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Abstract. In this paper, we consider the inviscid limit of inhomogeneous incompressible

Navier-Stokes equations under the weak Kolmogorov hypothesis in R3. In particular,
this limit is a weak solution of the corresponding Euler equations. We first deduce the
Kolmogorov-type hypothesis in R3, which yields the uniform bounds of αth-order fractional

derivatives of
√
ρμuμ in L2

x for some α > 0, independent of the viscosity. The uniform
bounds can provide strong convergence of

√
ρμuμ in L2 space. This shows that the inviscid

limit is a weak solution to the corresponding Euler equations.
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1. Introduction

The main purpose of this paper is to study the vanishing viscosity limit of inhomogeneous
Navier-Stokes equations in R3 under the well known hypothesis by Kolmogorov [9, 10]. In
particular, a weaker version Assumption (KHw) of Assumption (KH) which was derived in
[4, 5] in a periodic domain, can provide the convergence of weak solutions of the Navier-Stokes
equations through a subsequence to a solution of the Euler equations. We are particularly
interested in extending these results to the inhomogeneous fluids in the whole space, because
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of the special structure of inhomogeneous equations and different formulation of Kolmogorov
hypothesis in R3.

Particularly we consider the following Navier-Stokes equations for inhomogeneous fluids
in R3: ⎧⎨

⎩
ρt + div(ρu) = 0,
(ρu)t + div(ρu⊗ u) +∇P = div[μ(∇u+ (∇u)T )] + ρf ,
div u = 0,

(1.1)

with the initial condition

(1.2) (ρ, ρu)|t=0 = (ρ0,m0)(x) x ∈ R3,

and the boundary condition

(1.3) u → u∞, as |x| → +∞, for all t ≥ 0,

where u∞ is fixed in R3. Here ρ,u, P stand for the density, velocity and pressure of the fluid,
respectively, μ > 0 is the viscosity coefficient, and f = f(x, t) = (f1, f2, f3)(x, t) denotes a
given external force.

There are many literatures studying the existence/uniqueness of solutions to inhomoge-
neous incompressible Navier-Stokes equations, see Refs. [1, 8, 17] and the references therein.
Ladyženskaja and Solonnikov [11] first addressed the question of unique solvability of (1.1).
The existence of weak solutions to (1.1) was first proved by Lions [14]. For clarity of pre-
sentation, henceforth we concentrate on the case u∞ = 0 in this paper. More precisely, for
any T ∈ (0,∞), we assume f ∈ L2(0, T ;L2(R3)), and the initial data satisfies the following
conditions:

ρ0 ≥ 0 a.e. in R3, ρ0 ∈ L∞(R3),(1.4)

m0 ∈ L2(R3), m0 = 0 a.e. on {ρ0 = 0} , m2
0

ρ0
∈ L1(R3),(1.5)

(1/
√
ρ0)1(ρ0<δ0) ∈ L2(R3) for some positive constant δ0,(1.6)

Under the above conditions, Lions [14] proved the global existence of weak solutions in the
following sense:

Definition 1.1 ([14]). For any T > 0, (ρμ,uμ)(t, x) is a weak solution on [0, T ] of
(1.1)-(1.2) if

• √
ρμuμ ∈ L∞(0, T ;L2(R3)), ∇uμ ∈ L2((0, T ) × R3), ρμ ∈ C([0, T ];Lp(R3)) for

1 ≤ p ≤ ∞,
• For any φ ∈ C∞

0 (R+ × R3;R3) such that div φ = 0,∫ T

0

∫
R3

(ρμuμ · φt + (ρμuμ ⊗ uμ) : ∇φ+ ρμf · φ) dx dt+

∫
R3

m0(x) · φ(0,x) dx

=
1

2

∫ T

0

∫
R3

μ(∇uμ + (∇uμ)T ) · (∇φ+ (∇φ)T ) dx dt,(1.7)

• For any φ ∈ C∞
0 (R+ × R3;R)

(1.8)

∫ T

0

∫
R3

(ρμφt + ρμuμ · ∇φ) dx dt+

∫
R3

ρμ0φ(0,x) dx = 0.
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• the energy inequality holds for any t ∈ [0, T ]∫
R3

ρμ|uμ|2
2

dx+

∫ t

0

∫
R3

μ|∇uμ|2 dx ds ≤
∫
R3

|m0|2
2ρ0

dx+

∫ t

0

∫
R3

ρμuμ · f dx ds.(1.9)

However the uniqueness of the weak solutions in three-dimensional space is still an interesting
open question.

The inviscid limit for Navier-Stokes equations has also been extensively studied (see
Refs.[2, 3, 15] for instance). In this paper, if the weak solutions of Navier-Stokes equa-
tions are under the Kolmogorov hypothesis, the goal is to show that the weak solution for
(1.1)-(1.2) converges to a weak solution of the following Euler equations:⎧⎨

⎩
ρt + div(ρu) = 0,
(ρu)t + div(ρu⊗ u) +∇P = ρf ,
div u = 0,

(1.10)

with the same initial data (1.2). The global weak solution of (1.10) is given in the following
sense:

Definition 1.2. For any T > 0, (ρ,u)(t, x) is called a global weak solution on [0, T ] of
(1.10) with initial data (ρ0,m0) if (ρ,u) satisfies:

• (ρ,u) solves the system (1.10) in the sense of distributions in [0, T ]× R3 , i.e.
(a). For any φ ∈ C∞

0 (R+ × R3;R3) such that div φ = 0,

(1.11)

∫ T

0

∫
R3

(
√
ρ
√
ρu ·φt +(

√
ρu⊗√

ρu) : ∇φ+ ρf ·φ) dx dt+

∫
R3

m0(x) ·φ(0,x) dx = 0,

(b). For any φ ∈ C∞
0 (R+ × R3;R)

(1.12)

∫ T

0

∫
R3

(ρφt +
√
ρ
√
ρu · ∇φ) dx dt+

∫
R3

ρ0φ(0,x) dx = 0.

• (1.2) holds in D′(R3),
• the energy inequality holds for any t ∈ (0,∞)

(1.13)

∫
R3

ρ|u|2
2

dx ≤
∫
R3

|m0|2
2ρ0

dx+

∫ t

0

∫
R3

ρu · f dx ds.

In this paper, we aim to investigate such limits for global weak solutions from the in-
homogeneous incompressible Navier-Stokes equations to the corresponding Euler equations
under the weaker Kolmogorov-type hypothesis, which was particularly motivated by [4] for
incompressible fluids and [5] for compressible fluids. Compared to these two models, the spe-
cial features of inhomogeneous incompressible Navier-Stokes equations bring new difficulties
to the mathematical analysis. Specifically, on one hand, the pressure-density relation for the
compressible flows does not hold for the inhomogeneous flow anymore. On the other hand, the
term ∂t(ρu) is nonlinear in (ρ,u) thus requires additional argument to handle the regularity
in time, which is not necessary for homogeneous incompressible Euler system. In fact, the
same issue arises in the mathematical study of the energy equality for the weak solutions of
compressible or inhomogeneous flows, see reference [6, 7, 12, 18] and their references. To
circumvent this time regularity assumption, one approach is to formulate the equations in
terms of the density and energy equality for the momentum m = ρu and obtain the energy
equality by multiplying the momentum equation by (ρu)ε/ρε instead of uε, where ε is a suit-
able regulation. However, (ρu)ε/ρε cannot keep the divergence free structure, thus requires
a commutator estimate involving the pressure and additional regularity of the pressure is
needed. In [6, 18], the authors use (ϕ(t)uε)ε where ϕ(t) is sufficient nice function. This
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function is divergence free so it does not require any additional regularity of the pressure. We
adopt this argument to handle the special feature.

In addition to the special feature of inhomogeneous incompressible Navier-Stokes equa-
tions, we are mainly interested in the inviscid limit problem in the whole space. We adopt
the Fourier integrals to express the Kolmogorov-type hypothesis in R3, which is different
from the case in TP = [−P

2 ,
P
2 ]

3, P > 0, in [4, 5]. To deal with this problem, we derive

the Kolmogorov-type hypothesis for inhomogeneous incompressible fluids in R3 based on the
physical background as described in [16]. The details can be founded in section 2. Accord-
ingly, it is interesting to investigate the inviscid limit of the inhomogeneous incompressible
Navier-Stokes equations in R3 under the weaker version of Kolmogorov-type hypothesis. The
following theorem is our main result of this paper.

Theorem 1.3. Under Assumption (RICKHw) (2.10), the weak solution (ρμ,uμ) of (1.1)-
(1.2) as in Definition 1.1, there exists a subsequence (still denoted) (ρμ,uμ) and a function
(ρ,u) such that as μ → 0,

(1.14) ρμ → ρ weakly in Lp((0, T )× R3),
√
ρμuμ → √

ρu in L2((0, T )× R3),

where 1 < p < ∞, and (ρ,u) is a weak solution of (1.10) with initial data (ρ0,m0).

Remark 1.4. The inviscid limit for compressible Navier-Stokes equations in R3 can be
obtained by the same method in this paper. However, for homogeneous incompressible Navier-
Stokes equations, the total energy E(t) per unit mass vanishes as defined in Kolmogorov
hypothesis in [16].

We can establish a similar result in TP = [−P
2 ,

P
2 ]

3, P > 0. The proof will be given in
Appendix at the end of this paper.

Remark 1.5. If we consider the fluid in a domain with period TP = [−P/2, P/2]3 ⊂
R3, P > 0, one can deduce the same result as Theorem 1.3. However, in this case, the
Kolmogorov hypothesis is deduced as follows:

(1.15) sup
k≥k∗

(
|k|3+β

∫ T

0

|√̂ρu(t,k)|2dt
)
≤ CT , for some β > 0

different from Assumption (RICKHw). In fact, for the domain TP , the total energy E(t) per
unit mass satisfies

(1.16) E(t) = 1∫
TP

ρμdx

∫
TP

ρμ|uμ|2
2

dx =
∑
k≥0

E(t, k) =
∑
k≥0

4πq(t, k)k2,

and the weighted velocity
√
ρu(t,x) can be expanded to Fourier series, i.e.,

(1.17)
√
ρu(t,x) =

∑
k

√̂
ρu(t,k)eik·x.

The proof highly relies on (1.15) and (1.17), see Appendix 5.

The global existence theory of weak solutions to Euler equations in three dimensional
space has not been established yet. This paper can be viewed as an attempt to find a way
of obtaining existence result of the inhomogeneous Euler equations under special conditions.
In general, the vanishing viscosity limit of Navier-Stokes equations is not a solution to the
corresponding Euler equations, since the uniform bounds cannot guarantee the convergence
of the nonlinear term ρμuμ ⊗ uμ.

In order to pass the limit of the nonlinear term ρμuμ ⊗ uμ, if we follow the techniques in
[5], we will have to require additional regularity on the pressure. However, we do not have
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a pressure law for inhomogeneous fluids, and the velocity is not good enough to be a test
function even after smoothing. Our key idea is to show the strong convergence of

√
ρμuμ

in L2
t,x, which yields that the weak limit of a subsequence is a weak solution to the Euler

equations.
The manuscript is organized as follows. In section 2, we present the Kolmogorov hypothe-

ses for the inhomogeneous incompressible fluids in the whole space, and a sufficient weaker
version of Assumption (RICKHw) for our work. In section 3, we derive the compactness of
weak solutions of the Navier-Stokes equations when the viscosity coefficient vanishes, which
is crucial to obtain the weak solution to the Euler equations. In Section 4, we prove our
main result based on the compactness results in Section 3. We give an outline of the proof to
Remark 1.5 in Section 5 as an appendix.

2. The Kolmogorov hypotheses for the inhomogeneous incompressible fluids

In this section, we introduce the Kolmogorov hypotheses for the inhomogeneous incom-
pressible fluids in R3 and the corresponding Kolmogorov-type hypothesis (RICKH) in math-
ematical terms. Note that, Kolmogorov [9, 10] first gave the following two assumptions for
isotropic incompressible turbulence:

(i) At sufficiently high wavenumbers, the energy spectrum E(t, k) can depend only on
the fluid viscosity μ, the dissipation rate ε and the wavenumber k itself.

(ii) E(t, k) should be independent of the viscosity as the Reynolds number tends to
infinity:

E(t, k) ≈ αε2/3k−5/3

in the limit of infinite Reynolds number, where α may depend on t, but is indepen-
dent of k, ε.

Based on the above Kolmogorov’s two hypotheses, Chen-Glimm [4, 5] interpreted in
mathematical terms for the incompressible and compressible Kolmogorov-type hypothesis in
TP . We generalize them to Rn for the fluid equations as follows.

Assumption (RICKH). For any T > 0, there exists CT > 0 and k∗(sufficiently large)
depending on ρ0,m0 and f but independent of the viscosity μ such that, for k = |k| ≥ k∗,

(2.1)

∫ T

0

E(t,k)dt ≤ CT k
− 5

3 .

On the one hand, McComb [16] defined the spectral tensor Qαβ(t,k), and stated the
relationship between the trace of Qαβ(t,k) and the energy E(t) per unit mass of fluid at time
t, i.e.

(2.2) 2E(t) = trQαβ(t, r)|r=0 = tr

∫ ∞

0

q(t, k)k2dk

∫
Dαβ(k)dΩk,

whereDαβ(k), q(t, k) and dΩk denote projection operator, spectral density and the elementary
solid angle in wavenumber space respectively. Using (2.2), Leslie [13] obtained the following
crucial result

E(t) =4π

3
trδαβ

∫ ∞

0

q(t, k)k2dk

=

∫ ∞

0

4πk2q(t, k)dk
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=

∫ ∞

0

E(t, k)dk.(2.3)

On the other hand, from the energy inequality (1.9) of the weak solutions (ρμ,uμ), the
Gronwall inequality yields to

(2.4)

∫
R3

ρμ|uμ|2
2

dx+

∫ t

0

∫
R3

μ|∇uμ|2 dx ds ≤ MT ,

where MT is a positive constant dependent on intial data, f and T, but independent of μ. By
(2.3) and (2.4), the total energy E(t) per unit mass at time t for the inhomogeneous turbulence
is:

(2.5) E(t) = 1∫
R3 ρμdx

∫
R3

ρμ|uμ|2
2

dx =

∫ ∞

0

E(t, k)dk =

∫ ∞

0

4πq(t, k)k2dk,

Furthermore, if we consider the domain TP = [−P/2, P/2]3 ⊂ R3, P > 0, the wavevector
k = (k1, k2, k3) = 2π

P (n1, n2, n3) ∈ R3, with nj = 0,±1,±2, · · · , and j = 1, 2, 3, is discrete.

When the setting is in R3, intuitively we can view that it is the large box limit as P → ∞.
We introduce the Fourier transform for the weighted velocity

√
ρu(t,x) in the x-variable as

follows

(2.6)
√̂
ρu(t,k) =

1

(2π)3

∫
R3

√
ρu(t,x)e−ik·x dx,

thus

(2.7)
√
ρu(t,x) =

∫
R3

√̂
ρu(t,k)eik·x dk.

By Parseval identity, we have

(2.8) ‖√ρμuμ‖2L2
x
= ‖√̂ρμuμ‖2L2

k
.

Clearly, it is more convenient to use the spherical coordinates (k, θ, ϕ), where

k = |k|, 0 ≤ θ ≤ 2π, 0 ≤ ϕ ≤ π.

Given the fact √̂
ρμuμ(t,k) =

√̂
ρμuμ(t, k, θ, ϕ)

and (2.8), we derive that∫ ∞

0

E(t, k) dk =
1∫

R3 ρμdx

∫
R3

ρμ|uμ|2
2

dx

=
1

2
∫
R3 ρ0dx

∫
R3

|√̂ρμuμ(t,k)|2 dk

=
1

2
∫
R3 ρ0dx

∫ π

0

∫ 2π

0

∫ ∞

0

|√ρμuμ(t, k, θ, ϕ)|2 k2 sinϕ dk dθ dϕ,(2.9)

where we used ∫
R3

ρμ(x, t) dx =

∫
R3

ρ0(x) dx.

This can be derived from the mass equation in (1.1).
By Assumption (RICKH), E(t,k) = E(t, k, θ, ϕ) and the equality (2.9), the following

weaker version of Assumption (RICKHw) could be obtained for ρ0 ∈ L1(R3), which is suffi-
cient for the compactness analysis in this paper.
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Assumption (RICKHw). For any T > 0, there exists CT > 0 and k∗(sufficiently large)
depending on ρ0,m0 and f but independent of the viscosity μ such that, for k = |k| ≥ k∗,
(2.10)

sup
k≥k∗

(
|k|3+β

∫ T

0

∫ π

0

∫ 2π

0

|√̂ρμuμ(t, k, θ, ϕ)|2 k2 sinϕ dθ dϕ dt
)
≤ CT , for some β > 0.

3. Compactness of weak solutions

In this section, We develop the compactness of weak solutions when the viscosity coeffi-
cient vanishes. The following lemma is crucial to show the compactness of weak solutions.

Lemma 3.1. Under Assumption (RICKHw), for any T ∈ (0,+∞), there exists C > 0,
independent of μ > 0, such that

(3.1)

∫ T

0

∫
R3

|Dα
x (
√
ρμuμ)|2 dx dt ≤ C,

where α ∈ (0, 1+ β
2 ), C is a generic positive constant depending on ρ0,m0, f , α, k∗ and T > 0,

but independent of μ > 0.

Remark 3.2. A similar version for periodic domain case were given in [4, 5], where the
proof relied on the definition of fractional derivatives via Fourier series.

Proof. With the definition of fractional derivatives via Fourier transform, the Parseval
identity, the spherical coordinates and Assumption (RICKHw), we have∫ T

0

∫
R3

|Dα
x (
√
ρμuμ)(t,x)|2 dx dt

=

∫ T

0

∫
R3

| ̂Dα
x (
√
ρμuμ)(t,k)|2 dkdt

=

∫ T

0

∫
R3

|k|2α|√̂ρμuμ(t,k)|2 dkdt

=

∫ T

0

∫ π

0

∫ 2π

0

∫ ∞

0

k2α|√̂ρμuμ(t, k, θ, ϕ)|2k2 sinϕ dk dθ dϕ dt

=

∫ T

0

∫ π

0

∫ 2π

0

∫ k∗

0

k2α|√̂ρμuμ|2k2 sinϕ dk dθ dϕ dt

+

∫ T

0

∫ π

0

∫ 2π

0

∫ ∞

k∗
k2α|√̂ρμuμ|2k2 sinϕ dk dθ dϕ dt

≤Ck2α∗

∫ T

0

∫
R3

|√ρμuμ|2 dx dt+ C

∫ ∞

k∗
k2α−3−β dk

≤C,(3.2)

where α < 1 + β
2 . �

With Lemma 3.1 at hand, we have the following uniform bound of
√
ρμuμ in μ.

Corollary 3.3. Under Assumption (RICKHw), for any T > 0, there exists C > 0,
independent of μ > 0, such that for q = q(β) > 2,

(3.3) ‖√ρμuμ‖Lq((0,T )×R3) ≤ C.
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Proof. In view of Gagliardo-Nirenberg interpolation inequality and Lemma 3.1, we have

(3.4) ‖√ρμuμ‖Lq ≤ ‖√ρμuμ‖α1

L2‖
√
ρμuμ‖1−α1

Hα ,

where 1
q = α1

2 +
(
1
2 − α

3

)
(1 − α1) for 0 < α1 < 1. Note that

√
ρμuμis uniformly bounded in

L2(0, T ;Hα(R3)), we get q = 2 + 4α
3 > 2. �

Lemma 3.4. Under Assumption (RICKHw), for any T ∈ (0,+∞),
√
ρμuμ is equicontin-

uous with respect to the space variable x in L2((0, T )× R3), independent of μ, i.e.,

(3.5)

∫ T

0

∫
R3

|√ρμuμ(t,x+Δx)−√
ρμuμ(t,x)|2 dx dt → 0, as Δx → 0.

Proof. Using Lemma 3.1, Hölder’s inequality, Parseval identity and the properties of
the Fourier transform, we obtain for any α ≤ 1∫ T

0

∫
R3

|√ρμuμ(t,x+Δx)−√
ρμuμ(t,x)|2 dx dt

=

∫ T

0

∫
R3

∣∣∣ ∫
R3

√̂
ρμuμ(t,k)eik·x(eik·Δx − 1) dk

∣∣∣2 dx dt

≤C

∫ T

0

∫
R3

∫
R3

e2ik·x dk
∫
R3

|√̂ρμuμ(t,k)|2(eik·Δx − 1)2 dk dx dt

≤C|Δx|2α
∫
R3

δ(2x) dx

∫ T

0

∫
R3

|k|2α|√̂ρμuμ(t,k)|2 dk dt

≤C|Δx|2α
∫ T

0

∫
R3

|Dα
x (
√
ρμuμ)|2 dx dt

≤C|Δx|2α,
where δ(x) is the Dirac delta function, and satisfies

∫
R3 e

ik·x dk = δ(x). �

To show the strong convergence of
√
ρμuμ in L2 space, it is crucial to have the following

lemma.

Lemma 3.5. Under Assumption (RICKHw), for any T > 0,
√
ρμuμ is equicontinuous

with respect to the time variable t in L2((0, T −Δt)× R3), independent of μ, i.e.

(3.6)

∫ T−Δt

0

∫
R3

|√ρμuμ(t+Δt,x)−√
ρμuμ(t,x)|2 dx dt → 0, as Δt → 0.

Proof. For simplicity, we drop the superscript μ of
√
ρμuμ in the following proof. For

any ϕ(t) ∈ D(0,+∞), we have∫ T−Δt

0

∫
R3

|√ρu(t+Δt,x)−√ρu(t,x)|2 dx dt

=

∫ T−Δt

0

∫
R3

[ρu(t+Δt,x)− ρu(t,x)][u(t+Δt,x)− u(t,x)] dx dt

+

∫ T−Δt

0

∫
R3

√
ρu(t+Δt,x)u(t,x)[

√
ρ(t+Δt,x)−√ρ(t,x)] dx dt

+

∫ T−Δt

0

∫
R3

√
ρu(t,x)u(t+Δt,x)[

√
ρ(t,x)−√ρ(t+Δt,x)] dx dt

=

∫ T−Δt

0

∫
R3

[ρu(t+Δt,x)− ρu(t,x)]
{
[u(t+Δt,x)− ϕ(t)uε(t+Δt,x)]



INVISCID LIMIT OF NAVIER-STOKES EQUATIONS 199

− [u(t,x)− ϕ(t)uε(t,x)]
}
dx dt

+

∫ T−Δt

0

∫
R3

[ρu(t+Δt,x)− ρu(t,x)][ϕ(t)uε(t+Δt,x)− ϕ(t)uε(t,x)] dx dt

+

∫ T−Δt

0

∫
R3

√
ρu(t+Δt,x)u(t,x)[

√
ρ(t+Δt,x)−√ρ(t,x)] dx dt

+

∫ T−Δt

0

∫
R3

√
ρu(t,x)u(t+Δt,x)[

√
ρ(t,x)−√ρ(t+Δt,x)] dx dt

=I1 + I2 + I3 + I4,(3.7)

where

uε(t,x) = (jε ∗ u)(t,x) =
∫
|t−s|≤ε

∫
|x−y|≤ε

jε(t− s,x− y)u(s,y) dy ds,

and jε is a standard mollifier. Note that ϕ(t)uε(t + Δt,x), ϕ(t)uε(t,x) are well defined in
D(0,+∞).

We divide the equality (3.7) into four terms, and each term will be considered separately.
First, we can rewrite I3 as following

I3 =

∫ T−Δt

0

∫
R3

√
ρu(t+Δt,x)u(t,x)

{
[
√
ρ(t+Δt,x)− (

√
ρ)ε(t+Δt,x)]

− [
√
ρ(t,x)− (

√
ρ)ε(t,x)]

}
dx dt

+

∫ T−Δt

0

∫
R3

√
ρu(t+Δt,x)u(t,x)[(

√
ρ)ε(t+Δt,x)− (

√
ρ)ε(t,x)] dx dt

=

∫ T−Δt

0

∫
R3

√
ρu(t+Δt,x)u(t,x)[

√
ρ(t+Δt,x)− (

√
ρ)ε(t+Δt,x)] dx dt

+

∫ T−Δt

0

∫
R3

√
ρu(t+Δt,x)u(t,x)[(

√
ρ)ε(t,x)−√

ρ(t,x)] dx dt

+

∫ T−Δt

0

∫
R3

√
ρu(t+Δt,x)u(t,x)[(

√
ρ)ε(t+Δt,x)− (

√
ρ)ε(t,x)] dx dt

=I13 + I23 + I33 .(3.8)

Here we decompose u into u = u1{ρ<δ0}+u1{ρ≥δ0} = u1+u2, then in view of 1√
ρ0
1{ρ0<δ0} ∈

L2(R3), we can get

(3.9) ‖u1{ρ<δ0}‖Ll ≤ ∥∥ 1√
ρ
1{ρ<δ0}

∥∥
L2‖

√
ρu‖Lq , l =

2q

q + 2
.

Thus u1 ∈ Ll((0, T ) × R3). As for u2, since
√
ρu ∈ L∞(0, T ;L2(R3)), we have u2 ∈

L∞(0, T ;L2(R3)). Moreover, it holds that as ε → 0,

(3.10) ‖u1 − uε
1‖Ll(0,T ;Ll(R3)) → 0, ‖u2 − uε

2‖L∞(0,T ;L2(R3)) → 0.

For I13 + I23 , using (
√
ρ)ε → √

ρ inC([0, T ], Lp(R3)), 2 ≤ p < ∞, as ε = ε(Δt) → 0, we have

I13 + I23 ≤
∫ T−Δt

0

∫
R3

√
ρu u1[(

√
ρ)ε −√

ρ] dx dt

+

∫ T−Δt

0

∫
R3

√
ρu u2[(

√
ρ)ε −√

ρ] dx dt

≤C‖√ρu‖Lq(0,T ;Lq(R3))‖u1‖Ll(0,T ;Ll(R3))‖(
√
ρ)ε −√

ρ‖L∞(0,T ;Lp1 (R3))
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+ C‖√ρu‖Lq(0,T ;Lq(R3))‖u2‖L∞(0,T ;L2(R3))‖(√ρ)ε −√
ρ‖L∞(0,T ;Lp2 (R3))

→ 0, as Δt → 0,

where q > 4, p1 and p2 satisfy 1
q + 1

l +
1
p1

= 1 and 1
q + 1

2 + 1
p2

= 1 respectively.

For I33 , using Hölder inequality, we obtain

I33 ≤ C‖√ρu‖Lq(0,T ;Lq(R3))‖u1‖Ll(0,T ;Ll(R3))‖(
√
ρ)ε(t+Δt,x)− (

√
ρ)ε(t,x)‖

L
2q

q−4 ([0,T ]×R3)

+ C‖√ρu‖L∞(0,T ;L2(R3))‖u2‖L∞(0,T ;L2(R3))‖(√ρ)ε(t+Δt,x)− (
√
ρ)ε(t,x)‖L∞([0,T ]×R3)

→ 0, as Δt → 0,

where q > 4.
Similarly, we have as Δt → 0, I4 → 0, independent of μ.
For I2, from div uε = 0 and Definition 1.1 , we get

I2 =

∫ T−Δt

0

∫
R3

∫ t+Δt

t

(ρu)s(s,x) · [ϕ(t)uε(t+Δt,x)− ϕ(t)uε(t,x)] ds dx dt

=

∫ T−Δt

0

∫
R3

∫ t+Δt

t

(ρu⊗ u)(s,x) : ∇[ϕ(t)uε(t+Δt,x)− ϕ(t)uε(t,x)] ds dx dt

−
∫ T−Δt

0

∫
R3

∫ t+Δt

t

μ(∇u+ (∇u)T )(s,x) · ∇[ϕ(t)uε(t+Δt,x)−ϕ(t)uε(t,x)] ds dx dt

+

∫ T−Δt

0

∫
R3

∫ t+Δt

t

(ρf)(s,x) · [ϕ(t)uε(t+Δt,x)− ϕ(t)uε(t,x)] ds dx dt

=I12 + I22 + I32 .(3.11)

Notice that, for any x ∈ R3,

|ϕ(t)uε(t,x)| ≤C

ε4

∣∣∣ ∫
|t−s|≤ε

∫
|x−y|≤ε

j(
t− s

ε
,
x− y

ε
)u(s,y) dy ds

∣∣∣
≤C

ε4
‖u1‖Ll(0,T ;Ll(R3)

(∫
|τ |≤1

∫
|z|≤1

|j(τ, z)|l′ε4 dz dτ
)1/l′

+
C

ε4
‖u2‖L∞(0,T ;L2(R3)

(∫
|τ |≤1

∫
|z|≤1

|j(τ, z)|2ε4 dz dτ
)1/2

≤ C

ε2(q+2)/q
,(3.12)

and

|ϕ(t)∇uε(t,x)| ≤C

ε5

∣∣∣ ∫
|t−s|≤ε

∫
|x−y|≤ε

∂2j(
t− s

ε
,
x− y

ε
)u(s,y) dy ds

∣∣∣
≤C

ε5
‖u1‖Ll(0,T ;Ll(R3)

(∫
|τ |≤1

∫
|z|≤1

|∂zj(τ, z)|l′ε4 dz dτ
)1/l′

+
C

ε5
‖u2‖L∞(0,T ;L2(R3)

(∫
|τ |≤1

∫
|z|≤1

|∂zj(τ, z)|2ε4 dz dτ
)1/2

≤ C

ε(3q+4)/q
.(3.13)

For I12 + I32 , by (3.12),(3.13) and Hölder inequality, we have

I12 + I32 ≤CΔt ‖√ρu‖2L2 |ϕ∇uε|+ CΔt ‖ρ‖L2‖f‖L2 |ϕuε|

≤ CΔt

ε(3q+4)/q
.(3.14)
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For I22 , in view of Hölder inequality and the energy inequality in Definition 1.1, we obtain

I22 ≤C
∣∣∣
∫ T−Δt

0

∫
R3

∫ t+Δt

t

√
μ(∇u+ (∇u)T )(s,x) ds · [√μ∇uε(t+Δt,x)−√μ∇uε(t,x)]dxdt

∣∣∣
≤C

[ ∫ T−Δt

0

∫
R3

(∫ t+Δt

t

√
μ(∇u+ (∇u)T )(s,x) ds

)2

dx dt
] 1

2
[ ∫ T−Δt

0

∫
R3

μ|∇uε|2 dx dt
] 1

2

≤C(Δt)
1
2

[ ∫ T−Δt

0

∫
R3

∫ t+Δt

t

μ(∇u+ (∇u)T )2(s,x) ds dx dt
] 1

2

≤CΔt.(3.15)

Plugging (3.14) and (3.15) into (3.11) yields

(3.16) I2 ≤ CΔt

ε(3q+4)/q
+ CΔt ≤ CΔt

ε(3q+4)/q
.

By choosing ε = (CΔt)
q

6q+8 , we deduce that

(3.17) I2 ≤ Δt
1
2 → 0, as Δt → 0.

To handle the term I1, we choose a C∞ nonnegative cut-off function as the following

ϕ(t) =

⎧⎪⎨
⎪⎩
0, t ≤ Δt

1, 2Δt ≤ t ≤ T − 2Δt

0, t ≥ T −Δt,

where Δt > 0 is small and |ϕ′(t)| ≤ 1
Δt . Notice that ϕ(t) ∈ D(0,+∞), and ϕ(t) converges to

1 almost everywhere as Δt → 0.
By using Hölder inequality, Corollary 3.3 and (3.10), as Δt → 0, we have

I1 =

∫ T−Δt

0

∫
R3

[ρu(t+Δt,x)− ρu(t,x)]
{[

u(t+Δt,x)− ϕ(t)uε(t+Δt,x)
]

− [
u(t,x)− ϕ(t)uε(t,x)

]}
dx dt

≤C

∫ T−Δt

0

‖√ρu‖Lq

[ ‖u1 − uε
1‖Ll‖√ρ‖Lp1 + ‖(1− ϕ(t))uε

1‖Ll‖√ρ‖Lp1

]
dt

+ C

∫ T−Δt

0

‖√ρu‖L2

[ ‖u2 − uε
2‖L2 + ‖(1− ϕ(t))uε

2‖L2

]
dt

≤C‖√ρu‖Lq(0,T ;Lq(R3))

[ ‖u1 − uε
1‖Ll(0,T ;Ll(R3)) + ‖uε

1‖Ll(0,T ;Ll(R3))‖1− ϕ‖Lp1 (0,T )

]
+C‖√ρu‖L∞(0,T ;L2(R3))

[ ‖u2 − uε
2‖L∞(0,T ;L2(R3)) + ‖uε

2‖L∞(0,T ;L2(R3))‖1− ϕ‖L∞(0,T )

]
→ 0,(3.18)

where 1
q + 1

l +
1
p1

= 1, q > 4.

Combining (3.8),(3.17) and (3.18), we complete the proof. �

Proposition 3.6. Under Assumption (RICKHw), for any T > 0, there exists a subse-
quence (still denoted)

√
ρμuμ and a function

√
ρu ∈ L2((0, T )× R3) such that

(3.19)
√
ρ
μ
uμ → √

ρu in L2((0, T )× R3) as μ → 0.

Proof. Thanks to Lemmas 3.4-3.5, we have L2-equicontinuity of
√
ρμuμ. Thus (3.19)

follows. �
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4. Vanishing viscosity limit

In this section, we prove our main result by the compactness argument as μ tends to zero.
From Definition 1.1, we know that ρμ is bounded in C([0, T ];Lp(R3)). Here we apply the

renormalized techniques in [14] to show that this bound is uniform with respect to μ. Using
the standard mollifier ηε(x) to test (1.1)1, we have

(4.1) ∂t〈ρμ〉ε +∇〈ρμ〉ε · uμ = div(〈ρμ〉εuμ)− 〈div(ρμuμ)〉ε, a.e. on U ⊂⊂ (0, T )× R3,

where 〈f〉ε :=
∫
R3 f(x− y)ηε(y) dy.

For β ∈ C1([0,∞),R), multiplying (4.1) by β′(〈ρμ〉ε), we get∫
R3

β(〈ρμ〉ε) dx−
∫
R3

β(ρ0)dx+

∫ T

0

∫
R3

div(β(〈ρμ〉ε) · uμ) dx dt

=

∫ T

0

∫
R3

β′(〈ρμ〉ε)[div(〈ρμ〉εuμ)− 〈div(ρμuμ)〉ε] dx dt.
(4.2)

Note that ∇uμ ∈ L2((0, T ) × R3), ρμ ∈ C([0, T ];Lp(R3)) for 1 ≤ p < ∞, in Definition
1.1, we can show that the right-hand side of (4.2) tends to zero as ε → 0. Thus, we obtain as
ε → 0

(4.3)

∫
R3

β(ρμ)dx =

∫
R3

β(ρ0)dx.

we further choose β(s) = 0 for any 0 ≤ s ≤ ρ0 and β(s) > 0 for any s > ρ0. Thus, by (4.3),
we have

‖ρ‖L∞(0,T ;L∞(R3)) ≤ ‖ρ0‖L∞(0,T ;L∞(R3)),

this implies that ρμ is uniformly bounded in L∞([0, T ]× R3).
Note that ρμ and

√
ρμ are uniformly bounded in L∞([0, T ]×R3)∩C(0, T ;Lp(R3)), where

1 ≤ p < ∞, thus we have

ρμ → ρ weakly in Lp([0, T ]× R3), 1 < p < ∞,
√
ρμ → √

ρ weakly in Lp([0, T ]× R3), 1 < p < ∞,(4.4)

as μ → 0. With aid of Proposition 3.6, for any test function φ ∈ C∞
0 (R+ × R3;R3), we have∫ T

0

∫
R3

√
ρμ

√
ρμuμ · φ dx dt →

∫ T

0

∫
R3

√
ρ
√
ρu · φ dx dt.(4.5)

We recall Proposition 3.6 again to see that∫ T

0

∫
R3

(√
ρμuμ ⊗√

ρμuμ
)
: ∇φ dx dt →

∫ T

0

∫
R3

(
√
ρu⊗√

ρu) : ∇φ dx dt.(4.6)

The viscous term in the Navier-Stokes vanishes by letting μ tend to zero, in the following way

(4.7)
∣∣∣ ∫ T

0

∫
R3

μ(∇uμ+(∇uμ)T ) ·(∇φ+(∇φ)T ) dx dt
∣∣∣ ≤ C

√
μ ‖√μ∇uμ‖L2(0,T ;L2(R3)) → 0.

Note that in Definition 1.1, the weak solutions (ρμ,uμ) of the Navier-Stokes equations
satisfy the following weak formulation∫ T

0

∫
R3

(ρμuμ · φt + (ρμuμ ⊗ uμ) : ∇φ+ ρμf · φ) dx dt+

∫
R3

m0(x) · φ(0,x) dx

=
1

2

∫ T

0

∫
R3

μ(∇uμ + (∇uμ)T ) · (∇φ+ (∇φ)T ) dx dt,(4.8)
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and

(4.9)

∫ T

0

∫
R3

ρμφt + ρμuμ · ∇φ dx dt+

∫
R3

ρμ0φ(0,x) dx = 0.

With (4.4)-(4.7) at hand, letting μ → 0 in (4.8) and (4.9), we have

∫ T

0

∫
R3

(
√
ρ
√
ρu · φt + (

√
ρu⊗√

ρu) : ∇φ+ ρf · φ) dx dt+

∫
R3

m0(x) · φ(0,x) dx = 0,

(4.10)

and

(4.11)

∫ T

0

∫
R3

ρφt +
√
ρ
√
ρu · ∇φ dx dt+

∫
R3

ρ0φ(0,x) dx = 0.

Since
∫ t

0

∫
R3 μ|∇uμ|2 dx ds ≥ 0, from (1.9) we obtain

(4.12)

∫
R3

ρμ|uμ|2
2

dx ≤
∫
R3

|m0|2
2ρ0

dx+

∫ t

0

∫
R3

ρμuμ · f dx ds.

By Proposition 3.6 and (4.4), we have∫ t

0

∫
R3

ρμuμ · f dx ds →
∫ t

0

∫
R3

ρu · f dx ds.

Thus, by letting μ → 0 in (4.12), we deduce the following energy inequality

(4.13)

∫
R3

ρ|u|2
2

dx ≤
∫
R3

|m0|2
2ρ0

dx+

∫ t

0

∫
R3

ρu · f dx ds.

It is clear that (4.11), (4.10) and (4.13) meet with Definition 1.2. Therefore we conclude that
(ρ,u) is a weak solution of (1.10) with initial data (ρ0,m0).

5. Appendix

In this section, we sketch the proof of Remark 1.5. In the periodic domain TP , k =
(k1, k2, k3) = 2π

P (n1, n2, n3) ∈ R3, with nj = 0,±1,±2, · · · , and j = 1, 2, 3, is the discrete
wavevector. Thus the total energy E(t) per unit mass at time t for the inhomogeneous
turbulence in TP is:

(5.1) E(t) = 1∫
TP

ρ0dx

∫
TP

ρμ|uμ|2
2

dx =
∑
k≥0

E(t, k) =
∑
k≥0

4πq(t, k)k2.

And the Fourier transform of the weighted velocity
√
ρu(t,x) in the x-variable is

√̂
ρu(t,k) =

1

|TP |
∫
TP

√
ρu(t,x)e−ik·x dx,

then we have √
ρu(t,x) =

∑
k

√̂
ρu(t,k)eik·x.

We have the following weaker version of Assumption (ICKHw) in TP :

Assumption (ICKHw). For any T > 0, there exist CT > 0 and k∗(sufficiently large)
depending on ρ0,m0, P and f but independent of the viscosity μ such that, for k = |k| ≥ k∗,

(5.2) sup
k≥k∗

(
|k|3+β

∫ T

0

|√̂ρu(t,k)|2dt
)
≤ CT , for some β > 0.



204 DIXI WANG, CHENG YU, AND XINHUA ZHAO

By the Assumption (ICKHw) and the Fourier transform, we can get the following uniform

bound of
√
ρμuμ in L2(0, T ;Hα(TP )) for α ∈ (0, 1 + β

2 ). For completeness, we present the
proof which is similar to [4, 5].

Lemma 5.1. Under Assumption (ICKHw), for any T ∈ (0,+∞), there exists C > 0,
independent of μ > 0, such that

(5.3)

∫ T

0

∫
TP

|Dα
x (
√
ρμuμ)|2 dx dt ≤ C,

where α ∈ (0, 1 + β
2 ).

Proof. Note that the definition of fractional derivatives via the Fourier transform, the
Parseval identity and Assumption (ICKHw) imply that∫ T

0

∫
TP

|Dα
x (
√
ρμuμ)|2 dx dt ≤C

∫ T

0

∑
k

| ̂Dα
x (
√
ρμuμ)|2 dt

≤C

∫ T

0

∑
k

|k|2α|√̂ρμuμ|2 dt

≤C

∫ T

0

∑
0≤|k|≤k∗

|k|2α|√̂ρμuμ|2 dt+ C

∫ T

0

∑
|k|≥k∗

|k|2α|√̂ρμuμ|2 dt

≤Ck2α∗

∫ T

0

∫
TP

|√ρμuμ|2 dx dt+ C
∑

|k|≥k∗

|k|2α−3−β

≤C,(5.4)

where α < 1 + β
2 . �

With Lemma 5.1 at hand, we deduce the following high integrability of
√
ρμuμ, i.e.,

‖√ρμuμ‖Lq((0,T )×TP ) ≤ C, for q = q(β, r) > 2.

It also gives us the L2-equicontinuity of
√
ρμuμ in space variable x in L2((0, T )× TP ), inde-

pendent of μ.

Lemma 5.2. Under Assumption (ICKHw), for any T ∈ (0,+∞), we get the equicontinuity
of

√
ρμuμ with respect to the space variable x in L2((0, T )× TP ), independent of μ, i.e.,

(5.5)

∫ T

0

∫
TP

|√ρμuμ(t,x+Δx)−√
ρμuμ(t,x)|2 dx dt → 0, as Δx → 0.

Proof. Using Lemma 5.1 and Parseval identity, we obtain∫ T

0

∫
TP

|√ρμuμ(t,x+Δx)−√
ρμuμ(t,x)|2 dx dt =

∫ T

0

∑
k

|√̂ρμuμ|2(eik·Δx − 1)2 dt

≤C|Δx|2α
∫ T

0

∑
k

|k|2α|√̂ρμuμ|2 dt

≤C|Δx|2α
∫ T

0

∫
TP

|Dα
x (
√
ρμuμ)|2 dx dt

≤C|Δx|2α.
�
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For L2− equicontinuity of
√
ρμuμ with respect to t, the proof is similar to Lemma

3.5 with slight modification. Since the domain considered is a domain with period TP =
[−P/2, P/2]3 ⊂ R3, P > 0. Hence, one does not need to estimate Ii (i = 1, 2, 3, 4) by dividing
u into u1 and u2 . We here only state the following lemma.

Lemma 5.3. Under Assumption (ICKHw), for any T > 0, we have the equicontinuity of√
ρμuμ with respect to the time variable t in L2((0, T −Δt)× TP ), independent of μ, i.e.

(5.6)

∫ T−Δt

0

∫
TP

|√ρμuμ(t+Δt,x)−√
ρμuμ(t,x)|2 dx dt → 0, as Δt → 0.

With the L2− equicontinuity of
√
ρμuμ with respect to x and t, we directly deduce that

there exists a subsequence (still denoted)
√
ρμuμ and a function

√
ρu ∈ L2((0, T )×TP ) such

that √
ρ
μ
uμ → √

ρu in L2((0, T )× TP ) as μ → 0.

Finally we can get a same theorem as Theorem 1.3 as follows:

Theorem 5.4. Under Assumption (ICKHw) (5.2), for the weak solution (ρμ,uμ) of (1.1)-
(1.2) as in Definition 1.1, there exists a subsequence (still denote) (ρμ,uμ) and a function
(ρ,u) such that as μ → 0,

(5.7) ρμ → ρ weakly in Lp((0, T )× TP ),
√
ρμuμ → √

ρu, in L2((0, T )× TP ),

where 1 < p < ∞, and (ρ,u) is a weak solution of (1.10) with the initial data (ρ0,m0).
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