(to))"‘*m)'

m=0

Note that for dimension two, Ty 1(fo,?1) can be obtained by taking the
limit of (17) as d approaches 2. When f(t) = t, we have

(-1

W@g—l [to, t1; log(u)].

To,1(to, t1) =

We shall not consider dimension two separately, but just as the limit d — 2.

Remark 4.2. It was first noted in [32] that for conformally flat metrics,
the integral that defines functions Ty o can be written in terms of Gauss
hypergeometric o 7 and Appell hypergeometric F functions. More precisely,
in our notation, we have

Tn;a,l (t07 tl)

(5 gnin,
o= (a—

Cd g pla-)) (D f(to)
)1r(%+a_1)f(t1) 2 2F1 (—,1,2 1-— )’

27777 f(h)
and

I+ 1)ZnH9nma<i>
200t (4 + ag + oy + 1T ()T (ev1) g

7570107(11 1 p(ao—1,0:1-1) é . 2.1 f(to) _ f(tl)
f(tQ) +F’l <2+171717371 f(t2)71 f(tg))

What we found in (17) is that these hypergeometric functions for the specific

parameters, can be written in terms of divided differences of the function
1—2
u 2.

Tn§a07041,1 (t()v t17 t2) =

Finally, we can substitute (16) and T-functions (17) in the formulas from
Proposition 3.1 and obtain the curvature of conformally flat noncommutative
torus of dimension d.

Theorem 4.3. The scalar curvature of the d-dimensional noncommutative
tori Tg equipped with the metric f(h)*lgz-j s given by

R= \/@<Kd(h(0), hay) (A(R)) + Ha(hoys by, h(2))(D(h))>,
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where A(h) = g¥6;6;(h), O(h) = g¥8;(h) - §;(h). The functions K4 and Hy
are given by

Kq(to,t1) =Kg(f(to), f(t1))[to, t1; f],
(18) Hq(to, t1,t2) = ( (to), f(t1), f(t2)) [to, t1; f] [t1, t2; f]
+ 2Kd(f(t0)a f( )) [t(]? 1, t2; f]v
Where K', and H);, are the functions Kq and Hy when f(t) = t. For d # 2,
they can be computed to be
Kt (x y) % ((d — 1);[;5y5_1 _ (d _ 1)x5—1y5 — $d_1 + yd—1)7

and

Hj(w,y,2) =
2x_%y*dz_%
(d—2)d(z —y)*(z — 2)*(y — 2)?
(xddeZ( Y) (3x2y — 2222 — day® + dayz — 2227 + yz2)
+aty T @ = 2)* (2~ y)(da + (1 d)y)
+aty? 2z — 2)® + 22y 2 (3 - y) )
+2(d = a2 Myt (@ — y) (@ — 2)(z — y) (= — 2y + 2)
— s Ty (@ — ) (2 — 2)°(1 = d)y + d2)

+ 2%yt (y — 2) (:L‘Qy — 2222 + dzyz — 222% — 4Pz + 3y22) )

X

(z —2)?

+dz) — x2y32dz;+1(1‘ —2)%(z—y)

These functions for the dimension two are given by

Kifovs) =~ L2005 (o o) ogaf) + 20— ),

and

2
Hi(a, . 2) = Vove x

(. —y)?(z — 2)3(y — 2)?

(=@ -y@=2)y-2)@ -2y +2) +y@ - 2)*log(y)

+ (y — 2)%(=22% + 2y + y2) log(z) — (x — y)*(zy + 2y — 22) 10g(Z))>-
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Proof. A closer look at the formulas of Proposition 3.1 reveals that for con-
formally flat metrics, the dependence of By 5 and B;JQ on the indices is simply
through a factor of g¥/. In other words, there exist functions Ky(to,t1) and
Hy(tg, t1,t2) such that

By, (b, h)) (9:8;(h)) = \gngKd(fu (1))(6:d;(h))
—v@ka (féém»
Bya(ho) hy, hiz)) (i = Vgl Ha(h h(l), 2))(0i(h) - 3;(h))
= \/ng ) hys ) (978 (h) - 5;(h)).

To reach this result, we applied identities such as

ZHgni”au)gke Y =dg”,
(k,6)
D 1 oninawe?g™g™ = (& +2d)g"

(k,,m,n)
> 1 9nnewg™d g™ = (d+2)g7,
(k,,m,n)
S 9nnowdg™s™ g™ g7 = (@ + 6d + 8)g¥
(k,¢;m,n.p,q)

To continue it is enough to take f(¢) =t and we denote the functions found
for f(t) = ¢t by K, and HY. Note that for f(t) = t we have [to, t1; Py’] = 1 and
[to, t1, to; PQij | = 0 which simplify the formula. Then for a general function
f, we simply take h = f(h) and then the result is given as

Kf(ho, h1)(9"6;0;(h)) + Hiy(ho, h, ha) (97 8;(R)5;(h)).

By Theorem 2.2 and equation (2.3), we can turn everything in terms of
original element h and get the formulas given in (18).

To find the functions K} and Hi, as mentioned before, we should evaluate
the limit of K’ and HY as d — 2. O

Note that the Function KY(z,y) is the symmetric part of the function

S0 (-t -t ).
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Similarly, H(z,y, z) is equal to (Fy(z,y, z) + Fy(z,y,x))/2 where

4m_%y*dz_%
F —
(@Y 2) = T 0 = 2@ — 2Py = 2
d d_2

(x v (x — y)(32%y — 2222 — day® + dayz — 2227 + y2?)

+adys it (@ - 2)2 (2 — y)(dz + (1 - d)y) + xdsz% —z)?

2ty 5 22z —y)(z — 2)2 4+ 2(d - 1)z +1yd22 Na —y)Q(x—z)(z—y)).

In low dimensions, the curvature of the conformally flat metrics was
studied in [16, 8, 25, 17, 11]. Here we show that those results can be recovered
from our general formula. We should first note that the functions found in all
the aforementioned works are written in terms of [k, -], denoted by A, rather
than A itself. To produce those functions from our result, we are only required
to apply a linear substitution on the variables ¢; in terms of new variables
s (cf. [28]). On the other hand, it is important to note that the functions
Ké(:c,y) and HY(z,y,z) are homogeneous rational functions of order —9
and —% — 1 respectively. Using formula (18), it is clear that the functions
Kd(to,tl) and Hy(tg,t1,t2) are homogeneoub of order 1 — 5 in f(t;)’s. This
is the reason that for function f(¢) = e’ and a linear substitution such as
tj = > _Sm, a factor of some power of e® comes out. This term can
be replaced by a power of e multiplied from the left to the final outcome.
This explains how the functions in the aforementioned papers have one less

variable than our functions. In other words, we have
Kd(S(), So + 81) = 6(17%)50Kd(81),
Hd(SO, So + s1,80 + 51 + 82) = e(lfg)soHd(Sl, 82).
For instance, function Ky(s) is given by

8e s ((d -1) smh( ) + sinh (%))

Ka(s1) = d(d—2)d (e —1)% 81

Now, we can obtain functions in dimension two:

e (€% (51— 2) + 51 +2)
Hafs1) = = (es1 —1)2s ’

Ko(s1,82) = <31(31 + s2) cosh(sa) — s2(s1 + s2) cosh(sy)
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— (51 — s2) (51 + s2 + sinh(s1) + sinh(sg) — sinh(s; + 52)))

S1+ S92
2

X csch(%)csch(zﬁ)cschQ( )/(4s152(51 + $2)).
we have —4Hy = H and —2K5 = K where K and H are the functions
found in [8, 16]. The difference is coming from the fact that the noncommu-
tative parts of the results in [16, Section 5.1] are A(log(e/?)) = $A(h) and
Dlog(e"2)) = 10(h).

The functions for dimension four, with the same conformal factor f(t) =
e’ and substitution t; = anzo Sm, gives the following which up to a negative
sign are in complete agreement with the results from [17]:

1—e*

Ha(s1) = 2es151
et —1)(3e*2+1)syg — (e** +3)(e®2 — 1) s
Kaossy) — 17D BE £ D s = (e +3) (e~ 151

4es11525159 (51 + $2)

To recover the functions for curvature of a noncommutative three torus
equipped with a conformally flat metric [25, 11], we need to set f(t) = e
and top = s, t1 = sp + s1/3 and to = sg + (s1 + s2)/3. Then up to a factor
of e7*° we have

4 —des
H3(81): S1 ST )
es (s1es +1)
6(e3 —1)(3es 4 1)sy — 6(e3 +3)(es —1)s
Ks3(s1,52) = ( 21(+52 sl+52 2~ 6( ) )1-

Finally, we would like to check the classical limit of our results as § — 0.
In the commutative case, the scalar curvature of a conformally flat metric
§ = e?hg on a d-dimensional space reads

R= —2(d — 1)e 2 g*0;0(h) — (d — 2)(d — 1)e~"g7*0; (n)ay (h).

If we let f(t) = e2!, we have the limit

1
. e (d—2)t
1%[11 ; Kd(t(),tl) = 3<d 1)6 s

to,t1

1
lim Hd(th tla t2) = E(d — 2)(d — 1)e(d_2)t.

to,t1,t2—1
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We should also add that since §; — —id; as § — 0, we have A(h) —
—g7%0;0k(h) and O(h) — —¢’*9;(h)Ok(h). Therefore, our result recovers the
classical result up to the factor of \/|gle® /6. The factor /|g|e?® represents
the volume form in the scalar curvature density and the factor 1/6 is due to
our choice of normalization in (13).

Remark 4.3. The rationality of the heat trace densities in different situations
[14, 18] has been studied. Here, we have a rationality of the second density
for the conformally flat metric on a noncommutative tori and it can be
expected to be true in the higher terms of the heat trace densities. On the
other hand, finding relations between the functions K; and Hy in different
dimensions can shed more light on the structure of these functions.

4.3. Twisted product functional metrics

In this subsection, we shall compute the scalar curvature density of a non-
commutative d-torus equipped with a class of functional metrics, which fol-
lowing the standard convention in the differental geometry will be called a
twisted product metric (see [24] and references therein).

Definition 4.2. Let g be an r x r and § be a (d — r) X (d — r) positive
definite real symmetric matrices and assume f is a positive function on the
real line. We call the functional metric

(19) G=f(t)"'g®g,
the twisted product functional metric with the twisting element f(h)~!.

Some examples of the twisted product metrics on noncommutative tori
were already studied. The asymmetric two torus whose Dirac operator and
spectral invariants are studied in [10] is a twisted product metric for r = 1.
The scalar and Ricci curvature of noncommutative three torus of twisted
product metrics with 7 = 2 are studied in [11]. It is worth mentioning that
conformally flat metrics as well as warped metrics are two special cases of
twisted product functional metrics.

Let us find the terms to be substituted in the formulas from Propo-
sition 3.1, for the twisted product functional metric (19). First, we note
that there are functions P, and P, such that the functions PY of functional
parts (7) of the symbol of Ay g can be written as

gleO 1 SZ')] ST
(20) P =GP, r<ij<d

0 otherwise.
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The functions P, are exactly the functions in (16) obtained for the confor-
mally flat metrics in dimension r. However, the other functions P, are given
by

Py(to) =1,
Pi(to,t1) = f(’fo)ﬁ [to,t; £ 1] + f(t0) ™7 [to, b1 £ 1],
Poq(to,t) = [to, t1; £1],

(to)~
P02(toat17t2)= Fto) [to, tas f75] [ta,tos £1] + 2f (to) "7 [to, tr, to; £7].

On the other hand, while evaluating T-functions for metric (19), we first
find that

Y8 t‘>_ 1<i,j<
P_I(S)kg _ gké(Z]:OS]f( J) S4L]sT
gk@ T’<Z,]Sd

1 3
det P(s) = m(Zs]f(tj)> .

This implies that when exactly k£ of the entries of n are less than equal to
7, then we have a function 7% such that Th.o = \/|9131>_ [19n.n, ., 7. The
n

NoG) o

function T¥ is given by

rtk

Th(to, ++ ta) = 5o 26'/ I1s j s]f( )) )

=0

Similar to the conformal case, the function Tc’fl can be computed as deriva-
tives of the divided difference of explicit functions.

Lemma 4.4. Let o and n be multi-indices such that exactly k entries of
n are less than equal to r. Then, for the twisted product metric (19) with
f(t) =t, the T-function Ty, o can be written as

Tn,a(t(]v"' 7tn) =V ’gH§|ZHgnina(1)T§(to7... ,tn>.
n

where,
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T(]){:t(t(]a ,tn) =
22— || 16] L _rth g1 -
(21) (ﬁ)nlal 1( ,+k)8 [to’... ,tn’u 5 || ] |a| # T+17
2)2—le| B ' o
St lto, s log(u)] o = £t +1

It can readily be seen that for k = 2|a| — 4 the function T is equal to
T found in (17) for the conformally flat case.

Theorem 4.5. The scalar curvature density of the d-dimensional noncom-
mutative tori Tg equipped with the twisted product functional metric (19)
with the twisting element f(h)~! is given by
= /lglld| ( (hy, b)) (A(R)) + Hy(hoy, hiry, hzy)(E(h))
+ K (g, hay) (D)) + Hy (), bty ) (O(R))).
where A(h) = D or<is 376;6;(h) and O(h) = D or<is G76;(h)8;(h) and A, O,

K, and H, are given by Theorem 4.3. The functions K, and H, forr # 2,4
are given by

K, (to, t1) = KL(f(to), f(t1)) [to. t1: f],

and

H,(to,t1,t2) =
HE(f(to), f(t1), f(t2)) [tos tr; f] [t tas £] + 2KE(f(to), f(t2)) [to, ta, tas f].

The functions K and H: are

(2r — 4)(2? — y?)z2yz + 4Py — 4a7y?
(r—4)(r = 2)z"yi" (@ - y)?®

Ki(z,y) =

)

and

s e
20" Ay Tz e

(r— ) —2)(x — )2 — 23y — 2)2
<:c7"y7"22 y) (2% + 23(y — 22) — 4y* + 6yz — 2%)

4+ y222(x — z)2(y — z)((r —3)yz —x((r —3)z —I—y))
2

Hi(v,y,2) =

r, 2. r

— a2 (z - 2’ Fasy s Pz —y)(a - 2)
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— @y’ 2z (z —y)(x - 2)(y — 2)x
((r— 3)a? — 2x((r — 2y + (1 —7)2) + 2((r — 3)z — 2(r — 2)y))
+azy(y —2)(z - 2)°(yz — (r = 3)a(y - 2))
+aty 2t (v - 2)2(y — 2) — 2% (y - 2)
(:172 — 6zy + dzz + 4y? —2yz—z2)).
Proof. We first separate the terms in the formulas from Proposition 3.1 in

two parts: the part which contains no tilde term and the rest of the terms.
For example the formula for B3] can be rewritten as

B;Ji(thtl) = /Igl|g] x
(gij (=101 (to, t1) Po1(to, t1) + T 1 (to, t1)to(2P1 (to, t1) + 1)
—A(r + 2)T5; (to, t1)t3)
+ 37 (=T, (to, t1) Pt (to, t1) + 275 (to, t1) Pi(to, t1)
T3 (to, t1) = 4T3, (1o, 1)) ).
The second part, multiples of g, will be denoted by K’ t while the first

part, multiple of ¢g*/, is nothing but K?(to,t1); the functlon found for the
conformally flat case in Theorem 4.3. In other words, we have

By, (hoy, b)) (66 () =
VI ( Koy, by (AM) + KE (i), h) (B (R)),
where A(h) = 37, i, 976:6;(h) and A(h) = zzmg“aa (h). Similarly,
this can be done for BQJ27 i.e. there are functions H ! and H! such that
BY,y(hoy, h1ys b)) (0i(R) - 6;(h)) =
V |9|!9!< Hy (hoy, by, b)) (O(R)) + Hy(hoy, by, h(z))@(@))-

Here we use the notation

= > ¢76i(h) - 8;(h) and O(h) = 3~ §96:(h) - 6;(h).

h,j<r 1>

The rest is just substitution of each term into the formula for B;JI and
BY,. O
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When the selfadjoint element h € C°°(T4) has the property that §;(h) =
0 for 1 < j <r, we call the twisted product functional metric (19) a warped
functional metric with the warping element 1/f(h).

Corollary 4.6. The scalar curvature density of a warped product of g and
g with the warping element 1/f(h) is given by

R =+/]gllg| <kr(h(0)7 hay) (A(R)) + Hy (hoy, ey, h(2))(ﬂ(h))>.

Proof. 1t is enough to see that A(h) and [J(h) vanish for the warped metric.
O

For r = 2 and r = 4, functions H, and K, are the limit of the functions
given in Theorem 4.5 as r approaches 2 or 4. This is because of the fact that
for these values of r, some of T functions are the limit case of formulas
found in (21). The functions for r» = 2 are given by

_ —2? +y* + 2zylog ()
KQ(J?,Z/) = \/@(QJ — y)3 ;

and

H2 (CL’, Y, Z) =
1 3
_ _ 1
2y vii e — 9@ = (g — ) ( y(z +y)(z — 2)°(y + 2) log(y)
— z2(z —y)? (—33:23/ + 222 — 8xy? + 10zyz — 2222 + y22 + 23) log(z)
+z(y — 2)? (2° + 2%y — 222 + 102yz + 22° — 8y®z — 3yz?) log(x)

+2y(y — )@ — )@ +2)(z — ) (@ — 2y +2) ).

For r = 4, on the other hand, we have

- ot =yt = (2 + ) log(})
K4(x,y) - xy(x _ y)g

i

and

B 1

H4(x7y7 Z) = 2.’1}(% _ y)2y2(x — 2)3(y — Z)QZ
( (2% +9%) (z — 2)% (4 + 22) log(y)

+ log(z)(y — 2)? (x4y + 2tz — 623y? — 203yz — 22322 + 322 + 2222

X
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+22yz? 4+ 2223 + 222 — day?2? + 3322 + y223)
—log(2)(z — y)* (m3y2 + 2322 4+ 3223 — 4%z + 2y2? — 22223 + 202
—|—xy222 — 2xyz3 + ozt + 3y3z2 — 6y223 + yz4)
—2(z —y)(x — 2)(y — 2) (2°2 + 2y — 22°2% — 23y° + 22y°2
+2% = 2y 2 + y?2?) >

In [11, section 4.1], the scalar curvature density of twisted product func-
tional metric on noncommutative three torus for f(t) = €2 and r = 2 is
found. This result can be recovered from our formulas given in Theorem 4.5
by setting tg = so, t1 = So + $1/2 and ty = so + $1/2 + s2/2.

We would like to conclude this section by a remark on multiply twisted
metrics and commuting families of metrics. Let [¢¥/ (¢)] be a commuting fam-
ily of positive definite real symmetric matrices. Such a family diagonalizes
simultaneously; i.e. there exist an orthogonal matrix O such that

97 (1)) = O~ tdiag(Ai (1), -+, Ma(1))O.

Such a family is included in the class of so called multiply twisted product
metrics. Let f;’s be positive functions and take g;’s to be n; dimensional
constant metrics. Then

G =@p f;(n)g;
J

defines a functional metric on T¢, where d = Y n;. The T-functions com-
puted in Example 3.2 are for metrics on four tori with two twisting factors f
and f. Very similar computations would work for multiply twisted product
of even dimensional tori equipped with constant metrics. We shall use the
T-functions found for the doubly twisted metric on ']I‘g to compute its total
scalar curvature in the next section.

5. Total scalar curvature of functional metrics

The goal of this section is to show how the trace of the second density of
the heat trace of a Laplace type h-differential operator P on ']I‘g can be
simplified. When P = A 4 for some functional metric g(h), we shall call

p(R) = (47m) 2 p(ba(Loy))

the total scalar curvature of the metric g(h) on the noncommutative torus.
In this section, we show that the total scalar curvature for all functional
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metrics on ’]I‘g vanishes. This generalizes the Gauss-Bonnet theorem proved
in [9, 15] for the conformally flat metrics on T2.

5.1. Trace of the second density

We start with the following lemma which essentially is an avatar of the
tracial property ¢(ab) = ¢(ba) when the trace acts on an element written in
the contraction form. Versions of this can be found in [32].

Lemma 5.1. Let h be a selfadjoint element of a C*-algebra A and let ¢ be
a trace on A. For every smooth function F : Rt — C, we have

¢ (F(h), s hin—1), b)) (b1 + = 1)) bw) ,

(@) ¢ (F(h) s hom) (b1 bn)bosr) =
¢ (01E (hqry, -+ iy o)) (b2 - b)) -

Proof. To prove the identities, first we write the element in the contraction
form as an integral given in Remark 2.1. After applying the trace property
to the integrand, we can then use the rearrangement lemma 2.1 to put the
element back into the contraction form. O

For a Laplace type h-differential operator P on ’]I“g7 this lemma implies
that
(22)

e(ba(P)) = (4m) ™2y (35{1@)5@'5]‘(@ + BY, (ho), h(l))(5z’(h))5j(h)) ,
where
Bé{'l(t) = B;'{'l(t,t), Bé{g(to,tl) = Bos(to, t1,10)-

We can hence compute and simplify the functions B;J 1(t) and B;JQ (to,t1)
for a Laplace type h-differential operator P:

B (t) =
m (—Péﬁ (t,t) + 3 P{"(t,t) + g5tr (PTL(t)Py(t)) Py (t) — & P’y (t)),

and
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Bas(to,t1) =
S S <—P8j2(t07t1,750) + [to,h;Pfj(to, )] - gPléj(lto) !
det PQ(to) ’ 3 to — 11

y 1 tr(Pa(to) ' P'a(to)) i >
+P)7 (¢ + Py (t

> (fo) (to —t1)? 6(to — t1) 2 (10
, . 1 : :

+ The2,1(to, t1) <Pfk(to, t1) — 2P§k(t0)to — t1> <P1j£(t1’ to) =2 [to’ b szg])

. . 1 . 1
— 2T ,2(t0, t1) (Pfk(tO, t1) — 2P§k(t0)t ) Pgﬁ(tl)
0o—t to — 11

- . 1 1
+ T (to, t1) | Py (to, t1) — 2P (to) :
to—t1 /) to —t1

To write these functions in the present form, we also used Lemma 3.3 and
some of the basic properties of T-functions from Remark 3.2. To illustrate
these steps, we show the complete work required to be done on the tenth
term of BY, from Proposition 3.1.

lim — 4Tyemn:2.1.1 (o, t1, t2) PaF(to) [to,tl;Pgﬂ] [t1,t2; Py

to—sto 14y Ly
= —4Tkomn2,1.1(to, 11, to) Pi¥(to) [thtl;PQjé] [t1,t0; P3™"]
= —AT}pmns3,1 (to. t1) [t1, to; P3| Pi¥(to) [to, t1; Pﬁe]

‘ 1
—4(The2,1 (to, t1) — The(to)) Pa¥(to) [to, t1; Py']

to — 11

= —4Thp2.1(to, t1) PiF (to) [to, t1; sze]

-1
4% Pi¥(t0) (Pa(to)?* — Pa(tr))

= —4Tkz;2,1(to,t1)P5 (to) (Pﬂ(to) Pje(h))—

5 (to) ke Pt (1) P (to)

4+ —=
\/det P2 (t()) 2

5 (ke i it
- det ) Py"(to) P2 (t1)

(to —t1)?
1

(to —t1)?
1

(to — t1)?
1

(to — t1)?

= —ATyp01 (to, t1) P3F(to) Pij(tO)

+ 4Thp2.1 (to, t1) PaF (to) szg(tl)
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1 iy 1 1 y 1
Py(tp)”* — Py(t)) ——.
2(to) 2(t1) (o —11)?

* det Pg(to) (tO - t1)2 \/det Pg(to)

Further, we use compatibility of the trace and the derivations, pod; =0,

and the Leibniz rule to turn the term Bé{l(h)éiéj(h) into the form of the
other summand,

@ (B ()6:35(h)) = o (8B ()3;(1) ) = o (8B, ()0 (k) )
=~ (3:(BE, (1)5; ()

= = (hqoys huys BEL(6:(1)35(R) )

Then, we put both of the terms together and rewrite (22) as
@(ba(P)) = (A7)~ Y2 (F (hg), b)) (8:(R)) 85 (R))

where FU(tg,t)) = [to,tl;Bgl] + B;{Q(to,tl). Applying identity i) of
Lemma 5.1, we find that

# ((F7(hqo), hry) = F"(hqy, heoy)) (3i(R)) 05 (h)) = 0.

Therefore, only the expression §(F(to,t1)+F7(t1,0))), denoted by F¢ (to,
t1), may contribute to the value of ¢(ba(P)). This fact was first noticed in
[9] for the conformally flat metrics and used in other works [16, 10] to prove
a Gauss-Bonnet theorem in dimension two.

In the case of conformally flat metrics, since we have Fi = FJi the
function F¢ is indeed the symmetric part of the function F*/ and this is the
rationale behind our notation ng .

Ezxample 5.1. In this example, we examine what we have discussed so far

for the total scalar curvature of twisted product of flat (T}, g) and (Tgf’“, J)
with twisting factor f(t)~! (see the Section 4.3). We assume that f(t) =t
and from Theorem 4.5 we have

—Lr—1Dz7z 1<ij<r
By(x)=q —drz7:7t  r<ij<d

0 otherwise.
The B%(:c, y) for 1 <i,j <r is given by

( — Gm%y?’ + 3xry§+1((r -2y —rx)((r— 1Dy — (r—2)z)
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+azy (—r(r—1)(r —2)(z —y)* + 62y((r — L)z — (r — 2)y))
+ 3x2y%(rx —(r— 2)y)>/<3(r —2)r(x — y)4:r’“yr>.

Also, B;é(m,y) for r < i,j < d is given by

(_ G5 +1y2
+ 32"y 2 ((r = 3)(r — 2)2® — (r — 4)(2r — 3)ay + (r? — 6r + 4)y°)
+ a2y (r(r —4)(r — 2)y® = 3(r® — 61" + 8r + 2)xy?
+3(r® — 6r° + 6r + )2’y — (r — 2)(r* — 4r — 6)2%)

+32% % ((r = 2 = (r = )/ (30 = O(r = D@ — y)'a™1y").
Therefore, there are two symmetric functions Fg and Fg such that

o(R) =/19ll3le (579 Fs(f (hoy, b)) oy heays £1(8:(1)85(1)
+ /19151 (5 Fs (£ b)) oy heays F10i(h)3;(h) )

These functions are given by

xfryfr o
Fs(a,y) = 50 (wes ) (= Dodyi e =) = el 7).
- fL'_T —-T

Fs(x,y) = 2 x

(x%yr(rﬂv +(1-r)y) — yx% + xryg((r — Dz —ry) + xy37> )

Applied to the Laplacian of a functional metric ¢ on T¢, what we have
covered so far in this section gives a simplified term whose trace is equal to
the total scalar curvature of (']I‘g, g), which we summarize in the following
proposition.

Proposition 5.2. The total scalar curvature of Tg equipped with a func-
tional metric g is given by

o(R) = ¢ (ngj(h(o), h(l))(5z(h))5j(h)) ,
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where Féj(to, t1) is given by

(AU V0gl(to)lgl(tr) — 247 T;1,1(to, 1)
 Thg2(to, 1>( 2A4™ gV (1) +2A4M g (1)~ A* AY)
+ Tie ;2,1 (to, 1) (2A““glj(t0)+2Akjg”(t0)fAikAlj))’

F4
¢ (to,t1) = o —11)?

and AT = |g|3 (to)|g T (t1)g" (to) + |g|3 (t1)]g] T (t0)g™ (t1).

Ezample 5.2. We conclude this section by computing the functions ng for
the doubly twisted product functional metric f(h)~1g® f(h)~'g on T; whose
T-functions was found in Example 3.2. Using Proposition 5.2, we have in
this case

= (f(to) + f(tn)) \/ f(to) + f(t1)) \/

Then by substituting all the terms in Proposition 5.2, we find that for 1 <
i,j <2
= (N2 — F(£)2)gh
Pty ) = VI 00 — f(0 )57
4(to — t1)?(f(t1) f(to) — f(to) f(t1))

st f(to)
(f(n) (700 008

The formula for functions F gj (to,t1) for 3 < 4,5 < 4, can be obtained by

1 1

interchanging f with f and ¢g~! with ! in the above formula.

5.2. Dimension two and a Gauss-Bonnet theorem

In this subsection, we study the functions F ;j in dimension two. We show
that these functions vanish for the noncommutative two torus equipped with
a functional metric g. This means that the total scalar curvature of (T%, g)
is independent of g. Similar to the conformally flat metrics [9, 15, 13], we
call this result the Gauss-Bonnet theorem for functional metrics.
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Theorem 5.3 (Gauss-Bonnet Theorem). The total scalar curvature ¢(R)
of the noncommutative two tori equipped with a functional metric vanishes,
hence it is independent of the metric.

Before we give the proof of the theorem, we make some comments and
prove a lemma. To prove the theorem, we evaluate the functions Fg 4 for
dimension two. What makes it possible for us to do this is that 7- functlons
present in the formula for the total scalar curvature from Proposition 5.2
can be explicitly evaluated in dimension two for all functional metrics. In
particular, the function 71 ; in dimension two is given by a basic integral;
that is the integral of an inverse square root of a quadratic function, and we
have

2
La In <2a+b+2\/a +ab+ac> a>0

) Va b+2v/ac
Tinalto,f1) = —A_sin~! ( —2ab ) — L _sin7! <7b ) a<0
v—a Vb2 —4ac V—a Vb2 —dac

where ¢ = det(Py(t1)), b = —det(Py(t1))tr(I — Pa(to)Po(t1)™!) and a =
det(PQ(t1> — Pg(to)).

The form of T'1 1(to,t1) depends on the sign of a. In the conformal case,
a = (f(t1) — f(to))? which is always positive. In general, however, there are
functional metrics for which a is negative. For instance, consider the diag-
onal functional metric with the diagonal entries ¢ and a positive decreasing
function f(t). For all nonzero t, then det(Ps(t1) — P2(to)) < 0. On the other
hand, the case a = 0, which is the limit of the other cases, can also happen.
The diagonal functional metric with one constant diagonal entry is an in-
stance of such a case. While all three cases are possible at the same time,
we will deal with them separately. This is simply because the conditions
a > 0 or a < 0 are open conditions and we can always choose to work
with a selfadjoint element h whose spectrum is either in a=1(0, +00) > 0 or
a=1(—00,0) <0.

By the property Ty .21(to,t1) = Tks1,2(t1,t0), we only need to find
T} 1:2,1- This is done in the following lemma in which we write T} ;.01 in
terms of 17 1.

Lemma 5.4. In dimension two, when det(Ps(tg) — P2(t1)) # 0, we have

_ 1 gri(to) — gri(t1)
T2 (to, t1) = 3a(to) = g(t1)|T1’1(t0’t1) <|g|(t0) |g|(t1)>

 191(t0)*2Ig1(t) (v/l](o) v/Igl () + g (1) —lg(to) —g (t1) ) (gk;l(to) N gkz(t1)>
l9(ta)—9(t)|(|9(to) ~9(t0) = (v/lal (o) +/1al(6))?)  \lgl(to)  lgl(t1)
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. l(t0)??
2
(V1610) + VIgl()) — lg(to) — g(t1)

Moreover, for det(Ps(to) — P2(t1)) = 0, we have

gri(t1).

/
Ty12,1(to, t1) = (to)*” 5 9k1(t1),
(V191E0) + v1al(E))
(o (to)g1(tr)
Taa(to,t1) = .
tlto ) = ) + lglEn)

Proof. We substitute the formula of T-functions from Lemma 5.4 in the
formula for the total scalar curvature ¢(R) found in Proposition 5.2. We
find that Fg is the (i,j) component of the matrix

(219(to) = g(t1)llgl (to)lg1* (t1)(to — )2 (g (ko) — (k)] = (g% (t0) + gl (1))?) )

<2T1,1(t0,t1) ({191 (o) + 913 (21))” = la(to) = g(t)1) = 4lgl (to)lgl ()

+1g(to) — g(t1)llg] 7 (to)|g|7 (t1) — 4rgri<t1>|g|<to>> (a(to,t1) + a(t1, to)),

where «(to,t1) is a matrix valued function given by
a(t()atl) =
l91% (t0) (I (t0) — 9(t1)| = lg(to) — lgl(t2) + lgl(to)g ™ (to)g(t1) ) 9" (t0)
+ 1912 (t)|9](to) g~ (to)-

Using the Cayley—Hamilton theorem and the identity det(4)A™! = tr(A4)—A
which holds for every two by two matrix A, we have

(Ig(to) — g(t1)| = lgl(to) = lgl(t1) + gl (to)g ™" ()9 (1) )9~ (t0) =
—lgl(t1)g~" (t1)-

This implies that

alto, t1) = |g|2 (t1)|g](to)g ™ (t0) — 9|2 (to)|g| (t1) g  (t1)-
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Hence « is an anti-symmetric function and the functions ng vanish for all
7 and j, in dimension two. This completes the proof of the theorem. O

Summary and outlook

In this paper we introduced a new family of metrics on noncommutative tori,
called functional metrics, and studied their spectral geometry. We defined
the Laplacian of these metrics and computed the heat trace asymptotics
of these Laplacians. A formula for the second density of the heat trace is
obtained. In fact our formula covers a class larger than these Laplacians.
We call the latter class, introduced in this paper, Laplace type h-differential
operators. As a result, the scalar curvature density and the total scalar
curvature are explicitly computed in all dimensions for certain classes of
functional metrics that include conformally flat metrics and twisted prod-
uct of flat metrics. In dimension two our computations cover the total scalar
curvature of all functional metrics. Finally a Gauss-Bonnet type theorem for
a noncommutative two torus equipped with a general functional metric is
proved. Extending noncommutative curvature computations beyond dimen-
sions 2, 3, and 4, to all dimensions, and beyond conformally flat metrics has
been an open problem that is effectively addressed in this paper for the first
time. The moduli space of noncommutative metrics, even for noncommuta-
tive two tori, is poorly understood at present. It is thus important to treat
wider classes of metrics by heat equation and spectral geometry techniques
in search of finding common patterns.
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