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Observable measures in partial differential equations
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Abstract. We prove that a broad class of PDE’s including the reaction-
diffusion and 2D Navier-Stokes equations have observable measures. Moreover,

these measures form the minimal weak* compact subset of Borel probability

measures whose basins of attraction has total Gaussian measure. To prove
these results we extend the theory of observable measures [8] from continuous

maps on compact manifolds to dissipative semiflows on Polish spaces.
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1. Introduction

The reaction-diffusion (RD) and Navier-Stokes (NS) are fundamental issues in the
theory of partial differential equations. Existence and uniqueness for RD is well
known and the corresponding result for the 2D NS is due to Leray [19] (the only
case under consideration in our result). The problem of unique solvability for the
3D N-S is not only open but also one of the millennium problems [9]. Partial pos-
itive answers are due to Kato-Fujita [15] and Ladyzhenskaya [16]. Weak solutions
for the 3D NS were introduced and found by Leray [19]. In [1] the strong solv-
ability of the Navier-Stokes equations for rough initial data is studied. It is proved
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that there exists essentially only one maximal strong solution and that various con-
cepts of generalized solutions coincide. The results are applied to Leray-Hopf weak
solutions to improve some known uniqueness and smoothness theorems. General
domains with compact boundary are considered. In [3] the authors study the rela-
tionship between stationary measures of the 2D Euler equation on tori and the one
obtained as limits of stationary measures of the randomly forced 2D Navier-Stokes
equations. In [12] the authors consider the 2D Navier-Stokes equations perturbed
by a random force which is nondegenerated . It is proved exponential convergence
of the probability distributions of solutions to invariant measures. This implies the
existence of spectral gap for the associated semigroups. In [6] it is studied some
aspects of the asymptotic behaviour for a 2D Navier-Stokes model with additive
noise on unbounded domains satisfying the Poincaré inequality. In [30] the author
considers the Navier-Stokes equations on two-dimensional domains satisfying the
Poincaré inequality. Using energy methods he proves the existence of global attrac-
tor for the associated dynamical system. Its (Hausdorff and fractal) dimension is
estimated. In [11] the authors are interested in the stationary version of a modified
definition of statistical solutions to the 3D incompressible Navier-Stokes equations
introduced in a previous work. Stationary statistical solutions generalize invariant
measures in the sense that the underlying system of the three-dimensional Navier-
Stokes equations does not generate a well-defined semigroup. Emphasis is given to
particular types of such stationary statistical solutions and their analytical proper-
ties as well as their support and carriers. More precisely, it is shown that they are
supported on the weak global attractor and carried by a more regular part of the
weak global attractor containing Leray-Hopf weak solutions which are locally strong
solutions. In [24] it is constructed a Markov family of martingale solutions for 3D
stochastic Navier-Stokes equations perturbed by Lévy noise with periodic boundary
conditions. In [23] the authors study limiting behavior of the invariant measures for
reaction-diffusion equations in the whole Euclidean space with regular and singular
perturbations. In [7] the authors study reaction-diffusion systems with nonlinear
boundary conditions. For linear boundary conditions, it is well known that, for large
diffusion coefficients, there exist limiting ordinary differential equations controlling
the dynamics for large times. The authors prove this fact for nonlinear boundary
conditions. See [10, 17, 18, 29] for further references.

On the other hand, the observable measures were introduced in [8] as an alter-
native to the SRB measures for continuous maps on compact manifolds ([32], [31],
[5]). Unlike the SRB measures, the observable ones always exist for these maps
and, moreover, they form the minimal weak* compact subset of Borel probability
measures whose basins of attraction has total Lebesgue measure. The problem if
SRB measures exist even for certain PDE’s has been considered in the literature
([20], [21], [22], [25]). Every SRB measure is observable and the question when an
observable measure is SRB has been considered elsewhere [33].

In this paper we prove that observable measures exist for both the RD and the
2D NS. Moreover, they form the minimal weak* compact subset of Borel proba-
bility measures whose basin of attraction has total Gaussian measure. To prove
these results we extend the theory of observable measures from continuous maps
on compact manifolds to dissipative semiflows on Polish spaces. Let us state these
results in a precise way.
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The classical reaction-diffusion equation is given by

(1.1)


∂u
∂t −4u = f(u), t > 0, x ∈ Ω

u = 0, t > 0, x ∈ ∂Ω.

Here Ω be a bounded domain in Rn with smooth boundary ∂Ω and f(s) satisfies

−k − α1|s|p ≤ f(s)s ≤ k − α2|s|p, p > 2,

and f ′(s) ≤ l (∀s ∈ R) for some constants k, α1, α2, l > 0. As is well known the
equation defines a semiflow T (t)u0(·) = u(·, t) for u0 ∈ L2(Ω) and t ≥ 0 where u is
the solution with initial condition u0.

The Navier-Stokes equation (or NS for short) is the PDE

(1.2)


∂u
∂t − γ 4 u+ (u · ∇)u+∇p = f(x), ∇ · u = 0 for x ∈ Ω, t > 0

u = ϕ for x ∈ ∂Ω and t > 0,

u = u0 for x ∈ Ω and t = 0.

For this equation we only consider the case n = 2. Moreover f ∈ L2(Ω)2,
ϕ = Φ|∂Ω (for some Φ ∈ H2(Ω)2 with ∇ ·Φ = 0) and u0 ∈ H where H is the closed
subspace of L2(Ω)2 given by

H = {u ∈ L2(Ω)2 : ∇ · u = 0 on Ω, u · n = ϕ · n on ∂Ω},

n denoting the unit outward normal on ∂Ω. The solution u = u(x, t) represents
the velocity at x ∈ Ω at time t ≥ 0, and γ is the kinematic viscosity. As already
mentioned existence and uniqueness of the NS is well-known (recall n = 2). Hence
this equation generates a semiflow T (t)u0(·) = u(·, t) for u0 ∈ H and t ≥ 0.

Now, given an initial condition u0 (for either RD or NS) we denote by δu0
the

Dirac measure supported on u0. The probabilistic ω-limit set of u0 is the limit
points pω(u0) with respect to the weak* topology of the family of Borel probability
measures defined by

(1.3)

{
1

t

∫ t

0

δT (s)u0
ds

}
t>0

.

The basin of attraction of a Borel probability measure µ of L2(Ω) or H with respect
to (1.1) or (1.2) respectively is defined by

A(µ) = {u0 : pω(u0) = µ}.

Note that there is no an analogue for the Lebesgue measure in L2(Ω) or H
(actually in any infinite-dimensional Banach spaces [14]). However, both spaces
are complete separable Banach spaces and so we can fix a Gaussian measure ν on
each of these spaces. Recall that a Borel measure on a Banach space is Gaussian if
every linear functional is a Gaussian random variable [4]. For the existence of these
measures see [13]. By using them we introduce the following definition.

Definition 1.1. We say that a Borel probability measure µ of L2(Ω) or H is
a Sinai-Ruelle-Bowen (or SRB or physical) measure of (1.1) or (1.2) respectively if
ν(A(µ)) > 0.
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This definition can be compared with the variational one suggested in p. 195
of [10].

Given a Borel probability measure µ of L2(Ω) or H and a weak* neighborhood
(i.e. neighborhood in the weak* topology) U of µ we define the probabilistic U-basin
of µ by

AU (µ) = {u0 ∈ H : pω(u0) ∩ U 6= ∅}.
Inspired by [8] we introduce the following definition.

Definition 1.2. We say that a Borel probability measure µ of L2(Ω) or H is
an observable measure of (1.1) or (1.2) respectively if ν(AU (µ)) > 0 for every weak*
neighborhood U of µ.

With these definitions we can state our result.

Theorem 1.3. Both the reaction-diffusion equation (1.1) and the Navier-Stokes
(1.2) have observable measures. Moreover, the set of such measures is the minimal
weak* compact subset of Borel probabilities measures whose union of basins of at-
traction has full Gaussian measure. In addition, (1.1) (resp. (1.2)) has finitely
many observable measures if and only if it has finitely many SRB measures whose
union of basins of attraction has total Gaussian measure.

The last property in this theorem can be seem as the Viana probabilistic ver-
sion [27] of Palis conjecture [26] for both RD and NS equations. We finish the
introduction with the following remark:

Remark 1.4. The anonymous referee suggested that it should be possible to
show that every invariant measure of the NS under small forces is observable, and
that this might also be true for more general forces. While the former result may
be true, Example 4.2 (the Lorenz system) shows that in general there are invariant
measures that are not observable.

The rest of the paper is organized as follows. In Section 2 we present the
abstract theory behind the proof of Theorem 1.3. The main result is Proposition
2.4 which extends those in [8] to dissipative semiflows on Polish spaces. In Section 3
we present some preliminary results to prove that proposition. In Section 4 we prove
the proposition and use it to prove the theorem. We also include an application to
the Lorenz equation [29].
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2. Abstract theory

In this section we present the abstract theory to be used to prove Theorem 1.3.
More precisely, we extend the theory of observable measures [8] from continuous
maps on compact manifolds to dissipative semiflows on Polish spaces.



OBSERVABLE MEASURES IN PARTIAL DIFFERENTIAL EQUATIONS 283

Let us consider a metric space X. We often assume that X is a Polish space
namely complete and separable. A Borel measure of X is mean a σ-additive measure
µ with µ(X) > 0 defined on the Borelians (i.e. the elements of the σ-algebra
generated by the open sets). We say that µ is a Borel probability measure if µ(X) =
1. Denote by M(X) the set of Borel probability measures endowed with the weak*
topology namely the one generated by the convergence structure µn → µ if and only
if
∫
φdµn →

∫
φdµ for every uniformly continuous bounded map φ : X → R. It

is known that if X is Polish, then M(X) is metrizable (see Theorem 6.2 p. 43 in
[28]).

For simplicity we introduce the following convention. Given a certain topolog-
ical property P (likewise to be open, close, etc), we say that a subset V ⊂M(X) is
weak* P if V satisfies P with respect to the weak* topology in M(X).

Denote by δx the Diract measure supported on x ∈ X. If f : X → X is a
continuous map, we define the probabilistic ω-limit set of x as the set of limit points
pω(x) with respect to the weak* topology of the sequence of measures

µn =
1

n

n−1∑
i=0

δfi(x).

In the case when X is a compact manifold, we have a well defined Lebesgue measure
Leb. In such a case [8] considered a Borel probability measure µ to be SRB (or
physical) measure if Leb(A(µ)) > 0 where

A(µ) = {x ∈ X : pω(x) = µ}

is the probabilistic basin of µ. Motivated by this definition the authors [8] intro-
duced the following concept: We say that µ is observable if Leb(Aε(µ)) > 0 where

(2.1) Aε(µ) = {x ∈ X : B(µ, ε) ∩ pω(x) 6= ∅}

is the probabilistic ε-basin of µ. Several properties were proved in [8] involving SRB
and observable measures for continuous maps on compact metric spaces.

Now we extend these definitions to semiflows on Polish spaces. A semiflow is
a one-parameter family {T (t) : X → X}t∈R+ such that T (0) = I (the identity),
T (t + s) = T (t) ◦ T (s) for all t, s ∈ R+ and T (t)x depends continuously on x ∈ X
and t ∈ R+. Following the map case above we can define the probabilistic ω-limit
set pω(x) of x ∈ X as the set of Borel probability measures which are limit points
in the weak* topology of the one-parameter family of measures{

1

t

∫
δT (s)xds

}
t>0

.

As before we define A(µ) = {x ∈ X : pω(x) = µ} and Aε(µ) = {x ∈ X : B(µ, ε) ∩
pω(x) 6= ∅}. To play the role of the Lebesgue measure in [8] we will fix a Borel
measure ν. With this in mind we present the following definitions.

Definition 2.1. We say that µ is an SRB (or physical) measure of T with
respect to ν if ν(A(µ)) > 0.

Definition 2.2. We say that µ is observable with respect to ν if ν(Aε(µ)) > 0
for every ε > 0.

Denoting by Oν(T ) the set of measures which are observed by ν we have the
remark below.
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Remark 2.3. The following examples and/or elementary properties hold.

(1) If X is a compact manifold and ν is the Lebesgue measure, then Oν(T )
is the semiflow version of the set of observable measures originally defined
in [8] for continuous maps on compact manifolds.

(2) Oδx(T ) = pω(x) for every x ∈ X. In particular, Borel measures ν for
which Oν(T ) = ∅ may exist. An example where Oν(T ) = ∅ for every
Borel measure ν is given by the flow T in Rn defined by T (t)x = 2tx for
t ≥ 0 and x ∈ Rn.

(3) If I is the trivial flow (i.e. I(t) = I for every t ∈ R+), then Oν(I) = {δx :
x ∈ supp(ν)}.

(4) If ν is absolutely continuous with respect to ν′, then Oν(T ) ⊂ Oν′(T ).
Therefore, Oν(T ) = Oν′(T ) when ν and ν′ are equivalent. In particular,
if T is a semiflow of Rn and Leb is the Lebesgue measure, then OLeb(T ) =
Oν(T ) for every Gaussian measure ν of Rn (for the latter measures see
Chapter 1 in [4]).

(5) If µ and ν′ are Borel measures of X, then

Oaν+a′ν′(T ) = Oν(T ) ∪ Oν′(T ), ∀a, a′ ≥ 0 with a+ a′ 6= 0.

(6) Recall that µ is invariant if µ(T (t)−1(A)) = µ(A) for every Borelian A,
and ergodic if µ(A) = 0 or 1 for every Borelian A which is invariant (i.e.
T (t)A = A for every t ≥ 0). Birkhoff Theorem implies µ ∈ Oµ(T ) for
every ergodic invariant Borel probability measure µ of T .

The items (2) and (3) provide examples of semiflows with non-observable in-
variant measures. Another example is given at the end of the paper (see Example
4.2).

In the sequel we will study the observable measures of dissipative semiflows T
on Polish spaces X. Dissipative means that there is a global attractor, namely, a
compact subset A of X which is invariant and attracts all bounded subsets namely
dist(T (t)B,A)→ 0 as t→∞ for all bounded subset B of X. Here

dist(E,F ) = sup
x∈E

inf
y∈F

d(x, y)

is just the Hausdorff semi-distance for E,F ⊂ X.
With these definitions we can state the main result of this section.

Proposition 2.4. The following properties hold for every dissipative semiflow
T of a Polish space X and every Borel measure ν of X:

(1) Oν(T ) is weak* compact and nonempty;

(2) Oν(T ) is the minimal weak* compact subset of M(X) whose basin has
total ν-measure;

(3) Oν(T ) is finite if and only if there exist finitely many SRB measures of T
with respect to ν such that the union of their basins cover X ν-a.e..

We will prove this proposition and use it to prove Theorem 1.3 in Section 4.
Previously we prove some preliminary results in the next section.
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3. Preliminary lemmas

In this section we will prove some preliminary results to be used to prove Proposition
2.4. Let X be a metric space. Recall that Γ ⊂M(X) is uniformly tight if for every
ε > 0 there is Kε ⊂ X compact such that µ(Kε) ≥ 1− ε for all µ ∈ Γ. We shall use
the following result which is Theorem 6.7 p. 47 in [28]. Recall that a subset of a
metric (or topological) space is precompact it it has compact closure.

Lemma 3.1. Let X be a Polish space and Γ ⊆ M(X). Then, Γ is weak*
precompact if and only if Γ is uniformly tight.

By supp(µ) = {x ∈ X : µ(U) > 0 for every neighborhood U of x} we will denote
the support of a Borel measure µ of a Polish space X. We say that µ is supported
on some subset K ⊆ X if supp(µ) ⊆ K.

Given K ⊆ X we define Ko as the set of Borel probability measures supported
on K i.e.

Ko = {µ ∈M(X) : supp(µ) ⊂ K}.

Lemma 3.2. If X is a Polish space and K ⊆ X is compact, then Ko is weak*
compact.

Proof. Since K is compact, Ko is uniformly tight. Since X is Polish, we
conclude from Lemma 3.1 that Ko is weak* precompact. Then, it suffices to prove
that Ko is weak* closed. Take a sequence µn ∈ Ko such that µn → µ for some
µ ∈M(X). Since µn ∈ Ko, supp(µn) ⊂ K hence µn(K) = 1 for every n ∈ N. Since
µn → µ and K is compact, 1 = lim supn→∞ µn(K) ≤ µ(K) hence µ(K) = 1. This
implies supp(µ) ⊂ K so µ ∈ Ko proving the result. �

Let T be a semiflow of a metric space X. In order to study the probabilistic
ω-limit sets we define (∀x ∈ X),

θ(t)x =


δx, if t = 0

1
t

∫ t
0
δT (s)xds, if t > 0.

Then, pω(x) is the weak* limit point set of {θ(t)x : t ≥ 0}. It follows from the
next lemma that the latter is a curve in M(X).

Lemma 3.3. For every semiflow T of a metric space X the map t ≥ 0 7→ θ(t)x ∈
M(X) is continuous for every x ∈ X.

Proof. First we prove continuity in t > 0. Fix a bounded uniformly continuous
map φ : X → R. Take h ∈ R with |h| < t. Then, t+ h > 0 and∫

φdθ(t+ h)x−
∫
φdθ(t)x =

1

t+ h

∫ t+h

0

φ(T (s)x)ds− 1

t

∫ t

0

φ(T (s)x)ds

=

(
1

t+ h
− 1

t

)∫ t

0

φ(T (s)x)ds+

1

t+ h

∫ t+h

t

φ(T (s)x)ds.
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It follows that∣∣∣∣∫ φdθ(t+ h)x−
∫
φdθ(t)x

∣∣∣∣ ≤ ∣∣∣∣ t

t+ h
− 1

∣∣∣∣ · ‖φ‖+
|h|
t+ h

· ‖φ‖

where ‖φ‖ = supx∈X |φ(x)| is the supremum norm of φ. By letting h→ 0 above we
get ∫

φdθ(t+ h)x→
∫
φdθ(t)x as h→ 0.

Since φ is arbitrary, θ(t + h)x → θ(t)x as h → 0 proving the continuity at t > 0.
The continuity at t = 0 is similar. �

Denote by C the closure of C.

Lemma 3.4. If T is a dissipative semiflow of a Polish space X, then {θ(s)x : s ≥ 0}
is weak* compact for every x ∈ X.

Proof. Since T is dissipative, the closure K = {T (s)x : s ≥ 0} of the trajec-
tory {T (s)x : s ≥ 0} through x is compact and we have {θ(s)x : s ≥ 0} ⊂ Ko by
definition. Since Ko is weak* compact by Lemma 3.2, we are done. �

Recall that a Borel measure µ of a metric spaceX is invariant when µ(T (t)−1(A)) =
µ(A) for every Borelian A.

Lemma 3.5. If T is a dissipative semiflow of a Polish space X, then pω(x) is
non-empty weak* compact for every x ∈ X.

Proof. Take any sequence sn →∞ and consider the sequence θ(sn)x ∈M(X).

Since {θ(s)x : s ≥ 0} is weak* compact (Lemma 3.4) and contains θ(sn)x for n ∈ N,
then θ(sn)x has a weak* convergent subsequence. This subsequence converges to
some point in pω(x) hence pω(x) 6= ∅.

Now, pω(x) consists of invariant measures and so pω(x) ⊂ Ao where A is the
global attractor (Theorem 1 p. 523 in [35]). Since A ⊂ X is compact, Ao is weak*
compact by Lemma 3.2. Since pω(x) is weak* closed, pω(x) is weak* compact too.
That pω(x) is not empty folllows from Lemma 3.4. �

The following lemma will supply an alternative argument to Theorem 2.1 in
[8].

Lemma 3.6. If T is a dissipative semiflow of a Polish space X, then pω(x) is
weak* connected for every x ∈ X.

Proof. Fix x ∈ X. Since T is dissipative, pω(x) is weak* compact. Assume
that pω(x) is not connected. Then, there are disjoint open sets P,Q ⊂ M(X)
such that pω(x) ⊂ P ∪ Q, pω(x) ∩ P 6= ∅ and pω(x) ∩ Q 6= ∅. Then, there are
sequences tn, sn ∈ R+ such that tn → ∞, sn → ∞, tn < sn < tn+1, θ(tn)x ∈ P
and θ(sn)x ∈ Q for every n ∈ N. Now, by Lemma 3.3, {θ(t)x : t > 0} is a curve in
M(X) joining θ(tn)x to θ(sn)x for every n ∈ N. Then, there is another sequence
rn ∈ (tn, sn) such that θ(rn)x /∈ P ∪ Q for all n ∈ N. In particular, rn → ∞ and
so, by Lemma 3.4, we can assume that θ(rn)x weak* converges to some ρ ∈M(X).
Clearly ρ ∈ pω(x) \ (P ∪Q) which is absurd. Therefore, pω(x) is connected. �

Lemma 3.7. If T is a semiflow of a Polish space X, then Oν(T ) is weak* closed
for every Borel measure ν of X.
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Proof. If µ0 /∈ Oν(T ), then there is ε0 > 0 such that

ν({x : pω(x) ∩B(µ0, ε0) 6= ∅}) = 0.

Take µ ∈M(X) with d(µ, µ0) < ε0 and x ∈ X such that pω(x)∩B(µ, ε) 6= 0 where
ε = ε0−d(µ, µ0). If ν ∈ B(µ, ε), one has d(ν, µ0) ≤ d(ν, µ)+d(µ, µ0) = ε0−d(µ, µ0)+
d(µ, µ0) = ε0. Then, {x : pω(x)∩B(µ, ε) 6= ∅} ⊂ {x : pω(x)∩B(µ0, ε0) 6= ∅} and so

ν({x : pω(x) ∩B(µ, ε) 6= ∅}) ≤ ν({x : pω(x) ∩B(µ0, ε0) 6= ∅}) = 0.

It follows that µ ∈ M(X) \ Oν(T ) proving that M(X) \ Oν(T ) is weak* open.
Therefore, Oν(T ) is weak* closed. �

For every V ⊂M(X), and every flow T on X we define the probabilistic basin
of V by

A(V) = {x ∈ X : pω(x) ⊂ V}.

If V reduces to a singleton {ν}, then we write A(ν) instead of A({ν}). We also use
the auxiliary definition below:

Â(V) = {x ∈ X : pω(x) ∩ V 6= ∅}, ∀V ⊂M(X).

Notice that

(3.1) Â(M(X)) = {x ∈ X : pω(x) 6= ∅}.

The following lemma is a direct consequence of this definition.

Lemma 3.8. Â is additive namely

Â

(⋃
i∈I
Vi

)
=
⋃
i∈I

Â(Vi)

for every collection {Vi : i ∈ I}. Moreover,

Â(M(X) \ V) = Â(M(X)) \A(V), ∀V ⊂M(X).

Proof. Since

x ∈ Â

(⋃
i∈I
Vi

)
⇔ pω(x) ∩

(⋃
i∈I
Vi

)
6= ∅

⇔
⋃
i∈I

(pω(x) ∩ Vi) 6= ∅

⇔ pω(x) ∩ Vi 6= ∅ for some i ∈ I

⇔ x ∈ Â(Vi) for some i ∈ I

⇔ x ∈
⋃
i∈I

Â(Vi),
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the first identity holds. For the second,

x ∈ Â(M(X) \ V) ⇔ pω(x) ∩ (M(X) \ V) 6= ∅

⇔ pω(x) 6⊂ V

⇔ pω(x) 6= ∅ and pω(X) 6⊂ V

(3.1)⇔ x ∈ Â(M(X)) \A(V)

proving the result. �

This lemma is only used to prove the following one.

Lemma 3.9. If T is a semiflow of a Polish space X and ν is a Borel measure
of X, then

ν(Â(M(X)) \A(Oν(T ))) = 0.

Proof. We follow arguments in [8]. Write

M(X) \ Oν(T ) =

∞⋃
n=1

Vn where Vn = {µ ∈M(X) : B(µ,
1

n
) ∩ Oν(T ) = ∅}.

By Lemma 3.8 one has,

Â(M(X)) \A(Oν(T )) = Â(M(X) \ Oν(T )) = Â

( ∞⋃
n=1

Vn

)
=

∞⋃
n=1

Â(Vn).

Therefore,

ν(Â(M(X)) \A(Oν(T ))) ≤
∞∑
n=1

ν(Â(Vn)).

It remains to prove that ν(Â(Vn)) = 0 for every n ∈ N.
Since Vn ⊂M(X)\Oν(T ), it follows from the definition of Oν(T ) that for every

µ ∈ Vn there is a ball B(µ, εµ) such that

ν(Â(B(µ, εµ)) = 0.

On the other hand, X is Polish and so M(X) also is (see Theorem 6.5 p. 46 in
[28]). Moreover, Vn is weak* closed hence Polish and so Lindeloff. Therefore, there
is a sequence µi ∈ Vn such that

Vn ⊂
∞⋃
i=1

B(µi, εµi
).

Again by Lemma 3.8,

Â(Vn) ⊂
∞⋃
i=1

Â(B(µi, εµi))

and so

ν(Â(Vn)) ≤
∞∑
i=1

ν(Â(B(µi, εµi
))) = 0.

This finishes the proof. �
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Lemma 3.10. Let T a dissipative semiflow of a Polish space X and ν be a Borel
measure measure of X. If V ⊂ M(X) is weak* closed and ν(X \ A(V)) = 0, then
Oν(T ) ⊂ V.

Proof. Take µ ∈ Oν(T ). Then, ν(A 1
n

(µ)) > 0 and so A 1
n

(µ) 6⊂ X \ A(V) for

every n ∈ N. From this we get a sequence xn ∈ X satisfying xn ∈ A 1
n

(µ)∩A(V) for

every n ∈ N. Since T is dissipative, pω(xn) 6= ∅ by Lemma 3.5. Since xn ∈ A(V),
pω(xn) ⊂ V and so there is a sequence µn ∈ V converging to µ. Since V is weak*
closed, µ ∈ V proving Oν(T ) ⊂ V. �

Lemma 3.11. Let T a dissipative semiflow of a Polish space X and ν be a Borel
measure of X. If µ ∈ Oν(T ) is an isolated point of Oν(T ), then µ is an SRB
measure with respect to ν.

Proof. By hypothesis, there is ε0 > 0 such that B[µ, ε0] \ {µ} is disjoint from
Oν(T ). Since µ ∈ Oν(T ), we have ν(R) > 0 where R = {x ∈ X : pω(x)∩B(µ, ε0) 6=
∅}.

Now, take n0 ∈ N such that 0 < 1
n < ε0 for n ≥ n0 and fix n ≥ n0. Clearly

B[µ, ε0] \B(µ, 1
n ) is weak* closed and M(X) is Polish (for X is) therefore B[µ, ε0] \

B(µ, 1
n ) Lindeloff. Then, there are countably many open balls Bn1 ,Bn2 · · · ,Bnk , · · ·

such that

(3.2) B[µ, ε0] \B(µ,
1

n
) ⊂

∞⋃
k=1

Bnk and ν(Ank ) = 0 for k = 1, 2, 3, · · ·

where

Ank = {x ∈ R : pω(x) ∩ Bnk 6= ∅}.
Define

An =

∞⋃
k=1

Ank .

It follows that ν(An) = 0 and if x ∈ R \An one has x /∈ Ank namely

pω(x) ∩ Bnk = ∅, for k = 1, 2, · · · .

Then, the first inclusion in (3.2) implies

pω(x) ∩ (B[µ, ε0] \B(µ,
1

n
)) = ∅, ∀x ∈ R \An.

Now take

A =

∞⋃
n=n0

An.

We have ν(A) = 0 and so ν(R \ A) = ν(R) > 0. Moreover, if x ∈ R \ A then
x ∈ R \ An and so pω(x) ∩ (B[µ, ε0] \ B(µ, 1

n )) = ∅ for n ≥ n0. But x ∈ R so

pω(x)∩B[µ, ε0] 6= ∅ thus pω(x)∩B(µ, 1
n ) 6= ∅ for every n ≥ n0. If pω(x) where not

contained in B(µ, 1
n ), then it would intersect M(X) \B[µ, ε0]. Nevertheless, pω(x)

is connected by Lemma 3.6 so it would intersect B[µ, ε0] \B(µ, 1
n ) a contradiction.

Therefore, pω(x) ⊂ B(µ, 1
n ) for every n ≥ n0 and every x ∈ R \ A. It follows that

pω(x) = µ for every x ∈ R \ A. As ν(R \ A) > 0 we get ν(A(µ)) > 0 proving that
µ is SRB with respect to ν. �



290 M. DONG, W. JUNG, AND C. A. MORALES

4. Proof of Proposition 2.4 and Theorem 1.3

Proof of Proposition 2.4. Let X be a Polish space and ν be a Borel mea-
sure of X. Let T be a dissipative semiflow of X. We have to prove items (1) to (3)
of the theorem. Denote by A the global attractor of T .

To prove Item (1) we note that by definition, every µ ∈ Oν(T ) is the limit of
measures νn ∈ pω(xn) for some sequence xn ∈ X. Since T is dissipative, every
measure in pω(z) is invariant ∀z ∈ X. Then, every νn is invariant and so µ belongs
to the weak* closure of the invariant measures of T . Since the set of invariant
measures is weak* closed we have that µ is invariant. Then, supp(µ) ⊂ A (this
is well-known, see for instance Theorem 1 p. 523 in [35]) hence µ ∈ Ao proving
Oν(T ) ⊂ Ao. Since A ⊂ X is compact, Ao is weak* compact by Lemma 3.2.
Since Oν(T ) is also weak* closed by Lemma 3.7, we conclude that Oν(T ) is weak*

compact. On the other hand, if Oν(T ) = ∅, A(Oν(T )) = ∅ and so ν(Â(M(X))) = 0
by Lemma 3.9. But T is dissipative so pω(x) 6= ∅ for every x ∈ X by Lemma

3.5 thus Â(M(X)) = X by (3.1) hence ν(X) = ν(Â(M(X))) = 0 a contradiction.
Therefore, Oν(T ) 6= ∅ proving Item (1).

To prove Item (2) we must prove the following properties:

• Oν(T ) is weak* compact;

• ν(X \A(Oν(T ))) = 0;

• if V ⊆M(X) is weak* compact and ν(X \A(V)) = 0, then Oν(T ) ⊂ V.

The first property was already proved in Item (1). For the second we note by

Lemma 3.5 that pω(x) 6= ∅ for every x ∈ X. Then, (3.1) implies Â(M(X)) = X and
so ν(X \ A(Oν(T ))) = 0 by Lemma 3.9. The third was already proved in Lemma
3.10. This completes the proof of Item (2).

Now we prove Item (3). Suppose that Oν(T ) is finite. Clearly every SRB
measure with respect to ν belongs to Oν(T ) and conversely by Lemma 3.11 since
Oν(T ) is finite. Finally, since pω(x) is connected by Lemma 3.6 we have from Item
(2) that pω(x) is one of the elements of Oν(T ) for ν-a.e. x ∈ X. The converse is
clear as in [8]. �

Proof of Theorem 1.3. The result follows from items (1) and (2) of Propo-
sition 2.4 since both equations are dissipative [29]. �

We finish with two examples.

Example 4.1. Theorem 1.3 also applies for the 3D NS as soon as this equation
generates a semiflow (a fact involved with the celebrated well-posedness problem of
the 3D NS). This follows from the fact that under such an assumption it is know
that the equation is dissipative (see for instance Chapter 12 in [29]).

Example 4.2. The Lorenz equation is the ODE in R3 given by

dx
dt = −σx+ σy

dy
dt = rx− y − xz

dz
dt = xy − bz
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where σ, r and b are positive real parameters. Again it is known that the semiflow
generated by this equation is dissipative [29]. Then, Proposition 2.4 implies the
existence of observable measures with respect to Lebesgue. On the other hand,
for certain parameters this example also exhibits nonobservable measures (e.g. the
invariant measure supported on a saddle-type periodic orbit). The existence of ob-
servable measures with respect to Lebesgue also complements the existence of an
SRB measure derived from [2] and [34] in a neighborhood of the classical para-
menters σ = 10, r = 28, b = 8/3.
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