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ABSTRACT. We study asymptotic autonomy of the kernel sections of an evo-
lution process, which has a forward limiting semigroup. We show that the
forward compactness of the kernel sections for the process is a necessary and
sufficient condition such that the kernel sections are attracted by the global
attractor for the semigroup. The criterion of forward compactness is also
established by using the forward-pullback asymptotic compactness of the pro-
cess. As applications, we obtain nonempty, uniformly bounded and forward
compact kernel sections for the non-autonomous Newton-Boussinesq equation
defined on an unbounded zonary domain and perturbed by longtime conver-
gent forces. More importantly, the kernel sections are attracted by the global
attractor of the autonomous equation.
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1. Introduction

A non-autonomous dynamics system (evolution process) S uniquely determines
a family of kernel sections given by

K(t) == {u(t) : u(-) is a bounded complete trajectory for S} Vt € R.

This classical concept was first introduced by Chepyzhov and Vishik [5] under the
framework of uniform attractors (see [7, 8, 3, 12]). However, even if there does
not exist a uniform attractor, the kernel sections can be defined and investigated
(see [2, 31, 39, 42]).

Consider another autonomous system (semigroup) 7" with a global attractor A
in a Banach space (X, || - ||). In fact, A is the kernel section of T at zero (see [4]).

We concern a new subject on asymptotic autonomy of kernel sections. More
precisely, we consider the following problem.

QUESTION 1. What is the condition, in terms of S and 7', to ensure that the
kernel section K(t) is attracted by the global attractor A7 that is,
(1.1) dist(K(t), A) := sup inf d(z,a) = 0 ast — +oo?

reK(t) a€A

Such asymptotic autonomy for a pullback attractor had been investigated by
Kloeden et al.[14, 15, 11] and Li et al.[18].

The kernel section is different from a pullback attractor, although some rela-
tions between kernel section and attracting set can be established in Section 2.

In particular, both kernel section and pullback attractor are invariant sets. So,
we try to consider a more general problem.

QUESTION 2. What is the condition, in terms of S and 7', to ensure that an
invariant set P(-) of S is attracted by A in the sense of (1.1)?

A basic condition is the convergence from S to T in the following sense.

DEFINITION 1.1. We say that a semigroup 7 is a forward limit of an evolution
process S if for any compact set C' C X,

(1.2) lim sup ||S(t+7,7)x—T(t)z||x =0, Vt > 0.
T=4+00 e

We also need some time-dependent compactness of a family of sets in X.

DEFINITION 1.2. A family {P(t) : ¢ € R} of sets in X is called

(a) compact (closed, bounded) if so is each component P(¢),

(b) eventually compact if any sequence z, € P(t,) with ¢, T +o0c has a
convergent subsequence,

(¢c) forward compact if both P(t) and Us>,P(s) are compact for all ¢ € R,

(d) forward bounded if U;>4,P(s) is bounded for some sy € R.

THEOREM 1.3. Suppose a semigroup T is a forward limit of a process S with
a global attractor A and the process S has an invariant set P(-). Then, P(-) is
attracted by A if and only if P(-) is eventually compact and forward bounded.

The above theorem deduces a satisfactory result for compact kernel sections.

THEOREM 1.4. Suppose a semigroup T is a forward limit of a process S with a
global attractor A and the process S has a family K(-) of compact kernel sections.
Then, K(-) is attracted by A if and only if K(-) is forward compact.
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Another issue is to look for some conditions (depending on the system itself)
such that the family of kernel sections is forward compact. One condition is the
uniformly bounded absorption, which ensures that the kernel section is nonempty.
Another important condition is that the process is forward-pullback asymptot-
ically compact, that is, the usual pullback asymptotic compactness ([17, 40]) is
uniform in the future, see Theorem 3.4.

We consider two models to illustrate the abstract results. One is the simple
reaction-diffusion equation on a bounded domain. The main assumption is the
convergence condition from the time-dependent force to the fixed force. On one
hand, this convergence condition ensures the convergence (like (1.2)) of the sys-
tems, on the other hand, both convergence and tempered conditions can imply the
forward tempered condition (see Lemma 4.1). The latter condition ensures that
the evolution process is forward-pullback asymptotically compact.

Another model is the Newton-Boussinesq equation defined on an unbounded
zonary domain 2 = (0, L) x R:

R
(1 3) £t+u£1+’U€yZA€_Fei—i_f(taxay)? ng‘Ila u:\I/y7 U:_\Ijl‘a
’ 1
O + uby + v, = FAO—Fg(t,x,y), (x,y) € Q, t € R,

where R, P > 0, £ is the vortex, 6 is the flow temperature, ¥ is the flow function,
U = (u,v) is the velocity field of the fluid. The Newton-Boussinesq equation is
widely used to model the dynamics of Bénard flow [9, 24].

The previous equation can help us to look for some suitable conditions for the
present equation on the unbounded domain.

The main assumption is still the convergence condition that f and g converge
to time-independent functions f and § respectively (see Hypothesis C). Since the
domain is unbounded, we need to deduce the forward tail-smallness of f, g from
the condition C, see Lemma 6.2. Then, the forward-uniform tail-estimate is avail-
able and thus the forward-pullback asymptotic compactness is obtained.

2. Kernel sections and invariant sets of a process

2.1. Basic properties of kernel sections. An evolution process S on a
Banach space X means that it is a family of mappings S(¢,s) : X — X such that
S(s,s) =1, S(t,s) = S(t,r)S(r,s) for all t > r > s. We assume that S(t, s)x is
continuous in ¢ and in x.

DEFINITION 2.1. A function v : R — X is called a complete trajectory for an
evolution process S if S(¢, s)u(s) = u(t) for t > s. A complete trajectory is bounded
if {u(t) : t € R} is a bounded set in X.

The continuity of a complete trajectory was assumed in the literature (see
[38, 41, 43]). However, this continuity is automatic if the process is continuous.

LEMMA 2.2. A complete trajectory u : R — X is continuous.
PROOF. For any ¢y € R, by the continuity of ¢ — S(t,to — 1)u(to — 1), we have
lim u(t) = 75lin? S(t,to — Lu(to — 1) = S(to, to — L)u(to — 1) = u(ty),
—to

t—to

which means that u(-) is continuous from R to X. O
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DEFINITION 2.3. The class K of all bounded complete trajectories is called a
kernel. The set IC(t) := {u(t) € X : u(-) € K} is called a kernel section at ¢.

The kernel section K(t) may be empty. For example, the ODE & + z = ¢!

has a single-trajectory {e’/2} [19], which is unbounded and thus the kernel section
K(t) = 0. Another extreme case is K(t) = X for the process S(t,s) = I.

The following result concerns the relation between the kernel section and an
attracting set.

LEMMA 2.4. Let K(+) be the family of all kernel sections for a process S. Then,
(i) K(-) is invariant, that is, S(t,s)K(s) = K(t) fort > s.
(i) KC(t) C P(t), if P(:) is closed and pullback attracting, the latter means
lim dist(S(t,s)B,P(t)) =0, Vi € R, B € B(X),
S——00
where B(X) denotes the class of all bounded sets.
(1) dist(K(t), F(t)) — 0 as t — +oo, if K(-) is bounded, and F(-) is forward
attracting [16], that is,
Jim_dist(S(t,5)B, F(1)) = 0, ¥s € R, B € B(X).
—r+00
PRrROOF. (i) The assertion is well known (see [5]).
(ii) Given u; € K(t), we take a bounded complete trajectory u(-) such that
u(t) = ug. Hence, B := {u(s) : s € R} is bounded and thus attracted by P(-),

dist(uq, P(t)) = dist(u(t), P(£)) = dist(S(t, s)u(s), P(t)) < dist(S(t, s)B, P(t)),

which converges to zero as s — —o0. So, uy € P(t) = P(t) and thus K(t) C P(¢).
(iii) Let ¢t > 0. By the invariance of /C(-) and boundedness of K(0), we have

dist(KC(t), F(t)) = dist(S(¢,0)K(0), F(t)) — 0 as t — +o0,
which proves the convergence in (iii). O

The following result concerns closedness of a kernel section, which is useful later
and has its own meaning.

PROPOSITION 2.5. Each kernel section KC(t) of an evolution process is compact
if K(-) is pre-compact and uniformly bounded.

PrOOF. It suffices to prove that K(7) is closed for each 7 € R. Let u,, € K(7)
such that u,, — u(7) € X as n — co. We can find a sequence {u,(-)} of complete
trajectories such that u, (1) = ur, — u(7). By the uniformly bounded assumption,

sup sup ||un (s)|| < sup |K(s)|| =: ¢ < +o0.
neN seR seR
By the pre-compactness of K(7 — 1), we know that there are a subsequence {u’(-)}
of trajectories {u,(-)} and u(r — 1) € X such that ul(r — 1) — u(r — 1). For
each k = 2,3,---, we sequentially choose a subsequence {uF(-)} of {uf~1(:)} and
u(t — k) € X such that uf (1 — k) — u(r — k).
Thereby, the diagonal subsequence {u?(-)} satisfies the following convergence:

un(t — k) = u(r — k) asn — oo for each k € NU{0}.
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Note that we have defined all values u(7 —k) (k € NU{0}) of a mapping v : R — X.
We define other values by

S(S,’T)’LL(T), §2>T,
(2.1) u<s>:{S(S,T—I~c)u(7—k)7 T-k<s<T-k+1,

We claim that {u(s) : s € R} is bounded. Indeed, the continuity of S : X — X
implies that for s > 7,

lus)]| = 15(s. Pu(r) | = 1(s,7) lim wi(@)] = | lim wi(s)] <c.
Ifr—k<s<7-—k+1, then
lu(s)]l = 15,7~ k) Tim (= k)| = | lim wi(s)] < c.

We then prove that u is a complete trajectory. Let s1 > so. If so > 7, then

u(sy) = S(s1, 7)u(r) = S(s1,52)5 (82, T)u(T) = S(81, s2)u(s2).
Ifsi; >7and 7 —k <sy <7—k+1 for some k € N, then

u(s1) = S(s1,7)u(r) = S(s1,7) nh_)ngo up (1)
=5(s1,7) nl;ngo S(rym — k)up(t—k) = S(s1,7)S(r, 7 — k)u(t — k)
= 5(s1,7)5(7, 82)S(s2, 7 — k)u(r — k) = S(s1, $2)u(s2).

It is similar to prove the cases that 7—k; < 51 < 7—k1+1and 7—ky < 59 < 7—ko+1
for k1 < ko. Therefore, u is a bounded complete trajectory and thus u(7) € K(7)
as desired. 0

2.2. Asymptotic autonomy of an invariant set. We first concern the con-
dition that T is the limiting semigroup of an evolution process S in the sense of
Definition 1.1. Notice that the continuity of T" has been assumed as a special
process.

LEMMA 2.6. Suppose a semigroup T is a forward limit of a process S in the
sense of Definition 1.1. Then, we have

(2.2) ET ISt + 1, 7)x, — T(t)xo|lx =0, Vt >0,

whenever ||z, — x| — 0 as T — +00.

PROOF. Suppose 7, — +oo0 and ||z, — x| — 0 as n — 4oo0. Then, C' =
{z,,} U{z0} is a compact set. By (1.2) and the continuity of 7°(-), we have
1St + 7y Tn)r, — T(t)aol x
<sup ||S(t + T, )z — T(t)z||x + [|T(t)z-, — T(t)zo||lx =0
zeC

as n — 00. So (2.2) holds true. O

The pointwise convergence in (2.2) is obviously weaken than the uniform con-
vergence (w.r.t. t > 0), the latter was used by Kloeden et al.[14, 15, 11] to deduce
the asymptotic autonomy of a pullback attractor.

Next, we prove Theorem 1.3, which is rewritten as follows.
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THEOREM 2.7. Let a semigroup T be a forward limit of a process S with a
global attractor A and P(-) be an invariant set for S. Then,
(I) P(-) is attracted by A, i.e.

(2.3) dist(P(s),A) = 0 as s — o0

if and only if P is eventually compact and forward bounded.
(II) If P(-) is also compact then it is attracted by A if and only if P(-) is forward
compact.

Proor. (I) Sufficiency. If (2.3) is not true, then there are 6 > 0, s,, T 400
and x,, € P(sy,) such that

(2.4) dist(z,, A) > dist(P(sy), A) — 0 > 25, ¥n e N.

By the forward boundedness (Definition 1.2) of P(-), there is an § € R such that
the set B := Us>3P(s) is bounded in X. By the attraction of A under T', there is
an ng € N such that

(2.5) dist(T'(sn, ) B, A) < 0.
By the invariance of P(-), for any n > ng,
Ty = S(8ny Sp — Sng )&, for some &, € P8y, — Spy)-

By the eventual compactness (Definition 1.2), the sequence {Z,} has a convergent
subsequence &, — Z. Hence, it follows from (2.2) in Lemma 2.6 that

d(man(Sno)i‘) = d(S(Sno + Sny = Sngs Sny — S"o)i‘an(S"o)j) < 5
provided k is large enough. It is easy to show & € B, then, by (2.5),
dist(@n,, A) < d(zn,, T (Sn,)Z) + dist(T(sn,) B, A) < 0.

This contradicts with (2.4).
Necessity. Suppose dist(P(s), A) — 0 as s T +00. Then, we can find an sy such
that

U P(s) c N(A,1) :={z € X : d(z, A) <1},
$>3q
which is bounded. So, P(-) is forward bounded.
On the other hand, let z,, € P(s,) with s,, T +00. We have

dist(xy,, A) < dist(P(sp), A) — 0.

Since A is compact, it follows from [4, Theorem 2.3] that {z,} has a convergent
subsequence. So, P is eventually compact.

(IT) Sufficiency. Since P(-) is forward compact, it is easy to show that P(-) is
eventually compact and forward bounded. Hence, the needed asymptotic autonomy
follows from the assertion (I) immediately.

Necessity. Suppose (2.3) holds true. We need to show that P() is forward
compact. By the compactness assumption of P(-). It suffices to show that Us>P(s)
is pre-compact for any fixed ¢ € R. For this end, we take x,, € P(s,) with s, > t,
and then show that {x,} has a convergent subsequence in two cases.

If sup,, ey Sn = +00, then there is a subsequence s,, T +oco. By (I), P(:) is
eventually compact, which implies that the subsequence {z,,} has a convergent
subsequence.
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If 59 1= sup,,cy $n < +00, we have {z,} C U;< <, P(s). By the invariance of
P(-), we have

U P(s) = Aullt, so] x P(t)), where Ay : (s,2) = S(s,t)a.

t<s<sg

By the continuity of A; and the compactness of P(t), we know that Ui<s<s,P(s) is
compact and thus {z,,} has a convergent subsequence. (]

3. Asymptotic autonomy and forward compactness of kernel sections

3.1. General case. We come back to investigate the asymptotic autonomy
of kernel sections. We will establish some criteria depending on the process itself.

DEFINITION 3.1. A family P(-) of sets in X is a pullback absorbing set for the
process S if for each (¢, B) € R x B(X), there is a 79 = 79(¢t, B) > 0 such that
S(t,t —7)B C P(t) for all 7 > 7.

DEFINITION 3.2. The process S is forward-pullback asymptotically com-
pact if for each t € R, the sequence {S(Sn, Sn —Tn)Tn }o2 is pre-compact whenever
Sp > t, Tn — 00 and {z,} is bounded in X.

The forward-pullback asymptotic compactness is contrary with the concept of
backward-pullback asymptotic compactness [20, 21, 30, 35, 36] (or strong pull-
back asymptotic compactness [4]), the latter means the asymptotic compactness is
uniform in the past.

We introduce the concept of a forward-pullback omega-limit set:

QB,t) = () |J JS(s,s=7m)B, ¥(B,t) € B(X) xR,

T>07>T s>t

which contains the pullback omega-limit set w(B,t) := NpsoUr>7S(t,t — 7)B.

LEmMA 3.3. (i) x € Q(B,t) if and only if there are s, > t, 7, T +0oo and
T, € B such that

x= lim S(sp, 8, — Tn)x, in X.
n— o0

(i1) Q(B,-) is decreasing, that is, Q(B,t1) D Q(B,t2) if t1 < ts.
(iii) If S is forward-pullback asymptotically compact, then, Q(B,-) is forward
compact.

PROOF. The proof of (i) is similar to the case of usual omega-limit set (see
[4]). The assertion (ii) follows from the definition immediately.

It suffices to prove (iii). Indeed, by (ii), Q(B, -) is decreasing, then Us>,Q(B, s) =
Q(B,t). Hence, it suffices to show Q(B,t) is compact. Let {y,}72, C Q(B,t). By
i), there are s, > t, 7, T +00 and z,, € B such that

1
HS(STH Sp — Tn)xn — ynH < ﬁ

By the forward-pullback asymptotic compactness of .S, passing to a subsequence,
S(SnysSny — Tng )Tny, — Yo in X.

S0, Yn, — Yo in X. Therefore, Q(B,t) is pre-compact and thus compact. O
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THEOREM 3.4. Let an evolution process S be forward-pullback asymptotically
compact with a uniformly bounded absorbing set P(-). Then, the kernel sections
K(-) are nonempty, forward compact, uniformly bounded and pullback attracting.

Furthermore, if a semigroup T is a forward limit of S with a global attractor
A, then, the kernel section K(T) is attracted by A:

(3.1) dist(K(7),A) = 0 as T — +oo.

ProOOF. We show the conclusions in three steps.
Step 1. We show that K(+) is uniformly bounded. Indeed, by Lemma 2.4, the
kernel section is included into the closed attracting set. So,

UK cJPs)clPis)=P
seR seR seR
where P is bounded, closed and pullback absorbing.

Step 2. We show that K(-) is forward compact. If this is verified, then, by
Theorem 2.7 (IT), the kernel section K(7) (regarded as an invariant set) is attracted
by A, i.e. (3.1) holds true.

For this end, we show that Q(P,-) is pullback attracting. Indeed, if it is not
true, then, there are 6 > 0, t € R, 7,, — +00 and a bounded sequence {z,} such
that

(3.2) dist(S(t,t — 7 )zn, QUP,t)) >0, VneN.

By the asymptotic compactness, passing to a subsequence, S(t,t — 7,)x,, — x. For
each k € N, we choose an 7, such that 7,,, — k is large enough and so

Yp = S(t— k,t_Tnk)xnk € P(t - k) c P

Note that S(¢t,t — k)yr = S(t,t — T, )Tn, — . By Lemma 3.3 (i), we know
x € Q(P,t), which contradicts with (3.2).

By Lemma 2.4 (ii), we have K(t) C (P, t) for each ¢ € R. Since S is forward-
uniformly compact, by Lemma 3.3 (iii), Q(P,t) is compact and so K(t) is pre-
compact. By Step 1, K(+) is uniformly bounded. Therefore, by Proposition 2.5, the
kernel section K(t) is compact. On the the hand, by Lemma 3.3 (iii) again, Q(P,-)
is forward compact and so K(-) is forward compact as required.

Step 3. We show that the kernel section K(t) is nonempty and pullback at-
tracting at any time ¢ € R. Since w(P,t) is nonempty, pullback attracting and
invariant (see [4]), it suffices to prove K(t) D w(P,t). For this end, let u; € w(P,t),
we show S has a bounded complete trajectory u : R — X such that u(t) = us. Let
u(s) := S(s,t)u; for all s > ¢, then

(3.3) u(s) = S(s,t)us € S(s,t)w(P,t) =w(P,s) CP(s) CP=P, Vs>t,

in view of the invariance of w(P,t). Then {u(s) : s > t} is bounded.
Let us focuss on the construction for s < t. By u; € S(t,t — 1)w(P,t — 1), we
can take a u;—1 € w(P,t — 1) such that u; = S(t,¢t — 1)us—1, and then set

u(s) := S(s,t — Dug—q forall s €[t —1,¢].

Repeating this procedure, we take u;—,, € w(P,t—n) such that u;_,11 = S(t—n+
1,t — n)u;—, and then set

u(s) == S(s,t —n)us_p, forallseft—n,t—n+1].
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So, {u(s) : s <t} is well-defined. In addition, for all n € N,
u(s) = S(s,t — n)us—p, C S(s,t —n)w(P;t —n)=w(P,s) CP, t—n<s<t.

So, {u(s) : s € R} is bounded in X. It is similar as the proof of Proposition 2.5 to
prove that u is a complete trajectory. Therefore, u; = u(t) € KC(t) as required. O

3.2. Special case: a uniform attractor exists. We discuss a special case
that a uniform attractor exists. We consider the uniform attractor with respect to
R rather than other symbol space X, see [4, 6].

DEFINITION 3.5. A set F is called a R-uniform attractor if it is a minimal
compact R-uniformly attracting set, where the uniform attraction means that for
each B € B(X),

(3.4) tllgloo ilelg dist(S(s+t,s)B, E) = 0.

PROPOSITION 3.6. Suppose a process S has a R-uniform attractor E and a
semigroup T has a global attractor A such that T is a forward limit of S. Then,

(a) the kernel section K(t) for S is attracted by A,

(b) we have the following inclusion:

(3.5) tﬂgﬁ@;:ﬂLjuw:(]Usmmum:wmm»cA

T>0t>T T>0t>T

PROOF. (a) Since there is a R-uniform attractor E, by [4, 5], the kernel section
KC(t) is nonempty compact. Moreover, we have

(3.6) Uk cE.
teR

Since E is compact, we know that the kernel brochette K is uniformly compact and
(particularly) forward compact. So, by Theorem 2.7(II), K is attracted by A.

(b) Since there is a R-uniform attractor F, it is easy to prove that K(t) = A(t),
where A(-) is the pullback attractor for S and, by (3.6), A(-) is uniformly compact.
Therefore, the needed conclusion follows from [18, Prop.2.6]. g

In general, we cannot prove K(t) C A except for F = A.

PROPOSITION 3.7. If a process S has a R-uniform attractor E and a semigroup
T has a global attractor A such that A = E, then the kernel section K(t) satisfies
K(t) C A for allt € R.

PRrROOF. The assertion follows from (3.6) immediately. O

However, it is possible that F # A in an asymptotically autonomous system.
Here, we consider a simple example as given in [4, p.389].

ExAMPLE 3.8. We consider a non-autonomous ODE on R:
it=x—a3ift<0and & = —xift > 0.

The uniform attractor is E = [—1, 1] and the kernel section is given by
Kt)=[-1,1]if t <0, K(t) = [-e e ] if t > 0.
The autonomous ODE is #(t) = —x(t) for ¢t > 0, which has a global attractor

A= {0}. We have A # E and K(t) is not included into A.
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For the above example, both inclusions (3.5) and (3.6) become equalities. How-
ever, consider another example

t=—zxift<Oand & =x—2if t > 0.

Then, the uniform attractor E = [—1, 1], the kernel section K(t) = {0} and the
global attractor A = [—1,1]. So, both inclusions (3.5) and (3.6) are strict.

REMARK 3.9. In [4, p385], the asymptotically autonomous system is defined by

(3.7) w(Ky) = ﬂ U 0s Ky is a point,
>0 s>t
where Ky, is a compact attracting set for the flow 6, on the symbol space ¥. This
concept is completely different from the one as given in Definition 1.1.
In fact, if we take ¥ = R, then there does not exist any compact attracting set
for the flow 0;s =t + s.

4. A simple reaction-diffusion model

We consider a simple non-autonomous reaction-diffusion equation on a bounded
domain D C R™:

(4.1) up — Au+u® —u = f(t,x), t > 7, ulopp =0, u(T) = u,.

As usual, one can obtain uniformly bounded and compact kernel sections K(+)
in L2(D) if f € L? (R, L?(D)) satisfies some suitable conditions, which at least

loc
contain the tempered condition:

¢
(4.2) / A F(r)||Pdr < oo, Vt € R,

— 00

where A > 0 is the Poincaré constant such that Al|ul|? < [|[Vu||>. We then consider
the autonomous equation:

(4.3) v — Av+0v® —v = foo(x), t >0, vjsgp =0, v(0) = vy.
We assume that f, € L?(D) and it is the limit of f(¢) in the integral sense:
. > o 2 o
(4.4 dm_ [ 10) = fulPar =0

Both conditions (4.2) and (4.4) can deduce that f(t) is forward tempered.
LEMMA 4.1. If (4.2) and (4.4) hold true, then

(4.5) I(t) := sup / A=) £(r)]|2dr < 400, VteR.

SZt — 00

PROOF. Let ¢ € R be fixed. By (4.2) and sup,>, e = e,

t t
ni)i=suwp [ A gPar= [ A0 )P < o,

s>t

By (4.4), there is T' > t such that [ ||f(r) — fx|?dr < 1 and thus

%) (%) T
/t 1F(r) — focll? < /T 1£() = ol +2 / L2 +2(T — 1) ool
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which is finite and further implies that
I(t) : = sup / A9 £ () 2
s>t Jt
fEQSUPV/‘6A“75”UTT)*’ﬁm”zdr4*2HﬁmH28upj[ AT gr
s>t Jt s>t Jt
o0 2
<2 [ 0) - fulPdr + Sl < o0,
t

Therefore, I(t) < I1(t) 4+ I2(t) < oo as desired. O

LEMMA 4.2. For each bound set B C L*(D) and t € R, there is a 79 =
70(B,t) > 1 such that for all T > 19 and us_. € B,

(4.6) sup lu(s, s — 7,us—r)||2 < (1 + I(t)) < oo,
s>t

(4.7) sup || Vau(s, s — 7, us_r)||2 < (1 + I()eIH®) < o0,
s>t

PRrROOF. By multiplying Eq.(4.1) with v and using Young inequality and Poincaré
inequality, we obtain

d
S llell? + All® + [ Vall + ulli < e(t+ [1£()]*)

By the Gronwall lemma w.r.t. r € [s — 7, 5],
luls, s = 7, us—)[* < €™ [fug—r ||* + C/ AT (L4 | f(r)1)dr

—AT c ° r—s
<eVIBR+ 5+ [ A0 pm)Par

By taking the maximum w.r.t. s € [t,00) and letting 7 — oo, we obtain (4.6).
By multiplying Eq.(4.1) with —Aw and using the uniform Gronwall lemma, we
can prove (4.7) as desired. O

By the compactness of the Sobolev embedding, it follows from (4.7) that the
evolution process is forward-pullback asymptotically compact.

LEMMA 4.3. Assume (4.4), we have

. - _ <
TETOOHu(thT,T,uT) v(t,vo)|| =0, Vt>0,

whenever ||u; —vo|| = 0 as 7 — +oo.

Lemma 4.3 tells us the convergence of the solution operator. For the details of
the proof, one can refer Proposition 5.1 later.

THEOREM 4.4. The kernel section IC(t) is forward compact and attracted by the
attractor A of the autonomous equation (4.3).
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5. Convergence of solutions for Newton-Boussinesq equations

We rewrite the non-autonomous Newton-Boussinesq equations (1.3) as follows.

b~ AE+ (W, + 10, = fltwy), AU =€, 1>,

(5-1) 0~ 5A6+I(W,0) = glt,7,1), (r,) € D= (0,1) xR,

{(@,y,7) =&, 0(z,y,7) =07, and £, 60, ¥ =0 on 99,
where J is given by J(u,v) = u,v; — uyvy. It is easy to check that
(5.2) J(uy — ug,v) = J(ur,v) — J(ug,v),

(5.3) J(u,v1 —v2) = J(u,v1) — J(u,v2), (J(u,v),v)=0.

If f,g € L? (R,L%(9)), then the same method as given in [1, 23, 27, 33, 34]

loc

can show that, for (¢,,60,) € L2(Q)2, the system (5.1) has a unique solution
(&(7,&),0(-,7,0-)) € C([7,+00), L*(Q)*) N L*(r, 7 + T Hy (2)?).

The solution continuously depends on the initial data and thus it defines a contin-

uous process S(+,-) : L2(2)? — L*(Q)? by

(5-4) S(t,7) (&, 07) = ((t,7,67),0(t,7,07)), VE=s.

We further assume a convergence condition.
Hypothesis C. There are f,§ € L?(Q) such that

oo

| (1 (r) = FI* + llg(r) = gl1*)dr = 0.

t—+oo

The autonomous equation for the time-independent forces f , g can be read as:

ét_Aé+J(‘il7g)+ é$:f(x7y)7 A\i/:£7

vy

(5.5) 1. o
Or = 500+ J(V,0) = §(z,y), (v,y) €,

such that £(0) = &, 6(0) = . It is well known (see [10, 13, 23, 25, 26, 28, 32|)
that there is a global attractor A for the semigroup T'(+) : L?(Q)? — L?(Q2)? given
by

(56) T(t)(é(]a éO) - (é(té())v é(ta éO))a te RJr'

PROPOSITION 5.1. Let the hypothesis C be satisfied. Then, the semigroup T is
a forward limit of the process S in the following sense:

lim [[S(t+7,7)(&r,0-) = T(1) (60, 00)]| = 0, Vvt €RY,

whenever ||(&-,0,) — (€0,00)|| = 0 as 7 — 4o0.

PrOOF. For each 7 > 0, we consider the following functions:

g‘r(t) = f(t+ T, 7—’57') - é(tvé(J)a é‘r(t) = e(t +7_) - é(t)a V=0 -0
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for t > 0. By the difference of both equations (5.1) and (5.5), we obtain that

%—(Hffnmww )
(00, 8) ~ (8, 6),) ~ (J(¥,0) ~ J(¥,0),07)
R

(1) = [.6) + (g(t +7) —9,67) - f@f)

cT 1 nT
(5.7) +IVETI? + LA &

By (5.2)-(5.3), we have
(J(U,€) = J(0,€).€7) =(J(¥,€) = J(V,£),€7) + (J(L,€) = J(,£),€7)
=(J(U,€7),67) + (J(V7,€),€7) = (J(7,£),€7).

Hence, by the Holder inequality and the embedding H'! — L*,

(5:8) (J(,€) = J(¥,6),&7)] = |[(J(¥7,€),€N)|
< |(Wpe, €]+ [(U7,,67)] < |\£III4H‘1/§H4IIETII + 1€y llall L7 Nali€T)
< el NG e €T I+ elléy i 1N e 1€71)
< cllélla= €717 < el€TIP + cllél €717

Similarly, |(J(¥,6) — J(¥,0),07)] < ¢|07]|? + [|0]|%-]|€7||>. The Young inequality
gives

(69 (1) = FE) + (gt +7) ~ 5,67) ~ R 05E)

< %HV@TH2 + (€717 110717) + ell (¢ +7) = FIP +ellg(t+7) — 3l
We substitute (5.8)-(5.9) into (5.7) to find that
%(ll@\2 +16711%) <e(@ + 1117 + 10132 (NETIZ + 16711%)
+ell ft+7) = FI? +ellglt+7) - gl
Applying the Gronwall inequality over (0,t), we have
1717 + 1167 (D)]1?
<e"O (€7 (0)]12 + 167 (0) 2 + / (54 ) = FI2 + gl -+ ) — 2)ar)

where, by the condition C, the last integral tends to zero as 7 — +o00. By using
[10, Lemma 4.2] for the autonomous equation, we know

I5(t) := C/o (L+ € 12 + 16(r) | F2)r < 00, Wt > 0.

Note that |[€7(0)]|2 + [|67 (0)||> = 0 as 7 — ~+oc. Therefore, |7 (£)||> + |07 (£)]| — 0
as 7 — 4oo for each t > 0. (Il
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6. Forward-uniform estimates for the non-autonomous equation

6.1. Further hypotheses. In order to give longtime estimates, we assume
the usual tempered condition, see [22, 27, 29, 37].
Hypothesis T. f,g € L? (R, L*(9)) and they are tempered:

loc

t
/ ()P + [|g(r)[2)dr < 0o, V€ R,

where £ := min(z}p, 3) and A > 0 is the Poincaré constant such that Af|u|? < ||Vul|?
for all u € H}(Q).

We can say more from both hypotheses C and T.
LEMMA 6.1. Under the hypotheses C, T, both f,g are forward tempered:

(6.1) I(t) =1+ Sup/ )P+ llg(r)lIP)dr < oo, VEER.
s>t J—oco
PRrROOF. The proof is completely similar to Lemma 4.1. (]

LEMMA 6.2. Under the hypotheses C, T, both f,g are forward tail-small:
for allt € R,

lim sup / (o) / (£ (r, 2, 9)|? + lg(r, 2, ) ) dadydr = 0.
Q(|ly|>k)

k— o0 Szt — 00
Proor. By the condition T and the Lebesgue controlled convergence theorem,

¢
Is(k,t) . = sup/ e'“(r_s)/ |f(r,x,y)|2dxdydr
Qly|>k)

s>t J—c0

— 00

t
= / er(r=t) / |f(r,z,y)|*dxdydr — 0
Q(ly|=k)

as k — oo for each t € R. On the other hand,

Ikt s=sup [ e [0,y Pdadyds

szt Jt Qlyl=k)

[e%e] R 2 R
< 2/ / |f(r) — f|2dxdydr + 7/ \f|2dxdy.
t Jao(lyl>k) K Ja(lyl>k)

The Lebesgue theorem gives I4(k,t) — 0 as k — co. Therefore,
sup [ ) [ |y Pdadydr < Ik t) + Tk, 1) -5 0
52t J—o0 Qlyl=k)
as k — oo. Similarly, g is forward tail-small. O
6.2. Forward-uniform absorption. We start at the Lebesgue space.

LEMMA 6.3. Let the hypotheses C, T be satisfied. Then, for each B € B(L*(Q)?)
and t € R, there is a 7 = 7 (B,t) > 1 such that

(6.2) Sl;lz(Hﬁ(S, s — 1,817+ 10(s, 5 — 7,60)|°) < cl(t),
(6.3) sup /S e (|| VE(r, s — 7, &0)||1> + | VO(r, s — 7,600)||*)dr < cI(t),
s>t Js—71

(6.4)  sup / O (s — 7 &) P+ 0G5 — 7, 00)[P™dr < eI™ (1)

s>t Js—1
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forall > 71, (&0,00) € B and m > 1. The function I(t) is given in (6.1).

PROOF. By the inner product of the third equation in (5.1) with 0,
61+ S IV + (J(2.0).6) = (9(r).6)
2 dr P AR
By (5.3), (J(¥,0),0) = 0. So, by the Poincaré inequality, we obtain
(6.5) iH@||2+fi||9||2+l||V9||2 < df|g(r)]?
’ dr P - '

5p %) For each s < ¢ with ¢ fixed, we apply the

Gronwall lemma over (s — 7,0) to see

where we recall that x := min(3

(6.6) IWQ&¢W+/ =) |V0(r, s — 7)|Pdr
<ce Hlo—stT) 160l + c/ e"(r=9) lg(r)||?dr, Yo > s —T.

On the other hand, by multiplying the first equation in (5.1) with £ and by the
same method as in (6.5), we obtain

d
M€ + wlIE1* + VEl® < e VOl + el £(r)1*.

The Gronwall inequality gives
(6.7) 1€(o, s = T)II” + / Ve, s — 7)|Pdr < cem D6 |12

-H/ w”ﬂW%ﬂ-ﬂWHw/ =) | £ (1) |2dr.
s—T s—

T

Now, both (6.6) and (6.7) imply that for all s >t and 7> 0,0 > s — 7,
(6.8) lg(o, s = 7)II* + [l6(o)II* + / =D (|[VE() I + IVO(r)|?)dr
<ce™™ (||| + 116o]1*) + 0/ O£ ()17 + lg(r)l1)dr.

In particular, letting o = s in (6.8), we can take 79 > 1 such that for all 7 > 79,
s >t and (50,90) € B,

l&(s, s = I + 16 (s)]1* + /7 I (IVEIP + IVO(r) ) dr

S

< e (ol + 160l) + esup [ T + o)) < el

—00

where I(t) is finite as proved in Lemma 6.1. We have proved (6.2)-(6.3).
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By (6.3) and the Poincaré inequality, it is easy to show (6.4) for m = 1. It
suffices to show (6.4) for m > 1. We use (6.8) to obtain

/ "7 (lg (s = DIP™ + [10(0, 5 — 7)) do

<e(llgol*™ + lfo]I*™) sup / er(o—s) g=m(a—s+7) 1o
s>t Js—r1

weswp [ e ([l 4 gt)?)ar) " do

s>t
Cefmﬁ‘r
<
“rR(m—1)

for all s > t. Letting 7 — +00, we obtain (6.4) as desired. O

(loll>™ + 11801>™) + =™ (2)

6.3. Forward-uniform estimates in regular space. We need a uniform
Gronwall inequality (see [19]): If non-negative locally integrable functions y, hy, ho
satisfy % < ha(r)y + ha(r) for r € [s — 7, 5], then, for all o € (0, 7),

s 1 S S
y(s) < elso hl(r)dr<f/ y(r)dr —|—/ hg(r)dr).
(<) S—0O S—0
LEMMA 6.4. Let t, B and 11 be the same as given in Lemma 6.3. We have

supsup  sup (| VE(s,s — 7, &) 1> + | VO(s,s — 7.00)[%) < cI(t)e”®).
7271 82t (§0,00)€B

ProoF. It follows from (5.1) that

1d 1
5 77 (IVEIE +IV01%) + | AL]” + 5 [1A6]
=(J(¥,€), AE) + (J (¥, 0), Ab) + %(%Aé) = (f(r), A8) = (9(r), A0).

By the Nirenberg-Gagliardo inequality: ||u|? < c|lu| g ||lull,

(J(V,€),AE) = /Q W€, Adudy /Q W,¢, Adady
<19, lallé A + 120 lalig, | AE]
< ey B 110, 12 612 160 2 IAE ] + el W | 21N l2 16,112 1€, 12 I AELL
< | ¥l = Ve 2] < clelIVelE |aglE < FIA? + el ve)”

Similarly, (J(,6), Af) < 5| A0]12 + ¢[|£]|*||VE]|*>. By the Young inequality,

%(t%, AE) — (f(r), AE) — (g(r), A6)

1 1
< ZHMII2 + @IIMII2 + e VO + e ()1 + ellg(r)]I
From all above estimates, we obtain
d
(6.9) %(HWII2 +([VlI)
<c(1+ [ AVEN +IVOI) + (L £ ()17 + g ()1
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For each t € R, applying the uniform Gronwall inequality to (6.9) over (s — 1, s)
with s > ¢ to see

IVE(s,s = &)lI* + V0(s, 5 = 7,00) %) < ce’® (Ir(s) + Is(s)),
where, by (6.3)-(6.4), for all 7 > 7 > 1 and all s > ¢,

Ig(s) : = c—i—c/s IE(r, s — T7§0)||4d7’ <c(1 —|—I2(t))7
1

S

()= [ (V608 =m0 + 000, = 7.00) P < eT(0)

Is(s) : = /71(Hf(7")||2 +llg(r)*) < el (t).
The proof is complete. O

6.4. Forward-uniform tail-estimates. We use the square of a cut-off func-
tion to obtain forward uniform tail-estimates.

LEMMA 6.5. Let the hypotheses C, T be satisfied. Then, for each bounded
B C L?(Q)? and t € R, we have

(6.10) lim sup sup / (|€(s,s — 7,&)|* + |0(s, 8 — 7,00)|*)dxdy = 0.
TRTHO0 52t (0,00)€B JQ(ly| 2k)

PROOF. Let pr(y) := p(%—z) for y € R and k > 1, where p : [0,00) — [0,1] is
smooth such that p =0 on [0,1] and p =1 on [4,00). Tt is easy to show

¢ c d
sl < 2 16D < 5. where piy = L (o)
Multiplying the third equation in (5.1) with p?0, we obtain

d 2
A1 — | pilo)? = | pRIVO|*dxd
o) o [ pieRdedy + 4 [ pRIVORdrdy

2
:—2/ pi&J(\D,H)dxdy—i-Q/pi@g(r)dxdy——/(pi)uﬁyedxdy.
Q Q P Ja ‘

We apply the Poincaré inequality on the function pi6 to obtain
2 A c
12 = | pi e2>f/202—702.
(612) 5 [ aIvoR = 5 [ oilor — il
On the other hand,
2070J(V,0) = 2Pi9(\1/y91 - U, = Pi@y(92)x - P%‘I’m(ez)y-
Then, the integral by part implies that

613) 2 [ 00 = [ - [ e G
Q Q Q Q
c c
= —/Q(pi)y\lfw2 < L IallallOlallfl < L1z 10 101

c c c
< Clielden + Ivenieln < ligliveilion < - gl* + 1ol + 11vej).
The Young inequality deduces that

2 A c
<m®2/d@mf—/@m%%sf/@w%w/@mmuvww?
Q P Q 4P I Q k
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We substitute (6.12)-(6.14) into (6.11) to obtain
d A
6.15 — [ P36 L/292 — | p3l0)?
(6.15) o R WA W
&
< 1+ €l + 16l + [vel?) + C/Qpi\g(r)\Q-

Let s > t with ¢ fixed. Then, by Lemma 6.3, the Gronwall inequality over (s — 7, s)
(omitting the third term in (6.15)) yields

/ pi|9(55 §—=T, 60)|2 < 19(7—? k) + 110(577-7 k) + 5111(577-)’
Q

where, for all £ > 1,
Io(T,k) : = e_’”/ 0210012 < e T||60]|> — 0 as T — oo.
Q
By Lemma 6.2, g is forward tail-small and so

sup I1o(s, 7, k) : = csup/ (7 =) / 02 |g(r)|*dxdydr
Q

s>t s>t Js—1

< csup/ e"‘(r_s)/ lg(r)|?dzdydr — 0
Q(ly|=k)

s>t J—c0

as k — oo for all 7 > 0. By Lemma 6.3,

sup Iy (s, 7) : = sup / e (1 @) + (16| + 1Y)

s>t s>t Js—1
< c(I(t) + I2(t)) < +o0.

Therefore, as 7,k — oo,

Sup/ 10(s,s —7,00)]* < sup/ pi|9(s,s —7,600)*> = 0.
ly|>2k) )

s>t s>t

In addition, by the Gronwall inequality again (using the third term in (6.15)), it is
easy to show that

(6.16) lim sup/ er(r=s) / p20(r, s — 7, 00)|*dzdydr = 0.
Q

T, k—~+o00 s>t Js—r

We then take the inner product of the first equation of (5.1) with p7¢ to obtain

d
o) L[ ey +2 [ ptivePdsay
T Ja Q

_ 2 o % 2 2 o 2
=2 [ gpeaw.e) - 33 [ tes vz [ dieror -2 [ (b

By the Poincaré inequality on pg€, it is similar as (6.12) to obtain that

1 c
(6.18) 2/piIVé“IQd:vdyZ/piIVE\QJrf/pilé“\dedy—*Hfl\Q-
Q Q 22X Jq k

By the same method as given in (6.13), we have

(619) —2 / RET(U, €)dady — — / (PR)yWaldady < S(1+ [ VEIP + [1€]).
Q Q k
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By the Young inequality,

2R
6200 =23 [ gpen. vz [ prer -2 (e
< [ IvePanay+e [ (op + s drdy+ (el + Ve
Q Q(ly[=k)
Substituting (6.18)-(6.20) into (6.17), we have

d 21¢12 21¢2 ~ € 4 2 20102 2
0:21) 5o [ il [ IR < L0+ Il +IVER) + e [ ARAOE +170)P)

The Gronwall lemma gives, for all s > t,

[ et s =P < IR + £+ )

+ csup / £ r=9) / PR16(r)2 + esup / =) / )P,
s>t Js—r Q s>t J—o0 Q(|ly|>k)

which tends to zero as 7,k — oo in view of (6.16) and Lemma 6.2. So, (6.10) holds
true for €. O

7. Forward compactness and convergence of kernel sections

In order to ensure that the kernel section is nonempty, we need a stronger
condition than the tempered condition T.
Hypothesis B. f,g € L? (R, L*()) are backward tempered:

loc

S

sup / T (IF P + [lg(r)]]?)dr < oo, for some sy € R.
5<sp J —o0

Now, we state and prove the main application results of this paper as follows.

THEOREM 7.1. Let the hypotheses B and C be satisfied. Then, the kernel sec-

tions K(7) of non-autonomous Newton-Boussinesq system are nonempty, forward

compact, uniformly bounded and pullback attracting in L*(Q)2.
Furthermore, IC is attracted by the global attractor A of the autonomous system:

(7.1) distr2(0)2(K(7), A) — 0 as 7 — +o0.

PRrOOF. By Proposition 5.1, the semigroup 7" in (5.6) is a forward limit of the
process S in (5.4).
Let I(t) be the function as given in (6.1) and

P(t) == {(u,v) € L*(Q)? : ||ul]® + ||v]|* < cI(t)}, Vt €R.

By Lemma 6.3, P(-) is an absorbing set. By Lemma 6.1, P(-) is forward bounded.
So, by the hypothesis B,

sup [(t) = 1+ sup Sup/ eI (L@ + Nlg(r)l|*)dr

teR teR s>t J -0
< I(so) + sup / e TP 1P + Ng(r)|P)dr < oo,
s<sgp J —c0

which means that P(-) is uniformly bounded.
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It suffices to show that S is forward asymptotically compact. Let s, > ¢ with
t fixed, 7, — 400 and {(0.n,00.,)} is a bounded sequence in L?(Q2)2. We consider
the sequence given by

(Un> 'Un) = S(Sn7 Sn — Tn)(ﬁo,m 90,71) = (g(sny Sn — Tn, fO,n)7 9(5717 Sn — Tn, 6‘0,n))~

By Lemma 6.3, {(un,v,)} is bounded in L?(2)2, and thus there is (u,v) € L*()?
such that, up to a subsequence, (un,v,) — (u,v) weakly in L?(Q)?. By Lemma
6.5, for each € > 0, there are k € N and N; € N such that

€ €
(7.2) ||(Umvn)HL2(Q;)2 < 3 Vn > N; and |[|(u, U)HLz(Qz)z < 3
where Qf = Q\ Q; and Qi = {(z,y) € Q,|y| < k}. By Lemma 6.4, {(up,vn)}
is bounded in H'(Q)2. So, by the Sobolev compact embedding, the subsequence
{(tn,vp)} is pre-compact in L?(Qy)?. Passing to a subsequence again, there is a
Ny > Nj such that

(7.3) (| (wn, vn) — (U7U)||L2(Qk)2 <5, Vn >N,

W ™

where the strong-limit must equal to the weak-limit. Both (7.2) and (7.3) imply
that for all n > Ns,

H(unvun) - (u7v)”L2(Q)2 < ”(umvn) - (u’U)HL2(Qk)2 + ”(umvn) - (uﬂ))HL?(Qi)?

3
< 3 l(un, vn)ll L2 (g2 + 1w, )l 22 (0g))2 < e

3
Therefore, S is forward-pullback asymptotically compact, and so Theorem 3.4 can
be applied to obtain all desired conclusions. (I
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