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On global attractor of 3D Klein-Gordon equation with
several concentrated nonlinearities
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ABSTRACT. The global attraction is proved for solutions to 3D Klein-Gordon
equation coupled to several nonlinear point oscillators. Our main result is a
convergence of each finite energy solution to the set of all solitary waves as
t — doo. This attraction is caused by the nonlinear energy transfer from lower
harmonics to the continuous spectrum and subsequent dispersion radiation.

We justify this mechanism by the following strategy based on inflation
of spectrum by the nonlinearity. We show that any omega-limit trajectory
has the time-spectrum in the spectral gap [—m,m] and satisfies the original
equation. Then the application of the Titchmarsh convolution theorem reduces
the time-spectrum to a single harmonic w € [—m, m)].
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1. Introduction

The paper concerns a nonlinear interaction of the Klein-Gordon field with point
oscillators. In 3D case a rigorous definition of point interactions was introduced
by Berezin and Faddeev [6]. We refer to [5] for numerous literature concerning the
models with a point interactions.

We consider the system governed by the following equations

bz, t) = (A =m?)p(a, ) + 3 (G()6(x — )

1<j<n

lim (¢(x,8) = G(t)g(w — ;) = F;(G5(1))

T

(1.1)

where m > 0,t € R, z; € R3 j=1,...,n,n>1, and g(z) is the Green’s function
of the operator —A 4+ m? in R3, i.e.

(1.2) g(x) =
The nonlinearities Fj(z) admit real-valued potentials:
(1.3) Fj(z) = 0:Uj(2), U; € C*(C), j=1,...,n.

We assume that the potentials U;(z) are U(1)-invariant, where U(1) stands for the
unitary group e’ with § € R, i.e.,

—m|z|

c
dr|x|

(1.4) Uj(z) = uj(|z)?), ze€C.
Conditions (1.3) and (1.4) imply that

(1.5) Fyz) = by(ls)z, = eC,
where b;(-) = uj(") € C1(R) are real-valued. Therefore

(1.6) Fj(e2) = Fj(z), 0€R, ze€C.

This symmetry implies that ey (z,t) is a solution to (1.1) if 1(z,t) is. The system
(1.1) admits soliton solutions t,,(x)e~*! with some w € (—m, m) and v, € L?(R3).
We denote by S the set of all amplitudes ¥, (z). Our main goal is the global
attraction

(1.7) (-, t) — S, t— oo,

for all solutions from the Hilbert space Dp (see Definition 2.1), where the asymp-
totics hold in local L2-seminorms.

Similar global attraction was established for the first time in [9]-[14] for 1D
wave and 1D Klein-Gordon equations coupled to a nonlinear oscillator, and in
[15, 16] for U(1)-invariant nD Klein-Gordon and Dirac equations with mean field
interaction.

In the context of the Schrédinger and wave equations point interaction of type
(1.1) was introduced in [1, 2, 5, 23, 24|, where the well-posedness of the Cauchy
problem and blow up solutions were studied. The well-posedness for the system
(1.1) has been proved in [20]

The asymptotic stability of solitary waves has been obtained in [6, 17, 18]
for 1D Schrodinger equation coupled to nonlinear oscillator, in [19] for 1D dis-
crete Klein-Gordon equation coupled to nonlinear oscillator, and in [3, 4] for 3D
Schrodinger equation with concentrated nonlinearity.
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Global attraction to stationary states for 3D wave and 3D Klein-Gordon equa-
tions with one concentrated nonlinearity has been proved for the first time in
[21, 22]. The case of several concentrated nonlinearities was not considered previ-
ously.

Let us comment on our approach. First, we split the solution into a sum of
dispersive and singular components: ¢ (z,t) = ¢ r(x,t) + s(z,t). The dispersive
component ©¢(z,t) is a solution to the free Klein-Gordon equation, and singu-
lar component v, (x,t) is a solution to the Klein-Gordon equations with delta-like
sources. The dynamics of the sources is governed by first-order nonlinear integro-
differential equations.

The dispersive component vanishes asymptotically for large times in local semi-
norms and one remains with the contribution of the singular part only: we should
show that the singular component converges in the chosen topology to a solitary
wave which is a standing wave with a single frequency.

For this purpose we first prove the ”omega-compactness”, i.e. that each se-
quence s (x,t+ ;) with s; — oo contains a converging subsequence 4 (x, t+s) —
B(z,t). Now to prove the attraction (1.7) it suffices to show that each ”omega-
limiting trajectory” ( lies on the set S. Equivalently, it suffices to reduce the
spectrum of 3 to a single point w. The spectrum is defined as the support of the
vector-distribution 3(w) which is the Fourier transform in time of 8(t) = 8(-,t).
The analysis of the Fourier transform in time is the key point of our approach.

The first step in this reduction is the proof of absolute continuity of the spec-
tral density of v, outside the spectral gap [—m,m]. The absolute continuity is a
nonlinear version of Kato’s theorem on the absence of embedded eigenvalues and
provides the dispersion decay for the high energy component. It allows to reduce
the spectrum of § to the spectral gap. To reduce the spectrum further to a single
point of this gap we show that [ is a solution to original system (1.1). This system
implies the spectral inclusion: the spectrum of the nonlinear term is contained in
the spectrum of 5. Here we use the theory of quasimeasures developed in [13].

Finally, we apply the Titchmarsh convolution theorem (see [8, Theorem 4.3.3])
to conclude that each omega-limit trajectory is a singleton, i.e. its spectrum has a
single frequency. The Titchmarsh theorem controls the inflation of spectrum by the
nonlinearity. Physically, these arguments justify the following binary mechanism
of the energy radiation, which is responsible for the attraction to solitary waves:
(i) nonlinear energy transfer from lower to higher harmonics, and (ii) subsequent
dispersion decay caused by the energy radiation to infinity.

The general scheme of the proof bring to mind the approach of [7, 13, 14]. Nev-
ertheless 3D Klein-Gordon equation with point interactions requires new ideas due
to a more singular character. As a consequence, the formulation of the problem and
the techniques used are not a straightforward generalization of the one-dimensional
result [13] and the result [7, 14] for 3D equations with mean field interaction.
Moreover, the present paper is not a straightforward extension of [22] which con-
cerns the Klein-Gordon equation with one concentrated nonlinearity. The case of
several nonlinearities required novel arguments.

Our paper is organized as follows. In Section 2 we formulate the main theorem,
and in Section 3 we separate the dispersive component and study its decay prop-
erties. In Section 4 we construct spectral representation for the remaining singular
component, and prove absolute continuity of its spectrum outside the spectral gap.
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In Section 5 we establish compactness for the singular component. In Section 6
we reduce the spectrum of omega-limit trajectories to the spectral gap [—m,m]
and establish the key spectral inclusion. In Section 7 we reduce the spectrum of
omega-limit trajectories to one point. In Section 8 we prove the main theorem.

2. Main results

Model. Denote g;j(z) = g(z—x;). We fix some nonlinear functions F; : C — C
and define the domain

Dp = {1 € L*(R®) : (x) = Yreg(z) + D> (i(x), treg € H*(R?), ¢ €C,

1<j<n

lim (v () — Cg,(x)) = F;(¢5)}-

Note that Dp generally is not a linear space. Let Hp be a nonlinear operator on
the domain Dy defined by

(21) HFQZJ = (A - m2)wreg7 7/} € Dp.
The system (1.1) for ¢(t) € C(R, Dp) reads
(2.2) Y(x,t) = Hpp(z,t), ze€R3 teR,

where the derivatives are understood in the sense of distributions. Let us introduce
the phase space for equation (2.2). Denote the space

D={re L’R®): m(x) = mpeg(2) + Y _ v;g;(x), Treg € H'(R?), v; € C}.
1<j<n
Obviously, Dy C D.

DEFINITION 2.1. (1) Dp is the space of the states ¥ = (¢, 7) € Dp @ D
equipped with the finite norm

1213, = [regllFrams) + Imreglines) + D 1GI2+ Y vl
1<j<n 1<j<n
(2) X is the Hilbert space of the states ¥ = (v,7) € H?*(R3) @ H'(R?)
equipped with the finite norm
1213 = 9l oy + 7l o)
= H}

loc

DEFINITION 2.2. H}

B (R3), s = 0,1,2,..., denotes the Fréchet space
with finite seminorms

[l g, = s (Br), R >0,
where Bp is the ball of radius R.

Denote L%OC loc, Eloc = L%OC P LloL and X, = Hfoc &) Hlloc' We set for
- ('(/17 )7 and
1% =917 + 1772, 191%, = [¢13e + Ixl%, R>o0.
R R R R R

REMARK 2.3. The space LIZOC is metrisable. The metrics can be defined by
1 — Wo[ 2,
T = Wl gy,

(2.3) distzz (W, W5) = 22 R
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Global well-posedness. Let G = {g;,} be a matrix with the entries

—mlaj |

e47r\wj—wk\ ’ lf] 7& k

(24) 9jk ‘=
0,if j=k
and let G(¢) = (G¢, () = > gjrCiCp, where ¢ = (C1, ..., (). We assume that
1<k,7<n
(25) > Uj(¢) —G(C) = bl¢[* —a, for ¢ €C", whereb>0andacR.
1<j<n
Denote || - || = || - || z2(rs). The next theorem is proved in [20].

THEOREM 2.4. Let conditions (1.3), (1.4) and (2.5) hold. Then
(1) For every initial data W(0) = Uy = (¢, m) € D the Cauchy problem for
(2.2) has a unique solution ) (t) such that
U(t) = (¥(1),4(1)) € C(R, D).
(2) The energy is conserved:
1/ .
H(W ()= §(||w(t)‘|2+||v¢reg( M +m2[[¢req (1) ) Z Uj(¢j) = Const, t € R.
1<j<n

(3) The following a priori bound holds

(2.6) K] < C(Wo), teR.

Solitary waves and the main theorem.

DEFINITION 2.5. (i) The solitary waves of equation (2.2) are solutions of the
form
(2.7) P, t) = e “hpy(z), weR, 1, € L*(RY).

(ii) The solitary manifold is the set S = {U, = (¢, —iwt,,) : w € R}, where ¢,
are the amplitudes of solitary waves.

The identity (1.6) implies that the set S is invariant under multiplication by
e’ 6 € R. Let us note that F(0) = 0 by (1.5). Hence, for any w € R there is a
zero solitary wave with ,,(z) = 0.

LEMMA 2.6. Assume that F(() satisfies (1.5). Then nonzero solitary waves

may exist only for w € (—m,m). The amplitudes of solitary waves are given by

e~ (W)|z—z;]

2.8 L*(R?
( ) Z q] 47T|£E _ x]\ € ( )7
1<j<n

where x(w) = vm? —w?, and q; = q;(w) are solutions to

w)lwr =] m—vm? — w?

2.9 , =b(lg;1%)qg.
(2.9) qu mk_m S (1g;*)a,

PROOF. Substituting (2.7) into the first equation of (1.1) we get
e WH—A +m? —w? Z ¢ (t) xj).

1<j<n
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Taking into account the linear independence of functions ¢(x — z;) for different x;,
we arrive at the equation

(A +m? — @)= Y ¢ - ),
1<j<n

where ¢; do not depend of t. The solution of the last equation is given by (2.8).

—se(w)|z—x

Now the solitary wave 9 (z,t) = e~ @t S quwlﬂ can be represented as
1<j<n
W(,t) = treg(a, 1) + D ((t)gj(a
1<j<n
where ) | | |
T—zj| _ o—ml|r—x;
e t —iwt
Yreg(@,1) Z qj drlx — xj]
1<j<n
Evidently, ¢c4(-,t) € H?(R?) for ¢ € R. Finally, the second equation of (1.1)
together with (1.5) give (2.9). O
For w € [—m, m|, we denote
o @)l .
‘mj_xjk‘ : R
(2.10) ajp(w) =
0, j=k

DEFINITION 2.7. For 1 <n/ < n/2, we define
(211) Zp ={we[-m,m]:II C{l,..n},JC{1,..n}\IL,|I|=|]|=n":
det{a;k(w)}jerkes =0}

Denote
Z, = U o
1<n’<n/2
We assume that the matrix (2.10) satisfies the following condition.
Condition A Z.N[—m,m] = 0.

Evidently, this condition holds in the case 1 < n < 3. We show in Section 9 that it
holds for almost all (21,2, ...,z,) € R3" if m > 0 is sufficiently small.

At last, we assume that the nonlinearity is polynomial. This condition is crucial
in our argument since it will allow us to apply the Titchmarsh convolution theorem.
Now all our conditions on F' can be summarized as follows.

Condition B Fj(z) = 9:U;( Zukj|z| y Ui € R, un; >0, Nj> 2.

Our main result is the following theorem.

THEOREM 2.8 (Main Theorem). Let conditions A and B hold. Then any so-
lution W(t) € C(R,Dp) to (2.2) converges to solitary manifold S in the space L3 :

(2.12) , ligl distz2 (¥(t),8) =0,
where distzz (-,-) is defined in (2.3).

It suffices to prove Theorem 2.8 for t — +o0.
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3. Dispersive component

In [20] we proved that the solution v (z,t) to (2.2) with initial data
Yo = Yo, reg + Z Coj9; € Dr, 7o = To,reg + Z v;g; € D

1<j<n 1<j<n
is given by
o(t — — .
v t) = v+ ¥ [HE G s
1<j<n /
_m POt — s — |z —x;]) Ji(my/(t — 5)? — |z — x;]?) _
1) i)y YRR P Gl

Here J; is the Bessel function, 0 is the Heaviside function,
Ye(x,t) € C(]0,00), L2(R?)) is a unique solution to the Cauchy problem for the
free Klein-Gordon equation

(32) Wz, t) = (A —m®)p(z,t), Yp(2,0) =2o(z), vs(z,0)=m(z),

and ¢(t) = (¢;(t), ..., Ca(t)) € C([0,00)) is a unique solution to the Cauchy problem
for the following first-order system of nonlinear ntegro-differential equations with
delay

A (t) = = (G0~ mG () + ()

m [P0t —s—|z; — xp])J1(my/(t — 5)% — [z; — 2k [?)
— d
+1Szk£n 47T/0 N G=DESTETE Cr(s)ds
Ot — |z — g —
I - LRI Ry
k#j

where \j(t) := lim ¢¢(x,t) € C([0,00)). Note that the limit is well defined, A(t)
T—T

is continuous for ¢ > 0, and it admits a limit as ¢ — 40 (see [20]). The integral in
(3.3) is bounded for all £ > 0 due to well known properties of the Bessel function
Ji: Ji(r) ~ Y2 for r — oo, and Ji(r) ~ 7 as r — 0 (see for example [25]).

Now we study the decay properties of the dispersive component v ¢(x,t) for t — oc.

PROPOSITION 3.1. f(x,t) decays in X, seminorms. That is, YR > 0

(3-4) (s (), 5 ()| — 0, ¢ — o0
ProoOF. We split ¢;(x,t) as

Up(@,t) = Yrregla,t) + > pj(a,t), t>0,

1<j<n

where ¥ .., and 15 ; are defined as solutions to the following Cauchy problems:

(35) '(ij,reg(xa t) = (A - mQ)wf,reg(xa t)a ('(/)f,rega 1Lf7re_(])|t:0 = ('(/JO,Tega 770,7“69)~

(3.6) Wy j(x,t) = (A —m?)py (x,1), (s, 05 ) =0 = (€095 v0595)-

Since (Yo,reg, To,req) € X, we have

(3~7) (¢f7T69,¢f,reg) S Cb([O,oo),X).
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The well known decay in local seminorms for the free Klein-Gordon equation (see
[13, Lemma 3.1]) implies

(3.8) (@ s.req (1) Wpreg (5 D)llan — 0, ¢ — o0
for VR > 0. It remains to consider v ;.
LEMMA 3.2. (c¢f. [22, Lemma 3.3 and Corollary 3.4])
Vr(2,1) € Co([0,00), LAR?)),  j=1,...m,
and VR > 0 the following decay holds
(3.9) 1(s58) 15Ol = 0, t =00, j=1,.m.

The lemma has been proved in [22] for the case x; = 0. Nevertheless, the proof
remains true also for arbitrary z; € R3. Finally, (3.8) and (3.9) imply (3.4). O
COROLLARY 3.3. From (3.4) immediately follows that

(3.10) Aj(t) =p(xj,t) — 0, t— oo

4. Singular component

4.1. Complex Fourier-Laplace transform. For ¢t > 0, we rewrite (3.1) as
(4.1) U@, t) = bp(zt) + (@ t), Yalzt) = D vy (@,1),
1<j<n
where
0t — |z — z])
s,J at L=
Vsl t) An|z — x|

Gt — |z —x4])

m [P 0(s — |z — x;|)Ji(my/s2— |z —x;]?)
4.2 - — J J i(t—s)ds, j7=1,...,n.
( ) A o \/m CJ( ) J
It is easy to verify that 95 ;(z,t) € C([0,00), L*(R?)) and it is the solution to the
Cauchy problem
(4.3) thaj(,t) = (A =m)pe (@) + G(1D0(x),  a(2,0) =0, Dy;(x,0) =0,
According to Theorem 2.4, ¥(t) € Cy([0,00), L?(R3)). Hence (3.1), (3.7) and
Lemma 3.2 give that
(4.4) ¥s(t) € Ci([0, 00), Lz(RS))-

Let us analyze the Fourier-Laplace transform of v (x,t):

(4.5)  hs(z,w) = Frou[0(t)0s(x,t)] = / e“ipy(z,t)dt, weCh, zeR?,
0
where C* := {z € C : Imz > 0}. Note that t,(-,w) is an L?-valued analytic

function of w € CT due to (4.4). Equations (4.3) implies that
(4.6) —wdy(z,w) = (A=m*)s(w,w)+ Y (w)d(z—z;), weCh, zeR’,

1<j<n

where ;(w) is the Fourier-Laplace transform of ¢;(t):

AN G =Rl = [ G d =1
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Applying the Fourier transform F,_.¢ to (4.6), we get

2 'LngC
(4.8) ba&w)= Y 5 23 2, EeR?, weCt.
1<j<n 5 +m
Denote
(4.9) k(w) = Vw? — m?2, Im k(w) > 0, weCT.

Then k(w) is the analytic function on C*, and 9, (z,w) equals
- - eik(w)|z—a;| N
(4.10) sz ,w) = Z Gw)Vi(z,w), Vi(z,w)=—"0, weCr.

52 Al — xj]

We then have, formally, for any ¢ > 0:

bo(at) = FL Y GVl w) :—Z/ e (W) V (2, w) duw

1<j<n 1<j<n
_ L Z / ¢~ (w + i0)V; (2w + i0) duo.
1<g<n

4.2. Traces on real line. By (4.4) the Fourier transform (-, w) is a tem-
pered L?-valued distribution of w € R. It is the boundary value of the analytic
function (4.5) in the following sense:

(4.11) Y, w) = 1ir51+zzs(~,w +ig), weER,
E—
where the convergence holds in &'(R, L2(R?)). Indeed,

Us(w +ig) = Fou[0() s (- e ™),
where 0()ys (-, t)e™" j0>+9(t)¢s('at) in §’(R, L?(R?)). Therefore, (4.11) holds by

the continuity of the Fourier transform F;_,,, in &’'(R). Similarly,

(4.12) G(w) = lir(r)1+g:j(w+i€), WweR, j=1,.,n
E—

in the sence of distributions, since the functions 6(¢)¢;(t) are bounded. The con-
vergence holds in the space of tempered distributions &’ (R).

Now we can justify the representation (4.10) for w € R\ {—m;m}, where the
multiplication in (4.10) is understood in the sense of distribution (see [13]). Namely,

LEMMA 4.1. Vj(z,w), j = 1,...,n are smooth functions of w € R\ {—m;m} for
any fized v € R3\ {z;}, and the identity

(4.13) bew) = 3 GEVew), weR\{-mim)

holds in the sense of distributions.

PrOOF. This lemma follows from (4.11) and (4.12) by the smoothness of V;(z, w)
for w # +m. O
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4.3. Absolutely continuous spectrum. Note that R\ (—m,m) coincides
with the continuous spectrum of the free Klein-Gordon equation.

PROPOSITION 4.2. (c¢f. [7, Proposition 3.3]) For any finite open interval I with
INn[—m,m]=10

, - 2
(4.14) ‘ S @0 ()] dhdw < C(I) < oo,
go g 1<i<n
where S? is the sphere of radius one in R3.
Proor. It suffices to consider the case I C (m,00). The Parseval identity
applied to

@s(x,w—kie):/ VYs(x, t)e™ " dt, >0,
0
gives
A||¢S(-,w+¢e)||iz(R3)dwzzw/o 1 £) 2 sy 2 .

Since sup;sq [[¥s(+,t)|[z2m) < oo by (4.4), we may bound the right-hand side by
C4 /e, with some Cy > 0. Taking into account (4.10), we arrive at the key inequality

~ . . C
(4.15) JIY Gt iaViw+ iolfsgs do< 2.
R o1<i<n
Note that

- ; 1
Vet ie) = M Gelw tie), GlIElw+ie) = o

Hence, we can rewrite (4.15) as

/ el S &w+iOVy(w + i) do

% 1<i<n
(4.16) = / €|G(|¢], w + ie€) Z "% (i (w +i€)|? dw dff < Ch.
R¥xR I<jsn (2m)°
Denote

We={(§,w) ER" X I:|w—+/|]2+m?| < e}

LEMMA 4.3. There exists a constant Cy = Ca(I) such that

@) [ dG(elwie) 3 eHn ot i dortts < Coy b= 6/l

5 <
W 1<55<n (2m)

PROOF. Using the triangle inequality in the form |||a| — ||b]|| < [Ja =], we get:

([ dctehorio ¥ @G+ ioP dode)

W, 1<j<n
ik (w)0e-a; 7 2 1/2
7</6|G(|§|,w+ie) S MG o i) duode) |
. 1<j<n

@1s) < ( [dGlelo+ il T G0+ il it 1 dodg) "

We 1<j<n
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According to (2.6) and (4.7), |¢;(w + i€)| < Ce~!. Further, for (£,w) € W, one has
| HE0em 5 —1)] < | k(w)Be — €] < JajlR(w) — [€]] < Ce

with some constant C' > 0 independent on € € (0,1). Moreover,

1 1
G (¢l w + ie)|? =
G([¢], w + i€)| €2 +m2 — (w+ie)2]2 = (Im (|€2 + m2 — (w + i€)2)?
1 1
4.1 = 53S9 3
(4.19) 4e2w? ~ 4e2m?
Hence,

/ V(hw+iOF 3 (& (w+ie) e 06 _ 112 g
%%

; 1<j<n
dwd
SC/‘wgécm
€
We
since the thickness of W, in the w-direction equiv 2¢, and W, is bounded by C(I)
in the &-direction. (I

LEMMA 4.4. There exists e; € (0,1) such that for any 0 < e < er

(4.20) / €|G(r,w +ie)|*r?dr > w/2, wel,
Ac(w)
where A (w) = {r € Ry : |w — V72 + m2| < e}.
PROOF. Due to (4.19) one has

1
SN2 2 2
(4.21) / €|G(r,w + i€)|“r dr > py / rédr,
Ae(w) Ae(w)

Denote a = inf I > m, e; = min{m, (a —m)/2}. For r € A.(w), and € < €, we
have

(4.22) \/wQ—mQ—i—eQ—QweS?“S\/w2—m2—|—62—|—2we
Hence,
IAdw)] = Vw?—m?+ e+ 2we— Vw2 —m?+ e — e
dwe dwe
> > > €.

2Vw? —m2 + 2 +2we  2(w+e)
Taking into account (4.21), we obtain
1 1
(4.23) / e|G(r,w + ie)|*ridr > s Aril(ig)(TQ) > 3
Ae(w)
since by (4.22)

e
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In the spherical coordinates, (4.17) reads

/ AG(leLw+ie) 3 et @0n (o + i) du e

3
W 1<5<n (27)

, - 2
_ ! ’ Z @025 ¢ (w + de) ( /6|G(r,w+ie)|2rzdr)d9dw§C’g.

(2m)? }
§Zxy 1sisn Ac(w)

Applying Lemma 4.4, we obtain

, - 2
Z ek ¢ (w + ZE)‘ dfdw < 8(2m)3Cy, 0 < e <ej.

g2y 1<isn

We conclude that the set of functions

gr,e(0,w) = Z k@02 (w tie), 0<e<ey,
1<j<n
defined for § € S%, w € I, is bounded in the Hilbert space L?(S? x I), and, by the
Banach Theorem, is weakly compact. The convergence of the distributions (4.12)
implies the weak convergence g;. — g; in the Hilbert space L*(S? x I). The
e—0+
limit function gy € L?(S? x I) coincides with the distribution 3" e*(©)0%i(,(w)
1<j<n

on S? x I. This proves the bound (4.14). O

PRrROPOSITION 4.5. The distributions fj(w), 1 < j < n, are locally L* for
we RN\ [-m,m].

PROOF. Similar result is proved in [7] (see Proposition 3.8) in another context.
We reproduce some arguments of [7] for the convenience of readers. The proof is
based on Proposition 4.2 and the following two Lemmas from [7].

LEMMA 4.6. (cf. [7, Lemma 3.9]) Let 3 # 0. Assume that the vectors z; € R?,
1< j < N, are pairwise different. Then there exist vectors 0, € S?, 1 <k < N,
such that

— 120 -x
1§232N6 ' 70

LEMMA 4.7. (¢f. [7, Lemma 3.10]) For any wy € R\ [-m,m], there is an open
neighborhood I C R\ [~m,m] of wy and a family of diffeomorphisms ©y, : B* —
Oy € S?, where B? is a unit open ball in R? and Qy, are open neighborhoods of S?,
such that

det e IO w £ for all w e I, T € B.
1<k,j<N

Now let wg € R\ [-m,m], and let I be an open neighborhood of wy from
Lemma 4.7. Pick a function ¢ € C§°(B?) such that

(4.24) /32 &(r)dr =1

Let Ry;(w,7), w € I, 7 € B? be the matrix inverse to Ay;(w,7) = e~ #*@)Ok(T)z;,
Denote

N
(4.25) Ry (w,0) = / > Rij(w, )00, (0)(r)dr, wel, 60€S
B2 j=1
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where dg, (0) is a delta-function on S? supported at 6y € S2. Then for each 1 < j <
N, the operator

(4.26) R : u(w,d) — Repu(w /Rk w, )u(w, 0)dQy
Qp

acts continuously from L?(I x S?) to L?(I), Indeed, for a given value w € I, let
T (0) be the inverse function to ©(7) defined on the neighborhood {Ox(7): 7 €
B?} C S2. Then function Ry(w,#) is smooth, since

_ 0(r —Ti(9))
de,(r)(0)€(T) = W (7).
Further, (4.24)- (4.26) imply
N N
Rk(z —ik(w)6- xlC ) Z/ 7zk Gaclé-l( )dQQ
=1 =1
N N
=3 [ 30 Rus 160 — 0, (e 4 i
l;ls2 ijj:1
=3 [ Ruslorneme MG )
1=1p, j=1

By Proposition 4.2
N
Ze—ik(w)ewlél(w) c L2(I « 52)
Moreover, Ry, is continuous from L?*(I x S?) to L?(I). Hence, (x(w) € L*(I). O

5. Compactness

We are going to prove compactness of the set of translations of {¢s(x, t+s) : s >
0}. We start from the following lemma

LEMMA 5.1. For any sequence s; — oo there exists an infinite subsequence
(which we also denote by s;) such that

(5.1) Gt+s1) —=nit), l—oo, teR, j=1,..,n

for some n; € Cy(R). The convergence is uniform on [=T,T] for any T > 0.
Moreover, 1;(t) are solutions to the system

)
Fin(®) -+ =iy (8) — mn Z”’ﬁmm — 2l

_-Tlc|

Ji(m/(s2— [z — a2 ‘
(52 + Y o / IJ%"nk(tsmso, i=1,emm,
— ALk

1<k<'n
|z —xp|

where n(t) = (11(t), ..., N (t)).
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PROOF. Theorem 2.4-iii), Corollary 3.3 and equation (3.3) imply that ¢ €
C}(R). Then (5.1) follows from the Arzeld-Ascoli theorem. Further, for any ¢ € R,
we get

t+s;
Ji(my/(s? — |z; — o [?)

(s2 —|x; — x5 |2 ot i = s)ds
J

| —zk]

J 2 _ R 2
_ 1(m\/(s |wj .’17]€| )n](t o S)dS, l—> 00

(82 = |zj — a2

| —k]
by the Lebesgue dominated convergence theorem. Then system (3.3) together with
(3.10) imply (5.2). O
Lemma 5.1 implies

LEMMA 5.2. The following convergences hold as | — oo:

n;i(t — |z — )
dr|z — xj]
o0
m [ O(s— |z —az;|)Ji(m\/s?— |z — z;|?)
A V= |o—xj)?

0

Vi (st +s1) = Bi(1) 0 =

(5.3) - n;(t — s)ds,

it~z = )
dn|r — x|

m [ 0(s— |z —a;]) i(my/s*— |x_$j|2)7‘7j(t— §)ds

in N

0

o (ot +s1) = B(,1) =

(5.4) -

in the topology of Cy([~T,T), L2, ) for any T > 0.

loc

PROOF. The convergence (5.3) follows immediately from (4.2), (5.1) and the
Lebesgue dominated convergence theorem. Let us prove (5.4). Equations (3.3) and
(5.2) imply that

(5.5) Gt +s1) =), 1— oo,

uniformly on [T, T] for any T > 0. Further, differentiating (4.2) for t > |z — x;],
we obtain

Gt =z —aj)) m Ji(my/ — o — ﬂfjlz)cj(o)

o Cw
Ves(:0) e—wl I JP-Ja-aP

A | YRV T Y
4m Jo V82— |z —axj)?

which imply (5.4) by (5.5). O
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Now Lemma 5.2 implies that

¢s('at+5l) - Z¢s,j(’7t+5l) Hﬂ(at) ::Zﬂj('at)v
(5.6) Yot +s) = §:¢mc¢+sg—w%¢):§:@0¢)

REMARK 5.3. (4.4) implies that 3(-,t) € L>(R, L?(R?)).

6. Nonlinear spectral analysis

Proposition 3.1 demonstrates that the long-time asymptotics of the solution
Y(z,t) in L? , depends only on the singular component 1(z,t). We call an omega-
limit trajectory of 1s(x,t) any function ((x,t) that can appear as a limit in (5.6).
The convergences (5.6), and system (1.1) together with (3.1), (3.4) and (3.10) imply

that any §(z,t) is a solution to (1.1) with n;(¢) instead (;(¢):

Blat) = (A —m*)Bat) + 3 0i(t)d(a — )

1<j<n

lim (5(z,t) —n;(t)g(z —x;)) = F;(n(t))

teR.

Below we prove the following proposition, which implies our main Theorem 2.8.
PROPOSITION 6.1. FEvery omega-limit trajectory is a solitary wave, that is,

(6.1) Bz, t) =y, ()e” ™t xR} teR,

with some w, € R.

6.1. Reduction of spectrum. First, we reduce the spectrum of 7;(¢) which
is the support of the Fourier transform 7;(w).

LEMMA 6.2. supp7; C [-m,m] for each 1 < j <n.

PRrROOF. Due to (5.1) and the continuity of the Fourier transform in S’(R), we
have

(@) w)e @ L a()iw), 1—o0, 1<j<n.
for any a € Cg°(R). Assume that supp a N [—m, m] = §. Since {;(w) is locally L?

for w € R\ [~m,m] by Proposition 4.5, the product a(w)(;(w) is in L'(R). Then
n;(w) = 0 for w ¢ [—=m,m] by the Riemann-Lebesgue Theorem. O

Using (4.13) and taking into account that Vj(z,w) is smooth for w # £m and
x # xj, we obtain the following relation, which holds in the sense of distributions:

(6.2) Blaw) = Y fwVj@w), weR\{+tm}.
1<j<n
Since Vj(z,w) # 0 for w € R\ {£m}, it follows from Lemma 6.2 that

(6.3) supp G(z,-) C [~m,m].
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6.2. Spectral inclusion. We will derive (6.1) from the following identities

(6.4) n;(t) = Cje ™' teR, w.€[-mm], j=1,..n,
which will be proved below. We start with an investigation of supp7;. Denote
w = 11;1;1” inf supp 7, wt = 11;1?5)(” Sup supp 7; -

LEMMA 6.3. The following spectral inclusions hold:

(6.5) supp Fj(n;) C [w™,w"], 1<j<n.

PrOOF. Applying the Fourier transform to (5.2), we get by the theory of
quasimeasures (see [13]) that

P 1 . - 5
Fimj)w) = - (iw+m—mK(0,w))i;w)
1 _ eiw|a:jfa:k|
- = (mK(z; —ap,w) = ————)ik(w), |w] <m,
47 ];] ( / |z — )

where 7);(w) are quasimeasures, and we denote for |w| < m

~ ew‘w‘_e;Flil, x#o
(6.6) K(z,w) =

Vm?2—w?+iw =0
m » L=

which is the Fourier transforms of the functions

(6.7) Ko t) = 0t — o) 2V EZ10B) oy

2 |z

(see [22, Appendix A]). Therefore, for |w| < m, we obtain

e~ 1 _ 1 e—\/m\mj—wk\ ~
68)  Fimw) = —(m— Vm—o®iw) + =S ),
4 4 st |z —
which implies (6.5). O

7. Titchmarsh convolution theorem
LEMMA 7.1. If supsupp7); = w™, then supp7; = {wt}. If infsuppn; = w™,
then supp7; = {w™ }.

Proor. Condition B implies that the function Fj(n(t)) admits the represen-
tation

(7.1) Fj(ni(t)) = a;(n;(#))n;(t),
where
N;—1
(7.2) a;(z) =Y 2nup;|z*".
n=1

The functions 7;(t) and a;(n;(t)) are bounded continuous functions in R by Lemma
5.1. Hence, 7n;(t) and a;(n;(t)) are tempered distributions. According to (6.3)

supp7; C [—m,m], supp ﬁj C [-m,m], and then a;(n;) also has a bounded support.
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Hence, the Titchmarsh convolution theorem (see [8, Theorem 4.3.3]) implies that
for any compactly supported distributions f, g € S’(R), we have

inf supp(f+*g) = inf supp f +infsuppg, supsupp(f*g) = supsupp f-+supsuppg.
Therefore, (6.5), (7.1) and (7.2) imply

—_~—

supsupp Fj(1;) = supsuppij; + (N; — 1)(supsuppj; + sup supp7;)
(7.3) = supsuppf); + (N; — 1)(supsupp7j; — inf supp7;) < w™
inf supp F/'J(\vg) = infsupp; + (N; — 1)(inf supp 77; + inf supp ﬁ])
(7.4) = infsupp; — (IN; — 1)(supsupp7; — inf supp7;) > w™
Suppose now, that sup supp7; = wt. Then inf supp7j; = supsupp7; = w™ by (7.3).
Similarly, if inf supp7; = w™, then supsupp7; = inf suppn; = w™ by (7.4). O

—~—

COROLLARY 7.2. If supsupp); = w™, then supp Fj(n;) = {w'}.
If inf supp7; = w™, then supp% ={w}.

Now we suppose that
(7.5) wT <wt,
and show that this condition leads to a contradiction. condition (7.5) and Lemma
7.1 imply that there exist disjoint open neighborhoods O" and O~ of w™ and w™,
respectively, so that

o* Nsupp1; C {wl, 1<j<n.

Let xT € C5°(R) be such that supp x* C OF.

LEMMA 7.3. There exist Aji € C, 1 <j<n, such that
(7.6) X (W) (w) = AF6(w — w®),

PROOF. The inclusions supp xy*7; C {w*} implies that x*7; is a linear com-
bination of §(w — w*) and its derivatives. But the derivatives are forbidden due to
the boundedness of n;(t). O

Condition (7.5) implies that at least one of A, and at least one of Aj+ are
nonzero. Moreover, if A7 # 0 for some j, then A;r = 0 and vice versa. Let there
exist k nonzero elements in the set of all Aj_, and [ nonzero elements in the set of
all A;’, where k +1 < n. Also assume that k <. The case [ < k can be considered
similarly. Without loss of generality, we can renumber the functions 7n; (and then
the coefficients Aji) to have

— . + .
A7 #0 forj=1,2,..,k, and AT #0 fork+1<j<k+lL
Now Lemma 7.1 and (7.6) imply that
A;é(w —w7), 1<j<k
(7.7) i (w) =
Ajé(w—w"’), E+1<j<k+1
Therefore,

(7.8) @i @) =0, k+1<j<k+L.
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According to Corollary 7.2, supp Fj(n;) = {w'}, for k+1 < j < k + 1, and hence

(7.9) N @F ) @) =0, k+1<j<k+L
Multiplying equations (6.8) with k+1 < j < k41 by x~ (w) and using (7.7)- (7.9),
we obtain

0= ak+1,1(w_)A1_ + ak+172(w_)A2_ + ...+ Ozk+1,k(w_)A;

0= ak+2,1(w_)Af + ak+2,2(w_)Ag + ...+ ak+2‘,k(w_)A;

0= Oék_i_l’l(wi)Al_ + Oék+l72(w7)A2_ + ..+ Olk_H’k(wi)A;
where o, are defined in (2.10). Due to condition A

det{ak+i7j}i,j:1,...,k 7é 0.

Hence Ay = A7 = ... = A, = 0, which contradicts (7.5). It follows that w™ =
wt = w,, and supp7; C {w.} for j = 1,..,n. Therefore, 7; is a finite linear
combination of d(w — w,) and its derivatives. But the derivatives could not be
present because of the boundedness of 7;(t). Thus 7; ~ 6(w — wy), which implies
(6.4).

8. Proofs of main results

8.1. Proof of Proposition 6.1. Substituting (6.4) into the RHS of (5.6), we
obtain by (5.3) and (6.6) -(6.7) that

i (t— |z ;)

Bt = 3O (

j=1
m [ 0(s — |z —x;])Ji(my/s* — |x — $j|2)e_m<t—s)ds)
4m Jo Vst —r =z

n iwalz—25)

e B e—iw*t
= ZCj(W—mK(x—xj,w*)) yp

j=1

Hence, (6.1) holds and ((z,t) is a solitary wave. O

REMARK 8.1. If (6.4) holds with some |w.| < m, then (6.1) follows immediately
from (6.2).

8.2. Proof of Theorem 2.8. Due to Proposition 3.1 it suffices to prove that
tlim dist 2 (¥s(t),S) =0,

where 14 (t) = (5(t), ¥s(t)). Assume by contradiction that there exists a sequence
s; — oo such that

(5.1) distes (Vs(5).8) =8, V)
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for some ¢ > 0. According to Lemmas 5.1 and 5.2, and formula (6.1) there exist a
subsequence s, of the sequence s; and an amplitude v, such that the following
convergences hold

Vs(t+585,) = (Yo, e —iwthy, e, k— o0, teR.
This implies that ¢(sj,) — (Y., —iw,,, ), which contradicts (8.1). This completes
the proof of Theorem 2.8. O
9. Example

Here we construct an example of matrix for which condition A is satisfied.
Suppose that (x1,...,2,) € R3", such that for any I C {1,2,...,n}, and any J C
{1,2,..,n}\ I, |I| = |J|, one has

1
9.1 det{ ————}jcrkes # 0.
(9.1 (b
Such sets exist since these minors vanishes on proper analytic subsets of R3", which
follows by induction in |I|. Denote T = max |z; — x%|. Suppose that
1<j<k<n
mz <9

with some small positive § < 1. Then

7\/W|a:jfzk\ 1
e
ajp(w) : = (1—vm? —w?|z; — x|+ ...)
|z — @ |25 — @
1
= —(1+Ar(w)),
|J?j _$k|( J ( ))
where

A, <6
1§I]rlg,§<§n| (W) <0

Hence, condition A holds for sufficiently small § by (9.1).
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