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Traveling waves of a generalized nonlinear Beam equation
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ABSTRACT. We consider the existence and stability of traveling waves of a
nonlinear beam equation for a general class of non-homogeneous nonlinearities.
We use variational methods to prove existence of ground state traveling wave
solutions for this class and analyze their stability. We also present a numerical
method based on the variational characterization of ground states and use it
to determine intervals of wave speeds for which ground states are stable.
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1. Introduction

Consider the nonlinear beam equation
(1.1) uge + A% — bAu + au = f(u, Du, D*u),
where f has the variational form

n

n
f(u, Du, D*u) = F,(u, Du) — Z Fuu,, (u, Du)ug, + Z Fumul7 (uy DUy, 2

i=1 j=1

for some F': RxR™ — R that is C? and satisfies F(0,0) = 0. A traveling wave with
velocity ¢ is a solution of the form u(z,t) = ¢(x — ct). Existence and stability of
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traveling waves was considered in [12] for homogeneous nonlinear terms of the form
f(u) = |u[P~1u. Recently, in [6], these results were improved upon and expanded
to include standing wave solutions. In both prior works the homogeneity of the
nonlinear term played a key role in both the existence and stability results. The
goal of this paper is to extend these results to a general class of nonhomogeneous
nonlinear terms that satisfy the conditions given in Assumption 2.2. Compared
with [12, 6], a nonlinearity containing the derivative of u makes it difficult to
show stability of the traveling waves. To overcome this problem, rather than fol-
lowing directly the classical approach laid down in [2], we will make the best of
Nehari-Pankov manifold (see [18]) to prove our expected existence result (actually,
nontrivial solutions with least possible energy) in Theorem 2.10 and then we get
the stability result (Theorem 3.6) by adapting the definition of stability with this
new variational problem. We also show, under Assumption 2.2, that the obtained
traveling waves are in H*(R") (see Theorem 2.13). To study the instability of
traveling waves of (1.1), we give a modification of the methods of Angulo-Pava [1],
which are based on those of Grillakis, Shatah and Strauss [9]. Indeed, we show by
a geometric approach (see [8]) that for each traveling wave of (1.1) there exists an
unstable direction. We note that Equation (1.1) may be written as the system

(1 2) Uy =0
: vy = —A2%u + bAu — au + f(u, Du, D*u)

and formally has the conserved quantities
1 2 b o @ o 1 o
E(u,v) = —|Aul® + = |Vul® + - |ul]* + =|v|* — F(u, Du) dz
n 2 2 2 2
Qu,v) = / vVudz

and thus the natural space in which to work is the energy space X = H?(R") x
L?(R™). We also note that the system may be written in Hamiltonian form

0 1
(1.3) wy = JE'(w), J= {_1 O} .
Well-posedness of (1.2) in X was proven for the case f(u) = |u[P~lu in [11] and

those results hold for nonlinearities that depend only on u and satisfy Assumption
2.2. Global existence for rough solutions of (1.2) with f(u) = |u|?u in H*(R"™) was
obtained in [25]. The global existence and scattering theory in the energy space
for (1.2) in the defocusing case was investigated in [21, 22]. These results were
improved in [7] by the concentration-compactness argument. Esquivel-Avila in [5]
considered (1.2) in a bounded domain with f(u, Du) = [ulPu+71 37 (g(ts,))s; and
g(s) = |s]9s £ s. He studied the dynamic behavior of problem under Neumann and
Dirichlet boundary conditions. Well-posedness for nonlinearities that also depend
on the derivatives of u is beyond the scope of this paper, so we make the following
assumption.

AsSsUMPTION 1.1. For any wy € X, there exists some 7' > 0 and a unique
solution w of (1.2) in C([0,T), X) satisfying w(0) = wo.

By stability we mean the following.
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DEFINITION 1.2. Given a subset D of X, and € > 0 we denote by
V(D) = {v € H*(R") : ||u — v| g> < € for some u € D}

the e-neighborhood of D. A subset D of X is stable with respect to (1.2) if for
every € > 0 there is some § > 0 such that for any wy € V5(D), the solution w(t) of
(1.2) with w(0) = wy exists for all ¢ > 0 and w(t) € V(D) for all ¢ > 0.

We will use the following notation throughout the paper. Set

1/2
L*(R") = {UZRHHR: lv]|zz = (/ |v|2dx> <oo}
R'n,

1/2
H?*(R™) = {U:R”%R: lul| g2 = (/ Au2+|u2d:c) <oo}
Rn

X = H*(R™) x L*(R™), X* = H*R") x L*(R")

and denote by (v1,vs) the standard inner product of vy, vy € L?(R™) and (uq,us)
the pairing of u; € H~2 with us € H2 For wy; = (uj,v;) € H 2 x L? and
wy = (ug,v2) € H? x L? we will denote by

<w17w2> = <u17u2> + <'l)1,’l)2> )
the dual pairing of H=2 x L? and H? x L?.

The paper is organized as follows. In Section 2, we prove the main existence
result, Theorem 2.10. Sections 3 and 4 contain the proofs of the main stability and
instability results, Theorem 3.6 and Theorem 4.1. Finally, in Section 5 we present
a numerical method based for computing ground states based on their variational

characterization, and apply it to determine regions of stability and instability for a
particular mixed-power nonlinear term.

2. Existence of Solitary Waves

In this section we prove that traveling wave solutions of (1.1) exist for the
class of nonlinearities that satisfy Assumption 2.2 given below. We first note that
u(z,t) = o(x — ct), with ¢ € R™, is a solution of (1.1) if and only if ¢ satisfies

(2.1) A% —bAp + (¢ V)0 +ap = f(p, Dp, D*p),
and by the variational form of the nonlinear term, ¢ must be a critical point of
1 b 1
S(u) = / §(Au)2 + §|Vu\2 - 5(0 SVu)? + gu2 — F(u, Du)dz

in H2(R"). Equivalently, w(z,t) = ®(z — ct) is a solution of (1.2) if and only if
O = (¢, —c- V) and ¢ satisfies (2.1). By (1.3) this implies E'(®) +c¢- Q'(P) =0
and thus & must be a critical point in X of the action functional Sx : X — R
defined by

(2.2) Sx(w) = E(w) + ¢ Q(w).

It is useful to note that the functionals Sx and S satisfy the relation
(2.3) Sx(u,v) = S(u) + q(u,v)

where

(2.4) q(u,v) = %/ |v+c- Vu|? dz,
Rﬂ.
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for all (u,v) € X. The set of critical points of Sx in X is isomorphic to the set of
critical points of S in H?(R™).

LEMMA 2.1. @ = (p,%) € X is a critical point of Sx if and only if ¢ € H*(R")
is a critical point of S and Y = —c- V.

PROOF. First suppose @ is a critical point of Sx. Then since

(¢ (w1), w2) = / (v1 + ¢ Vug)(vg + ¢- Vug) da

n

for any wy,ws € X, we have
0= (S%(®), (0,9 +c- Vo)) = / [+ c- V| de,
R’H,

so 1 = —c¢- V. Thus ¢/(®) = 0, and (S'(¢),u) = (5% (®) — ¢'(®),w) = 0 for any
w = (u,v) € X, so ¢ is a critical point of S. Conversely, if ¢ € H? is a critical
point of S, then ® = (¢, —c- V) € X satisfies ¢(®) = 0 and thus ¢/(®) = 0. Hence
(S% (@), w) = (S"(¢),u) + (¢'(®), w) = 0 for any w = (u,v) € X and thus @ is a
critical point of Sx. O

Next observe that any critical point ® of Sx satisfies Px (®) = 0, where
(2.5) Px(w) = (S (w), w)
and any critical point ¢ of S in H?(R™) must satisfy P(u) = 0, where

P(u) = (5" (u),u) = / |Au)? +b|Vul|* — |¢- Vul? + au® — uf(u, Du, D*u) dz.
R'Il

Thus it is natural to look for solutions of (2.1) in the Nehari manifold
N ={uec H*R"):u#0,P(u) =0}

We will prove existence of solutions of (2.1) by showing that there exist minimizers
of S on N under the assumptions on f given below. The functionals S and P may
be expressed as S(u) = I(u) — K (u) and P(u) = 2I(u) — N(u), where

1
I =5 [ (@0 +TuP ~ - Vul + i dr

K(u) = . F(u, Du) da

N(u) :/ wf(u, Du, D*u) dx
We first note that the functional I is coercive over H?(R") provided a > 0 and

)
b > |c|* — 2y/a, and under these conditions we have I(u) > C(a,b, c)||u||§12(Rn),
where

da—(b—|c[*)* |2 —2va < b < |cf?,
(2.6) C(a,b,c) =< 4ati+y/(a=1)2+(b—[c?)?) -
min{1, a} b> %

The relationship between the functionals K and N is central to the analysis. In
the case that f is homogeneous of degree p, one has N(u) = (p + 1)K (u). Our
assumptions on f given below imply that IV is bounded below by a multiple of K.

ASSUMPTION 2.2. We assume F(w) = F(u,v) is a real valued C? function on
R x R™ such that F'(0) = 0 and the following conditions hold.



TRAVELING WAVES OF A GENERALIZED NONLINEAR BEAM EQUATION 95

(a) There exist C' > 0 and 1 < py < g, 1 <k < 6 such that
| Fuu(u,0)] < O(Juf = 4 |71 4 o2~ o271
| Fo, (u,0)] < C(JuP2™ + |u|® ™t 4 |oPa 4 u|%1) for 1 <i<n
| Foo; (u,0)] < O(lufPo ™ Ju| =70 4 o=t 4 [o]%71) for 1 < 4,5 <mn,

where ¢1 < ZJri, q3 < ZJri and g5 < -5 whenn > 4, and ¢o < min{3::22, Z—J_rg},
Q4 <min{%,2—f;‘} and gg < ”*2 when n > 2.

(b) There exists » > 1 such that w - VG( ) > (r+1)G(w) for all w € R*!| where
G(w) =w- VF(w).
(¢) There exists u € H?(R™) such that [;, F(u, Du)dz > 0.
REMARK 2.3. Part (a) guarantees that the functionals K and N are bounded
by a sum of powers of the H?-norm. Part (b) is a generalization of the classical
Abrosetti-Rabinowitz condition.

Examples. In addition to homogeneous nonlinear terms, the following nonlinear-
ities satisfy Assumption 2.2.

(a) F(u)=[u[P™" + |u|?"! where 1 < p < gand ¢ < 2] if n > 4.

(b) F(Du) = |Du|P* + |Du|7™, where 1 < p < ¢ and q < MZfp > 2,

!
(¢) More generally, F(u, Du) = Z || 4 Z |Du|% %!, where a; > 1, 8; > 1,
i=1 j=1
o < M2 ifn >4 and B; < 22 if n > 2.
(d) F(u) = |u|9*? — |uPT! where 1 <p < ¢ and ¢ < 2E] if n > 4.
(e) F(u) = |u|?™" — |Duf[P™! where 1 < p < ¢, ¢ < 22 if n > 2 and ¢ < 24} if
n > 4.
LEMMA 2.4. Suppose w - VG(w) > (r + 1)G(w) for all w € R where
G(w) =w-VF(w). Then
(a) G(w) > (r+1)F(w) for all w € R**1,
(b) For any w € R"™ | G(aw) > o™ G(w) for all a > 1 and G(aw) < o™ T1G(w)
for all a < 1.
(¢c) For any w € R" ™ F(aw) > o™ F(w) for all a > 1 and F(aw) < o™ F(w)
foralla < 1.
(d) N(u) > (r+1)K(u) for all u € H*>(R").
(e) (N'(u),u) > (r+1)N(u) for all u € H*(R").
PROOF. Fix w € R"*! and let h(s) = G(sw) — (r + 1)F(sw). Then h(0) =
and
h'(s) = w-VG(sw) — (r + 1w - VF(sw)
=5 (sw- VG (sw) — (r +1)G(sw)) > 0

for all s > 0, and thus h(s) > 0 for all s > 0, which proves part (a).
Next set h(s) = G(sw). Then

B'(s) = w-VG(sw) > s~ (r+ 1)G(sw) = (r + 1)s ™ h(s)

for all s > 0. This implies (s~ *Yh(s))’ > 0 for all s > 0, so integrating from
s=1tos=a gives a” "TDh(a) > h(1), and thus G(aw) > o" G (w), for a > 1.
Likewise, integrating from a to 1 gives G(aw) < o"T1G(w), for 0 < a < 1.
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Finally, setting h(s) = F(sw), we have h/(s) = w - VF(sw) = s 1G(sw), so by
part (a), h'(s) > s~ 1(r + 1)h(s), and part (c) follows in the same way as part (b).
By the relation between f and F, we have

N(u) = G(w) dz,

Rn

(N (u),u) =/ w - VG(w) dz.

n

Thus part (d) follows immediately from part (a) and part (e) follows from Assump-
tion 2.2(b). O

LEMMA 2.5. If F satisfies Assumption 2.2, then there exists C' > 0 such that
K ()] < Cllull" + [lullh),
1 1
IN(u)] < C(llulls" + llull3sh),
(N (u),u) | < O(lfull " + ullfh)
for all u € H?(R™), where p=min{p; : 1 <i <6} and ¢ = max{g; : 1 <i < 6}.
PROOF. By the relation between f and F', we have
N(u) = . G(w) dex,

(N'(u),u) = / w- VG(w)dz,

where G(w) = w - VF(w) and w = (u, Du). Define
M) = [Pl ol + aPlol !+ o] + Jul o
+Jul[ofP* + Jul[o]® + [ulP>Hol? + Jul 7 Hof? oot ol et
We claim there exists a constant C' > 0 such that |G(w)| < CM(w), |F(w)| <
CM(w) and |w - VG(w)| < CM(w) for all w € R"". Fix w = (u,v) € R*!

and set g(s) = Fy,(su,sv). Then ¢'(s) = uFy,(su,sv) + Y i v;Fyp, (su,sv) so
integrating from 0 to 1 and using the assumption we have
(2.7) [Fu(u,0)| S Jul™ + Jul ™ + [ul [0~ + Jul[o] =70 + [ufP*~ o]

| Rl o+ ol + o]

Likewise, for g(s) = F,, (su, sv) we have g'(s) = uF ., (su, s0)+> 1, viFy0, (su, sv)
S0
(28) | Foy (u,0)| S JufP + Jul® + Jul[oP =+ [ o]~ JulP>~ o]

‘ + [l ol + [of7e + o]

for 1 < j < n. For g(s) = F(su, sv) we have ¢/(s) = uF,(su, sv)+> ., v;Fy, (su, sv)
o
[F(w)] < a5+ Jul 0+ Jul o270 4 fuf*o]® ™ 4 fulP? o] + ful® o]
S ullof? ol + s~ of? 4+ = of? 4 oo o+

= CM(w).
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Since G(w) = uF,(u,v) + X7 viF,,(u,v), it follows from (2.7) and (2.8) that
|G(w)] < CM(w). Finally, since

w- VG (w) = G(u,v) + u? Fyuy (u, v) + Z 2uv; By, (u,v) + Z ;0 Fy,0; (U, )

i=1 j=1

IN

it follows from the assumptions on F and the bound on G that |w - VG(w)]
CM (u,v).

Next let u € H*(R™). By the Sobolev embeddings, we have [p, [u|"t1d2 <
Cllull3fs' for any r > 1 provided r < 21 when n > 4, and [, [Du['T'dz <
C|lu||3E" for any r > 1 such that r < "+2 When n > 2.

If n <2 then ||Du|p~ < C||uHH2, 80 [ u?[Dul""tda < Cllul;E . I n > 2,

thenm > 2 for r > 1 and when n > 4 we also have r — 1 < an and
3n— n+6

W < % provided r < min{ o 2 B 2} so by Holder’s inequality,

(r=1)(n-2) (r=1)(n-2)
2n

1= 2n
/ w?|Dul" "1 dz < </ |u|2w—(rfl><n—2)dm> (/ |Du| % >

< Olfulfpelulfz" = Clullis'

In the case n < 4, we have ||u|| g2 < C|ju| g2 for any 7 > 1 and thus

[ 1Dulds <l | Dules < Clall

VVhe1r1n>4aLnd1<7"<ZJr2 Wehaveelther1<r§1+gor1+%<r<Z—i‘i.
fl1<r<1+3, 'n,27SO

B 2
/ [ul"[Dul dz < (/ |u|? dx) (/ k= dx)
R™ n R

< Cllu

Wh11e1f1+ <7°<"+2 then 2 < 2’” <— SO

n27+2 nT—2
/ |u|"|Du| dz < (/ M=z d:17> </ | Du| 2 dx)
R R

< Cllullfy: lullzz = Clullys"

2 lull 72 = Cllull 5"

By similar reasoning it follows that

[l ds < Clpul
provided r > 1 and r < min{%, Z—i‘é} when n > 2, and

[l D de < il

provided r > 1 and r < "5 when n > 4. By the assumptions on p; and g, it
therefore follows that

M(u, Du)dz < CZ lallfi "+ lull ™ < ClulB! + Jlullhs’)
R i=1
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for any u € H*(R"). O

We now return to the problem of minimizing S on A/. We first show that any
minimizer is in fact a solution of (2.1).
Since P(u) = 0 for any u € N, minimizing S on A is equivalent to minimizing

1
S3(a) = S() — 5 P(w)
on N for any X € R, and we define
(2.9) m =mg = inf{S(u) : w € N} = inf{Sy(u) : uw € N'}.

Two choices of A\ are of particular interest, A = » and A = 1. We have from Lemma

2.4 that 1 1
r—
Sy(u) = I
(u) r+1(u)+r+1

is nonnegative for all u € H?(R"), while

N(u) — K(u)

1
Si(u) = §N(u) — K(u)
is independent of c.

LEMMA 2.6. If u € H?(R™) satisfies S(u) = m and P(u) = 0, then u is a weak
solution of (2.1).

PROOF. By the Lagrange multiplier theorem, S’(u) = pP’(u) for some p € R.
Thus 0 = P(u) = (S'(u),u) = p (P’ (u),u). By Lemma 2.4,

(P (), u) = AT(u) — (N"(w), w) < AT(w) — (r + )N () = 2(1 — 1) T(w) < 0
so =0 and thus S’(u) = 0. O

We will now apply the concentrated-compactness method to minimizing se-
quences for the operator S,.. To do so, we consider the family of minimization
problems

me = inf{S,(u) : u € N}, Ny ={ue H*(R") :u #0,P(u) = o}.

LEMMA 2.7. Let u € H?(R™) be such that N(u) > 0.

(a) For each o <0, there exists a unique o > 0 such that P(au) = o.
(b) S(ou) attains its maximum for o > 0 when P(au) = 0.

PROOF. Set g(a) = a™2P(au) = 2I(u)—a"2N(au). Since N(au) < o" 1N (u)
for 0 < a < 1, g(a) > 0 for small @ > 0 and since N(au) > o" "N (u) for a > 1,
g(a) < o for large a, and thus g(a) = o for some o > 0. Since I(u) > 0, it follows
that for any a > 0 such that P(au) < 0 we have N(au) > 0 and thus

(N'(au), au) — 2N (o) - (r—1)N(au)

g'(a)=— 3 <

< 0.
o Io%:

Thus g is strictly decreasing when g(«) < 0. Hence there is at most one o > 0 for
which P(au) = o.

Next let h(a) = S(au). Part (b) then follows since h'(a) = (P'(ou),u) =
a"'P(au) = ag(a). O

LEMMA 2.8. Suppose a > 0 and b > |c|?> — 2\/a. There exists oo > 0 such that
N is nonempty for any o < o9. For o < 0, N, is bounded away from zero in

H?(R"™) independent of .
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PROOF. By Assumption 2.2 and Lemma 2.4, there exists some u € H?(R")
such that N(u) > 0, and thus by Lemma 2.7, N, is nonempty for any o < 0. For
g(a) as in the proof of Lemma 2.7 we have g(a) > 0 for small @ > 0, so N, is
nonempty for small o > 0.

For u € N, with o < 0 we have by Lemma 2.5 that

0> 0= P(u) > 2C(a, b, c)llullF — O(lulls" + llull32")
for some C' > 0, where C(a, b, c) is given by (2.6). Since u # 0, we have
lullf’ + lullhs" = 2C71C(a, b, )
and thus ||u||g2 > € for some ¢y > 0. O

The following lemma establishes the strict subadditivity condition m, +m_, >
mg needed to apply the concentrated-compactness method.

LEMMA 2.9. Suppose F satisfies Assumption 2.2, a > 0 and b > |c|?> — 2/a.
Then
(a) my >0 for any o for which N, is nonempty.
(b) my >0 for all o <0.
(c) my is strictly decreasing for o < 0.

PROOF. Suppose u € N, for some o. By part (d) of Lemma 2.4 ﬁN(u) -
K(u) > 0, so Sp(u) > :;%I(u) > 0 and thus m, > 0. For o < 0, since N,
is bounded away from zero, we have ||u||gz > Co > 0 for all u € N, and thus

me > Sp(u) > 1 (;H) C(a,b,c)C3 > 0. This proves (a) and (b).

Next suppose 01 < 03 < 0 and write N, = NTUN ™, where N = N, N{u €
H?(R™) : Sp(u) > 2my, } and N= =N, N{u € H*(R") : S.(u) < 2my, }. N is
empty, then m,, > 2m,, > m,,. Otherwise, notice that N~ is bounded in H?(R"™)
since S, is coercive. For u € N7, setting g(a) = P(au) we have g(1) = o1 and
since N(u) > 0, Lemma 2.7 implies that there exists a unique a(u) < 1 such that
P(a(u)u) = o3. Since ¢'(a) = 2al(u) — o=t (N'(au), au), it follows from Lemma
2.5 that there exists some C7 > 0 independent of u such that |¢'(«)| < C; for all
o < 1. Hence 03 — 01 = g(a(u)) — g(1) < Co(1 — a(u)), so afu) <1 — 2222 = ag
for all u € N'~. Next for h(a) = S, (au) we have

K(a) = 2a (:11) I(u)+ <N’(au),az>;f;a+ 1)N(au)

>2a7! (T -1 I(au)

(u) < « we have by Lemma 2.8 that

r+1
for any « > 0. Since P(au) < 0 for <1,
)>2(T+1) c)ed = Cp > 0 for a(u) < a < 1.

HO‘UHH2 > €9 and thus h'
Thus

Sr(u) = Sp(a(w) = k(1) = h(e(u)) = Ci(1 = a(u)) = C1(1 - ao)
50 Sp(u) > mgy, + C1(1 — ag) for any v € N'~. This implies that
Mg, > min{mg, + C1(1 — o), 2mey, } > My,

S0 My is strictly decreasing for o < 0. (]
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THEOREM 2.10. Suppose F satisfies Assumption 2.2, a > 0 and b > |c|* —2+/a.
Let {uy} be a sequence in H?(R™) such that P(u) — 0 and S(u) — m. Then
there exists a subsequence (renamed {uy}), a sequence {yi} in R™ and ¢ € H?(R™)
such that uy (- — yi) — o strongly in H*(R™). Moreover, S(¢) = m and P(p) = 0,
so u is a minimizer of S on N.

PROOF. Since S, (ux) > 1 (:;i) C(a,b, c)||uk|/%2, the sequence {uy} is bounded

in H?. Since S, (u) < O(||lullp + |Jul/%5" + [|ul|%5T) and m > 0, [lug| g2 is bounded
below. Thus if we set pr = |Aug|? + |ug|?, then there exists some L > 0 and a sub-
sequence such that [, px dz — L, and be rescaling we may assume [, pp dz = L
for all k. By the concentrated compactness lemma there are three possibilities:
Vanishing. For every R > 0,

(2.10) lim sup / prder =0
oo yern Jja—y|<R

Dichotomy. There exists ¢ € (0, L) such that for any € > 0 there exist R, R —
o0,y € R™ and kg so that

/ pkdx—€‘<e and / prdr| <€
lz—yr|<R R<|ez—yk|<Rk
for k > ko.

Compactness. There exist y, € R™ such that for any e > 0 there exists R(e) so that

for all &,
/ pkde/pkdx—e.
|z—yi|<R(e) R

By Lemma 1.1 in [14], vanishing would imply Vu; — 0 in L™ (R") for all
1 <7< 22 and uy — 0in L' (R") for all 1 < r < 22, This implies that
K (ug), N(ur) — 0 ask — oo and therefore since P(uy) — 0 as k — oo, it follows
that I(uy) — 0 as k — oo, which contradicts the fact that ||ug| g2 is bounded below
by a positive constant. Hence vanishing cannot occur.

Next, dichotomy would imply there exist sequences {u}} and {uj} such that

Jim T(ur) = (T(uy) + 1(u)) =0,
lim K (ux) — (K (uy) + K (u})) = 0,

k—o00

lim N(ur) — (N(ug) + N(ui)) =0,

k—o0

(2.11)

and therefore
Jim P(ug) — (P(uy) + P(ug)) =0,
—00
Jim S, (uk) = (S (up) + Sp(uf)) = 0.
— 00

For some further subsequence, the limits of I, K and N evaluated at uj, uj and
uy, exist, so we may set o1 = limy P(ui) and oo = limy, P(ui) Then o1 + 09 = 0,
and either o7 # 0 or o1 = 0.

Case 1: o1 # 0. Without loss of generality, suppose o1 < 0. Then for all sufficiently
large k, we have P(uy) < $01 and therefore S, (uj}) > mi,,. Since Sp(u2) > 0 for
all k£, we then have by Lemma 2.9 that

m = lim S.(ux) = lim S,(u})+ S, (ui) > mi, >mg=m;
k— o0 k— o0 2
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which is a contradiction.

Case 2: 01 = 0. By coercivity of I, dichotomy implies that I; = limy I(u}) > 0 and
I, = limy, I(ui) > 0, and thus limy, N(u,lg) =21 > 0 and limy, N(uz) =2I, >0, so
1
given € > 0 there exists kg such that 25\(7?7’;1)) (1+€)7 " and 2}\?(%3) (1+¢)1

k
for k > ko. By the assumptions on f and the boundedness of {u}} in H*(R") there
exists a constant C' > 0 such that

K (uy,) — K (auy)| < Cla—1)
[N (uy,) = N(oup)| < Cla—1)
for any k and o > 1. If P(u})
P(au)) < 20%I(u}) — o™ N (u})

> 0, then since

1
k
T

for a > 1, it follows that P(au;) = 0 for some o < (

inequalities above imply

é ))) . For this «, the

1
mN(auk) — K(auy,)

=5 uh) + (o = 1) (T ) T + g (¥ )

= N(up)) + K (up) — K (auy)
< 5, (ub) + Crla— 1)
< Sp(up) + Cre
for some constant Cy. Hence S,.(u},) > mg — Cye. On the other hand, if P(u}) <0,
then S, (uj) > my, so in either case we have S,(u}) > mg — Cie. Since the same
inequality holds for S, (u}), we have S, (ui.) + S, (u3) > 2mg — 2Cye for all k > ko,
s0

my = kliﬁrg(} S(uy) = kllngo Sy(ug) = lerr;O S, (up) + Sp(ui) > 2mg — 2C1e.

Since this holds for any ¢ > 0, we obtain mg > 2myg, a contradiction. Thus
dichotomy does not occur.

Since the sequence {p} is compact, it follows that there exists a sequence
{yr} in R™ and some ¢ € H?(R") such that vy(z) = ui(z — yx) converges to ¢
weakly in H2(R") and strongly in Lj'(R") for 1 < r < 242 and in Wﬁ)ZH(R”)

for 1 < r < 22 By a standard argument, compactness then implies strong
n—2 y g

convergence in L"H(R") for 1 < r < 24} and in WHHH(R") for 1 < r < 242,
Thus by the assumptions on f and the translation invariance of the functlonals K
and N, limy K (ug) = limy K(vg) = K(¢) and limy N(ug) = limg N(vg) = N(p).
The weak lower semicontinuity of I implies that

S(p) + K(p) =1I(p) < likrginfl(uk) = 1ikn_1)inf S(uk) + K(ug) =mo + K(p)
and

P(p) + N(p) =2I(p)
< likrgiorgf 21 (uyg)

= likm inf P(ug) + N(ux) = N(p),
—00
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s0 S(p) < mg and P(p) < 0. On the other hand, since

5:)+ K(o) = (157 ) 160+ 7 Vo)

< liminf (T -
k—oc0 r+

1 1
I —N
1) (uk) + 1 (uk)
= liminf S, (ug) + K (uy)
k—o00
= lim S,(ug) + K(ur) = mo + K(p)
k—o00
<mo + K(p),
we have S,.(p) < m, for all ¢ < 0, and thus we cannot have P(¢) = o for any o < 0
since this would imply m, < S,.(¢) < ms, a contradiction. Thus P(¢) = 0, and

it then follows that S(¢) = mg. Hence ¢ achieves the minimum mg. Furthermore,
since limy S(vx) = mo = S(p), we have

Jm I(vg) = lim S(o) + K (ve) = S(p) + K(p) = I(e)

so together with the fact that vy, — ¢ weakly in H2(R"), it follows that I(vy —¢) —
0, and thus since I is coercive, vy — ¢ strongly in H?(R™). O

By Lemma 2.6, the minimizer ¢ in Theorem 2.10 is a weak solution of (2.1)
and therefore minimizes S among all nontrivial solutions. We call such a solution
a ground state. The set of all ground state solutions is denoted G and we have

G={peH?*: p#0,5(p) =0,5(p) < S(u) for all u € H*(R™)
such that u # 0 and S’ (u) = 0}
={p € H*(R") : S(p) = m, P(p) = 0}.

Since m,, is strictly decreasing for o < 0, it also follows that ¢ minimizes S, among
all nonzero u such that P(u) < 0. That is,

(2.12) m = S(¢) = S.(p) = inf{S,(u) : u € H*(R"),u # 0, P(u) < 0}
for any ¢ € G.
If we define
G ={0=(p,~cVyp):peg}

to be the set of ground state pairs in X, then we have the following variational
characterization of ¢.

LEMMA 2.11. ® € ¢ if and only if Sx(®) = inf{Sx(w) : w € X,w #
0, Px(w) = 0}.

PrROOF. We first recall that Sy (u,v) = S(u) + q(u,v) and also note that
Px (u,v) = P(u)+2q(u,v), where ¢ is defined by (2.4). Suppose ® = (¢, —c- V) €
%, and suppose w = (u,v) # 0 satisfies Px(w) = 0. Then u # 0, P(u) < 0, and
thus

1
A

< S(u) — %P(u) = S(u) + q(u,v) = Sx(w).

Sx(®) = Sp(p) < Sr(u) = S(u) -
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Conversely, suppose ¢ =
Px(w) = 0. Then S% ()
But

(Px (@), @) = 41(p) +4q(p,¥) — (N'(¢), ) = 2N (p) — (N'(¢), ) < (1 = 7)N(p)

and since N () = 2I(p)+2q(¢p, 1) > 0 this implies (P4 (®), ®) < 0 and thus p = 0.
Hence S% (®) = 0, which implies

(p, 1) minimizes Sx over all nonzero w € X such that
= uPX( ) for some p € R, s0 0 = Px(®) = p (P4 (P), ).

0= (Sip.0), 0.0+ Vo) = [ [wte VP da

and thus ) = —c¢- V. Thus ¢ is nonzero and ¢(®) = 0, so P(p) = 0. Now suppose
u € H*(R") is nonzero and P(u) = 0. Then w = (u, —c - Vu) satisfies Px(w) = 0,
SO

S(p) = Sx (@) < Sx(w) = S(u);
and thereby ¢ minimizes S over all such u and is therefore in G, which implies
becy. O

In the case that F(u) = |u[P*! with 1 < p < 21 existence of traveling waves
was proven in [11] by showing that there exist minimizers of I(u) subject to the
constraint K (u) = 1 and then using homogeneity to scale away the Lagrange multi-
plier. The same method proves existence for any F'(u, Du) that is homogeneous of
degree p + 1, where 1 < p < ”—H if F' depends on Du, and there exist u € H?(R")
such that K ( ) > 0. By homogenelty7 minimizers achieve the minimum

1

m* = inf L)Q cu € H*(R™), K(u) >0 .

If we denote by G* the set of all such minimizers, then we have the following.
THEOREM 2.12. For |c|? < b+ 2v/a, m* =m and G* = G.

PrOOF. By homogeneity of F', N(u) = (p+ 1)K (u), and thus P(u) = 2I(u) —
(p+ 1)K (u) for all u € H*(R™).

First suppose u € G, and let v € H?(R") satisfy K(v) > 0. Then by Lemma
2.4 N(v) >0 and

P(aw) = 20°1(v) — o' N(v) =0
when aP~1 = N ) . Thus S(u) < S(aw) by definition of G. Since P( ) = P(av) =
0, we have I(u) = AN(u) = ZHK(u) = P+1S( ) and I(av) = Z2S(av). This
implies
Iw) bl et _pEL( 2 g NI
K)mt 2 B 2 <p15( ))
pHl( 2 o NF_ Iav) 1)
: 2 <p_1S( )) K(av)% K(v)ﬁ

and thus v € G*.
Next suppose u € G*. Then since 2I(u) = (p + 1)K (u), we have P(u) = 0 and

S(u) = ZJJI( u) = 21 K (u). Now let v be any nonzero element of H2(R) such that
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P(v) =0. Then S(v) = z%[(v) = 221K (v) and

$0
S() > Lo BT ) SWTT g
P+ 1K (u)r+t S(u)#
and it follows that S(v) > S(u), and thus u € G. O

THEOREM 2.13. Suppose p € H*(R™) is a solution of (2.1). Then ¢ € H*(R™).

PROOF. Set g = f(p, Dy, D?p), and note that equation (2.1) may be written
Ly = g where L = A% + (¢- V)2 + Id. Since L™ maps H*(R") into H*T*(R")
for any s € R, if g € H*(R"), then v € H***(R™). Thus it suffices to show that
g € L*(R™). We will make use of the embedding H*(R") C L"(R") for 2 < r < 22—
and 0 < 5 < n/2 and the dual embeddings L"(R") C H*(R") for —§ <s < 4§ — 2
and 1 <r <2.

By Assumption 2.2 and (2.7), we have

lgl S lelP* + 1]™ + @l DplP2 71 + ][ Dep] 271 + o]~ Dep
+ 1@l %Dl + | Dep|P* + [ Dl + |o|P> 1 [D* | + || ® | D%l
+ [Dp|Pe = D?p| + | Dg| D).
We will denote

g1 = |l + ||, g2 = || (|Dep|P*~" + [ Dp| 71
gs = (lelP*~! + |o|=71) [Dyl, ga = |De|P* + |Dyp| ™,
g5 = (|o[P" " + |@|® 1) | D¢, g6 = (|Dg|P ™" + |D|®~1) [ D3¢l

Case 1: n = 1. In this case, p € WH*(R) and thus g € L*(R).

Case 2: n = 2. In this case, ¢ € L°(R?) and Dy € L4(R?) for 2 < q < 00, 50 g1
through gs are in L*(R?), and g5 € L"(R?) for max{1, >} <r < 2. In particular,
there is some 1 < r < 2 such that gs € L"(R?), and thus g5 € H*(R?) for s = 1— 2,
Since s < 0, we therefore have g € H*(R?) and ¢ € H*t*(R?). Since s > —1 this
implies p € H3(R?), so Dy € L>=(R?), and thus g € L*(R?).

Case 3: n = 3. In this case we write g = F, (¢, Dp) — Z?:l(Fvi(ap,Dgo))zi and
note that by (2.7) and (2.8) we have

|Fu(p, Dp)| S g1+ 92 + g3 + 94,

|y, (0, D) S §3 + Ga + G5 + Je,
where g3 = || + |, g1 = |o||Dp|P* ™ + ||| Dp|“ ™, G5 = |P* Dol +
lp|?~ | Dy| and gg = |De|Ps + [De|%. Since ¢ € L>=(R?), g1, g3, g3 and g5 are in
L2(R?).

We proceed inductively, supposing that ¢ € H*(R?) for s > 2. Since ¢ €

L>®(R3), g1, g3, g3 and §5 are in L?(R3). Since |Dyp| € L"(R?) for 2 < r < %7
it follows that

2
o||Dp|! € L"(R3) if max{l,}ﬁrﬁ
(ellDel? € Lr(®?) - i

6
3-2(s—1))
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forl<q<ﬁ5_1)+1,and

2 6
Do|? € L"(R?) if max{l,} <r<——m2=m7 7 — —
Del? & L7 (R) 7 4B 26— D)
for 1< q < m
We use the first of these inclusions to consider go. If s > 1+ % — m

6 6 :
then 5517 2 m e e ) = 2 and thus g2 € L?(R3). Otherwise
1y < 2 and thus ||| Dp|221 €

[oll Dl € L7 (RY), where r2 = 55y
H'(R3), where tp = 3 — E 13— (g2 — 1)(3—2(s — 1))) < 0. Since ps < go, it

follows that |¢||Dy|P2~! € H' (R3) as well. Thus go € H*(®)(R3), where

3 _ 5(g2—1) 3 3
tg(s):{ (q2_1)8+§_ 22 S<1+§—2(q2371)

3
0 R R )
: 3 6 6
We now consider g4. If s > 1+ 5 — ﬁ’ then PiB—2G=1)) > 7G2G=1) > 2,50
ga € L*(R3). Otherwise |D<,0|q4 6 L (R3), where ry = m < 2 and thus
|Dy|% € H'(R") withty = 32— 2 = 1(3—q4(3—2(s—1))) < 0. Since 1 < py < qu,

7"4

it follows that |Dy|P+ € H's (R3) as well, so g4 € H"()(R?), where

3_5 3_ .3
t4(8): Q4S+§—% S<1+g_@
0 s2>2145—5-
It then follows that F, (¢, Do) € H**)(R?), where t(s) = min{ta(s), ta(s)}-
By the same reasoning as above, it follows that g, € H*()(R?), where

3 _ 5(ga—1) 3
~ {(q41)8+2q42 S<1+§*

3
t — 2(qa—1)
4(s) 0 s>143— 2

2(ga—1)

and g € H()(R3), where

o aes+E - s<14+8 -2
() =1 ¢ s>143_ 4 o
= 2

and thus (F,, (¢, Dp))., € H'®)(R3), where £(s) = min{f,(s),fs(s)} —1. Altogether
this implies ¢ € Hh(s)(]R3) whenever ¢ € H*(R?), where h(s) = 4+min{t(s),#(s)}.
Since 1 < go < 7,1 < qq <6and 1< gs <5, it follows that the iteration spy; =
h(sy) with sg = 2 converges to 3 in finitely many steps. Therefore p € H3(R?). It
then follows that o € W1H°(R3), so g € L?(R?).

Case 4: n > 4. We proceed inductively by supposing ¢ € H*(R"™) for some s > 2.
First suppose s < n/2. Then since |¢| € L"(R") for all 2 < r <
and for 2 < r < oo when s = n/2, |Dp| € L™(R™) for 2 < r < 27") and

n—2(s—1
|D%p| € L"(R™) for 2 <r < it follows in the case s < n/2 that

n— 2(5 2)7

2 2n
pl? e L"(R™ ifmax{l,}grg
|l (R") . 2 —25)

forl<g<

n— 25’

2 2n
o||Dp|?t € L"(R™) if max{l,} <r<
Plbelt e L 7 a2 1) 2
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2(n+1
f0r1<q<#57)1),
2 2n
=Dyl e L"(R") if LoV<pe 20
(A D] € L7 () if max 1, = <€ o
for1<q<2(n i)
2 2n
=11 pD2%y| e L™ (R™ ifmax{l,}<r<
[6l171D%0] € L (R") ST ey

for 1 <g< ( , and while the case s = n/2,

2
lpl? € L"(R™) if max{l, } <r<oo
q
for 1 < ¢ < co. We first consider gl If s = 3, then clearly g; € L2(R™). If
§>82>5 - ﬁ’ then o (n 28) > q1(n 55y > 2 and thus g; € L?(R™). Otherwise
||t € L™ (R™), where r; = m, and thus [p|? € H'*(R") with t; = § — .
Hence, since p; < qi, |¢[P* € H(R") as well, and thus g; € H*(9)(R"), where
1 1
tl(s) = { s T fn N §nQI §<

_n
2q1
0 5> o

O[3 )3

2q1
We next consider go. If g >s>1+ % — ’;‘;2, then
2n - 2n > 9
pan—2(s—1))—2 7 @a(n—2(s—1))—2 —
and thus go € L?(R™). Otherwise |¢||Dp|?2~! € L™ (R"), where
2n
g2(n—2(s—1)) —
so |p||Dp|2~t € H'(R™), where t; = % — 7= Since p2 < ga, |p||De[P2~ le
H'*(R") and thus g, € H()(R"™), where
R B O
0 s>1+5— .

ro =

It follows similarly that g; € H*()(R"), where

t3(8)={q3 2 2 2 2q3

—2

0 szg—g%
s+t o 5= o
t4(s):{g4 +3 2 >1+ 20
S +*_E

§—24+n_ @B g n_ n-d
t5(5):{g5 2 2 >72; 20

8—572(]5

0 2qe
Thus g € H*®)(R") with ¢(s) = min{t;(s) : 1 <i < 6} and ¢ € H"®)(R"), where
h(s) = t(s) + 4, provided 2 < s < . It is easily verified using the assumptions on
p; and g; that the sequence defined by sgp = 2 and sgy1 = h(sy) is increasing and
converges to 4 in finitely many steps. If n > 8, we have s, < 7 for all £ and the
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iteration terminates with ¢ € H*(R"). If 4 < n < 7, the iteration terminates with
either ¢ € H*(R™), or ¢ € H*(R™) for some s < 4 such that s > 2. If s > 1+ 2,
then ¢ € W1 (R") and thus g € L?(R"). So it remains to consider the case
p € H*(R™), where § < s <1+ % and 4 < n < 7. In this case ¢ € L>(R") and
it follows that g;, g3 and g5 are in L?(R"). Since Dy € L"(R") for 2 < r < oo if

5:1—|—gandfor2§r§%ifs<1+g,wehave

2 2n
Dyl e L"(R" ifmax{l,}<r<
Pl e L =S 26-1)

for1§q<%+lifs<l+%,and

2
(ol D" € L (R") if max{l, } e
q
for 1 < ¢ <ooifs=1+%. It then follows that g» € H'2(*)(R"), where

. n
2(q2—1)
n

T 2(q2—1)

and g, € H“4®)(R") and gs € H'()(R™), where t4 and tg are as above. Thus

¢ € H"*)(R") provided ¢ € H*(R") for some % < s < 1+ 2, where h(s) =

min{ta(s), t4(s),ts(s)} + 4. Again the assumptions on p; and ¢; imply that the
sequence Sop = 2, Sp+1 = h(sp) converges to 4 in finitely many steps. Thus the
iteration terminates with ¢ € H*(R™) or ¢ € H*(R™) for some s > 1 + %, which
implies g € L?(R") and thus ¢ € H*(R"). O

ISIRANTE

0 s>1+

3. Stability

In this section we prove the main stability result. The proof makes use of
arguments similar to those in [12], with modifications to account for the difference
in variational characterization of the set of ground states. For the remainder of this
section, we make explicit the dependence on the wave velocity ¢ by writing G(c),
Y(c), I(u;c), S(u;c), Sp(u;c), P(u;c), Sx(w;c) and Px (w;c).

We now define

(3.1) d(c) = Sx(®;0) = E(@®) + ¢ QD)
for ® € ¥(c) and observe that

d(c) = S(p;c) =m = inf{S(u;c) : u € H*(R™),u # 0, P(u;c) = 0}
so d is independent of the choice of ® € ¥(¢) and therefore well-defined.

LEMMA 3.1. For each fized unit vector v € R", d,(s) = d(sv) is continuous and
strictly decreasing in s for s € [0,4/b+ 2v/a). At all but countable many points in

(0,4/b+2V/a), dy is differentiable with d,,(s) = —s [5. |V|> dz for any ¢ € G(sv).
PROOF. Define

6+ (s) = sup{/n v Veltdr: e g(sv>},
8 (s) :inf{/}Rn - Vel2de: g e g(su)}.
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Since d,(s) = S,(¢) > (:H) I(p;sv) > ( L 21(2821)9 )) Jan [V - V|?da for any

¢ € G(sv), we have
B 2(r 4+ 1)d,(s)
0<p (S)SW(S)SW

for s € (0,4/b+ 2y/a). Suppose 0 < 51 < s9 < 59 < \/b+ 2y/a and let p; € G(c;),
where ¢; = s;v for j = 1,2. Since P(p1;¢1) = 0, we have

P(p1;¢9) = P(p1;e1) + (87 — 83)/ v - Vi [?dz < 0.

n

Since d(cz) is the minimum of S, (u; c2) subject to P(u;c2) < 0, we have

1 r—1
de2) < Sylprica) = Solpnic) + 50t = D] [ v Vi do

r—1
| / lv- V> de < d(ey)

so d,(s) is strictly decreasing in s and hence differentiable at all but countably
many points in (0, /b + 21/a).
For 0 < a < 1 we have by Lemma 2.4 that
P(apr;ea) = 201 (p1;¢2) — N(apr)
> 20”1 (p1502) — & TIN (1)
=20%I(p1;62) — " T121 (15 ¢1)

1
=d(c1) + §(S§ — 53)

1

1 N S
so P(api;c2) > 0 for a < (%) . Thus there exists (%) <1

such that P(awp;;ca) =0, and
d(c2) < S(anpriez) = ail(pr;ca) — K(aipr)

1
— al(oricn) aty (- ) [ VPl - Kanp)

1
= S(arp1;¢1) — afg(s% — s%)/ v - chl\de
R’IL

By Lemma 2.7, since P(p1;¢1) =0, S(apr;cr) attains its maximum at o = 1, and
thus S(a1p1;¢1) < S(p1;¢1) = d(er), and we have

1
d(eg) < d(eq) — a%i(sg — s%)/]R lv - V<p1|2 dx.

Since I(u;sv) > 5(b+ 2v/a — s%) [o. |- Vul>dz for all u € H*(R"), we have

1> I(p1;c2) —q_ 5(53 — 57) Jan v - Viou|* da
ERICAEY I(p1;c1)
— s3 — 53 514 53 — 5%
- b+2v/a— sk b+2y/a— st

for s1 < 82 < 89 < \/b+ 2y/a. Thus ay > (1 — 522751>ﬁ, and

L oo s3—s1\ 7" 2
2) > 1) — F\°2 7 97 - 2 : 1 .
d(ce) < d(cq) 2(5 sH (1 5 5 lv- Vi |*de
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Since @y € G(c2) is arbitrary, this implies

L 5 2 33_5% =1 +
dy(s2) Sdu(sl)—§(32_31) 1- 5 2 BT (s1).
0

It follows similarly that

2 2\ 71
d,,(sngd,,(sQ)Jr%(sg—s%) (1+52 81) B (s2);

275%
and thus
1 53 — 52 w1 dy(s2) —dy(s1)
_z 1 - < Gi52) 7 Qo)
2<52+sl>( PR (e < S
2
1 82—82 1
< —=(s1+ 52) (1— 2 1) Bt (s1)
2 275(2)

for s1 < sy < sg. This proves d, is locally Lipschitz and hence continuous on
(0,4/2). By Theorem 2.10 and the same reasoning as in the proof of Lemma 4.2 in
[12], limsup B~ (s2) < B1(s1) and liminf 87 (s1) > B (s2) so

S81—>82

S9—S1
dy —d,
lim M — —81ﬁ+(81),
.92—>sir S2 — 81
du - dV —
lim —<52) (51) = —520 (s2).
8185 S2 — 81

Thus d),(st) = —s87(s) and d,(s7) = —sB7(s), so d, is differentiable at s if
and only if 57 (s) = f7(s), and in this case d},(s) = —s [g. [V - Vo[*dz for any
v € G(sv). O

We recall that the functional S; = S — %P = %N — K is independent of ¢, and
d(c) = S1(p) for any ¢ € G(c). We use this to associate a wave speed to functions
in a neighborhood of G(c).

LEMMA 3.2. Fiz a unit vector v € R™ and let ¢ = av for some a € (0,/2).
There exists € > 0 and a continuous map ¢, : Vo(G(c)) — R™ such that d(c,(u)) =
Sy(u) for all u € V(G(c)).

PRrROOF. By Lemma 3.1 d, (s) = d(sv) has a continuous inverse d;, ! defined on
the range of d,. Since d, is strictly decreasing and d(c) = S1(¢) for any ¢ € G(c),
it follows that there is some ¢ > 0 such that Si(u) is in the range of d, for all
u € V(G(c)). We may therefore define

(3-2) ey (u) = d; (S (u))v
for u € V.(G(c)). Then d(c,(u)) = d,(d,;1(S1(u))) = S1(u), and the continuity of
Sy and d;;! imply the continuity of c. O

REMARK 3.3. Equation (3.2) agrees with, and thus generalizes, equation (5.3)
in [12] in the case of a homogeneous nonlinearity.

We will denote s, (u) = d,;1(S1(u)), so c,(u) = s, (u)v.

LEMMA 3.4. Let v € R™ be a unit vector, and suppose u is in the domain of
¢y. Then P(u;c,(u)) >0 and S(u;c,(u)) > d(c,(u)).
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PRrROOF. By definition we have
1

(3.3) d(ey(u)) = S1(u) = S(u;ep(u)) — §P(u; ey (u)).
Since d(c,(u)) is the minimum of S,.(v; e, (u)) over all v such that P(v;c,(u)) <0
it follows that
_ 1

r+1
Combining these proves that P(u;c,(u)) > 0, and thus S(u;c,(u)) > d(c,(u)). O

(3.4) (e, (w)) < S, (u e, (1) = S(us e, (w))

P(u;cp(u)).

LEMMA 3.5. Fiz a unit vector v € R™, let ¢ = |c|v for some |c| < V2 and
suppose dii(|c|) > 0. There exists € > 0 such that for any ® € ¥(c) and any
(u,v) € Ve(9(c)) we have

E(u,v) = B(®) + s, (u)v - (Q(u,v) = Q(®)) = idffﬂd)(su(u) = le?.
PRrROOF. By Lemma 3.1, d,(|¢|]) = v - Q(®) and thus for some ¢y > 0
dy(s) = dy(lc]) +v- Q(®)(s — |c]) + idﬁﬂc\)(s = lep)?
= B(®) +v5 - Q(®) + 7(|el)(s ~ |e])
for |s — ||| < €. Let (u,v) € Ve(4(c)). Then u € Ve(G(c)), so u is in the domain
of ¢, and |s,(s) — ||| < € for € sufficiently small and thus
dy(sv(u)) = E(®) +vs,(u) - Q(®) + %d’y'(\d)(su(u) = le])?.
By Lemma 3.4 and (2.3)
dy(sy(u)) = d(cy(u)) < S(u; cv(u) < E(u,v) + cp(u) - Qu, v)

so combining the two inequalities proves the lemma. ([

We are now ready to prove the main stability result.

THEOREM 3.6. Let ¢ € R” satisfy 0 < |c| < v/2 and let v = ¢/|c|. If d(|¢|) > 0,
then ¥ (c) is stable.

PROOF. If ¢(c) is unstable, then there exist e; > 0, gr € V},(4(c)) and ¢, > 0
such that ||wy (tr) — || x > € for every ® € 9(c), where wy(t) = (ur(t), vk (t)) is the
solution of (1.2) with wy(0) = gr. We may also assume that €; < € and therefore
by continuity of wyg(t) that wy(tx) € Ve(4(c)) for the € in Lemma 3.5. Thus there
exist @ € ¥(c) such that |lgr — ®x| < £ for each k and therefore

Q

1E(@x) — E(wr(to)ll = [1E(Px) = Qar)ll < +
and
1Q(Pr) — Q(wr(tk))l| = Q(Pr) — Qgx)|| <

for some constant C' > 0. By Lemma 3.5 we then have

E(wi(tr)) = E(Pr)+ s (ur(tr))v- (Q(w (tr)) = Q(Pr)) = id;’( cf) (su (un(t)) = lel).
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for all k. Since s, (ug(tx)) is bounded, it then follows that limy s, (ug(tx)) = |c|.
Thus limg, ¢, (ug(tr)) = ¢, so

lim d(c, (ug(ty)) = d(c).

i S (uk (b)) = Tim

Since

lim E(wy(tx)) 4+ c- Q(wi(tr)) = khj& E(®r) 4 ¢ Q(P) = d(c),

k— o0

we have by (2.3) that

lim sup S(ug(tx); ) < Jm E(wg(tr)) + ¢ Q(wk(tx)) = d(c),

k—o0

from which we obtain

lim sup P(ug(tx); ¢) = limsup 25 (ug (tg), ¢) — 251 (ug(tx)) < 0.

k—o0 k—o0

By Lemma 3.4, P(uy(tg); ¢y (ug(tr))) > 0 and
S(up(tr); cv(uk(tr))) = dcy (ur(te)))

for all k, so since

Pug(tr); €) = Plug(tr); e (ur () + (su(ur(te))® — |C|2)/ v - Vug(tx)]? dz,

n

Sk (1):€) = S (t)s s n(t0)) + 5 (su0n(60))? = 6) [ - Vun(tu) P da,

we have liminfy_, o P(ug(tr);¢) > 0 and liminfy,_, o S(uk(tr); ¢) > d(c) and there-
fore
lim P(ug(tg);¢) =0

k—o0

and
lim S(ug(tr); c) = d(c).
k— o0

Thus {ug(tx)} is a minimizing sequence, so by Theorem 2.10, there exists a sub-
sequence (renamed {ux(t;)}) and a sequence {t¢y} in G(c) such that |lug(tx) —
Y|l g2 — 0. Furthermore, by (2.3) we have

klir& 1 . ok (tx) + ¢ - Vug(ty)[* dz = khj& (E(wk(tr)) + ¢ - Q(wr(tr))
—S(uk(tr);c))
=d(c) —d(c) = 0;

lim vk (tx) +c-V¢k\2dx =0

k—oo Rn
and we have
lim [Jwg(tx) — Yllx =0,
k—o0

where Uy, = (¢, —c- Vo) € 9(c). This contradicts the fact that ||wg(tx) — @||x >
€1 > 0 for all k and all ® € ¥(c¢). Hence ¥(c) is stable. O
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4. Instability

In this section we prove the main instability result. It follows from a modifi-
cation of the methods of Angulo-Pava [1], which are based on those of Grillakis,
Shatah and Strauss [9]. Fix a unit vector ¥ € R™ and define

Q,(w)=v -Qw) = /n v(v - Vu)dx

for w = (u,v) € X. Notice that JQ!,(w) = v- Vw. Given a ground state ® € ¢(c)
with ¢/|e| = v, we define the orbit of ® by

O@)={T(r)®:reR},
where T'(r)w(z) = w(x + rv).
By Theorem 2.13, ¢ € HY(R"), so ® € HY(R") x H3(R") and thus Q,(®) =
—J(v-V®) € HAR") x H}R") C X, and (v- V)2 C H3(R") x HY(R") C X.
The main result of this section is the following.

THEOREM 4.1. Let ¢ = sv for some s € (0,v/2) and suppose ® € 9 (c). If
there exist U € X such that (Q,(®), V) =0 and (S%(®)¥, V) < 0, then O(P) is
unstable.

LEMMA 4.2. Suppose (P%(®),w) = 0. Then (S%(®)w,w) > 0.

PROOF. Set h(t,z) = Px(® + tw + 2L 1P (®)), where L(u,v) = (A%u +
u,v) is the natural isomorphism from X to X*. Then h(0,0) = 0 and %’;(0,0) =
<P’ (®), L' P4 (®)). As shown in the proof of Lemma 2.11, (P4 (®),®) < 0, so

P (®) # 0 and thus dh 2(0,0) # 0. The implicit function theorem therefore implies
there exists a C'! functlon z(t) defined in a neighborhood of ¢t = 0 such that z(0) =0
and Px (® + tw + 2(t)L= P4 (®)) = 0. The curve y(t) = ® + tw + z(t) L~ P4 (®)
then satisfies v(0) = ® and v/(0) = w + 2/(0) L' P{ (®). But PX( ( ))=0 implies
(P (7(t)),~7'(t)) = 0, so when t = 0 we have 0 = (P4 (®),w + 2/(0)L™' P4 (®)) =
2 (0) (P (®), L' P4 (®)), and thus 2(0) = 0, so 7/(0) = w. Since <I> minimizes Sx
subject to the constraint Py = 0, the function g(¢) = Sx (7(¢)) has a local minimum
at t = 0, and thus ¢’’(0) > 0. The lemma follows since ¢’ (0) = (S% (P)w,w). O

LEMMA 4.3. There exists a C* map p: V.(O(®)) — R such that
(JQ,(®), T (p(w))w) =0
for every w € V. (O(®)), and
T(=p(w))JQ, (®)

/
)= T plw)) v V0w
PROOF. First note that since ® € H* x H?, JQ.(®) =v-V® € H3 x H?> C
X*. Thus the map g : R x X — R defined by g(p,w) = (v-VO,T(p)w) =
(JQ(®), T(p)w) is C* Wlth
go(psw) = — (T (~ sw)  guwlpyw) =T(=p)(v- V).
Since ¢(0,®) = (v - V@,@) = 0 and

90(0,®) = (JQ,(®),v - V) = / v Vel +[el?|(v - V)?¢l* dz > 0,
R

the implicit function theorem implies there exists a neighborhood V.(®) and a
unique C* map p : U — R such that g(p(w),w) = 0 for all w € V. (®). Since
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g(p, T(r)w) = g(p+r,w) for any w € X and p and r in R, it follows that if wy, wy €
Ve (®) satisty wy = T'(r)w; for some r, then 0 = g(p(wz), w2) = g(p(T(r)wy)+r, wy),
so by uniqueness p(T'(r)wy) +r = p(wy). For any w € V.(O(®)) there exists r € R
such that T,,(r) € V.(®), and we may define p(w) = p(T,(r)) +r. This extends p to
V.(O(®)) in a well-defined manner, such that g(p(w),w) = 0 for all w € V. (O(P)).
This may be rewritten (T'(—p(w))(v - V®),w) = 0, so differentiating with respect
to w gives

(T(=p(w))(v - V), 2) = (' (w), 2) (T(=p(w)) (v - V)* P, w)

and thus

for z € X. (]
LEMMA 4.4. Define
Bu(w) = (=)0 + (USRI 7)) (@),
Then B : X — X is C' and satisfies
(UBu(w).) = UT(-plw) .3} + (kS CR )

= (JT(=p(w))¥, z) + (p'(w), 2) (Q, (w), T (—p(w)) ¥)

and
(Q,(w), By(w)) =0
for any w € X.

The following lemma is a direct consequence of the definition of By (see [6]).

LEMMA 4.5. Let U(s,wy) denote the solution of the equation 4% = By (w) with
initial data w(0) = wy € X. Then we have
(i) U is C' for|s| < so(wo) for any wy € V.(O(®)),
(ii) U(s, T(a)wg) = T(a)U(s,wq) for all wy € Vo (O(®)), r € R,
(iii) Q( (s,w0)) = Q(wo),
)

(iv ds ( D) =10.

LEMMA 4.6. Define Z(w) = (S%(w), By(w)). There exist ¢ > 0 and o > 0
such that
(i) Sx(U(s,wp)) < Sx(wo) + Z(wo)s for all wy € Ve(O(P)) and all s € (—o,0),
(i1) Sx(®) < Sx(U(5,D)) — Z(U(6,P))d for all 6 € (—0,0),
(i11) Sx(U(5,®)) < Sx(®) for all nonzero § € (—o,0),
() Z(U(S,®)) <0 foralld € (0,0),
(v) for all wy € Vo(O(®)), there exists s = s(wg) € (—o,0) such that Sx(P) <
Sx (wo) + Z(wo)s.

PRrROOF. Taylor’s theorem implies
1
Sx(U(s,wp)) = Sx(wo) + Z(wg)s + fR(U(n&wo))

+
for some 1 € (0,1), where R(w) = (S%(w)B(w), Bw)) + (Sk (w), B'(w)(B(w))).
Part (i) then follows since R(®) = (S%(®)¥, ¥) < 0. Part (ii) follows by applying

v
<
0
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part (i) with wy = U(d, @) and setting s = —4. Part (iii) again follows from Taylor’s
theorem and the fact that Z(®) = 0 and (S% (®)¥, ¥) < 0. Combining parts (ii)
and (iii) proves part (iv). Since ® minimizes Sx subject to the constraint Py = 0,
part (v) will follow from part (i) once it is shown that for each wy there exists
s such that Px(U(s,wp)) = 0. So define g(s,w) = Px(U(s,wp)) and note that
9(0,®) = 0. The desired result then follows since %(07 @) = (P%(®), ¥) is nonzero

by Lemma 4.2 and the assumption that (S% (®)¥, T) < 0. O
Next define
(4.1) Aw) = (T(=p(w)) T, w).

LEMMA 4.7. A is a C* map from V.(O(®)) to R, and A'(w) = JB(w).

PRrOOF. The fact that A is C' follows from Lemma 4.3, and by direct calcula-
tion we have

O

Proof of Theorem 4.1. Let ¢ > 0 be as in Lemma 4.6, and choose any sequence
d; € (0,0) such that §; — 0 as j — oo, and define w; = U(d;, ®). By continuity of
U it follows that w; — ® in X. To establish instability of O(®) it suffices to show
that for every j the solution w;(t) of (1.2) exits V.(O(®)) in finite time. Denote

T; = sup{t : w;(t) € V.(O(®))}.

By Lemma 4.6, we have Sx(w;) < Sx(®) and Z(w;) < 0 for all j. Since Sx is
a conserved quantity of (1.2), we then have Sx(w;(t)) < Sx(®) for all ¢ € [0,T;].
Furthermore, we must also have Z(w;(t)) < 0 for all ¢ € [0,Tj], for otherwise we
would have Z(w;(t)) = 0 for some ¢, and by part (v) of Lemma (4.6) we would have
Sx (®) < Sx(w;(t)), a contradiction. Thus the region

D= {w € X: Sx(w) < Sx(q)),Z(U)) < O}

is invariant under the flow of (1.2). By Lemma 4.6 it follows that for each ¢ € [0, T}]
there exists s = s(w;(t)) € (—o,0) such that Sx(®) < Sx(w;(t)) + Z(w;(t))s.
Since wj;(t) € D, it follows that s € (—0,0), and since Sx (w;(t)) = Sx (w;) for all
t € [0,7}], we have

(4.2) —Z(w;(t)) > Sx(®) ;SX(“’J') =, >0
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for all ¢t € [0,T;]. For all ¢ € [0,T;] we have w;(t) € V.(O(®)) and thus A(w;(t)) is
bounded on [0, 7}]. But by Lemma 4.7 and Lemma 4.4 we have

& Ay (1) = (4w (1)), (1)

= (JBu(w; (1), JE' (w;(t)))

= (Bu(w; (1), E'(w; (1))

= (Bu(w;(t)), Sx (w; (1)) — ¢+ Q' (w;(1)))

= (Bu(w;(t)), Sx (w; (1))

= Z(w;(t)).

By (4.2) it then follows that A(w,;(t)) = —oo as t — oo and therefore T; must be
finite, which implies w;(¢) exits V. (O(®)) in finite time. d

We will make use of the following formula frequently.
LEMMA 4.8. Let ® € 9(c). Then
(4.3) (S% (®)w, w) = 21 (u) — (K" (p)u, u) + 2q(u,v)
for any w = (u,v) € X.

PRrOOF. This follows from the fact that Sx (u,v) = I(u) — K(u) + ¢(u,v) and
both I and ¢ are quadratic. ([

Next note that, since N(u) = (K'(u),u), we have (N'(u),u) = (K" (u)u,u) +
N (u) for any u € H?(R™), and thus
(Sk (2)2,2) = 2I(p) + N(p) — (N'(¢), 0)
=2N(p) = (N'(¢),) < (1 =7)N(p) <0
for any ® = (¢, —c- V) € 9(c), since ¢(P) = 0 and 2I(¢) = N(p).

(4.4)

COROLLARY 4.1. Let ¢ = sv with s < 2, and ® € ¥(c). Suppose there exists a
C? map ®, : (s —¢€,5+¢) — X such that ®,(r) € 4(rv) for each r and ®,(s) = .
If d(s) < 0, then O(®) is unstable.

PROOF. Define ¥ = &— 2;, (SS)) P! (s). By assumption ¢ € X and @, (r) € 4(rv)

and thus d,(r) = E(®,(r)) + TQ,,( »(r)) for r € (s — €, s+ €). It then follows that
d,,(r) = (E'(®y(r)) + rQv'(Dy(r)), ®1,(r)) + Qu(Py(r)) = Qu(Pu(r))

and thus

dy(r) = (Q (P (1)), Py,(r)) .
It then follows that

Q). ) = (@), 2) — 2 Q) (,(9), 2L 6)) = 20, (0(5) — 24,(5) =

Since E'(®,(r)) + rQ., (P, (r)) =0 for all r € (s — €, s + ¢€), we have
((E"(@u(r) +1Qy(Py(r))) @;,(r), w) +(Q, (P (1)), w) =0
for any w € X. Applying this with r = s and w = ® and w = ®/,(s) gives
(SX (@)@, (), @) = —(Q,,(), ) = —2d,,(s),
(SX (@)D, (s), P, (s5)) = — (@ (D), Py, (5)) = —d)(s).
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Thus
(S5(@)W. ) = (S(@)0,0) - T (S5 ()2 (5), 9
/(s 2
(5] @ a6
— (5% (D)®, D) + 4(3:”,23) <o,
since d)(s) < 0 and (S%(2)®, ®) < 0. O

We next consider the choice ¥ = (¢, c- Vo). It is clear that (Q] (), ¥) = 0,
so O(®) is unstable if (S% (®)T, ¥) < 0. By (4.3) and (4.4) we have

@5  (SHOLY) =2V~ (N()g)+4 [ e Vel dn

COROLLARY 4.2. Let ® € 4(c), and suppose |c| < \/%. Then O(P)

is unstable.

PROOF. Since N(p) = 2I(p) > (b+ 2v/a — |c[?) [5. |V|? dz, it follows from
(4.5) and Lemma 2.4 that

Acf?
SL(@)W,U) < (1 - —— | N 0
(Sk(®)V, >_< T+b+2f|6|2> (p) <
provided |c|? < (F2Y@)r=1) 0

r+3
5. Numerical Method

The result in Corollary 4.2 only provides a sufficient condition for instability. In
general, the region of parameters for which instability occurs is larger than what this
result guarantees. On the other hand, while the sign of d” provides necessary and
sufficient conditions for stability, exact formulas for d are generally not possible to
obtain. However, one can use numerical approximations of traveling waves together
with equation (3.1) and Lemma 3.1 to approximate d and d’, and therefore d’ by
doing so for varying wave speeds.

The following numerical method is motivated by the fact that solitary waves
are minimizers of S subject to the constraint P = 0. It consists of a steepest descent
algorithm applied to S where at each stage a scaling is performed to preserve the
constraint P = 0.

(1) Choose some initial guess o € H?(R").
(2) For k > 0, define ¢, = apg, where a, is the unique solution of P(agpr) =
0.
(3) Set
i1 = Pk — LTS (@r),
where L is the invertible linear operator L(v) = A?v—bAv+(c-V)?v+av
and 7, > 0 is a control parameter to be chosen. Since S'(¢x) = L —
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f(@r, Dr, D?@y) this may be rewritten

Prt1 = Bk — (e — L7 f(@r, DG, D*3y,)).
(4) Repeat Steps 2 and 3 until the L2 norm of @, — L™ f(4r, D@y, D?*@y) is
smaller than a desired tolerance.

REMARK 5.1. We note that in the case of a degree p homogeneous nonlinearity
this method generalizes the well-known Petviashvili method, since setting vy, = 1
results in
21(epx)

N(pw)
Multiplication by the stabilizing factor M}, with the optimal exponent p’%l ensures
that the constraint P(yy) = 0 is satisfied.

Pr1 = MP L7 f(pr, Dok, D*p), My, =

To demonstrate the convergence of this method we consider the one-dimensional
beam equation with mixed power nonlinearity f(u) = |u|P~tu + |u|?’~2u, which
admits a family of exact solutions, as stated in the following lemma.

LEMMA 5.2. Let f(u) = |u|P~ u+ |u|**~2u for some p > 1. Then for any a > 0
and any c € R there exists b >0, A > 0 and s > 0 such that p(x) = A sech”(sz) is

; 2
a solution of (2.1), where r = -=.

PROOF. Substituting ¢(x) = Asech”(sz) and equating coefficients leads to the
system of equations

r(r+1)(r +2)(r + 3)s* = |A|?P72,
r(r+1)(b—c*)s? —2r(r +1)(r? + 2r + 2)s* = |A]P7
rist +(? —b)s*s +a =0,

Solving the first equation for |A|P~! and the third equation for b — ¢?, the middle
equation becomes

r2(r 4+ 1)(r 4+ 2)%s* +r/r(r + 1)(r +2)(r +3)s> —a(r + 1) = 0.

This quadratic in s? has a unique positive solution for any a > 0. The first and
third equations in the system then determine A and b. (]

Figures 1 and 2 show the exact and numerically computed solutions in the case
p=2,a=c=1and b= 4.43, as well as the error between them after 25 iterations
of the numerical method.

We illustrate the use of the numerical method to determine regions of stability
and instability for the nonlinearity f(u) = |u|u + |u|?>u. The same approach could
be used for any of the nonlinearities for which the existence and stability results of
the previous sections apply. To reduce the scope of calculations we fix b = 0 and
let @ and ¢ vary over the domain 0 < a < 1, |c¢[?> < 2y/a. These computations were
performed in dimensions one and two. Figure 3 shows two numerically computed
traveling waves in two dimensions. We note that the first with wave speed ¢ = 0
is radially symmetric, while the second with wave speed ¢ = 1.35 is symmetric in
both x and y, but not radially symmetric. Figures 4 and 5 show the regions of
stability and instability within this domain, with n = 1 and n = 2, respectively.
The dashed curves indicate the boundary of the regions of instability guaranteed
by Corollary 4.2, while the solid curves bound the numerically computed regions of
stability and instability.
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-20 -15 -10 -5 0 5 10 15 20

FIGURE 1. Numerically computed solution with exact solution for
flu) = |u\u+u3, a=c=1and b= 4.43.

x10°8

Error

-20 -15 -10 -5 0 5 10 15 20

FIGURE 2. Error between exact solution and numerically com-
puted solution for f(u) = |ulu +u?, a=c=1and b~ 4.43.

References

[1] J. Angulo Pava, On the instability of solitary-wave solutions for fifth-order water wave models.
Electron. J. Differential Equations (2003), No. 6, 18 pp.

[2] T. Cazenave, P.-L. Lions, Orbital stability of standing waves for some nonlinear Schrédinger
equations, Comm. Math. Phys. 85 (1982), 549-561.

[3] Y. Chen, P.J. McKenna, Traveling Waves in a Nonlinearly Suspended Beam: Theoretical
Results and Numerical Observations, J. Differential Equations 136 (1997), 325-355.



(4]
[5]
[6]
[7]

(8]

[9

(10]
(11]
(12]
(13]

(14]

TRAVELING WAVES OF A GENERALIZED NONLINEAR BEAM EQUATION 119

F1GURE 3. Numerically computed traveling wave profiles in two
dimensions with f(u) = |ulu+u®, a=1,b=0,c=0and c = 1.35.

B. Dey, A. Khare, C.N. Kumar, Stationary solitons of the fifth order KdV-type equations
and their stabilization, Phys. Lett. A 223 (1996), 449-452.

J.A. Esquivel-Avila, The dynamics around the ground state of the Timoshenko equation with
a source term, Nonlinear Analysis 63 (2005), e331-e343.

W. Feng, S. Levandosky, Stability of Solitary Waves of a Nonlinear Beam Equation, J.
Differential Equations 269 (2020), 10037-10072.

C. Gao, J. Lu, Global well-posedness and scattering of a generalized nonlinear fourth-order
wave equation, Math. Methods Appl. Sci. 40 (2017), 4842-4862.

J.M. Gongalves Ribeiro, Instability of symmetric stationary states for some nonlinear
Schrodinger equations with an external magnetic field. Ann. Inst. H. Poincaré; Phys. Théor.
54 (1992), 403-433.

M. Grillakis, J. Shatah, W. Strauss, Stability theory of solitary waves in the presence of
symmetry 1. J. Funct. Anal. 74 (1987), 160-197.

P. Karageorgis, P.J. McKenna, Existence of ground states for fourth order wave equations,
Nonlinear Analysis 73 (2010), 367-373.

S. Levandosky, Decay estimates for fourth order wave equations, J. Differential Equations
143 (1998), 360-413.

S. Levandosky, Stability and instability of fourth-order solitary waves, J. Dynam. Differential
Equations 10 (1998), 151-188.

P.L. Lions, The concentration-compactness principle in the calculus of variations. The locally
compact case. Part I, Ann. Inst. H. Poincaré Anal. Non Linéaire 1 (1984), 109-145.

P.L. Lions, The concentration-compactness principle in the calculus of variations. The locally
compact case. Part II, Ann. Inst. H. Poincaré Anal. Non Linéaire 1 (1984), 223-283.



120 AMIN ESFAHANI AND STEVEN LEVANDOSKY

fw) = [ul"tu+ )" u, p =2, g =3

1.5 T

Stability

Instability

0.5
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