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The simplified Bardina equation on two-dimensional closed
manifolds
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ABsTrACT. In this paper we study the viscous simplified Bardina equation
on the two-dimensional closed manifold M which is embedded in R3. First,
we prove the existence and the uniqueness of the weak solutions and also the
existence of the global attractor for the equation on M. Then we establish the
upper and lower bounds of the Hausdorff and fractal dimensions of the global
attractor. We also prove the existence of an inertial manifold for the equation
on the two-dimensional sphere S2.
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1. Introduction

Since the existing mathematical theory is not sufficient to prove the global well-
posedness of the 3D Navier-Stokes equations (NSE), the dynamics of homogeneous
incompressible fluid flows are not known so far. The mathematicians study these
dynamics by using the direct numerical simulation of NSE and consider the mean
characteristics of the flow by averaging techniques in many practical applications
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(see for example [40], [41), [42]). This leads to the well-known closure problem i.e
the following Reynolds averaged NSE is not closed (see [5]).

{W—VAU+V~@®U)=—Vp+ﬂ

(L.1) V-5=0.

Here we can write
V-(v@v)=V-(0®7)+V-R(v,v),

with R(v,v) = v ® v—0®0 is the Reynolds stress tensor. However, on the turbulence
modeling applications, one need to produce simplified, reliable and computationally
realizable closure models. For this reason, in order to obtain the closure models
Bardina et al. [2] modified the Reynolds stress tensor by

R(v,0) ~T®0— VR 0.
After that, Layton and Lewandowski [23] considered a simpler form of the above
approximation of the Reynolds stress tensor

R, 0) TR0 —7Q 0.

The modification of Layton and Lewandowski leads to study the following sub-grid
scale turbulence model (or called simplified Bardina equation)

wy —VvAW+ V- (WRw)=-Vq¢+ f,
(1.2) V-w=0,

w(z,0) = 9o(x),
where (w, q) is an approximation of (v,p). Following [23], the simplified Bardina
equation is considered with the filtering kernel associated with the Helmholtz oper-
ator (I —a?A)~!. This means that if v is the unfiltered velocity and v = w is the

smooth filtered velocity then v = v — a?Aw and also keep that p = ¢ — a?Agq, then
the equation(|1.2)) becomes

ve—vAv+ (u-V)u=—-Vp+ f,
Vu=Vv=0,

v=u—a’Au,

u(r,0) = u™(x),

(1.3)

where u and v are periodic with periodic box Q = [0, 2w L]3.

The global existence and uniqueness of weak solutions of the equation
with the periodic boundary conditions in three-dimension is established early by
Layton and Lewandowski [23] and then expanded to study by Titi et al [5]. In
detail, the last work has proven the global well-posedness for weaker initial condi-
tions than the first work, then considered the upper bound to the dimension of the
global attractor and given the relation between the modified Bardina equation and
the modified Euler equation. The existence of inertial manifold for the simplified
Bardina equation is studied by Titi et al. in [18] in the two-dimension with peri-
odic boundary condition case. On the other hand, there are many works about the
other turbulence models such as the modified-Leray-a and viscous Camassa-Holm
or Navier-Stokes-« on the same framework, see for example [6], 13}, 19), 32], 33], [34].

The Navier-Stokes equation and the turbulence equations are studied on the
generalized compact Riemannian manifolds in the works of Ebin and Marsden [15],
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Skholler [44} [45] and Skholler et al. [40] via the geometry and the analysis of group
of diffeomorphisms. In the specific compact manifolds such as two-dimensional
sphere and square torus, the Navier-Stokes equation was studied in the works of Ilyin
[27, 28], 29, [30], [31] and developed recently by Ilyin, Laptev and Zelik [35], [36], 37].
In these works, they proved the well-posedness of the weak solution, then estimated
the upper bound of the Hausdorff and fractal dimensions of the global attractor.
For the turbulence equations Ilyin and Titi studied the attractor of the modified-
Leray-o equation on the two-dimensional sphere and the square torus [33]. In
detail, they established the upper and lower bounds dependeding on the parameter
« for the Hausdorff and fractal dimensions of the global attractor. The method is
based on the vorticity scalar form of the equation (see also [31] for the Navier-Stokes
equation) and the theorem about the relation between the Lyapunov exponents and
the Hausdorff (fractal) dimension of attractor (see [7), [8, 50]). Another important
technique is used to estimate the attractor’s dimensions that is the Lieb-Sobolev-
Thirring inequality (see [51]). It plays an important role to estimate the Lyapunov
exponents. The Sobolev-Lieb-Thirring inequality on manifolds is considered initially
by Teman et al. in [17], then it is improved by Ilyin et al. in the recent works
on the sphere and torus [36, B7]. Furthermore, by considering the Navier-Stokes
equation on the domain of sphere, Ilyin and Laptev [35] improved the Berezin-Li-
Yau inequality on the lower of the sum of the eigenvalues and therefore obtain the
upper of the dimension of attractor.

In the present paper we study the simplified Bardina equation on a two-
dimensional closed manifold. More precisely we study the existence and uniqueness
of the weak solutions, estimate of the Hausdorff and fractal dimension of attrac-
tor and the existence of the inertial manifold. Since on a two-dimensional closed
manifold there is Kodaira-Hodge decomposition of the space of smooth vector fields
with the appearance of the harmonic functions, we need to add some dissipative
term to the original equation to obtain a dissipative system (see Section 2.2). Then
the global well-posedness will be done by the Garlekin approximation scheme and
note to control the norms of the harmonic functions. We develop the methods in
[31], [7), 8] to establish the upper bound of the Hausdorff and fractal dimensions of
the global attractor for on the vorticity scalar form. Then we will develop the
methods in [26], [33], [38] to find the lower bound of the attractor’s dimensions on the
two-dimensional torus. In particular, we construct a family of stationary solutions
arising from the family of Kolmogorov flows and establish the lower bound for the
dimension of the unstable manifold around these stationary solutions. As a conse-
quence we obtain the lower bound of the global attractor’s dimensions of . The
existence of the inertial manifold is proven by feature of the spectral of Laplacian
operator on two-dimensional sphere S? and the estimates of the nonlinear parts via
the appearance of the parameter .

This paper is organized as follows: Section 2 gives the setting of the simplified
Bardina equations on the generalized two-dimensional closed manifolds M. Section
3 we establish the global well-posedness of the simplified Bardina equation on M.
Section 4 we establish the upper bound of the Hausdorff and fractal dimensions of
the global attractor for the equation on S? then on M, then we establish the lower
bound of the attractor’s dimensions for the equation on the two-dimensional torus
T? = [0; 27| x [0; 27]. In Section 5 we prove the existence of an inertial manifold
for the equation on S2.



296 TRUONG XUAN PHAM

Acknowledgment. The author would like to thank Prof. Ilyin (Keldysh In-
stitute of Applied mathematics, Russian Academy of Sicences) for many helpful
discussions.

2. Geometrical and analytical setting

2.1. Two-dimensional closed manifolds and functional spaces. Let M
be a 2-dimensional closed manifold embedded in R3. We denote by TM the set of
tangent vector fields on M and by (T M)~ the set of normal vector fields. Following
[27, 29, [30], we define the two operators

Curl, : TM — (TM)* and Curl : (TM)*+ — TM
in a neighbourhood of M in R3:
DEFINITION 2.1. Let u be a smooth vector field on M with values in TM, and
let 1 be a smooth vector field on M with values in (TM)*, i.e. ¢ = i, where
7 1s the outward unit normal vector to M and ) is a smooth scalar function. We

then identify the vector field 1/7 with the scalar function ¥. Let u and ¥ be smooth
extensions of u and v into a neighbourhood of M in R® such that 4|y = u and

Olar = 1p. For z € M and y € R?, we define
Curl,u(z) = (Curli(y) - 7i(y))7i(y) |y=a»
Curl(z) = Curly(z) = Curldh(y)]y—z,

where the operator Curl that appears on the right hand sides is the classical Curl
operator in R3.

The above definitions of Curl,u and Curly are independent of the choice of the
neighbourhood of M in R3. Moreover, the following formulas hold

(2.1) Curl,u = —7idiv(7 x u), Curlyy = —7i x Vb,
Juf?

(2.2) Vyu = VT —u x Curl,u,

(2.3) Ay = Vdivu — CurlCurl,u,

where x is the outer vector product in R3, V is the covariant derivative along the
vector fields and A = dd + dd is the Hodge-Laplacian operator.

Let LP(M) and LP(T M) be the LP-spaces of the scalar functions and the tangent
vector fields on M respectively. Let HP(M) and HP(TM) be the corresponding
Sobolev spaces of scalar functions and vector fields. The inner product on L?(M)
and L?(TM) are given by

(W, 0) p2(ar) = / uvdM, foru,v € L*(M),
M

(W, V) p2(rary = /Mu -vdM, foru,v € L*(TM).
The following integration by parts formulas will be used frequently

(Vh, U>L2(TM) = —(h, diVU>L2(M) )
<Curhﬁ,v> = <1Z, Curlnv>

L2(TM) L2(M)
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By using Kodaira-Hodge decomposition we have
C®(TM) ={Vy : ¢ € C®°(M)} @ {Curlyy : ¢ € C°(M)} ®H*,
where H! is the finite-dimensional space of harmonic 1—forms. Putting

2(TM)

V={Culy : e C®(M)}, H=V"" pt

, V=Y ;
endowed with the norms

ul3; = (u,u), [Ju]l? = (Au,u) = (Curl,u, Curl,u) .
Since divu = 0, we have the Poincaré inequality
(2.4) lellr < A2 luly + Idivall ) = A7 fully

where \; is the first eigenvalue of the Stokes operator A = CurlCurl,, (see the below
proposition). We know that

2 . 2 2
(2.5) lull g rary = llpzrary + divelze o + [Curlyul[7e ay) -

From the inequalities (2.4), (2.5) and since divu = 0 on V, the norms on H' and
V are equivalent for all u € V. In the rest of this paper, we denote ||.|[;- = |.],

-y = 111 and L[| o := [J-1]5-

Let P : L2(TM) — H be the orthogonal projection i.e Helmholtz-Leray pro-
jection on H, and let A = —PA = —AP = CurlCurl,, be the Stokes operator with
domain D(A) = H?(TM) N V. Considering the linear Stokes problem

(2.6) Au + gradp = f, dive = 0.
Taking the inner product of this equation with v € V' we get
(Curlyu, Curl,u) = (f,u) < ||ull, = (f,u) .

By Lax-Milgram theorem, for each f € H=*(T M) the weak solution of exists
and in unique. Hence A : HY(TM) — H~'(TM) is a linear operator with compact
inverse. As a direct consequence, we find that problem has an orthonormal
smooth eigenfunctions w; (dense in H and V) i.e

CurlCurl,w; = \;w;, divw; = 0.

The relations between the eigenfunctions w; and the ones ; of the scalar Laplacian
A = divgrad on M are

— Ay, = A\ap;, w; = n x grady; = —Curly;.
We summarize the properties of the Stokes operator A in the following proposition

PROPOSITION 2.2. The operator A = CurlCurl,, is unbounded, positive, self-
adjoint, symmetric in H with eigenvalues 0 < Ay < Ao < ... which is only accumu-

lation point +0o. Moreover, its eigenvalues correspond to an orthonormal basis in
H (which is also orthogonal in V).
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2.2. The simplified Bardina equations. In 1980 Bardina et al. [2] intro-
duced a particular sub-grid scalar model which was later simplified by Layton and
Lewandowski [23] (therefore, we call this system by simplified Bardina equation):

v —vAv+ (u-V)u+ Vp = f,
V-v=V.-u=0,
v=u—o?Au

u(0) = uyg,

(2.7)

)

where the unknowns are the fluid velocity vector field v, the "filtered” velocity
vector field u and the "filtered” pressure scalar p. Besides, the constant v > 0
is the kinematic viscosity coefficient and f is the body force assumed to be time
independent. On a 2-dimension closed manifold M with vy € V @ H' and f €
H ®H*, by the equalities (2.1), (2.2) and (2.3) the simplified Bardina equation can
be written as
2

vy + vCurlCurl, v + grad% —u X Curl,u+ Vp=f,
(2.8) Vo=V-u=0,

v=1u—a?Au,

u(0) = up.

Recall that P is an orthogonal projection on H namely Helmholtz projection. De-
note by Q the projection of L?(M) on the space of harmonic forms H!. Putting

f=fi+ fo,u®) =w(t) +u(t), fr,ui(t) €V, fa,uz(t) € H',

Uy = u1g + us0, uto = P(ug) € V, ugo = Q(ug) € H'.
By applying the projection P + Q on the simplified Bardina equation (2.8), we get

(2.9) %(ul + a?Auy) + vAu; + P(Curluy x ug + Curl,uy X up) = fi,
d
(2.10) i + Q(Curl,u; x uz) = fo

In order to Equations (2.9) and (2.10) become dissipative, some dissipative term
must be added to these equations for example ocu. Therefore, we obtain
(2.11)

d
@(ul + oz2Au1) +vA(uy + oz2Au1) + P(Curl,uy X ug + Curl,uy X ug) + ouy = fi,

d
(2.12) 22 + Q(Curl,uy X ug) + oug = fa.
These equations can be expressed in the simple form as
d
(2.13) %(u + o?Au) + vA(u + o* Au) + B(u, u) + ou = f,
or

d
ﬁv—i-yAv—l—IB(u,u) +ou=f,

where
B(u,u) = (P + Q)(Curl,u x u).
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DEFINITION 2.3. Let feHOH andug € VO H and T > 0. A weak
solution of Equation (2 is u=muy+ug: u; € L*([0,T],D(A))NC([0,T],V) and
uy € CH([0,T), H') wi ith L dt € L*([0,T],H) and such that for each w = w; + ws :
w1 € D(A) and wy € H':

(2.14) O (v, w) + v <Cur1 v, Curl,,w) + b(u, u,w) + o (u,w) = (f,w),
where b(u,u,w) = [, (B w)ydM = [}, Curl,u x u-wdM. Equation (2 can

be understood in the sense that for to, t € [0, T], we have the intergral equatwn
t

(v(t),w)—(v(to),w)+y/ (v(s), Aw) ds + /(B(u(s),u(s)),w)ds

to to

+ J/t:<u(s),w>ds:/t:(f,w>ds

The bilinear operator b(u,u,w) is generalized by trilinear form b(u,v,w) on
HY(TM)? in the following formula

b(uv v, w) = /M Vv - wdM = /M Ukainjgide
1
= 5/ (—u x v - Curl,w + Curl,u X v - w —u X Curl,v - w) dM,
M

where u,v,w € HY(TM).

LEMMA 2.4. The trilinear for b(u,v,w) has the following properties (see |27,
29, 130])
1) [b(u, v, ) < e flully o]y ol -
i) [b(u,u,v)| < ful [|ully |v]; -
iii) If divu = 0 then b(u,v,v) =0, b(u,v,w) = —b(u,w,v) and b(u,u, Au) = 0.

3. Solvability and the existence of global attractor

3.1. The existence and uniqueness of the weak solutions. We state and
prove the existence and uniqueness of the weak solution of Equation (2.13)) in the
following theorem

THEOREM 3.1. Let ug € V@& H! and f € H ® H', then the equations (2.11)
and (2.12)) i.e equation (2.13) posseses a unique weak solution u = uy + us: uy €
L?([0,T],D(A)NC([0,T],V) and uz € C([0,T], H').

ProOF. The proof of the theorem is according the Galerkin scheme and then
using Aubin’s lemma. Recall that the orthonormal basis of H is {w;}{" i.e the
eigenfunctions of the Stokes operator A = CurlCurl,. Let {h;}] be an orthonormal
imtet
{¢m 7" is an orthonormal basis of H &H'. The finite dimensional Galerkin approx-
imation, based on this basis to the equation is

basis of the space of harmonic forms H'. Then we obtain that {w; & h;}

(3.1) %(um + a2 Aty + VAU + a2 At + PrB (U, tm) + 0ty = Py f,

where U, := Ppt = Um1 + Ume and Py f = fim1 + fme-
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Step 1. H'-estimates. Taking the scalar product in L?(TM) of (3.1) and
Uy, WE get

1d
5*(|Um\2 + 2 |[um|®) + v(l|um|® + &2 Aum1]?) + o (Jum1]? + [tmal?)

= [(Pufium) | = {f,um)|
< [ (fuma) lg + [ (f2, uma) |2

By Cauchy-Schwarz inequality, we have
[ {frsumn) | < AT fall Auga |, JATY2 fi] g |

and by Young’s inequality we have

|[A= f11?2 v
< - —
| <f17um1> ‘ X 21/&2 + 2

|A_1/2f1|2

a2|Aum1|2, 5

v 2
+ 5 Nl |

And we have clearly

2

A-1£ 12 |A-1/2f, 2 2
| £1| , | hl , |f2] }, and by using the above in-
va v o

1 2
[acema) b < 5 (25 4 ofunal?).

By putting L, = min{

equalities we obtain that

d

(3:2) 2 (toml? + @2 ot [2) 4t I + 0 At ) + 0 2Lt | + ftma?) < L.
.. —-1/2 —1/2

Combining [t1] < A7/ [[tgna] and [Curly | < Ay [ Ay, we get

d
§(|um|2 + a2 [[um1]|*) + vA1 (w1 + & [[umi[|*) + 0 (2lwm1 |* + |ume|?) < Li,

which gives (since Au,,1 = Auyy,)

d
77 uml® + 02 [l %) + 0(jum | + 0 [lum [*) < L1,
where § = min {v\, 0} . Using Gronwall’s inequality we obtain that
_ L _
[um® + 0 um | < e (Jumol® + o [|umol|*) + 71(1 —e?)
L
(33) < ol + 0 flumo* + = = ba.

Therefore, for 0 < T < 400 and Umo = unp(0) € V & H', we have u,, €
L>([0,T],V @ H') where the bound is uniform in m.
Step 2. H?-estimates. Integrating inequality (3.2)) over (¢,t +r), we get

t+r
V/ (It ()1 + @[ A1 ()]*)ds < L + [ (D) + @ i (8)]|*
t
(34) < TLl + ll.

Taking now the inner product of the Galerkin approximation (3.1) with Auw,, =
Atp, and note that (see [30] Lemma 3.1)

(3.5) (Curlpum1 X U1, Atumi) = (Curly,t,y X ug, Atmr) = 0,
we get

1d

o a4 02 At ) (| At [+ 02 A 220 ) 0 | < | (Fr, Atn) |
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Observe that
| (f1, Aumi) | < |A71/2f1||A3/2um1|, | il Atma].
Using again Young’s inequality we have
|A71/2f1 ‘2
2va?

|A_1/2f1 |2
2

| {f1, Auma) | <

|f1l?
2

v .
+ 70[2|A3/2um1‘2,
2 v

14
+ §‘Aum1|2.

2
Putting Lo = min{ , Kl }, then we have
v

ro

d
= (I + 0 A [2) + v (| At  + 02 A 21 [2) + 20t | < Lo
Combining with |Au,,1| < A\ A%/ 2,1 |* (Poincaré inequality), we get

d
= (et P + 02| Augur ) + 6 Q| + 02| At ) < L.

where ' = min {vA;,20}. Hence

d
(3.6) = <||um1H2 n a2|Aum1|2) < Lo.
Integrating the above inequality over (s,t) to obtain that
(3.7) a1 (D17 + @2 At () < [[uma ()17 + @[ Auma () + (¢ = 5) Lo,

continuting integrating over (0,¢) and using (3.4) we obtain that
1 t2
(38) t (e O + 0| Au (O ) < - (tLy + 1) + 5 Lo,

1 1
for all t > 0. For ¢t > B we integrate (3.6|) over (t s t> to establish
VA1 VAl

1 2 N 1 (1 1\’
. N m m gf N .
39 o (lm O + ) <3 (omst) + L (51

The inequalities and yield that there exists a function l5(¢) satisfying the
following conditions
i) For all ¢t > 0 then I3(t) < +oo and lim;—, 1 o l2(t) < 400,
ii) If uip € V but uig ¢ D(A), then lim;_ g+ l2(t) = +00.
and
1 (8] + o[ Aty () |* < la(t), t > 0.

REMARK 3.2. Inequality (3.7) yields that if uio := u1(0) € D(A), then umi(.)
is bounded uniformly in L*°([0,T], D(A)) independently of m. On the other hand,
if uip € V but uyg ¢ D(A), then um1 € L2.((0,T], D(A)) N L%([0,T], D(A)).

loc
. dvp, du,
Step 3. Estimates for 7 and rat For each w = w1 4wq where w; € D(A)

and wy € H', we have

% (Vm, w) = =V (Avpm1,w1) — (PoB(tm, tm)),w) — 0 (U, w) + (P fyw) .

Since w1 is uniformly bounded with respect to m in L?([0,T], D(A)), hence v,,; is

uniformly bounded in L%([0,T], H), as a consequence Auv,,; is uniformly bounded
in L2([0,T], D(A)’). Now we observe that

[(Pnfsw) [ = [(f, Ponw) | < [ (fryw1) [+ [ (f2, w2) [
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< AT Al Aw] + [ follwa| < AT fu[Aws | + | fallwel.
By ii) of Lemma
| <PmIB3(um,um),w> | < |b(“ma“mvw)| < C/|um‘ HumH1 ||W||1
/
< um|([[uma | + [uma]) ([l ]| + w2])
<l | + i) (A% Awr| + ] )
Moreover
[ (um,w) | < [ {Um1,w1) | + [ (uma, w2) |
<A || Awn |+ [uma|ws |
< A uma|[Awr | + [tma||ws].
d
We therefore conclude Lom and m are uni-
dt |l 2 (jo,7),(D(4)@H1Y) dt |2 jo,m), Hem)

formly bounded with respect to m. By Aubin compactness theorem, there is a
subsequene uy,(t) and a function w(t) such that

Upy (1) — u(t) weakly in L*([0, T], D(A) & H"),
Uy (£) — u(t) strongly in L2([ T,V aHY,
Upy — win C([0,T], H & H").

These are equivalent to

Vg () — v1(t) weakly in L2([0, T], H © H"),

Ve (1) — v1(t) strongly in L2([0, 7], (V & H')"),

Oy — 01 In C([0, T, (D(A) & H)).
Now relabel u,,s (resp. vy,) by u,, (resp. v,,). For w = w; + wy where wy € D(A)
and wy € H', we have

t

(U (t),w) + u/ <vm1(s),Aw1>ds+/ (Bt (8), um(8)), Pmw) ds

to tO
¢
—|—J/ (U (8), Pmw) ds = (v, (to), w) + (f, Pmw) (t — to),
to
for all to,t € [0,7T]. Since the sequence v,,(t) converges weakly in L?([0, T, H®H?"),
vm1(t) converges weakly in L?([0, 7], H) then
¢

lim (Um1(8), Awr) ds = / (v1(s), Aw1) ds

m—r oo tO tO

and there is a subsequence of v,, and relabel by v,, which converges almost every-
where on [0,7T] to v(t) in (H ® H')' ~ H @& H'. Therefore

(vm (t),w) — (v(t),w),

(vm (to),w) — (v(to),w),
almost everywhere for t,ty € [0, 7).

Now we treat the convergence of the nonlinear term ftto (B(tm (), um(s)), Pnw) ds.
We have

/ (B(um(s), um(s)), Pmw) — (B(u(s), u(s)),w) ds

to
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| [ Bln(s) = uls)un(s). )| 1= 11
+ /t (B(u(s), um(s) — u(s)%w)‘ = I,InH.

To estimate I, we observe that there exists a constant ¢’ > 0 such that
| (Bt (5), um(s)); Pmw — w) | < " um ()11 (1P = wll oo (gar) [ (5)]-

Applying Agmon inequality in 2-dimension: ||wl[ ;e (7ps) < C’|{J.)|L2 (M) HWHHz (M)
we get
| (B(um(8), um(s)), Pmw —w) | < "Clum(s)| [[um () [Pmw — w|1/2
X (|A(Pmwi — wi)| + [Pnws — wa|)/?

Therefore
1/2

¢ 1/2
I < c”C( [tm (s)] ds) (/ lum (s |1ds) | P — w|'/?
to
X (|A(Ppen = wi)| + | Praws — wa|)V/2.
Since u,y, is uniformly bounded in L> ([0, T],V & H') and u,,, is uniformly bounded
in L°°([0, T], H ®H') independently of m (Step 1), we obtain that lim,, o, I}, = 0.

Similarly, Agmon inequality and Poincaré inequality yeild

1/2 1/2
lelimrany < Clol ran Il fiirany < Cll + foal) V2 Au] + ez

< COT Awi| + |wa]) /2 (| Awn| + fw2]) /2,

then Il can be estimated as

t 1/2
ﬁ{<<%tum> wﬁ ( man

x (A7 Aws| + |wa]) 1/2 (|Aw| + [w2])'/2.

Combining with u,, — u strongly in L?([0,T],V @ H') and the boundedness of
lumll,, we get lim;_,o. I1I = 0. By the same manner we also have lim;_, o I1/7 = 0.
Therefore,

1/2

/ (B(tm (), um(8)), Pmw)ds — | (B(u(s),u(s)),w)dsasm — oo.

to tO
We conclude that for almost everywhere to,t € [0, 7] and every w € D(A) & H!:

(w(t),w) — (o(te),w) + u/ (vl(s),Aw1>ds+/ (B(u(s), u(s)),w) ds

to to

+a£w@ww=£qu

On the other hand, v; € L*([0,T], H) and w; € D(A), then we have
2

t 1/2 t 1/
/ (v1(s), Aw1) d </ lvi(s |2d5> (/ |Aw12ds) —0ast—to.
to to

And since u € L>([0,T],V & H'), then

/wwﬁw»mm

to
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t 1/2 t ) 1/2
< |wlpee (/t |u(s)|2ds) (/t ||u(s)H1 ds> — 0 ast — tp.
0 0

Therefore for ¢, t € [0, 7], (v(t),w) — (v(ty),w) ast — t for every w € D(A)DH!.
Since D(A) @ H! is dense in V @ H! we have (v(t),w) — (v(tg),w) as t — to for
every w € V @ H! hence v € C([0,7],(V & H')) and w € C([0,T],V & H'). The
existence of the solution u for equation holds. Finally, us € C1([0,T],H')
is a general property of solutions of linear finite-dimensional systems of differential
equations.

Step 4. Uniqueness. Now we prove the uniqueness of the solution of Equation

(2.13). Suppose that w = wy + wo is another solution of (2.13). Putting z = v — w,
hence zg = 0 and

d
g(z—l—w—&—aQA(zl +w1))+vA(z1 +wi P Az Fw) FB(2 4w, z+w) +o(z4+w) = f.

Subtracting this equation with

%(w + @ Awy) + vA(wr + o?Aw) + B(w,w) + ow = f,

we obtain the variation form

%(2 +a?Az) +vA(z1 + 02 Azp) + B(w, 2) + B(z,w) + 02 = 0.

Taking the scalar product in L?(T'M) of the above equation and z

d
L2 + 0 [2P) + 20(l2 ) + 024z [?) + 26(z,,2) + ]2l = 0.

Using i) in Lemma[2.4] we get

d
(127 +a? lz1l1%) + 2v(llz1)* + @[ Az ) + o]2]? = 2b(z, 2, w) < 2|2 ||z, [lwl]; -

Putting 2(t) = e”*Z(t), we obtain that

d, . - - - - - - I
il 1201%) + 20 (217 + 1217 +a? 127 + P A ) + o217 < 2¢12] |12]), llwll,
hence

d . ~ 12 12 2 2 2
%(IZ\2 +a® A7) +2v |2y < 2viz]; + 7IZI2 lwlly

which implies

d

2c
. -2 - ~ 2 2
%(|Z\2+042 [21]17) < 7(|Z|2+042 20 [17) [l -

Using Gronwall inequality, we can establish that
S(1)[2 2 2 512 2015 12 " 2d 2
B0 + o |2 @)° < (120 + o [zl exp ([ S- lol)ids ).

Since Zy = 0, we obtain that z = 0. The proof of uniqueness is completed. O
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3.2. The existence of global attractor. We recall the H'-estimates which
are obtained in the previous section

2

L
(3.10) [u(®)? + o u(®)]* < e (luol + o [luo|*) + 71(1 —e%).

Hence I
lim sup(|u(t)[? + o2 [|u(t)||?) < 2= = p3,
t—o00 5

|A71f1|2 |A71/2f1|2 |f2|2}

va? v o
Now we have the H?2-estimates as

where L1 = min {

/ L

(3.11) lur (1% + o[ Aua[* < e (|furo]* + a®| Auro|*) + 5*,2(1 —e™%).
Hence I

lim sup(||lu(t) || + | Au(t)]?) < 5—,2 = pi.

t—o0
If the space V @& H! is equipped with the following scalar product

[u,v]ygr = (Curl,u, Curl,v) + (u,v)

(3.12) = (u,(A+1I)v),

then after long enough time, u(t) enters a ball in V & H! with the radius squared:
p% = p2+p?. This means that the semigroup S; generated by acts on VaH!,
it has an absorbing ball By g1 (0) C V @ H! with the radius p. The existence of
absorbing ball Bp(4ygx1(0) in D(A) & H' is done in the same manner.

Now following Rellich lemma S; : V@& H! — D(A)@H! € V & H!, for t > 0,
is a compact semigroup from V into itself. Since S(¢) By g1 (0) C By gzt (0), then

VeHr' . .
the set Cs := U;>:S(t) Bygn: (0) is nonempty and compact in V @ H!. By
the monotonic property of Cs for s > 0 and by the finite intersection property of
compact sets, the set

A=500s CVaH
is a nonempty compact set, and also the unique global attractor in V @ H!.

4. Dimensions of global attractor

4.1. Fundamental theorem. Let H be an Hilbert space, X be a compact
set in H and S; the nonlinear continuous semigroup generated by the evolution
equation

Oru = F(u), u(0) = ug,
and suppose that
S X =X fort > 0.
The Hausdorff and fractal dimensions of X are estimated by using the uniform Lya-
punov exponents (see Theorem 3.3 in [51I] for the origin case: S; is uniformly dif-
ferentiable). The result was extended to the case of a uniformly quasi-differentiable
semigroup in [7), [8].

DEFINITION 4.1. The semigroup Sy is uniformly quasi-differentiable on X for
each t if for all u, v € X there exists a linear operator DS;(u) such that
15¢(u) = Si(v) = DSi(u)(u —v)|| < h(r) [lu— vl

where |[u —v|| <7, h(r) = 0 asr — 0 and sup,(g, 1) SUPyex [[DSe(w)|| (s 1y < 0.
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The following result is establised in [7] (see Theorem 2.1).

THEOREM 4.2. We assume that the mapping v — Spug is uniformly quasi-
differentiable in H and its quasi-differential is a linear operator L(t,up): ( € H —
U(t) € H, where U(t) is the solution of the first variation equation

(4.1) U = L(t,up)U, U(0) = C.

We assume, in addition, that for a fixed t the operator L(t,up) = DS;(u) is compact
and norm-continuous with respect to u € X.
For N > 1, n € N, we define qn by

1 st
(4.2) gy =limsup sup sup (t/ TrZ(1,ug) o QN(T)dT) ,
N 0

t—00 ugE€X ¢ €H, |Gl <L i=1,..,
where Qn(7) is the orthogonal projection in H into Span {U*(7)..UN(7)}, and
U'(t) is the solution of (4.1) with U*(0) = (.
Suppose gy < f(N), where [ is concave. The Hausdorff and fractal dimensions
of X have the same upper bound

dlmHX g dlmFX < N*,
where N, > 1 is such that f(N,) = 0.

The concave condition of f can be replaced by the condition that the quasi-
differential DSy(u) contracts N,-dimensional volumes uniformly for v € X (see
Theorem 2.1 [8]).

4.2. Estimate of the attractor’s dimensions.

4.2.1. Upper bound. For simplicity we consider the simplified Bardina equation
on the 2-sphere S? which is a specific case of M with H! = {6} First, we rewrite
the equation to a vorticity scalar form. Recall that the origin equation is

(us — &®Auy) — v(Au — a?A%u) + (u-V)u+ Vp = f.
Let w = —Curly. Then applying Curl,, to the above equation we obtain
(Adhy — aA%,) — vA(AY — a?A%) + (u- V)Ap = Curl, f,

where u = n x V.
Putting ¢ = Curl,,u = Ay we get

(4.3) (0 — a?Agy) — vA(p — a?Ap) +u - Vo = Curl, f.
Hence
(44) 0y —vAp + (I —a?A) " u-Vo) = (I —a*A)" Curl, f.

We define the bilinear operator J(a,b) as follows
J(a,b) =n x Va- Vb.
We have
u-Vo=J(W, ) =J(A e, )
Therefore, Equation becomes

(4.5) 0y —vAp + (I —a?A) ' T(A g, 0) = (I - o?A)~'Curl, f.
REMARK 4.3. The bilinear operator J(a,b) has the following properties

/ J(a,b)d:c:/ J(a,b)bdx =0 and/ J(a,b)cdx:/ J(b, c)adz.
S2 52 S2

S2
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By multiplying (4.3) by ¢ in L?(S?) and by using (3.5) we obtain that

1d
5 7 (#* + % [Vel) + v(|Vel + 0?|Agl?) = (Curly fi, ) = (f, Curlygp)

Therefore,

|f|2

d
@(Is@IQJraQ\VwI )+ 2v(|Ve|]? + a?|Ag|?) < - 4+ v|Vy|*.

Using the Poincaré and Gronwall inequalities and integratmg with respect to t yield

(16) timsup ()2 < 2L
' t—o0 >\1V2
and
2
(4.7 lim sup — /|Vg0 )Pdr < ﬂ
t—o0

We consider the variational equation correspondlng to (4.5):
Oy = vAD — (I —?A) LT(ATID,0) — (I — ®A) L T(A e, @) := L(t, 00)®,
where ®(0) = (.
It is standard to show that this equation has a unique solution denoted by
L(t, £(0))¢ := ().
Using the general theorems in |1, [51] we can show that the semigroup S; is uniformly

quasi-differentiable on the attractor A of the simplified Bardina equation.
We now estimate the fractal dimension of the attractor.

THEOREM 4.4. The Hausdorff and fractal dimension of the attractor A of the
simplified Bardina equation are finite and satisfy

(4 + Eg)3

1/3
1 T

) i < di <GB 26 Z

(4.8) dimg A <dimp AL G <3ﬂ_(1 a2)3(logG 2log;2)>

and
dimHA < dimFA

2/3 1/3
12 1 3v2
4.9 < _ G?*3 [logG + = +log ——~— ,
(49) ( 7r(1+a2)3> & 2 & 77(14_042)3)

| f]
h —
where G W

is the Grashof number and e — 0, when G — oo.

PROOF. Let
H=L*(S*) N {gp : /S 0dS? = 0} and H' = HY(S*)nH
We define a scalar product on H' depending o by
(4.10) (@) = (. (I = a®A)¢").
Clearly, we have that
o> = llellz, — @Vl < flglly — aAafol®.

Hence .
2 2
<
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In the space Qn(7)(H) we take an orthonormal basis {01»}?[:1 C H! with respect to
-10).
Now we have

Mz

Tr.Z(1, o) ZL(7,¢0)0:,0:))
N =1
= vy (A, 0:)
]@:1
= (T +a”A)THI(AT 0:,0) + T(AT 0, 0:)),6;))
N N
= v (VO + ?|A0;[%) = > (J(AT0;,0) + J(A™ 10, 0;),0;)
le z;l
= v (VO] +?[A0;%) =Y (J(AT0;,0),0;)
2;1 i=1 N
< —I/Z IVO;[* + o?|Ab; %) / 291 (n x VA™9,) - Vipdx
1= M 1=
' 1N 1/2 , N 1/2
< —yz (V0] + a?|A0; %) / (Ze) (Z |vi|2> |Vl|dz
i=1 =1 =1
N N 1/2
< =Y (V0 + a?A0?) + o]l 2L (ZIW) Vel
z;l 1 i=1 12
< v ) (VO + o?|A0;[%) + 1+72Allf)l\1/2 (Z 116: ] ) Vel
z;l X =1
411) < — |2+ 02| A0 ) + ———— ||p|| /% N2
(4.11) v;(lwzl + 7| AG]7) + 1T o o]l Vel
where

N n
s)= _|vi(s)? =D Inx VA6,
i=1

i=1

With the scalar product (4.10) the following estimate of the function p is valid (for
details see Appendix).

2/m(1+ a®A) o]l 2L?
N 1/2
< (2log(k 4+ 1) + DY2 +V2(k + 1)~ <A112|v9 |2>
N 1/2
(4.12) < (2log(k+1) + 1)Y2 +V2(k + 1)1 ()\1_12(|V01|2+a2|A9i|2)> ,
=1

where k is a positive integer.
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Since on the S? the eigenvalues of A are A, = n(n + 1) of multiplicity 2n + 1
forn=1,2,..., we have

N
A1
R 12 2 12 . 2
T(t, o) := E (IVO;)* + a|Ab;|7) = E A > 7 N-.

=1 i=1
Hence
N <2((M\)" )2

Equation (4.11]) implies now,

TrZ (7, 0) 0 QN (T)
< M) (L4 @20 TR VA V)

X ((2 log(k + 1) + 1)/2 + v2(k + 1)—1(A;1T)) .
If we take k = [\{'T] — 1, then
(2log(k + 1) + D)Y2 +V2(k + 1)1\ 'T) < On(log( A\ 'T) + 1)Y/2,
where
NE N>1,
CN_{\/§+6N ey — 0, when N — oo.
Putting

Nt o) i= &

t

=3/

Since N < 2((A\)~'T)Y/2, we have N > .
Therefore, we have

%Tr,f(r, ©0) 0 Qn(T)

Al_lT(T, ©o)dT.

s~

< —vMNZ+ 7r71/2(1 + 042/\1)73/261\[
t
<7 | QogO1T) + O T V(o)
0 1 [t 1/2
< —vAMN? 7V 2(1 4 a%0) " 2y (t/ (log(AT1T) + 1)(/\1_1T)1/2dr>
0

(3 [ weerar)

< —V/\1N2 —|—7T_1/2(1 + a2)\1)—3/26N(1OgN2 =+ 1)1/2N1/2|f‘
14
= UAMNZ(=N32 £ K(2log N +1)/2) := g(N),

where K = 7= Y2(1 + a?)\) "%/ %cnG, G = )\Ilful2 and on the last inequality we have
used the inequality (4.7) and applied Jensen’s inequality to the concave function
x— x/2(1 +logx), with = = A\ 'T > 1.

We have g(N) > 0 if

N32 < K(2logN + 1)1/2.
It is equivalent to

(4.13) 3log N —log(2log N + 1) < 2log K.
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Using a fact that
(4.14) log(2log NV + 1) < ex log N, where ex — 0, N — oo,
we obtain since (4.13]) that

4
N < K23 (3 " EK) (log K)'/3.

Therefore, we can replace the function g by a concave function g’ such that g'(N) >

g(N) and ¢'(N) =0 if
4
RTINS
By using Theorem [£.2]and N < 2N we obtain that

4+ea)? 1 s 1/3
( @) 3(logG2log2)) ,

di éd <G2/3 _ @dreg)
img A imp A 371 a?n)

|1

h =
where G W

bounds (4.8]) holds.
If we replace (4.14]) by

log(2log N + 1) < log2 + log N, N > 1,

is the Grashof number and ¢ — 0, when G — oco. The upper

then by the same way as above we can also obtain that

dimH .A < dlmF.A

2/3 1/3
12 G2/3 logG+1+logL) )
(1 + a2X)3 2 (1 + a2X)3

The upper bound (4.9) holds.
O

REMARK 4.5.
(i) As « tends to zero we get the same upper bound of the Haussdorff and fractal’s
dimensions of the global attractor for the Navier-Stokes equation on S?.
(ii) On the two dimensional closed manifold M we can also prove an estimate that
likes (4.12)) as (see Appendix)

VAT a2 [|pl|

N 1/2
(4.15) < L|(2logk+1)+D)"2+/M(k+1)! ()\11 > |v9i|2>
=1

Therefore, if H! = {6} the same proof (without explicit constants, of course) gives
the estimate of the attractor dimension,

1
1+ a2)\;
for the simplified Bardina equation on a simply connected compact manifold or in

a simply connected bounded domain Q,supplemented with boundary conditions u -
nlaa = 0, Curl,ulog = 0.

dimp A < ¢ VG 3 (log G + 1)'/3
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THEOREM 4.6. For the multiply connected manifold or domain M which has
H £ {6} Assume that the phase space is assumed to be orthogonal to the finite

dimensional space of harmonic vector fields. The attractor’s dimensions of the
simplified Bardina on M satisfy that

1

2/3 1/3
1+a2)\1)G (logG + 1) +n,

dimpyg Ay g < dimp Aygypr < e

where dim H! = n.

PRrROOF. On M we recall that the simplified Bardina equation is

d
a(ul + a?Auy) + vA(uy + o® Auy) + P(Curl,ug x uy 4+ Curluy X ug) + ouy = fi,

d
%Uq + Q(Curl,uy X ug) + ous = fo.

Rewrite the first equation in the scalar form we get

d
%gp—f—y/hp—i— (I+a?A) 'Pl(uy +us)- Vo] +o(I+a?A) Lo = (I+a?A)"Curl, fi,

d
%UQ + Q(Curl,ug X ug) + oug = fo,

where u = uy + ug and ¢ = Curl, u;.
The variational equations are

(6p); = —vASp + (I + a2 A)LT(A™ 160, @) + (I + a2 A)"LT(A 1 p, 6p)
—(I 4+ ?A) P (Sug - Vo + us - Vp) — adp,
(0uz)r = —Q(p x dug + (d¢) X ug) — odus.

In the matrix form, we put U = L;S;‘O} , then
2

o A 0 A11 A12
(4.16) U= v [0 O}U—[ o AQJ v,

where

An = (I + A (A, 0) + (T +a”4) 1T (A™ o, %)

—(I 4 a?A)"'P(uy - V*) — 0%,
Ay = (I 4+ 0?A)"P(x- Vo),
A21 = —Q(* X UQ), A22 = —Q((p X *) — O *.
We define the scalar product
({(,u2), (¢, up))) = (o, (I + o® A)p) + (uz, uj) .

We take {(6;,0),(0,h;)},i=1,2..N, j =1,2...,1 be an orthonormal basic in H &
H*', where {Gl}iv are orthonormal in H with respect to the norm ||9Hi =10 +

a?|V6|? and {h;}} are orthonormal in #!.
Using the variational equation (4.16]) and

<Cur1nu1 X hj,hj) = O,
we can see that the harmonic fields have no contribution on ¢y, then

dimpg .AV@Hl (u) < dimp AH((p) +n.
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By using (ii) Remark we have
. 1 2/3 1/3
The proof is completed. (]

4.2.2. Lower bound. In order to check the sharp upper bound of the attractor’s
dimensions we will consider its lower bound. We known that if the Grashof number
G is arbitrarily large, then the corresponding attractor of the Navier-Stokes equation
on S? has dimension 0 and reduces to the globally attractive stationary point (see
the examples in [39}, [30]). We give a similar argument for the simplified Bardina
equation on S? in the following proposition.

|fl 32
A2

PROOF. Suppose that ¢ = At is a stationary solution of (4.3). Taking the
scalar product of (4.3) with @ we get

PROPOSITION 4.7. If G =

2 P
|Vg0|2 < 2

Let ¢ = @ + ¢’ be a solution of the evolution problem (4.3). Then ¢’ satisfies the
following equation

(0t — a?App) — (A’ = a?Ap") + J (AT 0, ¢") + J(AT1, ') + (AT, p) = 0.
Taking the scalar product with ¢’ we obtain that

1d _
535 (¢ P+ VP + 196 P +alap) = - [ (a7 p)p'ds

< [ VA9l
< Vel [VATY || o 191 s
£ _
@17 =2 VAT Lo 9l 1
Denote ||.|| 2 = |.|, by Holder’s and Ladyzhenskaya’s inequality we have
1l s < erl@'lIVe'], ¢ € HH(S?) N
IV |1 < e V|2 AYH2, 4 € HE(S),
where ¢1,co < (37/32)'/2 (see [37] for improving of Ladyzhenskaya’s inequality on
S?).
Combining the above inequalities with (4.17)) yield

1d f

35 (P +Te) 4 (v - acylL |)I(Vsﬂ’|2+a2|Aw'l2)<0
Therefore, if G < 1/(c1e2) < 32/3w, then the stationary solution ¢ is globally
exponentially attractive, and A = . O

Since a global attractor is a maximal strictly invariant compact set, it follows
that the attractor contains the unstable manifolds of stationary points, that is
the invariant manifolds along which the solutions convergence exponentially to the
stationary points as t tends to infinity. Follows that Liu [26], Ilyin and Titi [33]
provided lower bounds of the attractor’s dimensions for the Navier-Stokes equation
(the case o = 0) and the Navier-Stokes-alpha equation on the two-dimensional
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torus T2 by constructing a family of stationary solutions arising from the family of
Kolmogorov flows. In particular, they proved that

dim A > ¢G?/3.

In the recent paper, Ilyin and Zelik [38] develop the methods in [26], [33] to establish
the lower bound depending the damped coefficient for the attractor’s dimensions of
the damped 2D Euler-Bardina equation on 772.

In the next, we will develop the method in [26], [33], B8] to establish the lower
bound for the attractor’s dimension of the simplified Bardina equation on T2 =
[0; 2] x [0; 27]. Recall that the scalar vorticity form of the equation is

(01 — @ Apy) — vA(p — a?Ap) + J(A L, @) = Curl, f.
Putting v = ¢ — a?Ap, then
(4.18) Yy — vAY + J((A — oA"Y, (I — o?A) 1) = Curl,, f.

We consider the following family of forces depending on the integer parameter

fo = fi= ﬁy%\sQ sin sxa,
° f2 :07

where we choose the parameter A := A(s) later. Then, we have

If| = v2X\s?, G = \s?

and
1
(4.19) Curl, fs = Fs = — V2 \s3 cos sxa, |Curl, f| = 23,
Vo
Corresponding to the family (4.19)) is the family of stationary solutions
1
s = ———=—VASCOS ST

of Equation (4.18)) due to 15 depends only on x5, the nonlinear term vanishes
J(A —a?A%) Mg, (I — a?A) " 1epy) =0

and the equality —vAvy, = Fj is verified directly.
We linearize (4.18) about the stationary solution (4.19) and consider the eigen-
value problem

Lp: = J(A—=a?A?) 1, (I —a?A)" 1)
(4.20) +J(A = a?AY) M) (I — @®A) M) — vAY = —a1).

We use the orthonormal basis of trigonometric functions, which are the eigenfunc-
tions of the Laplacian on the two-dimensional torus,

1 1
sin kx, coskx p, kxr = kix1 + koxa,
{\/ﬁﬂ Jon } 171 22

kel ={keZjlki >0,k >0} U{k€Zilky > 1,k <0}

and we rewrite 1 as a Fourier series

(G

E ay cos kx + by, sin kx.
kez?

1
= 7on
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Plugging this into (4.20) and using the fact that J(a,b) = —J(b,a) we obtain that

As k? — 52 )
m keZZQ (W) J(COS S8T2, af COS kl’—i—bk S111 k$)+
T

(4.21) + Z (k* 4 &) (ay, cos kx + by sin kz) = 0,
kez?

where 6 = o/v.
We can calculate that

J(COS Sxa, COS(kll‘l + ]CQJCQ)) = —k1ssin sxo sin(km:l -+ kgxz)

k
= %s(cos(klgm + (k2 + 8)xa)) — cos(kiz1 + (ko — s)x2)

and
J(cos sxa,sin(kix1 + koxe)) = kyssin szg cos(k1z1 + kaza)

k
%s(sin(klxl + (ko + s)x2)) —sin(k1x1 + (k2 — s)xz2).

Substituting these equalities into (4.21)) and regroup the terms with cos(kyz1+kex2),
we get the following equation for the coefficients ay, x,

k% + (ko + 5)? — 52
—A k 1 )
(8) ' (k% + (k2 + 5)2 + 042(](;% + (k2 + 8)2)2) Ak ko+

k3 + (ko — 5)? — 82
A k 1 _ 2 ~ —
MO (e T (o) e+ 8+ D, =0,

where

82\ A
(4.22) A=A(s) = 2v21(s2 + a?st) - 2v/21(1 + a?s2)’

Similarly the equation for by, 1, has also this form.
We put

k% — 52
Ak ko <k:2+a2k4) = Ckyko-
and
ki =1t, ko =sn+r, and Ct sn+r = €n,
t=1,2,..,r¢€ Z, Tmin < 7 < Tmax;
where the numbers ry;, and ry.x satisfy that rpmax — rmin < s and will be specified
below we obtain for each ¢t and r the following three term recurrence relation:
(4.23) dnen+en_1—epr1=0,n=0+1,+2 ..,
where
2+ (sn+7)2+ 2t + (sn+ 1)) (2 + (sn+71)% + 6)
At(t2 + (sn+71)2 — s2) '

We look for non-trivial decaying solutions {e, } of (4.23) and (4.24). Each nontrivial
decaying solution with Re(6) > 0 produces an unstable eigenfunction 1 of the

eigenvalue problem ([4.20).

(4.24) dy =
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THEOREM 4.8. Given an integer s > 0 let a pair of integers t, r belong to a
bounded region A(S) given by

242 <823, 2 4 (—s+ 1) >4 P F (s +1)2 > 8%t > 6s,

(4.25) Tmin < 7 < Tmaxs "min = —5/6, Mmax = $/6, 0 <6 < 1/\/§

For any A = m > 0 there exists a unique real eigenvalue & = 6(A), which
increases monotonically as A — oo and satisfies the following inequality

(4.26) (o, t,r, 8)A <0 < cala,t,r,s)A.

The unique Ay = Ag(s) solving the equation

satisfes the two-sided estimates

1 555 5(1 252
—d6%s(1+a?s?) < A < V5 s( +as)fora20,

V2 63\f 52

(4.27) 7523 <A< 3\f 52 for a = 0.

In the term of A these inequalities are
110v/57 5(1 + a?s?)?
63 62
for a = 0.
f52

PROOF. We observe that the following inequalities hold for any (¢, r) satisfying
({4.25):

2m8%s(1 + a?s%)? < A < for a >0,

2m6%s <\ <

2Lt 4 (—s 1) =dist((0, 8), (,7))? < dist((0, 5),C)? = (5/3)s*
(4.28) 2 <t? 4 (s+7)? =dist((0, —s), (t,7))* < dist((0, —s), B)* = (5/3)s%,
where B = (v/115/6, s/6) and C = (v/11s/6, —s/6).
In view of (4.25) for any real 6 satisfying 6 > —t%>—r

relation (4.23) and (4.24) as

(4.29) d, >0forn#0and lim d, =

|n]—o0

2 we have in the recurrence

The main tool in the analysis of (4.23) are continued fractions and a variant of
Pincherle’s theorem saying that under condition (4.29) the recurrence relation (4.23))
has a decaying solution {e, } with lim,|_, €, = 0 if and only if

1 1

4.30 —dy = + .
(4.30) L R e dit

Now, we set
2 +r2 4+ 22 +r)2) 2+ 12 +06)
At(s2 —t2 —12) ’
1 1
it d

(4.31) F(6) = —do =

(4.32) 9(6) =

The equation (4.31)) leads to
f(—=t* —r?) =0 and f(6) — 0 as & — oco.
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Combining (4.32) and (4.24) we have

1 1
9(6) < — + — and ¢g(6) - 0 as 6 — oo.

d_, dq
Therefore, there exists a & > —t? — r? such that
(4.33) f(6) = g(5).

From elementary properties of continued fractions we deduce as in [26] that the &
so obtained is unique and increases monotonically with A.

To establish (4.26) we deduce from (4.32) and (4.33) that

(4.34) R S TS S

d_1+ ﬁ di+ 4 d_i  di’

Using the conditions t* + (—s + r)? > s% and t? + (s +7)? > 52, we deduce from

[(.24) that

1 At 2+ (s£r)?—s?
dir B4 (sEr)2+0t2+ (str)2+a2(t?+ (s£71)?)?
At 1 At 1

(4.35)

X

S2+61+a2(t2 4+ (s+7r)?) = 2461+ a2s?’
Therefore, from the right-hand inequality in (4.34) it follows that
F+r*+ @+ +r*+6) 1 1 2At 1

f(o) = At(s® — 2 — r2) E dq < $2+61+a2s?

Hence

2A2t2(s% — (12 +1?))
(12 + 712+ a2(t?2 +72)2)(1 + a?s?)
22252 2A257252
@+ a2t (1 +a2s2) ~ (1 +a2s2)2’
which gives the right-hand side inequality in (£.26):
& < ea(a,t,r, s)A as A — oo.

Morefuther, we set & = 0 in (4.36) and use the condition > + 2 > 6252, 0 < § < 1
we get

(t* 4+ 12 +6)(s* +6)

(4.36) <

prot o PO
(1+ a2s2)2
Therefore, we obtain the lower bound of A as in the left-hand side of (4.27):
1

\@523(1 +a?s?) < A.

From the left-hand side inequality in (4.34)), where d_1, d1, d_2, d2, f > 0, we
see that

(4.37) fdi + di >1and fd_; + di > 1.
2

We have
(t* +r2 + 2t +r*)*)(#* +r* + 6)
At(s? — 2 —r2)
Xt2+(s+r)2 +6t2+ (s+7r)?2+a?(t*+ (s +71)%)?
At 24+ (s+7r)2—s2

fdi =
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(t* +r2 + 2t +r*)*)(#* +r* + 6)
At(s? — 12 —1r2)
LA+t 4 (s )+ + (s 1))
At 24+ (s—r)2—s2

fdor =

(4.38)

and

f (t2+r2+&) (2 +r?2 + 212 +r?)?)

do - (23+r) +6 (s2 —t2 —1r2)
(254 7)2 — 2
g (2s +7)2 + a2(t2 + (25 +1)2)2
f (t2+r24+6) (E2+r2+a2(t2+12)?)
do  £24+(25-1)2+6 (s2 —t2—12)
y 24 (2s—1)2 52
24 (25 —1)2 4+ a2(t2 4 (25 — 1)2)?

The first factors in (4.39) are clearly less than one. It follows from ) that
4sr < 25%/3 and |2s + 7’| 11s/6. Therefore, we can control the right- hand sides

of (4.39) as

(4.39)

[ (t2 + 12+ a2(t2 +12)?) (t2 + (25 +7)% — 5?)
dy (s2 — 12 —1r2) 2+ (2s+r)2+a?(t? + (25 +1r)?)?)
(s2/3 + a%s*/9)4s? _ 2(1+ a?s?/3) 2

252/3((11/6)252 + a2(11/6)4)s* ~ (11/6)2 + a2s2(11/6)* ~ 121°

We would like to remark that if @« = 0 we can improve this estimate by

f (t2+7r%) (2 + (2s+71)? —5?) - 2 + 12
do (s2—t2—7r2) (2+ (2s+7)? s2 — 2 — 72
s?/3 1
2s2/3 2

Along with we have that fd; > 49/121 for a > 0, which for » > 0 gives that

49 _ fd, = (2 +r2+ 2 +rH)2) 2+ 12 +06)
121 At(s? — 2 —1r?)
P4 (s+r)?+62 4 (s+71)2 4+t + (s +1)?)?
At 24 (s+7r)? —s?
(2 +1r24+6) 2+ (s +7)2+6) (s?/3+ a?51/9)(5s%/3 + a?525/9)
24,2 A2t22 2 2.2 (22/3)82t2
25t +r +0)(t s+ o) (1+a%s
(4.40) E( et >(A2+( )"+ —;432 ) for a > 0.

For a = 0 we can improve this estimate as

1 5(+r+6)t+(s+r)?2+06) 1
(4.41) 5<% 1z S

Therefore, we obtain the left-hand side inequality in (4.26)):

c(a,t,r,s) < G(A).

For r < 0 we use d_; instead of d;.
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Now for r > 0, we set 6 = 0 in (4.40) and use the inequalities t* + 2 <
s2/3, 12+ (s + 1) < (5/3)s% to obtain the upper bound of \ as

995 2 2 oy 1/2 (14 a%s%)
< A -7/
< oo (et B
2.2
55\/58(1+20l ) for a > 0.
63v2 0
For a = 0, using (4.41)) we obtain that
V10 12 1 5v2 s
A< 2= ((s? 2 _—=——.
T (s g = VR
O
Since
A

- 2271 (1 + a2s2)’
we rewrite (4.27)) in the term of A(s) to see that for

110v/5 w
63

)\0420 (1 + « )2

20m 2
Aa=0 = 376 86~
each point in (¢, r)-plane satisfying (4.25) produces an unstable (positive) eigenvalue
& > 0 of multiplicity two (the equation for the coefficients by, is the same). Denoting
by d(s) the number of points of the integer lattice inside the region A(J) we obviously
have

(4.42) d(s) == {(t,7) € D(s) = Z* N A(S)} ~ a(0)s® as s — oo,

where a(6)s? = |A(9)| is the area of the region A(5). Therefore the dimension of
the unstable manifold around the stationary solution 1, is at least 2a(d)s? and we
obtain that

(4.43) dim A > 2d(s) ~ 2a(5)s>.

It is reasonable to consider two case:
The case o = 0.
We have

and writing the estimate (4.43) in terms of the Grashof number G we obtain

dimA > 2a(0)s* ~2 (2‘() a(6)5*3G*3
T

dimA > 2 3v6 ( max a(8)6¥3)G¥? =0,006G%3,
207 0<6<1/V3
where max_;_, /3 a(8)6*/3 = 0,012. This is exact the same lower bound obtained

for the global attractor’s dimensions of the Navier-Stokes equation (see [26}, [33]).
The case a < 1.
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Here we can obtain the following lower bound for G ~ (1/a)3. Let 0 < s < 1/a.
Then 1+ a?s? < 2 and
< 440/57 Bg-2
63
and by the same way as above we obtain that

G

2/3

63

dimA > 2 <> ( max a(§)54/3)G2/3 =0,0018G?/3.
440+/57 0<86<1/V3

In particular, setting s ~ 1/« we can obtain in term of ~ that
1 1 1\"?
! o !

5. Inertial manifold

The existence of an inertial manifold for the Navier-Stokes equations remains
an open problem sofar. The principal reason is the nonlinear part of these equations
that is very heavy to control. However, for the Bardina equations (or the orther tur-
bulence equations such as modified-Leray-a), one can overcome this difficulty due
to the appearance of a which leads to control the nonlinear part of the equations.
Actually, in the case of the simplified Bardina and modified-Leray-a equations in
two-dimension with periodic boundary conditions, Titi et al. [I8] proved the exis-
tence of inertial manifolds. Recently, the question is answered for modified-Leray-a
equations in three-dimension by Kostiano [2I] and by Li and Sun [24].

Beside, there are only two results about the existence of the inertial manifold on
the curve spaces such as circle and two-dimensional sphere establised by Vukadinovic
[53, [54] for the Smoluchowski equation. In this part, we prove the existence of an
inertial manifold for the simplified Bardina model on the two-dimensional sphere
S2.

We recall the definition of the inertial manifold. Consider an evolution equation
on a Hilbert space H endowed with the inner product (.,.), and the norm |.| of the
form

(5.1) up + Au = F(u).

where A is a positive self-adjoint linear operator with compact inverse, and N : H —
H is a locally Lipschitz function. Since A1 is compact, there exists a complete set
of eigenfunctions wy for A,

Awk = )\kwk, k= 1,2,

We arrange the eigenvalues of A in a nondecreasing sequence \; < \o < ... It is a
well-known fact that A\, — oo as k — oo.

DEFINITION 5.1. (Inertial Manifold) Assume that the abstract equation (5.1)
has a solution operator S(t). An inertial manifold M is a finite-dimensional Lips-
chitz manifold which is positively invariant, i.e

SHM C M, t>0.

and exponentially attracts all orbits of the flow uniformly on any bounded set U C H
of initial data, i.e

dist(S(t)ug, M) < Cye ", ug € U, t > 0.
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There are several methods for proving the existence of inertial manifolds. The
vast majority of them require some kind of Lipschitz continuity of the non-linearity
F and make use of a very restrictive spectral gap property of the linear operator A.

THEOREM 5.2. Consider the abstract equation we assume that the non-
linearity F is globally Lipschitz with Lipschitz constant L and the the spectral gap
condition Ap+1—An, > 2L is satisfied for somen. Then there exists an n-dimensional
inertial manifold over the base spanned by first n eigenvectors.

On the 2-sphere S? we have the Hodge decomposition
C™(TS?) = {Vy 9 e C(S*)} @ {Curly : p € C(5?)}.

By using the Helmholtz-Leray projection the simplified Bardina equation takes the
form

(5.2) vy + VAv + B(u,u) = f,
where A = CurlCurl,, and B(u,u) = —P(u x Curl,u). We notice that we do not
need to add the dissipative term to the equation since H! = {6}

The H!'- and H?-estimates are more simpler than the ones in the generalized
2-dimensional closed manifolds obtained in Section 3.1. Indeed, we take the scalar
product in L?(T'S?) of Equation (5.2) and wu:

1d 4
2.dt
By Cauchy-Schwarz inequality, we have

[ {f,u) | < A7V f|Aul,

and by Young’s inequality we have

[ul® + a [lu]*) + v(ul® + o®| Auf?) < | (f,u) |

AT v g, o
[ {fiu)| < W+§a |Aul”.
Therefore
d A—l 2
(- )+ vl + o) < AL
Using Poincaré’s and Gronwall’s inequalities we obtain the H!-estimate as follows
[A7Y 12

(5:3) O + 0 [u®l < e (Juol? + a2 [luo|®) + (1— e,

202\,

Taking now the inner product on L?(T'S?) of Equation (5.2) with Au with noting
that (B(u,u), Au) =0, we get

1d .

5l + 02| Aul?) + (| Aul? + 02| 4%/ 2uf?) < |(f, Au) .
Observe that by Cauchy-Schwarz and Young inequalities

~ A2 f)2

(1 du | < a2 g avo) < I 0 o
Therefore we have

d 2 2 2 2 2| 43/2 |A=12p?

= (lull® + 02| Aul?) +v (JAuf® + 2| A% 20f?) < St
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By using Poincaré’s and Gronwall’s inequalities we obtain the H?-estimate as follows
‘ A1 /2 f | 2

1— —vAit .
V2a2/\1 ( ¢ )

(5.4) u®)|*+a’| Au(®)® < e (|u(0)[*+a?| Au(0)*) +
The H'-estimates ((5.3) leads to
1
Jim Ju(t)] < 5p0 = [(1+ Al A TR AT ],
— 00
. 1 _ _
Jim Jlu(t)]] < Spr = (et M) THAT

Therefore, the solution u(t), after long enough time, enters a ball in H, centered at
the origin, with radius pg. Also, u(t) enters a ball in V' with radius p;-
The HZ?-estimates (5.4) leads to

1
lim sup [[u(t)]| < 5p1 = [(1+ M)’ M]3 A2 |,
t—o0 2

—_

tlim sup |Au(t)] < 32 = (V)2 A2y

We deduce that ||u(t)|| < min{p1, p1} for ¢ large enough. Also u(t) enters in the
ball with radius ps in D(A) after long enough time.
Since v = u 4+ o2 Au, we have

) . po + a2 po
< 2 <& — "=
tli)rgoSllpW(tﬂ < tglgjsupm(tﬂ + o[ Au(t)] < 5

Then after large time, v(t) enters a ball in H of the radius p = po + a?ps. Note
that pg, p1, o1, p2 and p are equivalent to ¥~ asymptotically.

Denoting F(v) = —B((I + o?A) v, (I + o?A)~ ) + f = —B(u,u) + f, then
the Bardina equation takes the form

(5.5) %v +vAv=F(v) € V', v(0) = .

The above estimates yield u(t) € D(A) hence v(t) € H for ¢ > 0. Since we are
considering the large-time behavior of solutions, without loss of generality we can
assume vy € H. Let vy,vy € H then u,us € D(A), and we have

1
|Au| = |A(T + o*A) o] < — v for a > 0.
e
Using Holder’s inequality and Ladyzhenskaya’s inequality

1/2 1/2
[6ll0 < cllgl s’ IVolL%" (e < 3m/32),
the non-linear part B(u,v) can be estimated as
[Bu, 0)] < clul/? ul " [[o] | Av]' 2.
Now using this estimate of B(u,v) and Poincaré inequality, we establish that

|[F(v1) = F(v2)| = [B(u1,u1) — B(uz,uz)|
|B(u1,u1 — ug) + B(ur — ug, us)|

< cun Y2 | uy — g ? | Auy — Aug|'/?
elur — ua|V? [y — ua ||V Juz])? | Aug |2

< AT Aug |+ [Aus|) [ Auy — Aus|

< eAvtaT (for| + foa])or — va.
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This yields that the nonlinear operator F' is locally Lipschitz from H to H, i.e, for
v1, V2 in a small ball B, of H,

|F'(v1) — F(v2)| < Llvy — w2,

where L = 2cpA; ta~%.

We construct a prepared equation of as follows: let 6 : Rt — [0, 1] with
f(s) =1for 0 < s<1,0(s) =0for s >2and #(s) >2for s > 0. We define
0,(s) = 0(s/p) for s > 0 and the prepared equation of is given by

dv
dt

For t sufficiently large, v(t) enters a ball in H with radius p, this leads to the
fact that Equations and have the same asymptotic behaviors in time,
and the same dynamics in the neighborhood of the global attractor. Furthermore
(5.6) has also an absorbing invariant ball in H. Indeed take the scalar product of
(5.6) with v, then for |v| > 2p we have

(5.6) +vAv = 0,(|v])(F(v) + f) == F(v).

d d
%W + 2u) |v)? < %W +2v ||v||* = 0 for all ¢ > 0,

since 6,(|v|) = 0 for |v| > 2p. Tt follows that, if |vg| > 2p, the orbit of the solution
to (5.6) will converge exponentially to the ball of radius 2p in H, while if |ug| < 2p,
the solution does not leave this ball.

THEOREM 5.3. The prepared equation of the simplified Bardina equation
has an n-dimensional inertial manifold M in H. Furthermore, the inertial mani-
fold M has the exponential tracking property (so called normally hyperbolic inertial
manifold), i.e: for any vy € H, there exists ¢g € M such that

|S(t)vo — S(t)o| < Ce™ ",

)\n+1 + >\n
2

PrOOF. The function F(v) = 6,(|v])(F(v) + f) is globally Lipschitz from H to
H due to that F' is locally Lipschitz and

where 1, > for some n and the constant C depends on |vg| and |po|-

| F(v1) — F(v2)| < Llvy — vg|, where L = 2cpA; o™

On the 2—sphere S2, the eigenvalues of A = CurlCurl,, can be calculated ex-
plicitly as A\, = n(n + 1). Therefore we have the distance of the two successive
eigenvalues

ngrfoo()\"“‘l —Ap) = nll)rfoo[(n +1)(n+2)—nn+1)] = nBTOOQ(n +1) = +o0.
Hence, there exists n large enough such that A\,11 — A\, > 2L.

The non-linearity F of the prepared equation (5.6)) is globally Lipschitz and the
operator A = CurlCurl,, on S? satisfies the spectral gap condition. By applying
Theorem [5.2| we obtain the existence of the inertial manifold M for (5.6)).

The exponential tracking property of M holds by using Theorem 5.2 in [16]

A A
and we can show that the number p,, > Antl F An

in Theorem 4.1 in [16]. O

from the formula of u, given
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Appendix

We prove the estimate [@12) of ||p]|}/>. Indeed, we known that for § € H3(52)
and for any integer k > 0 the following inequality holds (see Lemma 4.3 in [30]).

(5.7)  2V7 V0|l < [A0|(2log(k + 1)+ 1)'/2 4 (k + 1) (2A )2V A,

where |.| denotes the norm in L?.
Let &, ...,Ex € R such that SIN | €2 = 1. We have

N N
Zfivi =nxV <A_1 Z£i0i> )
i=1 i=1

Using the inequality (5.7)) we get that

N

> &wils)

i=1

2/ < 2m

oo

N
<7<A1§j&m)
N i=1
< |Z§i9z‘

(2log(k 4+ 1) +1)'/2

N
> &V,
i=1

Since {Hi}fil are orthonormal in H with the norm .||, we have

N N
> &b > &b,
i=1 i=1

Using the Cauchy inequality for the second term we obtain

N 2 N 2 N 2
Zfivi(S) = (Z&ﬁ(@) + (Z&ﬂf(@)

B N 1/2
VIV olog(h 4 1)+ 1)+ (h+ 1)1 V3 (All ) |V9i|2> =,

i=1

+(k+ 1)t AT HY?

2 2

1 1 N 1
< — = P
1+Oé2>\1 1+OZQ)\1 Zzzlgl 1+042>\1

1 —+ 012>\1

where v; = v} + v? is some orthogonal decomposition of v;(s) at a point s.
By substituting

&= b
()
and then
R S—
(T e2) "

in the above inequality, we therefore obtain that
N
pls) = 3 fuils)? < 267
i=1

and the inequality (4.12)) holds.
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On the generalized two dimensional closed manifold M we have that for v €

H?(TM) and for any integer k > 0 the following inequality holds (see [3]).

oo <1 (1011 Qog((h+ 12 + 1)V + (k4 1) 7 ol )

Putting v = Curld, where § € H3(M), then

I96]l. < L (180121og(k + 1) + D)2 + (k + 1)~V A0]),

By the same way as above we can obtain the inequality (4.15]) as well as (4.12) as
follows

(1]
(2]

(3]
(4]

(5]
(6]
(7]
(8]
(9]
[10]
(11]
(12]
[13]
(14]
[15]

[16]

[17]

VI +a2a) ||p)l

N 1/2
< L (@logk+ 1)+ D)2+ VM + 1) [ A7V
i=1
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