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ABSTRACT. We consider the following nonlinear fractional Choquard equation
* F([ul®) ) f(lul*)u in RY,
|z

where € > 0 is a parameter, s € (0,1), 0 < p < 25, N > 3, (=A)5 is the
fractional magnetic Laplacian, A : RN — R¥ is a smooth magnetic potential,

(=) e+ V=

V : RN — Ris a positive potential with a local minimum and f is a continuous
nonlinearity with subcritical growth. By using variational methods we prove
the existence and concentration of nontrivial solutions for £ > 0 small enough.
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1. Introduction

In this paper we investigate the existence and concentration of nontrivial solutions
for the following nonlinear fractional Choquard equation

B

(1.1) 2 (—A)5 jeu+ Vi(a)u = etV (L « F(|u|2)> F(lu)u in RY,

where ¢ > 0 is a parameter, s € (0,1), N > 3,0 < u < 25, V : R¥N — R
is a continuous potential and A : RN — RY is a C%® magnetic potential, with
a € (0,1].
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126 V. AMBROSIO

The nonlocal operator (—A)% is the fractional magnetic Laplacian which may
be defined for any u : R — C smooth enough by setting

z+y
s _ u(z) — u(y)e ) (=)
(=A)5u(x) = cn s PV. x o — gV

dy (zeRY),

where ¢y s is a normalizing constant. This operator has been introduced in [15, 23]
with motivations falling into the framework of the general theory of Lévy processes.
As showed in [45], when s — 1, the operator (—A)% reduces to the magnetic
Laplacian (see [26, 28]) defined as

(%V - A) u=—Au— %A(x) - Vu + |A(z)Pu — %udiv(A(x)),

which has been widely investigated by many authors: see [2, 3, 10, 11, 12, 19, 25].
Recently, many papers dealt with different fractional problems involving the
operator (—A)%. d’Avenia and Squassina [15] studied the existence of ground
states solutions for some fractional magnetic problems via minimization arguments.
Pinamonti et al. [42, 43] obtained a magnetic counterpart of the Bourgain-Brezis-
Mironescu formula and the Mazya-Shaposhnikova formula respectively; see also [38]
for related results. Zhang et al. [47] proved a multiplicity result for a fractional mag-
netic Schrodinger equation with critical growth. In [32] Mingqi et al. studied exis-
tence and multiplicity of solutions for a subcritical fractional Schrodinger-Kirchhoff
equation involving an external magnetic potential. Fiscella et al. [21] considered
a fractional magnetic problem in a bounded domain proving the existence of at
least two nontrivial weak solutions under suitable assumptions on the nonlinear
term. In [9] the author and d’Avenia used variational methods and Ljusternick-
Schnirelmann theory to prove existence and multiplicity of nontrivial solutions for
a fractional Schrodinger equation with subcritical nonlinearities.
We note that when A = 0, the operator (—A)% becomes the celebrated fractional
Laplacian (—A)® which arises in the study of several physical phenomena like phase
transitions, crystal dislocations, quasi-geostrophic flows, flame propagations and so
on. Due to the extensive literature on this topic, we refer the interested reader to
[17, 18, 33| and the references therein.
In absence of the magnetic field, equation (1.1) is a fractional Choquard equation
of the type

(1.2) (=AY u+V(x)u= ( L

B

*F(u)) f(u) in RV,

d’Avenia et al. [14] studied the existence, regularity and asymptotic behavior of
solutions to (1.2) when f(u) = w? and V(z) = const. If V(x) = 1 and f satisfies
Berestycki-Lions type assumptions, the existence of ground state solutions for a
fractional Choquard equation has been established in [44]. The analyticity and
radial symmetry of positive ground state for a critical boson star equation has been
considered by Frank and Lenzmann in [22]. Recently, the author in [8] studied
the multiplicity and concentration of positive solutions for a fractional Choquard
equation under local conditions on the potential V' (x).

When s = 1, equation (1.2) reduces to the generalized Choquard equation:

(1.3) —Au+V(z)u= (L * F(u)) f(u) in RV,

B
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Ifp=p=2V(z)=1, Fu) = % and N = 3, (1.3) is called the Choquard-Pekar
equation which goes back to the 1954’s work by Pekar [40] to the description of a
polaron at rest in Quantum Field Theory and to 1976’s model of Choquard of an
electron trapped in its own hole as an approximation to Hartree-Fock theory for a
one-component plasma [29]. The same equation was proposed by Penrose [41] as a
model of self-gravitating matter and is known in that context as the Schrodinger-
Newton equation. Lieb in [27] proved the existence and uniqueness of positive
solutions to a Choquard-Pekar equation. Subsequently, Lions [30] established a
multiplicity result via variational methods. Ackermann in [1] proved the existence
and multiplicity of solutions for (1.3) when V' is periodic. Ma and Zhao [31] showed
that, up to translations, positive solutions of equation (1.3) with f(u) = u?, are
radially symmetric and monotone decreasing for suitable values of , N and p. This
results has been improved by Moroz and Van Schaftingen in [35]. The same authors
in [36] obtained the existence of ground state solutions with a general nonlinearity
f. Cingolani et al. [13] showed the existence of multi-bump type solutions for a
Schroodinger equation in presence of electric and magnetic potentials and Hartree-
type nonlinearities. Alves et al. [4], inspired by [3, 13], studied the multiplicity
and concentration phenomena of solutions for (1.3) in presence of a magnetic field.
For a more detailed bibliography on the Choquard equation we refer to [37].

Motivated by [4, 8, 9], in this paper we focus our attention on the existence
and concentration of solutions to (1.1) under local conditions on the potential V.
Before stating our main result, we introduce the assumptions on V and f. Along
the paper, we assume that the potential V : RN — R is a continuous function
verifying the following conditions introduced in [16]:

(V1) V(z) >V >0 for all z € RY;
(Vo) there exists a bounded open set A C R such that

Vo=inf V in V
PV <RV

and f: R — R is a continuous function such that f(¢) = 0 for ¢ < 0 and satisfies
the following assumptions:

(f1) lim f(#) =0
ft)

(f2) there exists g € (2,2 5 (2—%)), where 2% = 2% such that hm —

t—o0 t—

(f3) the map t — f(t) is increasing for every ¢ > 0.

We point to that the restriction on ¢ in (f2) is related to the Hardy-Littlewood-
Sobolev inequality:

THEOREM 1.1. [28] Let r,t > 1 and 0 < p < N such that X + & + 1 = 2. Let
feL"(RY) and h € L*(RY). Then there exists a sharp constant C(r, N, ju,t) > 0
independent of f and h such that

/ T@MI) gy < e, N, O Lo [l g
RN JRN |x—y|

Indeed, by (f1) and (fa) it follows that |F(Jul?)| < C(Jul? + |u|?), so it is easy
to check that the term

/RN (@ * F(|U|2)> F(lul?)dz

(1.4) <oo Yue H,
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where H? is defined in Section 2, when F(|u|?) € LY(RY) for all ¢ > 1 such that

2 u 2N
-+ = =2, thatist = .
t+N , that is N — g

Therefore, if ¢ € (2, 275(2 — &) and p € (0,2s) we can use the fractional Sobolev
embedding H*(RY,R) C L"(RM,R) for all r € [2,27], to deduce that tq € (2,2%)
and then (1.4) holds true.

Now, we can state the main result of this paper:

THEOREM 1.2. Suppose that V wverifies (V1)-(V2), 0 < u < 2s and f satisfies
(f1)-(f3) with q € (2,2%\[:2“5)). Then there exists g > 0 such that, for any ¢ €
(0,e0), problem (1.1) has a nontrivial solution. Moreover, if |uc| denotes one of
these solutions and . € RY its global mazimum, then

lim V(z.) = W,
e—0

and

Cf N+2s
c vz e RV,

|'U:5($>| S €N+25 + |$ _ $5|N+25

REMARK 1.3. Assuming f € C!, one can use Ljusternick-Schnirelmann theory
and argue as in [8, 9] to relate the number of nontrivial solutions to (1.1) with the
topology of the set where the potential attains its minimum value.

The proof of Theorem 1.2 is inspired by some variational arguments used in
[3, 4, 5, 8]. Anyway, the presence of the fractional magnetic Laplacian and non-
local Hartree-type nonlinearity does not permit to easily adapt in our setting the
techniques developed in the above cited papers and, as explained in what follows,
a more intriguing and accurate analysis will be needed. Firstly, after a change of
variable, it is easy to check that problem (1.1) is equivalent to the following one:

(15) (A ut Va(a)u = (ﬁ*mum) F(ful?yu in RY

where A.(x) := A(ex) and V(z) := V(ex). In the spirit of [16] (see also [3, 5]), we
modify the nonlinearity in a suitable way and we consider an auxiliary problem. We
note that the restriction imposed on p allows us to use the penalization technique.
Without loss of generality, along the paper we will assume that 0 € A and V) =
V(0) = inf,cpny V(x). Now, we fix £ > 0 large enough, which will be determined
later on, and let @ > 0 be the unique number such that f(a) = 2. Moreover, we
introduce the functions

@) =9

A ift>a,

. {f(t) ift<a

and
gla,t) = xa(@)f(t) + (1 = xa(2)) f(2),
where y, is the characteristic function on A, and we write G(z,t) fo x,7)dT.
From assumptions (f1)-(f3), it is easy to verify that g fulfills the followmg properties:
(91) lg% g(x,t) = 0 uniformly in z € RY;

t
(92) tlim g(i ) = 0 uniformly in x € RY;
—oo 5=
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(93) (i) 0 < G(z,t) < g(z,t)t for any x € A and ¢ > 0, and
1) 0 < Gz, t) < gz, t)t < 22t for any x € and ¢ > 0,
0<G Yot f R¥\ A and t >0

G(z,t)
t

(g4) t+— g(z,t) and t — are increasing for all x € RV and t > 0.

Thus, we consider the following auxiliary problem

1
(—A)Zsu + Vs(x)u = (W * G(ECC, |u|2)> g({-:CC, |u|2)u in ]RN,
and in view of the definition of g, we are led to seek solutions u of the above problem
such that

(1.6) lu(x)| < afor all z € RN\ A., where A := {z € RY : ez € A}.

By using this penalization technique and establishing some careful estimates on the
convolution term, we are able to prove that the energy functional associated with
the auxiliary problem has a mountain pass geometry and satisfies the Palais-Smale
condition; see Lemma 2.4, 2.5 and 2.6. Then we can apply the Mountain Pass The-
orem [6] to obtain the existence of a nontrivial solution u. to the modified problem.
The Hélder regularity assumption on the magnetic field A and the fractional dia-
magnetic inequality [15], will be properly exploited to show an interesting and useful
relation between the mountain pass minimax level ¢, of the modified functional and
the minimax level cy, associated with the limit functional; see Lemma 3.1. In order
to verify that u. is also solution of the original problem (1.1), we need to check
that u. verifies (1.6) for € > 0 sufficiently small. To achieve our goal, we first use
an appropriate Moser iterative scheme [34] to show that [Juc||y~®~) is bounded
uniformly with respect to €. In these estimates, we take care of the fact that the
convolution term is a bounded term in view of Lemma 2.5. After that, we use these
informations to develop a very clever approximation argument related in some sense
to the following fractional version of Kato’s inequality [24]

(—A)[u] < Rsign(u)(—A);u),
to show that |u.| is a weak subsolution to the problem
(=A)*|u| + V(2)|u| = h(Ju|?)|u| in RY,

for some subcritical nonlinearity h, and then we prove that |us(x)] — 0 as |z| — oo,
uniformly in e; see Lemma 3.4. We point out that our arguments are different
from the ones used in the classical case s = 1 and the fractional setting s € (0, 1)
without magnetic field. Indeed, we don’t know if a Kato’s inequality is available in
our framework, so we can not proceed as in [12, 25] in which the Kato’s inequality
is combined with some standard elliptic estimates to obtain informations on the
decay of solutions. Moreover, the appearance of magnetic field A and the nonlocal
character of (—A)% do not permit to adapt the iteration argument developed in
[3, 4] where s = 1 and A # 0, and we can not use the well-known estimates based
on the Bessel kernel (see [5, 20]) established for fractional Schrodinger equations
with A = 0. However, we believe that the ideas contained here can be also applied
to deal with other fractional magnetic problems like (1.1). Finally, we also give an
estimate on the decay of modulus of solutions to (1.1) which is in clear accordance
with the results in [20]. To the best of our knowledge, this is the first time that the
penalization method is used to study nontrivial solutions for fractional Choquard
equations with magnetic fields, and this represents the novelty of this work.

The paper is organized as follows: in Section 2 we present some preliminary results
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and we collect some useful lemmas. The Section 3 is devoted to the proof of Theorem
1.2.

2. Preliminaries and functional setting

For any s € (0,1), we denote by D*?(RY R) the completion of C§°(RY,R) with
respect to

Ju(z) — u(y)[ s
/~/]R2N |$—y|N+25 dx dy:H(_A)2uH%2(RN)’

D2(RN,R) = {u € LERY,R) : [u] geum < oo}.

Let us introduce the fractional Sobolev space

that is

HS(RN,R) _ {UG LQ(RN) |u( ) u(y)| c LQ(RQN)}

-y
endowed with the natural norm

Let us denote by L2(RY,C) the space of complex-valued functions with summable
square, endowed with the real scalar product

R

for all u,v € L?(R™,C). We consider the space
D5 (RY,C) = {u e L*RN,C) : [u]4 < oo}

) zA(’”“’)-(xfy)|2
uly = //RzN WREEE dzxdy.

Then, we define the following fractlonal magnetlc Sobolev space
H5RY,C) = {u e L*(RN,C) : [u]a < oo}.
It is easy to check that H%(R™, C) is a Hilbert space with the real scalar product

— zA( I;ry)(x,y) _ 1A( I;y )(xiy)
(u,v)5,4 = R // (u(z) — uly)e )(v(z) — v(y)e )y
R2N

o=y

where

+ <’U,, U>L2
for any u,v € H5 (RN, C). Moreover, C2°(RY,C) is dense in H5(RY,C) (see [9]).

Now, we recall the following useful results:

THEOREM 2.1. [15] The space H%(RY, C) is continuously embedded into L™ (RN, C)
for any r € [2,2%] and compactly embedded into L™ (K,C) for any r € [1,2%) and
any compact K C RN,

LEMMA 2.2. [15] For any u € H5(RY,C), we get |u| € H*(RY | R) and it holds

[lul] < [u]a.

We also have the following pointwise diamagnetic inequality

u(@)| = [u@)|| < Julz) — u(y)e A

I;y)'(x_y)| a.e. T,y € RY,
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LEMMA 2.3. [9] If u € H*(RY,R) and u has compact support, then w =
A0 ey e {75 (RN, C).

For any € > 0, we denote by

H = {u € DZE(RN,(C) : / Ve(z)|ul? de < oo}
RN
endowed with the norm
ull2 = [ul%, + IV Velul |72 @y

From now on, we consider the following auxiliary problem

1
(2.1) (—A)Zgu + Ve(z)u = (W * G(ex, |u|2)> g(ex, |u|2)u in RV
and we note that if u is a solution of (2.1) such that
lu(x)| < a for all z € RN \ A,

then w is indeed solution of the original problem (1.5).
It is clear that weak solutions to (2.1) can be found as critical points of the
Euler-Lagrange functional J, : H — R defined by
1 1 1
Jo(u) = 2”qu 1 /RN (W * G(ex, |u|2)> G(ex, |ul?) d.
We begin proving that J. possesses a mountain pass geometry [6].
LEMMA 2.4. J. has a mountain pass geometry, that is

() there exist a, p > 0 such that J-(u) > o for anyu € HE such that ||ul| = p;
(1) there exists e € HE with |le|l > p such that J.(e) < 0.

PROOF. By using (g1) and (g2) we know that for any > 0 there exists C;, > 0
such that

(2.2) lg(ex,t)] < n+ Cylt|™=.

In view of Theorem 1.1 and (2.2), we can deduce that

2
1 T
e |[ (G Gentu®) o luPyas <o ([ qup+ )
RV O\ |T]# RN
where 1 = 2(2 — £). Since 2 < ¢ < 275(2 — &) we have tq € (2,2}) and by using
Theorem 2.1 we can see that
(2.0 ([, o+ hufran)t)” < Clul + ful®

Putting together (2.3) and (2.4) we get

/RN (@ * G(er, |u|2>> Glex, |ul?) dz

Hence

< C(lull2 + llulld)® < CClullz + llul29).

1
J(u) 2 5 llullZ = C(llull+ [[ullZ),

and recalling that ¢ > 2 we can infer that (i) is satisfied.
Now, take a nonnegative function uy € H*(R™,R)\ {0} with compact support such
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that supp(ug) C A.. Then, by Lemma 2.3 we know that ug(x)e'(0* € H2\ {0}.
Set
tuo

W) = 3 (—

l[uoll<

s =1 [ (e = FP)) () o

From (f3) we know that F(t) < f(t)t for all t > 0. Then, being G(ex, |uo|?) =
F(Jug|?), we deduce that

) for t > 0,

where

R(t) _ 4
. > - t .
(2.5) W =1 vt >0
Integrating (2.5) over [1,t|uol|] with ¢ > T H , we get

Si0u0) 2 § (720 ) ual 2

Summing up

Jo(tug) < C1t? — Cot* for t > ——
l[uolle

Taking e = tug with ¢ sufficiently large, we can see that (iz) holds. O

Denoting by c. the mountain pass level of the functional J. and recalling that
supp(ug) C A, we can find £ > 0 independent of ¢, 1, a such that

c. = inf maxJ.(tu) < k
© ueH:\{0} t>0 (tu)

for all € > 0 small. Now, let us define
B={ue H'(RY): |lull2 < 4(x + 1)}

and we set

K (u)(z) = * Glex, |ul?).

[ae]#

The next lemma is very useful because allows us to treat the convolution term as a
bounded term.

LEMMA 2.5. Assume that (f1)-(f3) hold and 2 < q < 21(\,]\52‘;) Then there exists
lo > 0 such that

sup,, e || Ke (u) (@) || oo )

<= for any € > 0.

lo
PROOF. Let us prove that there exists Cy > 0 such that
(2.6) sup [1K (u) (@) oo ) < Co.
ue

First of all, we can observe that

(2.7) G(e, [ul?)] < |F([ul?)] < C(Jul? + |u]?) for all & > 0.
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Hence, by using (2.7), we can see that

A=lf | almel ] |
|Jz—y|<1 |x_y|,u |z—y|[>1 |x_y|,u

o wdy+c/RN(|u|2+ [ul) dy

|lz—y|<1 |x_y|,u

o) e B+ I,

|lz—y|<1 |x_y|,u

where in the last line we used Theorem 2.1 and ||ul|? < 4(k + 1).
Now, we take

N N N 2N
v (Y Jumare (2N
N—p N-—2s N —p’ q(N —2s)

By applying Hélder inequality, Theorem 2.1 and ||ul|? < 4(k + 1) we get

@, - ( 2t d )( Ly, )’
Y Y B =
lz—y|<1 |z —y|<1 lz—y|<1 |z — y|?=T

t—1

(2.9) < Ch(4(k + 1))2(/ pN T dp) "< oo,
p<1
because of N —1 — % > —1. In similar fashion we can prove
a G 1 o
/ M dy < (/ |ul™ dy) (/ T T dy)
o—yl<1 |2 =yl lo—yl<1 lo—yl<1 & —y| 7T
r—1
(2.10) < C.(4(k+ 1))‘1(/ pN T dp) <o
p<1
in view of N — 1 — 2% > —1. Putting together (2.9) and (2.10) we obtain
2 q
/ W+ 1MW ) < 6 for all € RY
lz—y|<1 |'r - y|,u

which together with (2.8) implies (2.6). Then we can find ¢y > 0 such that

e 1@y _ Co 1
ly — { 2’

Let ¢p be as in Lemma 2.5 and a > 0 be the unique number such that
Vo
fla) = %-
From now on we consider the penalized problem (2.1) with these choices.
In what follows, we show that J. verifies a local compactness condition.
LEMMA 2.6. J. satisfies the (PS). condition for all ¢ € [ce, K].

PROOF. Let (uy) be a Palais-Smale sequence at the level ¢, that is J.(u,) — ¢
and J.(u,) — 0. Let us note that (u,) is bounded and there exists ng € N such
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that ||u,||? < 4(k+1) for all n > ng. Indeed, by using (g3) and Lemma 2.5, we can
see that

1
c+ on(Dlfunlle > Je(un) — Z<Jé(un)aun> >

which implies the thesis.

Now, we divide the proof in two main steps.

Step 1: For any n > 0 there exists R = R,) > 0 such that
(2.11)

_ 1A () (z—y) |2
hmsup/ / [un() = un(y)e ) | d:cdy—i—/ V(ex)|un|? dz < n.
n—oo JRN\Bp JRN |z — y|VH2s RN\Bpg

Since (uy,) is bounded in HZ, we may assume that u, — v in HZ and |u,| — |u| in
L7 (RM) for any r € [2,2%). Moreover, by Lemma 2.5, we can deduce that

loc

SUD, > g || K= (un) (& Dllp=@y) _ 1

Lo - 2
Fix R > 0 and let ¢y € C°(R") be a function such that ¢z = 0 in Brj2, Yyr =1
in B, ¥r € [0,1] and |Vng| < C/R. Since (J.(un), nrun) = 0,(1) we have

(2.12)

p( [ @@t D @) e )
=y V5 o

n /RN Ve (@)nr|un|? dz = / (L + Glex, |un|2))g(€:c, |t |2) b + 0n(1).

[

Taking into account

(tn () =t (y) A ) @) () () = (un ) (y) et A= G5 (2 -v))
§R /~/]R2N

o — gl i)
_ §R / / Je 1A= () (2 )
R2N

o (2) — 1 () Ae (52 -(2—y) _
o)) o))

oy lin(@) = un (et 0 2
# [t @ — Y ey

and choosing R > 0 large enough such that A C Bg, we can use (g3)-(it) and
(2.12) to get

Un () — tp (y) et A= (F) (=9 |2
// nr(x | ?) (w)e NTos | d:cdy+/ Ve(x)nr|un|? dz
R2N |z — y RN

< §R // o tAc(ZH)-(2—y)
R2N

() — 10, (1) e Ae CF)- (0 =0)) (p 1 () —
(o) e WS)( )0 1,

1
(2.13) —|——/ V() |un|*ng dz 4 0, (1).
2 Jun
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From the Hélder inequality and the boundedness of (u,) in HZ it follows that

’% / / et (5)-(a=y)
R2N

o () — e (1)t (D)@ =9) (- () —
(un ()~ un ()e |x_ o) 50 1)

[ () — un(y)e e (’”“’)-(xfy)|2 1
(/‘/Rzzv |.I—y|N+2S dCCdy) x
|77R( ) = nr(y)|? 3
x //RN —|N+25 dx dy)
|77R( ) 77R( )I? z

By using Lemma 2.1 in [7] we can see that

(2.15) hm hmsup// [t (y |2Md dy = 0.
R2N

R—oo p—ooo |N+2

Then, putting together (2.13), (2.14) and (2.15) we can deduce that (2.11) holds
true.

Step 2: Let us prove that u, — v in HZ as n — oo.

Since u,, — w in HY and (JL(uy), un) = (JL(un), u) = 0,(1) we can note that

[nll2 = llull2 = llun —ulZ + o0 (1) = /RN Ke(un)ge (@, |un) ) (|un]? = [u|*)dz + 0, (1).
Therefore, being H? be a Hilbert space, it is enough to show that

/RN Ke(un)ge (@, |un] ) (Jun|* = [uf*)dz = o,(1).
By Lemma 2.5 we know that |K.(u,)| < C for all n € N. Since |u,| — |u| in

L"(Bg) for all r € [2,2%) and R > 0, we obtain
(2.16)

: K (un)ge (2, [unl*) (Jun|? — [ul?)dz

By the Step 1 and Theorem 2.1, for any 7 > 0 there exists R, > 0 such that

<c / 192 [ ) (Jun 2 — Ju]?)]dz — 0.
Br

n—oo

tiwsup [ Re(un)lg(e,[ua )l do < o
RN\Bg
In similar way, from Holder inequality, we can see that

tiwsup [ Relun)lgle Jua*)uP| do < O,
]RN\BR

n—oo

Taking into account the above limits we can infer that

lim K. (un)g(ex, [tun]?)(Jun]? — |ul?) dz = 0.

n—oo [pN

This ends the proof of Lemma 2.6. O
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3. Concentration of solutions to (1.1)

In this section we give the proof of the main result of this paper. Firstly, we
consider the limit problem associated with (1.5), that is

(3.1) (=87t Vo = (o« F(uP) ) il in B,
and the corresponding energy functional Jy : Hj — R given by

1
Jo(u) = 5llully;, —§(w),

where H§ is the space H*(RY,R) endowed with the norm

lull2, = [u]? + / Vou? da.,
RN

s =1 [ (e = FP)) Gl o

As in the previous section, it is easy to see that Jy has a mountain pass geometry
and we denote by cy, the mountain pass level of the functional Jy.
Let us introduce the Nehari manifold associated with (2.1), that is

Nei={u e H2\ {0} : (Ji(u),u) = O},
and we denote by Ay the Nehari manifold associated with (3.1). It is standard to
verify (see [46]) that c. can be characterized as

c. = inf qutu—me
T w0} 130 (tu) ()

and

In the next result we stress an interesting relation between c. and cy;.

LEMMA 3.1. The numbers c. and cy, satisfy the following inequality

limsupe: < cy,.
e—0

PROOF. In view of Lemma 3.3 in [8], there exists a ground state w € H*(RY,R)
to the autonomous problem (3.1), so that Jj(w) = 0 and Jo(w) = cy,. Moreover,
we know that w € C%*(RY) and w > 0 in RY. In what follows, we show that w
satisfies the following useful estimate:

C
(3.2) 0 <w(z) < FRe=A for large |z|.

By using (f1), lim|z|—ec w(x) = 0 and the boundedness of the convolution term (see
proof of Lemma 2.5) we can find R > 0 such that (le“ * F'(w )) flw?w < —w in

B§. In particular we have

(3.3)  (=A)Yw+ %w = (# * F(w2)> fw*)w (VO - %) w <0 in B.

In view of Lemma 4.2 in [20] and by rescaling, we know that there exists a positive
function w; and a constant C; > 0 such that for large |z| > R it holds that
w(z) = Cyla|~N+29) and

1%
(3.4) (—=A)*wy + 7%;1 >0 in BY,.
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Taking into account the continuity of w and w; there exists Co > 0 such that
wa(z) = w(z) — Cawi(x) <0 on |x] = R (taking R larger if necessary). Moreover,
we can see that (—A)*ws + Lw, < 0 for |z| > R and by using the maximum
principle we can infer that wy, < 0 in By, that is w < Cow; in B%. This fact
implies that (3.2) holds true.

Now, fix a cut-off function n € C°(R¥ [0, 1]) such that = 1 in a neighborhood
of zero B; and supp(n) C B; C A for some § > 0. Let us define we(z) :=

e (2)w(x)erA 0% with n.(x) = n(ex) for € > 0, and we observe that |w.| = n.w
and w, € HZ in view of Lemma 2.3. Let us prove that

(3.5 tim e 2 = i € (0, 0).
Clearly, [on Ve(@)|we?dz — [pn Volw|*dz. Now, we show that

(3.6) lim [we]% . = [w].

e—0

We note that, in view of Lemma 5 in [39], we have
(3.7) [new] — [w] as e — 0.

On the other hand

2

- / / MO @) - A DA U2,
R2N

|$— |N+25
[A (L) —A0)]-(z—y) _ 1|2
/ / n2(y)w?(y)le'l 1 ddy
R2N | — y|N+2s
z+y
(ne(x — () wy))n: (Yw(y)(1 — e~ ACZH=AO](z-v))
—|—2§R// PEE=T dzxdy
]R2N Yy
=: [new +X +2Y;.

Taking into account |Yz| < [n.w]v/X: and (3.7), we need to prove that X, — 0 as
e — 0 to deduce that (3.6) holds true.
Let us observe that for 0 < § < a/(1 4+ o — s) we get

¥ / 2()d |etlAe(FF)—AO)-(z—y) _ 1|2d
< w*(y y/ i
: RN |lz—y|>e—F |'r - y|N+2S

(3.8) / 5 |61[A5(1;y),,4(0)].(x,y) _ 1|2
+ w (y)dy/ dx
RN |lz—y|<e—B |$ - y|N+2S

= X!+ X2

Since | — 1|2 <4 and w € H*(RY,R), we can see that

(3.9) Xl <c wQ(y)dy/ p17%%dp < O - 0.
RN e B
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Now, by using | — 1|2 < % for all t € R, A € CO*RN RY) for a € (0,1], and
|z + y|? <2(|x — y|? + 4]y|?), we obtain

A (534) — A(0)?
X2 </ w?(y)d / 2 dx
e = Jfon (y)dy oyl <e—? |z — y|N+25—2
+ y|2a
< 0520‘/ w?(y)d / |xidsc
s . (y)dy oeyl<e—s |T — y[NF25=2
(31()) <C 20 / 2 / 1
€ w d dx
= - (y)dy oy|ce—s |7 — y[NT2s—22a

1
+ / /2w () dy / S SR
RN |lz—y|<e—F |x_y|N+2S 2

=: CEQO‘(Xf’l + X3’2).

Then
-8

19
(3.11) X2 =C | w(ydy / Pl gy < Cem200tas),
RN 0

On the other hand, using (3.2), we can infer that
-5

€
xz2zc [ Pty [0
RN 0

(3.12) B / ) 1
< Ce s w(y)dy + ————dy
B1(0) B:(0) |y 2(N+25) =2
< 05*2[3(1*5)'
Taking into account (3.8), (3.9), (3.10), (3.11) and (3.12) we have X, — 0, and then
(3.5) holds.

Now, let . > 0 be the unique number such that
Je(tewe) = I?Zaé( Je (twe).

As a consequence, t. satisfies

et~ [ | (| -+ Gl >) o(e, 2w )|, 2z
1
(3.13) :/ (—*F(t2|w5|2)> P2 we]?)w. e
RN

B

where we used supp(n) C A and g = f on A.
Let us prove that t- — 1as e — 0. Sincen=1in B 5, W is a continuous positive

function, and recalling that f ( ) and F'(t)/t are both i 1ncreas1ng, we have

F(t [w(@)]?wy)*
2 2 2
lwell2 > —=—=f(tzex / /5 g
2

where ag = ming,; w > 0.

2
Let us prove that t. — to € (0,00) as ¢ — 0. Indeed, if t. — 0o as € — 0 then
we can use (f3) to deduce that ||w||g = oo which gives a contradiction due to (3.5).
When t. — 0 as e — 0 we can use (f1) to infer that ||w||3 = 0 which is impossible



FRACTIONAL CHOQUARD EQUATIONS WITH MAGNETIC FIELD 139

in view of (3.5).
Then, taking the limit as ¢ — 0 in (3.13) and using (3.5), we can deduce that
1

(3.14) lwllg = / <— * F(t§|WI2)> ft5w]?)wl*da.

ry \ |z]#
Since w € Ny and using (f3), we obtain ¢ty = 1. Hence, from the Dominated
Convergence Theorem, we can see that lim._,o J:(t-w:) = Jo(w) = cy,. Recalling
that c. < max;>q J:(tw.) = J:(tew.), we can infer that limsup,_,,c. < cy,. O

Arguing as in [8], we can deduce the following result for the autonomous problem:

LEMMA 3.2. Let (u,) C Ny be a sequence satisfying Jo(un) — cv,. Then, up
to subsequences, the following alternatives holds:
(i) (un) strongly converges in H*(RN R),
(ii) there exists a sequence (§,) C RY such that, up to a subsequence, vy, (z) =
Un (T + ) converges strongly in H*(RN R).
In particular, there exists a minimizer for cy,.

Now, we prove the following useful compactness result.

LEMMA 3.3. Lete, — 0 and (u,) C HZ suchthat J., (un) = ¢, and J. (u,) =
0. Then there ezists (§,) C RY such that v,(x) = |un|(x + §n) has a convergent
subsequence in H*(RN R). Moreover, up to a subsequence, yn = nijn — Yo for
some yo € A such that V(yg) = Vp.

Proor. Taking into account (J! (un),un) = 0, Je, (un) = c.,, Lemma 3.1
and arguing as in Lemma 2.6, it is easy to see that (u,) is bounded in H? and
lunll?, < 4(k+1) for all n € N. Moreover, from Lemma 2.2, we also know that
(Jun|) is bounded in H*(RYN R).

Let us prove that there exist a sequence (7,) C RY and constants R > 0 and v > 0
such that
(3.15) 1iminf/ |un|? dz >~ > 0.

Br(gn)

n—oo

Otherwise, if (3.15) does not hold, then for all R > 0 we have

lim sup / |un|? da = 0.
Br(y)

n—oo yERN

From the boundedness (|u,|) and Lemma 2.2 in [20] we can see that |u,| — 0 in
LY(RN R) for any ¢ € (2,2¥). By using (g1)-(g2) and Lemma 2.5 we can deduce
that

(3.16)
lim K. (un)g(en, [tun|H)|un|? de = 0= lim K., (un)G(ent, |un|?) dz.
n—oo JpN n—oo JpN

Since (J. (un),un) = 0, we can use (3.16) to deduce that [|u,[lc, — 0 as n — oo.
This gives a contradiction because u,, € N, and by using (g1), (¢92) and Lemma
2.5 we can find ag > 0 such that [ju,||2 > aq for alln € N.

Set v, () = |un|(z 4+ Fn). Then (v,) is bounded in H*(RY R), and we may assume
that v, — v # 0 in H*(RY,R) as n — oo. Fix ¢, > 0 such that 9, = t,v, € No.
By using Lemma 2.2, we can see that

cy, < JO('Dn) < 11135( Je., (t'Un) =Je, (un) = Ce,



140 V. AMBROSIO

which together with Lemma 3.1 implies that Jy(9,) — cv,. In particular, ¢,, - 0
in H*(RV,R). Since (v,) and (#,) are bounded in H*(RY R) and 9, - 0 in
H*(RN R), we obtain that t,, — t* > 0. From the uniqueness of the weak limit, we
can deduce that ¥, — ¥ = t*v # 0 in H*(R™ R). This together with Lemma 3.2
gives

(3.17) Up — 0 in H* (RN, R),

and as a consequence v, — v in H¥(RY R) as n — oc.

Now, we set ¥, = €,9,. We aim to prove that (y,) admits a subsequence, still
denoted by y,,, such that y,, — yo for some yo € A such that V(yg) = V. Firstly,
we prove that (y,) is bounded. Assume by contradiction that, up to a subsequence,
|yn| — o0 as n — oco. Take R > 0 such that A C Br(0). Since we may suppose that
lyn| > 2R, we have that |e,2 + yn| > |yn| — |€nz| > R for any 2z € Bg/.,. Taking
into account (u,) C Nz, (V1), Lemma 2.2 and the change of variable x — z + ¢,
we get

[vn)? + Vou? dz
RN

e / 9(Enz + s [n]?)|on]? dz
RN

<Cy / F(loa )0 ]? dz + Co / F(loa ) on? dz.
B r (0) RN\B g (0)

where we used u, € B for all n big enough and Lemma 2.5. By using v, — v in
H*(RY R) as n — oo and f(t) < ‘Z—S we obtain

min{l, %} ([U"]QJF/RN |vn|2d:c> = o0,(1).

Then v, — 0 in H*(RY,R) and this is impossible. Therefore, (y,,) is bounded and
we may assume that y, — yo € RY. If yo ¢ A, we can argue as before to deduce
that v, — 0 in H*(R",R), which gives a contradiction. Therefore 5y € A, and in
view of (V3), it is enough to verify that V (yo) = Vj to conclude the proof of lemma.
Assume by contradiction that V(yo) > V5.

Then, by using (3.17), Fatou’s Lemma, the invariance of RV by translations,
Lemma 2.2 and Lemma 3.1, we get

—Jo( / Vyo’U dCC—S()
<hnrggf[ [ +—/ V(snz+yn)|an|2dz—s(an)}
< hmlnf[ [unl])? / V(en2)|un? dz — F(tn un)}

<liminf J., (tpu,) < liminf J;, (u,) < cy,

n—oo n—o0

which gives a contradiction. O

The next lemma will be fundamental to prove that the solutions of (2.1) are also
solutions of the original problem (1.1). We will use a suitable variant of the Moser
iteration argument [34].
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LEMMA 3.4. Let €, — 0 and u, € HZ be a solution to (2.1). Then v, =
|un|(- + 9n) satisfies v, € L (RN, R) and there exists C > 0 such that

lvnll Lo @ny < C for alln € N,
where Y, s given by Lemma 3.3. Moreover
lim v, (z) =0 uniformly in n € N.

PROOF. For any L > 0 we define ur, ,, := min{|u,|, L} > 0 and we set vp , =

ui(i l)un where 5 > 1 will be chosen later. Taking vy, ,, as test function in (2.1)

we can see that

PA(EL) (3 —y)
(]t~ )
R2N |$ — |N+2S

% (unuzly V) (@) = (gl ) (y)eCF @) dady)

(3.18) = fg(un)g(snx,|un|2)|un|2u§{ﬁ*1>dx_/ V(en)un?u7 0 da.
RN RN

Let us observe that

R [ (2) = wn(g)e A
= R un(@) P77 (@) = un(@)unlgluz (e ACE )

x+y

)-(z— y))( 2([5 1)( ) — unui(ﬁfl)(y)ezfl(’”;y)(xfy))

— U ()t ()
> (fun (@) Puzy ™ (@) = Jun ()] Jun(y)
— ()t () |30  (@) + i <y>|2ui<fi V()
= (|un(@)] = [un(m))(un (@) 130D (@) = fun@)lur'h " (),

which implies that

([, el =t )
2 — "

x ((wnug ”)( ) = (g D) )e A0 ) dady)

un Un - B
19) 2 [[ Ol g 100 ) — u)ai ) 0) dedy.
R2N |$ — |
As in [8], for all ¢ > 0, we define

¥(t) = yo,5(t) = 1207

where 7, = min{¢, L}. Since v is an increasing function we have

(a —b)(y(a) — (b)) >0 for any a,b € R.

T @)er ACED @0 ()20 ()

u2(ﬁ 1)( )

Let
|t

A(t) = % and T(t) = /0 ("/(7’))%617'.
Since
(3.20) AN (a —b)(y(a) — (b)) > |T(a) — T'(b)|? for any a,b € R,
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we get
(3.21)
ID(Jun(@)]) = T(jun @)D < (Jun(@)] = lun@)D((unluzh ) @) = (ualui ) @)-

Putting together (3.19) and (3.21), we can see that

([ Lnte) ol )
2 — "

X (unui(ﬁ 1)( )— nui(,iil)(y)em(I;y)'(xiy»dxdy)

(3.22) > [D(Jun))*.
Since I'(|un|) = 5 |un|uL _, and using the fractional Sobolev embedding D* ZRN,R) C
L% (RN R) (see [18]), we can infer that

1 2
B2) 0P > ST By > () Sllunlad s

Then (3.18), (3.22) and (3.23) yield

1\° 2(8—1
(E) S, H|un|uLn HLQ* (RN) —|—/ V En )|un|2u (ﬁ )dCC
(3.24) < | K., (un)glent, [unl?)un| a3 V.
RN
By (g1) and (g2), we know that for any £ > 0 there exists C¢ > 0 such that
(3.25) g(z, 1)t < €Jt)? + Celt|* for any (z,t) € RN x R.

Hence, using (3.24), (3.25), u, € B, Lemma 2.5 and choosing £ > 0 sufficiently
small, we can see that

2 1
(3.26) .0l vy < €52 [ unl a7

for some C' independent of 3, L and n. Here we set wy, ,, := |un|uL - Arguing as
in the proof of Lemma 5.1 in [8] we can see that

(327) HunHLoo(RN) < K for all n € N.

Moreover, by interpolation, (|u,|) strongly converges in L"(RY | R) for all € (2, 00),
and in view of the growth assumptions on g, also g(e,, |us|?)|un| strongly converges
in the same Lebesgue spaces.

In what follows, we show that |u,| is a weak subsolution to

(=A)*v + V(epz)v = ( * G(epm, ’U2)) glenz,v?)v  in RY
(3.28) |[#
v>0 inRN.

Fix ¢ € C° (RN R) such that ¢ > 0, and we take 15, = o
(2.1), where us, = /|un|? +6% for § > 0. We note that s, € HZ forall 6 >0
and n € N. Indeed, it is clear that

/ V(en)|ths n)?de < / V(enz)p?de < co.
RN supp ()
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Now, we show that [1)5,,]4. is finite. Let us observe that

Vs () — Ysn(y)ete () -(e—y) _ (ulfs"n ) (%)w(y)ems(zﬂ)-(my)
G5 - G
R
(uan T us néjy)))¢(y)€lAs(x;y)'(my).

Then, by using |z + w + k[? < 4(]z]% + |w|? + |k|?) for all z,w, k € C, || =1 for
allt € R, uzp > 0, | 22| <1, (3.27) and [y/[2[? + 6% — /[w[? + 62| < ||z] — |w]| for

all z,w € C, we obtain that

7 ZHY Y (p—
[Vsn(z) — sn(y)e Ac(F4)( y)|2

)ezA (I+y

4 . 4
< gelun(@) = unly V@D | o vy + 52 19@) = WP llunl7 @)

4
+ s7llunll Lo @ 111 o ) 15,0 (y) = wsn (2)]°

4 e 4K?2
< 5—2lun(x) —un(y)e ) y>|2||<ﬂlliao<m> + 5—2|<P(33) —o(y)?
4K?
+ 5—4||<ﬂ||iao<m>llun(y)l = [un ()]

1A5(142ry

Since u, € H , |u,| € H*(RY,R) (by Lemma 2.2) and ¢ € C°(RY,R), we
conclude that s, € H . Then we get

zty ., r—
// (tn(z —u(y) 1A (554 ( y))x
R2N |N+2s

un(ﬂﬁ) _ Un (y) —1 A (ZE) (2 —y) |un
X (u§7n(x) x) R (y)e )dxdy} + o Vienx) o

| 2

pdx

(3.29)
_ 1 2 o
_ /RN (W * Gen, |y ))9(5"33’ funl®) Ug,n o

Now, we aim to pass to the limit as § — 0 in (3.29) to deduce that (3.28) holds
true. Since R(z) < |z| for all z € C and |e*| =1 for all t € R, we have

%[(un () — up (y)erAs F) (e=v)) (utnjé)) o(z) — utnn(?y)) o(y)e A (5 >~<H/>)}

o) - Lnl0) (s oo

:%[Iun(x)lz’ () + |un(y)

wsa@) " usa(y) w5 (y)
e
(3.30)
|un(2)[? |un(y)[? un(y)| |un ()]
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Let us note that

un@)P P ) @)
2l o)+ L) — (@ L 0) — ] o)
() |un< )
0] = 1)) — 0] = s 1))
= [l @l @) = ) <>—' O @) un(y) o)
Ug,n () Us ()
(@) [unv)]
(e wiy) le@)] = ) Detw)
= @ @) ) (@) — o))
Ugn ()
(@) [unv)]
(0 i) (@) = lun@)ety)
(3.31) > %u (@) — [un(®)) () — o))

where in the last inequality we used the fact that

(IUn($>| _ |“"(y)|> (Jun(@)] = lun(y)p(y) > 0

u§n(x) Us,n (v)

because
t

M= s

is increasing for t >0 and ¢ >0 in RV,

Since
Ll (Ju (2)] = [un(®)])((2) = 2 (y)]

|z — y|N+2s
< llun(@)] = Iun( M (@) = p(y)] c L(R2V)
I e O ’

and % — 1 ae in RY as § — 0, we can use (3.30), (3.31) and the Dominated
Convefgence Theorem to deduce that

imsu X
5—0 P R2N |$ - y|N+2S
Up (T Unp, — ZHY Y (g
" ( ( ) (p(x)_ (v) o(y)et A= () y>)dxdy]
Usn (2 u§n(y)
un (z dxdy
> lim sup z)| = un(y))(p(x) — () Nt2s
5—0 R2N Uén |z~ yl

(lun(z |un D) —o(y)
(3.32) //}R@N SE¥) SR dzxdy.

On the other hand, from the Dominated Convergence Theorem (we note that quéi <
lun|, ¢ € C2X(RN,R) and K. (u,) is bounded in view of Lemma 2.5) we can infer
that

2
(3.33) lim V(Enx)|u"| x */ V(enx)|un|pdz
0—0 JpN Us,n RN
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and
. 1 2 2 |un|2
lim —— x Gepx, lunl?) ) glene, |unl?) pdx
6—0 RN |$|'u U§,n
1
(3.34) :/ (_ ¢ Glent, |un|2)> 9(Ent, [n]?)|unpdz.
Ry O\ |T]#

Taking into account (3.29), (3.32), (3.33) and (3.34) we can see that

(lun ()] — lun(m)))(p(x) — ()
/‘/]1{2N |$ _ y|N+2s dxdy + ‘/RN V(5n$)|un|<pd:c

1

< [ (G + Gt i) oenz fun s
RV \ |[#

for any ¢ € C°(RN,R) such that ¢ > 0. Then |u,| is a weak subsolution to

(3.28). By using (V1), u, € B for all n big enough, and Lemma 2.5, it is clear that

Up = |un|(- + Jn) solves

(3.35) (=A)*v, + Voun < Cog(ent + enijn, v2)v, in RY.
Let us denote by 2, € H*(RY R) the unique solution to

(3.36) (=A)*z, + Voz, = Cogn in RY,

where

In = g(Enx + enin, v2)v, € I"(RYR)  Vr € [2, ).
Since (3.27) yields [|v, || L@~y < C for all n € N, by interpolation we know that
vp, — v strongly converges in L"(RY R) for all 7 € (2, 00), for some v € L" (RN, R),
and by the growth assumptions on f, we can see that also g, — f(v?)v in L"(RV,R)
and |gn| @~y < C for all n € N. Since 2z, = K * (Cogn), where K is the Bessel
kernel (see [20]), we can argue as in [5] to infer that |z,(z)] — 0 as |z|] — o
uniformly with respect to n € N. On the other hand, v, satisfies (3.35) and z,
solves (3.36) so a simple comparison argument shows that 0 < v,, < z, a.e. in RN
and for all n € N. This means that v, (z) — 0 as |z| — oo uniformly inn € N. O

At this point we have all ingredients to give the proof of Theorem 1.2.

PROOF. By using Lemma 3.3 we can find a sequence (7,) C R such that
Enln — Yo for some yo € A such that V(yg) = Vo. Then there exists r > 0 such
that, for some subsequence still denoted by itself, we have B, (g,) C A for all n € N.
Hence Bx (gn) C Ac, for all n € N, which gives

RY\ A, C RN\ B () for any n € N.
In view of Lemma 3.4, we know that there exists R > 0 such that
vp(x) < afor |x] > R and n € N,

where vy, () = |ue, |(x+Jn). Then |uc, (z)] < a for any € RN\ Bg(,) and n € N.
Moreover, there exists v € N such that for any n > v and r/e,, > R it holds

RY\ A, € RY\ B (7) C RV \ Br(in)
which gives |u., (z)| < a for any € RV \ A., and n > v.

Therefore, there exists €9 > 0 such that problem (1.5) admits a nontrivial solution
ue for all e € (0,&0). Then 4. (x) = uc(zr/e) is a solution to (1.1). Finally, we study
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the behavior of the maximum points of |u., |. In view of (g1), there exists v € (0, a)
such that

(3.37) glex, tHt* < %tQ, for all z € RN |t] < 4.
0
Using a similar discussion above, we can take R > 0 such that
(3.38) e, [l (Be (5.)) < V-
Up to a subsequence, we may also assume that
(3.39) l[te, |l Lo (Ba(@a)) = -
Otherwise, if (3.39) does not hold, then ||luc,, ||z @~y < v and by using J. (uc,) =
0, (3.37), Lemma 2.2 and

< CO)

1
HW * G(ex, |un|2)
v Lo (RN)

we have

uealP+ [ Vol P < e 12, = [ Reltte ), (o P, da

S CO‘/O/ |u€n|2 dCC

éO RN
and being %’ < % we deduce that [|uc, ||| =@~y = 0 which is impossible. From
(3.38) and (3.39), it follows that the maximum points p,, of |ue, | belong to Br(9n ),
that is p, = n + qn for some ¢, € Bg. Since Uy (z) = ue, (z/e,) is a solution to
(1.1), we can see that the maximum point 7., of |i,| is given by 1., = €,9n +engn.
Taking into account ¢, € Br, €,9n — Yo and V(yo) = Vi and the continuity of V,
we can infer that

lim V(n.,) = V.

Finally, we give a decay estimate for |i,|. We follow some arguments used in [7].
Invoking Lemma 4.3 in [20], we can find a function w such that

C
. < ——F%
(3.40) 0<w(z) < T v
and
s ‘/0 . N
(3.41) (—A)°w+ Dl >0in R™ \ Bg,

for some suitable R; > 0. Using Lemma 3.4, we know that v, (z) — 0 as |z| — o
uniformly in n € N; so there exists Ro > 0 such that

CoVt Vo .
9 Ovn < —Ovn in By, .

(3.42) hn = Cog(enx + €nGn, vi)vn < <
Lo 2

Let us denote by w,, the unique solution to
(=A)*w, + Vow, = h, in RY.
Then wy,(z) — 0 as || — oo uniformly in n € N, and by comparison 0 < v, < w,
in RY. Moreover, in view of (3.42), it holds
Vo

1%
(_A)Swn + ?Own =h, — ?’wn <0 in Blc%z.
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Take R3 = max{R;, R2} and we define
(3.43) a = inf w > 0 and W, = (b+ 1)w — aw,.

R3

where b = sup,, ¢y [|wn | L@y < 00. We aim to prove that
(3.44) Wy, > 0in RY.
Let us note that

(3.45) | 1|im Wy (x) = 0 uniformly in n € N,
(3.46) Wy > ba +w—ba>0in Bg,,

Vi
(3.47) (Ao, + 7%;" > 0in RN\ Bg,.

We argue by contradiction, and we assume that there exists a sequence (z;,,) C RY
such that
(3.48) inf wy(x) = lim w,(Z;,) < 0.

z€ERN Jj—o0
From (3.45) it follows that (Z;,) is bounded, and, up to subsequence, we may
assume that there exists z,, € RV such that z;, — Z, as j — oco. In view of (3.48)
we can see that
(3.49) inf w,(x) =W, (Z,) <0.

z€RN

By using the minimality of Z,, and the integral representation formula for the frac-
tional Laplacian [18], we can see that

(3.50) (=AY, (&) = C(];], s) /RN 200, (%) — wn(lgﬁ_:rNﬁ) — Wy (T, — €) de < 0.

Putting together (3.46) and (3.48), we have ¥, € RV \ Bg,. This fact combined
with (3.49) and (3.50) yields

(—8) () + () <0,

which gives a contradiction in view of (3.47). As a consequence (3.44) holds true,
and by using (3.40) and v,, < w,, we can deduce that
(b+1) C
[ ——
o w(zr) < 1+ [a|V+2s

0 <wvp(x) <w,(x) < for alln € N,z € RV,

for some constant C' > 0. Recalling the definition of v,, we can obtain that

x x ~
u —_— = _
en e n e Yn

C
=14+ |i — g, |Nt2s
(jeﬁuzs
e | — enge, | N 125
6’5712[4'25

- 25.7J:/+2s + |$ _ n€n|N+25'

[ ()] =
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