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ABSTRACT. We consider the two-dimensional quasilinear wave equations with
standard null-form type quadratic nonlinearities. We introduce a new stream-
lined framework and prove global wellposedness without using the Lorentz
boost vector fields.
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1. Introduction

Denote 0 = 9y — A as the usual wave operator. We consider the Cauchy
problem for the following two-dimensional quasilinear wave equation:

(1.1) u = gkij(“)kuaiju, t>2 zeR?
' uli—2 = f1, Opuli—2 = efo.

Here and throughout this note we adopt the Einstein summation convention with
o = 0; and 0, = O, for | = 1,2. For simplicity we assume ¢g**/ are constant
coefficients, ¢¥* = ¢*7* for any 14, j, and satisfy the standard null condition:

(1.2)  gMwpwiw; =0, for any null w, i.e. w = (—1,cosf,sind), 6 € [0, 27].

In [1] Alinhac showed that under the general null condition (1.2) the system (1.1)
has small data global wellposedness, and the highest norm of the solution grows
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at most polynomially in time. Alinhac’s proof relies on the construction of an ap-
proximation solution, combined with a judiciously chosen time-dependent weighted
energy estimate known since then as the ghost weight method. The energy esti-
mate used therein involves a collection of vector fields which are well adapted to
the d’Alembertian operator. In particular, in order to harness sufficient time-decay
of the solution, the Lorentz boost vector fields were used heavily in conjunction
with the scaling operator. Heuristically, the benefit of the Lorentz boost can be
seen from the following identities (below Q;o = t0; + x;0; denotes the usual Lorentz
boost):

(1.3) Lo =t + 10, %Qo = 18, + 10,

Clearly away from the light cone (i.e. r < ¢/2 or r > 2t), we have J; and
9y ~ L(O(Lo) + O(£4o)) which readily leads to time-decay estimates. Whilst the
Lorentz boost can produce strong decay estimates, they are not suitable for general
wave systems which are not Lorentz invariant. Such systems include non-relativistic
wave systems with multiple wave speeds (cf. [3, 15]), nonlinear wave equations on
non-flat space-time (cf. [18]) and exterior domains (cf. [13]). From this perspective
it is of fundamental importance to remove the Lorentz boost operator and develop
a new strategy for the general non-Lorentz-invariant systems. In [2], Hoshiga con-
sidered a quasilinear system with multiple speeds of propagation, and proved global
wellposedness under some suitable null conditions. A notable novelty in [2] is an
L*°-L*> estimate which relies on the fundamental solution of the wave equation.
In [19] (see also [14]), Zha considered (1.1)—(1.2) with the following additional
symmetry condition:

(1.4) g" = g =gk Vi k.

For this case Zha proved the global wellposedness without using the Lorentz boost
vector fields. Note that the condition (1.4) is a bit too restrictive. For example, it
does not include the standard nonlinearity 9(|0;u|? —|Vu|?). In recent [5], the first
three authors introduced a novel strong null form which includes several prototypical
strong null forms such as 9(|dyu|*>—|Vu|?) in the literature as special cases. Moreover
a new normal-form type strategy was developed in [5] to prove uniform boundedness
of highest norm of the solution. Other related developments with different strategies
can be found in the papers [4, 6, 7, 8, 9, 10, 11, 12, 16, 17].

The purpose of this note is to develop further the program initiated in [5, 14,
19], and obtain a full wellposedness result under the standard null condition (1.2)
without employing the Lorentz boost vector fields. Thanks to the aforementioned
developments, it is now possible to build a robust and streamlined Lorentz-free
framework for general quasilinear equations. Our main result reads as follows.

THEOREM 1.1. Consider (1.1) with ¢g*¥ satisfying the standard null condi-
tion (1.2). Let m > 5 and assume f; € H™TY(R?), fo € H™(R?) are compactly
supported in the disk {|z| < 1}. There exists ¢y > 0 depending on ¢g*7 and
([ f1llgm+1 + || f2]| = such that for all 0 < & < &g, the system (1.1) has a unique
global solution. Furthermore, the highest norm of the solution is polynomially
bounded in time, and the second highest norm of the solution remains uniformly
bounded, namely

(1.5) sup E—1(u(t,-)) =sup Y [(O0%u)(t,)|[72 ey < oo
t>2 22T
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Here I' = {0}, 0y, , Ouy, Op, t0, + 10, } does not include the Lorentz boost (see (2.2)
for notation).

We now outline the key steps of the proof of Theorem 1.1 (see section 2 for
the relevant notation). To elucidate the idea, we fix any multi-index o and denote
v =I*u (we suppress the dependence on « for simplicity of notation). By Lemma
2.2, we have

0,2

(1.6) v = Z gra O D ud; T2 .

ar1taz<a
In the forthcoming energy estimates, we shall sum over |a| < mg, where myq is a
running parameter. If mg = m—1, we seek to show the uniform-in-time boundedness
of Epy—1(u(t,-)). If mg = m, we show ¢ (€ is a small exponent) growth of E,, (u(t,-)).

Step 1. Weighted energy estimates: LHS of (1.6). We choose p(r,t) = q(r — t)
with ¢’(s) nearly scales as (s)~! to derive

1 P 1
(1.7) /Dv@tvepdx = 5%(”(35811”5) + 3 /epq’|Tv\2da:.

In more detail, we have

(1.8) Y leZoull3 ~ By = Y IO u(t, )3

|| <mg |a|<mo
(1.9) > /epq’|Tv\2da; = > /ei"q’|TI‘“u|2d$.
|a]<mg la|<mo

When carrying out the energy estimates, we shall use the convention (3.5).

Step 2. Refined decay estimates. To remedy the lack of Lorentz boost vector
fields, one has to employ L> and L? estimates involving the weight-factor (r — t).
At the expense of certain smallness of E|m 13 and using in an essential way the
nonlinear null form (see Lemma 2.3), we obtain

(1L10) [ — HET<ou)(t, ) < [OTS )t o, Vi <m— 1
(1.11) |{(r — t)((‘?QFSlOu)(LxH < |(6Fl°+1)(t7x)|, Vr>t/10, lp <m —1;
(1.12)  [[(QAT=""2u)(t, )| 12 (uj<2e) S T 21OT="" ) (2, ) 2.

These in turn lead to a handful of strong decay estimates (see Lemma 2.5):

TrEn iy, o TS
(r—t) °% (r—1)

1
(114) 2 ||(r — )OPT=" 40| oo + 3| TOT=""4u| oo + | TOT=""4ully < EZ .

1
o S E?

m—l;

(1.13)  ¢2[|O0="""3u|o + 2|

These decay estimates play an important role in the nonlinear energy estimates.
Step 3. Weighted energy estimates: nonlinear terms. We discuss several cases.
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Case 1: a; < o and ay < «. Since gﬁf{mw still satisfies the null condition, by
Lemma 2.2 we rewrite

k’L] @1 . a2

g Gy p Ol 10 T
oy <a,az<a
artaz<a

= Z g(lifél,ag (TkFo‘luaijF”u — wkatFo‘luTiBjF%u

oy <a,az<a

artas<a
1.15 4+ wWpw; O I uT;0, ).
( i
By using the decay estimates proved in Step 2, we show that
g 1 1
(1.16) sup || Y gk Ok T w0 Ty SR By | B,
[a|<mo o <o,op<a e LTJ+3
ajtaz<a

Case 2: The quasilinear piece a3 = 0, as = a. By using successive integration
by parts, we have

- 1
(1.17) /gk”akuaijvatvep,ﬂ OK —l—L‘_%E?;2 E.,,
where OK is in the sense of (3.5). Here a crucial observation is the algebraic identity
(see (3.16))
— 0jp0;v0pv + Oppd;v0jv — 030U
(1.18) = — T;p0;v0v + OpTivTjv — Tip0v05v — wiwjatgp(atv)z,

where we take ¢ = Oxu or ¢ = eP. The standard null form condition amounts to the
annihilation of the term w;w;wy, when ¢ = Oyu and ;¢ is replaced by T}, 0 u—wy, 0.

Case 3: the main piece a; = «, ag = 0. By using Lemma 2.2 with the decay
estimates, we derive

(1.19) /gkij(f?kv&-ju&gvepg OK —I—zt_%E;S%Em0 + /gkikavaijuatvep.

=Y
We then discuss two sub-cases. If mg = m — 1, we show
111
(1.20) V1| St RE; BAER,.

If mg = m, we use Cauchy-Schwartz to bound Y; as
1 1

(1.21) |Y1] < OK 4-const - / —[0iul?|9vPdz < OK —‘y-?EgEm.
q

Collecting all the estimates and assuming smallness of the initial data, we finally
obtain

E,, .
(1.22) sup B, 1 (u(t,-)) < ez < 1, sup ———>= < 1,
t>2 1>2 tea

where €3 > 0, ¢4 > 0 are small constants. This concludes the proof of Theorem 1.1.

REMARK 1.1. At this point, it is worthwhile pin-pointing exactly where the
symmetry condition g*¥ = g'ki = g¢J?%* for all k, 4, j was used in [14]. In our
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notation, this comes from bounding the quasilinear piece as = .. Namely

/gkijakuaijvatvep = /gkijaj(akuﬁivatvep) —/gkijakjuaivatvep

(1.23) —/gkijﬁku(?iv@tjvep—/gkijﬁku&;vatvﬁj(ep).
By using the symmetry ¢* = ¢g¥7% which is harmless, we have
—/gkijakuaivatjve”
L[ ki p
=59 0t (Orud;vo;jveP)
1 - 1 -
(1.24) + §/gk138tku8ivajvep+ 5/9’“”@1}@-1}&(6”).
It follows that
/gkijakuaijvatvepdm
:—/gkijakjuaivatvep
1 kij P 1 kij p
(1.25) + 519 O ud;vojve? + 519 Okud;v0;vo (eP) + - - - |
where --- denotes harmless terms. The second term on the RHS of (1.25) is not

a problem thanks to the good decay of dyu. On the other hand, in [14] the time-
decay of §%u in the regime 7 < t/2 was not sufficient to treat the first term on the
RHS of (1.25). For this reason (see (3.11) in [14]), Peng and Zha made use of the
other piece corresponding to oy = o and the symmetry ¢*7 = ¢**7 to eliminate the
above term, i.e.:

(1.26) /gkijﬁkvaijuatvep = /gkijaivé‘kjuatvep.

One of the main novelty of this work is that we obtained t3 decay of d%u in the
regime r < ¢/2. This and several other new estimates can have useful applications
in many other problems.

The rest of this note is organized as follows. In Section 2 we collect some
preliminaries and useful lemmas. In Section 3 we give the proof of Theorem 1.1.

Acknowledgement. Cheng is supported by the Shanghai “Super Postdoc”
Incentive Plan. D. Zha is supported in part by National Natural Science Founda-
tion of China No. 11801068 and the Fundamental Research Funds for the Central
Universities.

2. Preliminaries

Notation. We shall use the Japanese bracket notation: (x) = /1 + |z|?, for
r € R4 We denote 9y = 9, 0; = 0,,, i = 1,2 and (below 9 and 9, correspond to
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the usual polar coordinates)

) 0 =(0))7—g, Op = 2102 — 201, Lo = t0; + 10y,

) I'= ()}, wherel'y =0,y =013 =05T4=0,T5 = Lo;
) I =TMr9reeryerse, a = (ag, - ,a5) is a multi-index;
)
5)

DN NN
BoWw o

0y =0y +0r, O0— =0y — O
Ti:wié)ﬂr&-, WQifl, wi:xi/r,izl,l

(2.
(2.
(2.
(2.
(2.

Note that in (2.2) we do not include the Lorentz boosts. Note that T, = 0. For
simplicity of notation, we define for any integer k& > 1, I* = (I'%)|q =y, I'SF =
(I'“)jaj<k- In particular

(2.6) D<Ful = [ Y ruf?

|| <k

Informally speaking, it is useful to think of I'S* as any one of the vector fields I'®
with |a| < k. For integer J > 3, we shall denote

(2.7) Ey = Ej(u(t,") = [(OU="u)(t, ) |72 ge)-

We shall need the following convention for multi-indices: for 8 = (81, -+, 85)
and @ = (a1, ,a5), we denote f < a if 8; < @; for i = 1,---,5 and |5] < |
(Here |a| = Z?Zl ;). Similarly we denote f < aif §; < o; for i =1,--- ,5.

For any two quantities A, B > 0, we write A < B if A < CB for some
unimportant constant C' > 0. We write A ~ B if A < B and B < A. We write
A< Bif A<c¢B and ¢ > 0 is a sufficiently small constant. The needed smallness
is clear from the context.

LEMMA 2.1 (Sobolev and Hardy). For v € C2°(R?), we have
[vll2 + [[Av][2, lz| <1,
28) RO S
(z)72|0g 0= vll2, [ > L.
Suppose u = u(t,z) (¢t > 0) is smooth and compactly supported in the space-time
slab {(¢,z) : |x| <1+ t}, then
(2.9) (2] = )~ ull 22 2y < 10rullzz g2,
210) (ool =) fult.zo) S (w0) HIOr= ull ey, Vo € B2

PROOF. This is essentially Lemma 2.1 and 2.2 in [5]. For the sake of complete-
ness we sketch the details here. For a one-variable function h € C2°([0,00)), we
have

(2.11) PR(p)E < / Ih2rdr +/ 0, hPrdr, Y p > 0.
0 0
For x = (pcos b, psinf), by considering the average of v(p, f) over 6 we obtain

B 1 2 2
oo = (5 [ 000)8) S Iolagen + 1001 e
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Similarly

27
pldev(p, 0)I17: = p/o [9p(p, 0)2d0 < 106072 g2y + 10- 00|72 )

Noting that |v(p, ) —0(p)|* < [|0pv||72, we obtain (2.8). To see (2.9), we observe
6
that for any real-valued h € C2°([0, M + 1)) with M > 0, we have
M+1 2 o
h(p) / 2
2.12 / —————pdp < 4/ h'(p))~pdp.
(212) e o)

Then (2.9) follows from (2.12) and the fact that (Jx| — )72 ~ (2 +¢ — |z|)~2 for
|x] < 14t¢. For (2.10), we first consider the case |xg| > 1. Clearly by (2.8) we have

(Jzol — )~ ult, z0)| < (o) 20105 ((r — £y~ ) |

~ (20) "2 OS ((r — 1) 105 ) o
< (20) 720,05 ulls  (by (2.9))
< (o) "2 O0S 5.

For |zg| < 1, we have
(lwol = &) Mult, zo)l S (&)~ (lull 22 (joj<10) + IV?ull L2 (2)<10))
S| =8 ullpz @e) + |Au] 2 g2y S [Vullo + | Aulls.

O
LEMMA 2.2. If g* satisfies the null condition, then for ¢+ > 0 we have
(2.13) 9" 0 fOi5h = ¢* (Ty f0i5h — w0 fT;05h + wyw;0: fT;0;h),
where T' = (T, T3) is defined in (2.5). Tt follows that
(214)  |g"70kf0ih| SITF110%h] + |0F||TOR|
1
~{r+t)

Suppose ¢~ satisfies the null condition and Cu = g+ Oru0;;u. Then for any multi-
index «, we have

(2.16) Or*u = Z gk T ud; T %,

iy, a2

(2.15) (ITf(|0%h] + |0f[[LOR| + [0 - |0%A] - |r — t]).

artaz<a

where for each (aq, a3), gﬁ’{]laz also satisfies the null condition. In addition, we
h kij  __ _kij  __ _kij
ave ga;a,O - ga;O,a =49 .

ProoF. We sketch the details. The identity (2.13) follows from appealing to
the definition 9; = T; —w;0; and the null condition. The inequality (2.15) is obvious
ifr <forr>2torr~tg1since (r+t) ~ (r—t) in these regimes. On the
other hand, if » ~ ¢ 2 1, then one can use the identities

w2 w1 1
217) Ty = w104y — —0y, To = w90 —0p; 0 =——2Log— (t—1)0-).
(217) Ty =widp = -=0p, To=wady + -0 O = (2L — (t = 7)0-)

We will prove (2.16) by induction. Clearly, the result holds for |a| = 0. Assume
that it is true for |a| = . We consider I';T'* for j = 1,---,5. It suffices for us to
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consider T’ = 0p or Ly. To alleviate the notation, we use the characterization (below
we denote z = (t,z1,72) ")

d 00 0
(2.18) (0h)(2) = = (e™2), A=|0 0 -1 |;
T I7=0 0 1 0
d
(2.19) (Loh)(2) = e Tzoh(eTAz), A=1.

It follows that
fFa(gkijf)ku&ju) =I( Z gria O ud; T )

;0
artas<a
d -
= > gl 0k (T ud T (e ))
artaz<a =

For simplicity of notation, we work with
i
dr
Observe that (one can tacitly write (Mz), = Mypzp)
02, (£(M2)) = MO0 f) (M)
(2.21)
S (Ou)(M2) = (M), (F(M2)) = Wi, (F(M2)), W= (MT)7",

Consequently we have

(2.20)

. (gkij(akq)@ijlll)(Mz)), M =™,

9" (05 D0,;; W) (Mz)
(2.22) =g Wy WiaW;e0s, (@(Mz))azazc (\II(MZ)).
Observe that for any null vector &, we have
(2.23) gkijkaWijcwbwawc =0.
Thus
(2.24) % TzogkijW;ngijcwbwawc =0.

The desired conclusion easily follows.
O

LEMMA 2.3. Suppose & = @(t, ) has continuous second order derivatives. Then

|(r — t)Ouu(t, z)| + [{r — )0, Va(t,z)| + |(r — t)Au(t, z)|

(2.25) <[(Ar=ra)(t, z)| + (r + O)|(Da)(t,z)|, 7= |z|,t>0;
[(r — )0%a(t, )| < (0= ) (¢, x)| + (r + £)[(Da) (¢, z),
(2.26) Vr>1/10,t > 1.

Suppose Tp > 1 and u € C*([1,Tp] x R?) solves (1.1) with support in |z| < 1+¢,
1 <t <Ty. For any integer [y > 2, there exists ¢; > 0 depending only on [y, such
that if at some 1 <t < Tp,

(2.27)  |(ADSTE1+2y) (¢, irzey < e, (here [z] =min{n € N: n >z} )
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then for the same ¢, we have the L? estimate:
(2.28) [((r = )O*T=u)(t, )| L2 m2) S (AT ) (¢, )| 2 (r2)-

For any integer [; > 2, there exists eo > 0 depending only on [, such that if at
some 1 <t < T,

(2.29) 1(Or="F2u)(t, )| L2 re) < €2,

then for the same ¢, we have the point-wise estimate:

(2.30) |((r — )0°T=" ) (t, )| < [(OTShHu)(t, z)), Vr > t/10.
Moreover, we have

(2.31) [OAT=" " s (a1 < 2y S E2IOT=1F ) (8, )| L2 (R2)-

REMARK 2.1. It also holds that
||33FSZ1_1U||L5(|1|§§0 StPOr= ) () |2 r2)-

PRrROOF. All estimates except (2.31) were proved in Lemma 2.4 of [5]. For the
sake of completeness we sketch the details.

Denote Q = |(OT<1a) (¢, z)| + (r + t)|(Da)(t, z)|. By using Ly = td; + rd, and
A =0 + %& + T%agg, we have

Loat’LNL = tatt'[l, + Taratﬂ =t0u + tAn + r@r&gﬂ,
LoOyti = 10,00 + 10y, 4 = 0,0, 0 + r At — 0,0 — L0pga,

U ul <

|rAw + td,0uu] < Q,
This implies (r — t)(|0n 4| + |Au| + 0,0r1]) S Q.
To deal with |r —t| - |VO,a|, we observe

1 i i
r =t [Vl < St = rl|opdyil + It = 71/, 0,4

1
< ~lt = rlldndniil + Q
(2.32) <Q  (since pLoi = (t — )pdyis + r(8; + 0,) D).

This proves (2.25).
The estimate (2.26) can be conducted similarly. Observe that for r > ¢/10 we

€L
have (note that for V? includes 9;0;, 1 <i,j <2, 0; = w;0r + “=0p):

T

| = tl[95a(t, 2)| S [r = t]0-05a(t, x)| + |0p0;ut, z)]
wh wh
S 1= 10 (w0 + —L-09)| + 10 (w0 + 01|

- U o1 .
(2.33) < |r—t)|0vrt] + |0, 000] 4+ ;|89u| + |0a| + ;|899u|

Using

1 1
(2.34)  |(r =) (00 + ~0pii+ —0pott)| S Q = [r —t|[0ri] SQ, 72> 1%,
T T
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we arrive at

2
(2.35) > Ir=t0yal < Q-

ij=1

For (2.28), using integration by parts one has (below ky > 0 is a running
parameter)

Z I(r = £)2:0,T=0ull2 S |O0="0ullz + [[(r — t) A= 0ul|5.

4,j=1
Thus it suffices for us to bound ||(r — )9y T<Foul|s + |[(r — )9, VI <Fou|y + ||(r —
tY AT ko |5

By (2.25) we have
|((r = )0uT=Fou) (8, )] + |((r = 5O VI =Fou)(t, 2)] + [((r — ) AT=Fou) (¢, )]
<[oTsFotly| 4 (r + 1) |OTSFow).

Using (2.15) (recall (r + t)|g* 0y fO;;h| S U f||0?h| + |0f||TOR| + |0f] - |0%h] -
|r —t]), we get

(r+0)Or=kou| < Y (0] |0°T <l 4 [T <" ul D=1 Oul)
m+1<ko

+ > jorsm)|9PT St — ).

Thus we obtain

[(r = 0P T<Foully S > (IT<"ul[0*T < u] |3 + [[|07="ul L= 9ul||2)
m+1<ko

+ > 10T |0 TS e — ]| + o7 <R ul 5.

If m <141, then we use the estimates (note that m + 2 < \_k";lj +2< ]' 0] +2)
(2.36) (r—t) (D= lu)(t, o) S NO0S" 2ully, (00" ullo S 10T 2ull,.

If m > 1+ 2, then I < %222 and we use the estimates (see (2.49) for the second
estimate)

(2.37)
I\<m+1
Il

{-1-

Thus if |00 <Fo+1y||; < 1, we obtain

(2.38) [(r = £)2°T=Fou(t, )| < OT=F+ |y < 1.

) l2 S IOT=" ullz,  [(r = 0T =Nu(t, 2)| < (] - | = HO°T="2ul.

To prove (2.28) under the assumption (2.27) we first take ko = [27] + 1 and show
that

(2.39) 1r — PT<TEI ) (1, [l S [1ETSTFTH2u)(t, ) s < 1.
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We then use this smallness in (2.37) and obtain the desired result for ko = Iy (Note
that [%>2] 4+ 2 <[] + 1). The estimate of (2.30) follows from (2.26):

[{(r — t)@QFSl1u|

<jorshtly| 4 (r 4 t)|O0shy| (by (2.26))
§|a]_"§l1+1u‘+ Z (|1—\§m+1u||821—\§nu|+|8F§mu||1—\al—\§nu|)
m+n<ly
+ Y jorsmul|*T= ullr — 1] (by (2.15))
m4n<ly
<h+1y,

§|a]_"§l1+1u‘ + (|F<7,j

Slorshtly| 4 |orsht2ylly  [(r — )0*TSh) (by (2.8),(2.10)).
—_———

Here we need (2.29)

| 4+ [O0<hu))|(r — £)0?TShy|

We now sketch the proof of (2.31). Applying (2.25) to @ = OI'Sh 1y with
r < 2t, we get

1
(2.40) [AGT=itu] $ 2|0 T =] + [900=h " ul.
By Lemma 2.2, we have

oor<h—tul S Y |9(0r ud’ T u)|

a+b<li—1
(2.41) < [920Sh—1y||92rSh—ly| 4 |90~y 930Sl 1y,
Note that
|93rsh—1y| < | 8,001y | + Z | 99,0, 0Sh"1y |
8, appears twice or more  [SU1:8252 5 ch
(2.42) < 9OrSh—ty| 4 [982T<l—1y),

where we have denoted 0 = (01,02). By using the smallness of the pre-factor
oT<li—1y|| o and (2.42), we then derive from (2.41)

(2.43) |o0Orsh—ly| < |920sh 1y |92 sh Ly 4 |90 Sh 1y |92 T <k 1.

Clearly by Sobolev embedding H'(R?) — L*(R?), we get (below denote X =
[(or=h+tu)(t,-)l2)

(2.44) I(r = )OPT=1 "y < 05 ((r = )P T=" ") |2 < X;
. r—t)2 =1 oo , y Lemma 2.4).

2.45 orsh-t <X by L 2.4

By using a smooth cut-off function localized to || < %t, we then derive

(2.46) 1AOTS " 0| 2 2y SEEX,
It follows that (recall d = (9y,ds))

(2.47) 07T =5 | s <20y S t75X.
Plugging this estimate into (2.43), we then obtain the estimate (2.31). O
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LEMMA 2.4. For any f € C°(R?), we have

(2ol = )2 [ f(z0)| S I/llz + (|| = )V [l2

(2.48) + [{|z] — £)0102f|l2, Va0 € R >0
I|2] = )0 flloo S (] = 8)Ofll2 + | — )*F|l2
(2.49) + (] =) fll2, ¥t =0.

It follows that
(2.50) £l zee ey S @7 2UTS Ul + (2] — ) VISLf]l),  WE>0,

where T’ = (81, 02, 0p).

PROOF. This is similar to Lemma 2.5 of [5]. We sketch the details here for the
sake of completeness. The case ||zo| — t| < 2 follows from the inequality |f(z0)|? <

[ 10102(f(x)?)|dz1dzs. For ||zo| —t| > 2, we note that (|zo| —t) < % Note

that % (Jz] —t) for all z € R% ¢ > 0. Let W(z) = %732) and observe
that
(2.51) Yo loiWle+ Y 10:0Wlee S

1<i<2 1<i,j<2

Since f € C2°, by the fundamental theorem of calculus we have

(lzo| — t)] f (o)

<|?O|>—t f(z |2</ ’882 |x|2_t2>f(9c)2)

IF13 + IV Fllzllfll2 + (2] = OV F IV Fll2 + (2] = )12 f |2l fl2
IF1I3 + {2l = )V FI3 + {2 = )ordafl13 (by (2.51)).

2/\

dmldxg

LA A

(2.52)

Thus (2.48) follows. The proof of (2.49) is similar by working with the expression
W (x0)?|0f (z0)|? for the case |rg — t| > 2 and deriving the result. For (2.50) we
may assume t > 2. The case |zo| < ¢/2 follows from (2.48). The case |zo| > /2
follows from (2.8).

]

LEMMA 2.5 (Decay estimates). Suppose Ty > 2 and u € C*([2, Tp] x R?) solves
(1.1) with support in |z| <t+1, 2 <t < Ty. Suppose J > 3 and

(2.53) Ey = E;(ult,)) = |0=u)(t, )|} <&,
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where € > 0 is sufficiently small. Then we have the following decay estimates:

1 _ 1
(2.54) £2 (|07~ 2u| oo + 2 (| — )OS ] oo o5 1)
- 1
+ (2] = )°TS7u| e S E3;
1
(2.55) 10°0<7 3 ul| oo oy < 1) S 2 E5;
1
(2.56) (2| — £)0*T=7 30| e < t7EE3;
TF<J 2 5 1
(2.57) s Y + | TOTS B0 e St EES;
F<J 1 <J-1 1
(2.58) | ———r e HL2+HT8F ullrz St E:.
More generally, for any integer J; > 1, we have
F<J1
(2.59) I ez S 4711007 .

{lz] =)

PROOF. We shall take € sufficiently small so that Lemma 2.3 can be applied.
The estimate (2.54) follows from Lemma 2.3 and Lemma 2.4. To derive the estimate
(2.55), we choose ¥ € C2°(R?) such that ¥(z) = 1 for |z| < 0.5 and ¥(z) =

1 1
for |z| > 0.52. Applying the interpolation inequality ||9|lcc < [|0]3 [|AD||3 with
o(z) = p(£)0* 1=’ 3u, we obtain

1

(2.60) I (5 2)oPr=7- 3u||oo§||¢( JOPT <754 || Ay (5 D)= R)|3
By Lemma 2.3, 1t is not difficult to check that

x 1

(2.61) IA@()OPT="" )l S 2B}, Il (5 D)=ty S VB

The estimate (2.55) then follows. For the estimate (2.56) we only need to examine
the regime |z| > ¢/2. Clearly

(x| = )0°T=7 3|
SOTE(051051 (- | - 0TSy (by (2.8))
<WTEET. (by (2.28)).

For (2.57), we note that the case |z| < § follows from (2.54) and (2.55). On
the other hand, for |z| > £ we denote @ = F<J 2y and estimate ||%||Lgo(‘$|>%)
(the estimate for T is similar). Recall that

Tt = w1 Byt + Ot = w1 (8; + ,)ii — %8@’&

(2.62) =w tJlr (2Loi — (t — 1)0_1i1) — %aga.
Clearly for r = |z > £,
T17.L 1 - 80{2
< =
D Nt(' +au|)+‘r<r_t>‘
St %HaFSQqu + 2 (|orS Gpdlls  (by (2.10),(2.54))
(2.63) <t 3.
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The estimates for (2.58)—(2.59) can be derived similarly. O

3. Proof of Theorem 1.1

In this section we carry out the proof of Theorem 1.1. Write v = I'*u. By
Lemma 2.2 we have

(1) DOv= Y gkl 0T ud; T

Q0,02
artax<a

3.2 = g"I 90 ju + g Opud;ju + gFa 9T, T,

J J o0 ,000 J

ap<o,ax<a;
a1ta<a
Choose p(t,r) = q(r —t), where
(3.3) q(s) = / (T)fl(log(2 -+ T2))72d7', s €R;
0

(3.4) —Op=0p=q(r—t)={r—t)"* (10g(2 +(r— t)2))72.

Multiplying both sides of (3.1) by ePdyv, we obtain
LHS = /epattvatv—/epAvatv

= /ep(?ttv@tv + /e”VU - Vo + /epVU - Vpov

1d 1

=55 [ @@ - §/€p|3vl2pt +/6”W - Vporv
1d, » 2 1 / 2 |819U|2

= 5 g llefovli: +5/qu -(|8+v\ + 3 )
1d, » 1

= 5%“62({9“&2 + 5 /epq/|T’U|2.

We shall sum over |a] < mg, where mg = m — 1 or m is a running parameter.
To simplify the notation in the subsequent nonlinear estimates, we introduce the
following terminology.

Notation. For a quantity X (¢), we shall write X (¢) = OK if X (¢) can be written
as

d
(3.5) X(t) = %Xl(t) + Xo(t) + Xs(t),
where (below ag > 0 is some constant)
X1 ()] < [Or="0u)(t, )| Ta @), [ Xa()] ST,

(3.6) IXs(t)| < Y [ ePq(TTu)(t, z) [ da.

la|<mo

In yet other words, the quantity X will be controllable if either it can be absorbed
into the energy, or can be controlled by the weighted L?-norm of the good unknowns
from the Alinhac weight, or it is integrable in time.

We now proceed with the nonlinear estimates. We shall discuss several cases.
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3.1. The case oy < a and ay < «. Since gﬁfihaz still satisfies the null
condition, by (2.13) we have

kij [e %1 T2
E Gy p Ol 10 T
a1 <a,o2<a
artaz<a

= Z gsfihaz (TkI‘"‘lu(‘)ijF“2u — wkatF‘“uTi@jFa?u

oy <a,az<a
artaz<a

(3.7) + wpw; 0 T uT; 0,1 % u).
Estimate of |TxI'**ud?I'*2ul|s. If |ay] < |az|, then by Lemma 2.5 we have

Ty 3 1 1

(3.8) TRl ud’I*2ulls < || = loo - l[(r = )O* T2l S t72 Epma | o Fio-
If a1 | > |z, then we have

TR 1 1
3.9) [T Tl S | - I = 00Tl S F Bl o 55,

Estimate of |[OT“*uTOT*2ulls. If || < |z, we have
(3.10) [|OT“ uTOT *?ully < || 0T | - [|TOT Y u||2 < t3E? 5B
If a1 | > |az|, we have
(3.11) [[OT“ uTOT 2 ulls < [[OT* ullo - [[TOT*?u)|0o St %E% Ez,.

Collecting the estimates, we have proved

3

(3.12) [ S SN Ao el [ St Em,

ap<o,ay<o
ajtaz<a

3.2. The case ay = . Noting that gff{) o = g9, we have

/gkij Oku0;v0 ver

:OK—/gkijajkuaivatve”—/gkijaku&vatvaj(ep)

Il 12
(3.13) —/gkij(‘)kuaivatjvep.
Here in the above, the term “OK” is zero if d; = 01 or d». This term is nonzero

when 0; = 0, i.e. we should absorb it into the energy when integrating by parts in
the time variable.
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Further integration by parts gives
— /gkijakuﬁivatjvep

:OK+/gkijatkuaivajvep—|—/gkij8ku8iv8j118t(ep)

13 I4

(3.14) Jr/gkij@ku&;tvajvep.

/gkij Opudirvd;ve?

:OK—/gkijaikuatvajvep—/gkijakuﬁtvajvai(ep)

Is Is
(3.15) — /gkijakuﬁtvﬁijve”.
It follows that

2/gkij8ku@jv@tvep =L+ I3+ 1I5)+ (I + 14 + Is) + OK.

Observe that if o = Jyu or ¢ = €P, then

— 0jp0;v0pv + Opp0;v0jv — 030w
= — Tjp0;v0v 4+ w0y p0;v0yv + Oy p0;v0jv — Tip0w0;v + w0y Tjv

- wiwjatQD(atv)Q
= — T;p0;v0:v + 0y p0;vT;v — T;p0,v0;v + w; Oy vTjv — wiwjatgo(@tv)z
(3.16) = —T;pd;v0v + OypTivTjv — Ty pOwd;v — wiwjatgo(atv)Q.

By (3.16) and rewriting 0y = 0r0su = TO0pu — wi O, we have
I + I3+ I5
= /gkij(—Tjakuaivatv + 0:OpuTivT v — T;0,udpv0;v
(3.17) - wiijkatu(atv)z)epdx.

1 11
By Lemma 2.5, we have |[T0u||oe <t~ 2E2 and ||(r — £)0%ullso <t~ 2EZ. Clearly
then

1
/ 0%u||Tv|?da < t™ 2 B2 By,
r < % or r > 2t
(3.18) / 10%u||To2dz < / g/ To|2da.
ret

It follows that

1
(3.19) L4154 ;< OK+t 2 E2 B,y
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Plugging ¢ = €? in (3.16) and noting that T;(e?) = 0, we have
Iy + 1, + Ig
:/g’”jaku< — Tj(e?)0;v0pv — T; (€ )Opvd;v — wiwj(atv)zat(ep) + 8t(ep)Tivij)
:/gkij (= Thu - wiw; (04v)* 0 (e?) + Oudy (eP)TywTjv) .
By Lemma 2.5 we have ||T'u||0(eP)] < t*%Eg%. Clearly

(3.20)
100 i<y o0 SBR[ Joudu(@)[Toa < [ ey Topas,
ret
Thus
L+ L+ ;< OK + B2 E,,.

This concludes the case as = .

3.3. The case o = «, az = 0. By (2.13), we have

/gkijé)kv&juatve” = /gkij (Tev0;ju — wrOT;05u + wiw;0;vT;Oyu)Oyve?
By Lemma 2.5, all terms containing T'0u decay as O(t_%Eg% E,,,). Thus

3.21 G~ 0,05 udve? < OK —|—t7%E%Em + [ ¢*9T00; udveP.
J 3 0 J

=Y

We now discuss two cases.
Case 1: mg =m — 1. By Lemma 2.5, we have

Tv 1 1 11
(3.22) HWHLi St By =t Eh, [(Jz] = t)DijullLe St2ES.
Thus
s 1 1 1
(3.23) V1| St 2EZEZLEZ,.

Case 2: my = m. By using Cauchy-Schwartz, we have
1
|Y1] < OK +-const - / —10ijul?|Oyv | dx
q

(3.24) < OK +%E3Em (by (2.56)).

Collecting all the estimates and assuming the norm of the initial data is suffi-
ciently small, we then obtain for some small constants €3 > 0, ¢4 > 0,

B, (ult, -
(3.25) sup Ep—1(u(t,-)) < e < 1, sup Em(ult, ) <1.
t>2 t>2 tes

This concludes the proof of Theorem 1.1.
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