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Traveling waves of a generalized nonlinear Beam equation
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Abstract. We consider the existence and stability of traveling waves of a
nonlinear beam equation for a general class of non-homogeneous nonlinearities.
We use variational methods to prove existence of ground state traveling wave
solutions for this class and analyze their stability. We also present a numerical
method based on the variational characterization of ground states and use it
to determine intervals of wave speeds for which ground states are stable.
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1. Introduction

Consider the nonlinear beam equation

(1.1) utt +Δ2u− bΔu+ au = f(u,Du,D2u),

where f has the variational form

f(u,Du,D2u) = Fu(u,Du)−
n∑

i=1

⎛
⎝Fuuxi

(u,Du)uxi
+

n∑
j=1

Fuxi
uxj

(u,Du)uxixj

⎞
⎠

for some F : R×R
n → R that is C2 and satisfies F (0, 0) = 0. A traveling wave with

velocity c is a solution of the form u(x, t) = ϕ(x − ct). Existence and stability of

1991 Mathematics Subject Classification. 35L75, 35B40, 35Q72, 35B35, 35J35.
Key words and phrases. Nonlinear beam equation, Traveling wave, Stability, Variational

methods.

c©2022 International Press

91



92 AMIN ESFAHANI AND STEVEN LEVANDOSKY

traveling waves was considered in [12] for homogeneous nonlinear terms of the form
f(u) = |u|p−1u. Recently, in [6], these results were improved upon and expanded
to include standing wave solutions. In both prior works the homogeneity of the
nonlinear term played a key role in both the existence and stability results. The
goal of this paper is to extend these results to a general class of nonhomogeneous
nonlinear terms that satisfy the conditions given in Assumption 2.2. Compared
with [12, 6], a nonlinearity containing the derivative of u makes it difficult to
show stability of the traveling waves. To overcome this problem, rather than fol-
lowing directly the classical approach laid down in [2], we will make the best of
Nehari–Pankov manifold (see [18]) to prove our expected existence result (actually,
nontrivial solutions with least possible energy) in Theorem 2.10 and then we get
the stability result (Theorem 3.6) by adapting the definition of stability with this
new variational problem. We also show, under Assumption 2.2, that the obtained
traveling waves are in H4(Rn) (see Theorem 2.13). To study the instability of
traveling waves of (1.1), we give a modification of the methods of Angulo-Pava [1],
which are based on those of Grillakis, Shatah and Strauss [9]. Indeed, we show by
a geometric approach (see [8]) that for each traveling wave of (1.1) there exists an
unstable direction. We note that Equation (1.1) may be written as the system

(1.2)

{
ut = v

vt = −Δ2u+ bΔu− au+ f(u,Du,D2u)

and formally has the conserved quantities

E(u, v) =

∫
Rn

1

2
|Δu|2 + b

2
|∇u|2 + a

2
|u|2 + 1

2
|v|2 − F (u,Du) dx

Q(u, v) =

∫
Rn

v∇u dx

and thus the natural space in which to work is the energy space X = H2(Rn) ×
L2(Rn). We also note that the system may be written in Hamiltonian form

(1.3) wt = JE′(w), J =

[
0 1
−1 0

]
.

Well-posedness of (1.2) in X was proven for the case f(u) = |u|p−1u in [11] and
those results hold for nonlinearities that depend only on u and satisfy Assumption
2.2. Global existence for rough solutions of (1.2) with f(u) = |u|2u in Hs(Rn) was
obtained in [25]. The global existence and scattering theory in the energy space
for (1.2) in the defocusing case was investigated in [21, 22]. These results were
improved in [7] by the concentration-compactness argument. Esquivel-Avila in [5]
considered (1.2) in a bounded domain with f(u,Du) = |u|pu+τ

∑n
j=1(g(uxj

))xj
and

g(s) = |s|qs± s. He studied the dynamic behavior of problem under Neumann and
Dirichlet boundary conditions. Well-posedness for nonlinearities that also depend
on the derivatives of u is beyond the scope of this paper, so we make the following
assumption.

Assumption 1.1. For any w0 ∈ X, there exists some T > 0 and a unique
solution w of (1.2) in C([0, T ), X) satisfying w(0) = w0.

By stability we mean the following.
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Definition 1.2. Given a subset D of X, and ε > 0 we denote by

Vε(D) = {v ∈ H2(Rn) : ‖u− v‖H2 < ε for some u ∈ D}
the ε-neighborhood of D. A subset D of X is stable with respect to (1.2) if for
every ε > 0 there is some δ > 0 such that for any w0 ∈ Vδ(D), the solution w(t) of
(1.2) with w(0) = w0 exists for all t > 0 and w(t) ∈ Vε(D) for all t > 0.

We will use the following notation throughout the paper. Set

L2(Rn) =

{
u : Rn → R : ‖v‖L2 ≡

(∫
Rn

|v|2 dx
)1/2

<∞
}

H2(Rn) =

{
u : Rn → R : ‖u‖H2 ≡

(∫
Rn

|Δu|2 + |u|2 dx
)1/2

<∞
}

X = H2(Rn)× L2(Rn), X∗ = H−2(Rn)× L2(Rn)

and denote by 〈v1, v2〉 the standard inner product of v1, v2 ∈ L2(Rn) and 〈u1, u2〉
the pairing of u1 ∈ H−2 with u2 ∈ H2. For w1 = (u1, v1) ∈ H−2 × L2 and
w2 = (u2, v2) ∈ H2 × L2 we will denote by

〈w1, w2〉 = 〈u1, u2〉+ 〈v1, v2〉 ,
the dual pairing of H−2 × L2 and H2 × L2.

The paper is organized as follows. In Section 2, we prove the main existence
result, Theorem 2.10. Sections 3 and 4 contain the proofs of the main stability and
instability results, Theorem 3.6 and Theorem 4.1. Finally, in Section 5 we present
a numerical method based for computing ground states based on their variational
characterization, and apply it to determine regions of stability and instability for a
particular mixed-power nonlinear term.

2. Existence of Solitary Waves

In this section we prove that traveling wave solutions of (1.1) exist for the
class of nonlinearities that satisfy Assumption 2.2 given below. We first note that
u(x, t) = ϕ(x− ct), with c ∈ R

n, is a solution of (1.1) if and only if ϕ satisfies

(2.1) Δ2ϕ− bΔϕ+ (c · ∇)2ϕ+ aϕ = f(ϕ,Dϕ,D2ϕ),

and by the variational form of the nonlinear term, ϕ must be a critical point of

S(u) =

∫
Rn

1

2
(Δu)2 +

b

2
|∇u|2 − 1

2
(c · ∇u)2 +

a

2
u2 − F (u,Du) dx

in H2(Rn). Equivalently, w(x, t) = Φ(x − ct) is a solution of (1.2) if and only if
Φ = (ϕ,−c · ∇ϕ) and ϕ satisfies (2.1). By (1.3) this implies E′(Φ) + c ·Q′(Φ) = 0
and thus Φ must be a critical point in X of the action functional SX : X → R

defined by

(2.2) SX(w) = E(w) + c ·Q(w).

It is useful to note that the functionals SX and S satisfy the relation

(2.3) SX(u, v) = S(u) + q(u, v)

where

(2.4) q(u, v) =
1

2

∫
Rn

|v + c · ∇u|2 dx,
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for all (u, v) ∈ X. The set of critical points of SX in X is isomorphic to the set of
critical points of S in H2(Rn).

Lemma 2.1. Φ = (ϕ, ψ) ∈ X is a critical point of SX if and only if ϕ ∈ H2(Rn)
is a critical point of S and ψ = −c · ∇ϕ.

Proof. First suppose Φ is a critical point of SX . Then since

〈q′(w1), w2〉 =
∫
Rn

(v1 + c · ∇u1)(v2 + c · ∇u2) dx

for any w1, w2 ∈ X, we have

0 = 〈S′X(Φ), (0, ψ + c · ∇ϕ)〉 =
∫
Rn

|ψ + c · ∇ϕ|2 dx,

so ψ = −c · ∇ϕ. Thus q′(Φ) = 0, and 〈S′(ϕ), u〉 = 〈S′X(Φ)− q′(Φ), w〉 = 0 for any
w = (u, v) ∈ X, so ϕ is a critical point of S. Conversely, if ϕ ∈ H2 is a critical
point of S, then Φ = (ϕ,−c ·∇ϕ) ∈ X satisfies q(Φ) = 0 and thus q′(Φ) = 0. Hence
〈S′X(Φ), w〉 = 〈S′(ϕ), u〉 + 〈q′(Φ), w〉 = 0 for any w = (u, v) ∈ X and thus Φ is a
critical point of SX . �

Next observe that any critical point Φ of SX satisfies PX(Φ) = 0, where

(2.5) PX(w) = 〈S′X(w), w〉
and any critical point ϕ of S in H2(Rn) must satisfy P (u) = 0, where

P (u) = 〈S′(u), u〉 =
∫
Rn

|Δu|2 + b|∇u|2 − |c · ∇u|2 + au2 − uf(u,Du,D2u) dx.

Thus it is natural to look for solutions of (2.1) in the Nehari manifold

N = {u ∈ H2(Rn) : u 
= 0, P (u) = 0}.
We will prove existence of solutions of (2.1) by showing that there exist minimizers
of S on N under the assumptions on f given below. The functionals S and P may
be expressed as S(u) = I(u)−K(u) and P (u) = 2I(u)−N(u), where

I(u) =
1

2

∫
Rn

(Δu)2 + b|∇u|2 − |c · ∇u|2 + au2 dx

K(u) =

∫
Rn

F (u,Du) dx

N(u) =

∫
Rn

uf(u,Du,D2u) dx

We first note that the functional I is coercive over H2(Rn) provided a > 0 and
b > |c|2 − 2

√
a, and under these conditions we have I(u) ≥ C(a, b, c)‖u‖2H2(Rn),

where

(2.6) C(a, b, c) =

{
4a−(b−|c|2)2

4(a+1+
√

(a−1)2+(b−|c|2)2) |c|2 − 2
√
a < b ≤ |c|2,

min{1, a} b > |c|2.
The relationship between the functionals K and N is central to the analysis. In
the case that f is homogeneous of degree p, one has N(u) = (p + 1)K(u). Our
assumptions on f given below imply that N is bounded below by a multiple of K.

Assumption 2.2. We assume F (w) = F (u, v) is a real valued C2 function on
R× R

n such that F (0) = 0 and the following conditions hold.
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(a) There exist C > 0 and 1 < pk ≤ qk, 1 ≤ k ≤ 6 such that

|Fuu(u, v)| ≤ C(|u|p1−1 + |u|q1−1 + |v|p2−1 + |v|q2−1)

|Fuvi(u, v)| ≤ C(|u|p3−1 + |u|q3−1 + |v|p4−1 + |v|q4−1) for 1 ≤ i ≤ n

|Fvivj (u, v)| ≤ C(|u|p5−1 + |u|q5−1 + |v|p6−1 + |v|q6−1) for 1 ≤ i, j ≤ n,

where q1 < n+4
n−4 , q3 < n+2

n−4 and q5 < n
n−4 when n > 4, and q2 < min

{
3n−2
n−2 , n+6

n−2

}
,

q4 < min
{

2n
n−2 ,

n+4
n−2

}
and q6 < n+2

n−2 when n > 2.

(b) There exists r > 1 such that w · ∇G(w) ≥ (r+1)G(w) for all w ∈ R
n+1, where

G(w) = w · ∇F (w).
(c) There exists u ∈ H2(Rn) such that

∫
Rn F (u,Du) dx > 0.

Remark 2.3. Part (a) guarantees that the functionals K and N are bounded
by a sum of powers of the H2-norm. Part (b) is a generalization of the classical
Abrosetti-Rabinowitz condition.

Examples. In addition to homogeneous nonlinear terms, the following nonlinear-
ities satisfy Assumption 2.2.

(a) F (u) = |u|p+1 + |u|q+1 where 1 < p < q and q < n+4
n−4 if n > 4.

(b) F (Du) = |Du|p+1 + |Du|q+1, where 1 < p < q and q < n+2
n−2 if n > 2.

(c) More generally, F (u,Du) =
l∑

i=1

|u|αi+1 +

m∑
j=1

|Du|βj+1, where αi > 1, βj > 1,

αi <
n+4
n−4 if n > 4 and βj <

n+2
n−2 if n > 2.

(d) F (u) = |u|q+1 − |u|p+1 where 1 < p < q and q < n+4
n−4 if n > 4.

(e) F (u) = |u|q+1 − |Du|p+1 where 1 < p < q, q < n+2
n−2 if n > 2 and q < n+4

n−4 if
n > 4.

Lemma 2.4. Suppose w · ∇G(w) ≥ (r + 1)G(w) for all w ∈ R
n+1, where

G(w) = w · ∇F (w). Then

(a) G(w) ≥ (r + 1)F (w) for all w ∈ R
n+1.

(b) For any w ∈ R
n+1, G(αw) ≥ αr+1G(w) for all α ≥ 1 and G(αw) ≤ αr+1G(w)

for all α ≤ 1.
(c) For any w ∈ R

n+1, F (αw) ≥ αr+1F (w) for all α ≥ 1 and F (αw) ≤ αr+1F (w)
for all α ≤ 1.

(d) N(u) ≥ (r + 1)K(u) for all u ∈ H2(Rn).
(e) 〈N ′(u), u〉 ≥ (r + 1)N(u) for all u ∈ H2(Rn).

Proof. Fix w ∈ R
n+1 and let h(s) = G(sw) − (r + 1)F (sw). Then h(0) = 0

and

h′(s) = w · ∇G(sw)− (r + 1)w · ∇F (sw)

= s−1(sw · ∇G(sw)− (r + 1)G(sw)) ≥ 0

for all s > 0, and thus h(s) ≥ 0 for all s > 0, which proves part (a).
Next set h(s) = G(sw). Then

h′(s) = w · ∇G(sw) ≥ s−1(r + 1)G(sw) = (r + 1)s−1h(s)

for all s > 0. This implies (s−(r+1)h(s))′ ≥ 0 for all s > 0, so integrating from
s = 1 to s = α gives α−(r+1)h(α) ≥ h(1), and thus G(αw) ≥ αr+1G(w), for α ≥ 1.
Likewise, integrating from α to 1 gives G(αw) ≤ αr+1G(w), for 0 < α ≤ 1.
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Finally, setting h(s) = F (sw), we have h′(s) = w · ∇F (sw) = s−1G(sw), so by
part (a), h′(s) ≥ s−1(r + 1)h(s), and part (c) follows in the same way as part (b).
By the relation between f and F , we have

N(u) =

∫
Rn

G(w) dx,

〈N ′(u), u〉 =
∫
Rn

w · ∇G(w) dx.

Thus part (d) follows immediately from part (a) and part (e) follows from Assump-
tion 2.2(b). �

Lemma 2.5. If F satisfies Assumption 2.2, then there exists C > 0 such that

|K(u)| ≤ C(‖u‖p+1
H2 + ‖u‖q+1

H2 ),

|N(u)| ≤ C(‖u‖p+1
H2 + ‖u‖q+1

H2 ),

| 〈N ′(u), u〉 | ≤ C(‖u‖p+1
H2 + ‖u‖q+1

H2 )

for all u ∈ H2(Rn), where p = min{pi : 1 ≤ i ≤ 6} and q = max{qi : 1 ≤ i ≤ 6}.
Proof. By the relation between f and F , we have

N(u) =

∫
Rn

G(w) dx,

〈N ′(u), u〉 =
∫
Rn

w · ∇G(w) dx,

where G(w) = w · ∇F (w) and w = (u,Du). Define

M(w) = |u|p1+1 + |u|q1+1 + |u|2|v|p2−1 + |u|2|v|q2−1 + |u|p3 |v|+ |u|q3 |v|
+ |u||v|p4 + |u||v|q4 + |u|p5−1|v|2 + |u|q5−1|v|2 + |v|p6+1 + |v|q6+1.

We claim there exists a constant C > 0 such that |G(w)| ≤ CM(w), |F (w)| ≤
CM(w) and |w · ∇G(w)| ≤ CM(w) for all w ∈ R

n+1. Fix w = (u, v) ∈ R
n+1

and set g(s) = Fu(su, sv). Then g′(s) = uFuu(su, sv) +
∑n

i=1 viFuvi(su, sv) so
integrating from 0 to 1 and using the assumption we have

|Fu(u, v)| � |u|p1 + |u|q1 + |u||v|p2−1 + |u||v|q2−1 + |u|p3−1|v|
+ |u|q3−1|v|+ |v|p4 + |v|q4 .(2.7)

Likewise, for g(s) = Fvj (su, sv) we have g
′(s) = uFuvj (su, sv)+

∑n
i=1 viFvivj (su, sv)

so

|Fvj (u, v)| � |u|p3 + |u|q3 + |u||v|p4−1 + |u||v|q4−1 + |u|p5−1|v|
+ |u|q5−1|v|+ |v|p6 + |v|q6(2.8)

for 1 ≤ j ≤ n. For g(s) = F (su, sv) we have g′(s) = uFu(su, sv)+
∑n

i=1 viFvi(su, sv)
so

|F (w)| � |u|p1+1 + |u|q1+1 + |u|2|v|p2−1 + |u|2|v|q2−1 + |u|p3 |v|+ |u|q3 |v|
+ |u||v|p4 + |u||v|q4 + |u|p5−1|v|2 + |u|q5−1|v|2 + |v|p6+1 + |v|q6+1

= CM(w).



TRAVELING WAVES OF A GENERALIZED NONLINEAR BEAM EQUATION 97

Since G(w) = uFu(u, v) +
∑n

j=1 vjFvj (u, v), it follows from (2.7) and (2.8) that

|G(w)| ≤ CM(w). Finally, since

w · ∇G(w) = G(u, v) + u2Fuu(u, v) +

n∑
i=1

⎛
⎝2uviFuvi(u, v) +

n∑
j=1

vivjFvivj
(u, v)

⎞
⎠ ,

it follows from the assumptions on F and the bound on G that |w · ∇G(w)| ≤
CM(u, v).

Next let u ∈ H2(Rn). By the Sobolev embeddings, we have
∫
Rn |u|r+1 dx ≤

C‖u‖r+1
H2 for any r > 1 provided r < n+4

n−4 when n > 4, and
∫
Rn |Du|r+1 dx ≤

C‖u‖r+1
H2 for any r > 1 such that r < n+2

n−2 when n > 2.

If n ≤ 2 then ‖Du‖L∞ ≤ C‖u‖H2 , so
∫
Rn u2|Du|r−1 dx ≤ C‖u‖r+1

H2 . If n > 2,

then 4n
2n−(r−1)(n−2) > 2 for r > 1 and when n > 4 we also have r − 1 < 2n

n−2 and

4n
2n−(r−1)(n−2) <

2n
n−4 provided r < min

{
3n−2
n−2 , n+6

n−2

}
, so by Hölder’s inequality,

∫
Rn

u2|Du|r−1 dx ≤
(∫

Rn

|u| 4n
2n−(r−1)(n−2)

dx

)1− (r−1)(n−2)
2n

(∫
Rn

|Du| 2n
n−2

) (r−1)(n−2)
2n

≤ C‖u‖2H2‖u‖r−1
H2 = C‖u‖r+1

H2 .

In the case n ≤ 4, we have ‖u‖L2r ≤ C‖u‖H2 for any r > 1 and thus∫
Rn

|u|r|Du| dx ≤ ‖u‖rL2r‖Du‖L2 ≤ C‖u‖r+1
H2 .

When n > 4 and 1 < r < n+2
n−4 , we have either 1 < r ≤ 1 + 2

n or 1 + 2
n < r < n+2

n−4 .

If 1 < r ≤ 1 + 2
n , then 2 < 2

2−r < 2n
n−2 , so∫

Rn

|u|r|Du| dx ≤
(∫

Rn

|u|2 dx
) r

2
(∫

Rn

|Du| 2
2−r dx

) 2−r
2

≤ C‖u‖rH2‖u‖H2 = C‖u‖r+1
H2 ;

while if 1 + 2
n < r < n+2

n−4 , then 2 < 2nr
n+2 < 2n

n−4 , so∫
Rn

|u|r|Du| dx ≤
(∫

Rn

|u| 2nr
n+2 dx

)n+2
2n

(∫
Rn

|Du| 2n
n−2 dx

)n−2
2n

≤ C‖u‖rH2‖u‖H2 = C‖u‖r+1
H2 .

By similar reasoning it follows that∫
Rn

|u||Du|r dx ≤ C‖u‖r+1
H2

provided r > 1 and r < min
{

2n
n−2 ,

n+4
n−2

}
when n > 2, and∫

Rn

|u|r−1|Du|2 dx ≤ C‖u‖r+1
H2

provided r > 1 and r < n
n−4 when n > 4. By the assumptions on pi and qi, it

therefore follows that∫
Rn

M(u,Du) dx ≤ C

6∑
i=1

‖u‖pi+1
H2 + ‖u‖qi+1

H2 ≤ C(‖u‖p+1
H2 + ‖u‖q+1

H2 )
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for any u ∈ H2(Rn). �

We now return to the problem of minimizing S on N . We first show that any
minimizer is in fact a solution of (2.1).

Since P (u) = 0 for any u ∈ N , minimizing S on N is equivalent to minimizing

Sλ(u) = S(u)− 1

1 + λ
P (u)

on N for any λ ∈ R, and we define

(2.9) m = m0 = inf{S(u) : u ∈ N} = inf{Sλ(u) : u ∈ N}.
Two choices of λ are of particular interest, λ = r and λ = 1. We have from Lemma
2.4 that

Sr(u) =
r − 1

r + 1
I(u) +

1

r + 1
N(u)−K(u)

is nonnegative for all u ∈ H2(Rn), while

S1(u) =
1

2
N(u)−K(u)

is independent of c.

Lemma 2.6. If u ∈ H2(Rn) satisfies S(u) = m and P (u) = 0, then u is a weak
solution of (2.1).

Proof. By the Lagrange multiplier theorem, S′(u) = μP ′(u) for some μ ∈ R.
Thus 0 = P (u) = 〈S′(u), u〉 = μ 〈P ′(u), u〉. By Lemma 2.4,

〈P ′(u), u〉 = 4I(u)− 〈N ′(u), u〉 ≤ 4I(u)− (r + 1)N(u) = 2(1− r)I(u) < 0;

so μ = 0 and thus S′(u) = 0. �

We will now apply the concentrated-compactness method to minimizing se-
quences for the operator Sr. To do so, we consider the family of minimization
problems

mσ = inf{Sr(u) : u ∈ Nσ}, Nσ = {u ∈ H2(Rn) : u 
= 0, P (u) = σ}.
Lemma 2.7. Let u ∈ H2(Rn) be such that N(u) > 0.

(a) For each σ ≤ 0, there exists a unique α > 0 such that P (αu) = σ.
(b) S(αu) attains its maximum for α > 0 when P (αu) = 0.

Proof. Set g(α) = α−2P (αu) = 2I(u)−α−2N(αu). SinceN(αu) ≤ αr+1N(u)
for 0 < α < 1, g(α) > 0 for small α > 0 and since N(αu) ≥ αr+1N(u) for α > 1,
g(α) < σ for large α, and thus g(α) = σ for some α > 0. Since I(u) > 0, it follows
that for any α > 0 such that P (αu) ≤ 0 we have N(αu) > 0 and thus

g′(α) = −〈N
′(αu), αu〉 − 2N(αu)

α3
≤ (r − 1)N(αu)

α3
< 0.

Thus g is strictly decreasing when g(α) ≤ 0. Hence there is at most one α > 0 for
which P (αu) = σ.

Next let h(α) = S(αu). Part (b) then follows since h′(α) = 〈P ′(αu), u〉 =
α−1P (αu) = αg(α). �

Lemma 2.8. Suppose a > 0 and b > |c|2 − 2
√
a. There exists σ0 > 0 such that

Nσ is nonempty for any σ ≤ σ0. For σ ≤ 0, Nσ is bounded away from zero in
H2(Rn) independent of σ.
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Proof. By Assumption 2.2 and Lemma 2.4, there exists some u ∈ H2(Rn)
such that N(u) > 0, and thus by Lemma 2.7, Nσ is nonempty for any σ ≤ 0. For
g(α) as in the proof of Lemma 2.7 we have g(α) > 0 for small α > 0, so Nσ is
nonempty for small σ > 0.

For u ∈ Nσ with σ ≤ 0 we have by Lemma 2.5 that

0 ≥ σ = P (u) ≥ 2C(a, b, c)‖u‖2H2 − C(‖u‖p+1
H2 + ‖u‖q+1

H2 )

for some C > 0, where C(a, b, c) is given by (2.6). Since u 
= 0, we have

‖u‖p−1
H2 + ‖u‖q−1

H2 ≥ 2C−1C(a, b, c)

and thus ‖u‖H2 ≥ ε0 for some ε0 > 0. �

The following lemma establishes the strict subadditivity condition mσ+m−σ >
m0 needed to apply the concentrated-compactness method.

Lemma 2.9. Suppose F satisfies Assumption 2.2, a > 0 and b > |c|2 − 2
√
a.

Then

(a) mσ ≥ 0 for any σ for which Nσ is nonempty.
(b) mσ > 0 for all σ ≤ 0.
(c) mσ is strictly decreasing for σ ≤ 0.

Proof. Suppose u ∈ Nσ for some σ. By part (d) of Lemma 2.4 1
r+1N(u) −

K(u) ≥ 0, so Sr(u) ≥ r−1
r+1I(u) > 0 and thus mσ ≥ 0. For σ ≤ 0, since Nσ

is bounded away from zero, we have ‖u‖H2 ≥ C0 > 0 for all u ∈ Nσ and thus

mσ ≥ Sr(u) ≥ 1
4

(
r−1
r+1

)
C(a, b, c)C2

0 > 0. This proves (a) and (b).

Next suppose σ1 < σ2 ≤ 0 and write Nσ1
= N+∪N−, where N+ = Nσ1

∩{u ∈
H2(Rn) : Sr(u) > 2mσ2} and N− = Nσ1 ∩{u ∈ H2(Rn) : Sr(u) ≤ 2mσ2}. If N− is
empty, then mσ1 ≥ 2mσ2 > mσ2 . Otherwise, notice that N− is bounded in H2(Rn)
since Sr is coercive. For u ∈ N−, setting g(α) = P (αu) we have g(1) = σ1 and
since N(u) > 0, Lemma 2.7 implies that there exists a unique α(u) < 1 such that
P (α(u)u) = σ2. Since g′(α) = 2αI(u) − α−1 〈N ′(αu), αu〉, it follows from Lemma
2.5 that there exists some C1 > 0 independent of u such that |g′(α)| ≤ C1 for all
α < 1. Hence σ2 − σ1 = g(α(u))− g(1) ≤ C0(1− α(u)), so α(u) ≤ 1− σ2−σ1

C0
≡ α0

for all u ∈ N−. Next for h(α) = Sr(αu) we have

h′(α) = 2α

(
r − 1

r + 1

)
I(u) +

〈N ′(αu), αu〉 − (r + 1)N(αu)

(r + 1)α

≥ 2α−1

(
r − 1

r + 1

)
I(αu)

for any α > 0. Since P (αu) ≤ 0 for α(u) ≤ α ≤ 1, we have by Lemma 2.8 that

‖αu‖H2 ≥ ε0 and thus h′(α) ≥ 2
(

r−1
r+1

)
C(a, b, c)ε20 ≡ C1 > 0 for α(u) ≤ α ≤ 1.

Thus

Sr(u)− Sr(α(u)) = h(1)− h(α(u)) ≥ C1(1− α(u)) ≥ C1(1− α0)

so Sr(u) ≥ mσ2
+ C1(1− α0) for any u ∈ N−. This implies that

mσ1
≥ min{mσ2

+ C1(1− α0), 2mσ2
} > mσ2

,

so mσ is strictly decreasing for σ ≤ 0. �
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Theorem 2.10. Suppose F satisfies Assumption 2.2, a > 0 and b > |c|2−2
√
a.

Let {uk} be a sequence in H2(Rn) such that P (uk) → 0 and S(uk) → m. Then
there exists a subsequence (renamed {uk}), a sequence {yk} in R

n and ϕ ∈ H2(Rn)
such that uk(· − yk)→ ϕ strongly in H2(Rn). Moreover, S(ϕ) = m and P (ϕ) = 0,
so u is a minimizer of S on N .

Proof. Since Sr(uk) ≥ 1
4

(
r−1
r+1

)
C(a, b, c)‖uk‖2H2 , the sequence {uk} is bounded

in H2. Since Sr(u) ≤ C(‖u‖2H2 + ‖u‖p+1
H2 + ‖u‖q+1

H2 ) and m > 0, ‖uk‖H2 is bounded

below. Thus if we set ρk = |Δuk|2 + |uk|2, then there exists some L > 0 and a sub-
sequence such that

∫
Rn ρk dx→ L, and be rescaling we may assume

∫
Rn ρk dx = L

for all k. By the concentrated compactness lemma there are three possibilities:
Vanishing. For every R > 0,

(2.10) lim
k→∞

sup
y∈Rn

∫
|x−y|≤R

ρk dx = 0

Dichotomy. There exists � ∈ (0, L) such that for any ε > 0 there exist R,Rk →
∞, yk ∈ R

n and k0 so that

(2.11)

∣∣∣∣
∫
|x−yk|≤R

ρk dx− �

∣∣∣∣ < ε and

∣∣∣∣
∫
R<|x−yk|<Rk

ρk dx

∣∣∣∣ < ε

for k ≥ k0.
Compactness. There exist yk ∈ R

n such that for any ε > 0 there exists R(ε) so that
for all k, ∫

|x−yk|≤R(ε)

ρk dx ≥
∫
R

ρk dx− ε.

By Lemma 1.1 in [14], vanishing would imply ∇uk → 0 in Lr+1(Rn) for all
1 < r < n+2

n−2 and uk → 0 in Lr+1(Rn) for all 1 < r < n+4
n−4 . This implies that

K(uk), N(uk) → 0 ask →∞ and therefore since P (uk) → 0 as k →∞, it follows
that I(uk)→ 0 as k →∞, which contradicts the fact that ‖uk‖H2 is bounded below
by a positive constant. Hence vanishing cannot occur.

Next, dichotomy would imply there exist sequences {u1
k} and {u2

k} such that

lim
k→∞

I(uk)− (I(u1
k) + I(u2

k)) = 0,

lim
k→∞

K(uk)− (K(u1
k) +K(u2

k)) = 0,

lim
k→∞

N(uk)− (N(u1
k) +N(u2

k)) = 0,

and therefore

lim
k→∞

P (uk)− (P (u1
k) + P (u2

k)) = 0,

lim
k→∞

Sr(uk)− (Sr(u
1
k) + Sr(u

2
k)) = 0.

For some further subsequence, the limits of I, K and N evaluated at u1
k, u

2
k and

uk exist, so we may set σ1 = limk P (u1
k) and σ2 = limk P (u2

k). Then σ1 + σ2 = 0,
and either σ1 
= 0 or σ1 = 0.
Case 1: σ1 
= 0. Without loss of generality, suppose σ1 < 0. Then for all sufficiently
large k, we have P (u1

k) <
1
2σ1 and therefore Sr(u

1
k) ≥ m 1

2σ1
. Since Sr(u

2
k) ≥ 0 for

all k, we then have by Lemma 2.9 that

m = lim
k→∞

Sr(uk) = lim
k→∞

Sr(u
1
k) + Sr(u

2
k) ≥ m 1

2σ1
> m0 = m;
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which is a contradiction.
Case 2: σ1 = 0. By coercivity of I, dichotomy implies that I1 = limk I(u

1
k) > 0 and

I2 = limk I(u
2
k) > 0, and thus limk N(u1

k) = 2I1 > 0 and limk N(u2
k) = 2I2 > 0, so

given ε > 0 there exists k0 such that
I(u1

k)

2N(u1
k)

< (1 + ε)r−1 and
I(u2

k)

2N(u2
k)

< (1 + ε)r−1

for k ≥ k0. By the assumptions on f and the boundedness of {u1
k} in H2(Rn) there

exists a constant C > 0 such that

|K(u1
k)−K(αu1

k)| ≤ C(α− 1)

|N(u1
k)−N(αu1

k)| ≤ C(α− 1)

for any k and α > 1. If P (u1
k) > 0, then since

P (αu1
k) ≤ 2α2I(u1

k)− αr+1N(u1
k)

for α > 1, it follows that P (αu1
k) = 0 for some α ≤

(
2I(u1

k)

N(u1
k)

) 1
r−1

. For this α, the

inequalities above imply

m0 ≤ Sr(αu
1
k) =

(
r − 1

r + 1

)
I(αu1

k) +
1

r + 1
N(αuk)−K(αu1

k)

= Sr(u
1
k) + (α2 − 1)

(
r − 1

r + 1

)
I(u1

k) +
1

r + 1
(N(αu1

k)

−N(u1
k)) +K(u1

k)−K(αu1
k)

≤ Sr(u
1
k) + C1(α− 1)

< Sr(u
1
k) + C1ε

for some constant C1. Hence Sr(u
1
k) ≥ m0−C1ε. On the other hand, if P (u1

k) ≤ 0,
then Sr(u

1
k) ≥ m0, so in either case we have Sr(u

1
k) ≥ m0 − C1ε. Since the same

inequality holds for Sr(u
2
k), we have Sr(u

1
k) + Sr(u

2
k) > 2m0 − 2C1ε for all k ≥ k0,

so

m0 = lim
k→∞

S(uk) = lim
k→∞

Sr(uk) = lim
k→∞

Sr(u
1
k) + Sr(u

2
k) ≥ 2m0 − 2C1ε.

Since this holds for any ε > 0, we obtain m0 ≥ 2m0, a contradiction. Thus
dichotomy does not occur.

Since the sequence {ρk} is compact, it follows that there exists a sequence
{yk} in R

n and some ϕ ∈ H2(Rn) such that vk(x) = uk(x − yk) converges to ϕ

weakly in H2(Rn) and strongly in Lr+1
loc (Rn) for 1 < r < n+4

n−4 and in W 1,r+1
loc (Rn)

for 1 < r < n+2
n−2 . By a standard argument, compactness then implies strong

convergence in Lr+1(Rn) for 1 < r < n+4
n−4 and in W 1,r+1(Rn) for 1 < r < n+2

n−2 .
Thus by the assumptions on f and the translation invariance of the functionals K
and N , limk K(uk) = limk K(vk) = K(ϕ) and limk N(uk) = limk N(vk) = N(ϕ).
The weak lower semicontinuity of I implies that

S(ϕ) +K(ϕ) = I(ϕ) ≤ lim inf
k→∞

I(uk) = lim inf
k→∞

S(uk) +K(uk) = m0 +K(ϕ)

and

P (ϕ) +N(ϕ) = 2I(ϕ)

≤ lim inf
k→∞

2I(uk)

= lim inf
k→∞

P (uk) +N(uk) = N(ϕ),
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so S(ϕ) ≤ m0 and P (ϕ) ≤ 0. On the other hand, since

Sr(ϕ) +K(ϕ) =

(
r − 1

r + 1

)
I(ϕ) +

1

r + 1
N(ϕ)

≤ lim inf
k→∞

(
r − 1

r + 1

)
I(uk) +

1

r + 1
N(uk)

= lim inf
k→∞

Sr(uk) +K(uk)

= lim
k→∞

Sr(uk) +K(uk) = m0 +K(ϕ)

< mσ +K(ϕ),

we have Sr(ϕ) < mσ for all σ < 0, and thus we cannot have P (ϕ) = σ for any σ < 0
since this would imply mσ ≤ Sr(ϕ) < mσ, a contradiction. Thus P (ϕ) = 0, and
it then follows that S(ϕ) = m0. Hence ϕ achieves the minimum m0. Furthermore,
since limk S(vk) = m0 = S(ϕ), we have

lim
k→∞

I(vk) = lim
k→∞

S(vk) +K(vk) = S(ϕ) +K(ϕ) = I(ϕ)

so together with the fact that vk → ϕ weakly in H2(Rn), it follows that I(vk−ϕ)→
0, and thus since I is coercive, vk → ϕ strongly in H2(Rn). �

By Lemma 2.6, the minimizer ϕ in Theorem 2.10 is a weak solution of (2.1)
and therefore minimizes S among all nontrivial solutions. We call such a solution
a ground state. The set of all ground state solutions is denoted G and we have

G =
{
ϕ ∈ H2 : ϕ 
= 0, S′(ϕ) = 0, S(ϕ) ≤ S(u) for all u ∈ H2(Rn)

such that u 
= 0 and S′(u) = 0}
= {ϕ ∈ H2(Rn) : S(ϕ) = m,P (ϕ) = 0}.

Since mσ is strictly decreasing for σ ≤ 0, it also follows that ϕ minimizes Sr among
all nonzero u such that P (u) ≤ 0. That is,

(2.12) m = S(ϕ) = Sr(ϕ) = inf{Sr(u) : u ∈ H2(Rn), u 
= 0, P (u) ≤ 0}
for any ϕ ∈ G.

If we define

G = {Φ = (ϕ,−c∇ϕ) : ϕ ∈ G}
to be the set of ground state pairs in X, then we have the following variational
characterization of G .

Lemma 2.11. Φ ∈ G if and only if SX(Φ) = inf{SX(w) : w ∈ X,w 
=
0, PX(w) = 0}.

Proof. We first recall that SX(u, v) = S(u) + q(u, v) and also note that
PX(u, v) = P (u)+2q(u, v), where q is defined by (2.4). Suppose Φ = (ϕ,−c ·∇ϕ) ∈
G , and suppose w = (u, v) 
= 0 satisfies PX(w) = 0. Then u 
= 0, P (u) ≤ 0, and
thus

SX(Φ) = Sr(ϕ) ≤ Sr(u) = S(u)− 1

r + 1
P (u)

≤ S(u)− 1

2
P (u) = S(u) + q(u, v) = SX(w).
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Conversely, suppose Φ = (ϕ, ψ) minimizes SX over all nonzero w ∈ X such that
PX(w) = 0. Then S′X(Φ) = μP ′X(Φ) for some μ ∈ R, so 0 = PX(Φ) = μ 〈P ′X(Φ),Φ〉.
But

〈P ′X(Φ),Φ〉 = 4I(ϕ) + 4q(ϕ, ψ)− 〈N ′(ϕ), ϕ〉 = 2N(ϕ)− 〈N ′(ϕ), ϕ〉 ≤ (1− r)N(ϕ)

and since N(ϕ) = 2I(ϕ)+2q(ϕ, ψ) > 0 this implies 〈P ′X(Φ),Φ〉 < 0 and thus μ = 0.
Hence S′X(Φ) = 0, which implies

0 = 〈S′X(ϕ, ψ), (0, ψ + c · ∇ϕ)〉 =
∫
Rn

|ψ + c · ∇ϕ|2 dx

and thus ψ = −c ·∇ϕ. Thus ϕ is nonzero and q(Φ) = 0, so P (ϕ) = 0. Now suppose
u ∈ H2(Rn) is nonzero and P (u) = 0. Then w = (u,−c · ∇u) satisfies PX(w) = 0,
so

S(ϕ) = SX(Φ) ≤ SX(w) = S(u);

and thereby ϕ minimizes S over all such u and is therefore in G, which implies
Φ ∈ G . �

In the case that F (u) = |u|p+1 with 1 < p < n+4
n−4 , existence of traveling waves

was proven in [11] by showing that there exist minimizers of I(u) subject to the
constraint K(u) = 1 and then using homogeneity to scale away the Lagrange multi-
plier. The same method proves existence for any F (u,Du) that is homogeneous of
degree p+ 1, where 1 < p < n+2

n−2 if F depends on Du, and there exist u ∈ H2(Rn)

such that K(u) > 0. By homogeneity, minimizers achieve the minimum

m∗ = inf

{
I(u)

K(u)
2

p+1

: u ∈ H2(Rn),K(u) > 0

}
.

If we denote by G∗ the set of all such minimizers, then we have the following.

Theorem 2.12. For |c|2 < b+ 2
√
a, m∗ = m and G∗ = G.

Proof. By homogeneity of F , N(u) = (p+ 1)K(u), and thus P (u) = 2I(u)−
(p+ 1)K(u) for all u ∈ H2(Rn).

First suppose u ∈ G, and let v ∈ H2(Rn) satisfy K(v) > 0. Then by Lemma
2.4 N(v) > 0 and

P (αv) = 2α2I(v)− αp+1N(v) = 0

when αp−1 = 2I(v)
N(v) . Thus S(u) ≤ S(αv) by definition of G. Since P (u) = P (αv) =

0, we have I(u) = 1
2N(u) = p+1

2 K(u) = p+1
p−1S(u) and I(αv) = p+1

p−1S(αv). This

implies

I(u)

K(u)
2

p+1

=
p+ 1

2
K(u)

p−1
p+1 =

p+ 1

2

(
2

p− 1
S(u)

) p−1
p+1

≤ p+ 1

2

(
2

p− 1
S(αv)

) p−1
p+1

=
I(αv)

K(αv)
2

p+1

=
I(v)

K(v)
2

p+1

and thus u ∈ G∗.
Next suppose u ∈ G∗. Then since 2I(u) = (p+ 1)K(u), we have P (u) = 0 and

S(u) = p−1
p+1I(u) =

p−1
2 K(u). Now let v be any nonzero element of H2(R) such that
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P (v) = 0. Then S(v) = p−1
p+1I(v) =

p−1
2 K(v) and

I(u)

K(u)
2

p+1

≤ I(v)

K(v)
2

p+1

;

so

S(v) ≥ p− 1

p+ 1

K(v)
2

p+1

K(u)
2

p+1

I(u) =
S(v)

2
p+1

S(u)
2

p+1

S(u)

and it follows that S(v) ≥ S(u), and thus u ∈ G. �

Theorem 2.13. Suppose ϕ ∈ H2(Rn) is a solution of (2.1). Then ϕ ∈ H4(Rn).

Proof. Set g = f(ϕ,Dϕ,D2ϕ), and note that equation (2.1) may be written
Lϕ = g where L = Δ2 + (c · ∇)2 + Id. Since L−1 maps Hs(Rn) into Hs+4(Rn)
for any s ∈ R, if g ∈ Hs(Rn), then u ∈ Hs+4(Rn). Thus it suffices to show that
g ∈ L2(Rn). We will make use of the embeddingHs(Rn) ⊂ Lr(Rn) for 2 ≤ r ≤ 2n

n−2s

and 0 ≤ s < n/2 and the dual embeddings Lr(Rn) ⊂ Hs(Rn) for −n
2 < s ≤ n

2 − n
r

and 1 < r ≤ 2.
By Assumption 2.2 and (2.7), we have

|g| � |ϕ|p1 + |ϕ|q1 + |ϕ||Dϕ|p2−1 + |ϕ||Dϕ|q2−1 + |ϕ|p3−1|Dϕ|
+ |ϕ|q3−1|Dϕ|+ |Dϕ|p4 + |Dϕ|q4 + |ϕ|p5−1|D2ϕ|+ |ϕ|q5−1|D2ϕ|
+ |Dϕ|p6−1|D2ϕ|+ |Dϕ|q6−1|D2ϕ|.

We will denote

g1 = |ϕ|p1 + |ϕ|q1 , g2 = |ϕ| (|Dϕ|p2−1 + |Dϕ|q2−1
)
,

g3 =
(|ϕ|p3−1 + |ϕ|q3−1

) |Dϕ|, g4 = |Dϕ|p4 + |Dϕ|q4 ,
g5 =

(|ϕ|p5−1 + |ϕ|q5−1
) |D2ϕ|, g6 =

(|Dϕ|p6−1 + |Dϕ|q6−1
) |D2ϕ|.

Case 1: n = 1. In this case, ϕ ∈W 1,∞(R) and thus g ∈ L2(R).
Case 2: n = 2. In this case, ϕ ∈ L∞(R2) and Dϕ ∈ Lq(R2) for 2 ≤ q <∞, so g1
through g5 are in L2(R2), and g6 ∈ Lr(R2) for max{1, 2

p6
} ≤ r < 2. In particular,

there is some 1 < r < 2 such that g6 ∈ Lr(R2), and thus g6 ∈ Hs(R2) for s = 1− 2
r .

Since s < 0, we therefore have g ∈ Hs(R2) and ϕ ∈ Hs+4(R2). Since s > −1 this
implies ϕ ∈ H3(R2), so Dϕ ∈ L∞(R2), and thus g ∈ L2(R2).

Case 3: n = 3. In this case we write g = Fu(ϕ,Dϕ) −∑3
i=1(Fvi(ϕ,Dϕ))xi

and
note that by (2.7) and (2.8) we have

|Fu(ϕ,Dϕ)| � g1 + g2 + g3 + g4,

|Fvi(ϕ,Dϕ)| � g̃3 + g̃4 + g̃5 + g̃6,

where g̃3 = |ϕ|p3 + |ϕ|q3 , g̃4 = |ϕ||Dϕ|p4−1 + |ϕ||Dϕ|q4−1, g̃5 = |ϕ|p5−1|Dϕ| +
|ϕ|q6−1|Dϕ| and g̃6 = |Dϕ|p6 + |Dϕ|q6 . Since ϕ ∈ L∞(R3), g1, g3, g̃3 and g̃5 are in
L2(R3).

We proceed inductively, supposing that ϕ ∈ Hs(R3) for s ≥ 2. Since ϕ ∈
L∞(R3), g1, g3, g̃3 and g̃5 are in L2(R3). Since |Dϕ| ∈ Lr(R3) for 2 ≤ r ≤ 6

3−2(s−1) ,

it follows that

|ϕ||Dϕ|q−1 ∈ Lr(R3) if max

{
1,

2

q

}
≤ r ≤ 6

(q − 1)(3− 2(s− 1))
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for 1 < q < 6
3−2(s−1) + 1, and

|Dϕ|q ∈ Lr(R3) if max

{
1,

2

q

}
≤ r ≤ 6

q(3− 2(s− 1))

for 1 < q < 6
3−2(s−1) .

We use the first of these inclusions to consider g2. If s > 1 + 3
2 − 3

2(q2−1)

then 6
(p2−1)(3−2(s−1)) ≥ 6

(q2−1)(3−2(s−1)) ≥ 2 and thus g2 ∈ L2(R3). Otherwise

|ϕ||Dϕ|q2−1 ∈ Lr2(R3), where r2 = 6
(q2−1)(3−2(s−1)) < 2 and thus |ϕ||Dϕ|q2−1 ∈

Ht2(R3), where t2 = 3
2 − 3

r2
= 1

2 (3− (q2 − 1)(3− 2(s− 1))) < 0. Since p2 ≤ q2, it

follows that |ϕ||Dϕ|p2−1 ∈ Ht2(R3) as well. Thus g2 ∈ Ht2(s)(R3), where

t2(s) =

{
(q2 − 1)s+ 3

2 − 5(q2−1)
2 s < 1 + 3

2 − 3
2(q2−1)

0 s ≥ 1 + 3
2 − 3

2(q2−1)

.

We now consider g4. If s ≥ 1 + 3
2 − 3

2q4
, then 6

p4(3−2(s−1)) ≥ 6
q4(3−2(s−1)) ≥ 2, so

g4 ∈ L2(R3). Otherwise |Dϕ|q4 ∈ Lr4(R3), where r4 = 6
q4(3−2(s−1)) < 2 and thus

|Dϕ|q4 ∈ Ht4(Rn) with t4 = 3
2− 3

r4
= 1

2 (3−q4(3−2(s−1))) < 0. Since 1 < p4 ≤ q4,

it follows that |Dϕ|p4 ∈ Ht4(R3) as well, so g4 ∈ Ht4(s)(R3), where

t4(s) =

{
q4s+

3
2 − 5q4

2 s < 1 + 3
2 − 3

2q4

0 s ≥ 1 + 3
2 − 3

2q4

.

It then follows that Fu(ϕ,Dϕ) ∈ Ht(s)(R3), where t(s) = min{t2(s), t4(s)}.
By the same reasoning as above, it follows that g̃4 ∈ H t̃4(s)(R3), where

t̃4(s) =

{
(q4 − 1)s+ 3

2 − 5(q4−1)
2 s < 1 + 3

2 − 3
2(q4−1)

0 s ≥ 1 + 3
2 − 3

2(q4−1)

and g̃6 ∈ H t̃6(s)(R3), where

t̃6(s) =

{
q6s+

3
2 − 5q6

2 s < 1 + 3
2 − 3

2q6

0 s ≥ 1 + 3
2 − 3

2q6

,

and thus (Fvi
(ϕ,Dϕ))xi

∈ H t̃(s)(R3), where t̃(s) = min{t̃4(s), t̃6(s)}−1. Altogether
this implies ϕ ∈ Hh(s)(R3) whenever ϕ ∈ Hs(R3), where h(s) = 4+min{t(s), t̃(s)}.
Since 1 < q2 < 7, 1 < q4 < 6 and 1 < q6 < 5, it follows that the iteration sk+1 =
h(sk) with s0 = 2 converges to 3 in finitely many steps. Therefore ϕ ∈ H3(R3). It
then follows that ϕ ∈W 1,∞(R3), so g ∈ L2(R3).
Case 4: n ≥ 4. We proceed inductively by supposing ϕ ∈ Hs(Rn) for some s ≥ 2.
First suppose s ≤ n/2. Then since |ϕ| ∈ Lr(Rn) for all 2 ≤ r ≤ 2n

n−2s when s < n/2

and for 2 ≤ r < ∞ when s = n/2, |Dϕ| ∈ Lr(Rn) for 2 ≤ r ≤ 2n
n−2(s−1) and

|D2ϕ| ∈ Lr(Rn) for 2 ≤ r ≤ 2n
n−2(s−2) , it follows in the case s < n/2 that

|ϕ|q ∈ Lr(Rn) if max

{
1,

2

q

}
≤ r ≤ 2n

q(n− 2s)

for 1 < q < 2n
n−2s ,

|ϕ||Dϕ|q−1 ∈ Lr(Rn) if max

{
1,

2

q

}
≤ r ≤ 2n

q(n− 2(s− 1))− 2
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for 1 < q < 2(n+1)
n−2(s−1) ,

|ϕ|q−1|Dϕ| ∈ Lr(Rn) if max

{
1,

2

q

}
≤ r ≤ 2n

q(n− 2s) + 2

for 1 < q < 2(n−1)
n−2s

|ϕ|q−1|D2ϕ| ∈ Lr(Rn) if max

{
1,

2

q

}
≤ r ≤ 2n

q(n− 2s) + 4

for 1 < q < 2(n−2)
n−2s , and while the case s = n/2,

|ϕ|q ∈ Lr(Rn) if max

{
1,

2

q

}
≤ r <∞

for 1 < q < ∞. We first consider g1. If s = n
2 , then clearly g1 ∈ L2(Rn). If

n
2 > s ≥ n

2 − n
2q1

, then 2n
p1(n−2s) ≥ 2n

q1(n−2s) ≥ 2 and thus g1 ∈ L2(Rn). Otherwise

|ϕ|q1 ∈ Lr1(Rn), where r1 = 2n
q1(n−2s) , and thus |ϕ|q1 ∈ Ht1(Rn) with t1 = n

2 − n
r1
.

Hence, since p1 ≤ q1, |ϕ|p1 ∈ Ht1(Rn) as well, and thus g1 ∈ Ht1(s)(Rn), where

t1(s) =

{
q1s+

1
2n− 1

2nq1 s < n
2 − n

2q1

0 s ≥ n
2 − n

2q1

.

We next consider g2. If
n
2 ≥ s ≥ 1 + n

2 − n+2
2q2

, then

2n

p2(n− 2(s− 1))− 2
≥ 2n

q2(n− 2(s− 1))− 2
≥ 2

and thus g2 ∈ L2(Rn). Otherwise |ϕ||Dϕ|q2−1 ∈ Lr2(Rn), where

r2 =
2n

q2(n− 2(s− 1))− 2
,

so |ϕ||Dϕ|q2−1 ∈ Ht2(Rn), where t2 = n
2 − n

r2
. Since p2 ≤ q2, |ϕ||Dϕ|p2−1 ∈

Ht2(Rn) and thus g2 ∈ Ht2(s)(Rn), where

t2(s) =

{
q2s− 1

2 (q2 − 1)(n+ 2) s < 1 + n
2 − n+2

2q2

0 s ≥ 1 + n
2 − n+2

2q2
.

It follows similarly that gi ∈ Hti(s)(Rn), where

t3(s) =

{
q3s− 1 + n

2 − nq3
2 s < n

2 − n−2
2q3

0 s ≥ n
2 − n−2

2q3

,

t4(s) =

{
q4s+

n
2 − q4(n+2)

2 s < 1 + n
2 − n

2q4

0 s ≥ 1 + n
2 − n

2q4

,

t5(s) =

{
q5s− 2 + n

2 − q5n
2 s < n

2 − n−4
2q5

0 s ≥ n
2 − n−4

2q5

,

t6(s) =

{
q6s− 1 + n

2 − q6(n+2)
2 s < 1 + n

2 − n−2
2q6

0 s ≥ 1 + n
2 − n−2

2q6

.

Thus g ∈ Ht(s)(Rn) with t(s) = min{ti(s) : 1 ≤ i ≤ 6} and ϕ ∈ Hh(s)(Rn), where
h(s) = t(s) + 4, provided 2 ≤ s ≤ n

2 . It is easily verified using the assumptions on
pi and qi that the sequence defined by s0 = 2 and sk+1 = h(sk) is increasing and
converges to 4 in finitely many steps. If n ≥ 8, we have sk ≤ n

2 for all k and the
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iteration terminates with ϕ ∈ H4(Rn). If 4 ≤ n ≤ 7, the iteration terminates with
either ϕ ∈ H4(Rn), or ϕ ∈ Hs(Rn) for some s < 4 such that s > n

2 . If s > 1 + n
2 ,

then ϕ ∈ W 1,∞(Rn) and thus g ∈ L2(Rn). So it remains to consider the case
ϕ ∈ Hs(Rn), where n

2 < s ≤ 1 + n
2 and 4 ≤ n ≤ 7. In this case ϕ ∈ L∞(Rn) and

it follows that g1, g3 and g5 are in L2(Rn). Since Dϕ ∈ Lr(Rn) for 2 ≤ r < ∞ if
s = 1 + n

2 and for 2 ≤ r ≤ 2n
n−2(s−1) if s < 1 + n

2 , we have

|ϕ||Dϕ|q−1 ∈ Lr(Rn) if max

{
1,

2

q

}
≤ r ≤ 2n

(q − 1)(n− 2(s− 1))

for 1 ≤ q < 2n
n−2(s−1) + 1 if s < 1 + n

2 , and

|ϕ||Dϕ|q−1 ∈ Lr(Rn) if max

{
1,

2

q

}
≤ r <∞

for 1 ≤ q <∞ if s = 1 + n
2 . It then follows that g2 ∈ Ht2(s)(Rn), where

t2(s) =

{
(q2 − 1)s+ n

2 − (q2−1)(n+2)
2 s < 1 + n

2 − n
2(q2−1)

0 s ≥ 1 + n
2 − n

2(q2−1)

and g4 ∈ Ht4(s)(Rn) and g6 ∈ Ht6(s)(Rn), where t4 and t6 are as above. Thus
ϕ ∈ Hh(s)(Rn) provided ϕ ∈ Hs(Rn) for some n

2 < s ≤ 1 + n
2 , where h(s) =

min{t2(s), t4(s), t6(s)} + 4. Again the assumptions on pi and qi imply that the
sequence s0 = 2, sk+1 = h(sk) converges to 4 in finitely many steps. Thus the
iteration terminates with ϕ ∈ H4(Rn) or ϕ ∈ Hs(Rn) for some s > 1 + n

2 , which

implies g ∈ L2(Rn) and thus ϕ ∈ H4(Rn). �

3. Stability

In this section we prove the main stability result. The proof makes use of
arguments similar to those in [12], with modifications to account for the difference
in variational characterization of the set of ground states. For the remainder of this
section, we make explicit the dependence on the wave velocity c by writing G(c),
G (c), I(u; c), S(u; c), Sr(u; c), P (u; c), SX(w; c) and PX(w; c).

We now define

(3.1) d(c) = SX(Φ; c) = E(Φ) + c ·Q(Φ)

for Φ ∈ G (c) and observe that

d(c) = S(ϕ; c) = m = inf{S(u; c) : u ∈ H2(Rn), u 
= 0, P (u; c) = 0}
so d is independent of the choice of Φ ∈ G (c) and therefore well-defined.

Lemma 3.1. For each fixed unit vector ν ∈ R
n, dν(s) = d(sν) is continuous and

strictly decreasing in s for s ∈ [0,
√
b+ 2

√
a). At all but countable many points in

(0,
√
b+ 2

√
a), dν is differentiable with d′ν(s) = −s

∫
Rn |∇ϕ|2 dx for any ϕ ∈ G(sν).

Proof. Define

β+(s) = sup

{∫
Rn

|ν · ∇ϕ|2 dx : ϕ ∈ G(sν)
}
,

β−(s) = inf

{∫
Rn

|ν · ∇ϕ|2 dx : ϕ ∈ G(sν)
}
.
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Since dν(s) = Sr(ϕ) ≥
(

r−1
r+1

)
I(ϕ; sν) ≥

(
(r−1)(2−s2)

2(r+1)

) ∫
Rn |ν · ∇ϕ|2 dx for any

ϕ ∈ G(sν), we have

0 ≤ β−(s) ≤ β+(s) ≤ 2(r + 1)dν(s)

(r − 1)(2− s2)

for s ∈ (0,
√

b+ 2
√
a). Suppose 0 ≤ s1 < s2 < s0 <

√
b+ 2

√
a and let ϕj ∈ G(cj),

where cj = sjν for j = 1, 2. Since P (ϕ1; c1) = 0, we have

P (ϕ1; c2) = P (ϕ1; c1) + (s21 − s22)

∫
Rn

|ν · ∇ϕ1|2 dx < 0.

Since d(c2) is the minimum of Sr(u; c2) subject to P (u; c2) ≤ 0, we have

d(c2) ≤ Sr(ϕ1; c2) = Sr(ϕ1; c1) +
1

2
(s21 − s22)

r − 1

r + 1

∫
Rn

|ν · ∇ϕ1|2 dx

= d(c1) +
1

2
(s21 − s22)

r − 1

r + 1

∫
Rn

|ν · ∇ϕ1|2 dx < d(c1)

so dν(s) is strictly decreasing in s and hence differentiable at all but countably

many points in (0,
√
b+ 2

√
a).

For 0 < α < 1 we have by Lemma 2.4 that

P (αϕ1; c2) = 2α2I(ϕ1; c2)−N(αϕ1)

≥ 2α2I(ϕ1; c2)− αr+1N(ϕ1)

= 2α2I(ϕ1; c2)− αr+12I(ϕ1; c1)

so P (αϕ1; c2) > 0 for α <
(

I(ϕ1;c2)
I(ϕ1;c1)

) 1
r−1

. Thus there exists
(

I(ϕ1;c2)
I(ϕ1;c1)

) 1
r−1

< α1 < 1

such that P (αϕ1; c2) = 0, and

d(c2) ≤ S(α1ϕ1; c2) = α2
1I(ϕ1; c2)−K(α1ϕ1)

= α2
1I(ϕ1; c1)− α2

1

1

2
(s22 − s21)

∫
Rn

|ν · ∇ϕ1|2 dx−K(α1ϕ1)

= S(α1ϕ1; c1)− α2
1

1

2
(s22 − s21)

∫
Rn

|ν · ∇ϕ1|2 dx

By Lemma 2.7, since P (ϕ1; c1) = 0, S(αϕ1; c1) attains its maximum at α = 1, and
thus S(α1ϕ1; c1) ≤ S(ϕ1; c1) = d(c1), and we have

d(c2) ≤ d(c1)− α2
1

1

2
(s22 − s21)

∫
Rn

|ν · ∇ϕ1|2 dx.

Since I(u; sν) ≥ 1
2 (b+ 2

√
a− s2)

∫
Rn |ν · ∇u|2 dx for all u ∈ H2(Rn), we have

1 ≥ I(ϕ1; c2)

I(ϕ1; c1)
= 1−

1
2 (s

2
2 − s21)

∫
Rn |ν · ∇ϕ1|2 dx

I(ϕ1; c1)

≥ 1− s22 − s21
b+ 2

√
a− s12

≥ 1 +
s22 − s21

b+ 2
√
a− s20

for s1 < s2 < s0 <
√
b+ 2

√
a. Thus α1 ≥

(
1− s22−s21

2−s20

) 1
r−1

, and

d(c2) ≤ d(c1)− 1

2
(s22 − s21)

(
1− s22 − s21

2− s20

) 2
r−1

∫
Rn

|ν · ∇ϕ1|2 dx.
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Since ϕ2 ∈ G(c2) is arbitrary, this implies

dν(s2) ≤ dν(s1)− 1

2
(s22 − s21)

(
1− s22 − s21

2− s20

) 2
r−1

β+(s1).

It follows similarly that

dν(s1) ≤ dν(s2) +
1

2
(s22 − s21)

(
1 +

s22 − s21
2− s20

) 2
r−1

β−(s2);

and thus

−1

2
(s2 + s1)

(
1 +

s22 − s21
2− s20

) 2
r−1

β−(s2) ≤ dν(s2)− dν(s1)

s2 − s1

≤ −1

2
(s1 + s2)

(
1− s22 − s21

2− s20

) 2
r−1

β+(s1)

for s1 < s2 < s0. This proves dν is locally Lipschitz and hence continuous on
(0,
√
2). By Theorem 2.10 and the same reasoning as in the proof of Lemma 4.2 in

[12], lim sup
s2→s1

β−(s2) ≤ β+(s1) and lim inf
s1→s2

β+(s1) ≥ β−(s2) so

lim
s2→s+1

dν(s2)− dν(s1)

s2 − s1
= −s1β+(s1),

lim
s1→s−2

dν(s2)− dν(s1)

s2 − s1
= −s2β−(s2).

Thus d′ν(s
+) = −sβ+(s) and d′ν(s

−) = −sβ−(s), so dν is differentiable at s if
and only if β+(s) = β−(s), and in this case d′ν(s) = −s ∫

Rn |ν · ∇ϕ|2 dx for any
ϕ ∈ G(sν). �

We recall that the functional S1 = S − 1
2P = 1

2N −K is independent of c, and
d(c) = S1(ϕ) for any ϕ ∈ G(c). We use this to associate a wave speed to functions
in a neighborhood of G(c).

Lemma 3.2. Fix a unit vector ν ∈ R
n and let c = aν for some a ∈ (0,

√
2).

There exists ε > 0 and a continuous map cν : Vε(G(c))→ R
n such that d(cν(u)) =

S1(u) for all u ∈ Vε(G(c)).
Proof. By Lemma 3.1 dν(s) = d(sν) has a continuous inverse d−1

ν defined on
the range of dν . Since dν is strictly decreasing and d(c) = S1(ϕ) for any ϕ ∈ G(c),
it follows that there is some ε > 0 such that S1(u) is in the range of dν for all
u ∈ Vε(G(c)). We may therefore define

(3.2) cν(u) = d−1
ν (S1(u))ν

for u ∈ Vε(G(c)). Then d(cν(u)) = dν(d
−1
ν (S1(u))) = S1(u), and the continuity of

S1 and d−1
ν imply the continuity of c. �

Remark 3.3. Equation (3.2) agrees with, and thus generalizes, equation (5.3)
in [12] in the case of a homogeneous nonlinearity.

We will denote sν(u) = d−1
ν (S1(u)), so cν(u) = sν(u)ν.

Lemma 3.4. Let ν ∈ R
n be a unit vector, and suppose u is in the domain of

cν . Then P (u; cν(u)) ≥ 0 and S(u; cν(u)) ≥ d(cν(u)).
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Proof. By definition we have

(3.3) d(cν(u)) = S1(u) = S(u; cν(u))− 1

2
P (u; cν(u)).

Since d(cν(u)) is the minimum of Sr(v; cν(u)) over all v such that P (v; cν(u)) ≤ 0
it follows that

(3.4) d(cν(u)) ≤ Sr(u; cν(u)) = S(u; cν(u))− 1

r + 1
P (u; cν(u)).

Combining these proves that P (u; cν(u)) ≥ 0, and thus S(u; cν(u)) ≥ d(cν(u)). �

Lemma 3.5. Fix a unit vector ν ∈ R
n, let c = |c|ν for some |c| < √

2 and
suppose d′′ν(|c|) > 0. There exists ε > 0 such that for any Φ ∈ G (c) and any
(u, v) ∈ Vε(G (c)) we have

E(u, v)− E(Φ) + sν(u)ν · (Q(u, v)−Q(Φ)) ≥ 1

4
d′′ν(|c|)(sν(u)− |c|)2.

Proof. By Lemma 3.1, d′ν(|c|) = ν ·Q(Φ) and thus for some ε0 > 0

dν(s) ≥ dν(|c|) + ν ·Q(Φ)(s− |c|) + 1

4
d′′ν(|c|)(s− |c|)2

= E(Φ) + νs ·Q(Φ) +
1

4
d′′ν(|c|)(s− |c|)2

for |s − |c|| < ε0. Let (u, v) ∈ Vε(G (c)). Then u ∈ Vε(G(c)), so u is in the domain
of cν and |sν(s)− |c|| < ε0 for ε sufficiently small and thus

dν(sν(u)) ≥ E(Φ) + νsν(u) ·Q(Φ) +
1

4
d′′ν(|c|)(sν(u)− |c|)2.

By Lemma 3.4 and (2.3)

dν(sν(u)) = d(cν(u)) ≤ S(u; cν(u)) ≤ E(u, v) + cν(u) ·Q(u, v)

so combining the two inequalities proves the lemma. �

We are now ready to prove the main stability result.

Theorem 3.6. Let c ∈ R
n satisfy 0 < |c| < √2 and let ν = c/|c|. If d′′ν(|c|) > 0,

then G (c) is stable.

Proof. If G (c) is unstable, then there exist ε1 > 0, gk ∈ V1/k(G (c)) and tk > 0
such that ‖wk(tk)−Φ‖X ≥ ε1 for every Φ ∈ G (c), where wk(t) = (uk(t), vk(t)) is the
solution of (1.2) with wk(0) = gk. We may also assume that ε1 < ε and therefore
by continuity of wk(t) that wk(tk) ∈ Vε(G (c)) for the ε in Lemma 3.5. Thus there
exist Φk ∈ G (c) such that ‖gk − Φk‖ < 1

k for each k and therefore

‖E(Φk)− E(wk(tk))‖ = ‖E(Φk)−Q(gk)‖ ≤ C

k

and

‖Q(Φk)−Q(wk(tk))‖ = ‖Q(Φk)−Q(gk)‖ ≤ C

k
for some constant C > 0. By Lemma 3.5 we then have

E(wk(tk))−E(Φk)+sν(uk(tk))ν ·(Q(wk(tk))−Q(Φk)) ≥ 1

4
d′′ν(|c|)(sν(uk(tk))−|c|)2.
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for all k. Since sν(uk(tk)) is bounded, it then follows that limk sν(uk(tk)) = |c|.
Thus limk cν(uk(tk)) = c, so

lim
k→∞

S1(uk(tk)) = lim
k→∞

d(cν(uk(tk)) = d(c).

Since

lim
k→∞

E(wk(tk)) + c ·Q(wk(tk)) = lim
k→∞

E(Φk) + c ·Q(Φk) = d(c),

we have by (2.3) that

lim sup
k→∞

S(uk(tk); c) ≤ lim
k→∞

E(wk(tk)) + c ·Q(wk(tk)) = d(c),

from which we obtain

lim sup
k→∞

P (uk(tk); c) = lim sup
k→∞

2S(uk(tk), c)− 2S1(uk(tk)) ≤ 0.

By Lemma 3.4, P (uk(tk); cν(uk(tk))) ≥ 0 and

S(uk(tk); cν(uk(tk))) ≥ d(cν(uk(tk)))

for all k, so since

P (uk(tk); c) = P (uk(tk); cν(uk(tk))) + (sν(uk(tk))
2 − |c|2)

∫
Rn

|ν · ∇uk(tk)|2 dx,

S(uk(tk); c) = S(uk(tk); cν(uk(tk))) +
1

2
(sν(uk(tk))

2 − |c|2)
∫
Rn

|ν · ∇uk(tk)|2 dx,

we have lim infk→∞ P (uk(tk); c) ≥ 0 and lim infk→∞ S(uk(tk); c) ≥ d(c) and there-
fore

lim
k→∞

P (uk(tk); c) = 0

and

lim
k→∞

S(uk(tk); c) = d(c).

Thus {uk(tk)} is a minimizing sequence, so by Theorem 2.10, there exists a sub-
sequence (renamed {uk(tk)}) and a sequence {ψk} in G(c) such that ‖uk(tk) −
ψk‖H2 → 0. Furthermore, by (2.3) we have

lim
k→∞

1

2

∫
Rn

|vk(tk) + c · ∇uk(tk)|2 dx = lim
k→∞

(E(wk(tk)) + c ·Q(wk(tk))

−S(uk(tk); c))

= d(c)− d(c) = 0;

so

lim
k→∞

∫
Rn

|vk(tk) + c · ∇ψk|2 dx = 0

and we have

lim
k→∞

‖wk(tk)−Ψk‖X = 0,

where Ψk = (ψk,−c ·∇ψk) ∈ G (c). This contradicts the fact that ‖wk(tk)−Φ‖X ≥
ε1 > 0 for all k and all Φ ∈ G (c). Hence G (c) is stable. �
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4. Instability

In this section we prove the main instability result. It follows from a modifi-
cation of the methods of Angulo-Pava [1], which are based on those of Grillakis,
Shatah and Strauss [9]. Fix a unit vector ν ∈ R

n and define

Qν(w) = ν ·Q(w) =

∫
Rn

v(ν · ∇u) dx

for w = (u, v) ∈ X. Notice that JQ′ν(w) = ν · ∇w. Given a ground state Φ ∈ G (c)
with c/|c| = ν, we define the orbit of Φ by

O(Φ) = {T (r)Φ : r ∈ R},
where T (r)w(x) = w(x+ rν).

By Theorem 2.13, ϕ ∈ H4(Rn), so Φ ∈ H4(Rn) ×H3(Rn) and thus Q′ν(Φ) =
−J(ν · ∇Φ) ∈ H2(Rn) × H3(Rn) ⊂ X, and (ν · ∇)2Φ ⊂ H2(Rn) × H1(Rn) ⊂ X.
The main result of this section is the following.

Theorem 4.1. Let c = sν for some s ∈ (0,
√
2) and suppose Φ ∈ G (c). If

there exist Ψ ∈ X such that 〈Q′ν(Φ),Ψ〉 = 0 and 〈S′′X(Φ)Ψ,Ψ〉 < 0, then O(Φ) is
unstable.

Lemma 4.2. Suppose 〈P ′X(Φ), w〉 = 0. Then 〈S′′X(Φ)w,w〉 ≥ 0.

Proof. Set h(t, z) = PX(Φ + tw + zL−1P ′X(Φ)), where L(u, v) = (Δ2u +

u, v) is the natural isomorphism from X to X∗. Then h(0, 0) = 0 and ∂h
∂z (0, 0) =〈

P ′X(Φ), L−1P ′X(Φ)
〉
. As shown in the proof of Lemma 2.11, 〈P ′X(Φ),Φ〉 < 0, so

P ′X(Φ) 
= 0 and thus ∂h
∂z (0, 0) 
= 0. The implicit function theorem therefore implies

there exists a C1 function z(t) defined in a neighborhood of t = 0 such that z(0) = 0
and PX(Φ + tw + z(t)L−1P ′X(Φ)) = 0. The curve γ(t) = Φ + tw + z(t)L−1P ′X(Φ)
then satisfies γ(0) = Φ and γ′(0) = w+ z′(0)L−1P ′X(Φ). But PX(γ(t)) = 0 implies
〈P ′X(γ(t)), γ′(t)〉 = 0, so when t = 0 we have 0 =

〈
P ′X(Φ), w + z′(0)L−1P ′X(Φ)

〉
=

z′(0)
〈
P ′X(Φ), L−1P ′X(Φ)

〉
, and thus z′(0) = 0, so γ′(0) = w. Since Φ minimizes SX

subject to the constraint PX = 0, the function g(t) = SX(γ(t)) has a local minimum
at t = 0, and thus g′′(0) ≥ 0. The lemma follows since g′′(0) = 〈S′′X(Φ)w,w〉. �

Lemma 4.3. There exists a C1 map ρ : Vε(O(Φ))→ R such that

〈JQ′ν(Φ), T (ρ(w))w〉 = 0

for every w ∈ Vε(O(Φ)), and

ρ′(w) =
T (−ρ(w))JQ′ν(Φ)

〈T (−ρ(w))(ν · ∇)2Φ, w〉 .

Proof. First note that since Φ ∈ H4 ×H3, JQ′ν(Φ) = ν · ∇Φ ∈ H3 ×H2 ⊂
X∗. Thus the map g : R × X → R defined by g(ρ, w) = 〈ν · ∇Φ, T (ρ)w〉 =
〈JQ′ν(Φ), T (ρ)w〉 is C1 with

gρ(ρ, w) = −
〈
T (−ρ)((ν · ∇)2Φ), w

〉
gw(ρ, w) = T (−ρ)(ν · ∇Φ).

Since g(0,Φ) = 〈ν · ∇Φ,Φ〉 = 0 and

gρ(0,Φ) = 〈JQ′ν(Φ), ν · ∇Φ〉 =
∫
Rn

|ν · ∇ϕ|2 + |c|2|(ν · ∇)2ϕ|2 dx > 0,

the implicit function theorem implies there exists a neighborhood Vε(Φ) and a
unique C1 map ρ : U → R such that g(ρ(w), w) = 0 for all w ∈ Vε(Φ). Since
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g(ρ, T (r)w) = g(ρ+r, w) for any w ∈ X and ρ and r in R, it follows that if w1, w2 ∈
Vε(Φ) satisfy w2 = T (r)w1 for some r, then 0 = g(ρ(w2), w2) = g(ρ(T (r)w1)+r, w1),
so by uniqueness ρ(T (r)w1) + r = ρ(w1). For any w ∈ Vε(O(Φ)) there exists r ∈ R

such that Tν(r) ∈ Vε(Φ), and we may define ρ(w) = ρ(Tν(r))+r. This extends ρ to
Vε(O(Φ)) in a well-defined manner, such that g(ρ(w), w) = 0 for all w ∈ Vε(O(Φ)).
This may be rewritten 〈T (−ρ(w))(ν · ∇Φ), w〉 = 0, so differentiating with respect
to w gives

〈T (−ρ(w))(ν · ∇Φ), z〉 − 〈ρ′(w), z〉 〈T (−ρ(w))(ν · ∇)2Φ, w
〉

and thus

〈ρ′(w), z〉 = 〈T (−ρ(w))(ν · ∇Φ), z〉
〈T (−ρ(w))(ν · ∇)2Φ, w〉 =

〈T (−ρ(w))JQ′ν(Φ), z〉
〈T (−ρ(w))(ν · ∇)2Φ, w〉

for z ∈ X. �
Lemma 4.4. Define

BΨ(w) = T (−ρ(w))Ψ +

( 〈Q′ν(w), T (−ρ(w))Ψ〉
〈T (−ρ(w))(ν · ∇)2Φ, w〉

)
T (−ρ(w))Q′ν(Φ).

Then B : X → X is C1 and satisfies

〈JBΨ(w), z〉 = 〈JT (−ρ(w))Ψ, z〉+
( 〈Q′ν(w), T (−ρ(w))Ψ〉
〈T (−ρ(w))(ν · ∇)2Φ, w〉

)
〈JT (−ρ(w))Q′ν(Φ), z〉

= 〈JT (−ρ(w))Ψ, z〉+ 〈ρ′(w), z〉 〈Q′ν(w), T (−ρ(w))Ψ〉
and

〈Q′ν(w), BΨ(w)〉 = 0

for any w ∈ X.

The following lemma is a direct consequence of the definition of BΨ (see [6]).

Lemma 4.5. Let U(s, w0) denote the solution of the equation dw
ds = BΨ(w) with

initial data w(0) = w0 ∈ X. Then we have

(i) U is C1 for |s| < s0(w0) for any w0 ∈ Vε(O(Φ)),
(ii) U(s, T (α)w0) = T (α)U(s, w0) for all w0 ∈ Vε(O(Φ)), r ∈ R,
(iii) Q(U(s, w0)) = Q(w0),

(iv)
dU

ds
(0,Φ) = Ψ.

Lemma 4.6. Define Z(w) = 〈S′X(w), BΨ(w)〉. There exist ε > 0 and σ > 0
such that

(i) SX(U(s, w0)) ≤ SX(w0) + Z(w0)s for all w0 ∈ Vε(O(Φ)) and all s ∈ (−σ, σ),
(ii) SX(Φ) ≤ SX(U(δ,Φ))− Z(U(δ,Φ))δ for all δ ∈ (−σ, σ),
(iii) SX(U(δ,Φ)) < SX(Φ) for all nonzero δ ∈ (−σ, σ),
(iv) Z(U(δ,Φ)) < 0 for all δ ∈ (0, σ),
(v) for all w0 ∈ Vε(O(Φ)), there exists s = s(w0) ∈ (−σ, σ) such that SX(Φ) ≤

SX(w0) + Z(w0)s.

Proof. Taylor’s theorem implies

SX(U(s, w0)) = SX(w0) + Z(w0)s+
1

2
R(U(ηs, w0))

for some η ∈ (0, 1), where R(w) = 〈S′′X(w)B(w), B(w)〉 + 〈S′X(w), B′(w)(B(w))〉.
Part (i) then follows since R(Φ) = 〈S′′X(Φ)Ψ,Ψ〉 < 0. Part (ii) follows by applying
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part (i) with w0 = U(δ,Φ) and setting s = −δ. Part (iii) again follows from Taylor’s
theorem and the fact that Z(Φ) = 0 and 〈S′′X(Φ)Ψ,Ψ〉 < 0. Combining parts (ii)
and (iii) proves part (iv). Since Φ minimizes SX subject to the constraint PX = 0,
part (v) will follow from part (i) once it is shown that for each w0 there exists
s such that PX(U(s, w0)) = 0. So define g(s, w) = PX(U(s, w0)) and note that

g(0,Φ) = 0. The desired result then follows since ∂g
∂s (0,Φ) = 〈P ′X(Φ),Ψ〉 is nonzero

by Lemma 4.2 and the assumption that 〈S′′X(Φ)Ψ,Ψ〉 < 0. �

Next define

(4.1) A(w) = 〈T (−ρ(w))JΨ, w〉 .

Lemma 4.7. A is a C1 map from Vε(O(Φ)) to R, and A′(w) = JB(w).

Proof. The fact that A is C1 follows from Lemma 4.3, and by direct calcula-
tion we have

A′(w) = T (−ρ(w))JΨ− ρ′(w) 〈T (−ρ(w))ν · ∇JΨ, w〉
= T (−ρ(w))JΨ+ ρ′(w) 〈T (−ρ(w))Ψ, Q′ν(w)〉
= JB(w).

�

Proof of Theorem 4.1. Let σ > 0 be as in Lemma 4.6, and choose any sequence
δj ∈ (0, σ) such that δj → 0 as j →∞, and define wj = U(δj ,Φ). By continuity of
U it follows that wj → Φ in X. To establish instability of O(Φ) it suffices to show
that for every j the solution wj(t) of (1.2) exits Vε(O(Φ)) in finite time. Denote

Tj = sup{t : wj(t) ∈ Vε(O(Φ))}.

By Lemma 4.6, we have SX(wj) < SX(Φ) and Z(wj) < 0 for all j. Since SX is
a conserved quantity of (1.2), we then have SX(wj(t)) < SX(Φ) for all t ∈ [0, Tj ].
Furthermore, we must also have Z(wj(t)) < 0 for all t ∈ [0, Tj ], for otherwise we
would have Z(wj(t)) = 0 for some t, and by part (v) of Lemma (4.6) we would have
SX(Φ) ≤ SX(wj(t)), a contradiction. Thus the region

D = {w ∈ X : SX(w) < SX(Φ), Z(w) < 0}

is invariant under the flow of (1.2). By Lemma 4.6 it follows that for each t ∈ [0, Tj ]
there exists s = s(wj(t)) ∈ (−σ, σ) such that SX(Φ) ≤ SX(wj(t)) + Z(wj(t))s.
Since wj(t) ∈ D, it follows that s ∈ (−σ, 0), and since SX(wj(t)) = SX(wj) for all
t ∈ [0, Tj ], we have

(4.2) −Z(wj(t)) ≥ SX(Φ)− SX(wj)

σ
≡ ηj > 0
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for all t ∈ [0, Tj ]. For all t ∈ [0, Tj ] we have wj(t) ∈ Vε(O(Φ)) and thus A(wj(t)) is
bounded on [0, Tj ]. But by Lemma 4.7 and Lemma 4.4 we have

d

dt
A(wj(t)) =

〈
A′(wj(t)), w

′
j(t)

〉
= 〈JBΨ(wj(t)), JE

′(wj(t))〉
= 〈BΨ(wj(t)), E

′(wj(t))〉
= 〈BΨ(wj(t)), S

′
X(wj(t))− c ·Q′(wj(t))〉

= 〈BΨ(wj(t)), S
′
X(wj(t))〉

= Z(wj(t)).

By (4.2) it then follows that A(wj(t)) → −∞ as t → ∞ and therefore Tj must be
finite, which implies wj(t) exits Vε(O(Φ)) in finite time. �

We will make use of the following formula frequently.

Lemma 4.8. Let Φ ∈ G (c). Then

(4.3) 〈S′′X(Φ)w,w〉 = 2I(u)− 〈K ′′(ϕ)u, u〉+ 2q(u, v)

for any w = (u, v) ∈ X.

Proof. This follows from the fact that SX(u, v) = I(u)−K(u) + q(u, v) and
both I and q are quadratic. �

Next note that, since N(u) = 〈K ′(u), u〉, we have 〈N ′(u), u〉 = 〈K ′′(u)u, u〉 +
N(u) for any u ∈ H2(Rn), and thus

〈S′′X(Φ)Φ,Φ〉 = 2I(ϕ) +N(ϕ)− 〈N ′(ϕ), ϕ〉
= 2N(ϕ)− 〈N ′(ϕ), ϕ〉 < (1− r)N(ϕ) < 0

(4.4)

for any Φ = (ϕ,−c · ∇ϕ) ∈ G (c), since q(Φ) = 0 and 2I(ϕ) = N(ϕ).

Corollary 4.1. Let c = sν with s2 < 2, and Φ ∈ G (c). Suppose there exists a
C2 map Φν : (s− ε, s+ ε)→ X such that Φν(r) ∈ G (rν) for each r and Φν(s) = Φ.
If d′′ν(s) < 0, then O(Φ) is unstable.

Proof. Define Ψ = Φ− 2d′ν(s)
d′′ν (s)

Φ′ν(s). By assumption ψ ∈ X and Φν(r) ∈ G (rν)

and thus dν(r) = E(Φν(r)) + rQν(Φν(r)) for r ∈ (s− ε, s+ ε). It then follows that

d′ν(r) = 〈E′(Φν(r)) + rQν′(Φν(r)),Φ
′
ν(r)〉+Qν(Φν(r)) = Qν(Φν(r))

and thus

d′′ν(r) = 〈Q′ν(Φν(r)),Φ
′
ν(r)〉 .

It then follows that

〈Q′ν(Φ),Ψ〉 = 〈Q′ν(Φ),Φ〉 −
2d′ν(s)
d′′ν(s)

〈Q′ν(Φν(s)),Φ
′
ν(s)〉 = 2Qν(Φ(s))− 2d′ν(s) = 0.

Since E′(Φν(r)) + rQ′ν(Φν(r)) = 0 for all r ∈ (s− ε, s+ ε), we have

〈(E′′(Φν(r) + rQ′′ν(Φν(r))) Φ
′
ν(r), w〉+ 〈Q′ν(Φν(r)), w〉 = 0

for any w ∈ X. Applying this with r = s and w = Φ and w = Φ′ν(s) gives

〈S′′X(Φ)Φ′ν(s),Φ〉 = −〈Q′ν(Φ),Φ〉 = −2d′ν(s),
〈S′′X(Φ)Φ′ν(s),Φ

′
ν(s)〉 = −〈Q′ν(Φ),Φ′ν(s)〉 = −d′′ν(s).
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Thus

〈S′′X(Φ)Ψ,Ψ〉 = 〈S′′X(Φ)Φ,Φ〉 − 4d′ν(s)
d′′ν(s)

〈S′′X(Φ)Φ′ν(s),Φ〉

+

(
2d′ν(s)
d′′ν(s)

)2

〈S′′X(Φ)Φ′ν(s),Φ
′
ν(s)〉

= 〈S′′X(Φ)Φ,Φ〉+ 4(d′ν(s))
2

d′′ν(s)
< 0,

since d′′ν(s) < 0 and 〈S′′X(Φ)Φ,Φ〉 < 0. �

We next consider the choice Ψ = (ϕ, c · ∇ϕ). It is clear that 〈Q′ν(Φ),Ψ〉 = 0,
so O(Φ) is unstable if 〈S′′X(Φ)Ψ,Ψ〉 < 0. By (4.3) and (4.4) we have

(4.5) 〈S′′X(Φ)Ψ,Ψ〉 = 2N(ϕ)− 〈N ′(ϕ), ϕ〉+ 4

∫
Rn

|c · ∇ϕ|2 dx.

Corollary 4.2. Let Φ ∈ G (c), and suppose |c| <
√

(b+2
√
a)(r−1)

r+3 . Then O(Φ)

is unstable.

Proof. Since N(ϕ) = 2I(ϕ) ≥ (b + 2
√
a − |c|2) ∫

Rn |∇ϕ|2 dx, it follows from
(4.5) and Lemma 2.4 that

〈S′′X(Φ)Ψ,Ψ〉 ≤
(
1− r +

4|c|2
b+ 2

√
a− |c|2

)
N(ϕ) < 0

provided |c|2 < (b+2
√
a)(r−1)

r+3 . �

5. Numerical Method

The result in Corollary 4.2 only provides a sufficient condition for instability. In
general, the region of parameters for which instability occurs is larger than what this
result guarantees. On the other hand, while the sign of d′′ provides necessary and
sufficient conditions for stability, exact formulas for d are generally not possible to
obtain. However, one can use numerical approximations of traveling waves together
with equation (3.1) and Lemma 3.1 to approximate d and d′, and therefore d′′ by
doing so for varying wave speeds.

The following numerical method is motivated by the fact that solitary waves
are minimizers of S subject to the constraint P = 0. It consists of a steepest descent
algorithm applied to S where at each stage a scaling is performed to preserve the
constraint P = 0.

(1) Choose some initial guess ϕ0 ∈ H2(Rn).
(2) For k ≥ 0, define ϕ̃k = αkϕk, where αk is the unique solution of P (αkϕk) =

0.
(3) Set

ϕk+1 = ϕ̃k − γkL
−1S′(ϕ̃k),

where L is the invertible linear operator L(v) = Δ2v−bΔv+(c ·∇)2v+av
and γk > 0 is a control parameter to be chosen. Since S′(ϕ̃k) = L −
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f(ϕ̃k, Dϕ̃k, D
2ϕ̃k) this may be rewritten

ϕk+1 = ϕ̃k − γk(ϕ̃k − L−1f(ϕ̃k, Dϕ̃k, D
2ϕ̃k)).

(4) Repeat Steps 2 and 3 until the L2 norm of ϕ̃k − L−1f(ϕ̃k, Dϕ̃k, D
2ϕ̃k) is

smaller than a desired tolerance.

Remark 5.1. We note that in the case of a degree p homogeneous nonlinearity
this method generalizes the well-known Petviashvili method, since setting γk = 1
results in

ϕk+1 = M
p

p−1

k L−1f(ϕk, Dϕk, D
2ϕk), Mk =

2I(ϕk)

N(ϕk)
.

Multiplication by the stabilizing factor Mk with the optimal exponent p
p−1 ensures

that the constraint P (ϕk) = 0 is satisfied.

To demonstrate the convergence of this method we consider the one-dimensional
beam equation with mixed power nonlinearity f(u) = |u|p−1u + |u|2p−2u, which
admits a family of exact solutions, as stated in the following lemma.

Lemma 5.2. Let f(u) = |u|p−1u+ |u|2p−2u for some p > 1. Then for any a > 0
and any c ∈ R there exists b > 0, A > 0 and s > 0 such that ϕ(x) = A sechr(sx) is
a solution of (2.1), where r = 2

p−1 .

Proof. Substituting ϕ(x) = A sechr(sx) and equating coefficients leads to the
system of equations

r(r + 1)(r + 2)(r + 3)s4 = |A|2p−2,

r(r + 1)(b− c2)s2 − 2r(r + 1)(r2 + 2r + 2)s4 = |A|p−1,

r4s4 + (c2 − b)s2s2 + a = 0.

Solving the first equation for |A|p−1 and the third equation for b − c2, the middle
equation becomes

r2(r + 1)(r + 2)2s4 + r
√
r(r + 1)(r + 2)(r + 3)s2 − a(r + 1) = 0.

This quadratic in s2 has a unique positive solution for any a > 0. The first and
third equations in the system then determine A and b. �

Figures 1 and 2 show the exact and numerically computed solutions in the case
p = 2, a = c = 1 and b ≈ 4.43, as well as the error between them after 25 iterations
of the numerical method.

We illustrate the use of the numerical method to determine regions of stability
and instability for the nonlinearity f(u) = |u|u+ |u|2u. The same approach could
be used for any of the nonlinearities for which the existence and stability results of
the previous sections apply. To reduce the scope of calculations we fix b = 0 and
let a and c vary over the domain 0 < a < 1, |c|2 < 2

√
a. These computations were

performed in dimensions one and two. Figure 3 shows two numerically computed
traveling waves in two dimensions. We note that the first with wave speed c = 0
is radially symmetric, while the second with wave speed c = 1.35 is symmetric in
both x and y, but not radially symmetric. Figures 4 and 5 show the regions of
stability and instability within this domain, with n = 1 and n = 2, respectively.
The dashed curves indicate the boundary of the regions of instability guaranteed
by Corollary 4.2, while the solid curves bound the numerically computed regions of
stability and instability.
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Figure 1. Numerically computed solution with exact solution for
f(u) = |u|u+ u3, a = c = 1 and b ≈ 4.43.
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Figure 2. Error between exact solution and numerically com-
puted solution for f(u) = |u|u+ u3, a = c = 1 and b ≈ 4.43.
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