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ABSTRACT. We obtain a local-in-time well-posedness result and blow-up cri-
terion for the incompressible Euler equations in a new framework, namely
Besov spaces based on modified weak-Morrey spaces, covering critical and su-
percritical cases of the regularity. In comparison with some previous results
and considering the same level of regularity, we provide a larger initial-data
class for the well-posedness of the Euler equations. For that matter, follow-
ing the Chemin approach, we need to prove some properties and estimates
in those spaces such as preduality, the action of volume preserving diffeomor-
phism, product and commutator-type estimates, logarithmic-type inequalities,
among others.
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1. Introduction

We consider the initial value problem (IVP) for the incompressible Euler equa-
tions

9y Vu+VP =0, inR"x(0,7),

(1.1) V-u=0, in R" x (0,7),
u(zx,0) = uo, in R™,
where n > 2, u = (u;)7_; is the velocity field of the fluid and ug is the initial
velocity that satisfies V - ug = 0. The scalar function P stands for the pressure and
can be formally obtained from u via VP = —7 (u,u) where
(1.2) 7 (u,v) = Z VA ooy = VA~ div ((u, V) v) .
k=1

Over the years, the solvability of the Cauchy problem (1.1) has been considered
by several authors who addressed (1.1) by means of both velocity and vorticity
formulations and in different domains and functional spaces; see, e.g., [9], [10],
[11], [17], [27], [33], [34] and references therein.

In what follows, we review some works of the relevant literature that are more
directly related to our purposes. For uy € H? (R3), s € N and s > 3, Kato
[17] proved the existence and uniqueness of local-in-time solutions for (1.1) in the
class C ([0,7]; H* (R?)) nC* ([0,T]; H*~ (R?)) with T' = T([|uo| g gs)- In [19],
Kato and Ponce obtained a unique global-in-time solution u € C ([07 o) ; Hy (R2))
provided that s > 2/p+1, 1 < p < oo, and up € Hj (R?). In [18], still in
the context of Sobolev spaces and considering n > 2, s > n/p+ 1,1 < p < o0
and uyp € Hy (R"), they showed the existence of a unique local-in-time solution
we C([0,T]; Hy (R"))NC* ([0,T]; Hy~2 (R™)) , where the existence-time depends
on the initial-data norm |Jug ”H,, (rn - Due to the relevance of the index sy = n/p+1
in the context of Euler equations, the case s = n/p + 1 is called critical and the
range s > n/p + 1 is called supercritical.

Assuming n > 2,1 < p,r < oo, and s > n/p+ 1 Chae [8] showed existence and
uniqueness of solutions in the Triebel-Lizorkin space F}7,. This result includes the
ones of [18] and complements the ones of [10] because H,; = F, for 1 <p < o
and F35, = Cl for v = s — [s] and s > 0 non-integer. The critical case p = 1,
n =2 and s = 3 was addressed in [7] for 1 <r < oco.

Considering (1.1) in the framework of Besov spaces, Vishik [32] showed the

existence of a unique global solution u € L73, ((0,00); B%pﬂ (R?)) (1 <p< )
2

for the initial data ug € Bp,/lp + (R?). Later, a local-in-time version of this result

was proved in the space BZ/IPH (R™) in [6, 35] for 1 < p < oo and n > 3. Pak and
Park [28] and [29] considered the endpoint cases p = oo and p = 1, respectively,
by obtaining existence and uniqueness of local-in-time solutions. Moreover, in the
case n = 2 and p = 1 they proved that the solutions can be extended to the
infinity. See also [14] for the continuous dependence property in BéoJ with respect
to the initial data. Forn > 3,1 < p < oo, s > n/p+1and 1 < r < oo with
r = 1 when s = n/p + 1, Takada [30] obtained existence and uniqueness results
for (1.1) in the weak-Besov space w-B, ;. These are Besov spaces with underlying
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space weak-L? instead of L” and then it follows that w-B, , O B; , because weak-
LP > LP. More recently, Ferreira and Pérez-Lépez [13] considered the Besov-Herz
space BK",, which is a Besov-type space based on the Herz spaces K, and
showed well-posedness of solutions for 1 < p < oo, 1 <r,g<o0,0<a<n(l-— 5)
witha=0ifp=1,and s >n/p+1withr=1if s=n/p+ 1.

Let us recall that well-posedness for (1.1) involves more properties than only
existence of solutions, namely existence, uniqueness, persistence, and continuous
dependence on initial data, which together characterize a good behavior of the
Euler flow in the corresponding setting. The well-posedness in Sobolev or Besov
spaces is subtle, even locally-in-time. In fact, Bourgain and Li [4, 5] proved that
in the critical case s = n/p + 1 with n = 2,3, the problem (1.1) is strong ill-posed
in Hy (R") and B, . (R") for any 1 <p < oo and 1 < r < co. More precisely, they
showed that for any smooth initial data there exists a perturbation with small norm
such that the perturbed solution loses the regularity for any ¢ > 0 and the persis-
tence property is instantaneously broken; consequently, the continuous dependence
is not true. This motivates to investigate the flow generated from (1.1) in frame-
works different from Hy and B, ,., specially about the persistence property, which
is not trivial outside spaces of conservation laws, and the continuous dependence
on the initial data.

In this paper we present a new functional class in which (1.1) is locally-in-
time well-posed, namely modified Besov-weak-Morrey spaces that are Besov-type
spaces based on the modified weak-Morrey spaces W./\;lé More precisely, they are

Besov-FE spaces BE? with underlying space F = W/\;l; (see Definitions 2.1 and 3.3)
and denoted here by BW MLs

por
that bring a sense of integrability linked to W/\;li,, and the index r corresponds to
the summation over frequency scales. Although the amount of indexes is a little
uncomfortable, they are necessary for the breadth of our study. Our results include
the so-called critical case for the regularity s =n/p+1if r = 1.

The space W/\;lé is larger than homogeneous Morrey ./\/li) and weak-Morrey
WML, for all p < I. For example, f = 2| 7% € WM., while f ¢ WM. for all
p < l. In the case p = I, W./\;li, = W./\/lé becomes weak-LP while ./\/l;f7 = LP. When
p > [, those Morrey spaces are trivial (see Definition 2.1). So, the corresponding
Besov space BWMPT is larger than the celebrated Besov-Morrey space B./\/li;fr
(E = M) introduced by Kozono and Yamazaki [20] (sce also [26]) and the Besov-
weak-Morrey space BWMbLS (E = WML) (see [24]).

Here we follow the Chemin approach (see [9]) in which a basic tool is the
Littlewood-Paley decomposition. For that matter, we need to prove some prop-
erties and estimates in our framework such as convolution estimates, block-spaces
properties, preduality, Bernstein inequalities, the action of volume preserving diffeo-
morphism, product and commutator-type estimates, logarithmic-type inequalities,
among others. In [24], avoiding the use of that decomposition, Lemarié-Rieusset
reobtained several existence and uniqueness results by developing a theory in a
scale of functional spaces that covers a number of examples such as Hy, F;,, By .,
BML‘Z, and BWMl ., among other spaces. His approach is different from ours and
relies on classical tools of real harmonic analysis such as transport equations with
Lipschitz field, singular integrals, atomic decompositions and maximal functions.

Now we state our result of well-posedness for (1.1).

where s is the regularity index, {p,l} are indexes
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THEOREM 1.1. Let1 < p <oo,1 <l <ooandp <l. Assume either s > n/p+1
with 1 <r <oo ors=n/p+1 withr =1.

(i) (Ezistence and uniqueness) For ug € BVV/\;li;fr satisfying V - ug = 0,
there exists an existence-time T > 0 such that the IVP (1.1) has a unique
solution uw € L>((0,T); BW/\;ll’S) c([o, T 'BW/\;l]lg’ffl). Moreover,
ue C([0,T]; BWM, bs) provided that r < oc.

(ii) (Continuous dependence) Let ug € BW./\/ll 5 and let (ug'),, oy be a bounded

sequence in BWM%;"T converging to ug in the topology of BW/\;l;f;f;,_l.
If ™ and u are the solutions with the initial data ug® and ug, respec-

tively, then there exists T > 0 such that (u™),, .y is bounded in the space
*((0,T) ;BW/\;IZ*ST) and ™ — w in C([0,T] ;BW./\;ll’Sfl).

Some comments on the family of spaces BW Mt s are in order. These spaces
increase with the indexes r,l and decrease with the mdexes s, p. Note also that the
growth with [ is not verified by classical Morrey and weak-Morrey spaces. Recall
that H®* = B5, (s €R), By ,C Hs C By, (s€ R,1<p<2), By, CH;CB,,
(s € R,2<p<o0)and Hyt C Bj(s1 > s, 1 < p < 00). Moreover, we have the
continuous inclusions

Bs,.Cw—Bj, cBWMlScBWMOOS

p"’?

/\/lls CBW./\/llS CBWMZS C BWM:S®:s

p,r

(1.3)

where 1 < p < 00, 1 < I,7 < oo and s € R. In light of (1.3), considering in
Theorem 1.1 the cases | = r = oo with s > n/p+ 1, and | = co with r = 1
and s = n/p+ 1, our result extends the previous ones in Sobolev and Besov-type
spaces H*®, Hp, B; m w-Bp ., BM;S,, and BWMZ 5 by providing (in a given level
s of regularity) a larger initial-data class for the well—posedness of (1.1). As far
as we know, considering the parameters range in Theorem 1.1 and the same index
s, there is no inclusion relation between BWMl 5 and the Besov-Herz space used
n [13]. Moreover, in the case | = p Theorem 1. 1 recovers the previous results by
[ 0] because BWMgi coincides with w-B) .. With some effort and adaptation,
we could also include the endpoint p =1 = oo but we prefer not to do it, because
BWMZ /Pl Bn/]DJr1 = Bl | which has already been considered by [28].

After obtalnlng a local-in-time existence result, it is natural to investigate if the
solution can be extended for all time ¢ > 0. There are blow-up criterions for (1.1)
in different spaces which are based on logarithmic-type inequalities and can be seen
as extensions of the blow-up criterion in Sobolev spaces due to Beale, Kato and
Majda [1] (see also [22],[21]). Examples of blow-up results in the spaces C17, F |
By, w-B; , and BKp:® can be found in [9],[8],[6], [30] and [13], respectively. In
this direction, we obtain a logarithmic-type inequality in the framework of modified
Besov-weak-Morrey spaces BW./\;ILST (see Lemma 4.2) and then prove the following

blow-up criterion:

THEOREM 1.2. Let 1 < p < oo, p<I<o00, 0<T* <00 andletw =V xu
stand for the fluid vorticity.
(i) (Critical case) Let s = n/p+1 and r = 1. Then, a local in time solution
ue C([0,T); BW./\/lﬁ;i) NLY((0,T%); L) satisfies

(1.4) htrg?lip Hu(t)HBWMi;,’{/”“ = 00,
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if and only if

-
(1.5 | 1Ol dt = oc.

(ii) (Supercritical case) Let s > n/p+1 and 1 <1 < co. Then, a local-in-time
solution u € C([0,T%); BWMLS) N LY((0,T*); L>) satisfies

1.6 lim sup ||u(t ~ s = 00,
(1.6) msup ()] v

if and only if

.
(1.7) |1l _at=c.

This manuscript is organized as follows. In Section 2 we introduce the mod-
ified weak-Morrey spaces and prove some properties such as boundedness of the
Riesz transform, convolution in modified block spaces, Bernstein-type inequalities,
among others. In Section 3 we address the modified Besov-weak-Morrey spaces
BW/\;lé;fr and their properties. The subject of Section 4 consists in a logarithmic-
type inequality and product and commutator-type estimates in the framework of
BW/\;lé;fr—spaces, as well as estimates for the volume-preserving flow map. In sub-
sections 4.3 and 4.4, using the estimates and properties obtained in the previous
sections and subsections 4.1 and 4.2, we show Theorems 1.1 and 1.2.

2. Modified weak-Morrey spaces

In this section we introduce the modified weak-Morrey spaces VV./\~/I§j and discuss
some basic properties of them.

DEFINITION 2.1. Let 1 < p <1< o0 and D (zo, R) = {z € R"; |z — zo| < R}.
The modified weak-Morrey space WML = WML(R™) is defined as the set of all
measurable functions such that

(2.1) Hf||lep = sup sup RT 7 11 oo (D (o, R)) < O©-
zo€R™ R>1

The case p > [ is not included because W/\;li, would be trivial. For 1 < p <
I < oo, the pair (WM., Il 1) is a Banach space. It follows immediately from
the definition that WM. = LP>° 5 LP and M}, < WML — WM. where M),
and W./\/lé stand for the classical Morrey and weak-Morrey spaces. Moreover, we
also have the continuous inclusions WM;," — W./\~/l§,1 if 1 > lg, L™ — WM;O and
WM, — WM. if py > po.

As in the case of Morrey spaces, we also have a version of the Hélder inequality
in the framework of modified Morrey spaces. To be more specific, let p < [ and
pi <l; (for i = 0,1) be such that % = p% + pil and } = % + % Then, there exists
a universal constant C' > 0 such that

(2.2) 1Fallw o, < CUF Ly sy 190w s

The following lemma consists in a convolution estimate in modified Morrey
spaces. We omit its proof since it is similar to that of weak-Morrey spaces (see
[12]).
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LEMMA 2.2. (Convolution in modified Morrey spaces) Let 1 < p <1< 0o
and 0 € L' (R™). Then, there exists C > 0 (independent of 0) such that

(2.3) 165 Fllw iz < CI8lL o 1 F sty - for all f € WAL,

Now we prove that the Riesz transform is bounded in the framework of modified
Morrey spaces.

LEMMA 2.3. Let 1 < p < co. The Riesz transform is bounded in W./\N/lé

Proof: Let K(x) = \JTZH and p > 1 fixed. We have K(z) = K,(z) + K,(z)
where K,(z) = {((.Z‘)XD(O,;,) (z) and K,(z) = K(ac)_— K,(x).
For ¢ € WML, define ¢ = K, * ¢ and ¢y = K, * ¢. Then, we have

_ 1 1
\m(xﬂ:!Kp*so!S/ —m(x—yndy:/ L dpar)
> Y] p T

< - /:O O (7}71) e (r)dr,

where (1, (r) = fD(z " |6l dy = 1|l 1 (p(z,ry)- Using Holder inequality in Lorentz
spaces we can estimate [ ()l < CF"F 18] e ooy < C7"F [0l

Thus
<1 n—mn _n
|902(1‘)| SOHSOHW,A}%/ 7rn+1r ldTSOH@”W_/\;lép [
p

which yields

n
[

12l Lr.oo (D (w,)) < C||<P||w,\;1;ﬂ pr.

For ¢; we have

P H [ Kootz = vy

< ‘

Lo (D(x,5))

K,(1)¢(2 = Y)XD(@.p+5) (2 — y)dy
R™ L2 (D(,p))

Kﬁ(y)@(z - y)XD(x,p+ﬁ)(Z —y)dy
Rm Lp:o(Rm)

< Cllexo@ptnll oo @y < 1olr= (o iy < C lelw (p+p) (177).

From the previous estimates, we conclude that

n
1

M 5 @l e iy < Cllelhw i, |

Taking in particular p = 2p, we arrive at

=3
|
=3
—
[

1K % ll e ey < C Il ne |57

which implies the desired boundedness.
o

In what follows, we deal with the modified block spaces that play an important
role in the characterization of the preduals of modified Morrey spaces.
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Let 1 <1 < p < oo. A measurable function b is called a modified p-block if
supp(b) C D(a, p) for some a € R™ and p > 1, and verifies

n_n

(2.4) ot

bl o1 (D(apy) < 1-

The space 75Dllj is defined as the set of all functions f that can be expressed as
(2.5) f@) =" axby(z), aex € R",
k=1

o) ~

where by, is a modified p-block and Y7 [ax| < co. The space PD), is a Banach space
k=1

endowed with the norm

(2.6)

|hllpp = inf {Z lak| s h = Zakbk where the by’s are modiﬁedp—block} .
k=1 k=1
The following lemma shows the duality between modified block and modified
Morrey spaces. We omit the proof because it follows the same ideas that the case
of the duality between usual block and weak-Morrey spaces (see [12]).

LEMMA 2.4. Let 1 <p <[ <o00. Then
I
5l _ 1
(PDL) =W,
Using duality we now prove a convolution estimate in the modified block spaces.

LEMMA 2.5. (Convolution in modified block spaces) Let 1 < p <1 < o0
and 0 € L*. Then, there exists C > 0 such that

(2.7) 165 fllppy < ClOl L | fllppy > for all f € PD..
Proof. For f € 75’135,7 we can estimate
||9*foE75Dz = sup [(0* f,h)] = sup ‘<f,h*67>‘
TRl g <1 IAllyy o7 <1

<fllppe  sup Hh*éH

»
P Ihly g <1 wmy,
p

<clf

1 llppy  sap (1Bl
Lt P ”hHWM;',Sl »

< ClOllL 1 fllppy -
<

The lemma below contains Bernstein-type inequalities in modified Morrey spaces.

LEMMA 2.6. (Bernstein-type inequalities in modified Morrey spaces)
Let 1 <p<l<o0.

i) Given Cy > 0, there exists C > 0 such that
(2.8) 1D fllyy s, < C2 1 s

forallj €Z and f € W/\;li, such that supp (f) C D(0,C12%).
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ii) For j > —1, we have that
(29) 1l < C25 1l -

for all f € WM; such that supp (f) C D(0,0127). Moreover, if j < —2
we have

(2.10) 1l < C2F [ £l -

for all f € WM; such that supp (f) C D(0,C127).

iii) Let Cy > Cy > 0, j € Z and | € W./\;lé be such that supp (f) C

{€ e R C127 < [€] < C227}. Then, there exists a constant C > 0 de-
pending on vy, n,Cy1,Cy such that

(2.11) 1 llw e, < C29N D7 £l 40 -

Proof. Taking § € C2° (R™) such that ¢ = 1 on D(0, C1), and defining 0; (§) :=
0 (2‘j§), it follows that 6; = 1 on D(0,C127) and f= ij . Therefore, we have

—

DVf () = 2miMer f(€) = 2mil€70,(6) f(€) = D8; (€) £(€),
which implies that
DY f = 2ilvlgin (D“’é) (29.) * f.

Now item (i) follows from Lemma 2.2.

Next we deal with item (ii). Let z € R", p€ Rand p(p) :== [ Tmf(y)‘ dy,
D(0,p)
where 7, f(y) = f(z — y). We have that
11 (P)] < Co" 7 Nl oo (=) < CP" T I iy

and

F@I=16) D@ < | [ 6o e-na

<\[ rwre-wdl ][ )W @y =1+ 1L
D(0,1) D(0,1)¢

Assume further that 6 is radially symmetric and abusively denote (y) = (p)
with p = |y|. To estimate II, fixed j we denote by P and N the subsets of [1,0)
where the function 6 (2j ) is positive and negative, respectively. Note that P and
N are unions of open intervals and the number 1 is the inferior endpoint of one of
such intervals. So, proceeding as in the proof of Lemma 2.3 we have
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/ 6, (4) f (= —y) dy
D(0,1)°

/ 2770 (27y) f (z — y) dy
D(0,1)¢
< [0 2@ @ty = [ 2710 ()] du o)
— [20 @) duto)+ [ 2 (-6(2p)) due)

P N
< —/ 220 ((9)' (ij)),u(p)dp-i-/N
(6) (27p)| 1 (p) o
<Clflwsg [ 22| @) (@)

=2 flyw, [ 2|0 0| 20" T do

212 ((0)" (27p) ) 1 () dp

P
<C 27 gin
1

p"tdp

=2 | fl s, [ |@) )]s
P Joj
<C¥* Iy [ |0) (2] Fa:
?Jo
(212) <O | flyn
For the parcel I we get
r<clé;,. o f <c |65, ‘
< Cllos]l ., 1) ||Tef Lo (D(0.1)) — 103 s ||F Lo (D(.1)

(213) <25 |0]] o 1F vy -

Since 271 < C27% for j > —1, we obtain (2.9) from (2.12) and (2.13). In the case
j < —2 we have that 277 < €277, and (2.10) follows by using again (2.12) and
(2.13).

Finally, we turn to item (iii). Considering ¢;(¢) = ¢ (277¢) with ¢ € C°(R™)
and ¢ = 1 on {& C1 < [¢] < C2}, we have that ¢; =1 on {& 127 < €] < Cy27}
and

Flo) = o507 =2 o0) () il
Choosing 0(§) = ¢(£)£77, we can write f as
f= i*"Y‘Q*j\W\Qi”é(Qj.) « DV .

Then, in view of Lemma 2.2, the W/\~/li,—norm of f can be estimated as

1y g < 27770[27(6(27) « DY FI|, g0 < C2770HIDY £

which gives (2.11).

\, Y
wM,
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3. Modified Besov-weak-Morrey spaces

This section is devoted to the modified Besov-weak-Morrey spaces and their
properties.

We begin by recalling some facts about sequence spaces. For 1 <r < oo, s € R
and a Banach space E, we define I$(E) as the space of all sequences a = (ag)r>—1
with a, € F for all k& and such that

0o 1/r
15(B) = ( > 2k ||ak||;;> < o0.

k=-1

la

As we will show later, the spaces in which we are interested in behave like sequence
spaces. In what follows, we recall two classical lemmas about real interpolation in
this kind of spaces (see, e.g., [2]).

LEMMA 3.1. Assume that 1 < rg,ry,7 < 00 and sg # s1. Then, we have that
(120 (B) 122 (B)), , = 2 (B,

where 0 < 0 <1 and s = (1 —0)sg+0s1. If s =s9 = 51 and%: 1;09 +%, then
(i, (B). 15, (B)), , = (B)

The subject of the next lemma is a basic duality property of sequence spaces
(see [16]).

LEMMA 3.2. For1 <r < oo and s € R, we have that
(02 (B) = (I (E).

In the remainder of this paper, we consider a nonnegative radial function ¢ €
C (R™\ {0}) satisfying supp(p) C {¢; § < [¢] < §} and

> ¢i(6) =1, ¥ € R"\ {0}, where ¢;(¢) == ¢ (277) .
JEL
Moreover, define ¥ as (&) = 3 ¢;(€) if € # 0 and ¥(§) = 1 if £ = 0. So,

j<—1

¥ € C(R™), supp(¥) € {€; €] < 3} and
WE) + D ¢il€) =1, Ve R
Jj=>0
For simplicity in the calculations, we also define the functions ¢; = > ¢,
[k—jl<1
’(ﬂ = w + Y2 and the set Dj = Dj_1 UDj UDj+1, where Dj = {x; %2j < |J,‘| < %2]}
and j € Z. So, we have ¢; =1 on Dj, p; = p;p; (Vj € Z) and ¢ = V.
The localization operators Aj;, A; and S; are defined as

Aif =DV = F 7 (o5f) foranjez,

Ajf =Af ifj >0,
Aoif =w(D)f = F* (vf),
Ajf=0 ifj < -2,

Sif = vi(D)f = F 7 (uf) forallj €z,
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where ; (§) = ¢ (277¢) . In view of the supports of ¢; and v, we can see that
(3.1) AjALf=0if [j—k| >2and A (Sk_2Agf) =01if |j — k| > 3.

Using the operators A; and S;, we have the Littlewood-Paley decomposition
f=58kf+Zj>A,f, for all f € S'(R™) and k € Z. Moreover, if kgriloo Skf =0
in &' (as is the case for f € L°\{constants}), then the equality f = > A;f is
called the homogeneous Littlewood-Paley decomposition of f (see [23}§.€Z0n the

other hand, using Bony’s paraproduct (see [3]), it follows that for f,g € S’ we can
define the product fg as

(3.2) fg=Trg+Tyf + R(f,9),

where
Trg = Zsj—zf&g and R(f,g) = Z AjfA;g with Ajg = Z Ajg.
7= jz=1 lj—j'<2

Note that if f = > A f, then, for any N € Z, we have that Syf = > A, f.
jez J<N-1
Thus, if f = > Ajfand g= ) Ajg, then their product can be written as
jez JEL

fg="Trg+Tyf + R(f.9),

where

Trg=_ S ofAjgand R(f.g) =Y A;jfA;g with Ajg= > Ayg.

JEL JEL l7—i'1<2

Below we recall a general definition of Besov-type spaces based on a Banach space
E (see, e.g., [26, 23]).

DEFINITION 3.3. Let £ C 8’ be a Banach space, 1 < r < oo and s € R. The
Besov-F space BE; is defined as

BE; = {f € S'R™); |Ifll gy < o0}

where

1/r
( > 2 [|A ][ ifr < oo,
IFl g, = \5==1

(3.3)

20 27| A5 ifr = oo.

Similarly, the homogeneous Besov-E space BEﬁ is defined as

BE; = {F € S'®")/Ps ||l 35, < oo},

where

1/r
(Z 27T ||Ajf||;> ifr < oo,
1l =

(3.4) JEL

sup 275 [|A; | if r = oo.
€z
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Let us point out that there are other notations for the Besov-E space BE,?7 for
example, BZf or BET (see [23]). If we take F = L? then we obtain the classical
non-homogeneous Besov space B, .. In the case F' = Mpf we have the Besov-Morrey
space Ny, . introduced by Kozono and Yamazaki [20]. Throughout this paper we

,T

consider E = W./\;ll and F = 75Dl in order to obtain the modiﬁed Besov-weak-

Morrey space BW ML* s and modified Besov-block space BPDP -, respectively.

LEMMA 3.4. Let 1 < p §~l < o0, 1 <r <o ands € R. Then, the space
BWMl 5. is a retract of I(WML).

,T

Proof. Let the operator 7 be defined as (Z(f)); = A, f for j > —1, for each
f €8’ It is not difficult to see that

i BWM, — 13 (WAL).
Consider also the operator L(v) = Z Aj’y], where v = (v;) € I} (W/\/ll>
j=—1

have that A_lﬁ(’)/) = A_l (1—17—1 + Zo¢0>, Ao[.:(’}/) = AO (

[>\z

1
1Y-1+ Z

)

and A;L(y) = A, > Ay for j > 1. Next, we can employ Lemma 2.2 in order
k=j—1

to obtain
1/r

I swrs = | D2 2 18LO iy wa

j=—1

colan (Bt B vea (A e An

WM,
i r 1/r
+C| DY YA Y A
j>1 k=j—1 WAL
1/r
<C ZW”IIWIIEWL = Clvliswan) -

Jj=-1

Therefore £ : I (WMl) — BWMUY3.. Moreover, since A; = AjA; it follows
that £ oZ is the identity in BWML*

s and we are done.

<&

The next lemma is similar to Lemma 3.4 but now in the framework of modified
Besov-block spaces. The proof follows by using Lemma 2.5 and proceeding as in
the previous lemma. The details are left to the reader.

LEMMA 3.5. Let 1 <1 < p< oo, 1 <r < o and s € R. Then, the space
B75Di,’s is a retract of lﬁ(?sD;).

ST
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Finally, we present the duality relation between modified Besov-block spaces
and modified Besov-weak-Morrey spaces.

LEMMA 3.6. Let 1 <p<Il<oo,1<r<ooands € R. Then
/
~ 1 —s ~
(3.5) (BPDP,J,) = BWM,5,.
Proof. In view of Lemma 3.2, we have that

(zr,s (ﬁDﬁL))l =1z (W),

Now we can conclude (3.5) by using Lemmas 3.4 and 3.5.

4. Key estimates and proof of the theorems

In order to prove our well-posedness result for (1.1), we need estimates for
volume-preserving maps, product and commutator operators in the context of mod-
ified Besov-weak-Morrey spaces. This is the subject of the present section.

4.1. Volume-preserving maps and product estimates. We start with a
result that provides a control in W/\/lé—spaces for the action of a volume preserving
diffeomorphism.

LEMMA 4.1. Let 1 < p,l < oo and assume that X : R™ — R" is a volume-
preserving diffeomorphism such that

(4.1) | X (z0) = X (wo)| < vlxo —yol, Yxo,y0 € R",

for some fixred v > 1, where |-| stands for the Euclidean norm in R™. Then,
there exists a positive constant C = C(n,p,l,7) such that

(4.2) CM I llwxe, < If o Xllw s < Cllfllw s, -
Proof. Let R > 1. In view of (4.1), we have that
X+ (D (z0, R)) € D (X* (20) , Ry)
and then
RT™%

Flproe (Do, myy = BT 7 11 © Xl oo (x =1 (Do, )
SRTTP | f o Xl poce (D(x~1(20),R7))

n
2

<Cyr T (yR)TTw 1f o Xl oo (D(x =1 (20, 7))
< Cf o Xllw s, -

Taking the supremum over R > 1 and xg € R™, it follows that
1 llwxe, < CHLF o Xl -

Replacing X by X!, we arrive at

(43) £l e, < Cl1F o Xy p -

and afterwards obtain the second inequality in (4.2) by taking g = f o X in (4.3).
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o
For further references, we recall that if u : R™ x [0,7] — R™ is a continuous

vector field that is Lipschitzian in the first variable for each fixed ¢ € [0,7], and
X :R" x [0,T] — R™ is the flow defined by

OX (zo,t) __
(4.4) To—u(X(xo,t),t),
X (.’E(),O) = Zo,
then
t ’ ’
(4.5) X (20,t) — X (yo,t)| < eJo "I 35 —yql

where b(t') is the Lipschitz constant.
In the proof of our blow-up theorem, a key ingredient is a logarithmic-type
inequality in BWM;;; spaces. This is the subject of the lemma below.

LEMMA 4.2. (Logarithmic inequality) For 1 < p < oo, p > Tand1l<r<
00, we have the log-estimate

(46) 1l < C {0+ 15 (108" 11w, +1) )
where C > 0 is a universal constant.

Proof. For each N € N, we can write f as
(4.7) F= DNf+ ) Af+ ) Ajf=hL+hL+1s
J<—N l7l<N j=N

Using Lemmas 2.6 and 2.2, we can estimate the parcels in (4.7) as

1< Y 18l C Y 218l s, < C27NF |l ias
J<—=N J<—N

2] < 7 1A fll e S CN I fllpo s
l7l<N

and
I] < D 183l <C D 25 18l = € 3 26022125 Flly i
Jj=N Jj=N Jj=N
= Ol fllpwre, 227073 <0278 | fll gy -

JjzN

Considering the last three estimates in (4.7), it follows that

1Al <€ (27N W flhweg + N WSl +27 Y05 1y s )

<O (2 W fllpwsngn + N 1lsg_ 278 Ly s

-N
(4.8) <O (2 Il pwasy + N1 llge, )
where a = min { p— %, T @} Since the previous inequality is valid for an ar-

bitrary N, we can choose N = 1 + (alog?2)~'log™ [ £1l gy qt.e. in order to obtain
p,r
(4.6).
o
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In order to handle with the nonlinearity in (1.1), it is important to have product
estimates in our setting, i.e., Leibniz-like rules. In the next lemma we obtain such
a kind of estimate.

LEMMA 4.3. (Product estimate) Let 1 <p<Il<oo,1<r<ocandp>0.
Then

(4~9) ||U'UHBW/\}1§;,PT <C <||u||L°° ||'UHBW/\}1§;)PT + HUHBW/\}[i;ﬂ HUHLOQ) )

for all u,v € BW./\;llp’f; N L. Moreover, considering p < oo and assuming either
s>n/p+1 withl <r <oo ors=n/p+1 withr =1, we have that

(4.10) ot~ Vol gyt < C Nl gy s 1ol gyt
for allu € BWM;;,ST_l and v € BWM;ST

Proof. Tt follows from the Bony decomposition (3.2) that

uy = Z Sk_oulAgv + Z Sk_2vApu + Z Apu Z Aw

E>2 k>2 E>—1 |k—1|<2

Using the cancellation relations (3.1), we can write

A—l (’U,U) = A—l Z Aku Z AZU

k>—1 |k—1]<2

Now we can use Lemma 2.2 and Hélder-type inequality in order to estimate

Ay o)y on < D 1 Aku | DY Aw < Clolge Y |Bkully e
"ok lk—1]<2 —_— k>—1 v
P
< Clv] peo Z 2 Phork HA’@UHW/%, <ol pee ||U||BWM§;,€,Q :
k>—1

For j > 0 we have

Aj(uv) = Z Aj (Sk—2ulpv) + Z Aj (Sp—2vAju)
k>2,[k—j|<4 k>2,[k—j|<4
k>j—2
(4.11) =0 + I+ 1.

The parcel I] can be estimated as

2ijIjH < Q2ir Sk_sulA v -
1 WAt k;g” k—2%2k ||W/vtlp
<02 3 |Su-zull s Aoy <O D0 Nullpe 27 [ Auv ]y o
[k—jl<2 [k—j|<2

<Cllullge 32 2% [ Bk0]yy g0 -

|k—jl<2
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Since k ~ j, it follows that

1/r 1/r
S| ] Ol | 2 Ay
7>0 i 720 ’
(4.12) < Cllull oo 101l gy i,

with the usual modification in the case 7 = co. By symmetry, it is easy to see that
estimate (4.12) also holds true for I3.
For I, we proceed as follows

il <0 5 18l

Ao <Ol Y ([Brully

k>j—2
Thus, for 1 < r < co we obtain that

1/r r\ 1/r

T . —
| SO (| X 27 Berllg,

320 \k>j—2

I

E 9ipr
j=>0

Changing of variable m = j — k and using Minkowski’s inequality, we arrive at
1/r 1/r

Bl | SOl 3 {30 (27297 13l )

m<2 \j>0

ZQJ'PT
Jj=>0
1/r

<ol Y22 | 32 (297 1A ity )

m<2 >0

< Clloll el pwans - 2" < Clivll el wps -
m<2

For the case r = oo, we use the change of variable m = j — k and obtain the
corresponding estimate directly.

Recalling the expression of the norm in (3.3) and considering the estimates
for I7, I} and I} in (4.11), we obtain (4.9). Inequality (4.10) can be proved by
employing (4.9), the decomposition f = ¥;>_1A; f, and estimate (2.9).

o

4.2. Commutator estimates in modified Besov-weak-Morrey spaces.
In this part we present our commutator-type estimates. Let us begin with some
decompositions and preliminary estimates in the framework of W/\;lé—spaces linked
to the bilinear term u - Vv. Proceeding as in Vishik [32] and Chemin [9], we define

(4.13) Rj(u,v) = Aj(u- Vo) — Sj_ou- VA,
for u = (uy, ..., un) and v = (vy, ..., vy) such that V-u =V - v = 0. It follows that
R;(u,v) can be decomposed as

4

(4.14) Rj(u,v) = ZR;(’LL,’U),

i=1
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where

Rj(u,v) = AT, u,
k=1

R.?(u,v) = — Z [Tukak,ﬁj] v,

k=1

Ri’(u, v) = Z Tou—8; 2 OuAjv,
1

ol
Il

M=

R?(u,v) = {AjR(uk, okv) — R (Sj,guk, Ajakv)} ,

ol
Il
-

with [Ty, 0k, Aj] v =Ty, 0 Ajv — AT, Opv and R(u,v) as in (3.2).
The first parcel in (4.14) can be written as

ZA Z S /,gﬁkvA iU — ZA Z S-/,gc‘?kvﬁjzuk.

§'>2 k=1 l7—3"1<4

Thus, we can estimate it as follows

(4.15) ||R11'(Uv”)||wj\?l; = CZ Z 181 —20kv]l oo [|A; ’ukHWM’ :

k=1j">2,]j—j"|<3

Now we consider R (u,v). For j > 0, it follows that

Bug=- Y Y20 [0g) 0w -y)

§'>2,5—7"|<3jh k=1 Bn

)> / Syt + 7y = 2)) - (o — v | - Byeu(y) dy,
m=1
and then

[Ri(uwo) < ) > 1S —20mun o 27 [(05) (2°()) (27 () | % | Ajv] .

>2,j-3'|<3 kym=1

Similarly, we have that

|R%, (u,v)] < > Z 18 —20murl oo | (O6) () (Jm| | Bjrv

§/>2,|~1-j|<3 k,m=1

So, using Lemma 2.2, we obtain

(4.16) ||R?(u,v)}|WMlp§C > > 1Sy —20mull || A0

22,4 |<4 kym=1

’WM; )

In order to handle the term R?(u,v), first note that

j—1
R3 ’LL 11 Z Z Z AmSj/_QUk 8kAj/AjU

k=1j'>2,]j—j"|<1 \m=j—2
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and then we can estimate

(LACROI [

(4.17) < i Z
k=1j'> "<

j-1
Z ||Am5j1_2uk||Lco 2 ||AJ'UHWM§,
1 \m=j—2

and
J—1

(418) [ w0y SN DD SR S T Syr—2tk |y 0 -

k=14'>2,]j—7"|<1m=j—2

For R}(u,v), we can split R}(u,v) = R} (u,v) + R;*(u,v) with

Al (uk — ijguk)) Z Alrv s

1>5-3 [1—11]<2

41
R (u,v)
42
R (u,v)

A AS',Quk] Z Al/akv

- —t|<2

n
k=1

n
k=1
For the first parcel, we have the followmg estimates

(4.19) HRj’l(u v wa < OZ 32 A, || Y A ,

k=11>j-3 l1—-1|<2

WM,
and
[t g <X X o |5 am) B Auo
k=11>;-3 [1=U]<2 WML
<CYT D 10k (A (e = Syzu)) e || - Buw
k=11>j-3 =<2 WAL
P
DD D LTI PR Sy vt
k=11>j-3 |l <2 I,oo
(420) < CVulpe > | D Apw +COVollpe D [ENT T

1>5-3 ||[1-1"|<2 1=2j—3

WM,
In the case of the second parcel, computing the W/\;lé—norm and using the previous
estimates, we arrive at (for all j > —1)

(4.21) HR?’z(u v) H : Z Z HA S;_ 28muk||m Z Apv
k, 1 _ -

m=1|j—1|<5 [1—11]<2 WAt

In the next lemma we state our commutator estimates. Using the above es-
timates (4.15) to (4.21), the harmonic analysis tools developed in Sections 2 and
3, and arguments similar to those in the proof of Lemma 4.3, we can handle each
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Ré-(u, v), i =1,...,4, and then, in view of decomposition (4.14), obtain commutator
estimates in the framework of modified Besov-weak-Morrey spaces. The proof is
omitted in order to avoid extensive computations and repetition of similar argu-
ments.

LEMMA 4.4. (Commutator estimates) Let 1 <p < oo, 1 <Il,r <oo,p<lI
and let u,v be divergence-free vector fields.

(i) Assume that p > 0. Then, there exists a universal constant C > 0 such
that

1/r

S 27 1R (w,0)lly e

i>1
(4.22) <C (Hvu||L°° 1ol s, + 1Vl ||“‘|BwMé'ﬁ) ’

where we consider the usual modification for r = oc.
(ii) Assume that s > 3 +1 and that v =1 in the case s = 3 + 1. Then, there
exists a universal constant C > 0 such that

1/r
(123) S 2 IRy e | < Ol 1ol muw s
Jj=—1
1/r
@21) | X I R e | < C e 1ol o
j=-1
1/r
@2) | X 2 R ) e | < el s 9 mmi
Jj=—1

where we consider the usual modification for r = oco.

Now we present estimates that will be useful to handle the bilinear operator
(1.2) and the pressure term VP in BW/\;lé;fr—spaces. Their proofs are also omitted
because they follow by using estimates for the product operator and the Riesz
transform proved in Lemmas 4.3 and 2.3, respectively, and proceeding as in [32]

and [28] but adapting the arguments to our setting.

LEMMA 4.5. Let 1 < p < oo, 1 <Il,r < oo and p <l. Assume that u,v are
divergence-free vector fields.

(i) Let p > 1. Then, there exists a universal constant C' > 0 such that

(4.26) (1w, 0) | gy at, < C (190l g 10l gy s, + 1900 e el oy s ) -

(ii) Assume that s > 3 +1 and that r =1 in the case s = ' + 1. Then, there
exists a universal constant C' > 0 such that

(4.27) I (w, )l gy s, < Cllull gy s,
(4.28)

UHBWMQL‘; )
”77(“7”)”31/{//\}1;;;—1 <C HUHBW/\}[;j—l HU”BW/\}t;’j, )

(4‘29) ”77(“7 U)”BW/\ngfl <C HUHBW/\?(gf'T

”HBWMQ;f;fl .
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4.3. Proof of Theorem 1.1. Existence part: Define u'(t) = Sjug and for
m > 1 let w™*! be the solution of the system

Qurtl y ym gyt 4 P =) inR” x (0,T),
(4.30) V.oumt =0, inR" x (0,7T),
Uerl(O) = Sm+1UO, inR"™.

Applying the operator Aj in (4.30), adding and subtracting the term S;_ou™ -
VA;um! | and afterwards recalling the definition of the commutator R;(u, f), we
arrive at the system (z € R™, ¢ € (0,T))

oA um ! A +1 11y _ A +1
JT + Sj_gum . VAjum = —Rj(um, u™ ) - AjVPm s

(4.31) V- Ajumtt =0,
Ajum+1(0) = A]’Serl’U/O.

Next consider the flow X" : R"™ x [0,00) — R™ associated with the problem

OXT" (zo,t) m m
(4.32) TU - (Sj—2u ) (Xj (x07t) ’t)
X;n (1'0,0) = Zy.

Since V - Sj_ou"™ = 0, we have that X]m(-, t) is a volume-preserving diffeomor-
phism for each ¢ > 0 (see, e.g., [15]). For now, let us assume that there exists a
constant v > 1 such that

(4.33) ()™ @0 ) = (X7) (90, )] <10 — wol

for all zg,y0 € R™, 7> —1, m>1and t € [0,7].
Using the flow X7"(-,t), we can solve (4.31) and obtain that

t
AjumH (X;-” (z0,1) 7t) = Aju"”ﬂ(xo,O) — / Rj(u’”,u"”rl) (X;»” (20,7) 77) dr
0

t
- /0 AjVPmH (ij (z0,7) ,7') dr.
By means of Lemma 4.1, we can estimate

A umtt < C||Aju™ (XT (1) 1)

(t)HWM; HWM;

t
Smmﬂmﬂwmwﬁcéﬂ&WﬂwMﬂﬂmm%ﬂ dr

||WM§,

t
+/ |A; VP (X (1), 7) dr
0

HWM;
B t
(431 <cC (HAjuoHWM;, +/0 125 (™ ™ )y gy

t
# [ 18Py ar).
0 r
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Since VP™ = —r (u™,u™ "), using Lemmas 4.4 and 4.5, we obtain

e

t
H“mﬂ(t)HBW/\?llp’fr <y HUOHBWML'} + 01/0 ||um||BW/\?1§;,‘°; My

t
(4.35) < Co ol gy + O 0™ (s A ™ | e, 4

Now, Gronwall’s inequality in (4.35) leads us to

H“mﬂ(t)HBwMﬁ < Co ||U0||BW/\71§;; exp (Cl ||“m||L39(BWM§;;) T)

(4.36) < L [Juoll pyy 1 ©xD (L P T) .

Up to now, note that we have showed that (4.36) holds if we have (4.33). To prove
the general case, first note that S;_su™ is a Lipschitz vector field provided that
Vu™ e LF (L (R™)). Also, by (4.5) we have that

’(ij):tl (.To,t) _ (ij):l:l (yo,t)‘ < BTHVijzu ”L%O(LOO(]RW,)) |1_0 _ yo‘
< " IV e awass) 2o — Yol
oT|fu™ .
(4.37) < T ot gy — g

Choosing a suitable Cy, for u! we obtain that
1 _ : . N
(4.38) ||u (t)HBWMi;f; = HSluOHBWM;ﬁ, < Cy HUOHBWMgfr <L HUOHBWM;’;‘T .

Let C' >0, Tp > 0 and 7 be such that L [Jug| gy ce < C/2, eCTC < ~ and

%exp (LéTg) < C.
We claim that for T = T5 it holds

(4.39) HUmHL?’z(BWMi,ﬁ) < C, form > 1.

In order to see that, we proceed by induction. In view of (4.38), note that u'
satisfies (4.39). Next, suppose that «™ also satisfies (4.39). Using (4.37) we obtain

m j: m :l: o
(4.40) ‘(Xj ) " (w0, 1) — (X7") ' (yo,t)‘ < e“Tmo — yol < Aao — yol,

for all j > —1 and t € [0, T5]. So, it follows that (4.36) holds true, and then

- C - .
m—+1
Hu ||L°T°2(BWM“;’;) <L (HUOHBWMQ;;?,,) exp (LCTg) < Eexp (LC’Tz) <C,

P

which, by induction, gives the desired claim.
In what follows, we prove that (u™) is Cauchy in the space L (BW./\;llp;;_l) ,

for some T3 € (0,T3]. In fact, considering the difference z™*! = y™*+1 — 4™ for

m > 2, subtracting (4.30),, from (4.30),,+1 and applying A;, we arrive at the
system (xz € Rt € (0,7))
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65]‘277”—1 m A m+1 __
ot + SJ;QU . VAJZ _—

= —R; (u™, 2™t + Ay (2™, u™ ) + Ajm (wmTt, 2m )
VA, () =0,
Aj (2™) (0) = Aj A, 41 uo.
After solving (4.41), we can use Lemma 4.1, (4.10), and Lemmas 4.4 and 4.5 in
order to estimate

(4.41)

(442) [ ") O] s s

< Co || Ao iy s - 1+01/ "™ | pw s 112
#Ca [ 10

+Cs [ 0 i, I

<2 HUOHBW/\}(Z; + CSC Hz

—HHBWMZS 1d7’

l,s— 1 dT

2" pw s

R [PRYTRY

m—+1
HL;?(BWML’,?“) T
+ G0 ”ZmHLg?(BWML';i.—l) T.
Considering 0 < T' < T3 such that C5CT < 1/2 and 2CT < 1, we obtain

C
+1 -
|| m HLOO(BWMZ o1y < T Cgé'T (2 m ”uO”BW/\;lif, +T Hz"l”L%O(BWMi{fo) .

Therefore, we can choose T3 € (0,75] in such a way that the estimate

= e oty < €27 ol gy, + ||Zm”L°° (BW M)

holds true, for m > 2. It follows that

1" e mwsngey < Cm2™ Y ol cays + 2712 s (swcits)
and then

Z [ (um !t~ )HLOO (BWAMLSY) Z HZMHHL‘X’ (BWAN < O

m>1 m>1

This proves that (u™) is a Cauchy sequence in L, (BW./\;lé;ﬁfl). Therefore, there
exists v € LF, (BW./\;li;fr_l) such that u™ — v in LF (BW./\;li;fr_l). Moreover, it
follows from (4.39) that (u™) is bounded in L (BWM;ST) By Lemma 3.6, we
have that BW/\;li;fr has a predual, and then there exists a subsequence (u*) and
u € LE (BWMS3) such that u™ = w in L (BWML3); but this implies that
u™ S oyin u e LE, (BW/\;li;fT_l). By the uniqueness of the weak*-limit, we get
u=v.

Next we check that w is a solution for (1.1). For each m € N, it follows from
(4.30) that

t t
(443) W™ (Bt) = um (B, 0) — / u™ - V" dr +/ m(u™, w7
0 0
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Since (u™) C C([0,T3); BWML371) and (u™) converges to u in L (BW ML),

we have that v € C([0,T5]; BKy "), Taking m — oo in (4.43), we obtain from

Lemmas 4.3 and 4.5 that u satisfies
t ¢
(4.44) u(t) = ug — / u - Vudr +/ m(u, u)dr,
0 0

as desired. It remains to verify that v is continuous in time with values in BW/\;lé;fr
for r < oo. Considering wy, = Spu with & € N, we have that w; converges to u in

the space L (BW/\;li;fr) and

() = wi ()| g s, = 1S5 (lt) = ()l gy rse

. | ) 1/r
<O D0 2|8 (ult) — uls) [y
j=—1
- | ) 1/r
S C2k: Z 2](8—1)T HA] (U(t) — U(S))H;VMé
j=——1

<c? |u(t) — u(s)HBwMé’jfl.

Since u € C([0,T3]; BWMLS™), we get wy, € C([0,T3]; BWMLS) for each k,
and then u € C( [0, T3] ,BW./\;IL‘(’T)
Continuous dependence on the data: In view of the proof of item (i), note

that the existence-time 7" and the norm of the solution u in L§F (BW/\;II’S) can

be controlled by the BW./\/I > -norm of ug. Thus, since (u')men is bounded in the

space BW ML , there ex1sts T > 0 such that the sequence of solutions (v ),en 1S
p,T

also bounded in L (BWM;?)
Next we have that 2 = v — u satisfies the system (x € R",t € (0,7T))

A, z™ +_j(u V™) + A (2™ Vu™) — Aj (7 (2™, u™) + 7 (u, 2™)) =0,
)

8t7
Az
A] 2"™(0

7

A ..M
= Az,

where zJ' = u{’ — ug. Now we can proceed as in the proof of (4.42) in order to
obtain

m
1™ Ol syt

t
<o ||Z(7)n||BW/\}1§;f;1 + Cl/o (2 HumHBW/\}ti;fr + HUHBWM;’,ST) ”zm(T)HBW/\Z;f;l dr.
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From Gronwall’s inequality and the boundedness of (u™),,cn, we can estimate

12 Ol gy

t
< ol g o0 (o [ (210 Lo, + Dl s, ) )

< Co Il w50 (201 (™o maw sy + Il (s sy ) T)
< Cy Hzgn”Bw_A}t;ffl exp (CT) <C ||Z(?)TLHBW/\}(§;1@‘;1 )
where C' > 0 is independent of m, and then the continuous dependence follows.
Uniqueness: Suppose that « and v are solutions of (4.44) with initial data wg.
Considering z = u — v, we have that zo = u(0) — v(0) = 0. Proceeding as above, it

follows that
(4.45)

t
12(8) | gyt < C / (2 1l gy et + 10l s ) 127 oy s

Since u,v € LF (BWM;ST) , Gronwall’s inequality and the last estimate imply

that z = 0, and we are done.
o

4.4. Proof of Theorem 1.2. We start with the supercritical case. Note that
for each j > —1, we have that u satisfies

8Aju+S~,2u-VA~u=R~u,u + Aim(u,u) inR™ x (0,7%),
ot 1 °J j j j

V-Aju=0 mR" x (0,T%),

AJU(O) :Aqu inR™.

Moreover, from the hypothesis we have that
div (Sj,Q’LL) =0 and Sj,Q’LL € Ll((O,T*) ) LOO)

Therefore, the flow associated to the vector field S;_ou is a volume preserving
diffeomorphism and verifies the condition (4.1) where the constant v is independent
of jand t € (0,7%). Now, we can proceed as in the proof of the existence theorem
in order to get

t

1) gy e, < Co ol gy g +C / Iull ol g g dr. for all ¢ € (0,77).
: . 0 :

Using Lemma 4.2, we can estimate

) g < Co ol s,

t
4 c/ (1+ 19l g, (108" 9l s + 1) ) el g s
0

Next let us recall that Vu = C(w) + Aw where (w), ; = Oiu; — Oju;, C is an
homogeneous singular integral operator of degree —n and A is a constant matrix
(see, e.g., [25]). Since C is bounded in BY, _ (see, e.g., [31]), we arrive at

00,00
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1wl gy wats. < Co lluoll gy e
t

0 [ (U ullgy, _ (108" Nl g +1)) Vel s 4
0

(4~46) < Cy HUOHBW/\}(Q;’ST

t
40 [ (14 Twllzy, ) (108" Nl g + 1) Tl g, 0.
0
which together with Gronwall’s inequality (twice) yield

t
(4.47) ()| gy 1. < Crexp [Cgexp{Cg/ (1+Hw||B~0 )dTH.
5 0 00,00

Using (4.47), it is not difficult to see that (1.6) implies (1.7). The reverse implication
follows directly from the estimate

<
| 16l _dt< swp ol TS sup )y T
0 ! te(0,T) ? t€(0,T*) !

Now we turn to the critical case. Using the inclusion Bgo’l — L°° and the bound-
edness of P in Bgo,l, we obtain ||Vul/;. < C[|Vullzo < C |lwl| go .- It follows
that ’ ’

t
I i < Co ol g+ Cs [ IVl gy s

i
<o HUOHBWM;n;/erl + C/O ”’wHBgo1 HUHBW/\}ILPVE/P*l dr.

An application of Gronwall’s inequality leads us to

t
1aCE) | gy w1 < C ol gy s exp {c/o el go_, dT} :

which shows that (1.4) implies (1.5). The converse follows from the estimate

-
w)]|po dt < su wt)|| o TF < su u(t ~in T*.
|1l @< s ol T < D10y o

) te(0,
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