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ABSTRACT. We prove generalized Strichartz estimates for wave and massless
Dirac equations in Aharonov-Bohm magnetic fields. Following a well estab-
lished strategy to deal with scaling critical perturbations of dispersive PDEs,
we make use of Hankel transform and rely on some precise estimates on Bessel
functions. As a complementary result, we prove a local smoothing estimate for
the Klein-Gordon equation in the same magnetic field.
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1. Introduction

In the last years a lot of effort has been devoted to the study of dispersive
properties of PDEs perturbed by scaling critical potentials. These potentials turn
to be particularly hard to be dealt with, as indeed the fact that they show the same
homogeneity of the differential operator prevent the use of perturbative techniques,
and force to build some “ad hoc” strategy. The most celebrated examples for what
concerns Schrodinger and wave equations are represented by the inverse square
potential, i.e. a potential of the form

Vi) = —
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so that the Hamiltonian becomes
a
1.1 Hy =-A+ —
- v l?
for some “not too negative” constant a, and the Aharonov-Bohm magnetic field,
that is
(1.2)

Ty x
Ap :R?\ {(0,0)} = R?* Ag(z)=a <_|:v|22’ x|12> , a€R, x=(r1,12)

so that the Hamiltonian becomes

2

. T2 1
1. Hy= (- _ Tt MY
(13) . <Zv+“<LWWMJ>

We refer to [11] and references therein for an overview of the spectral theory of
this Hamiltonian in Aharonov-Bohm magnetic fields which, we point out, is a 2-
dimensional model. We do not intend to provide a detailed picture of the literature
here, but we wish to mention at least [3]-[4]-[17], for what concerns Strichartz
estimates for both Schrédinger and wave equations associated to Hamiltonian (1.1)
and [11] for what concerns time-decay and Strichartz estimates for the Schrédinger
equation associated to (1.3). To the very best of our knowledge, no Strichartz
estimates are available for the wave flow in this latter framework, except for [8],
in which some local smoothing (and weighted Strichartz) are obtained. For what
concerns the Dirac equation the situation is much harder, due to the rich algebraic
structure of the Dirac equation, and the only available results in this direction
are provided in [9] and [7], in which local smoothing estimates are proved in the
cases of, respectively, the Coulomb potential perturbation and the Aharonov-Bohm
magnetic field.

The purpose of this paper is to somehow combine the strategies of [13, 17, 18]
with the ideas of [7, 8] to prove some generalized Strichartz estimates for the wave
and massless Dirac equation in Aharonov-Bohm magnetic field.

The wave equation we intend to deal with is thus the following

avarHA'U =0
(1.4) v(0,) = vo ("),
9yv(0,-) = v1(-),

the solution of which is given by the formula

: S (eitvVHA
u(t,”) = cos (t HA> UO(-)ﬁm(t\/gA)m(-) =R (e“ﬂ) ”0('”(\/}17)

The (massless) Dirac Hamiltonian in the Aharonov-Bohm magnetic field (in the
units with h =c=1) is

(1.5) Da = o1(p1 + A') + 02(p2 + A%)

’Ul(').

where p; = i0;, 0; are the standard Pauli matrices

(1.6) 01=<(1) é) 02=<? 0i>,



WAVE AND DIRAC IN AHARONOV-BOHM MAGNETIC FIELDS 73
and the magnetic potential Ag(z) = (A'(z), A%(z)) is given by (1.2). We recall
that the Pauli matrices satisfy the following relations of anticommutations

0ok +oro; =201, jk=1,2.
The Cauchy problem associated to the Hamiltonian (1.5) takes the form
10w = Dau, u(t,z): Ry x Ri — C?
{u((),x) = ug(x).

We refer to [7] and references therein for further details on the model.

(1.7)

Before stating our main results, let us introduce some useful notations:

Notations. We will denote in a standard way Lebesgue and Sobolev spaces,
and with LYLY = LP(Ry; L4(R2)) the mixed space-time Strichartz spaces (we will
omit the dimension on the target space). With L, we will denote the radial part

of the L? norm, that is Hf”ZL)de = [,° [f(r)[Prdr; in the case p = co, we shall simply

use the notation L3> . We use [¢y,], m € Z to denote the space spanned by the
vectors @,.

Using the polar coordinates x = rf, r > 0, § € S', and given a measurable
function F' = F(t,z) : R x R? — C, we denote by

p/q 1/p

+o0 400 ) q/2
|Fllrra, 12 ::/ /O (SlF(t,r,0)| da> rdr | dt|

being do the surface measure on the sphere. In particular, when ¢ = oo

+00 1/2\ P 1/p
IFllzrpee 2 = (/ ( sup < |F(t,r,0)|? da) ) dt) )
) —00 ref0,00) St

We will denote with H 4 the homogeneous Sobolev spaces induced by Hamil-
tonian (1.3), that is the space with the norm ||f||HA = ||Hj fllL2. We refer again
o [11] Section 2 for an overview of this norm.

In what follows we will systematically omit to differentiate between functions
and spinors, as the meaning of each object will be clear from the contest.

We are now ready to state the main result of this paper.

THEOREM 1.1. Let (p,q) € [2,00]? be such that

1 1 1
1.8 -+ -<=, or (pq) = (oc0,2).
(18) S+ < o ()= (%2
Assume o € R such that
(1.9) e =dist(a, Z) = mi% |m + af > 0.

me

For any g, f € Hj and p > 2, the following Strichartz estimates hold
(1.10) le™ A ug||pppa 12 < Clluoll g,
and
(1.11) HeimAf”Lngerg < Ol s,

provided that s =1 — & — %,

1
P
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REMARK 1.1. The idea of using angular regularity to obtain some refined ver-
sion of Strichartz estimates is not new: in particular, we stress the fact that we
recover exactly the same range obtained for the free wave dynamics for radial data,
see Theorem 1.3 in [21]. For more results on the free equations, we refer to [14, 15].

1
q

[N

3 =

Diagrammatic picture of the admissible range of (p, q).

REMARK 1.2. For free wave and Dirac, the classical Strichartz estimates (with-
out loss of angular regularity) sharply hold for admissible pairs (1/p,1/q) in the
region AOC. But, as far as we know, there is no result on Strichartz estimates for
wave and Dirac with Aharonov-Bohm except for [12], that is a work in progress.
By making use of angular regularity, we are able to cover the region AOB (except
the line AB).

To cover the range (1.8), we will only need to prove Strichartz estimates at the
bottom line OB (except point B), that is for p > 2 and ¢ = oo, and then interpolate
with the standard L$°L2-norm estimate. We should also mention the paper [16] in
which angular regularity is exploited to get “almost” the 3D endpoint estimate (both
for the wave and Dirac equations), and [5] in which a (small) potential perturbation
is also included.

REMARK 1.3. As suggested by [8], with some additional technical care it would
be possible to obtain Strichartz estimates for fractional Schrodinger equation asso-
ciated to Hamiltonian (1.3), that is for the flow eitHa""? for any a > 0. Anyway, we
prefer to limit our presentation here to the case a = 1.

REMARK 1.4. Tt might be possible to generalize the result above (at least in
the case of the wave equation) to deal with a more generic magnetic potential A :
SN¥=1 — RY in dimension N > 2 satisfying the transversality condition A(f)-6 =0
for all # € SV~1. Dispersive equations with potentials of these forms (and even
more general ones, including also scaling critical zero-order terms) have been dealt
with in literature (see e.g. [11], [12]). Nevertheless, as this would require a fair
amount of additional technicalities and as, again, the most relevant choice from
a physical point of view is given by (1.2), we prefer not to deal with the general
setting.

The staring role in our proof is played by the Hankel transform, which has
proved in the last years to be a very effective and successful tool in the analysis of
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dispersive dynamics, in particular when critical perturbations come into play. The
main advantage of it is in that, as we will see, it allows an explicit representation
of the solution in terms of a series that involves the eigenfunctions of the operator.
This fact, combined with the L? orthogonality of spherical harmonics, allows in a
quite standard way to obtain estimates with angular regularity. In a nutshell, we
can summarize the proof of Theorem 1.1 in the following main steps

(1) Exploit the “spherical symmetry” of the equation to reduce to a sum of
radial problems;

(2) Use the Hankel transform to obtain an explicit representation of the solu-
tion;

(3) Prove Strichartz estimates for frequency-localized initial data;

(4) Use a dyadic decomposition and a scaling argument to obtain the final
result.

Step (3) turns to be the most technically involved, and requires the use of some
precise estimates on Bessel functions (see Proposition 3.2). This strategy has been
strongly inspired by [17, 18]. Nevertheless, we should stress some significant differ-
ence with respect to [17]: in that paper the above strategy was used to improve the
range of admissible exponents for Strichartz estimates for the wave equation with
inverse square potentials obtained in [3], and those estimates were actually used in
their proof. Here on the one hand, as no Strichartz estimates are available at the
moment for the solutions to (1.4)-(1.7), we have to prove (1.10) directly instead of
interpolating with the known Strichartz estimates. On the other hand, due to the
failure of Littlewood-Paley square function inequality at the L3 level, we here use
a different argument avoiding this to prove (1.10) with ¢ = occ.

Finally, we should mention that this same strategy has been developed in [6]
to deal with the massless Dirac-Coulomb equation: this is definitely a much harder
problem, mainly because of the fact that the generalized eigenfunctions of the Dirac-
Coulomb operator enjoy a complicated representation involving confluent hyperge-
ometric functions (instead of the Bessel ones that appear in the Aharonov-Bohm
case). As a consequence, the estimates on the solution, that can be written af-
ter constructing a suitable “relativistic Hankel transform”, are quite delicate to be
proved and, as a matter of fact, we were only able to prove them for radial data.

As a complementary result, we provide a local smoothing estimate for the dy-
namics of the Klein-Gordon equation with a magnetic field (1.2), that is for the
solutions to system (we are taking m = 1)

Zv+ Hpv+v=0
(1.12) v(0,-) = vo(-),
9y0(0,-) = v1(:)

which is given by the formula

(1.13) u(t,”) = cos (t Ha+ 1) vl + Sm\(;Hi wul(-)

- R (eitm) vo(-) + %(QZZT?)M(.).
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Notice that the Klein-Gordon equation, due to the presence of the additional mass
term, does not exhibit a scaling, and therefore some slight additional care is needed.
Nevertheless, by exploiting a separate analysis of high and low frequencies, we are
able to prove the following local smoothing estimate, which complements the ones
for the fractional Schrodinger and Dirac equations obtained respectively in [8] and
[7].

THEOREM 1.2. Let v be a solution to (1.12) and let € be in (1.9). There exists

a constant C such that for any 1 < <1+¢
_ 26-1 28-3
]P0l 22 < C(I(L+ Ha) ™ vollzz +[|(1+ Ha) ™7 vir2)-

The plan of the paper is the following. Section 2 is devoted to introduce the
necessary preliminaries (overview of the spectral theory of the operators, spheri-
cal decomposition, Hankel transform and estimates on Bessel functions), while in
Section 3 and 4 we provide the proofs for our main results.

Acknowledgments. The first author acknowledges support from the Uni-
versity of Padova STARS project “Linear and Nonlinear Problems for the Dirac
Equation” (LANPDE). The last two authors were supported by National Natural
Science Foundation of China (12171031, 11771041, 11831004) and H2020-MSCA-
IF-2017(790623).

2. Preliminaries

In this section we present all the setup and the preliminaries needed to prove
our results.

2.1. Spherical decomposition, spectral theory and Hankel transform.
A crucial aspect of the dynamics of dispersive equations in Aharonov-Bohm field is
in that it is possible to decompose the dynamics into a sum of radial dynamics. We
summarize this well known fact in the following

PROPOSITION 2.1. Let Ap be given by (1.2), and let ¢, (0) = i/?: for 8 €

[0,27) and m € Z be a complete orthonormal set on L*(S'). Then the following
decompositions hold:

e Laplacian decomposition. There is a canonical isomorphism
L*(R?) = @ LRy, rdr) @ [m),
meZ
by means of the following decomposition:
1 .
U(r) = —— R (1)€Y

©= 3 Zm)
where ¥ € L*(R?) and k., € L*(Ry,rdr). The action of the operator Ha
defined in (1.3) with respect to the basis {‘:};:} is given by

(2.1) Hom = ——s — =2 MY

and Hy on C§°(R?) is unitary equivalent to the direct sum of Hy , that
18

(2.2) Ha= @D Ham.

meEZL
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e Dirac decomposition. There is a canonical isomporphism
L*(R?)? = @ LRy, rdr) @ [hn]
mEZ

with [hy] = {Pm, dm+1} by means of the following decomposition:

1 fm(r) > im0
O(x) = — o e,
( ) mZG:Z /7271' < gm(r)ew

where ® € L*(R?)? and f,, gm € L*(R4,rdr). The action of the operator
Dy defined in (1.5) with respect to the basis\/%{eime,ei(m+1)9} is given
by

_ 0 =i (0 + B

(2.3) DA,m - < —i (ar o m+a) 0 )

T

and Dy on C§°(R?)? is unitary equivalent to the direct sum of Da m, that
18
Dy = @ Dam.
meZ

REMARK 2.1. For the sake of simplicity, from now on we will be systematically
neglecting all the normalization terms involving 7.

PROOF. See [1] for the Laplacian case [10] for the Dirac case. O

The spectrum of both the operators Hs and D4 are well known to be purely
absolutely continuous, and in particular o(H4) = [0,400) and 0(D4) = R (we
refer respectively to [20] and [10]). The generalized eigenfunctions can be written
in terms of Bessel functions: for a fixed m € Z and F >0 we have indeed that

(24) Ha,m‘pm,E("") = E<p7rz,E(T)a
has the solution
(25) Som,E(T) = J\m—i—(xl(ET)
and
(2~6) DA,me,E(T) = EXM,E(T)a
has the solution
fm,e(T) ) ( (€)™ Jjmral (ET) )
2.7 - = ; ~ (0 \m)
(2.7) X ,E(T) ( gm,E(T) i(€m) +1J|m+1+a\(E7”)
with

1 ifm+a>0
€m =
-1 ifm+a<0.

REMARK 2.2. The generalized eigenfunctions for D4 ,, for negative values of
the energy can be written as

29 st =zEe) = (P,

so that in particular one has

fm—e() = fme(r),  gm-p()=—gmEe(r).
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A crucial role is going to be played by the Hankel transform: we recall the
definition of the standard 2-dimensional one, that for v > 0 is given by

(2.9) (Hod)(€) = / L (rleDore/|¢)) v,

that will play a leading role in the study of the wave dynamics. To deal with the
Dirac equation, we need a slight algebraic manipulation of this, due to the fact
that the spherical harmonics decomposition forces to work on 2-dimensional radial
spaces. We therefore set the following

DEFINITION 2.2. Let (1) = (¢1(r), p2(r)) € L?((0,0),rdr)?. For m € Z, we
define the following integral transform

+ +o0
Puit) = (220 ) = [ Hater) - ptoivar
where we have introduced the matrix
Fm,e(T) Im.E(7) )
2.10 H,, = , :
( ) ( *fm,—E(T) 7gm,—E(7’)
with f and g given by (2.7), so that
(2.11) PLAE)= [ (el (Eonr) + S ot (Er)oa(r)) s
0

and a similar one for P,,.

The Hankel transform (both the standard one (2.9) and the “relativistic” one
(2.11) introduced in Definition 2.2) satisfies several important properties, including
the fact that it allows to define in a quite standard way the fractional powers of the
operators Hy and Dy. For D4, we refer to Section 2 in [7] and Proposition 2.3 in

[8]; while for H,4, we record for convenience and refer the readers for analogues to
M.Taylor [23, Chapter 9], (see also [3]).

LEMMA 2.3. Let H, be the Hankel transform in (2.9) with v = |m + «| and
Hym in (2.1). Then

4) Hy(Ham f)(p,0) = p*(Ho f)(p,0), for f € L2

2.2. Estimates on Bessel functions. In what follows we will make use of
a number of estimates on Bessel functions: we collect them in the following two
results.

PROPOSITION 2.4. Let J,(r) be the Bessel function of order v. The following
estimates hold true with a constant C independent on v:

o Letv > —%, then

(2.12) 17, () ot (1 P )

| < 2T (v + 3)I(1/2) v+1/2
and
, Cvrv=1t +rv) 1
(2.13) |, (r)] < 2T (v + L)I(1/2) <1 v+ 1/2) '
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o Letr,v> 1. Then

(2.14) [ ()| <

3o

PROOF. These estimates are quite standard: we refer to Section 2 in [17] and
references therein. O

PROPOSITION 2.5. Let x € C2°([0,1]) be such that x(z) € [0,1] and x(z) =1
for z €]0,1/2]. Let 0 < 6 < 1. Then there exists a decomposition for the Bessel
function J,(r):

(2.15) Jo(r) =Jdua(r) + Jua(r) + E, (1)
where
_ i " irsin 0 —iv@ Q _ i " irsin@—ivf 1 Q
Tat) =5 [ e (Gt ) =5 [ e (1 —x)(3)ds
and

™

E,,(’I") — _SIH(VTF)/O ef(rsinherus)dS.

Furthermore, for r > 1, there exists a constant C independent of r,v such that

(2.16) B, (r)] + |E,(r)] < Cr~t
and
(2.17) [ Tu2(r)| + [T} o(r)| < Cr= /2,

PROOF. Most of these properties can be found in Watson [24]; we provide a
sketch of their proof for convenience. We use the Schlafli’s integral representation
(see [24] pag. 177) to write

1o ; S
(2.18) Jl,(r) — 7/ pirsiné—ivd g Sln(Vﬂ') / ef(r sinh SJ”’S)ds,
2T m 0

then it follows (2.15). A direct computation gives

Sln(l/ﬂ_) / 67(rsinh(s)+us) Sinh(s)ds
m 0

—T

(2.19) |E! ()] = <C(r+v) !

which implies (2.16). Now we consider (2.17). Let
®,,(0) =sin6 — ;9
and a simple computation shows the derivatives
@y, (0) = cosd — ;, @y, () = —sind.

s

Thus, on intervals [-m, =% — 6] and [§ 4 6, 7], ® is monotonic respectively and

@7, (0)] = |cos® — Z\ =24 | cos O] > sind.
' r r
Therefore Van der Corput lemma(see [22, Proposition 2, Page 332]) implies

217T(/_—’£—6+/; )(eirsino—iue(l _ X)(g))cw < Cyr!

z+0

dir <2];T<-/_:r72r—5+/;r+5>(eirsin0iy0(1_X)(§))d9> < Cgr 1,

2

(2.20)
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On the other hand, on the interval [-5 —d, =] U [4, 5 + ¢], we have
|®;,(0)] = |sinf| > sind.

We use the Van der Corput lemma again to obtain

;ﬂ(/j +/§+5) (eirsinafilfe(l _ X)(g))d& < Oy

dr (27‘( / / zrsinaﬂ-u(’(l - X)(Z)>d9> < Cyrl/2,

Noting 7 > 1 and collectlng (2.20) and (2.21), it follows (2.17).

(2.21)

3. The proof of Theorem 1.1

The proofs of (1.10) and (1.11) are of course very similar, therefore we provide
the details for the one of (1.10) and only comment on the necessary modifications
needed in order to obtain (1.11). Also, we shall focus on the proof of the endpoint
case ¢ = oo as it is the hardest one (1.8), and only comment on the full range
(1.8) (see Remark 3.1). We stress the fact that taking ¢ = co prevents the use of
Littlewood-Paley theory: we will thus need to use a slightly different argument.

Relying on proposition 2.1 we start by writing, for any ug € H < (R?),
(3.1) UO(«T) = Z ’im(T)(bm(e)
meZ
with ¢y, (0) = ™. From Lemma 2.3, we thus have, for p > 2 and v = |m +a| > 0,

(3.2) e’ HAUO”Lng;Lg = Z e’ HA“m(T)QSm(‘g)HLngng
mEZ

= | Z Hy [eitpHV“m(r)qu(e)] HL”L“L2

t Hdr
meZ

1/2
<Z 1y [ gm (p)] ||2LfL3<;>

meZ

where we are denoting with g, (p) = Hokm(p). As a first step, we need a Strichartz
estimate for data with localized frequencies

PROPOSITION 3.1. Let ug as in (3.1) be such that supp(Hykm) C [1,2] for all
m € Z, and let p > 2. Then
(3.3) eV A ug| L poe 12 < Clluol| 2
PROOF. The proof of this result heavily relies on the following technical result:

PROPOSITION 3.2. Let p € C°(R) be supported in I := [1,2], R > 0 be a dyadic
number, € be in (1.9) and v = v(m) = |m + a| with m € Z. Then

(3.4 |(2 poleetorgm) o] )|
mEZ

LYLE.([R/2,R))

65 < |(ZlaaE) o)

meZ

y R R<1
12, |R+"F  R> 1.
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Let us postpone for a moment the proof of Proposition 3.2 and deduce from
this the one of Proposition 3.1. We thus need to prove that

ao (X el loP)

Using the dyadic decomposition and the fact that £2 < ¢>°, we can write

(S om0 [

(X e aniot )

ClluollLz -

LY (R;LS (]R*))

2

LY (R; L3 (RT))

2

~ H Sub L;:([R/ZR])‘

Re2? LT (R)
(3.7 _ ltp o 112 1/2
ICZ 10 bl OF) o) e
i 2
<33 e om0 0] et (o)

Re2Z meL

Thanks to Proposition 3.2 we can estimate further with (notice that as g,, is local-
ized in [1, 2] the weight p in the measure plays no role)

: 11 pEy2 2
(3.8) (37 < > > min{Rv2 REPgn(p)l7
Re2Z meZL

As we are taking p > 2, the summation in R above turns to be convergent. Therefore
we have obtained

Z Hgm ||L2

meZ

Recalling the standard properties of the Hankel transform collected in Lemma 2.3,
we can eventually write

Z |gm (p HL2 Z Mo km (p ||L2 Z ([ (7 ”L? = HUOH%2
mEZL meZ meZ
and this concludes the proof of Proposition 3.1. O
Let us now deduce the proof of (1.10) from Proposition 3.1. Let R and N be

dyadic numbers (i.e. let R and N be in 2%); by making a dyadic decomposition, we
can write, starting from (3.1)-(3.2),

2

lutt )3y s < D0 || D0 Ho [0S Horm(p)]
mez || Ne2? LY L% (RF)
ito, (P
) o [0 2 o]
< > sup > Mo | Hutim ()
meZ Ne2Z L ([R,2R)]) L?
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By using the fact that 2 < ¢>° and the Minkowski inequality, we further obtain

9 1722
lut o) iprs s < 0 || 20 || 22 Ho [ (5 Horm(o)]
meZ Re2Z || Ne2Z L% (IR,2R])
2
< XYY M [ el ) k()
menRet e LYLG (R2R)
2
< /H 1tp rH m ‘
< SE(Z bl )

Notice that in the last inequality we have used the triangle inequality instead of
Littlewood-Paley square function inequality, which fails at LS.
By using a scaling argument, we finally get

2
= Z Z (Z N*T5 HH ”p p)H Km(Np}HL{’L?ﬁ([NRQNR]))

meZ Re2Z \N¢g2Z
2
_1
<>y (Z N'QNE) e () Hurm(e)| | ) ,
meZ Re2Z \Ng2Z pdp

(we have also used Proposition 3.2), where

(NR)5, NRZ1

(3.9) Q(NR)_{(NR) 3 NR> 1.

Due to the fact that we are taking p > 2, we have

11
1 S o2 <o
(3.10) 53 <0

Then, as € > 0, we see that

(3.11) sup Z Q(NR) < o0, sup Z Q(NR)

R Ne2Z Re2Z
Let

(3.12) A = N2 (H F)(0)(0/N) 2, 25,
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we use the Schur test lemma argument with (3.11) in the following way:

(3.13)

(X (X amav.)') :

Re2Z Ne2t
= sup Z Z Q(NR)ANmBr
HBR”22 Sl Re2Z Ne2Z
1/2 1/2
<cC (Z > Q(NR>|AN,m|2> (Z > Q(NR>|BR|2>
Re2Z Ne2Z Re2Z Ne2Z
1/2 1/2
1/2
<C(sup > QINR)sup Y Q(NR))" (Z |AN7m|2> (Z BRF)
R Ne2z N Re2Z Ne2z Re2Z
1/2
SC<Z AN,m|2> .
Ne2Z

We have thus obtained

2
lutt )2y s < D0 D (X QNR)ANm)
meEZ Re2%  Ng27Z
< 0D ) vl
meZ Ne2Z
= Juol® -
H, P

And this concludes the proof.

REMARK 3.1. As it is seen, condition p > 2 is necessary in order to ensure
convergence of the series on the right hand side of (3.8), as it is for (3.11). Then,
by interpolation, one obtains the full range (1.8).

REMARK 3.2. The proof for (1.11), given Proposition 3.2, follows the same
punchline, with minor necessary algebraic modifications. Indeed, the spectral pro-
jection in this case as introduced in Definition 2.2 is 2-dimensional, and involves the
Hankel transform of two different orders. Nevertheless, with slight additional care
due to the 2-dimensional projection introduced in Definition 2.2, the proof works
in the exact same way. We omit the details.

To conclude with, we thus only need to provide a proof for Proposition 3.2.

PROOF OF PROPOSITION 3.2. To prove this result, we divide into two cases
R <1and R> 1. For R <1, it suffices to prove

[(S] [ e atnmpreton] )]

(3 lowto)eto)?) |
meZ

LYL>([R/2,R))

SR?

Lidp(l)
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Taking ¢ in (1.9) (notice that 0 < & < 1/2 by definition), by the Sobolev embedding
1+e

H™= (Q) — LP(N) with Q = [R/2, R] and the interpolation, we have

(> /Ooo =1, (rp)gm (p) 2 (p)dp 2)1/2

meZ

(> /Ooo =1, (rp)gm (p) @ (p)dp 2)1/2

meZ

LYL>([R/2,R])

A

LY 5 ((R/2,R)

1—¢

(X / T E 7, (1) g ()P PN 2)1/2 ;

mez 70 LYL2([R/2,R])

X H(%’/ﬁ ei“”Ju(m)gm(p)@(ﬂ)dp‘z)1/2

( > Igm(p)w(p)IQ)l/Q(

meZ

A

1+e
2

LYH'([R/2,R])

SR

Lidp(l)

provided we can prove the following estimates:

I(S] [ estnmpreto] )]

(X lomto)eto)?) |
meZ

LYLE, ([R/2,R))

(3.14) <R3te

L2,
and
. 2\ 1/2
+itp 7/
e J,(rp)gm d ‘ )
H(ﬂ%\/o (rp)gm(p)e(p)pdp ) o
(3.15) SRE (Zlg (p)w(p)\z)w‘ :
- meZ " Lidp(l)

To prove (3.14), since p > 2, we use the Minkowski inequality and the Hausdorff-
Young inequality in ¢ variable to obtain

> ’/OOO ei””Ju(rp)gm(p)w(p)dpr)1/2’
meZ

2 1/2
(x| )]
meZ LZ”(I)

Recalling (2.12) and using Stirling’s formula I'(v + 1) ~ \/v(v/e)”, we obtain

H (ng‘ QLZ;(I))l/2’
(> Igm(p)\g)l/Qw(p)‘

meZ

LyL3, ([R/2,R)

L3 ([R/2,R))

T () gm (p) ()

Jl, T m ‘
(1p)gm (p)p(p) L2 ([R/2,R])

<R3te

L, (1)’

where we have used again Minkowski’s inequality and the fact that p € I = [1,2].
To deal with (3.15), we follow the same argument evoking this time (2.13): this
yields (3.4) when R <1 (we omit the details).
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Next we consider the case R > 1: it is going to be enough to prove

H Z] |t amieman )|
(me )”2 (o)

meEZ

LYL . ([R/2,R))

(3.16)

L2,,(D)

We need the following

LEMMA 3.3. Assume
(3.17) 1Q,(r)| < Cr/2, r> 1.
Then for R > 1,

(Z ’ /0 ) Qu(m)e’“”gm(p)so(p)dp‘2)1/2’
meZ
A ot 12) o)

PROOF. Since p > 2, we use the Minkowski inequality and the Hausdorff-Young
one in the ¢ variable to obtain

(S| e atnmeretol) "]

5” (mzz HQV(Tp)gm(p%p(p)‘ ;/(I)) 1/2‘

(S 19n?) ot

mEeEZ

LY LG, ([R/2,R))

(3.18)

.
Lgo(D)

LY LG, ([R/2,R))

L3, ([R/2,R])

L, ()
O

We are now in position to prove (3.16). To this aim, using (2.15), we need to
prove

LYLE.([R/2,R])

(mZZ \ /O N Ju,l(m)e‘“pgm(p)w(p)dplz) 1/2‘

1/2
(3.19) (mzezgm ) (p)‘%m.
and
e » 2 1/2
H(mze:z‘/o (Ju2(rp) + Eu(rp))e tpgm(p)so(p)dp)) ‘LfLSi([R/ZR])
1 1 /
(3.20) <Rv = <Z|gm )1 i (p)’L?z,,(I)'

We prove (3.20) first. By the Sobolev embedding W'?(Q) — L52(Q) with Q =
[R/2, R], it suffices to show (3.18) with Q,(r) = J, 2(r), J, »(r), Ev(r) and E}(r).
By Proposition 2.5, we have verified (3.17) hence we can deduce (3.18). As a
consequence, we obtain (3.20).
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We next prove (3.19). For our purpose, we write the Fourier series of g,,(p) as

o 1t Lim
(3.21) gm(p) = ghe', Q%LZEA gm(p)e™" 2" dp,
J
so that
(3.22) lgm ()72, 1y = D loml*
J

Let x5(0) = x(6/0) and recall v = v(m) = |m + «f, we write

1 - —1 " irpsin 0—iv i iZT g
(3.23) o0 | ¢ t’)/ el O=Oy5(0)> " ghe 2P o(p)dpdd
0 -7

J

<Y 9 /R O (p)dpe ™" x5(0)do.
J
Let t; =t — 4, we write
1/}2/] (7,) _ /RQ e27rz'p(rsin G*tj)cp(p)dpe’i”ex,;(e)dﬂ

(3.24) :/ Q(rsind — t;)e”"0x5(0)do.

R
Since ¢ is a Schwartz function, then for any N > 0, we have
(3.25) |@(rsing — t;)| < On(1 4 |rsing —t;))~N

We consider two cases to study the properties of function z/Jt”j (r).
Case 1: |t;| > 4R. Since r < 2R < |t;| and |6] < 4, we have

1
(3.26) |rsin® —t;| > |t;| —r|sinf| > 100\ i|
and thus
(3.27) gy ()] < Csn(1+ [t ) 72N

Therefore we obtain

smeoni (S| £ e P

mEeZ 4R |t—1

L?(R;L3(R/2,R))

Applying Cauchy-Schwartz’s inequality to the above and then choosing N large
enough, we have

(3.23) <Cs.nR™ NH(ZZ 1+||gtm|2 )1/2‘
J

<8 (3 fomto]) et

me

Ly
(3.28)
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Case 2: |tj| < 4R. We get based on (3.24) and (3.25)

(/ do
{60:10|<26,|rsin0—t;|<1}

+/ (1—|—|7“sin9—tj|)_Nd9>.
{60:10|1<26,|rsin6—t;|>1}

Making the change of variables y = rsinf — t;, we further have

CN —N —1
(320) L ()| < / dy+/ A+ )N dy) <.
Y 27”“( {y:lyl<1} {ylyl>1} )

We define the set A= {j € Z: |t — 4| < 4R} for fixed t and R. Obviously, the
cardinality of A is O(R). Then, from (3.29) and (3.23), we obtain

[(Z S aero[)

v (] < 22

LYLE([R/2,R))

meZ jEA
1/2
SC(s,NR*%(ZZLGM / . dt)Q/p) /
mez t—%|<4R
1/2
=Csn B3 (Y lgm(o)35)
MmeEZ
Rt 1/2
Rvs (Zlgm ) ‘Lgpu)

and thus the proof is concluded.

4. Proof of Theorem 1.2

The proof follows the same lines as the one of Proposition 6.1 in [2]; we report
here the main steps for the sake of completeness.
As a matter of fact, the result is an immediate consequence of the following

PROPOSITION 4.1. Let ¢ € C°(R\{0}) such that ¢(z) € [0,1], that supp(p) C
[1/2,2] and that ;5 (27 IN) =1 for A > 0. Set po(N) := Z]<0 ©(27IN), let v be
a solution of (1.12) and let € be in (1.9). Then there exists a constant C' such that

o for1 <pB<1+c¢,

(4.1) 2]~ po(v/ Ha + D)ol 22 < C(llvollz + loall2)
o for1/2< B <1+e,
(42) =171 = o) (VHa + Dol a2 < C(HHA "ol + IIH UlHLz)

REMARK 4.1. Notice that these two estimates are quite natural as the solutions
to the Klein-Gordon equation behave like the Schrédinger ones for low frequencies
and like the wave ones for high frequencies.

PROOF. (of Proposition 4.1) We start with (4.1): let us denote with

f'=vo(/Ha+1)f, fr=0-go(vVHa+1))f
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(to recall that we are dealing with the low-frequency case), so that (recalling (1.13))

(eit\/HA+1 _ e—it\/HA-i-l)

!
vy.

vl:f(”*/ Aty —itVH A+)v _|_l
2 0" 9 VHi+ 1

For brevity, we limit to study the contribution from v} as the other ones follow the

same argument. We decompose the initial datum v} as

(@) = Y K (1) (6),

me”ZL

and we denote with k!, = H,kl, with v = |m + a|. Using standard functional
calculus and recalling Proposition 2.1, we can then write the following representation

VAT () = 5 em? / Ll (1) 20 (PR ()i
mGZ

Thanks to the L? unitarity of the angular term and relying on Plancherel, we
can write

e
L3212

= Z/m [/ ‘J|m+a(rp)soo(p)%(p)p‘2\/piﬁdp r

[l

1=28 gy

dp| 1_
< ZZ/ [/ ‘J|m+a|r,0) p‘so2j) ] r' = dr

meZ ;<0 P
43) < DY DY) 2YPRYHG,,(R,Y)

meZ j<0 Re2%
where

) 2R e’} - )
GMR%=A Q;AWAW%WM%%MQW

(I_lotice that in the last inequality we have rescaled the variables 277p — p and
277 — r). We can now rely on Proposition 4.2 in [25] to estimate the term G, (R, 27)
as follows:
RAmrel 19720k (29 0)p(277p)\/pll3: . RS,

P

4.4 Gm(R,2) < I .
N Rl LRI R

Therefore, we can estimate

5 < Y Sy [ ST pritimiel-g) L §™ pio2s

meZ j<O0 Re22,RL1 Re2Z, R>>1

Ik ()27 p)/plI7
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Notice that the two series in R converge if we assume % < B <14 |m+al: we thus
eventually get

2| PeVIFILL, L < ST ST 2D ()2 p)/pll2e
meZ j<0
S leﬂu%(p)\/ﬁlligp
mEZ
S lvollre

provided we further assume S > 1 (notice that we have used the fact that the
Hankel transform is an isometry on L?). The term v} can be dealt with in the exact
same way (notice that for low frequencies the factor (1+H4)~ /2
contribution), and this concludes the proof of (4.1).

The proof of (4.2) follows the same line: with analogous calculations we get to

the estimate
[ m—ﬁeitmv

does not give any

N

> Y 2R AL ()2 )Vl

meZ j<0

28-1
S HHA4 vol|Lz-

h|2
ollzzze

Noticing that the term (14 H4)~'/? contributes with a factor 277 in estimate above,
this concludes the proof of (4.2) and thus of Proposition 4.1. O
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